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1 INTRODUCTION

1 Introduction

In recent years higher order discretization methods are afdreasing importance in compu-
tational uid dynamics. In particular, for compressible ows as considered in aerodynamic
ow simulations the development of high order accurate, stde and e cient discretization
methods is a hot topic. The European projects ADIGMA (Kroll ¢ al., 2010) and IDIHOM
(Kroll, 2012) concentrate and focus the European researctod on the development of
these methods towards aerodynamic applications in industr

1.1 Higher order discretization methods

The discretization error of higher order discretization m#ods decreases with a higher
order in the mesh sizeh than that of low order schemes. A discretization method is of
order n if the discretization error behaves likeO(h"). When halving the mesh sizéh by
performing one global mesh re nement step the discretizath error decreases by e.g. a
factor of 16 for a forth order scheme in comparison to a factaf only 4 for a second
order scheme. As a consequence a required accuracy in theitsmh can be obtained on
coarser meshes and in general with less degrees of freedothotentially less computing
resources required than for second order schemes.

The advantages of higher order methods over second order hds are particularly
important in aerodynamic ow simulations:

Higher order methods allow a signi cantly improved resolubn of ow features like
vortices in comparison to second order methods. This is patlarly important for

the simulation of vortex creation and blade-vortex interactionat helicopter rotor
blades as well as for the simulation afvake-vorticesbehind transport aircraft. Cur-

rent second orderbased ow solvers tend to be too dissipative leading to stran
damping of ow features and a premature dissipation of vorties in numerical sim-
ulation although being still present in reality. In contrag to that, the vortices can

be well resolved and accurately tracked for a signi cantlydnger time/distance by
higher order methods (see e.g. Figure 16 in Section 6.8.3).hi3 is particularly

important for improving the shape and control of helicopterotor blades which is
required for reducing helicopter noise. It is even more imp@ant for optimizing air-

craft shapes in order to reduce wake-vortices and to causek&avortices to interact
and vanish earlier, which is required for reducing the miniom distance of aircraft
at take-o or landing at airports, eventually increasing the transport capacity of
airports.

Higher order methods allow accurate solutions on relativelcoarse meshes. For
example, it has been shown for a laminar ow over a at plate (t Figure 13 and
Table 1 in Section 6.8.1), that a # order discretization requires 3 elements in the
boundary layer to give the same accuracy as d“order discretization with 36
elements in the boundary layer. This promises a signi canteduction of mesh sizes
potentially allowing for larger-scale applications with he same computing resources
than with current ow solver technologies.

The maximum order one encounters when applying a higher ordgiscretization method
to a particular problem depends on the smoothness of the sban. Whereas for (arbi-
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1 INTRODUCTION 1.2 Discontinuous Galerkin discretizatiors

trarily) smooth solutions a method of ordem shows in fact a discretization error of order
O(h"), the order of convergence is reduced for non-smooth soburts.

In general, solutions are not smooth in the whole computati@al domain; in fact,
they might exhibit some irregularities like shocks or sindarities in some parts of the
domain but are perfectly smooth in other parts. In order to fily exploit the regularity
of the solution the order of the discretization should be ag#ied to the smoothness of
the solution. Here, the general idea is to employ discretizan methods of higher order
in smooth parts of the solution and of low order in irregular grts of the solution (p-
re nement). Together with local mesh re nement h-re nement) this leads to the so-called
hp-re nement.

1.2 Discontinuous Galerkin discretizations

Over the last about fteen years the development of discomuous Galerkin (DG) meth-
ods for compressible ows has attracted more and more reselargroups from all over the
world, signi cantly increasing the pace of the developmendf these methods (Bassi and
Rebay, 1997a,b; van der Vegt and van der Ven, 2002; Hartmanma Houston, 2002b,
2008; Bassi et al., 2005; Fidkowski et al., 2005; Fidkowskn@ Darmofal, 2007; Bassi
et al., 2009; Hartmann et al., 2011; Wallra et al., 2013; Hamann, 2013b). In fact, it
can be observed that to an increasing extent discontinuousat&rkin methods are now
applied to problems which traditionally where solved usingnite volume methods. The
reason for this trend can be identi ed in several advantages the discontinuous Galerkin
methods over nite volume methods. Second order nite volum methods are achieved by
employing a second order accurate reconstruction. The er@on of a second order nite
volume scheme to a (theoretically) third order scheme reqes a third order accurate re-
construction which is very cumbersome on unstructured mest and shows a deterioration
of order in practise. On unstructured meshes nite volume nikods of even higher order
are virtually impossible. These di culties bound the order of numerical computations
in industrial applications to second order. In contrast to his, the order of discontinuous
Galerkin methods, applied to problems with regular soluties, depends only on the degree
of the approximating polynomials which can easily be incread, dramatically simplifying
the use of higher order methods on unstructured meshes. Haermore, the stencil of most
discontinuous Galerkin schemes is minimal in the sense thafch element communicates
only with its direct neighbors. In contrast to the increasig number of elements or mesh
points communicating for increasing accuracy of nite volne methods, the inter-element
communication of discontinuous Galerkin methods is the sarfor any order. The com-
pactness of the discontinuous Galerkin method has clear aghtages in parallelization,
which does not require additional element layers at partitin boundaries. Also due to
simple communication at element interfaces, elements wigo-called “hanging nodes' can
be treated just as easily as elements without hanging nodes fact that simpli es local
mesh re nement (-re nement). In addition to this, the communication at elenment in-
terfaces is identical for any order of the method which simp¢s the use of methods of
di ering orders in adjacent elements. This allows for the vaation of the order of the nu-
merical scheme over the computational domain, which in conmation with h-re nement
leads to thehp-re nement algorithms.
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1.3 Numerical analysis of nite element methods 1 INTRODUCTON

1.3 Numerical analysis of nite element methods

Discontinuous Galerkin methods are a special type ohite element methods Thus,
there are many powerful tools of nite element analysis aviible which { with some DG
speci ¢ modi cations { can be applied to the numerical analgis of discontinuous Galerkin
discretizations.

Consider, for simplicity, a linear partial di erential equation of the form

Lu=f in ; Bu=g on ; (1)

with f 2 L?() and g 2 L?(), where L denotes a linear di erential operator on the
domain , and B denotes a linear di erential operator on the boundary = @.
Furthermore, consider the following nite element discrakzation: nd up 2 V, such that

Lh(Un;Vh) = Frn(Vh) 8Vh 2 V! (2)

Here,V, is a discrete function space antl, : V V! Rs a bilinear form, whereV is an
appropriately chosen function space such that, V andu 2 V, whereu is the exact,
i.e., analytical, solution to (1). Then, some of the most imprtant topics in the numerical
analysis of this discretization are the following:

Consistency: Does relation (2) still hold when we replace;, by the exact solution
u to the di erential equation (1)? l.e., do we have

Lh(u;v) = Fh(v) 8v2V: (3)
This answers the question: Do we solve the right equations?

If the discretization is consistent, we can subtract (2) frm (3) for v, 2 V, V
which immediately gives us the so-calleGalerkin orthogonality:

Lh(u  un;vn) =0 8vh 2 Vi, (4)

which means that the discretization errore = u  uy is orthogonal (with respect
to the bilinear form L;) to the discrete test spaceV,. This is a basic property
of all Galerkin nite element methods, among them e.g. the andard Galerkin
(or continuous) nite element method as well as the discontuous Galerkin nite
element method.

Coercivity & Stability  : Is there a constant > 0, such that
Lh(Vh;Vh) thj2 8Vh 2 Vh; (5)

wherejvj is a norm (or seminorm) onV. Furthermore, we assume thafy in (2)
is continuous, i.e., there is & > 0 such that

Fn(Va)  CejVaj 8Vn 2 Vi (6)
Then, for the solutionu, 2 V, to the discrete problem (2) we obtain
juni®  Ln(un;up) = Fr(u)  Cejunj; (7)

and thusjunj  S£, i.e., we have control over all terms occurring igupj. If j j
is a norm (and not only a semi-norm) on the space in which weaklstions to (1)
are to be searched then the discretization (2) is stable.
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1 INTRODUCTION 1.3 Numerical analysis of nite element methods

Convergence (Order of convergence): Does the discrete solutioru, converge
to the exact solutionu? What is the order of convergence, i.e., given a solutian
with kuk < 1 , what is (the maximum) r such that

ku upk ch'kuk ; (8)

wherek k is an appropriate (global) norm to measure the errorin, e.¢t k = k k2,
andk k is anorm on (possibly a subset ofy.

Convergence in speci c target quantities J(): Instead of measuring the error
in terms of (global) norms, one might be interested in the eor measured in terms
of some physically relevant quantity. LetJ, : V,, ! R be a discretization of a
functional J : V! R, like e.g. a (weighted) mean value of the solution on or on
parts of the boundary . Then we are interested in the order oftonvergence with
respect toJ (), i.e., given au with kuk < 1 , what is (the maximum) s such that

jJ(u)  Jn(up)j ch’kuk : (9)

We note, that in aerodynamics the functionall () might represent important quan-
tities like aerodynamic force coe cients (drag, lift or momnent coe cients).

Some error estimates like thé.2-estimate in the case of Poisson's equation and the error
estimates with respect to target functionalsJ( ) require the use of duality arguments
including the solutions to appropriately de ned dual or adpint problems. Therefore, we
continue the above list as follows:

Adjoint consistency:  Given the primal problem (1) and a discretizationd,,( ) of
the target functional 7 7

J(u)= | udx+ | uds; (20)
with j 2 L?()and j 2 L2(), we de ne the adjoint problem
Lz=j) in ; Bz=j on : (11)

whereL and B denote the adjoint operators toL and B, respectively. Then we
say that the discretization (2) together with J,,( ) is adjoint consistent if the exact
solution z to the adjoint problem (11) satis es:

Lh(w;2) = Jp(w) 8w 2 V: (12)

Depending on the discretization being adjoint consistentranot the corresponding dis-
cretization errors measured inJ( ) (or in L?) are optimal or not. In fact, there are dis-
continuous Galerkin discretizations which are adjoint ingnsistent, e.g. the non-symmetric
interior penalty (NIPG) method for the discretization of Passon's equation, and which
show a reduced order of convergence as compared to adjoinhsistent discretizations
like the symmetric interior penalty (SIPG) method or the mehod of Bassi and Rebay
(BR2). Whereas consistency can be considered as basic regmient of a discretization to
be reasonable at all (without consistency the discrete sdlons might even not converge
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1.4 Novelties in this work 1 INTRODUCTION

to the exact solution) the adjoint consistency property reesents an additional, and very
desirable, quality of the discretization.

There are further topics of high interest in the numerical aalysis of nite element
methods, among thema posteriori error estimates and indicators for local h-re nement
which will also be covered in this lecture:

A priori and a posteriori error estimates: We distinguish betweena priori
error estimates anda posteriori error estimates.

{ A priori error estimates involve norms of the exact solution. As u is unknown
(otherwise we would not need to solve the problem numericgllan a priori
error estimate gives no quantitative size of the error of thaumerical solution.
It gives, however, the order the error converges under meshimement, h! 0;
see e.g. estimates (8) and (9).

{ A posteriori error estimates do not include the exact solutiom but only com-
putable values which depend on e.g. the numerical solutian, like in

J(u)  JIn(up)  E(un): (13)

Indicators for local re nement: In most cases global re nement of the computa-
tional mesh or global enrichment of the polynomial degree &very ine cient way of
improving the accuracy of a numerical solution. In practiceusually only local mesh
re nement is a ordable. For deciding which elements to re re local error indicators

are needed. Here, a variety of di erent indicators exist, ntay of which are purely
heuristic, some are designed to reduce the error in speci togal norms and some
to reduce the error in speci c target quantitiesJ (). In this work, we consider:

{ Adjoint-based (goal-oriented) re nement indicators whia are tailored to the
accurate and e cient approximation of target quantities like aerodynamic force
coe cients. These indicators are based on primal residualswltiplied by the
solution to an adjoint problem connected to the target quarity.

