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ABSTRACT

Focus of this thesis was the improvement of the vertical ight performance
of the small-scaled, unmanned, autonomous DLR helicopters HE-1 and HE-2
by employing an advanced model-based controller. The success of the nal
design was to be analyzed in ight experiments and benchmarked against the
original ight controller.

We cover the development of a basic three rigid body model for the heli-
copter HE-1. The heave (vertical) dynamics of the mechanical model was ex-
tended by the aerodynamic effect calleshve dampeningynknown parame-
ters of the heave dynamics model were determined witlPthdiction Error
Minimization(PEM) system identi cation method. Necessary ight data was
recorded in specially designed test ights.

The decision for the controller concept was made in favéto€ontrol due
to its desirable characteristics, such as MIMO capability andlisistness
performance for systems subject to (parameter) uncertainties and external dis-
turbances. Based on the nal heave dynamics model, vatiyusontroller
designs, such as (B/KS/T mixed sensitivity optimizatiofii) signal-based
Hy control, (iii) 1 degree-of-freedom loop shaping desi@a) 2 degree-of-
freedom loop shaping desigvere realized and compared in simulation. The
most promising design (iv) was then implemented on the HE-2 on-board

ight controller and benchmarked in ight experiments versus the original
cascaded PID controller. Based on the analyzed data, suggestions on how to
further improve the controller are given.
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PREFACE

A short overview of the notation used, which is mostly consistent with that in
Jazar [13].

Bold lower case letters indicate vectors, e.qg.:

r

Bold uppercase letters indicate matrices, e.g.:

J

Calligraphic letters denote coordinate frame, e.g:

N Earth- xed coordinate framé&l

Right subscript on a transformation matrix denotesdbpartureframe
and the left superscript ttaestinationframe

ATg Transformation matrix from frams
to frameA

Left superscript on a vector denotes the frame in which the vector is
expressed, e.g.:

Nr position vector expressed in frami

in other words, the vector is described as a linear combination of the
respective frames basis vectors e.g.:

Nr = riny+ rang + rang

First right subscript letter denotes the tip point of a position vector, e.g.:

Nrc  position of pointC,

expressed in frami

Second right subscript letters denote the shaft point of a position vector,
e.g.:

Nreo position vector pointing frond to C,

expressed in frami
if the vector points from the origin of a frame it is expressed in, the
second letter will be left out, e.q:

Nre position vector pointing from origin dil to C,

expressed i

XiX



XX List of Tables

Left subscript on a velocity vector denotes the frame the velocity is
measured with respect to, e.g.:

Nvep  velocity of pointP
with respect to framé ,
expressed in frami

Right subscript on a angular velocity vector denotes the frame it is
referred to, e.g.:

Nwg  angular velocity of framé ,

expressed in frami

Left subscript on a angular velocity vector denotes the frame the angu-
lar velocity is measured with respect to, e.g.:

B,wg,  angular velocity of frame ;
with respect to frame »,
expressed in framl

The left superscript on derivative operators indicates the frame in which
the derivative of the variable is taken, e.qg.:

N,
dat A



NOTATION

HELICOPTER

ao main rotor blade lift curve slope (1/rad)

Ay blade area

Ay rotor disc area

B fuselage- xed frame

bi1,b2,bs  basis vectors of coordinate frarBe (also denoted b, Y,Z)
C center of gravitiy of the entire helicopter

Cr center of gravitiy of the fuselage

Cur center of gravitiy of the main rotor (also denoted\diR)
Cr lift coef cient

Crr center of gravitiy of the tail rotor (also denotedBR)
Fur rotor thrust of main rotor

Frr rotor thrust of tail rotor

g acceleration due to gravity (nfjs

I lyys 12z fuselage xed axeg,y andz (kg n?)

I induced downwash

N earth- xed inertial frame

ni,N2,N3 basis vectors of coordinate frare (also denoted by,y, 2)

w rpm of the main rotor

p,q,r angular velocity components of helicopter about fuselage x
axesx,y andz (rad/s)

r air density (kg/kg)

do main rotor collective pitch angle

Jot tail rotor collective pitch angle

Q1s longitudinal cyclic pitch

Q1c lateral cyclic pitch

u(t) control vector

u,v,w translational velocity components of helicopter about fuselage

X axes X,y andz; for linearized modelp, q,r represent the de-
viations from the trim statedu  u), e.g. hovering state (m/s)

S blade solidity

Ve rotor climb velocity

Vy rotor descent velocity

Z4 distance of ground below rotor (m)

XXi
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ACRONYMS

CONTROL

0O wm >

Gy

GW,dcoll (S)
Gz,dc:oll (S)

s ()

Zgq
Zy

system matrix

control matrix

output matrix

feedthrough matrix
disturbance transfer function

transfer function from collective pitch input (PWM) to verti-
cal velocity componenty

transfer function from collective pitch input (PWM) to height
z

unit step in frequency domain
collective pitch input

control sensitivity derivative
Heave dampening derivative



ACRONYMS

CIFER

CAMRAD I

CoG
DoF
EoM
EV
GM
LSD
MSE
PM
PID
rpm
RUAV

UAV

Comprehensive Identi cation from FrEquency Responses

Comprehensive Analytical Model of Rotorcraft
Aerodynamics

Center of Gravity
Degrees of Freedom
Equation of Motion
Eigen Values

Gain Margin

Loop Shaping Design
Mean Squared Error
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Unmanned Aerial Vehicle
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INTRODUCTION

1.1 CHALLENGES

Goal of this thesis was the improvement of the vertical ight performance
of the unmanned, autonomous DLR helicopter HE-1 and HE-2, respectively,
see gure 1. One major research eld of the Flying Robots group at the DLR
Oberpfaffenhofen is aerial manipulation, [11]. For the success of these mis-
sions the helicopters’ set-point tracking performances are critical. Of utmost
importance is the helicopter's capability to hover at constant height while
interacting with objects on the ground. To achieve this, it was intended to de-
velop model-based controller concepts for the heave dynamics, test them in
simulation and benchmark the most promising candidate against the original
ight controller in ight experiments. At rst a basic three rigid bodies heli-

Motor

& /
AR

Vision Computer WiFi-Antenna Flight Computer Camera

Figure 1: Helicopter HE-1 of the DLR Oberpfaffenhofen Flying Robots group

copter model was derived and then extended by heave dampening. Helicopter
modeling is quiet challenging. The underlying physical phenomenas are com-
plex and a plethora of couplings between the numerous subsystem make an
engineer’s life hard. Modeling the primary rotor dynamic effects of the main
rotor, such as apping, lead-lag and coning already requires complex models
with plenty parameters. What makes life even harder is the fact, that pure ana-
Iytical approaches promise very little success. All reliable helicopters models
that are used for the development of commercial ight controllers are derived
with special simulation software such as CAMRAD II, these raw models
are then ne tuned in an iterative process of ight testing and system identi -
cation for a vast array of different ight conditions, [24], [15], which covers

a time span of years. That makes it clear that the model had to be kept simple,
even though we were primarily interested in just the heave dynamics. Yet, it
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Figure 2: Helicopter HE-1 of the DLR Oberpfaffenhofen Flying Robots group

had to be precise enough to achieve ight performance improvements with a
model-based controller. The focus was set on extending the rigid-body model
by heave dampening. The Prediction Error Minimization (PEM) system iden-
ti cation method was used to determine unknown parameters of the heave
dynamics model, using log data of special test ights that were performed
at the air eld of Grob Aircraft AG and at the DLR Oberpfaffenhofen area.
The high vibrations that are inherent with airborne helicopters result in noisy
velocity, and especially acceleration data. A lot of care has to be taken when
xing the IMUs on the helicopter. Good dampening and decoupling from the
main frame is mandatory to gain any usable ight data.

The helicopters used are the HE-1 and HE-2 from DLR, Oberpfaffenhofen.
Their mechanical parts are both based on a customized Maxi Joker 3. They
mostly differ in on-board electronic components and battery capacity, nev-
ertheless the total lift off weight is equal. As a result their ight behavior
is expected to be similar, which is backed up by manual ight experience.
Figure 1 shows helicopter HE-1 with an adapter on the bottom to pick up
ground based robots. Figure 2 shows helicopter HE-2 with the additional bat-
tery packs mounted right under the main rotor. More information about the
helicopters can be found in Kondak et al. [16], [18], [19].

Based on the heave dynamics model, sevdgatontrol schemes, such as

S/KS/T mixed sensitivity optimization
signal-basedy control
1 degree-of-freedom loop shaping design

2 degree-of-freedom loop shaping design

were realized and compared in simulation. The most promising design (2
DoF LSD) was then implemented on the HE-2 on-board ight controller
and benchmarked in ight experiments versus the origicecaded PID
controller. The Hy based approach was chosen due to its excellent robust-
ness performance which is superior to that of other robust methods such as
LQR techniques when it comes to parametric and unstructured uncertainties,
[37]. The provided robustness performance to system models inherent para-
metric uncertainties, unmodeled uncertainties and external disturbances such
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as wind gusts has maddy a prominent choice in ight control design for
helicopter control, [33]. The success of this method in real-life ight control
application was shown by Postlethwaite and Yue [28], [27] and many others.

1.2 MECHANICAL MODEL

Helicopter HE-1 is approximated by three rigid bodies: fuselage, main and
tail rotor.

FUSELAGE The fuselage with a mass of is assumed to have a vertical
plane of symmetry, therefore the entrigg ly, of its inertia tensotr
are zero 2 3

lFe O 'FXZZ

lF=80 I, © (1.1)

Ik, 0 g,

Xz

See chapter 2 for de nition of the coordinate axes.

MAIN ROTOR The main rotor is modeled as a solid disc with a mass of
myr = 246.5¢g and a radius ofjr = 892mm.

The main reason behind this simpli cation is the fact that the rotational
equation of motion becomes more compact, since the moment of iner-
tia tensor of the main rotor becomes time-invariant with respect to the
fuselage- xed frame, see eq. (3.15).

TAIL ROTOR The tail rotor with a mass afirg = 5g and a radius affr =
133 mm is modeled in analog fashion to the main rotor.

The entire masm of the fully equipped helicopter is given by:
m= mg + myr+ NMrR (12)

and equals 101 N.
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"Helicopter vertical motion in hover is probably the simplest to
analyze, but even here our simplifying approximations break
down at higher frequencies and amplitudes, as unsteady
aerodynamics, blade stall and rotor dynamic effects alter the
details of the motion considerably."

Gareth D. Pad eld [25]






KINEMATICS

2.1 COORDINATE SYSTEMS

As it is common practice in the aerospace eld, two reference frames are
introduced to describe the position and orientation of the helicopter, including
the earth- xed inertial framé and the fuselage- xed body frant.

2.1.1 Inertial Frame (Earth Frame)

The earth- xed frameN with the standard basis;, n,,n3 is assumed to be
inertial’. Its origin Oy is located on the earth’s local tangential surface at
some arbitrary point. According to aeronautic convention the three axis are
de ned as follows:

n;-axis pointing north
np-axis pointing east
nz-axis positive towards the center of the earth

North

n,Xx.,X

Earths local
tangent
plane

Eas
Ny Yoy

NED
coordinates

N,Z,Z
Down

Figure 3: Ground reference frame: NED system (North, East, Down)
Often it is also referred to as NED (North, East, Down) system.

2.1.2 Body Frame

The origin Og of the orthogonal body axes syste®n, with basis vectors
b1,bo,b3 2, is xed at the center of gravity (cog} of the entire helicopter.

1 ny,n2,n3 andx,y,z are used interchangeably throughout this thesis
2 by,by, bz andX,Y,Z are used interchangeably throughout this thesis
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The movement of the cog due to apping of the rotor blades is neglected and
amean position relative to a particular trim state is assumed. Again, according
to aeronautic convention the three axis are de ned as follows:

bi-axis positive out the nose of the aircraft in the plane of symmetry of
the aircraft

bs-axis perpendicular to thb;-axis, in the plane of symmetry of the
aircraft, positive below the aircraft

by-axis perpendicular to thé;,bs-plane, positive determined by the
right-hand rule (generally, positive out the right wing)

Any orientation of a rigid body can be achieved by three succesdere
mentaf rotations. In aeronautics thréstrinsic rotationsz,y° x?°are used to
describe a change of orientation of an aircraft, with the following sequence
of rotation:

1. rotation about thbsz-axis by theyawangle { )
2. rotation about the rst intermediaty-axis bypitch angle €)

3. rotation about the 2nd intermedidmy+axis byroll angle §)

bl
bj%/ Longitudingl axis
axis
Laerd Roll

Pitch N

Yaw
0/ b

Sixe oMaA

Figure 4: Body- xed coordinate system

The angular velocity of a rotating frame (body) can be described by either
an angular velocity vector or an angular velocity tensor. They can be derived
from each other.

It is often easier to set up equations of motions by using a body frame
to express certain vectors, especially when angular momentum or rotational
kinetic energy are involved in the calculations, since the moment of inertia
tensor is time invariant for rigid bodies when expressed in a body- xed frame.

3 The helicopter HE-1 is assumed to be symmetric with respect to the-plane.
4 A rotation about one of the axes of a Coordinate system.
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Wi Z

z,Z 2"

X X Yy

XX, X

Figure 5: Orientation problem

2.2 ATTITUDE DESCRIPTION

The orientation of an aircraft is usually referred toadstude It can be de-
scribed by the relative orientation of the aircraft- xed frame to the earth
frame, which will be used as the reference frame. In this thesis the relative
orientation will be expressed with rotation matrices or Euler angles. A popu-
lar alternative form would be Quaternions (no gimbal lock problematics).

2.2.1 Coordinate System Transformation

To transform the Earth framd to the body frame we will use three intrin-
sic rotationsz,y° x?%about the Euler angleg,q,f . Figure 5 visualizes this
processx®y° 2, with 2= zy, denote the axes of the rst intermediary frame
which results from rotating the Earth Frafe around thez-axis by the yaw
angley . Consecutive rotation about tygaxis by the pitch anglq yields the
second intermediary frama®%y°°2%enote its axes, witg®°= y° Finally,
the body frame results by rotating the second intermediary frame around the
x%axis by the roll anglé .

The single, elemental yaw, pitch and roll rotations of the coordinate frames
can also be described by the following rotation matrices:



10 KINEMATICS

2 3
0 0

1
Re(f) =PRy(f ) = go cogf) sin(f )é (2.1)
2O sin(f) codqf) 3

cofq) 0 sin(q)
R()="Ru(@)=9 0o 1 o0 (2.2)

Sin(a) 0 coga)

cofy) sin(y) O
Rz(Y)=1RN(Y)=§ sinly) cogy) Of. (2.3)
0 0 1

Rotation matrices are orthogonal with determinant 1, i.e. its columns and
rows are orthogonal unit vectors or equivaler®y= R ! and defR) = 1.

2.2.1.1 Transformations between frarhe andB

By composing three elemental rotations (2.1)-(2.3) in the correct order, the
resulting rotation matri®¥Ry  which again is orthogonal describes the
transformation from framél to B

®Rn(f,y,a) = PR(f)2°R(a)1*R(Y )n
c(y )e(a) c(a)s(y) s(a) (2.4)
= cy)s(f)s(a) c(f)s(y) c(f)c(y )+ s(f)sy )s(a) c(a)s(f)
s(f)s(y )+ c(f )e(y )s(a) c(f )s(y )s(a) c(y)s(f) c(f )c(q)
Transformation in the opposite direction can be achieved by pre-multiplying
with

NRg =BR,! = BR], =
c(y )e(a) c(y)s(f)s(a) c(f )s(y) s(f)s(y )+ c(f )e(y )s(a) (2.5)
= c(a)sy) c(f)ely )+ s(f)s(y)s(a) o(f )s(y)s(a) cy)s(f)
s(a) c(q)s(f) c(f)c(a)
Remark. Certain orientations cannot be uniquely represented by Euler An-
gles; so calledimbal lockmight occur. For the rotations above, this will hap-
pen when the pitch angle reaches the following valges:p/ 2+ np,n2 Z.
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Kane’s method (sometimes called Lagrange’s form of d’Alembert’s princi-
ple, Joudain’s principle , or the principle of virtual power, [12]) is em-
ployed to derive the helicopter’s rigid body equations of motions.

The development in this chapter can be found in more detail in [14].

3.1 PRELIMINARIES

To employ Kanes Algorithm it is necessary to understand the meaning of
generalized coordinates and speeds, kinematic constraints and kinematic mo-
tion equations. Therefore we start this chapter with an introduction to those
concepts. Other important concepts are partial (angular) velocities and con-
tributing and non-contributing forces, which will be introduced later in this
chapter.

3.1.1 Generalized Coordinates

The con guration (position and orientation) of a system witllimension
of con guration spaceof p, consisting oiN rigid bodies, can be completely
described by a minimum set q@f independent scalar values, the so called
independent generalized coordinates
q=[0a,0::,00]" (3.1)
Sometimes, the con guration of a system can be described more conve-
niently with a non-minimum set af generalized coordinates

q=[du%, 1,0 (3.2)

3.1.1.1 Equations of Constraints

Forn> pa subset of these generalized coordinates are non-independent and
kinematic relations in form of constraint equations describe their dependen-
cies. The number of constraintedepends on the number of generalized coor-
dinatesn and the total degrees of freedom (dimension of con guration space)
p of the system

m=n p. (3.3)

Constraints of the form
fi(0n02::0,0nt) = 0, j= 1,:05,m (3.4)

are callecholonomic constraintdf the constraints are dependent on the gen-
eralized coordinates and their rst derivatives are non-integrable,

0j(91,02,:::,0n,01,92,:::,Gn,t) = O (3.5)

11
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they are called rst-ordenon-holonomiconstraints.

3.1.2 Generalized Velocities

The motion of a system can be completely described by a minimum set of
independent scalars, the so calledependent generalized velocities

u=[ugu U (3.6)

They can always be expressed as functloyisof the generalized coordinates
g and are linear im;

n=1
uj = hi(ge,::san)a + Kj(ae::s,an), = 1,000,0 (3.7)
i
The number of independent generalized velocitrewill be denoted as the
systemddegrees of freedom

3.1.2.1 Motion Constraints

For a non-minimal set of generalized velocitiek m motion constraints
describe their dependencies. The generalized velocities can always be chosen
such that the motion constraintscan be expressed as linear functiansof

the generalized speeds [17]

m

fi(Q1, 02,730, 0n U, U, 25 U 1) = Xij(0, 02,522, O, t)Uj = O,
j=1 (3.8)

i=21:::0 m, j=1,:::1

m is said to be theontrollable degrees of freedoof the system. For holo-
nomic systems the controllable is equal to the total degrees of freedom, i.e.
p=m.

3.1.3 System Description

The helicopter is approximated to be composed of three rigid bodies; fuselage,
main rotor and tail rotor. To completely describe the systems con guration
and motion we introduce the following two sets of variabdeandu. The

robot is assumed to be able to move freely in space. Therefore six independent
scalar valuesd; (g) are needed to describe the pose of the fuselage. Two
additional independent scalars are needed to describe the relative orientation
of both rotors with respect to the fuselagg,@s) -

generalized coordinatesg

q = [ 91,92, A3, %, Gs, 06, 7, Gg] "

=[xy,zf,q,y,a,b]" (3.9)
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qu,:::0p position of the center of grav-Nrc = quni+ gona+ gzna
ity of the entire helicopte€, ex-
pressed iN

Qs:::0¢ Orientation of the fuselage withseeNTg in (2.4)
respect to frameN (Euler an-
gles)
ui:::uz translational vel. ofC with re- Nvg= ujn;+ usno+ ugns
spect to frameN , expressed in
N
Us:.:Ug rotational vel. of the fuselageE,WB: Ugb1 + usbs + ugbs
with respect to earth framl ,
expressed iB
a,b angular pos. of the main and talil
rotor relative to the fuselage

a,b angular vel. of the main and tailBwyg = abs, Bwrr= bbs
rotor relative to the fuselage, ex-
pressed in fram8

Table 1: Generalized coordinates and velocities

and thegeneralized speeds

u= [ul,uZ,U3,U4,U5,u6,TU7,u8]T (3.10)
=[uv,w,p,q,r,a,b]".

Check gure 6 to see how they are de ned. Table 1 summarizes their de ni-
tions.

The translational motion of the helicopter's combined center of grévigy
is expressed in the Earth frame, which is advantageous when deriving the
translational dynamics since the gravitational force has only a vertical com-
ponent inN

N — —
Vo = uing+ uznz+ usnz = ginNi+ gzn2 + gsnas. (3.11)

In good accordance with reality the angular velocities of the two rotors are
assumed to be constant, which eliminates the last two entries of

We express the rotational motions of each of the three b&sies Body
frameB .

Bwg = pby+ gbz+ rbs (3.12)
Bwmr= pby+ gby+(r+ a)bs (3.13)
NWTR= pb1+( g+ b)by+ rbg (3.14)

Thereby, when deriving the rotational dynamics we can make advantage of
the fact that the inertial tensors are time-invariant. Generally the inertial ten-
sor of a body is only time-invariant when expressed in a frame xed to it.
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But in this case, the axes of rotation of the main rotor is xedinand the
moment of inertias about axes normal to its axis of rotation are equal re-
call, we modeled the rotor as disc which is an axially symmetric body. Under
these conditions the inertial tensor of the main rotor, expressBd ia time-
variant. As a result the time derivative of the angular momentum simpli es
to BdBL BdB
MR _ B| NWMR

dt MR at
which can be exploited when setting up Euler's equation. The same is true
for the tail rotor. This simpli es the rotational dynamics signi cantly and is
the main reason for modeling the rotor as described in section 1.2. The axial
symmetry and time-invariant inertia tensors of the rotors result in equations
of motions independent ef andb, see eq. (3.5)-(3.5). Therefore the last two
entries ofg can be eliminated as well.

3.1.4 Kinematic equations

By solving equations (3.8) fog; we receiven linear equations fog; with
respect to the generalized velocitigsof the following form

|
g = aj(qe,::5,gn)uj+ bi(oy,:i,an), 1= 1,..0 (3.15)
j=1
Note, the kinematic equations are always linear in generalized speeds and
their number is dependent on the chosen set of generalized coordinates.

3.1.4.1 Kinematic Relations between the General Coordinates and the Lin-
ear and Rotational Generalized Velocities

We set up kinematic equations (compare eqg. (3.15)) to relate the generalized
velocitiesu to the rst order derivatives of the generalized coordinates. For

the translational motion these relations are trivial
2 3 2 3

h igU h i a1
NV-IO—B = N1 Nz N3 gvé = N1 Nz N3 qzé = qtrans, (316)

w s
the same is true fauy
Bwmr = 07bs = uzbs (3.17)
andug
Bwrr= gghs = ugbs, (3.18)
respectively. h i

Transformation of the Euler angular ratgs: = f ,q,y intoB andthe
generalized angular velocitigsq,r.
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23 23 2 3 2 3
h igP f 0 0
NWg = by by bs gqé = §OZ+ BR,(f )§q2+ BRz(f)ZRl(Q)§Oé
r 0 0 y
which yields
23 2 32 3
p 1 0 sin(q) f
gqé = 50 cogf) sin(f )cos(q)zgqév (3.19)
r 0 sin(f) cogf)coqq). y
I {KZ }

inversion ofK leads to
32 3

2 3 2
f 1 sin(f)tan(q) cogf)tan(q) p
fak=fo  cotn) snt) £k,

y 0 sin(f)/ cos(q{) coqf)/ coqdq). r
| . )

(3.20)

which relates the aircrafts local rotational rates to the Euler angular veloci-
ties. Matrixk 1 makes the Gimbal lock problematics apparent. As expected,
K andK ! have unit matrix form for small Euler angles.
Now, we can relate the angular velocity vecfwsg to the Euler angular
ratesqo; by the following relation:
2 3
Wy
NWp = WyZ = Kot (3.21)

Wz

And Nwg in terms of yaw-pitch-roll angular velocities equals:
2 3

Wx
Nwg = ngé = NRgK qpot. (3.22)
Wz
Matrix K as well assRgK are not/non orthogonal matrices. This is because

the Euler angles frame is not an orthogonal basis.

3.1.5 Kane's Equations of Motion

This section presents a way to derive Kane’s equations of motion via New-
ton’s second law (3.23) and Euler's equations (3.26). First, a summary of
both laws is given. One alternative way to arrive at Kane’s equations is via
d’Alembert’s principle see Purushotham and J. [29].
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Theorem 3.1(Newton’s 2nd Law) The translational equations of motion for
a rigid body can be derived by Newton’s second law:

NaNp b Nd
Np= S P, On 2
at Mt (3.23)
expression in fram8 vyields, [13]:
NdB Bd
Br — P_ . %,,,B B
F at mdt V+ W V (3.24)

which states, the net forde acting on a rigid body is equal to the temporal
derivative of the body’s linear momentynwith respect to an inertial frame
N . Nvis the velocity of the body’s center of gravity expressed in

This law is also applicable to a mechanical multi body system whose center
of gravity moves like a point mass with equal mass, see Jazar [13] for example.
The resulting external force can be conveniently expressed in the body frame,
but then has to be transformed into inertial fralhe

NF = NRgBF (3.25)

Theorem 3.2(Euler’'s Equation’s) The rotational dynamics of a rigid body
can be derived with Euler's Law
NdN

NMA: at A + I'ca Map (326)

where A is an arbitrary point on the body and C its center of gravity.

L= Lw; (3.27)

denotes the angular momentum of the i-th body, expressed in frame j. Usu-
ally the inertia matrix can be more conveniently expressed in a body xed
frameB in this case, leading to

BHB
L
= ddt A + EJWB BLA+ f'ca Maa. (328)

Choosing the center of massas reference point yields

BM A

BdBL
B — c
Mc =

¢ dt

= B|cEWB+ EWB B|cﬁWB

+ B BL
NWe ke (3.29)

sincel is constant in fram® .

1 Equality is true under the assumption of constant mass.
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3.2 KANE'S METHOD

First we set up the Euler equations and Newtorf$1aw for each bodyk.
For each of théN bodies the respective center of m&ds chosen as point
of reference. By post-multiplying these equations with vectors caletal
velocitiesv

Fevs = mya, v (3.30)

andpartial angular velocitiesvk
ToWE= (lowi+ Wi (Iowi)) wi (3.31)

we project those vector equations fré to R. By superposing force (3.30)
and moment equations (3.31) and summing up over all bodies we arrive at
Kane’s equations

N N
Fovir TRwr. = mag v+ (lwicr wic (Lwi) w'
k k
(3.32)

In total we getr scalar equations, one for each degree-of-freedom. We con-
sider holonomic systems only, i.p= m.

Theorem 3.3(Partial velocities and partial angular velocities [1A)onsider

a multi-body system of N interconnected rigid bodies whose kinematics is
completely described by a set of generalized coordingtasd a set of gen-
eralized velocities u The velocity of any body- xed point of interest P and
angular velocity of any body k can be expressed as follows

m

V= Vu+ (3.33)
r=1
m
wk=" wPu +wp, (3.34)
r=1
where
vPoor=1.:p

is denoted as constrained partial velocities and

as the constrained partial angular velocities.

De nition 3.1 (Generalized active forces [14]Yhe scalar values on the left
hand side for each of theequations (3.32)
N
= Fov&+ Towk | r=1.:,p (3.35)
k

are denoted ageneralized active forces
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De nition 3.2 (Generezalized inertia forces [14]Jhe scalar values on the
right hand side for each of theequations (3.32)

N
F = mac, VF + (hw+ Wi (hwi))wk , r=1,:::,p  (3.36)
K

are denoted ageneralized inertia forces

Using the de nitions above Kane’s equations simplify to
F (quut)+ K(qut)=0, r=1;::,p. (3.37)

Remark. It is important to remember thét(k:k is the resultant force acting
on the center of gravity of bodlg. Which means, in order to calculate the
generalized active forces using equation (3.35) the actual load on each of the
N bodies has to be transformed, to an equivalent one, by moving the points
of action for all the forces acting on bodtyto its center of gravityy.

Similarly, T denotes the sum of all moments about the center of mass of
bodyk and all torques acting on it.

3.2.1 Non-Contributing Forces

De nition 3.3. Some summands of sum (3.35) have zero contribution to
the generalized forces. The corresponding foﬁ%mr torquesTfk of these
terms are denotedon-contributing forcesThey can be neglected when set-
ting up the equations of motions via Kane’s method.

3.2.2 Contributing Forces

De nition 3.4. Forces an(ﬂIEk and torqueﬂfk that have a non-zero contribu-
tion to at least one of the generalized active forces are denotamhaguting
forces

Most contact forcessuch as reaction forces whose line of action are per-
pendicular to contact surfaces, static friction and rolling friction are non-
contributing forces. One exception are sliding forces, which do contribute
to the generalized active force.

Additionally, all forces whose points of attack have zero velocity with re-
spect to an inertial frame are non-contributing, as well as torques acting on a
body whose angular velocity relative to an inertial frame is zero.

3.3 STEP-BY-STEP PROCEDURE TO CONSTRUCT KANE DYNAM -
ICAL EQUATION

1. SYSTEMDESCRIPTION De ne a setof generalized coordinatggi =
1,:::,n) and a set of independent generalized velocitjdg = 1,:::, p)
to completely describe the systems con guration and motion, see g. 6.

19
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2. KINEMATICS. Describeq; as functions oly; andg; by setting upn
kinematic equations of motion, see 3.1.4.

3. CONTRIBUTING AND TORQUES De ne the points of action of all
contributing forces. Express all contributing fordé:@ and torqued g
as functions ofj; andu;

4. VELOCITIES& ACCELERATIONS  Determine the velocitieg* and
accelerations®™ for each of theN bodies centers of gravity. For every
contributing forceF?, acting on a poin® on bodyk, calculate the
velocitiesv™ for each of the point8,.

a) Write down the velocitieg in the form shown in eq. (3.33)

m
Vo= VS + v
r=1
and determine the linear vector coef cient of the generalized speeds
uj which correspond to the partial velocitie®s, pin total.

b) Write down the velocities! in the form shown in eq. (3.33)

m
V= Ry
r=1
and proceed as in the previous step to determine the partial veloc-
itiesvi.
c) The accelerations™ are of the form

a%= f(q,t)u+ g(qg,u,t).

5. ANGULAR VELOCITIES& ACCELERATIONS  Determine the angu-
lar velocitieswy for each of th&K bodies and express them as functions
of gi andu;. Similarly, calculate the angular accelerati@nsfor each
of theK bodies and express them as functionsjofi; andu;.

a) Write down the angular velocities, in the form shown in (3.34)

m
whk= wPu + wP,
r=1

b) Angular accelerations are of the form
ax=r(q,t)u+t(q,u,t).

6. GENERALIZED ACTIVE FORCES Calculate thep generalized active
forces using equation (3.35)
N

F = mac, VK + L+ wi (1ow) wi
K
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WhereRéC: is the resultant force acting on the center of gravity of body
kandT.* is the sum of all moments about the center of mass and all
torques acting on body Alternatively, equation

F = FEvE  Tew, r=1,:::,m (3.37)
ki k
can be used, which requires no reduction of all external forces to the re-

spective centers of gravity, but demand calculation of additional partial
velocitiesv?.

7. GENERALIZED INERTIAL FORCES Calculate the generalized inertia
forces using equation (3.36)

N
Fo= o FOVE Tow
k

8. DYNAMIC EQUATIONS OF MOTION. As shown in (3.37) set up the
differential equations (linear in;) which describe the dynamics of the
entire system

F (quut)+ K(qut)=0, r=1;::,p.