{ Residual-based re nement indicators which are tailored toesolving the over-
all ow eld. These indicators are based on the primal residal but do not
depend on an adjoint solution. They are targeted at resolvgnall ow features
irrespective of any target quantity.

Further topics of interest are the derivation of indicatorsfor anisotropic mesh re nement
and of indicators forhp-re nement. Both topics are not covered by this lecture. Intead we
refer to e.g. (Hartmann and Houston, 2010; Leicht and Hartnman, 2010) for an extension
of the presented re nement strategies to anisotropic meste nement. Furthermore, we
refer to e.g. (Hartmann and Houston, 2010; Leicht and Hartmman, 2011) for an extension
to hp-re nement.

1.4 Novelties in this work

To our knowledge, following theoretical results includechithis work have not been pub-
lished before:
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1 INTRODUCTION 1.5 Outline

Extension of the adjoint consistency analysis of Poisson's equation. Ad-
joint consistency has been shown in (Arnold et al., 2002) farterior uxes for a wide
range of DG discretizations of Poisson's equation with horgeneous boundary con-
ditions. Furthermore, (Hartmann, 2007a, 2008b) considedethe adjoint consistency
analysis of the discretization of interior uxes, boundaryuxes and target quantities
for Poisson's equation within homogeneous Dirichlet and Neumann boundary con-
ditions with numerical uxes specialized for the interior genality DG discretization.

In the current work (cf. Theorem 4.9), we provide the adjointconsistency analysis
for the discretization of interior uxes, of boundary uxesand of target quantities for

Poisson's equation with inhomogeneous Dirichlet and Neuma boundary conditions

for any consistent and conservative numerical ux functioni.e., for a wide range of
DG discretizations of di usive terms.

Extension of the adjoint consistency analysis of the compre ssible Euler
equations. In previous work (Lu, 2005; Hartmann, 2007a,b) a discretizian of
the pressure induced force coe cients was proposed which asljoint consistent in
combination with a DG discretization for the special case @& normal wall boundary
UX.

In the current work (cf. Theorem 5.13), we generalize this tany consistent dis-
cretization of convective boundary uxes, i.e., for any casistent discretization of
boundary uxes, including the use of numerical ux functiors at the wall bound-
ary, we give an associated discretization of the force codents which makes the
discretization adjoint consistent.

Extension of the adjoint consistency analysis of the compre ssible Navier-
Stokes equations. In previous work (Lu, 2005; Hartmann, 2007a) a discretizain
of the total (i.e., pressure induced plus viscous) force coents was proposed which
is adjoint consistent in combination with a DG discretizaton for the special case of
normal convective and di usive wall boundary uxes.

In the current work (cf. Theorem 6.9), we generalize this tory consistent dis-
cretization of convective and di usive boundary uxes, i.e, for any discretization of
boundary uxes, including the use of numerical ux functiors at the wall bound-
ary, we give an associated discretization of the force codents which makes the
discretization adjoint consistent.

1.5 Outline

In Section 2 we begin by introducing the consistency and adijo consistency analysis of
discontinuous Galerkin discretizations. In particular, w follow (Hartmann, 2007a) and
give a general framework for analyzing the consistency andjaint consistency of DG dis-
cretizations forlinear problems with inhomogeneous boundary conditions in Seati@.1.
This includes the derivation of continuous adjoint problers associated to speci c target
guantities J( ), the derivation of primal and adjoint residual forms of thediscretizations
and the discussion whether the discretizations of the prirhaquations in combination with
the discretizations of the target quantities, J,( ), are adjoint consistent or not. Following
(Hartmann, 2007a), this analysis is then extended taonlinear problems in Section 2.2.
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1.5 Outline 1 INTRODUCTION

In subsequent sections, we consider DG discretizationssmfalar model problems
the linear advection(-reaction) equation (cf. Section 3)and

Poisson's equation (cf. Section 4),

and of compressible ow problemgyoverned by
the compressible Euler equations (cf. Section 5),
the compressible Navier-Stokes equations (cf. Section @jd

the Reynolds-averaged Navier-Stokes (RANS) equations anlde k-! turbulence
model equations (cf. Section 7).

Each of these discretizations will be analyzed with respetb consistency, adjoint con-
sistency, and global and local conservation properties. Rbhermore, for the DG dis-
cretizations of the scalar model problems we discuss statyilproperties and givea priori
estimates of the discretization error measured in terms oélated DG-norms, in terms of
the L2-norm as well as in terms of target quantities) (). Here, Sections 3 and 4 are sup-
ported by the accompanying appendix sections A.3 and A.4 wdh provide more detailed
notations and proofs. Furthermore, some of the theoreticaksults, in particular the a
priori error estimates inL? and J( ), are supported by experimental measurements of the
order of convergence in the numerical results sections 4.8da4.11. For the compressible
ow problems, for which no a priori error estimates are available, we provide numeri-
cal results and experimental measurements of the order ofnvergence for inviscid and
viscous laminar ows in Sections 5.8 and 6.8, respectively.

Then, Section 8 is devoted to the derivation of adjoint-baska posteriori estimates of
the discretization error in computed target quantity values J,(uy,) like aerodynamic force
coe cients. These estimates are then decomposed into sumglocal error indicators (the
so-calledgoal-orientedor adjoint-basedindicators) which can be used in an adaptive mesh
re nement algorithm tailored to the accurate and e cient approximation of the target
qguantity. After introduction of this adjoint-based error estimation and mesh re nement
approach forsingle target quantities in Section 8.1, it is extended to the treanent of
multiple target quantities in Section 8.2. Section 8.4 nalizes thedaptivity section with
the derivation of residual-basedindicators. Not depending on an adjoint problem these
indicators target at resolving the overall ow eld.

Finally, in Section 9 the performance of the adjoint-based®r estimation, the adjoint-
based mesh re nement and the residual-based mesh re nemenill be demonstrated for
a number of aerodynamic test cases of increasing compexity.
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2 ADJOINT CONSISTENCY

2 Consistency and adjoint consistency

One of the most important properties of a discretization ist$ consistency with the dif-
ferential equations to be discretized. In fact, consistepicensures that the \right" equa-
tions are solved. In nite element methods consistency dicdly implies the well-known
Galerkin orthogonality. Provided the discretization is sable and using standard interpo-
lation/approximation estimates this gives optimala priori order estimates in the so-called
energy norm, like e.g. theH *-norm for Poisson's equation.

Furthermore, in nite element methods usually a duality argument is applied for de-
riving error estimates in theL2-norm. This approach introduces an appropriate adjoint
(dual) problem, which is then used to represent thé 2-norm of the discretization error
e= u u, in terms of the discretization and the adjoint solutionz. Again by Galerkin
orthogonality and by using smoothness properties of the aujt solution the L2-error
estimates are derived (cf. e.g. Lemma A.23 for the proof ofah.2-error estimate of the
discontinuous Galerkin discretization of Poisson's equan).

Optimal order L2-error estimates depend on the applicability of the dualityargument
as well as on the smoothness of the adjoint solution. Both, Wwever, are connected to the
so-calledadjoint consistencyof the discretization. As we will see in Lemma A.23 adjoint
consistency of the SIPG discretization results in optimalreor estimates in the L?-norm
whereas the lack of adjoint consistency in the case of the NEPdiscretization results in a
suboptimal order of convergence in th&2?-norm.

In the following, we introduce the consistency and adjointansistency analysis follow-
ing (Hartmann, 2007a). In particular, in Section 2.1 we prade a de nition of consistency
and adjoint consistency for the case of linear problems withhomogeneous boundary con-
ditions. Furthermore, we give a general framework for anatyng consistency and adjoint
consistency. In Section 2.2 the de nition of consistency a@nadjoint consistency as well
as the framework for analyzing them is then extended to the sa of nonlinear problems.
Finally, we note, that this framework will be applied to the DG discretizations of the
linear advection equation, of Poissons's equations, and tife compressible Euler and
Navier-Stokes equations in subsequent sections.

2.1 The analysis for linear problems

We introduce the consistency and adjoint consistency analig rst for linear problems.

2.1.1 De nition of consistency and adjoint consistency

Let RY be a bounded open domain with boundary =@. Given the linear problem
Lu=f in ; Bu=g on ; (14)

wheref 2 L?(), g2 L?(), L denotes a linear di erential operator on , and B denotes
a linear boundary operator on . Let J() be a linear target functional (also referred to
as target quantity) given by
Z Z
J(U)=(j ;u) +(j ;Cu) j udx+ | Cuds; (15)

VKI -13 -



2 ADJOINT CONSISTENCY 2.1 The analysis for linear problems

wherej 2 L?(), j 2L2%(), Cisanoperatoron which may be dierential, and ( ; )
and (; ) denote theL?() and L?() scalar products, respectively. We assume that the
target quantity (15) is compatiblewith the primal problem (14), i.e., we assume that there
are linear operatorsL , B and C such that following compatibility condition holds:

(Lu;z) +(Bu;C z) =(u;L z) +(Cu;B 2) : (16)

Then,L , B and C are the so-callecadjoint operatorsto L, B and C, respectively. We
note that for given operatorsL and B associated with the primal problem (14) only some
target quantities (15) with operatorsC are compatible whereas others are not. However,
assumingthat (16) holds the adjoint problem associated to (14) and @) is given by

Lz=j) in ; Bz=j on : a7

Let be subdivided into a shape-regular meshl, = f g consisting of elements and let
Vi, be a discrete function space oity,. Furthermore, let problem (14) be discretized as
follows: nd u, 2 V, such that

La(Un; Vi) = Fr(Vvh) 8Vh 2 Vi, (18)

whereLn( ; ) is a bilinear form and F,( ) a linear form including the prescribed primal
force and boundary data functionsd and g. Then the discretization (18) is said to be
consistentif the exact solutionu 2 V to the primal problem (14) satis es:

Lh(u;v) = Fr(v) 8v2V; (19

whereV is a suitably chosen function space such that 2 V andV,, V. Similarly, a
discretization J,( ) of the target quantity J( ) in (15) is said to beconsistentif the exact
solution u 2 V to the primal problem (14) satis es:

Jn(u) = J(u): (20)

Given the discretizationsL( ; ) and J,( ) of, respectively, the primal problem (14) and
the target quantity (15), the discretization is said to beadjoint consistent if the exact
solution z 2 V to the adjoint problem (17) satis es:

Lh(w;2)= J(w) 8w2V: (21)

In other words, a discretization is adjoint consistent if tie discrete adjoint problem is a
consistent discretization of the continuous adjoint prot@m.

2.1.2 The consistency and adjoint consistency analysis

Based on the de nition of consistency and adjoint consistey in the previous subsection
we continue following (Hartmann, 2007a) and outline a franveork for analyzing consis-
tency and adjoint consistency of discontinuous Galerkin sicretizations. This framework
can also be used to nd specic terms due to which some DG disizations may not
be adjoint consistent. In these cases the analysis gives somsight into how an adjoint
inconsistent DG discretization together with a speci c taget functional could be modi ed
to recover an adjoint consistent discretization.
Given a discretization of the primal problem and a target quatity, the adjoint con-

sistency analysis consists of the following steps:
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2.1 The analysis for linear problems 2 ADJOINT CONSISTENCY

Derivation of the continuous adjoint problem: Let the primal problem be
given by (14). Furthermore, assume thafl () is a linear target functional as in (15)
which is compatible with (14). Then, we derive the continuosi adjoint problem with
continuous adjoint boundary conditions as given in (17).

Consistency analysis of the discrete primal problem: We rewrite the dis-
continuous Galerkin discretization (18) of problem (14) irfollowing element-based
primal residual form: nd uy 2 V;, such that
Z x Z Z
R(up)vy dx + r(up)vhds+ r (up)vhds=0 8v, 2 V; (22)
21, @n

where R(uy) denotes the element residual; (u,) denotes the interior face residual,
andr (uy) denotes the boundary residual. According to (19) the disetization (18)
is consistent if the exact solutionu to (14) satis es
Z X Z Z
R(u)vdx + r(ujvds+ r (uvds=0 8v2V, (23)
2T, @n

which holds providedu satis es

R(u=0 in ; 2Ty, r(uy=0 on@n ; 2Ty, r (uy=0 on
(24)

Adjoint consistency of element, interior face and boundary terms: Given
the discretization (18) of the primal problem (14) and a disetization J,( ) of the
target quantity (15), we rewrite the discrete adjoint probem: nd z, 2 V,; such that

La(Wh;zn) = Jn(Wh)  8Wh 2 Wy, (25)
in following element-based adjoint residual form: ndz, 2 V, such that
Z X Z Z
Wwh R (zp)dx + Whr (zh)ds+  wqr (z,)ds=0 8w, 2 V,; (26)
2Th @n

where R (zy), r (z,) and r (z,) denote the element, interior face and boundary
adjoint residuals, respectively. According to (21) the digetization (18) is adjoint
consistent if the exact solutionz 2 V to (17) satis es
Z x Z Z
WR (2)dx + wr (z)ds+ wr (2)ds=0 8w2V; (27)
o1, @n

which holds providedz satis es

R((z)=0 in; 2Ty r(zx2=0 on@n ; 2Ty; r (z7=0 on
(28)
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2 ADJOINT CONSISTENCY 2.2 The analysis for nonlinear problens

Remark 2.1 We note that the adjoint problem and consequently the adjbironsistency
of a discretization depends on the specic target functiohal () under consideration.
Given a target functional of the form(15), we see thatR (z) depends onj (), and
r (z) depends onj (). Among all consistent discretizationslJ,() of J() according to
(20) we want to nd a discretizationJy( ) which gives an adjoint consistent discretization
according to (21). We will see in subsequent sections that ingredients likeyenumerical
uxes which are incorporated in the discretization of the pmal problem also need to be
incorporated in the discretization of the target quantity.

2.2 The analysis for nonlinear problems

In the previous Section we introduced the consistency and jatht consistency analysis
for linear problems. In this section, we now extend this angdis to nonlinear problems.

2.2.1 De nition of consistency and adjoint consistency

We consider a nonlinear problem of the form
Nu=0 in ; Bu=0 on ; (29)

whereN is a nonlinear di erential (and Fechet-di erentiable) o perator andB is a (pos-
sibly nonlinear and Fechet-di erentiable) boundary opeator. Let J() be a nonlinear

target quantity 7 7
Ju=j (Wdx+ j (Cu)ds; (30)

with Fechet derivative
Z Z

Julw) = jo°[ulwdx + j°[Cu]CYulwds; (31)

wherej () and j () may be nonlinear with derivativesj® and j°, respectively, and
C is a dierential boundary operator on and may be nonlinear wth derivative C°.

Here, ° denotes the (total) Fechet derivative and the square braket [ ] denotes the state
about which linearization is performed. Again, we say thattte target functional (30) is
compatiblewith (29) provided the following compatibility condition holds

(NJuw;2) +(BJulw;(Cqu]) 2) = (w;(NQu]) 2) +(Clulw;(BIu]) 2) ;  (32)

where Nqu]) , (Bqu]) and (CYu]) denote the adjoint operators toNYu], BJu] and
CYu]. This condition is analogous to (16), withL, B and C replaced byN 9u], B9u] and
CYu], respectively. Assuming that (32) holds the continuous adjoint problem associated
to (29) and (31) is:

(NTul) z=j°[u] in ; (Bu]) z=j°[CulCqu] on : (33)

Let Ny( ; ) be a semi-linear form, nonlinear in its rst and linear in its second argument,
such that the nonlinear problem (29) is discretized as folies: nd uy, 2 V;, such that

Nh(Uh; Vh) =0 8Vh 2 Vh: (34)
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Then, the discretization (34) is said to beconsistent if the exact solutionu 2 V to the
primal problem (29) satis es the following equation:

Np(u;v)=0 8vz2V: (35)

Similarly, a discretization J,( ) of the target quantity J( ) in (30) is said to beconsistent
if the exact solutionu 2 V to the primal problem (29) satis es:

Jn(u) = J(u): (36)

Given the discretizationsNy( ; ) and Jy( ) of, respectively, the primal problem (29) and
the target quantity (30), the discretization is said to beadjoint consistent if the exact
solution z 2 V to the adjoint problem (33) satis es

NPul(w; 2) = J0ul(w) 8w2V; (37)

where N[u] and JP[u] denote the Fechet derivatives ofN(u;v) and Jy(u) with respect
to u. In other words, a discretization is adjoint consistent if he discrete adjoint problem
is a consistent discretization of the continuous adjoint mblem. Finally, we note that in
case of a linear problem and target functional the de nitiorof adjoint consistency in (37)
reduces to the de nition of linear adjoint consistency give in Section 2.1. The de nition
of adjoint consistency for nonlinear problems as given in T3 was introduced by (Lu,
2005). Furthermore, we note that (Lu, 2005) also gives a deition of asymptotically
adjoint consistent methods.

2.2.2 The consistency and adjoint consistency analysis

Based on the de nition of consistency and adjoint consistey in the previous subsection
we now follow (Hartmann, 2007a) and generalize the framevkofor analyzing consistency
and adjoint consistency of discontinuous Galerkin discrigiations for linear problems as
given in Section 2.1 to the case of nonlinear problems. We adicthat this framework
can also be used to nd specic terms due to which some DG disizations may not
be adjoint consistent. In these cases the analysis gives soimsight into how an adjoint
inconsistent DG discretization together with a speci ¢ taget functional could be modi ed
to recover an adjoint consistent discretization.

Given a discretization of the primal problem and a target quatity, the adjoint con-
sistency analysis consists of the following steps:

Derivation of the continuous adjoint problem: Let the primal problem be
given by (29). Furthermore, assume thatl( ) is a nonlinear target quantity of the
form (30) which is compatible with the primal problem (29). Then we derive the
continuous adjoint problem (33) including adjoint bounday conditions.

Remark 2.2 We note that the derivation of the adjoint operato(N Ju]) for non-
linear systems is a considerably more complicated task thdariving L for scalar
linear problems. Still more involved is the derivation of #hadjoint boundary oper-
ators (Bqu]) . In the framework of optimal design, (Giles and Pierce, 199Qives
a general approach of derivingBqu]) and (CYu]) assumed to be connect t8,
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2 ADJOINT CONSISTENCY 2.2 The analysis for nonlinear problens

C, N and (NYu]) through (32). This approach is based on a matrix representa-
tion of boundary operators which for systems of equationsudis to lengthy and error
prone derivations. In contrast to optimization where bott{Bqu]) and (Cqu]) are
required, in the following analysis we require only the adijt operator (BJu]) . Due
to this we can circumvent the approach described in (Giles @Rierce, 1997) and
use a simpler way of deriving the adjoint operator8 qu]) .

Consistency analysis of the discrete primal problem: We rewrite the discon-
tinuous Galerkin discretization (34) of problem (29) in thefollowing element-based
primal Qesidual form: nd U%Z V4, such that

X X
R(up)vy dx + r(up)vpds+ r (uy)vhads=0 8v, 2V, (38)

2Th 2Th @n
whereR(up), r(uy) andr (up) denote the element, interior face and boundary resid-
uals, respectively. According to (35), the discretizatiofi34) is consistent if the exact

solution u to £29) satis es 5

R(u)vdx + r(uyvds+ r (uyvds=0 8v2V; (39)
2Th, o1, @n
which holds providedu satis es

RwW=0in; 2T, rw=0on@n ; 2Ty, r (u=0 on : (40)

Derivation of the discrete adjoint problem Given the discretization (34) of the
primal problem (29) and a discretizationJ,( ) of the target quantity (30), we derive
the discrete adjoint problem: nd z, 2 V;, such that

NS[UI(Wh; zn) = JQMURI(WR)  8Wh 2 Vi (41)

NP[up] is called the Jacobian of the numerical scheme and is recpdralso for implicit
solution methods like e.g. Newton or Backward-Euler methad The discrete adjoint
problem (41) includes the transpose of the Jacobian and isgugred in a posteriori
error estimation and goal-oriented adaptation as well as iaptimization.

Adjoint consistency of element, interior face and boundary terms We
rewrite the discrete adjoint problem (41) in element-baseddjoint residual form:
nd z, 2 V;, such that

x 27 z z

X
Wh R [un](zn) dx + Wh [Un](zh)ds+  wpr [un](zh)ds=0; (42)
2Th 2Th @n

for all w, 2 V,, whereR [un](z), r [un](zn) and r [un](zn) denote the element,
interior face and boundary adjoint residuals, respectivel According to (37), the
discreztization (34) is adjointZ consistent if the eéact soltions u and z satisfy

X
wR [u](z) dx+ wr [u](z)ds+ wr [u](z)ds=0 8w2V,; (43)
2Th, 21, @n
which holds providedu and z satisfy

Rul(z)=0in ; r [u@=0on@n ; 2Ty, r[ul(z2=0 on : (44)
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3 DG discretization of the linear advection equation

In this section we derive and analyze DG discretizations ohé linear advection-reaction
eqguation.

3.1 The linear advection-reaction equation

Let R? be a bounded open domain with boundary =@. We consider the linear
advection-reaction equation

r (buy+ cu=f in ;

45
u=g on ; (49)

with f 2 L2(), b2 [CY()] %2, c2 L (), and with g2 L? ) on the inow part of the
boundary,
=fx2 ;b(x) n(x)< 0g: (46)

Furthermore, we assume that there exists gy 2 L* () and a number > 0 such that

o(x) + %r b(x)= G(x) o> 0 (47)

3.2 The continuous adjoint equation

In order to derive the continuous adjoint equation, we mulply the left hand side of (45)
by z, integrate over the domain and integrate by parts. Thereby we obtain

(r (bu)+cu;z) +(u; b nz) =(u; brz+cz +(u;b nz) : (48)
Comparing with the compatibility condition (16),
(Lu;z) +(Bu;C z) =(u;L z) +(Cu;B 2) :
we see that for,u = r (bu)+ cuin and

Bu = u; Cu=0 on ;
Bu =0; Cu=u on .;

the adjoint operators are givenby. z= b r z+ czin and

B z=0; Cz= b nz on ;
Bz=Db nz Cz=0 on .:
In particular, for
Z Z Z Z
J(u= j udx+ j Cuds= | udx+ j uds; (49)

with j 2 L?()and j 2 L?( .), the continuous adjoint problem is given by

b rz+cz=j in

b nz=j) on .: (50)
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3 DG FOR LINEAR ADV EQN 3.3 Derivation of the DG discretization

3.3 Derivation of the DG discretization

Suppose thatT, is a subdivision of into disjoint open element domains such that

= [ o7, . Let us assume that each 2 Ty is a smooth bijective image of a xed
reference element Mhat is, = F () for each 2 T,. On the reference element e
de ne the tensor-product polynomial spac&, and the complete polynomial spac®, of
degreep O as follows:

Qp =spanf :0 i p;i=1;29; Pp=spanf® :0 | | pg: (51)

We now introduce the nite element function spaceV,’ consisting of discontinuous piece-
wise polynomial functions of degrep 0, de ned by

VP=1fv,2L3(): wj F 2Qu(")if~ is the unit square, and

52
vhj F 2 Pp(")if ~ is the unit triangle; 2 Tho: (52)
Given an element 2 Ty, we multiply (45) by a test function v, integrate over ,
Z Z
(r (bu)+ cuyvdx = fvdx;
and integrate by parts
z z z z
(bu) r vdx+ cuvdx + b nuvds= fv dx: (53)
@

Summing over all elements 2 T, and replacingu by g on  we obtain following weak
formulation of the linear advection equation (45): ndu 2 V
Z x Z Z Z Z

( bu) r v+ cuvdx + b nuvds+ b nuvds+ b ngvds=  fv dx
2Th @n +

for all v2 V. Then we replace the analytical solutioru by the discrete functionu, and
the test function v by v,, where u, and v, both belong to the nite element spacevhp.
In addition, since the numerical solutionu, may be discontinuous at interface® \ @°
between elements, °2 T,, °6 , we replace the uxb nu by anumerical ux function
fin = A(un; n) = A(u;;u, ;n), which depends on both the interior and exterior traces,’
and u,, respectively, ofu, on @ n , 2 Ty, and the unit outward normal n to @.
Furthermore, we de ne the numerical ux function at the boundary

b ng on ;

ﬁhj :h;h:h(U;;n): b nu; on .