3.4 ESTIMATING THE CONTRIBUTION OF EACH COMPONENT OF
THE MECHANICAL MODEL

Before we derive the equations of motion we estimate the contribution of
each of the three rigid bodies to the total torque requirements for rotational
motions. Thereby we can check whether any of the three rigid bodies might
be reduced to a point mass without signi cantly altering the total dynamics.
To analyze the contributions we consider the most straining ight condition,
i.e. maximal allowed angular velocities and accelerations, and then, calculate
the required torques to realize this motion for each body.
The maximal angular velocity of the fuselage is assumed to be

Ny, — T
Wg = [ Wmax Wmax Wmax] '
wherewmax= 3.14rad/s and the maximal angular acceleration is assumed to

be

Na B= [ Amax Amax ama>JT,

whereamax= 3.14rad/3. The angular velocities of both rotors are kept at
constant speeds
h iT
NWMR= 0 O 1400 rpm
h it
NWrR= 0 0 6720 rpm.

21
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The tail rotor is driven by the main motor. The gear ratio between main and
tail rotor is 4.8. In good approximation, the angular accelerations of both
rotors with respect to the fuselage are assumed to be zero
h iT
Bamr=Satr= 0 0 0 rad/.
The fuselage is roughly approximated by a rectangular parallelepiped with
constant density of the dimensiams = 10N,l; = 0.5m/J,= 0.15m and3z =
0.3m. For the speci ed movement above, the following torque is required for
the fuselage:
h iT
Te= 085 12 22, jTg=26Nm
To simplify the EoM the main and tail rotor are approximated by solid discs.
The mass per circular ring of in nitesimal thickneds and constant radius
r 2 [0,R] is assumed to be constant, therefore the mass density decreases

linearly with increasing radius. The polar principal moment of inertia can be
calculated as

lotor33=  r2dm (3.36)

where
m
dm= —dr.
R
The resulting principal moments of inertia are

Imr = 10 diag(0.33 0.33 0.65m°kg

and

ITr= 10 “diag(0.15 0.15 0.3mkg.

According to Euler’s law the following torques are required for the previously
speci ed motions
h it
Tvr= 15 15 0.20 , jTwri = 21.7Nm
and h i .
Trr= 0.033 0.033 0.0001 , jTrri = 0.046Nm.

Note, we assumed rotations about the principles axes of inertia for each of
the three bodies. In reality we would have to deal with rotations about axes
that go through the combined center of gravityin this case the moments
of inertia need to be transformed into frarBe by exploiting the Huygens-
Steiner theorem. Sindg is closer to the fuselage’s center of gravitythan
it is to MR or TR? the largest increase would be experiencedpzyandlg.
Thereby the torque demands to rotate the fuselage and the main rotor would
differ even more.

2 Due to the signi cantly higher mass of the fuselage.
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Figure 7: Turbine powered Flettner helicopter with spray attachment

3.4.1 Conclusion

Interestingly, one can see, that the contribution of the tail rotor to the total
torque requirements is negligible, since its several magnitudes folirez.in-
ertial torque to rotate the fuselage about dxisindb, is over one magnitude
smaller than that for the main rotor. The inertial torque requirements for ro-
tating the fuselage around axis could be neglected since the aerodynamic
drag of the main rotor, which is not taken into account in the calculations
above, is at least one magnitude larger, [18].

Based on these rough estimations the following conclusions can be drawn:

it is safe to reduce the tail rotor to a source of aerodynamic force

the gyroscopic effects of the main rotor have by far the biggest impact
on the rotational dynamics

for model simpli cation the fuselage could be reduced to a point mass

These ndings are consistent with the results from Kondak et al. [18] for a
smaller sized helicopter (Logo 14). Generally, the relative in uence of the
main rotor on the rotational dynamics compared to the fuselage, increases
with decreasing helicopter size. As preparations have already been made to
expand the application of the MAPLE algorithm, developed in this thesis, to
calculate Kane’s equations for signi cantly larger Flettner helicopters, see g.
7, the fuselage is modeled as rigid body.

3.5 EQUATIONS OF MOTION

By employing the procedure presented in section 3.3 we arrive at the fol-
lowing equations of motions for the HE-1 Helicopter. All calculations were

3 Even after applying Huygens-Steiner theorem.
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carried out in the computer algebra system MAPLE. The corresponding code
can be found in le:Dynamics_Kane_Basis_Vectors.mw



Translational dynamics:
up= gqgw+rv gsin(q)+ K/ m
U= pw ru+ gcogq)sin(f )+ K/ m
uz= pv+ qu+ gcoqf)coqq)+ F/ m
Rotational dynamics:
(mFZ|2: + mmrzﬁqr"' I+ 1Fe) Ua = ( IT]:Z|2: + mﬂrzﬁw"' I, + 1Ry I, Ir,)UsUs  Imr,Usa + Rrzr + Tx
(mFZ|2: + mmrzrznr"' |mryy+ IFyy)US =( mFZ|2: mmrzrznr It ¥ I, 1Fo + IF,,) Uslg + ImryyU4a + ForXmr + Ty
(I, ¥ IRJUs = ( lmipe + Imryy IF * IFyy)U4US+ ReXer + I, @+ ReXer + Tz
Rotational dynamics (compact):
(Is+ lxua = (ls+ lyy 27) UsUg Imr,Usa + Rz + Tx
(Is+ ly)us=( Is lxx+ lzz)Usug+ Imr, Usd + FrXmr + Ty
s = (It |yy)U4U5+ Imr,, @+ ReXe + T2
with
m= ms + Myl
lxx = Imey + 1Ry
lyy = lmr, + 15y

I22= lmr,, + IR,

Is= MEZE + MyZ,

(3.37)
(3.38)
(3.39)

(3.40)
(3.41)
(3.42)

(3.43)
(3.44)
(3.45)

(3.46)
(3.47)
(3.48)
(3.49)
(3.50)
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F are the resultant external forces acting on the center of gr@vitydi-
rection of axisi, wherei = X,Y,Z. T, is the resultant torque acting on the
helicopter about axis

3.6 LINEARIZATION

Before we can proceed with the design of lineir optimization based con-
trollers (see chapter 6) we need a linear model. The system of 6 nonlinear
differential equations (3.37)-(3.42) that describe the helicopter dynamics and
can be written in short form as

x = f(x,u,d,t), (3.51)

with f being a nonlinear function of the aircrafts stakesontrol inputsu,
external disturbancebsand timet. The state vector is composed as follows
h it
X= uvwopgqgrxyzfqy . (3.52)

Three characteristics trim, stability andreponse are essential when dis-
cussing the ight mechanics of a helicopter.

TRIM. Trimis an equilibrium ight state such that= 0 andu = const,
i.e.
f(Xe,Ue,de,t) = 0 (3.53)

Subscripte indicates a trim state. The most general trim would be a turning
about the vertical axis, ascending or descending, sideslipping maneuver at
constant speed. More basic ight conditions such as hover, cruise, sustained
turns or autorotation are also trims, [25].

See Pad eld [25, p. 192ff.] for more information about detailed trim analy-
sis and the general trim problem.

STABILITY. Stability is concerned with the analysis whether a helicopter
returns to its equilibrium point after being disturbed from its trim state. By
determining the eigenvalues of the system matinf the linearized system

about a particular trim state, we can check for stability
I
df

det | = 0. (3.54)

Xe

RESPONSE The systems response to a certain control inpcén be ana-
lyzed by evaluating the following equation

x(t) = x(0) + 0¥ f(x(t),u(t),t)dt . (3.55)

3.6.1 Linearization about an arbitrary Trim State

From now on, in good approximation, the rotor speeds are assumed to be
constant, i.ea = = 0. Only gravitational forces, the thrust of the main and
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tail rotor as well as the tilting moments induced by the main rotor are taken
into account, Aerodynamic and other external forces are neglected, therefore

=0 H = hr = Funr
Tx=Tmrt Tv=Tor2 Tz= Tmrs
Linearizing the EOM about an arbitrary trim staeyields the following

state space system where the matrisés eq. (3.57) and in eq. (3.58) are,
respectively, the system matrix and the control matrix

f(x,u,d,t):[(xe,lt%,de,tg+ﬂ)f( Dx+;¥£ Du+ﬂ—; Dd (3.56)
=0 |-{§ff |_{Bzi? |_{Ez£’f

where the deviation variables are de ned as
DX=X Xe,DuU=U Ug, Dd=d de.

Subindexe indicates linearization about an arbitrary trim state
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2 3
0 0 0
0O Vm O 0
UYm O 0 0
0 |SZ+TTZz |S+l n
0 0 0 &y
Be=8 0 Tk 0 0O (3.58)
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
with the corresponding input vector
h it
U= Fur Frr Tur1 TMRr2 (3.59)

These are the four control inputs to the helicopter system. The main rotor lift
force Rur is controlled via the main rotor cyclic pitch angtp. Similarly,
the side force of the tail rotdfrg is controlled via the tail rotor cyclic pitch
angleqor. Whereas the tilting momeniyr 1 andTyr 2 are controlled via the
lateral cyclic pitchgic and longitudinal cyclic pitchyss, respectively.
Linearization of the EoM about hovering trim state yields the following

system and control matrices. The subindex 0O indicates linearization about
hover trim state.

Bo= Be (3.60)
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System MatrixA linearized about hovering state.
2 3

000 O 0O 00 go0o00O00O
000 O 0O 0g 0 0000
000 O 0O 00 0 000
000 0 ™o g9 0 0000
e a ST IXX
cooM™A 9 00 0 0O0O00O
000 O 0O 00 0 000
(3.61)
100 0 0O 00 0 000
010 0 0O 00 0 000
001 O 0O 00 0 000
000 1 0O 00 0 000
000 O 1 00 0 000
000 O 0O 10 0 0000

3.7 HEAVE DYNAMICS

The vertical dynamics of the multi-rigid-bodies model are governed by equa-
tion (3.39)

uz= pv+ qu gcogf)coqdq)+ % (3.62)

with F, being the sum of all external forces referred to the combined center
of gravity C. All external forces are assumed to be continuous functions of
the vehicles states and control variables. Hence, their perturbations can be
expressed using a Taylor series expansion about a trim stator small
changes in the states (i.e. Dx; small) we can drop the higher order terms.
The external forc&, written in its linear, approximate form equals

Fo= Fret 1% Dut i 12 pur e 12 Dy + TF Dgo+ :::+ TF DQsc
Tu e |1-.[{9-F Ty e ﬂl&)_F Ta1c e
Zy Z,
(3.63)

Whereqq is the collective pitch angle of the main rotor. In literature the total
vertical forceF, is often labeledZ. For better ow of reading we will adopt
this notation and abbreviate perturbed st&g&s x;. With that in mind ap-
proximation (3.63) can be written in the following form

Z=Ze+ Zyu+ i+ Zppt i+ Zef + i+ Zux+ L+ Zgo Qo+ i Zg, Qe
(3.64)
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Since we are primarily interested in the helicopter dynamics along the vertical
axis, and especially in the dynamics in hovefitgndition, we assuma to
be a function ofgg, w andz only, therefore parametet, Z,, andZ, need
to be determinedZ, is calledheave dampening derivativand Z,, control
sensitivity derivativeFor the controller designs the helicopter is assumed to
operate out of ground effect. Therefore the effect of the ight altitudezon
is negligible andz, can be neglected. The range of operation is too small for
having the variation of air density with altitude to have any effect. In the end
the helicopter will indeed be operated in ground effect, but the controller shall
be robust enough to be able to cope with that situation.

Under these assumptions, the vertical dynamics of the helicopter, while
hovering, simpli es to

W= g+ Dk 2wt Zogto= Zwt Zoo
Fvr

w= g+ Zyw+ m

(3.65)

reducing the number of unknown parameters to tigpis the vertical lift
required to keep the helicopter in hovering state. The total helicopter mass
m is subsumed within the heave dampening derivallyeand the control
sensitivity derivativeZy,, i.e.

Zw=Zol M, Zgy= Zgo/ M, (3.66)

which is common practice in helicopter ight dynamics [23}.is the vertical
lift required to stay in hovering condition. The total vertical thrust of the main
rotor in positivez direction would beZe + Zy,qo. The vertical stability of
the helicopter is described by the solution of the homogeneous differential
eqguation

W= Z,W.

Obviously, eq. (3.66) has stable solutions if and onByjthas negative values.

Transformation of the inhomogeneous differential equation into the fre-
guency domain yields the following transfer function between main rotor col-
lective pitch anglejg andw

_ W) Z
Buckon = 4o(9) ~ 5+ 2’ (367

whereZ,, > 0 andZy, < 0. Typical values foZ,, for manned helicopter lie
in the range of 0.25to 0.40 . For unmanned, small-scaled helicop#&ys
varies a lot.

To get a feeling how complex even the heave dynamics of a helicopter
are, two physical phenomenas that affect the low-frequency heave dynamics
primarily are introduced:

When speaking of hover, we assume the helicopter to be in horizontal orientation with Euler
anglesf = g = 0.y can have arbitrary values, since the vertical dynamics are assumed to
independent of the helicopter’s orientation aboutbhaxis.
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Resultant rel. wind
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Figure 8: Angle of attack, rotational and resultant relative wind, induced ow, [5]

Change in angle of attack due to Induced In ayvand relative motion
Ground effect

Rotor dynamics effects such as rotor coning, apping and lead-lag that are
crucial for the high-frequency dynamics of the helicopter are not introduced
here due to the complexity of these effects. Pad eld [25] and Leishman [20]
explain these effects in great detail and present methods how to model them.

Remark.It has to be stressed that these higher frequency rotor dynamics are
not covered by our simpli ed approximation of the heave dynamics in eq.
(3.65). Neither are any unsteady aerodynamics or aerodynamic cross cou-
plings governed. This

LIFT. The main rotoris composed of two symmetrical airfoils that provide
the vertical thrust enabling the helicopter to lift off. The lift folcegenerated

by an airfoil for a speci ¢ ow condition, can be calculated by the following
lift equation

1
L= Sar V2A, (3.68)

wherec_ is thelift coef cient, r the density of the surrounding uids the
true airspeedandA the projected area of the air foplanform area.

For lowangle of attackvaluesa the lift coef cient can be approximated as
a linear function ofa. For higher angles, especially past the stall angle, the
dependency becomes highly non-linear. The main and tail rotor of HE-1 and
HE-2 feature symmetrical airfolsi.e.c (a= 0) = 0.

3.7.1 Change in Angle of Attack due to Induced In ow v

The lift and drag of the main rotor depends primarily on éimgle of attack
which is de ned as the angle between thesultant relative windand the
airfoils chord ling see g. 8. By altering the angle of attacking we vary the
lift force and therefore the acceleration of the helicopter.

The resultant relative wind depends how the airfoil moves through the air
and is de ned as the air ow relative to an airfoil. Mathematically, it can be

Symmetrical airfoil provide higher stability while asymmetrical airfoils are more (lift) ef -
cient on the cost of stability. Also stall characteristics and lift to drag ratios are advantageous.
With changing angle of attack the center of pressure moves up and down the cord line, which
induces torques and twisting loads on the airfoil.
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Figure 9: Components of relative wind and how they affect the angle of attack [5]

calculated by vector addition of thetational relative speednd thenduced
ow.

For a helicopter in hovering state under no-wind conditionsrdtegional Rotational relative
relative speedies in the rotor plane and solely depends on the rpm of thespeed
rotor, see teal vector in gure 8. Wind gusts and lateral motions of the heli-
copter alter the rotational relative speed, whereby it affects the advancing and
retreating blade in opposite fashion.

From a Newtonian perspective, liftis generated by turning a ow of air [36].Induced ow
This ow turning is also known agnduced ow vy or downwashlt reduces
the angle of attack and thereby lowers the rotor’s lift.

So we can summarize that generally, blade advancement, descent, forward
helicopter airspeed for the advancing blade, down ap and upgust increase
the angle of attack, while blade re-treatment, climbing, forward helicopter
airspeed for the retreating blade, up ap and downgust have a negative effects.