(54)
Then, the discontinuous Galerkin discretization of (45) igiven as follows: nduy 2 V,?
such that
z x Z z
( bup) 1 pVvh+ CuVyOX + fnvi ds=  fvy,dx 8vh 2 V" (55)
o, @

wherer |, is the broken gradient operator de ned in De nition A.4 (cf. Appendix A.1).
Examples of numerical ux function i, = fi(u; ; u,, ;n) will be given later.

VKI - 20 -



3.4 Consistency 3 DG FOR LINEAR ADV EQN

3.4 Consistency

Integrating (55) back by parts on each element we obtain following equivalent form of
the discretization: nd up 2 VhIO such that
z x Z z
(r n (bup)+ cuy) vy dx + fh b n up, vids= fvpdx 8v,2 VY
2Th @
Thus, we obtain the primal residual form: nd u, 2 V" such that
x Z x Z z
R(up)vy dx + r(up)vads+ 1 (Up)vods=0 8v, 2 V" (56)
2Th 2Th @n

whereR(uy), r(uy) and r (up) denote the element, interior face and boundary residuals,
respectively, given by

R(up)=f r 4 (buy) cu, in;  2Ty;
r(un) = b nu; Aul;u,;n) on@n ; 2Ty
r (uy)=b nu; h (u;;n)=b n(u, Q) on ;
r(uy)=b nui h (u;n)=0 on .:

Furthermore, we see that the exact solutioru to (45) satis es (23) with R(u) = 0 and
r (u) = 0. Furthermore, we haver (u) = 0 if (and only if) fi(u;u;n) = b nu. Motivated
by this, we arrive at following de nition and statement.

De nition 3.1 A numerical ux function fi is said to beconsistentif
fi(v;viny=b nv; (57)
wheneverv is a smooth function.

Lemma 3.2 (Consistency) The discretization (55) of the linear advection equatior(45)
is consistentif and only if the numerical ux function fi is consistent

3.5 Global and local conservation property

Let S be the union of any collection of elements 2 Ty. Furthermore, let Ti.s be the
corresponding part of the meshly,, and let |, denote the union of all interior faces of
Ths. Choosingv, 2 V\° with vy =1 on Sandv, =0on nSin (55) for c= 0, we obtain
x Z Z Z Z
fiuf;u,;n)ds+ A, ds + fnds=  f dx
s @ n@Ss @S @S S

. o . P
Noting, that any interior edgee 2 |, occurs twice in the sum

normals and statesu;, and u, , we obtain
x £ Z Z Z
fcuy;u,sn)+ Aqu, s uf; nyds+ fin ds + fnds= f dx:
@ © @s @s S

2s @nasWith opposite

Motivated by this, we arrive at following de nition and statement.
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De nition 3.3 A numerical ux function fi(u*;u ;n) is said to beconservativeif
Au*;u ;n)= A ;u"; n):

Lemma 3.4 (Conservation property) Let linear advection equation(45) with ¢ 0
be discretized based ofb5). Then, the discretization is conservative i.e., for any union
S of elements, 7 7 7

fin ds + finds=  f dx; (58)
@S @s

if and only if the numerical ux function i(u*;u ;n) is conservative
In particular, we then have theglobal conservation property
Z Z Z

b ngds+ b nu,ds= fdx; (59)

+

and the local conservation propertyfor any 2 Ty,
Z Z

A, ds + fnds=  f dx: (60)
@ @ +
3.6 Numerical ux functions

We have seen that for the discretization (55) to be consisteand conservative, the nu-
merical ux fi(; ; ) must be consistent and conservative. In the following, wetroduce
two di erent numerical ux functions which are both consistent and conservative.

The mean value ux First we de ne the mean value ux as follows,
ho (Uf;up;n) = b nfung (61)
where L
fung= 5 up + U, (62)

denotes the mean value ofi; and u,. This seems to be the most natural choice of a
numerical ux function approximating b nu based onu™ and u . In fact, this ux is
consistent and conservative. However, as we will see laténis ux leads to an unstable
discontinuous Galerkin discretization.

The upwind ux We now de ne the upwind ux as follows,
b nu,; for(b n)(x)<O0; i.e,x2 @ ;

Mo (USRS = @t for (b n)(x) O ienx2 @.: (63)
where@ and @. are the in ow and out ow boundaries of element de ned by
@ =1fx2@ ;b(x) n(x)< 0g; (64)

@.=fx2@;b(x) n(x) 0g=@n@

This ux always takes the value from upstream (upwind) diretion. This numerical ux
is consistent and conservative. Additionally, as we will selater, a discretization based on
this ux is stable
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Generic ux  The mean value ux and the upwind ux can be written in uni ed form
as follows
hy (Un;Upsn) = b N un@+ by [un; (65)

where

[un]l = Uy U, (66)
denotes the (simple) jump ofu,. By setting by = O the generic ux (65) reduces to the
mean value ux (61) and by settingly = %jb nj it reduces to the upwind ux (63).

Replacing the numerical ux fi in (55) by the generic ux hy,, we obtain the discontin-
uous Galerkin discretization: nd u, 2 V; such that

Z Z
X
Lh(Un; Vn) (bup) r pVR + CUKV,HOX + (b nfu,@+ ylup]) vy ds
z z T %"z
+ b nupv,ds=  fvydx b ngwds 8vh 2 V"1 (67)

+

3.7 Stability and a priori error estimates

For the discontinuous Galerkin discretization (67) follomng properties can be shown (cf.
Appendix A.3 for more details):

Coercivity:
¥ Z 2
Ln(v;V) = kcovk? + b [V]’ds+ = jb njv2ds: (68)
e2 e 2
Stability: x Z 7
kcovk? + bo[v]zds+% jb njv?ds C? (69)
e

62|

where C depends on the datd and g in (45).

We note, that the discontinuous Galerkin discretization bsed on the upwind ux,
i.e., b = 3jb nj, has an improved stability as compared to the discretizatio based on
e maggn value ux wherely = 0. In fact, from (69) we see that we have control over
e, olVI?ds for by 6 0 which we do not have forly = 0. In fact, the DG discretization
based on the upwind ux turns out to be stable whereas the DG dcretization based on
the mean value ux is unstable.

Theorem 3.5 ( A priori  error estimate, (Brezzi et al., 2004)) Let u 2 HPY()
be the exact solution to the linear advection equatiqd5). Furthermore, let u, 2 VP :=
fvh 2 L2(): Vaj 2 Po( ); 2 Thg be the solution to
Z Z
Ln(Un;vh) = fvpdx b ngwds 8v,, 2 VP:

whereL( ; ) is the bilinear form given in (67).
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Then, for by = cjb nj with ¢ > 0 (which for ¢, = 1=2 gives theupwind ux ) we have
jkKu  upKje,  ChP™Zjujyea(y ; (70)

and for by = 0, i.e., when using themean value ux (61), we have
jku  Upki,  ChPjujiees ) ; (71)

wherejk kjﬁD is the DG-norm de ned by
x Z 1Z
jkvkjﬁO = kcovk? + by [V]% ds + > jb njv2ds: (72)
e2 1 e

Proof: See (Brezzi et al., 2004) or Appendix A.3.

From the proof one can see that the order of convergence is neated to the stability
of the discretization, in particular of the interior face tems. For su ciently smooth
solutions, u 2 HP* (), the discretization based on the upwind ux is of order O(hP*1=2)
and the discretization based on the mean value ux is of the der O(hP). In contrast to
that the order of convergence is reduced for solutions with lawer smoothness. In fact,
for u2 HS* () with s < p the estimates (70) and (71) are replaced by the estimates

JKu  upkjp, Chs*t =2j Ujpsa () 5 (73)
for the upwind ux, and by
ij uhkjbo ChsjUszﬂ() ; (74)

for the mean value ux, respectively. In particular, foru 2 H1() we see that the
discontinuous Galerkin solution based on the mean value urloes not converge under
h! 0. Infact, for u 2 H1(), the discretization based on the mean value ux is
unstable, whereas the upwind ux yields a stable discretizeon. Furthermore, we see that
already the use ofsome upwinding, i.e., whenlky = cjb nj with ¢, > 0, gives a stable
discretization.

Finally, we note that estimate (70) is suboptimal byh'=? as compared to theO(hP*!)
approximation order of \". However, (Peterson, 1991) con rmed by considering so{detl
Peterson meshes, thaO(hP*1=?) is actually a sharp estimate.

As the DG discretization based on the mean value uk,, is unstable, in the following
we concentrate on the discretization based on the upwind uk,, which is stable. By
substituting the upwind ux as de ned in (63), and the boundary ux as de ned in (54)
into the discretization (55), we obtain following disconthuous Galerkin discretization of
the linear advection equation (45): ndu, 2 V;? such that

z x Z x Z
( bup) r pVh + cupv, dx + b nu; vy ds+ b nu, v, ds
2Th @)Z+ 7 2Th @ n
=  fvpdx b ngvids 8v,2V (75)
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3.8 Adjoint consistency and error estimates in J()
Let the target quantity (49) be discretized as follows
Z Z
Jn(up) = J(up) = ) updx + ] upds: (76)

+

In the following, we want to show that the discontinuous Galkin discretization (75) of
the linear advection equation (45) in combination with the @scretization (76) of the target
guantity is adjoint consistent. To this end, we substitute
X £ X £
b nu,v; ds= b nupv, ds
2Th @ n 2Th @+n

in (75), and nd that the discrete adjoint problem (25) to the discretization (55) is given
by: nd z, 2 V, such that

Z X Z Z
Ln(Wh; zh) Wh( b rpzy+ cz) dx+ w; b n[zp]ds+  w; bnz = Jn(wy);
@+n +

for all w, 2 V;,. Hence, for the discrete target functionaly( ) given by (76), we have (26)
with

R(z)=] +b raz cz in; 2Ty,
r (zn)= b njz] on@n ; 2Ty;
r(z)=j b nz on .;
andr (z,) Oon . As (27) with (28) holds for the exact (and assumingly smoojh

solution z to (50), we conclude, that discretization (75) in combinabn with (76) is adjoint
consistent.

Corollary 3.6 (A priori  error estimate in  J()) Letu, 2 V, be the solution to(75)
and J( ) be given by(76). Furthermore, we assume that the solutions to the advection
equation (45) is smooth,u 2 HP* () , and the solutionz to the adjoint equation (50) is
smooth,z 2 HP*1 () . Then, there is a constantC > 0 such that

J3(u)  In(up)j Ch2p+ljuij+1() JZJHe 8u2 HP() : (77)

Proof: See (Houston and &li, 2001; Harriman et al., 2003).

Here, we see that the order of convergeng@(h?*!) in J() is twice the order of
convergenceO(hP*1=2) in the DG-norm jk Kju, (cf. Theorem 3.5). Note, that for this
order doublingan essential ingredient is the adjoint consistency of the stiretization.

Furthermore note, that the order of convergence id () is O(h?*!) provided both
primal and adjoint solutions are smooth,u 2 HP** () and z 2 HP* (). If, however,
u or z are less regular we obtain an estimate with a correspondiggteduced order of
convergence inJ ():
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Corollary 3.7 (A priori  error estimate in  J( ) with reduced regularity) Letuy, 2
V/" be the solution to(67) and J() be given by(76). Furthermore, we assume that
u2 Hs*() andz 2 Hs() hold for the exact solutionsu and z to the primal and
adjoint problems (45) and (50), respectively. Then, there is a constan€ > 0 such that

JJ(U) Jh(Uh)j Cht+r+1jUth+1() ijH”l() 8U 2 HS+1() , (78)
wheret = min( s; p) and t'= min(-s; p).

Proof: See (Houston and &li, 2001; Harriman et al., 2003).
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4 DG discretization of Poisson's equation

In this section we derive and analyze DG discretizations ofdisson's equation.

4.1 The Poisson's equation

Let R? again be a bounded open domain with boundary =@. We consider the
elliptic model problem

u=f in ; U=gob ON p; nru=gy on n; (79

wheref 2 L2(), o 2 L?( p) and gy 2 L?( ) are given functions. We assume that

p and |y are disjoint subsets with union , thatis p[ Ny = and p\ y = ;.
Furthermore, we assume that p 6 ;. Problem (79) represents the general Dirichlet-
Neumann problem of Poisson's equation.

4.2 The continuous adjoint equation

In order to derive the continuous adjoint equation, we mulply the left hand side of (79)
by z and integrate twice by parts over the domain . Thereby, we oltain

( wz) =(rur 2 (n ruz) =(u z) +(u;n r 2 (n ruz:
Splitting the boundary terms accordingto = p[ N and shuing terms we arrive at
( wz) +(u, nrz),+(nruwz) ,=(u 2z) +(nru z),+(y,nrz,:
Comparing with the compatibility condition (16),

(Lu;z) +(Bu;C 2) =(u;L z) +(Cu;B 2) ;

we see that forLu = uin and
Bu = u: Cu=nru on p,
Bu=n r u; Cu=u on y;
the adjoint operators are given byl z = zon and
Bz= 1z Cz= nrz on p;
Bz=nr z Cz=z on n:
In particular, for
Z Z
J(u)= | udx+ | Cuds
Z Z Z (80)
= J udx+ jpn ruds+ jn uds;
D N

the continuous adjoint problem is given by
z=j in ;
Z=jp on p; (81)
nrz=jy on y:
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Remark 4.1 The dierential operator L given byL z = z is the adjoint operator
to the di erential operator L given byLu = u of the primal problem. As the Laplace
operator is self-adjoint, the adjoint problem to Poisson'squation is again Poisson's equa-
tion.

Remark 4.2 The right hand sidej in (81) may be any arbitrary (but xed) function

in L?() . Depending on the \purpose" of the adjoint problem the furioh | may be
chosen appropriately. For example, when deriving priori error estimates inL?() one

can choos§ = e= u u, which giveskek? = [',(e;2). An adjoint problem like in (81)

will also be rgquired when deriving error estimates with fgect to target quantities of the
form J(v) = | vdx which givesl(e) = [(e;2).

4.3 Derivation of the DG discretization

Like in Section 3.3 we assume that the computational domain 2 R? is subdivided into
a shape regular meshy, = f g consisting of elements . In addition to the nite element
spaceV,” of scalar discrete functions de ned in (52) we de ne the space | := [V/']? of
vector-valued discontinuous piecewise polynomial funoms of degregp 0.

For deriving a discontinuous Galerkin discretization of (9), we begin by rewriting
(79) as a system of rst-order equations as follows

=ru r =f in ; u=gp On p; nru=gy on y: (82)

We multiply the rst and second equation by test functions andv, respectively, integrate
over an element 2 Ty, and integrate by parts. Thus
Z Z Z
dx = ur dx + un ds;
z Z z @ (83)
r vdx fv dx + nvds;
@

wheren is the unit outward normal vector to @ .

Then, we sum (83) over all elements 2 T,, and replace the functionsu and by
discrete functionsuy 2 Vhp and 2 ﬁ and the test functionsv and by discrete test
functions vy, 2 VhIO and 2 ﬁ In addition, since the discrete functionau, and  may
be discontinuous at interfaces® \ @° between elements; °2 T,, °6 , we replace
them by numerical ux functions @, and *,, which are approximations tou and = r u,
respectively. Thus we obtain the following discretizationn system ux formulation: nd
up2 V" and 2 | such that

Z Z ¥ Z
h pdx = Upl h pdx + 0n N hds 8 2 ﬁ; (84)
Z Z z ¢
X
h I pVhdX = fvdx + Nyonvyds 8vy, 2 Vhp: (85)
2Th @

Here, ), = ti(up) = (u; ; uy,) is a scalar numerical ux function, and ™, = ~(un;r up) =
A(up Uy Touy T Uy ) is a vector-valued numerical ux function. Depending on tle partic-
ular choice of the numerical ux functionsuy and ~y, several di erent DG discretizations
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can be derived, each with speci c properties with respect tstability and accuracy. Ex-
amples of numerical uxesup and "y, will be given later.

Equations (84) and (85) represent a rst order system i, and  with three times
as many unknowns as the original (scalar) problem ia,. In order to reduce the problem
size, the auxiliary variable  is usually eliminated to gain a so-callegrimal formulation
involving only the primal variable u,. To this end, we perform a second integration by
parts on each element in (84) and set , = r v, wWhich gives

Z Z X Z
h I hVpdx = I WUp T pVhdX + (Op  up)N r pvyds: (86)
o, @

Substituting (86) into (85) yields the element-basecprimal formulation: nd u, 2 V°
such that

Z X Z X Z Z
I hUnh I pVh dX Ny, ds+ (Op up)nr pv,ds= fvhpdx 8v, 2 Vhp:
21, @ 21, @
(87)
We note that (87) is in element-basedorm, i.e., it is given in terms of o This

peans that eacﬁ interior facee2 | occurs twice in the sum over all elements (once in

@ andoncein ,,for °6 ande= @\ @°6 0). De ning following mean-value and
jump operators on interior facese 2 | and on boundary faces 2 , for scalar-valued
functions g, 2 V",

fag=3(q +q) on ; fag=q on ;
[]=qg;n" +gn on ; [l =g n"; on ; (88)

and for vector-valued functions ,, 2 |,

on ;

fo@=3n+ 1) on ; f @=
" n* on : (89)

[ 1= Np+ | N on [ 1=

the element-based primal formulation (87) can equivalentibe written in following face-
based primal formulation(cf. Appendix A.4 for the derivation): nd u, 2 V" such that
Z Z
[ hUn T pVhOX + ([on  un] fr i@ f “h@ [wn]) ds
z 'L z
+ (f Oh uhggl[r th]I I[Ah]lf thJ) ds= th dx 8Vh 2 Vhp: (90)

o+ S5+

4.4 Consistency

Integrating (87) back by parts on each element we obtain following equivalent form of
the discretization: nd u, 2 V" such that
z x Z x Z z
hUn Vi dX + (r hup  ™p) Nvyds+ (Op uy)n r Kvhds= fvy, dx
o, @ ot, @
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for all v, 2 /Y. This can expressed in the following primal residual form,
Z x Z
R(un)vh dx + r(up)va + (Up) T pVhds
2Th @n 7

+ r (upvat+  (Up) r pvRds=0 8vy 2 V;

where the residuals are given bR(up) = f + Lu, on 2Ty, and

r(up) =(™n r up) m (Un) =(up  Gp)n on@n ; 2Ty
run)=("n r uy n (up) =(un  Gp)n on = p[ n: (91)

Note, that this is an extension of the primal residual form in(22) to include face and
boundary residuals (uy) and  (up) multiplied by r ,v,. For the discretization to be
consistent, all residuals in (91) must vanish if evaluatedf the exact solutionu to (79),

r(u)=("(u;ru) r u n=0; (wW=(u ®(u)n=0 on@n ; 2Ty;
r(uw=("uru r u n=0; (W=(gp OU)n=0 on p;
r(u="uru n gy=0; wW=(u ®(u)n=0 on n: (92)

Motivated by this we arrive at following de nition and statement:

De nition 4.3 The numerical uxes 0 and ” are said to beconsistentif

(V) = v; Avirv)=rv; on@n ; 2Ty;
a(v) = gp; Avirv)=rv; on p;
a(v) = v; AVirv) no=on; on n;

whenevelw is a smooth function satisfying the Dirichlet and Neumann badary conditions
in (79).

Lemma 4.4 (Consistency) The discretization (87) of Poisson's equation(79) is con-
sistent if and only if the numerical ux functions & and * are consistent

In order to simplify the notation in the proceeding analysidet us de ne & on p by

O for
2u, gp for

1
1:

0 (up)=up+ (Un Op)= (93)

Remark 4.5 This notation covers a symmetric discretization of boundgrterms for =
1 like for the SIPG or BR2 and a non-symmetric discretizationdr = 1 like for NIPG.
Thus (93) covers all discretizations that will be introduced in Secin 4.7 and is thus

su cient for this work. We avoid a more general notation basa& on e.g.0,un + tg0gp in
order to keep notation simple.

We note that & (up) is consistent (cf. De nition 4.3), as it reduces tou*(v) = gp for any
function v satisfying the Dirichlet boundary condition in (79).
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Let us now setufu,) = u (up) on p and “(up;r uy,) N = gy On . Then we can
rewrite (87) as follows: ndup 2 V,° such that

Ch(uh;vh) = Fh(Vz) 8Vh 2 Vp;
X

Z
Ch(UniVh) = F pUp T pVhdX AN, ds
~ 2T, @nn ~
X (94)
+ (On  up)nN r pv,ds+ Unn r pVv,ds;
2T, @n DZ Z D
Fn(vh) = fvpdx + gpNh r pvpds+ On Vi ds:
D N

The bilinear form in (94) is denoted by(';, (and not L) as it includes the (still unspeci ed)
numerical uxes &, and ",,.

4.5 Global and local conservation property

Let S be the union of any collection of elementsl;.s the corresponding part of the mesh,

and |, the collection of interior faces ofTy.s like in Section 3.5. Choosiny;, 2 VhIO with
Vi=1on Sandv,=00on nSin (87), we obtain
x Z Z
Nnonds+ Ny nds+ fdx =0: (95)
s @n@s @S S

Motivated by this we arrive at following de nition and statement:

De nition 4.6 A numerical ux function ~ = ~(u™;u ;r u*;r u ) is said to becon-
servative if
AUt usrutru )= Muosutirurut):

Note, that this property is also referred to as: X is single-valued (cf. (Arnold et al.,
2002)).
Furthermore, note that ” is single-valued if and only if

[*]= "~ ;u;rut;ru) n+ ~u ;utrusrut) (n) (96)
= Au;u;rut;ru) Musutirurut) n=0:

Lemma 4.7 (Conservation property) Let Poisson's equation(79) be discretized based
on (87). Then, the discretizatign is conserva'%ve i.e., for any union S of elements,

Ny, nds+  fdx =0;
@s S

if and only if the numerical ux function *y is conservative
In particular, we then haveztheglobal conzservation property

Ny, nds+ fdx=0;
and the local conservation progertyfor any ZZ Th,

Ay onds+  f dx =0:
@
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Proof: Note, that in (95) the term

X ‘ X ‘ + + + +
@@S"hnds= AU U T oRUs; T RUy) N+ AU Ut aUg st onug) (n) ds
s @n e2 14 °

vanishes if and only if*y, is conservative.