Figure 9 from Ean and Army [5] summarizes these relations. How the lift
forces changes while climbing or descending is described, by

Remark. The lift force L which is a component of the total aerodynamic
forces always points in a direction perpendicular to the ow direction.
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Figure 10: Ground effect, [25]

3.7.2 Ground Effect

Operating the helicopter in close range to the ground alters some of its ight
characteristics. The most signi cant effect is the variation of the induced ve-
locity v; at the main rotor with its distance from the grouggdwhich eventu-

ally alters the rotor thrust and the power required for a certain ight condition.
Figure 10 illustrates the variation of the ratio of rotor thrust in-ground effect
Tige to rotor thrust out-of ground effedtge with distance from the ground. As

a rule of thumb, the ground effects signi cantly affects the lift below heights
in the order of the rotor radiuR. The higher the forwards spe&dthe less
signi cant the effect becomes, as the rotor "escapes" its own wake.

3.7.3 Analytical Determination of ¢

Pad eld [25] and Leishman [20] show ways to derive the heave dampening
parameter analytically. Results of these calculations are to be treated with
caution, but the formulas help to understand what parameters in ugpce
For derivingZ,, the induced downwadh is assumed to be uniform and con-
stant over the rotor disc. The induced rotor downwash is one of the most
important components of helicopter ight dynamics; it can also be the most
complex. The downwash, representing the discharged energy from the lifting
rotor, actually takes the form of a spiraling vortex wake with velocities that
vary in this introduction to the topic we make some major simpli cations
[25]. In hovering state the downwash can be written as

S

Vihover = ﬂ (369)

or, in normalized form as

lj= =—= = (3.70)
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whereCs is the thrust coef cient in hover and vertical ight conditions

s Qo m I

G==% 3 2

(3.71)

andm is the normal velocity of the rotor, positive downwards and is about
equal to the aircrafts vertical velocity componantwhich is especially true
for hovering trim state. Pad eld [25, p. 220] uses the thrust coef cient deriva-
tive % to derivez,

r (WR)pR2 Cr

M im
2a0Apr (WR)| i
(16 i+ aps)M

Zu=
(3.72)

where

Ay, blade area [rf]

Aq disc area[m]

S blade solidity; ratio of blade area to disc area
r  air density [kg/ni]

w  rpm of main rotor

Cr lift coef cient

i induced hover downwash

ap lift curve slope

M mass of helicopter [kg]

One key parameter is the blade loadiyg M. The analytically determined
Zy, value for helicopter HE-1 and HE-2 is1.96, being equivalent to a time
constant of the helicopter’s vertical motion of 0.51s, see section 3.7.4.

Remark.Relation 3.72 is only valid in hovering state. ApproximationsZgr
in forward ight are found in Pad eld [25, p. 220].

3.7.4 Interpretation of the Heave Dampening Derivativg Z

To get a feeling for the in uence of the heave dampening derivajyen the
vertical dynamics it is helpful to consider a step respongg,gf , (S).

W(S) = G, (95 (9) = Sf%zwi (3.73)
- 1 ZQO 1 — ﬂ Zy
=L b FES sy (3.74)

By looking at the term in parentheses in eq. (3.74) it becomes obvious that
Z,, determines the time constanbf the system

t= — (3.75)
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=1z,

\/

Figure 11: Step response G, gcol (S)

which means after a (unit) step inpis), w(t) reaches 63% of its nal value
Zzivj afteri seconds, see also g. 11.

Step response analysis of the transfer function

1 Z(s 1
Gzndcoll = G = ( ) =2 Zqo

s Wdeot T qo(s) T sS+ Zy

(3.76)

between height and collective pitch deviation arggy@nd the vertical height
yields

1
29 = Gra (95 (9= 22 5
W
e 1 1. 11 (3.77)
=% -y - =
Zw ZwS S ZySt Zy
1
t - L 1 ZQO -
A1) S+ Zy S2
_Za S .1z
o ot e (3.78)
L T T
Zy Zy

giving the following time behavior shown in g. 12.

Z(t)

slope: Z/Z,
A

N

N
N
|

: »
" slope: -Z/Z,

Figure 12: Step response Gf gcoi (S)
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3.7.5 Z, and its Relation to Vertical Gust Response in hover

The acceleration of the helicopter due to vertical gusts can be derived from
the linear approximation of the heave dynamics (3.65)

W= Zy(W+ wg) h%’erzwwg (3.79)
wherewy is the vertical gust velocity. Thus the initial acceleration due to a
step-like vertical gusts can be written as

=== Zawg, (3.80)

which can be regarded as a quantitative measure of ride quality, in terms of
vertical bumpiness, [25]. Increasing valuesZyf increase the helicopter’s
susceptibility to vertical gusts. According to eq. (3.80), vertical gusts of mag-
nitude 5m/s result in an initial acceleration of about 2.5m/s0.25¢ for

HE-1 and HE-Z This should be regarded as a rough estimation. Close to the
ground vertical gusts of this magnitude are rare and, due to th&joxalues,

they generally have a rather low in uence on the helicopter dynamics. But in
situations where the helicopter is operated close to obstacles (e.g. aaerial ma-
nipulation of large objects) the power margin and the heave sensitivity play a
critical role when concerning vertical performance and handling qualities.

3.7.6 \Vertical Gust Response in Forward Flight

According to Pad eld [25] the following set of equations describe the induced
downwashv;,, and heave dampenird, in forward ight. V is the aircraft’s
forward velocity and/?is the forward component of the total velocity at the
rotor disc

.
V|m - W) (381)
ﬂCT _ 2aosm
T = B (3.82)
v
m= (3.83)
Zy= AVA 4 (3.84)

|_{22M1 } 8m+ ags
Zugyy

Zye,, is the corresponding heave dampening parameter for a xed-wing air-
craft with wing area,. From equations (3.83)-(3.84) follows that helicopter
heave dampening parameters converge against xed values with increasing
forward velocity, whereas those for xed-wing aircrafts increase linearly. Typ-
ically lift curve values for helicopter blades are higher than for xed-wing air-
planes, but blade loadings for helicopters are signi cantly higher than wing

With an assumed,, value of 0.5 s1, which was derived with PEM system identi cation, see
chapter 4.
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Figure 13: Heave dampening derivative in forward ight, [25]

loadings for airplanes of the similar weight class, resulting in higher (abso-
lute) Z,, for low velocities, see g. 13.

3.7.7 Modeling Vertical Wind Disturbance

As suggested by Skogestad and Postlethwaite [32] the atmospheric distur-
bance are modeled as gust velocity components that perturb the helicopter’s
velocity states, v, w by d,, dy, dy yielding the following disturbed system de-
scription 2 3

du

dy

d
X= Ax+ A (;“ + Bu. (3.85)

0

Which means, when considering the heave dynamics only, we can set
Gd = Gudcoll- (3.86)

See [32, p. 496] for a more detailed argumentation.

3.8 SCALING

Note, that prior to controller design the model was scaled. Figure 14 illus-
trates the scaling of the input variable u. The valuel ofpresents the width

in ms of the pulse width modulated (PWM) input signalimay represents the
trim value for the hovering state (1052 ms). The actual input value is allowed
to vary by 300ms about the trim value, i.8.2 [Urim  Umax Utrim + Umax]-
Remember, that for the linearized systgg= U Ugim.
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a
pwm
a
l"Itrim
umax umax
= t[ms]
0 1052 2000
752 1352
Figure 14: Pulse width modulated input signal

=300ms Dy largestallowed input change
=10m largest allowed change of output value
=10m/s Dy largest allowed change of disturbance value
=1m De largest allowed control error
=10m D, largest expected change of reference value






SYSTEM IDENTIFICATION

Since analytical calculations &, are all but reliable, system identi cation
tools of MATLAB were used to determine its value. The second parameter
of Gy dcoll, S€€ €0. (3.67), which is characteristic for the heave dynamics, the
control sensitive derivativé,o, was also determined via system identi ca-
tion. The data of two ight sessions, one at Grob air eld and one at the DLR,
Oberpfaffenhofen area, was used. During those ights vertical steps of vary-
ing heights were own. The recorded vertical velocity and acceleration data
was then used to identify the above mentioned parameters. To estimate these
unknown parameters therediction Error Minimization (PEMMethod of
the MATLAB System Identi cation Toolbox was employed. Two slightly dif-
ferent sets of parameters (Grob and DLR) were estimated from the ight data.
During re-evaluation of the recorded data it became apparent that the data
logger didn't function perfectly as intended during the ights at Grob. Prior
to the second round of test ights (DLR) some adjustments in the logging
procedure were made to resolve the issue. Therefore more trust was put into
the system identi cation results based on the ight data at DLR. Nevertheless
the results derived from the erroneous data record are shown below (Grob).

The results of the system identi cation process can be seen in gure on
page 43. The upper plot shows the recorded velocity data of the ight at the
DLR area in yellow. The yellow line in the lower plot represents the cor-
responding accelerations during that ight The green lines show the predic-
tions of the identi ed models based on the recorded servo input data (PWM),
shown in gure.

Guw.dcol(DLR, modi ed) represents an intermediary model betwegnycoi
(Grob) andG,, 4¢oi1 (DLR) and was chosen by han@y, g4con(DLR, modi ed
was extended by a 2nd order transfer function approximation of the servo
dynamics, its predictions are shown by the red lif@&g . (DLR, modi ed,
servo dynamigs The predictions improved only slightly by including servo
dynamics. The improvements were deemed non worthy the increase in model
order, thereby modéb,, 4.0 (DLR, modified was used for controller design
in chapter 6.

200 T T T T T T
input signal
100 b

PWM [ms]
o

-100 - b

-200 I I I I I I
0 50 100 150 200 250 300 350

Figure 15
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Figures 17-19 visualize the effect of parameter uncertainty on the heavy
dynamics. Figure 17 shows the effect of varyifigby 20% of its nominal
value of 0.5s? in equidistant intervals. In analog fashion, gure 18 shows
the effect of varyingZy, by 20% of its nominal values of 0.0230 m/3in
equidistant intervals. To show the combined effect of uncedgiand Z,,
both variables were randomly varied by20% of their respective hominal
values.

In cooperation with Aaron Barth from the Institute of Helicopter Technol-
ogy of the Technical University of Munich (TUM) state-space matrices for
the helicopter in hovering trim were derived with CAMRAD HThe result
for the heave dampening derivative of 0.7 matched that of the of system iden-
ti cation process of surprisingly well. There is de nitely a lot of potential
in using CAMRAD Il to derive the linearized helicopter dynamics for any
desired number of ight states thereby providing a basis to realize MIMO
control concepts with optional gain scheduling.

4.1 FREQUENCY-DOMAIN SYSTEM IDENTIFICATION

Originally, it was planned to record frequency sweep ight data and perform
frequency-domain system identi cation with the software CIEERut due

to time constraints it had to be postponed. This method is especially well-
suited for system identi cation of aircraft and rotorcraft dynamics models
from ight data, and nice summarization of the differences between time-
response and frequency-response methods can be found in table 1.4 in Tis-
chler and Remple [34]. CIFER is an advanced modeling tool that has been
developed by NASAs Ames Research Center which has been successfully
used to analyze the dynamics of a wide range of rotary-wing and xed-wing
aircrafts including: XV-15, Bell-214ST, BO-105, AH-64, UH-60, V-22, AV-

8B Harrier, and OH-58D. An in-depth introduction to aircraft and rotorcraft
system identi cation using frequency-domain-based methods is given in Tis-
chler and Remple [34] and in Mettler [23] with special focus on small-sized
RUAV. Author of the former book, Mark B. Tischler has led development of
CIFER.

1 CAMRAD Il is an aeromechanical analysis of helicopters and rotorcraft that incorporates

a combination of advanced technology, including multibody dynamics, nonlinear nite ele-
ments, structural dynamics, and rotorcraft aerodynamics.
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4.1 FREQUENCYDOMAIN SYSTEM IDENTIFICATION
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Figure 17: Variation o%, about plus minus 20% of its nominal value of 0.5% in
equidistant intervals
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Figure 18: Variation ofZy, about plus minus 20% of its nominal value of
0.0230m/8/ms in equidistant intervals
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Figure 19: Random variation @, andZ,, about plus minus 20%; of their nominal
values
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CONTROL

"In the application of automatic controller, it is important to
realize that controller and process form a unit; credit or discredit
for results obtained are attributable to one as much as the other.

A poor controller is often able to perform acceptably on a
process which is easily controlled. The nest controller made,
when applied to a miserably designed process, may not deliver
the desired performance. True, on badly designed processes,
advanced controllers are able to eke out better results than older
models, but on these processes, there is a de nite end point
which can be approached by instrumentation and it falls short of
perfection."

Ziegler-Nichols [41]






MATHEMATICAL PRELIMINARIES

This chapter gives a short overview of mathematical concepts crucial for de-
signingHy controller. Li et al. [21] gives a nice summary about the physical
interpretation of theHy norm and explains how to formulate ti& opti-
mization problems and how to derive the respective generalized plant in state-
space realization. A nice tutorial about loop shaping design is given by Glover
et al. [9], K. Glover and D.C. McFarlane both played decisive roles in advanc-
ing and developindfy design techniques.

5.1 GAIN OF A SYSTEMG(S)

For the SISO case thgain of a systemy = Gd at a given frequency is
given by

iy(w)i _ jG(iw)u(w)j
ju(w)j = ju(w)j

jG(jw)j = , G2C. (5.1)

For a MIMO Systeny = Gu thegainat a given frequencw is given by

jiy(w)jiz _ jiG(jw)u(w)jj2

iG(jw)j= = - < = . - , G2C™nM (52
IG(jw)i jju(w)jjz2 jju(w)jjz2 ®2)

REMARK. In the SISO case, the gain depends on the frequency and is
independent of the input magnituga . The same is true for MIMO systems,
but the gain is additionally dependent on thieection of the inputu.

5.1.1 Measuring the Gain of MIMO Systems

The magnitudes of the eigenvalues of a transfer matriXG(jw))j pro-
vide no tool to generalize the SISO gaf@a( jw)j. This becomes most appar-
ent for matrices whose eigenvalues are zero but still there exist input vectors
whose corresponding output vector are non zero, see Skogestad and Postleth-
waite [32, p. 77]. Eigenvalues only provide a measure of the gain when the
input and output vectors point into the same direction, i.e. the direction of the
eigenvectory;

y= Gvj= [ivi. (5.3)

The spectral norns (A) of a matrix A
r (A) = miale i(A)] (5.4)

does not ful Il the properties of a matrix norm since the triangular property
and multiplicative property are violated. See appendix A.4 for more informa-

47
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tion about matrix norms. But the spectral radius is valuable in that regard, that
it provides a lower bound on any matrix norm

r(A) Ji Ajj. (5.5)
5.2 SINGULAR VALUES

A measure of gain for MIMO systems that, opposed to EV, takes into account
the direction of the input are thesingular valueof G. The maximum value

of the gain in (5.2) for a given frequenay, for all possible input directions,

is the maximum singular value &

s = madW2 - maxiicui, (5.6)
uéo JJujj2  jiujo=1

The largest singular value of a matrix, sometimes called spectral norm, is
equal to its induced 2 norm. All induced norms are matrix norms, therefore
relation (5.5) holds true. A simple interpretation is that matrix norms search
for the maximum gain in all directions whereas the eigenvalues measure the
gain of the matrix only in certain directions that of the eigenvectors. There-
fore, the singular values actually bound the magnitude of the eigenvalues

s jli(A)j s, (5.7)
wheres (G) is the minimum singular value of G
JiGujj2 _

S = min——— = min jjGujjo. 5.8
ST 00 iUz a0 58

Aninteresting relationship between the largest singular value and the largest
elementjAjjmax0f am nmatrix A is given in Skogestad and Postlethwaite
[32] 0

liAimax  S(A)  mnjjAjmax (5.9)

5.2.1 Singular Value Decomposition

Theorem 5.1(Singular Value Decomposition,[40]Let G2 F" ™. There ex-
ist unitary matrices

U=[ug,up,::5,up] 2 F™ M

V =["\/1,V2,:¥é,Vn] 2F" 0
S; O
0O O

s= 2 F™ "

such that
G=Usv , (5.10)
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where(.) denotes the conjugate transpose, or adjoint matrix and

2 3
s; O 0
0 s 0
Si=g§ . 2 (5.11)
0 O Sp
and
S1  S2 Sp 0,p= minfm,ng. (5.12)

A proof of theorem 5.1 can be found in Zhou [40]. The diagonal elements
of S are called singular values @&, them columns ofU are called thdeft
singular vectorsand then columns ofV are called theight singular vector
respectively. From the unitarity &, i.e.V V = |, follows directlyGV = U,
evaluated for thé-th columns yields

Gvi = siy; (5.13)
and
G uj = syvi, (5.14)
respectively. Which can be rewritten as

G Gv; = s
GG u; = sizui.