We end this section by de ning analogously the following.

De nition 4.8 A numerical ux function 0 = t(u™;u ) is said to besingle-valuedif
a(u™;u )=(u ;u*): (97)
Note that 0 is single-valued if and only if

[6] =®(Uu ;u )n+0u ;u”)( n)= o ;u) o(u ;u’) n=0: (98)

4.6 Adjoint consistency

Let 0p = (uy) and A, = ~(un;r up) be consistent numerical ux functions (cf. De nition
4.3). Then we discretize the target quantity (80) as follows
Z Z Z

Jn(up) = ] updx + jop *n nds+ in Onds; (99)

D N

Note, that this J,(uy) is a consistent discretization of the target quantity (80), i.e., the
exact solution u to Poisson's equation (79) satis esJ,(u) = J(u). To see this, recall
that due to consistency ofu*and ~ the exact solutionu satises &(u) = u on  and
A(u)=r uon p (cf. De nition 4.3).

In the following, we want to show that the discretization (94 of Poisson's equation
(79) in combination with the discretization (99) of the target quantity (80) is adjoint
consistent i.e., the solutionz to the adjoint equation (81) satis es

Chw;z) = Jn(w) w2 V: (100)
To show this, we perform an integration by parts on (94) to olain
Z x Z x Z
Ch(uh;vh) = Upn  hVhdX Ap nvpds+ OnN r pVh ds
2Th %n N 2 @n
+ O0nnN 1 Kvpds+ ( +Duyn r pvyds:
N D

Now we replaceuy, by a test function w, and v, by a smooth functionz and obtain
Z X Z X Z
Ch(w;2) = W pzdx A(w;r w) nzds+ a(w)n r hzds

2Th %”N Z 2T @n

+ a(w)n r hzds+ ( +1)wn r nzds: (101)

N D
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Using (81) and rewriting (101) in terms of interior face®2 | we arrive at
Z

x £ X £
Chw;2) = w pzdx ["]zds+ [0] r hzds
z 2"z 20"z
A(w) nzds+ a(w)n r hzds+ ( +1)wn r nzds: (102)
D N D
which, due to (96) and (98), reduces to
Z Z Z
Cow;z)=  w pzdx + Aw) n( z)ds+  O(w)n r pzds (103)
D N
if and only if the numerical uxes  and & are single-valued (cf. De nitions 4.6 and 4.8)

and = 1. Thus we arrive at following statement:

Theorem 4.9 Let Poisson's equation(79) be discretized withl’,( ; ) as given in (94).
Furthermore, let the target quantity (80) be discretized withJ,,( ) as given in(99). Then
the discretization is adjoint consistent i.e., the exact solutionz to the adjoint equation

(81) satis es
Z Z

Ch(w;2)=  wj dx+  ~(w) njpds+  O(w)jyds= Jn(w); (104)
D N
if and only if the numerical uxes and * are conservative( single-valued and = 1.

Remark 4.10 Note, that we can also show adjoint consistency by derivinget adjoint
residual form (26) and showing that the adjoint residuals vanish for the adjdisolution
z. In fact, this analysis has been performed in (Hartmann, 20@, 2008b) for numerical
uxes "y, being specialized for the interior penalty (IP) discretiz#on (cf. Section 4.7).
However, for generality, here we want to show adjoint contgacy independent of the
speci ¢ ux employed. Derivation of the adjoint residual fom (26) would require the
numerical uxes (w) O(w*;w )and (w;rw) ~(w ;w ;r w;r w ) which here
are linear in their arguments to be rewritten as follows
a(w) =tyw 0w+, W
AW W)= AW A r W MW N W N e W A T W

with a special notation required on the boundary like inditad in Remark 4.5. Due to
the relative complex notation we obmit this derivation whicwould yield nothing else then
Theorem 4.9.

Note, however, that this kind of analysis is performed for ¢hcompressible Navier-

Stokes equation in Section 6, as there, due to the nonlinggrof the problem, a lineariza-
tion of the numerical uxes (and thus the complex notation)si required anyway.

4.7 Numerical ux functions

We recall the DG discretization (90) in face-based form: ndi, 2 V;, such that
Z

r wUp I pVhdX + (Ton  up] fr W@ f *h@ [va]) ds
z a z
+  (Fon un@lr nve] ["*nlf va@) ds=  fvpdx 8vy 2 Vi; (105)
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where U}, = (up) and ~y := ~(up;r u,). Here the numerical ux functions & and

A are still unspecied. According to Lemma 4.4 the discretizson (105) of Poisson's
equation (79) is consistent provided the uxesu”and " are consistent. Furthermore,
according to Lemma 4.7 the discretization is conservativerqrvided the numerical ux *

is conservative. Finally, according to Theorem 4.9, the disetization in combination with

the discrete target quantity (99) is adjoint consistent, povided the numerical uxesu
and ™ are conservative. Depending on the speci c choice afand * several di erent

DG methods can be derived, each with speci ¢ properties withespect to accuracy and
stability. Before continuing with the derivation of specic DG discretizations we rst

collect some elementary relations of the mean value and jungperators:

Lemma 4.11 Letfg and][ ] be the mean value and jump operators on as de ned in
(88) and (89). Then for scalar valued functiongy and vector-valued functions we have

ff agg=f qw; f [al@ = [dl; [[cdl = 0; [f agl = O; (106)
f go=f g f[le=[ 1 [l 1=0; If a@l=0: (107)
4.7.1 The symmetric interior penalty Galerkin (SIPG) discr etization

Let the uxes {1, and * in (105) be given by

0n = f un@; Ap=fropun@  P(un) on ;
Oh =% - 1(Un) = Op; M= pun P(un) on p; (108)
Oh = Up; M= oan on y;
where
_ e
P(up) = Jun] = Cp Fl[uh]l on ; (109)
. 2
Pup)= (un oo)n= C.p%(uh go)n on p: (110)

Using Lemma 4.11 we obtainyyy = [f ung] = 0, forg = ff uhgy=fu@ f "w@=
fir wun@e f Pun)@=fr pun@  P(un), and [*n]=[fr wun@l [ ®(un)l=0on
|, and (105) reduces to the symmetric IP discretization givehy: nd up 2 V4, such that
Z Z Z
[ AUp T aVhOX + ( [und fr wve@ fr pung [vel) ds+  P(un) [vnlds
7 i1 o 7 7 Z !

+ iIO(uh) nv,ds= fvy, dx N rv,ds+ OnVhds (111)
for all v, 2 V,,. The numerical uxes &, and "y are consistent and conservative/single-
valued. Thereby, the SIPG discretization (111) isonsistent and conservative Further-
more, in combination with the discretization (99) of the taget quantity (80), i.e.,

Z Z Z
] updx + jp *n nds+ jn Onh ds;
7 Z P N Z (112)

j undx+ jp raup,  P(uy) nds+  jyupds;
D N

Jn(Un)
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the SIPG discretization (111) is alsoadjoint consistent Note, however, that adirect
discretization of (80) based on
Z Z Z
J(uy) = j updx + jor hUp Nnds+ jn Upds; (113)
D N
would result in an adjoint inconsistent discretization. In fact, the di erence of both
discretizations, i.e., the term
Z Z
Jn(un)  J(un) = jo "(up) nds= jo (Uun Op)ds; (114)
D D

was found in (Harriman et al., 2004; Hartmann, 2007a) to be pessary for the adjoint con-
sistency of the discretization and for the smoothness of digte adjoint solutions. While
the need of this term (calledlP modi cation of the target quantity in Hartmann (2007a))
might be a surprising outcome of the analysis in (Harriman etl., 2004; Hartmann, 2007a),
it seems quite natural in view of (99) and (112). Note, that (9) is based on the numer-
ical ux function and does not require any additional modi cation. Furthermore, the
formulation in (99) is also valid for discretizations othertthan SIPG.

Finally, note that the discretization (111) is stable provided the C, constant in (109)
is larger than a constantC2 > 0 (cf. Appendix A.4.3 for details). For long time the lower
bound C2 was in general not known. Note, that (Shahbazi, 2005) provédi an expression
for C2 on simplical elements. Very recently, (Hillewaert, 2013) mpvided an expression
for C¢ on hybrid meshes, i.e., on quadrilaterals and triangles iwb dimensions and on
hexahedra, tetrahedra, prisms and pyramids in three dimeius.

4.7.2 The non-symmetric interior penalty Galerkin (NIPG) d iscretization

Let the uxes 0, and *, in (105) be given by

0, = f una+ n* I[Uh]l; Ah =fr hun@ ip(Uh) on ,;
Op =% -1 (Up) =2uUn  Op; Ny =T pUR P (un) on p; (115)
Onh = Up; M= oan on y:

We usen* [us]=n* (uin*+u,n )=u, u, and [f u,@] = 0, and obtain

[0n] =[u; u,1=(u, u)n™ +(u, u)n =2(urn™ +u,n )=2[unl;
fog=f ugg+fn [udg=fug+ 3 u,+u, uy)="Ffug

Then, (105) reduces to the non-symmetric IP discretizatiannd u, 2 V, such that
Z Z Z
[ hUp T pVhdX + ([ur] fr wve@ fr pun@ [va]) ds+ P(un) [valds
7 ) 7 7 Z!
+ iID(uh) nv,ds= fvdx + N rv,ds+ OnVhds (116)
D D N
for all v, 2 V,. We note, that the onI)Q di erence of this discretizgion to the SIPG
discretization in (111) is the sign of the N D|[uh]| fr Lvh@ds and SO N T Vi ds
term.
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The numerical ux ”} is consistent and conservative, as is the identical ux forl8G
(cf. Section 4.7.1). Furthermore, the numerical uxuy is consistent. Thereby, the NIPG
discretization (116) isconsistentand conservative However, the numerical ux @, is not
conservative/single-valued (recall that {in] = 2[un] 6 0). Thereby, the NIPG discretiza-
tion is adjoint inconsistent As we will see later (cf. Sections 4.8 and 4.10) missing aitjo
consistency has a degrading e ect on the order of convergenmeasured in thel?-norm
and in target quantities J( ). Nevertheless, the NIPG discretization was quite populan
the rst years of DG research, as the non-symmetric discretation of face terms made the
numerical analysis of NIPG signi cantly simpler than that d the symmetric one in SIPG.
Furthermore, the discretization (116) is stable for anyC, > C¢ =0 (cf. Appendix A.4).

4.7.3 The method of Baumann-Oden (BO)

Let the uxes {1, and * in (105) be given by

0n = fupg+ n* Jun]; A= froopuna on ;
Oh =2Un  Op; Ny =T pUn on p; (117)
Oh = Up; M= gan on n:

Then we obtain the method by Baumann and Oden: ndu;, 2 V, such that

Z Z
I hUp I pVvhdx + ([ur] v wve@ fr pun@ [va]) ds
1l o 7 7 7
= fvpdx+ OoNn r vyds+ OvVhds (118)

D N

for all v, 2 V,. We note, that this discretization can be obtained from the NPG dis-
cretization in (116) simply by obmitting the interior penalty term P (up) = [un]. Like
the NIPG discretization this method is consistent and conservative but adjoint incon-
sistent Furthermore, the method of Baumann-Oden isinstable whereas the NIPG dis-
cretization is stable due to the stabilizing e ect of the inerior penalty term (cf. Appendix
A.4).