It becomes obvious that the singular values are the square roots of the eigen-
values ofG G, q

si(G) = 1i(G G). (5.15)

5.2.2 Role of Singular Values in Control Theory

The orthonormal column vectots andv; represent, respectively, tleitput
andinput directionsof the plantG. Note, the input and output directions are
related via the singular values as stated in eq. (5.13). That is, anvinimid
plant G yields an output signal in directiom of the magnitudes;(G). The
relation between the magnitude of the output signal and the corresponding
singular value stems from the fact thjatijj» = 1, which can be written as

jiGvijj2
jiviii2

jisi(G)uijj = si(G) = jjGviji2 = (5.16)
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3
5

2 3
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output directions input djrections
| { | 1z
0 \%
{z }
S

(5.17)

Since the magnitude of the singular values are descending $roto s,
u; (um) represent thénighest (lowest) gain output directipmvhile vi (vy)
represent théighest (lowest) gain input directiotn other words, for any
input directionu, excluding the null space @&, we have that

: jiGuw)ji  _, . .
s (G(jw)) T, s(G(jw)) (5.18)
and
Gvi=5u;, Gvy= Sum. (5.19)

CONDITION NUMBER. Systems ardl-conditioned if some combina-
tions of inputs have strong effects on the output while others have weak ef-
fects. One way to quantify this is thendition number the ratio between

the gains in the high gain and low gain directions. Ill-conditioned systems
with input uncertainty may become hard to control.

MINIMUM SINGULAR VALUE . Generallys (G) is desired to be as large

as possible. To avoid input saturatisrmust be larger than about 1 in all fre-
quency regions where control is required, see Skogestad and Postlethwaite
[32].

5.2.3 Singular Values as a Measure for Performance

Evaluating the sensitivity functio® (see section 6.1.1) as function of fre-
guency allows a valuable estimation of the feedback errorr (@) be the
vector of reference inputs arefw) the vector of control errors then bounds
for the relative control errojje(w)jj2/ jjr(w)jj2 can be given by exploiting
inequality (5.18)

jie(w)ijiz
jir(w)jjz
Therefore, in the worst-case direction the relative control error is bounded by
the maximum singular value &

s (X(jw)) S(S(jw)). (5.20)
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If we now de ne an upper limit fos'(jw) we can limit the maximum al-
lowed magnitude of the relative control error. Since the maximum singular
value ofSis a function of frequency we can de ne frequency dependent
bounds for the relative control error. Let wp(jw), the so calledperfor-
mance weightbe such an upper bound which results in the following perfor-
mance requirement

S(S(jw)) < U jwp(jw)j 8w : S (WpS) < 18w (5.21)
, i wpSjy < 18w (5.22)

therefore
jie(w)jj2
jir(w)jj2

< VU jwe(jw)j » 0 weSjy < 18w.  (5.23)
Typical performance weights are given in section 6.5.

53 Hy NORM
5.3.1 De nition

Consider a stable, linear SISO system with transfer fund8¢s). The Hy SISO
norm is de ned as
jiGjj¥ = svldpiG(jW)j- (5.24)

WherebyjG(jw)j is the ampli cation factor by which the system ampli es
a sinusoidal input signal with angular frequencwv. Toivonen [35] shows
that theHy norm can be characterized as

JJGUJJ2:u

2 80 . (5.25)
jjujj2

jiGjj¥ = sup
In this form it becomes apparent that tHg is the maximal factor by which
the system described by G(s) ampli es the, norm of any inputu. In
operator theory, thély norm would be called &, norm induced operator
norm.
In an analogous fashion, thdy norm can be de ned for MIMO sys- MIMO
tems. Toivonen [35] shows a natural way to extend the de nition (5.25) to
the MIMO case. First, the concept of the ggi@(jw)j of a SISO sys-
tem at a certain frequenaoy is generalized to the multi-variable case. Let
u=[uy:::,um]" 2 C™be a complex valued input vector, with
T - A
jjuii = juaj®+ ijum)? (5.26)
being itsEuclidean normThen the maximum gain of the transfer function
matrix G(s) at a given frequencw is given by
jiG(iw)ujj .

jj Gjj = max e u& o,u2Ccm . 5.27
liGjj = m: U] (5.27)



52 MATHEMATICAL PRELIMINARIES

In analogy to (5.25) thédy norm can be de ned as the supremum of the
maximum gain ofG( jw) over all frequenciesv, which is, as shown above,
equal to its maximum singular val®(G(jw))

IiGjjx := SvldpJ'jG(J'W)J'J' : (5.28)

5.3.2 Interpretation

AssumingG(s) is a stable matrix transfer function, thenlits; norm can be
interpreted in the following way.

SISO In case of a SISO system tly norm of its transfer functios(s) can
be regarded as the largest possible ampli cation factor of the system’s steady
state response to a sinusoidal , [40]. The steady-state response of the system
with respect to a sinusoidal input

u(t) = Usin(wt+ f) (5.29)
is given by
y(t) = UjG(jw)jsin(wt + f + arg(G(jw)). (5.30)
Thus, the maximal possible ampli cation factorss gG(jw)j =:H y.
w
MIMO In analogy with the SISO case, (5.28) can be interpreted in terms of how a
plantG effects vector-valued sinusoidal inputs of the form

u(t) =[agsin(wt+ f1),:::,apsin(wt + ;)] 7. (5.31)

Now, we look for the maximum possible steady-state respongg tof the
above de ned sinusoidal input signal. The outgut Gu is another vector-
valued sinusoid signal of the same frequemgybut of different phase and
maghnitudes of its components

y(t) = [bysin(wt+ y1),:::,bysin(wt + y )] . (5.32)

In that case, in can be shown that (5.28) is equal to
S liviiz . _ m
Gjjy = supmax —=-:y=Guu2C" , 5.33
W=l = A Raaio diuiiz Y 639
with the respective euclidean norms
jivjj = (af+ i+ @)Y? (5.34)
jivii = (b + i+ BYV2, (5.35)
see Zhou [40, p. 58] and Toivonen [35, p. 18]. TherebyHienorm can be
interpreted as the maximal factor by which the magnitude of a vector-valued
sinusoidal input signal, as de ned in (5.31), gets ampli ed by the sysgem
Lietal. [21, p. 945] and Desoer and Vidyasagar [1] give physical interpre-

tations of theHy norm of MIMO systems from the energy and power point
of view of the input and output signals.
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This chapter presents the varidtg norm optimization based controllers that
were designed for controlling the heave dynamics of helicopter HE1. Intro-
ductions to the respective underlying mathematical concepts are given as well.
For all the theory that follows the model is assumed to be scaled. Simulink
models that were used to simulate the closed loop behavior are introduced at
the end.

6.1 DESIGN GOALS AND TRADE-OFFS IN MIMO FEEDBACK DE
SIGN

Most methodologies are based on shaping the singular values of speci ed
transfer functions such as the loop transfer functicar one or more of the
closed loop transfer functions such as the sensitivity funciiche comple-
mentary sensitivity functio or KS.

6.1.1 Closed Loop Transfer Functions

Figure 20 shows a block diagram of a standard one degree-of-freedom neg-
ative feedback control system with the plant mo@ehnd the disturbance
transfer functiorGy. r is the reference value, the disturbance signat,the
measurement noise on the output signahd the input signal to the plant is
given by

u=K(s)(r y n. (6.1)
The control error will from now on be de ned as
ezy r. (6.2)

The goal of control is to minimize the control error while the system is af-
fected by disturbancesand measurement noiseln accordance with gure
20 the output equation can be written as

y= G(s)u+ Gy(s)d. (6.3)
Substitution of (6.1) into (6.3) yields
y= G(9K(g)(r 'y n)+ Gyd, (6.4)
rearranging above equation yields a relation for the closed-loop response

— 1 1 1
y—ﬁI+GTZ) Gl§r+ﬁi%}i}6dd FHGTZ) GKn. (6.5)

53
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Figure 20: Standard 1 DoF feedback control system

With the following abbreviations

L= GK loop transfer function
S=(1+GK) t=(1+1L) 1 sensitivity function
T=GK(l+GK) 1= L(I+L) ! complementary sensitivity function

equation (6.3) simpli es to
y=Tr+SGd Tn . (6.6)

By exploiting thatS+ T = | we obtain the following relation for the control
errore

e=y r= Sr+SGd Tn (6.7)

with the corresponding control input signagiven by
u= KSr KSGd KSn (6.8)

The name complementary sensitivity function originates from the impor-
tant identity

S+T=1. (6.9)

6.2 CLOSED LOOP STABILITY

The following three methods are commonly used to analyze closed loop sta-
bility behavior.

Pole Analysis
Nyquist's Stability Criterion

Bode’s Stability Criterion
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6.3 PERFORMANCE CRITERIONS

For evaluating the closed loop performance of the controller, quantitative per-
formance measures are needed.

6.3.1 Time Domain Performance

The following list gives common speci cations for time-domain behavior of
control systems and typical values suggested by [32] Skogestad and Postleth-
waite.

RISE TIME (t;): the time it takes the system to reach 90% of its nal value.
RISE TIME (tp): the time required to reach the maximum peak.

e-SETTLING TIME: the time after whicly(t) stays withine of y;.

tse := irt1f t jjy(t) vysjj < e8t2[t,¥) (6.10)
MAXIMUM OVERSHOOT (Yos): isde ned as
Yos:= sup y(t)/ys (6.11)
DECAY RATIO (rq): the ratio of the second and rst peak
rq:= Al B (6.12)

STEADY-STATE OFFSET the difference between the nal value and the
desired nal value.

esse:= [Imfy(t)  Yded (6.13)
MEAN SQUARED ERROR(emsEg):

*
je(t)jdt (6.14)

o<

emse = jje(t)jj2 =

6.3.1.1 Design Goals

Design goals for the heave dynamics controller are zero steady-state offset,
minimal possible overshoot and minimization of the mean squared error in
hovering condition. These requirements primarily determine the helicopter’s
aerial manipulation capabilities. Throughout all ight missions the steepness
of the height reference trajectory will be limited by a rate limfitenaximal
heave velocity is limited to 1.5 m/s. Therefor rise titnbas to be just as little

as is required to reach the maximal allowed heave velocity.

1 In addition, the reference signal is also lItered in standard missions, see g. 39-41
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6.3.2 Frequency Domain Performance

Time-domain performance speci cations are the easiest to get a feeling for.
However, frequency-domain performance speci cations offer several advan-
tages. A lot of modern controller design methods rely on frequency domain
speci cations. Compared to step response analysis a wider spectrum of input
signals can be considered usually sinusoids of any frequency. Since any
signal can be described as a superposition of harmonic functions like sinu-
soids a broad spectrum of input signals can be covered.

6.3.2.1 Gain Margin

The gain marginis the factor by which the loop gaith.(jwigg)j can be in-
creased before the closed-loop system becomes unstable. It is de ned as

1

GM = —
JL(jWig0)]

(6.15)

wherews gg is the phase crossover frequendy’s de ned as the frequency
where the Nyquist curve of loop transfer functiofjw) crosses the negative
real axis between 0 andl, i.e.

\ L(jw)= 180 (6.16)

In casel crosses the real axis multiple times between 0 atgdthe closest
crossingto 1is regarded. GenerallM > 2 is required, [32].

6.3.2.2 Phase Margin

The phase margirdescribes how much more negative phase (phase lag) can
be added to the loop transfer function urt{ljw;) equals 1 which means
closed-loop instability. It is de ned as

PM =\ L(jwe)+ 180 (6.17)
wherew, is thegain crossover frequengise.
jiL(jwe)j = 1. (6.18)

[32] Skogestad and Postlethwaite suggests the PM to be larger than 30 . The
higher the time delay uncertainty the higher the recommended PM, which
becomes obvious by the following relation [32, p. 32]

Omax= PM/ w, (6.19)

wheregmaxis the maximum time delay that can be added until the closed-loop
system becomes unstable. Interestingly, the lomethe higher time delays
the system can tolerate.
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Design goals Dependencies Requirem.  atfreq. where
Disturbance rejection e(1+L) 1Gyd larges(L) s(L) 1
Reference tracking B(1+L) 1r larges(L) s(L) 1

Noise attenuation e L(1+L) In smalls(L) s(L) 1

Input usage reduction g K(r y n) smalls(K) s(GK) 1

Input usage disturbance FK(1+ L) 1Gyd smalls(K) s(L) 1
Physical system must be strictly proper V\I,i'm¥ L=0

Robust stability (multipl. output uncert.) smalls (GK) s(GK) 1
Robust stability (additive output uncert.) smalls(K) s(GK) 1

Table 2: Trade-offs in feedback control in terms of open-loop objectivarsdK.

6.3.3 Maximum Peak Performance Criteria

The maximum peaks of the sensitivity function

Ms = jjSjx (6.20)
and complementary sensitivity function

Mr = i Tij¥ (6.21)

can be used as performance and robustness indicators. Typically, itis required
thatMs is less than 2 anit is less than 1.25, [32, p. 36]. These recommen-
dations stem from the close relations between the peak valigsrafT and

the GM and PM

Ms 1

1 1
M 1+ —; PM — . 2
G = I\/lT[raq (6.23)

6.3.4 Trade-offs of Loop-shaping in terms of L

To achieve perfect control, i.ee= 0, we requireS! 0 (disturbance rejec-
tion and command tracking) afid! 0 (noise attenuation), compare eq. (6.7).
SmallSimplies largel sinceS=( 1+ L) 1, whereas small implies smallL
sinceT = L/ (1+ L) . This illustrates that trade-offs have to be made when
designing feedback controllers.

Usually we want the control inputto be constrained within speci ed bor-
ders. Sincau= K(s)(r y n), see eq. (6.8), small magnitudesw€orre-
spond to small controller gairt¢ and therefore small = GK. Since design
goals usually have to be met in different frequency ranges, most design goals
can be ful lled simultaneously by choosing large loop gains at low frequen-
cies and small loop gains at high frequencies. The frequencst which
S (L) drops below 1 is calledhain crossover frequencgenerally we want
s (L) to be as large as possible below andL to fall as sharply as possible
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Design goals Dependencies Requirements
Disturbance rejection e SGd minimizejj Sjy
Reference tracking ® Sr minimizejj Sjy
Noise attenuation e Tn minimizejj Tjjy
Input usage reduction g KS(r n) minimizejjKYjy
Input usage disturbance T KSGyd minimize jjKSGyjjy

Table 3: Trade-offs in feedback control in terms of closed-loop transfer functions

abovew, (highroll-off ) rate. Under the aspect of achieving suf cient GM and
PM these design goals are contradictory. fEgijw)j typically a slope of 1
atw. and a slope of at least2 above crossover is desirable.

To achieve desirable low-frequency performance and offset-free reference
tracking,L(s) must contain at least one integrator for each integrato(sh
see [32, p. 44] Skogestad and Postlethwaite.