4.7.4 Unied description for SIPG, NIPG and Baumann-Oden

The SIPG and NIPG discretizations and the method of Bauman®den can be written
in uni ed form as follows: nd u, 2 V, such that

Lh(Uh;Vh) = Fh(Vh) 8v, 2 Vi (119)
where
Z Z Z
Lh(u;v) = rpu r pvdx + ( fu] fr wag fr Lug [v]) ds+ [u] [vlds
Z Z Lo Z Z [ o
Fn(v) = fvdx+ O N rvds+ Op Vds+ On Vv ds; (120)
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and the constants and are given by

SIPG : = 1 > 0
NIPG : =1; > 0 (121)
Baumann-Oden : =1; =0:

4.7.5 The original DG discretization of Bassi and Rebay (BR1 )
Let the uxes 0, and *, in (105) be given by

0y = f ungy; Ap=fropuh@ P (un) on |;
Oh = Op; Ap =t pUun P(up) on p; (122)
Oh = Up; M= gan on y;
with
Lup) = P(up) = F L, (Un)@; (123)

where the so-callegylobal lifting operatorincluding Dirichlet boundary values is a vector-
valued a ne operator de ned by: For a scalar-valued function w let Ly, (w) 2 | be the
solution to
z z z
Leo(W) dx= [w] f gds+ (W g)n ds 8 2 |t (124)

[ D

Furthermore, we consider theglobal lifting operator L, ! with homogeneous Dirichlet
boundary values, which is the vector-valued linear operat@iven by: LetLo(w) 2 | be
the solution to Z Z

Lo(w) dx = [wl f @ds 8 2 |: (125)
1l
In view of (124) and (125), we have
Z Z Z
L (W) dx=  Lo(w) dx gon ds: (126)

D

Using the numerical uxesu} and "y, as given in (122) the DG discretization (105) reduces
to: nd un 2 V, such that

Z Z Z
I hUn I pVy dX+ ( [u] fr wvh@ fr U@ [va]) ds+ f Lg (un)@[vn]ds
7 [ b 7 7 )
= fvy, dx OoN I hhds+ On Vi ds 8vh 2 Vi (127)

1we note that in some publications, the global lifting operator is de ned for vector-valued functions
as Z Z
lo( ) dx= f gds 8 2 };

for which we then havelo(w) = lo([w]).
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Using the de nition (124) for Ly, we can rewrite

Z Z Z
LQD (Uh) I' hVh dx = I[Uh]l fr thngS O N I Ky ds: (128)

1 D

Furthermore, using the relation (125) ofL, we can rewrite

Z Z
r huh Lo(vy)dx = fr wun@ [vn]ds; (129)
Z Z | [

Loo () Lo(p)ax = F Lo, (un)g [l ds: (130)

Substituting these relations into (127) we obtain the dis@tization: nd uy 2 V;, such
that

Z Z Z
(r nun Lgo(un)) (rnvn  Lo(vh)) dx = fvpdx+ OvVhds 8y 2 Vi,
" (131)
or equivalently, using (126): ndup 2 V, such that
La(un;vh) = Fn(vh)  8Vh 2 Vh; (132)
where
Z
Lh(u;v) = (r nu Lo(w) (r nv Lo(V)) dx;
Z Z z (133)
Fn(v)=  fvdx+ onVds o n (rnh Lo(Vv)) ds:

N D

This is the original method of Bassi and Rebay introduced inBassi and Rebay, 1997a).
Here, the numerical uxesuy and ”, are consistent and conservative. Thereby, the
BR1 discretization (127) isconsistent and conservative However, this discretization has

several disadvantages: In contrast to most other DG discligations where an element
communicates with its direct neighboring elements only, #nstencil of the BR1 discretiza-

tion is considerably larger as it includes also neighbors oéighbors. Furthermore, this

discretization is unstable. In fact, we obtain

Ln(v;V) = Kr pv Lo(V)kEz() :
which vanishes on the set
Z=fv2Vy:rhw Lo(v)=0g;
where Z n fOg can, in general, be nonempty. This discretization is callethe BR1 dis-

cretization in order to distinguish it from the modi cation of Bassi and Rebay, the so-called
BR2 discretization, which we will introduce in the following subsection.

VKI -38 -



4.7 Numerical ux functions 4 DG FOR POISSON'S EQN

4.7.6 The modied DG discretization of Bassi and Rebay (BR2)
Let the uxes 0, and *, in (105) be given by

On = f unay; Moo= fopun@ P2 (up) on |:
Oh = O A= rpUn P (up) on p; (134)
Oh = Up; =0 on y;
with
"?(up) = "?(Un) = Cerf LS (up)@ fore [ p; (135)

where the so-calledocal lifting operator including Dirichlet boundary conditions is a
vector-valued a ne operator de ned by: nd Lg (w) 2 b such that

Z Z
Le,(w) dx= (w g)n ds 8 2 §; fore
Z z (136)
Lg,(w) dx= [w] f gds 8 2 |; one ;
e

andLg (w) is de ned to be zero fore n . The local lifting operator with homogeneous
Dirichlet boundary conditionsL g is de ned accordingly. In particular, fore p we have
Z Z Z
Lg, (W) dx= Lgw) dx+ gon ds 8 2 (137)
e
We note, that Lg (w) has support (i.e., is non-equal zero) only on the (one or tyo
elements sharing the edge Furthermore, L (w) does not depend oy on interior edges

e i . Using the numerical uxesu}, and ~, as given in (134) the DG discretization
(105) reduces to: ndup 2 V;, such that
Z Z Z
[ hUp I hVh dX+ ( [und fr w@ fr wun@ [va]) ds+ Cero T Lo, (Un)@ [vn] ds
2L o 7 7 )
= fvy dx OoN r pvyds+ On Vh ds 8vh 2 V. (138)
D N

Using the de nition (136) of L, we can rewrite
X Z Z
Cere LSD (uh) Lg(vh) dx = CBsz LSD (uh)g |[Vh]| ds: (139)

e [ b )

Substituting this, (128) and (129) into (138) yields: nd uy, 2 V;, such that

Z
(r nun r hVvh Lgo(Un) T wVh I pup Lo(vh)) dx
X Z Z Z
+ Cere  Lg, (up) Lo(vn)dx = fvpdx + On Vh ds 8vh 2 Vy; (140)

e [ o N
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or equivalently, using (126) and (137): nduy, 2 V;, such that

Lh(Uh;Vh) = Fh(Vh) 8v, 2 Vi (141)
where
X Z
Lo(u;v) =  (rhu rnw Lo(u) rpv r pu Lo(v)) dx + Cere  Lg(u) L§(v)dx;
Z Z Z e b
Fh(v)= fvdx+ onVds N (rh  Cglg(v)) ds: (142)
N D

We note, that (140) can be obtained also by replacingR Lo, (Un)Lo(vn)dx in (131) by
(139). The BR2 discretization has several advantages ovedret BR1 scheme. The stencil
of BR2 scheme includes only rst neighbors instead of addithal second neighbors as
does the BR1 scheme. Furthermore, the BR2 discretization gable, provided Cg, is
larger than the number of neighboring elements, i.eCgr, > 3 for triangular elements and
Csre > 4 for quadrilateral elements (cf. Appendix A.4).

Note, that the BR2 discretization di ers from the SIPG discretization (cf. Section
4.7.1) only in the de nition of the stabilization/penalization term  ®2(uy) versus P (up).
In particular, for BR2, like for IP, the numerical uxes 0, and ", are consistent and
conservative. Thereby, the BR2 discretization (111) isonsistent and conservative Fur-
thermore, in combination with the discretization (99) of the target quantity (80), i.e.,

Z Z Z

Jn(up) = ] updx + jo “n nds+ in Onds;
Z Z° N z (143)
= j updx+ jo raun °2(uy) nds+ jn Upds;
D N

the BR2 discretization (138) is alsadjoint consistent However, due to the use of lifting
operators the BR2 discretization is in general more compéited and more computing time
expensive than the SIPG discretization.

4.8 A priori error estimates in DG- and  L?-norm
In this section we providea priori error estimates for the SIPG and NIPG discretization.

Lemma 4.12 ( A priori  error estimates for SIPG and NIPG) Let u 2 HPY()
be the exact solution to Poisson's equatio(v9). Furthermore, let u, 2 V" be the so-
lution to

Lh(Uh;Vh) Fh(Vh) 8Vh 2 Vp;

where L, is as given in (120) with 1 (NIPG)or = 1(SIPG) and = C.P‘;—z,
C, >CZ2. Then, for both, SIPG and NIPG:

jku upkj  ChPjujpes(y ; (144)
wherejk kj is a DG-norm given by
z z
jkvkj? = kr pvkZ,, + Y(n fr vg)®ds+ [V]? ds: (145)
[ o [ o
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Furthermore, for NIPG:
ku UhkLZ() ChijjH PHL() (146)

and for SIPG:
ku UhkLZ() Chp+ljUjH p+L() - (147)

Proof: See Appendix A.4.4.

Here, we see that the order of convergence in thé-norm of the SIPG discretization
is one order higher than that of the NIPG discretization. Nog, that this di erence is due
to the fact that SIPG is adjoint consistent whereas NIPG is np(cf. the proof in Appendix
A.4.4).

4.9 Numerical results: Order of convergence in L2

In the following we investigate the experimental order of ewergence in theH - and the
L2-norm of the SIPG ( = 1) and the NIPG ( = 1) discretizations, see Section 4.7.4.
According to Section 4.7.1 the penalization parameter is\gn by = C.P%. In this
example we choos€, = 4.

Let us consider the followingmodel problem Let = (0 ;1)? and consider Poisson's
equation (79) with forcing functionf which is chosen such that the analytical solution to
(79) is given by

u(x) =sin( 3 x 1) sin(3 X 2): (148)

We impose Dirichlet boundary conditions where the boundaryalue functiongp on p =
= @is prescribed based on the analytical solutionu.
Figure 1 plots the error in the H()-seminorm, ju unjui() , against the number
of elements. We see that for a given polynomial degr@ethe discretization errors of the
SIPG and the NIPG discretization almost coincide. Furtherrore, we see that for the

seminorm is of ordelO(hP) which is in agreement with the theoretical order of convernce,
see Lemma 4.12.
Figure 2a) shows that the error in thel.?()-norm of the SIPG discretization for the

with the theoretical result, see Lemma 4.12. In comparisorotthat, Figure 2b) shows
the L?()-error of the NIPG discretization. Here, we see that the dscretization behaves
like O(hP*) for odd p and like O(hP) for even p. This sub-optimal convergence of the
NIPG method is attributed to the lack of adjoint consistencyand the resulting lack of

smoothness of the adjoint solution, see the proof of Lemmal2. We note that similar

results for a di erent test case have been obtained in (Haman et al., 2003).

Figures 1 and 2 show that there is a signi cant advantage of usy higher order dis-
cretizations over using low order discretization methoddn fact, in Figure 1 we see that
the discretization error in theH *()-seminorm for p = 3 on the coarsest mesh is of similar
size as the error fop = 1 on the nest mesh. Similarly, in Figure 2a) the discretizaion
error in the L?()-norm for p = 4 on the coarsest mesh is comparable to the error for
p = 1 on the nest mesh. We emphasize that here the solutions aref similar accuracy
although the nest mesh has by a factor of 16384 more elemertsan the coarsest mesh.
Clearly, a discretization method of higher order requires ane degrees of freedom (DoFs)

VKI -41 -



4 DG FOR POISSON'S EQN 4.9 Numerical results
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Figure 1. Model problem: The discretization erroju  unju1(y of the SIPG and NIPG
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Figure 2: Model problem: Convergence of the discretizatiarror ku  upk 2, for a) the
SIPG and b) the NIPG methods with global mesh re nement.
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Figure 3: Model problem: The discretization erroku  unk 2y of the SIPG method
plotted a) against the number of degrees of freedom (DoFs)@iv) against the computing
time in seconds.

per element, 25 DoFs/element fop = 4 in comparison to 4 DoFs/element forp = 1 in
this case, but still the p = 1 discretization requires a factor of more than 2600 as many
DoFs for the same accuracy as thp = 4 discretization. In more detail this is seen in
Figure 3a) which plots theL?-error against the number of DoFs. The large factor in the
number of DoFs for the speci ¢ accuracy translates into a lge factor in the computing
time required. In fact, in Figure 3b) we see that the discretiation with p = 1 on the
nest mesh requires a by a factor of several thousands larggsmputing time for the same
accuracy as the discretization withp = 4 on the coarsest mesh.