6.3.5 Trade-offs of Loop-shaping in Terms of Closed-Loop Transfer Func-
tions

Equation (6.7) shows how to design the closed-loop transfer funStaon T

to achieve perfect control, i.ee= 0. Generally we wang! 0 to achieve

optimal disturbance rejection and command tracking, and we Want0 for

optimal noise attenuation. Sin& T = |, trade-offs have to be made. Table

3 summarizes design goals in terms of closed-loop transfer functions.
Again, the contradicting design objectives have to be met at different fre-

guencies. Generally we wajjfjy to be small in the low frequency area and

iiTii¥ to be small in the high frequency area.

Remark.In the open-loop case with no control, ikk= 0, the control error
equals
e=y r=Ggd+0n r, (6.24)

whereas in the closed-loop case it equals
e= 9 r+ Gyd Ln). (6.25)

Imagine a SISO system, then it becomes obvious that feedback improves per-
formance in frequency areas whegge< 1.

Remark.Probably the biggest advantage of shapBandT is the fact that

only their magnitudes have to be taken into consideration, as opposed to when
shapingL, their phases can be neglected. As mentioned above, we generally
desireS 0andT O for certain frequency areas, which will be the case if
ji§ O0andjTj O, respectively, independent of their respective phases.
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6.4 GENERAL CONTROL CONFIGURATION

Doyle [2], [3] proposed a general method of formulating control problems
which is based on casting the problem into the so cajlkeral control con-

guration which is shown in gure 21. The main advantage of that standard
formulation is that any problem may be arranged into that form. Once the

(weighted) (weighted
exogenous W ——| P Z exogenou
inputs = ouputs
control sensed

. u K \Y
inputs ouput

Figure 21: General Control Con guration

problem is casted into the general control con guration the design goal of
Hy control becomes to determine a stabilizing controller that minimizes the
Hy -norm of the closed loop transfer functidhfrom w to z

z= Nw. (6.26)

In other words, the controlldf generates a control signal which depends

on the measured outputto counteract the in uence of the external inputs

on the external outputs To de ne P one has to identify the sighalg z,u andv
which then allows setting up the transfer function matrix. This can either be
done by writing down the outputsandv as functions of the inputs andu

z= Pp(s)w+ Pix(s)u (6.27)
V= Ra(s)w+ Px(s)u (6.28)
and subsequently combining the elementP of
" #
p= M P2 (6.29)
P11 P

or by directly inspecting the block diagram representation of the control prob-
lem. Often it is useful to have a state space representatiBn of

2
A BB
P=2 C.  Du Dp Z (6.30)
Co . D21 D2

6.4.1 Closed Loop Transfer Function N

OnceP is setup the closed-loop transfer functidrcan be derived bjower
linear fractional transformation (LFTdf P with K as the parameter.

N=R(P,K)= Pu+ PK(l  PxK) Py (6.31)
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N can be numerically derived fromby employing MATLAB commandift
A stabilizing,Hy optimal controller that minimizes

iR (P K)iix = maxs ((R(P,K)(jw)) (6.32)

can then be determined with the gendtgl algorithm introduced in the ap-
pendix, see theorem A.1.

Remark.Sometimed\ can be directly derived manually from the block dia-
gram of the corresponding design problem.

6.5 S/ KS/ T MIXED SENSITIVITY OPTIMIZATION

S/ KS/ T mixed sensitivity optimization is one of the most poputir con-
troller design concepts, mainly due the fact that it can be quickly implemented
and is more intuitive to the control engineer than to other design methods.
S/ KS/ T mixed sensitivity optimization is based on shaping one or more
of the closed-loop transfer functioi®s T andK S. In addition to the require-
ment thatK stabilizesG, trade-offs have to be made when de ning design
objectives, which are summarized in table 3. Design speci cations, such as
the level of model uncertainty that can be tolerated, disturbance rejection,
noise attenuation and desired bandwidth of the closed loop can be embedded
in the design stage in the form of frequency dependent performance weights,
see gure 22. The effects of the aforementioned closed-loop transfer func-

********************************

wi ! P 1z
{ . > W L
| P |
| |
| |
| I22
| - w, Bz
| |
| |
l L
| > WT |
| |
| |
l yl Y- |e l
- G > 1/s >0 ,
| + |
ul == =— == - v
K <3

Figure 22:9 KS T mixed-sensitivity optimization

tions on design goals such as disturbance rejection, command tracking etc.
can be seen by recalling equations (6.6)-(6.8). E.g. the sensitivity furgtion

is the transfer function between the disturbadcand the outpuy. There-

for, feedback improves disturbance rejection performance in frequency areas
wheres (S(jw)) < 1. Since disturbances like wind gusts are usually of low
frequency it is suf cient to minimize the maximum singular valuesSafver

that same low frequencies. In this case we could choose a low-pass lter as
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performance weightV, whose bandwidth matches that of the disturbance
signal and we would de n¢l/ We(jw)j as an upper bound f&

iS(iw)iiy § We X(jw)j 8w. (6.33)

One of the goals of the optimization algorithm would then be to minimize
iiWeSjj¥ . By making these kind of considerations and having relations (6.6) -
(6.8) in mind, weighting functions for the other closed loop transfer functions
can be chosen to meet design requirements, yielding singular value inequali-
ties of analog form

JKS(jwW)iiy | Wy H(jw)j - 8w, (6.34)
iTGW)iix | Wet(iw)j 8w, (6.35)
To combine these design speci cation a mixed approach is applied, yielding
the following overall speci cation
2 3

WhS
jiNjj¥ < 1, where N= 9w KSS. (6.36)

W T

The reason behind this stacked approach is purely mathematical convenience.
One inherent disadvantage is, that this results in more conservative design
speci cations than originally de ned, but since the selection of weights is an
iterative process and the design speci cations are generally rather rough, the
advantages of this approach outweigh the disadvantages.

Figure 22 shows how the mixed-sensitivity approach can be casted into the
general problem formulation. From gure 22 one can directly see that

z=Wee =Wp(Gu r) = V\IpI " GKr = WySr (6.37)

z=W,u =W,Kv = V\bﬁr = WyKSu (6.38)
GK

z=Wry =WrGu = er - GKr = WiTr (6.39)

and from these relations the generalized plant

Piw u™! [z V" (6.40)
can be derived
2 3 2 :
T z We WG -2 3 T
0
Z-R 2 4- W T T 5oy W (6a1)
v 3B 5 4 0. WG 5 wu u
Y I G
I {z }
P

With lower linear fractional transformation & with parameteK the closed
loop transfer function fromv to z can be derived
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3

2
WbS
Nzg WrT £ (6.42)
WU KS

AlternativelyN can be directly obtained by rearranging relations (6.37)-(6.39)
that can be read out from gure 22. By comparing eq. (6.42) with eq. (6.36)
it becomes clear that we gainbldof the stacked approach. Since we are only
interested in itddy -norm the different sign does not matter.

6.5.1 Weight Selection

As a starting point, the weights were chosen to be similar to those used by
Postlethwaite and Yue [28] and then iteratively adapted in simulation runs
until desirable ight performance was achieved.

6.5.1.1 Selection of W(s)
In SISO case performance weights are typically in the form of

s M+ wg
s+ WA

We = (6.43)
whereM, thesensitivity peakde nes the maximum peak magnitude®fi.e.

iiSj¥ M. M has to be larger than 1 for robustness reasons, a typical value
would be 2.

A is equal to themaximum steady-state tracking errék value of A= 0
means no steady-state error and thereby demands a controller with integral ac-
tion. MATLAB is used to synthesize théy controller. The command in use
is mixsyn, its underlying algorithm asks for stable weights to avoid numeri-
cal problems. By shifting integrators slightly into the left half plane numerical
issues can be circumvented. This doesn’t affect the controllers practical per-
formance. P

Thebandwidth frequencwy de nes wheré\p reaches 4 2 from below
for the rst time and where its asymptote crosses Wgf respectively. The
following helpful approximations of fjWej, the upper bound gfSjy, can
be made

lim 1/ jWej = A (6.44)
w! 0
and
VIvl!m¥ 1/ jWpj = M. (6.45)

To improve performance a steeper slopeSdor w < wg might be desirable,
according weights are typically of the form

(5 MY+ )"

VVP: (S+ WBA]Jn)n

n2 N, (6.46)
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wheren determines the slope. In MIMO caséb usually are diagonal matri-
ces with entries of the form given in equation (6.43) and (6.46), respectively.
The nal weightWe was chosen as follows
- 5001t 6 6.47

We(S) = 50013 570.006 (6.47)
which equals tM = 2,wg = 3rad/sandd= 2 10 3. There is no point in
increasing the bandwidtwg beyond approximately 1Hz since the high fre-
qguency helicopter dynamics, especially the rotor dynamics ( apping, coning,
lead-lag etc.), are not modeled. In our case a bandwidth of approximately
0.5Hz was chosen since higher bandwidths would increase overshooting to
undesirable magnitudés.

6.5.2 Selection of ¥

ForW, a rst order high-pass Iter was chosen as follows

_ 1+ 50s
Figure 23 shows the frequency-domain characteristics of the selected weights

Wk, Wy and their inverses.

Remark.In hindsight to the digital implementation of the controller, high fre-
guency controller action should be avoided, which is realized with an actuator
action punishing weighty, that increases with frequency. This prevents very
fast controller poles in the far left half-plane which would require the actuator
to operate in a broad dynamic range, which of course, should be prevented as
argued by Postlethwaite and Yue [28].

Postlethwaite

10°

10° |

Magnitude (abs)
[
o

10” 10 10° 10 107
Frequency (rad/s)

Figure 23: Bode plots of weights for mixed sensitivity optimization

2 0.5Hz 3rad/s
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Gnin = jiNjjy We¢ Ms My GM PM wgwm[rad/d wpy delay margin

1.88 1 144 1 6.60 66.33 5.63 1.55 0.72

Table 4: Performance parameters of Hiemixed sensitivity design

Remark. It's important to choose stable weights for mixed sensitiviky
based optimization control, otherwise the genétalalgorithm A.1 is not
applicable since the necessary assumption(ihds,,C,) is stabilizable and
detectable would be violated.

6.5.2.1 Selection of W

In the current controller design Wgr weights was usedlT cannot be shaped
independently frong, see eq. (6.9), therefok# weights can often times be
neglected.

6.5.3 Analysis of the Controller

The number of states of the resulting controller is equal to that of the general-
ized plantP (4): plantG; (2), performance weight&(;, We (2).

Figure 24 shows singular value plots of the transfer functb8sS T and
weights\Wp, W, . As desired the singular value &fis small at low frequen-
cies where feedback is effective. At high frequenSepproaches 1 like any
strictly proper system

w! ¥:L(jw)! 0) Sjw)! I.

As with any real systers (S(jw)) has a peak greater 1. For any real sys-
tem there exists a frequenay go whereL(jw) reaches a phase lag 0fl80 .
From the de nition of the GM (6.15) for SISO systems and relation (6.22)
which statesGM > 1, follows directly thatjS(jw)j must exceed 1 at fre-

quencywigo.

GM

_ 1 1 . _ 1

= [Gwieo] oM Wl =
We originally requiredMs < 2, so a peak value of 1.31, at a frequency of
2.15rad/s, is perfectly ne. The bandwidth frequengyof 1.2rad/s lies close

to the desired bandwidth of 1rad/s. For this design problem we achieved an
Hy norm ofg = 1.88, so the design requirements (6.48)-(6.55) are not per-
fectly satis ed.The nal design is proven to be successful in simulation, see
chapter 7. Which is also backed up by the according performance parameters

summarized in table 7.

L(jwigg) =

Remark.When employing weightap andwy is it necessary to ensure that
the crossover frequency at whieh, passes 1 lies below the crossover fre-
guency ofwyr. This ensures a gap between the performance bagrahd the
robustness bounda; ! where open-loop transfer pasgesan pass through.

3 No signi cant performance increases could be achieved by including one.
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Figure 24: Singular value plot showing the results of ilyemixed sensitivity con-
troller design

6.6 SIGNAL-BASED Hy CONTROL

One major advantage of the signal based approadthyo€ontroller design
is its generality. The engineer has a lot of freedom when de ning the design
objectives and multiple objectives can be considered at once. At rst all ex-
ogenous inputs affecting the system and ¢h@r signals whoseHy norm
should be kept minimal, have to be de ned. Weigtiig, W, andW,, can be
used to describe the frequency content of the exogenous siyraésrdn, as
shownin g. 25. WeightdVp andW, are used to shape the frequency content
of the error signaé and the control signal. Transfer functiorG4 describes
the disturbance (wind disturbances in our case). By adjusting the wéight
the relative importance of disturbance rejection can be set. Sometimes an
additional weight\,e s is implemented to force the closed-loop transfer func-
tion from the weighted reference value to y to approximate the desired
closed-loop transfer function given B¢ .

The problem can then be casted into the general control con guration with
the following exogenous inputs and outputs

2 3
d "#
V4)
n

(6.49)
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and generalized plant

2 3 2 ; 32 3
"y 7 WeGgWy  WeWe 0 WG d "
z 0 o o0 r
=8 % 7= W = P(3)
v 3 B 5 3 WrGWg 0 0 - WG £§3 n
\ Gde VVr Wn G u
(6.50)

Next, the standartlly optimal control problem can be solved (see general
Hy algorithm A.1).

6.6.0.1 Weight Selection

WeightsW, andWp are chosen similar to those in the mixed sensitivity ap-
proach. AW+ reference weight is not used. The weights for the exogenous
input signals were chosen in an iterative process as follows:

W= 1 Wy = 0.1 W, = 0. (6.51)

Disturbance by noise wasn'’t taken into account when formulating the design
problem, since simulation results suggested that no signi cant noise rejection
improvements could be achieved by integrating an additional wglfiar n
without sacri cing tracking and wind disturbance rejection.

Remark.Compared to mixed sensitivity control the weights used in signal-
basedHy control have not only to be stable but also proper, otherwise the
generaHy algorithm would not be applicable.

- W, > G,
l
r : + \% u + y +
— Wr > K > GW 1/s >
o - + + z
- WT | 53
Yin

[+ e=y-r 2z

Figure 25: Signal-basddy control problem

6.7 Hy LOOP-SHAPING DESIGN(1 DOF)

The following looping-shaping design procedures were rst published by Mc-
Farlan and Glover [22]. It's a three-staged procedure:
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1. Augment the nominal open-loop plaaty pre- and post-compensators
Wi andW,. The compensators allow to shape the singular values of the
open-loop frequency response. The nominal systeand the weight-
ing functionswW,; andW, are combined to form thehaped plant G=
WoGW,.

2. The normalized left coprime factorization @£ is robustly stabilized,
with stability margine, by a feedback controllefy which is synthe-
sized with theNormalized LCF Stabilization Procedure

3. The nal feedback controller is then formed as follows
K = W KWb. (6.52)

See gure 26 for a block diagram representation of the design problem.

Zl Gs d2

r—. - - - - - - - - - - - A
d + | | !"' Z
—_ W i G > W —

+ | 1 2 |+
L — —_— — — — — — — — .|
K |-
s

Figure 26: 1 DoFHy loop-shaping setup

6.7.1 Shaped SystemsG

The robust stabilization procedure presented below (6.7.2) could be directly
applied to the original plan®, but this would leave the designer with little
tuning options to in uence the performance of the system. Therefore Glover
and McFarlan [8] proposed shaping the nominal plants open-loop singular
values withpre- and post-compensators MandW, (dynamic weighting ma-
trices) to achieve desirable open-loop properties in the frequency domain and
thereafter robustly stabilizing the shaped pl@gt= WoGW,. In our case we
apply the normalised left coprime factor robust stabilization procedure pre-
sented in 6.7.2.

6.7.2 Robust Stabilization

Let G be a plant with a normalized left coprime factorization
G=M, IN. (6.53)

Once this factorization is known we can use so called coprime factor un-
certainty description to describe a perturbed plant. Its sets of plants can be
written as

Gp=(M+ Dv) *(Ni+Dn), ji[Dn Dwmliix e (6.54)
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wheree > 0 is the¥-norm bound of the stacked uncertainty abgd, Du
are stable, unknown transfer functions which describe the uncertainty of the
nominal plant modeG, see gure 27 for a block diagram representation. The

G
p
r—- - - - - - - - - - - - - = A
I - N
o N Mo ]
| J |
u | + Iy
- N M,
| | + | |
L e e e e e e e — -
K <3
S

Figure 27:Hy robust stabilization of a normalized left coprime factor pl@nt

norm bounck is necessary for a tight condition for robust stability in terms of
iiMjj¥ ([32, p. 304], [28]), whereM is de ned as in 6.55. One advantage of
the coprime uncertainty description is, that it requiresnmiori knowledge
about system uncertainties. The fact that poles and zeros are allowed to shift
into the RHP accounts for the generality of this uncertainty description.
Again, the goal of robust stabilization is to nd a controll€g which sta-
bilizes the nominal planG and the set of perturbed plar@, as de ned in
(6.54). Before we can apply the algorithm presented below, we have to rear-
range the block diagram in Figure 27 to matchMB-structure shown in g.
28. Reforming yields

Figure 28:M D-structure for robust stability analysis

"
D=[Dy Du]; M= Ks (1+ GKs) ™M, 1. (6.55)
|

Theorem 6.1(Robust stability for unstructured ( full ) perturbations [32])
Assume that the nominal systenfd)lis nominal stable and that the pertur-
bationsD(s) are stable. Then the B-system in gure 28 is stable for all
perturbationsD satisfyingjjDjjy 1 (i.e. we have robust stability) if and
only if

s(M(jw)) 18w iMjjy 1 (6.56)

When using coprime uncertainty description the tight bound in theorem 6.1
changes to /le, wheree is theHy norm bound of the uncertainty

jiDn Dwijiy  €,ji Mjix<le. (6.57)
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Glover and McFarlan [8] presented a method to maximize the stability mar-
gine. We de neg jj Mijjy which simpli es the robust stability condition

(6.57) to -
1
&« g oekwmt (6.58)
| ¥
"#
wheregk is theHy norm fromf to u and(l GK) 1is the sensitivity
y

function. The minimal achievable value gf is according to Glover and Mc-
Farlan [8] given by
V2

. 1 ) .
Oin = Minf gcg = maxfeg 1 [N MIji3 : (6.59)

iijin denotes the Hankel norm. A controllérthat guaranteegc g for a
giveng > gnin, Was introduced by McFarlan and Glover [22]

" #
2(1 Ty 1 T 2(1 Ty 1 T
« s A*+BF+@(LT) 1ZCT(C+ DF) | (L) 1zC (6.:60)
BTX DT
F= SD'C+B"X) (6.61)
L=(1 I+ XZ (6.62)

whereX andZ are the solutions of the following two Riccati equations

(A BSD'C)z+z(A BSYHD'C)T zC'R 'cz+BS'B'=0
(6.63)

where
R=1+DD'", S=I1+D'D
and

(A BSID'C)T™X+ X(A BS!D'C) XBSBB'X+C'R Cc=0.
(6.64)
A,B,C,D are the matrices of the state space realization of the shaped plant
Gs.

Remark.By using the algorithm above, we can avoid the genkkalalgo-

rithm, witch iteratively reduceg to approach the optimal soluticgin (g-
iteration). This is one of the advantages of the 1 DoF LSD method over the
previously presented ones in section 6.5 and 6.6. Another advantage com-
pared to the mixed sensitivity approach is that no pole-zero cancellations be-
tween the plant and the controller occurs, [32, p.372]

4 One exception where also pole-zero cancellation might occur are systems with all-pass behav-
ior
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Bode Diagram
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Figure 29: Singular value plots original pla®t the shaped plan®s and the distur-
bance transfer functio@y

6.7.3 Plant Shaping and Final Controller

The weights are chosen as follows

W, = %3, (6.65)
Wo= 1, (6.66)

The integral action oiVy ensures low frequency performance and a theoreti-
cal steady-state error of zero. The phase-advance term reduces rolloff close to
gain crossover from 2to 1. Typically,jL(jw)j should have a slope of1

in the cross over region to improve transient behaviour and to achieve good
GM and PM [32, p.43,49\W is usually used to de ne the relative impor-
tance of the controlled outputs. Since the output is one-dimensignial set

to 1. Figure 29 shows bode plots 8f G5 andGq.

Remark.Weights have to be chosen such t@gtontains no hidden, unstable
modes.

The nal open-loop shap&K = GW,KWs, achieved after robust stabiliza-
tion, matches that of the desired loop sh&he= WoGW,. More precisely,
GK lies withing and neighborhood 06s, as can be seen in the sigma plotin
gure 30. gis an indicator for matching accuracy, Gu et al. [10, p. 179] states
the following relations/estimations

S(GK) s(;Gs), 8w < W (6.67)

and

S(GK) 5(gGs), 8wW> we. (6.68)
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Figure 30: Singular value plots of the shaped pl@&gtand the nal loop transfer
functions with their respective boundaries

In our case
0= QelGnin= 1.1 3.1849= (6.69)

As desired the slope is2 in the higher and lower frequency regions and is
reduced to 1 at crossover.

Generally we want the stability margémax = 1/ gnin, Which de nes the
maximum coprime uncertainty the system can handle, to be as large as possi-
ble. Postlethwaite and Yue [28] showed that for laegemallg) the singular
values of the nal open loop resemble those@f As a rule of thumbenax
should be greater than 0.25 [32] and 0.2 [10], respectively. Therefaran
be interpreted as an indicator of the success of loop matching and a measure
of robustness.

6.8 TWO DEGREES OF FREEDOM LOOfSHAPING DESIGN

In 1 DoF freedom design problems the desired controller shape for optimal
reference tracking and disturbance rejection usually differ. Both design goals
cannot be optimally achieved with a single feedback controller.

One solution to this issue is to implement a 2 DoF controller which treats
the reference signal and the measured output signgl independently. In-
stead of a single controller with two inputs the controller can be split into two
separate blocks. One common form is depicted in gure 31 wKemenotes
the pre Iter andK; the feedback part of controller. In this con guration the
pre lter K; can be tuned to improve reference tracking performance by shap-
ing r and the feedback controllé&, can be tuned to alleviate the effects of
disturbances and model uncertainties.
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Figure 31: 2 DoFHy loop-shaping design problem with pre lté¢; and feedback
controllerKy

In analog fashion to one degree-of-freedblign LSD a pre Iter

is used to shape the SV of the open lo@. contains the dynamic shaping
and is chosen to be equal to 6.65 for the same reasons given in section 6.7. The
same is true fox\b. Signi cant model uncertainties are expected at frequen-
cies above about 6rad/s due to the limited description of the rotor dynamics
(see 6.5.1.1). Therefore the gain crossover is set to 6rad/s by introducing an
alignment gain W. The align algorithm used was rst presented by Papageor-
giou [26]. It basically calculates an approximate plant inverse at the desired
frequency and can be used to set the 0dB crossover, [28]. The shaped plant is
de ned asGs = WoGW,.

Additionally, areference model.ds can be introduced to enforce the closed-
loop system to behave in a desired manner. As suggested by Walker and

Postlethwaite [39, p. 464] a second-order transfer function of the form
wa
P+ 2XWys+ W2

Tret(s) = (6.71)
isimplemented as the reference model, also called reference modésRM).
The dampening factar and the natural frequenay,, are chosen as summa-
rized in table 5. The resultingse time

p

t, = .
wp, 1 z2

(6.72)

is given as well in table 5. As a starting point the parameters were set as sug-
gested by Postlethwaite and Yue [28] and then iteratively adjusted until desir-
able reference tracking and disturbance rejection performances were achieved
in simulation runs.

By adjusting the scalar parameterthe focus can be shifted between ro-
bustness and reference model matching. By settirg0 model matching is
neglected and the design problem reduces to the robust stabilization problem,
i.e. minimizing theHy of the transfer function matrix frorh to [ul  y']".

In our case is set to 1.5. Skogestad and Postlethwaite [32] suggests values
in the range of 1 to 3.
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Natural frequencyv,[rad/d Dampening factor  Rise timet,[s] ®

2.20 0.71 2.03

Table 5: Parameters of the desired heave dynamics response

The design problem is based on nding a stabilizing controller that mini-
mizes the effect of the reference signand the uncertainty signél on the
control errore, the control input to the shaped plagtand the output signal
This effect is quantized by thdy norm of the transfer function matrik that
maps the exogenous input sigmat [r  f ] to the exogenous output signals
z=[us y €

T:[r f]77[us y €.

T can be directly derived from gure 31. The process is demonstrated in
exemplary manner ofipy i r 7' y

N #
h b
y= Gss= Gs K; Ky = Gg(Kir r+ Kay) ,
y
_ Gs
Y= i ek [
prefilter
|— 22
To1

eg. (6.73) shows
2 3

2 , 3n 4
Us r(l KsGs) Kz C Kl GsKa) lMs !
§y2‘4

r(l GKg) Gy (I Gkp) Mt 5 T (6.73)

r2[(1 GoKa) Gk Teer] & 1 (1 GoKy) M1

Its elementdjj can be interpreted as follow®,; and T, limit actuator usage.
T12 and T, are related to robust stabilization. By comparing it with (6.58) it
becomes apparent thi@» T,;] is equal to the transfer function of the robust
stability criterion 6.58Tz; ensures model matching afig is related to the
performance of the loop, [32, p. 374].

One way to calculate a stabilizing controller, that minimizesikenorm
of the closed loop transfer functioh from w to z, is to cast the problem
into the general control con guration and apply the genétal algorithm
andg-iteration as described in section A.1. Therefore we have to derive the
generalized plar®, which is de ned as

R #" #
z _ Pu P2 w

| %{z%}
P

At rst we determinez,v,w,u and then set upandw as functions ofv andu
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z outputs to minimize: [us y €7
v. inputtoK: b vy]T
w: external inputtd®: [r f]T
u: input signal toGs: Us = [KiKz] *; = Kv

Us= Kib + Koy = Kyr Ir + KoMg 1(f + Nsus)
y= Mg 1(f + Nsus)
e=rly=riIMg3(f + NeUs) rITresrIr

b=rlr.
Reformulating these results in matrix form yields
8 2 3 2 : 3
28y 0 Mg ! Gs r W
(B es=h  rTer rMT  rGs 14 fg 0
v b ri 0 0 Us u
y 0 Mgl Gs
I >z }
P
(6.74)

Now the generaHy algorithm (see A.1) can be applied to the generalized
plantPin eq. (6.74)g-iteration is used to nd a suboptimal controller that ful-

lIs g> gmin. The truly optimal controller, i.eg= gninis usually not desirable

mostly for practical reasons. The closer the controller moves to optimality
the faster the controller poles become [32, p.507]. This can be disadvanta-
geous if a discretized version of the controller is needed since the required
sampling rates would increase. If a truly optimal controller is desired, the al-
gorithm presented in 6.7.2 cannot be implemenged;gvin yields singulatL.
Two distinct approaches for solving for controllers that achggwegnin were
presented by Safonov et al. [30] and Glover [6].

6.8.0.1 Analyzing nal Controller

Figure 32 shows singular value bode plots of the loop transfer function, the
input (output) sensitivig= (1 K»G) * and input (output) complementary
sensitivityKoG(I  K»,G) 1. Note, sinceG andK are one-dimensional trans-
fer functionsGK = KG holds true. Therefore the input and output sensitivity
function and the input and output complementary sensitivity functions are
identical, i.e.
SISO

Sn=(1 KG) =% =(1 GKp) ! (6.75)

and

Tn= KoG(I  KpG) 13T = GKo(I GKp) L. (6.76)

6 Sn andSyt are the transfer matrices frody to u anddy to y, respectively. For our example
the followingu = z;,y= Z,dy = d; anddy = dy holds true, see also g. 26.
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Figure 32: Singular value bode plots of the loop transfer function, the input/output
sensitivityS= (1 K»G) ! and input/output complementary sensitivity
KoG(lI KoG) L

As desired the loop transfer function has a slope 2fin higher and lower
bandwidth regions and a slope ofl at the prede ned crossover frequency
of approximately 6rad/s. The peak valuess&ndT are 1.75 and 1.97.






SIMULATION RESULTS (CONTROLLER
COMPARISONS)

This chapter presents a comparison of the performances of the various con-
troller designs of chapter 6. Based upon the simulation results a nal con-
troller design was picked and benchmarked in ight experiments on the HE-2
helicopter. See Kondak et al. [16],[17],[19] for more technical information
about the helicopter and its on-board software.

7.1 SIMULINK MODEL

Figure 33 shows the Simulink Model being used to evaluate the performances
of the different controllers. The model allows to impose disturbances on the
system: noise on the output, wind disturbances, input disturbance and param-
eter variation orz,. The results of these simulation runs are summarized in
table 7.

7.1.1 Step Response

Step response performance is shown in gure 34. The maximum overshoot
valuejymay for a unit step response and the rise-timé 90% of the nal
value are given for each of the controllers in table 7.

7.1.2 Disturbance Rejection

To imitate the noise of the measured height signal on the helicopter under real
ight conditions, the noise’s frequency and amplitude was estimated and then
replicated by a Band-Limited White Noise block in Simulink. The effects of
vertical wind gusts on the system were also tried to replicate in the Simulink
model by disturbing the vertical velocity state, see section 3.7.7. Based on
the superior disturbance rejection capabilities the 2 DoF LSD controller was
picked as the one to be implemented on the helicopter.

77
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Figure 33: Simulink model for comparison of the different controller designs
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Figure 36: Temporal course {2 and the MSE. The helicopter system is affected
by output noise and wind disturbances
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Controller Design MSE  je2.
S/KS Mixed Sensitivity Optimization 55210 1 4.004
Signalling Approach 499101 3.642
PID Controller 7.05 101 3.870
1 DoF Loop-Shaping Desigm €& gnin) 7.02 102 0.648
1 DoF Loop-Shaping Desigmg = 1.1) 8.64 10 2 0.807
2 DoF Loop-Shaping Design 2.9110 2 0.0407

Table 6: Comparison of the disturbance and output noise rejection capabilities of the
different controller designs in terms of MSE and maximum squared error.
Simulation time: 100 s.

Reference Disturbance
n g= jiNjiy wc[rad/ld Ms My GM PM Delay t[s] jymad Y(t= 1) eMsE j€imax

Mixed sens. 4  1.88 1.55 1.44 1.00 6.60 64.9.72 1.08 1.04 023 552101 2.00
Sign.appr. 4  1.67 1.60 1.38 1.00 8.04 67.20.74 1.20 1.01 0.22 4.9910 ! 1.91
PID - - 1 - - - 0.74 122 - 0.24 7.0510 % 1.97

1DoFLSD 3 3.50 3.70 220 227 11.4 27.10.13 1.08 1.06 0.07 7.0210 > 0.80
1DoFLSD* 3  3.18 3.79 199 2.12¥ 29.7 0.14 1.08 1.05 0.06 8.6410 2 0.90
2DoFLSD 5 3.82 7.04 1.75 1.97 2.34 29.80.074 1.21 1.01 0.002 2.9110 ° 0.20

Table 7: Performance comparison of differétt-optimization based controller de-
signs. * indicates thad = gmin.

n controller order

g reachedHy norm ofN in gamma-iteration
We gain crossover frequency

Ms maximum singular value &

Mt maximum singular value of

GM gain margin

PM phase margin

Delay how much phase lag the system can tolerate, see eq. 6.19

tr rise-time until the system reaches 90% of its nal value after a unit step

1Ymaxi maximum overshoot in a unit step response

y(t = 1) output value after a input disturbance (10%of the maximal allowed input value)
emse MSE under wind disturbance and output noise

j€imax maximum quadratic error under wind disturbance and output noise
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FLIGHT EXPERIMENTS

"No experiment is ever a complete failure. It can always be used
as a bad example."

Charles Dickson






FLIGHT EXPERIMENTS

As part of the master’s thesis a number of ight experiments were conducted
to analyze the performance of several differelgt2 DoF controller designs.
Starting with a rather conservative design the parameters were adapted to
slowly increase the controllers performance.

Prior to testing the ight controller airborne with the newly desigridg
controller implemented, extensive and thorough ground tests were conducted
to minimize risks. Special focus was set on the mechanism to switch between
manual and autonomous ight mode. Switching over to autonomous mode
requires all the internal states of the various state space systems, constitut-
ing the controller, to be reset to zero (orange blocks in g. 33). Other issues
were concerned with CPU overload of the respective on board processor. On
ground analysis of the collective pitch response to vertical steps showed the
necessity for an anti wind-up mechanism, especially for the more aggressive
controller versions. The pre-compensatgrshows integral action (one pole
at zero), which is necessary for low-frequency disturbance rejection. But in
case of actuator saturation it keeps integrating and thereby causing windup
issues. To avoid this problew is implemented in itself-conditionedorm.

After resolving all the issues faced, nothing stood in the way of airborne

ight experiments. The original cascaded PID controller that was developed
over ten years ago and has been continuously adapted and tuned through out
this time span was used as reference. Figure 37 shows HE-2 in ight with
controller version FEO3.

Figure 37: Test ight of HE-2 with controller version FEO3
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Figure 38: General scheme of the helicopter control [18]
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8.1 IMPLEMENTATION OF THE Hy CONTROLLER INTO THE EX-
ISTING FLIGHT CONTROLLER

The Hy norm based controller that showed the most promising potential in
simulation was implemented in the existing ight controller framework, in
its core it is based on cascaded PID controllers for orientation and position
control. Solely the control part for the vertical dynamics was substituted with
the newly designed controller while the rest of the control framework was
left mostly unchanged (the control part for the other 5 degrees of freedoms
was left unchanged). The original ight controller can be tuned by pole place-
ment. The poles were set to standard values which are used for regular ight
missions. The controller scheme is composed of an outer loop for position
control and an inner loop for orientation control, see g. 38. The outer loop
controller R¢rans processes the position and velocity errors and determines
the required translational accelerations to reduce these. It then determines the
orientation of the main rotor plang,, g; and the magnitude of the lifting
force F3'V'R that are required to achieve these accelerations. Tracking of these
desired angles), andqg is ensured by the inner controll&,,;. From the
angular position and angular velocity error it computes the required angular
accelerations and then derives the required tordyé8 and TMR. The ori-
entation about the body- xed vertical axig; is controlled by a separate loop
not shown here.

Detailed information about the controller scheme for attitude and position
control can be found in [16], [18] and [19].

8.2 RESULTS

In total 3 different version of thély 2 DoF controller were tested in ight
experiments. With safety concerns in mind, the rst version was designed
extremely conservatively. The rst test ight was successful and the vertical
performance was close to that of the PID controller. Based on the insights
gained, two alternatively 2 DoF controllers variants were designed. Those
will be referred to as FEO2 and FEO3. The according design parameters can
be found in table 8.

Figure 39 shows the results of the test ight with the original PID con-
troller. The average wind speed was 4.0km/h and the wind gusts reached up
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Hy contr. var. | wgafrad/s] x [kg/s] wy[rad/s] Tt rise [S]
FEO2 2 2 0.9 2.0 3.6
FEO3 3 3 0.9 3.0 2.4

Table 8: Design parameters for tHg 2 DoF controllers used in ight experiments

to 9.8km/h. During hovering phases, where good tracking performance is
particularly important, the actual height stays within a 15 cm band of the ref-
erence value for most of the time. Higher deviations can be observed at the
start of reference value changes where the controller reacts too slowly and the
helicopter lags behind. At the end of climbing as well as descending phases,
the helicopter clearly overshoots the reference height.

ref. meas. —— — +/ 5cm — — — +/15cm
3 —
1t |\ // out off %\
# ground |
- effect s‘
E }
£ \
2 %ﬁ\
@'
3 -
L ground
4 r % effect
. i
5 -
6 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160
time [s]

Figure 39: Flight Experiments with original PID controller

Results of test ight with controller FEO2 are shown in g. 40. There was
no noticeable wind at that time.

Figure 41 shows the results of the test ight with the FEO3 controller. Av-
erage wind speed was 4.8km/h and the wind gusts reached up to 15.0km/h.

1 n
MSE= n (Zeet Zmeag2 (8.1)
i=1
Controller FEO3 shows similarly performance in hover conditions as the FE02
version, albeit slight bette®MSE,Feoz = 4.3 10 4 versusMSE,reo2 =
6.4 10 4, see table 6, wher®ISE denotes the mean squared tracking er-
ror. Overall tracking performance, in terms of MSE, was increased by a fac-

tor of roughly two from 2.9 10 ?to 1.6 10 2. Important results of the
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meas. — — — +/- 5cm +/-15cm

ref.

rel. height [m]

0 50 100 150 200 250
time [s]

Figure 40: Flight Experiments witHy controller (FE02)

ight experiments are summarized in table 9 and visualized in g. 42 and 43.
JZef  Zmeadmaxh denotes the maximum absolute control error.

During hovering phases the measured height stays mostly within a 5cm
band of the reference value. At the end of climbing and especially descend-
ing phases, shortly before the reference value ats out, the motion of the
helicopter is a little jerky. When hovering the helicopter oscillates about the
reference value with a period of about 2s. The reason behind this will be
subject to further investigations.

An analysis of the log data of the height and input signal suggests non-
modeled delays as the reasons behind this undesired behavior. There are may
sources of delays. The signal pathway of the received differential GPS to
PMW servo input signal goes through many hardware components and gets
processes by many processes on the on-board ight computer. Between each
process the data gets written and read-out from an internal memory buffer.
An estimation is hardly possible and specially designed hardware would be
required to gain meaningful values. It has to measure the time an emulated
GPS signal impulse takes to arrive at the Power Gubetput which feeds
into the servo manipulating the main rotor collective pitch angle. In addition
the GPS signal inherent delay itself has to be determined. Moreover, servo
dynamics should be analyzed and modeled. Delay is de nitely and important
aspect which has to be investigated to further improve the controller perfor-
mance and will be subject to future work. This behavior can be reproduced
in simulation by including an output delay which supports the theory of de-
lay induced oscillations. An input or output delay of 10 to 17 samples, which
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ref. meas. —— —+/ 5cm +/15cm
1 —
3 [
€
= 4
<
2
(0]
<
— 5
o
6 N | 1 ground |
i ‘ effect
T Esmessl e REmE
8 1 1 1 1
0 50 100 150 200
time [s]
Figure 41: Flight Experiments witHy controller (FE03)
hover
Controller MSE [nf] MSEp[M?]  jZef Zmeadmaxh [CM]
PID 32 102 38 103 17
Hy 2 DoF LSD (FE02) 29102 64 104 9.3
Hy 2 DoF LSD (FEO03) 1.6 102 43 104 6.2

Table 9: Flight performance in terms of mean squared errors (MSE)

equals to 0.1-0.17 s, results in oscillations of the same period of about 2,
which further supports the theory of delay-induced oscillations.

FEO3 FEO3
FEO02 FEO2
PID PID
0 0.01 0.02 003 0.04 0 1 2 , 3 4
MSE [m?] MSE, .. [m7 x10°

Figure 42: MSE overall Figure 43: MSE in hovering
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Figure 44: Autonomous helicopter with 7 DoF manipulator

8.3 CONCLUSION

The experimental data clearly indicate an improvement in the tracking per-
formance. Especially in hover ight condition, when the helicopter is com-
manded to hold its current position the nely 2 DoF LSD outperforms the
original cascaded PID controller.

Accurate tracking reference height and hovering at constant level are of ut-
most importance in the following scenarios that are relevant for us: (1) aerial
manipulation with medium [31] and large-sized helicopters featuring a fully
actuated, redundant robot arm [11], see also g. 44, and (2) picking up ground
based robotic systems in multi-robot missions [*** citation needed]. During
all these operations the helicopter is required to deal with turbulences arising
when operating in ground effect.

The height controller developed in this thesis can be easily adapted to other
helicopters, providing that ight data exist which is suitable for system iden-
ti cation of the heave dynamics. It is planned to implemented the new con-
troller on all helicopter platforms of the DLR Flying Robots group in Oberp-
faffenhofen. In near future more aerial manipulation missions are planned
where the new controller should be able to show its bene ts over the existing
one.

By taking signal and servo delays into account in the model the controller
is expected to be improved further.
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MATHEMATICAL BACKGROUND

A.1 GENERALHy ALGORITHM

The idea behindHy control is to minimize theHy norm of F (P, K), see
(6.31). The most general and widely used algorithmHgr control is based

on the ideas presented in Glover and Doyle [7] and Doyle et al. [4]. To employ
that algorithm the following assumptions have to be met

A.1l (A, B3,C,) are stabilizable and detectable.

A.2 D12 andD»; have full rank.

" #
A.3 A Jwl B, has full column rank for aliv.
C1 D12
" - #
A4 A Jwl By has full rank for allw.

Co D21

A5 Dj; = 0 andDy, = 0 will simplify the algorithm formulas signi -
cantly but are not necessary conditions.

A.6 (A, B;) is stabilizable and A, C;) is detectable.

The reasons behind those assumptions are given in the aforementioned pa-
pers.

Theorem A.1 (General Hy algorithm, Skogestad and Postlethwaite[32])
For the general control con guration of gure 21 described £y.27)(6.30)
with assumption A.1 to A.5, there exists a stabilizing controll¢s)Xsuch
thatjjF (P,K)xjj < gifand only if

1. X¢ Ois a solution to the algebraic Ricatti equation
ATXy + Xy A+ C{C1+ Xy (g 2B1B] ByBl)Xy = 0 (A.1)
such that Ré i[A+ (g ?B;B] B,BJ])Xy]< 08i;and
2. Y¢ Ois asolution to the algebraic Ricatti equation
AYy + Yy AT + B1B] + Yy (g 2C{C; ClCo)vw =0 (A2

such that Ré {[A+ Y¥AT + BlB-]I_— + Yy (g ZCIC1 C-ZI-CZ)Y¥] <
0,8i; and

3.r (X¢Yy) < g2
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All such controllers are then given B¢ = F (K¢, Q) where

2 3
Ay | Zyly ZyBp
Ke(s) = § """ R o1 é (A-3)
Co )
Fy= BiXy, Ly= WC;, Zy=(1 g VX)) ' (A9
Ay = A+ g ?BiBI Xy + BoFy + ZyLyC) (A.5)

andQ(s) is any stable transfer function such thi@jjy < g. ForQ(s) = 0
the so calleatentral controller

K(9) = Kepy(9) = Fe(sl Ay) 'Zyly. (A.6)

The number of states of the resulting controller equal that of the generalized
plantP.

A.2 ESSENTIALS OF LINEAR SYSTEM THEORY

Linear state space systems in terms of deviation variables, whanel u
represent deviations from the equilibrium (trim) state, are written as

X(t) = AX(t) + Bu(t) (A.7)
y = Cx(t) + Du(t) (A.8)
(A.9)

whereA, B,C andD are real matrices.
Remark. The representation in (A.8) and (A.9) is not a unique description
of a linear system.

Z
x(t) = At ©x(tg) + A YBu(t )dt (A.10)

to

_. o (AYk
Helv T

n
te g (A.11)

k=1 i=1

A.3 COPRIME FACTORIZATION

Is a way of representing systems in transfer function fbBme distinguishes
between théeft coprime factorization

G(9) = M, Y(IN((9) (A.12)
and theright coprime factorization

G(s) = Ne(s)M, *(s) (A.13)

1 Coprime Factorization of systems in state space representation is also possible
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of G. HereN,M;,N; andM; are stable coprime transfer functions.

Vidyasagar [38] presented a method to derive a normalized left coprime
factorization ofG, if G has a minimal state space realization
. #

A

B
C|D

117

G

with the coprime transfer functions given by

) | #
(9 g S ATHC|BHHD H
© MO * e R

(A.14)

where

H (BD"+zCHR'!
R 1+DD'

andZ being the solution to the following algebraic Ricatti equation
(A BSD'C)z+z(A BSD'C)T zC'R !cz+BS'B'=0
with
S 1+D'D.

MATLAB commandncfmr can be used to numerically nd the normalized
coprime factorization foG by using (A.14).

A.4 MATRIX NORM

De nition A.1 (Matrix Norm, [32]). For AandB in K™ ", jjAjj denotes the
norm of A if

1. jjAj 0 (non-negative)

2. jjAj=0, A=0 (positive)

3. jja Ajj = jajjAj,a 2 C (absolute homogeneity)

4. jjA+ Bjj jj Aj+jjBjj (triangular inequality)

5. jjABjj jj AjjiBjj AandBinK" ", (multiplicative property).

REMARK. From the second and third axiom resuil§j 0O (positivity).






FILE LIST

B.1 MAPLE

Dynamics_Kane Basis_Vectors.mw  Implementation of Kane’'s
method to derive the dynamics of a standard con guration helicopter
composed of three rigid bodies.

Dynamics_Lagrange_euler_angles.mw.mwDynamics_Lagrange_pqr.mw
Implementation of Lagrange’s method to derive the dynamics of a stan-
dard con guration helicopter composed of three rigid bodies (using
time-derivatives of the Euler angles apdy,r to describe angular rota-

tions, respectively).

B.2 MATLAB

align.m
References:

1. Maciejowski, J.M., Multivariable Feedback Design, 1989, pp. 145
148

2. Edmunds, J., and Kouvaritakis, B., Extensions of the frame align-
ment technique and their used in the characteristic locus design
method. Internation J. Control, 1979, 29, (5), pp.787 796

By Yi Cao, 1 May 1996, University of Exeter

Copyright 1996-2003 Sigurd Skogestad & lan Postlethwaite
coprimeunc.m Finds the controller which optimally robusti es a
given shaped plant in terms of tolerating maximum coprime uncertainty.
Used in the McFarlane-Glover H-in nity loopshaping procedure. Uses

the robust control toolbox. Copyright 1996-2003 Sigurd Skogestad &
lan Postlethwaite.

Heave Dynamics_02.m Veri cation and analysis of the system iden-
ti cation results.

Heave Dynamics_Controller_ Hinf LSD 1DoF.m  Algorithmto
calculate thedy 1 DoF LSD controller.

Heave Dynamics_Controller_Hinf LSD 2DoF.m  Algorithmto
calculate thédy 2 DoF LSD controller.

Heave_Dynamics_Controller_Hinf_Mixed_Sensitivity.m Al-
gorithm to calculate thely KS/S/T mixed sensitivity controller.
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FILE LIST

B.3

Heave_Dynamics_Controller_Plant_scaled.m Scaling of the
plant.

Heave Dynamics_Controller RUN.m  Execute this le to calcu-

late the various controller designs presented in this thesis and to run
Simulink modelSIMULINK _Controller_Comparison.six to com-
pare them.

Heave_Dynamics_Parameters_Analytical.m Analytical calcu-
lation of the Heave dampening parameter.

Hinf_mix_sens_weights.m Contains de nitions of the weights
for the KS/S/T mixed sensitivity approach.

hinf2dof.m synthesizes thély 2-DOF controller as described
by Skogestad and Postlethwaite [32, p.375] by calling the function
hinfsyn of the MATLAB robust control toolbox.

Plot_Results_of Simulink_new.m Plotting results of simulation.

PPWM2pitch_coll.m Converts the PWM caollective pitch signal
into the resulting pitch angle for HE1 & HE2.

findGainM.m Find gain at speci edv; and inverse plant at that
frequency. Copyright 1996-2003 Sigurd Skogestad & lan Postlethwaite.

SIMULINK

SIMULINK_Controller_Comparison.slx Model to test and compare
different controller design

h_mech_ctrl.mdl Flight controller for position and attitude control
(programmed by Konstantin Kondak)

kalman_tmp.mdlKalman state observer (programmed by FlyRob Team)
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