Admittedly, the model problem considered here is ideal in #hsense that the geometry
(unit square) and the governing equations (Poisson's equanh) are particularly simple,
also the solution is perfectly smooth. However, also for morcomplicated problems like
aerodynamic ows, see e.g. Section 6.8, a signi cant gain bfgher order methods over
low order methods can be expected.

4.10 A priori error estimates in target quantities J()

In this section we derivea priori error estimates with respect to target functionals] ()
for adjoint consistent and adjoint inconsistent discontinous Galerkin discretizations of
Poisson's equation. In particular, we will see that analogs to the (sub-)optimal order
of convergence in the_?-norm for adjoint (in-)consistent discretizations also tle order of
convergence in () is (sub-)optimal.

We assume that Poisson's equation (79) is discretized asldals: nd u, 2 VP such
that

Lh(Un;Vh) = Fn(vh) 8vh 2 VP (149)

where the bilinear formLy( ; ) is continuous onV with respect to a specicjk kj-norm,
ie.,
Lh(w;v) Cgjkwkjjkvkj 8w;v2 V:
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Here,V is suitably chosen function space that includes discretelstions u, 2 V" as well
as the exact solutionu to Poisson's equation (79).

Remark 4.13 Refer to Appendix A.4.2 for the proofs that the bilinear formof the SIPG,
NIPG, Baumann-Oden and BR2 discretization are continuous.

Also, we assume that the discretization (149) is consistente., the exact solutionu
to (79) satis es
Lh(u;v) = Fh(v) 8v2V; (150)

which implies the Galerkin orthogonality
Ln(u  Un;ve) =0 8vy 2 VP (151)

Furthermore, we assume that followinga priori error estimate in thejk kj-norm holds:
There is a constantC > 0 such that

jku unkj  ChPjujueay  8u2 HPY() : (152)
Remark 4.14 Refer to Lemma 4.12 in case of the SIPG and NIPG discretizats.

Finally, we assume that the local projection operatoP (cf. Section A.2) satis es following
approximation estimate in thejk kj-norm: There is a constantC > 0 such that

jkv  PPVkj  ChPjvjyeea (y 8v2 HP() - (153)

In the following we want to measure the discretization erroe = u  up not in some
global norm like the jk kj-norm but with respect to target functionalsJ () of the form
(80),

Z Z Z
J(u)= | udx+ jon r uds+ jn uds: (154)
D N
wherej 2 L?(), jp 2 L% p)andjn 2 L?( y). According to (99) this target quantity
is discretized as follows,
Z Z Z
Jn(un) = ] updx+ jo “nh nds+ jn Onds:
D N
Finally, we recall that a discretization together with a taiget functional is called adjoint
consistent, if the exact solutionz to the adjoint problem (81) satis es:

Lh(w;2) = Jp(w) 8w 2 V: (155)

Theorem 4.15 ( A priori  error estimates in  J()) Let the situation be as described
above. Furthermore, assume that the solution to the adjoint problem (81) is smooth,
z2 HP*L() . Then, we have following estimates:

a) If the discretization (149) together with the target functionaly,( ) is adjoint consis-
tent, then there is a constaniC > 0 such that

JIU)  In(un)i  Ch?juUjue () jZjnen () 8u2 HP() : (156)
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b) If, however, the discretization isadjoint inconsistent we only have:

jIU)  JIn(un)i  ChPjujyee () 8u2 HP() : (157)

Proof: a) For an adjoint consistent discretization we setv := e= u Uy in (155), obtain

JI(U)  In(un)j = jIn(€)j = jLn(€;2)j = jLn(u un;z Pnz)j Cjku unkjjkz — Ppzk|
Chijij+1() Chijij+1() ;

and thus (156), where here and in the following we ugg, as a short notation forP>.

b) For an adjoint inconsistent discretization we do not havg155). Thereby, in order
to represent the errorJ(u) Jn(un) we de ne following mesh-dependent adjoint problem:
nd 2 V such that

Lh(w; )= Jn(w) 8w2V: (158)

We note, that for an adjoint consistent discretization the elution  to (158) coincides
with the solution z to the continuous adjoint solution (81) and thus is smooth. &r an
adjoint inconsistent discretization, however, we cannotxpect to be smooth. In that
case is mesh-dependent and in general discontinuous across ritde faces. We then
proceed as follows

JI(U)  In(un)j = jIn(e)j = jLn(e; )j = jLn(u  Un; Prn )i Cjku unkjjk  Pp K
Chijij+1() ;

where due to the lack of smoothness of here we do not gain additional orders df from
jk Pn Kj.

Remark 4.16 Note, that the SIPG discretization together with the targejuantity (154)
is adjoint consistent but NIPG is not. Thereby, the error mesured inJ () converges with
O(h?P) for SIPG whereas it converges witld(hP), only, for NIPG.

We see, that the order of convergence if( ) is O(h?) for an adjoint consistent and
O(hP) for an adjoint inconsistent discretization provided bothprimal and adjoint solutions
are smooth,u 2 HP**()and z 2 HP*L(). If, however, u or z are less regular we obtain
an estimate with a correspondingly reduced order of convexngce inJ( ):

Corollary 4.17 ( A priori  error estimate in  J() with reduced regularity) Let the
situation be as described above. Furthermore, assume thig2 HS*1 () andz 2 HS" ()
hold for the exact solutionau and z to the primal and adjoint problems(79) and (81),
respectively. Then, we have following estimates for an adjbconsistent discretization
(e.g. SIPG):

jIU)  JIn(un)i  Ch™fujie(y jZie 8u2 H() ; (159)
and for an adjoint inconsistent discretization (e.g. NIPG)
jIU)  Jn(up)j  Chljujyea () 8u2 H"() ; (160)

wheret = min( s; p) and t= min(-s; p).

VKI -45 -



4 DG FOR POISSON'S EQN  4.11 Numerical results: Order of comsgence inJ ()

4.11 Numerical results: Order of convergence in J()

In this section we investigate the experimental order of cemrgence of the SIPG and
NIPG discretizations when measuring the error in terms of ggi ¢ target quantities J( ).

Example 1  To this end, we revisit the experimentalmodel problemintroduced in Sec-
tion 4.9. This problem is based on Poisson's equations witthnanhomogeneous Dirichlet
boundary value functiongy and a forcing functionf chosen so that the analytical solution
u is given by Eqgn. (148). In this rst example, we choose the tget quantity to represent
the (weighted) mean value ol over , i.e.,

Z
Ji(up) = ] updx; (161)

here, we de ne the weight functionj by
j (X)=sin( x 1)sin( X ,):

Thereby the true value of the target quantity is given byJ;(u) = 0:1801265486975. We
note that the target quantity (161) is compatible with Pois®n's equation (79). In fact, it
is a special case of the target quantity given in (80) withy = ; andjp =0on p = .
Figure 4a) shows the error of the SIPG discretization measent in terms of the target
quantity Ji1( ) given by (161). We see that under global mesh re nement therer jJ;(u)
J1(up)j behaves likeO(h?) which is in perfect agreement with the theoretical order of
convergence, see estimate (156). Figure 4b) shows the resipe plot for the NIPG
discretization. Here, we see that the errojJ.(u) J:(uh)j behaves likeO(hP*!) for odd
p and like O(hP) for even p. This convergence behavior is similar to the convergence
behavior in the L?()-norm encountered for the NIPG scheme in Section 4.9. Aga, due
to the lack of adjoint consistency the order of convergence J,( ) for the NIPG scheme
is lower than in the case of the adjoint consistent SIPG schean We note that similar
results for a di erent test case have been obtained in (Haman et al., 2003).

100 e I em g}hts 10000 100000 10 100 e I em g}hts 10000 100000

(@) (b)

Figure 4. Example 1. Convergence of the errgd,(u) Ji(up)j for a) the SIPG and b)
the NIPG discretizations with global mesh re nement.

VKI - 46 -



4.11 Numerical results: Order of convergence () 4 DG FOR POISSON'S EQN

Example 2 We consider the samenodel problemas in the previous example. However,
instead of the mean value quantity (161), here we now choosbet target quantity to
represent the mean value of the normal derivative af over the boundary = @, i.e.,

z
Ja2(Un) = jp N I pUnds; (162)
with jp 1 on p = . Thereby the true value of the target quantity is given by
Jo(u) = 2. We note that this target quantity is compatible with Pois®n's equation
(79). In fact, it is a special case of the target quantity give in (80) with y = ;, and

j =0on . Furthermore, we note that the solution z to the corresponding continuous
adjoint problem

z=0 in ; Z=jp on p (163)

is given by z 1 on . Figure 5a) shows that the errorjJ,(u) J,(uy)j behaves like
O(hP) for the SIPG discretizations with p = 1;2;3. Following the discussion in Section
4.7.1 we recognize that the SIPG discretization in combinan with the target functional
J>() in (162) is adjoint inconsistent. Thus the order of convergenc®(hP) encountered
in Figure 5a) is, in fact, the expected order of convergencerfthis adjoint inconsistent
discretization (cf. estimate (157)).
However, we recall from Section 4.7.1 that the following disetization
Z Z

J2n(un) = jo “h nds= Jy(up) jo (Un op)ds (164)
D

of the target functional J,( ) leads to an adjoint consistent discretization. Here, is the
penalization parameter of the IP discretization and) is the boundary value function of
the model problemconsidered. Note, thatJ,.,(uy) in (164) is a consistent discretization
of J,( ) as the true value of the target quantity is unchangedd,.,(u) = J,(u) = 2 holds
for the exact solutionu.

Figure 5b) shows the error of the SIPG discretization meased in terms of the target
quantity discretization J,.;( ) given in (164). We see that the adjoint consistent discreta-
tion of the target functional leads to a signi cant increasdan the accuracy and the order

L L L L
10000 10 100 10000

L L
10 100

eIemeﬁTs eIemeﬁ“fs

(@) (b)

Figure 5: Example 2. Convergence of a) the errgd,(u) J,(un)j and b) the error
jJ2(u)  Jon(up)j for the SIPG discretization with global mesh re nement.
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zy, for J3, adjoint consistent

B 5500 ooo
NYRS SN

(a) (b)

Figure 6: Example 2: Discrete adjoint solutiorz,, corresponding to the SIPG discretization
combined with a) the adjoint inconsistentJ,(u,) and b) the adjoint consistentJ,., (up).

of convergence of the discretization. In fact, we see that der global mesh re nement
the error jJ,(u)  Jan(un)j behaves likeO(h?®*D) ) which is even larger than the expected
order O(h?) (cf. estimate (156)) of an adjoint consistent discretizaon.

In the following we want to highlight the connection betweeradjoint consistency and
the smoothness of the adjoint solution. To this end, Figure& shows the discrete adjoint
solution z, connected to the (original) target quantity J,( ); i.e., z, is the solution to the
discrete adjoint problem (155) with right hand sideJ,( ). In Figure 6a) we see thatz,
is irregular in the neighborhood of the boundary. We note thahis irregularity does not
vanish under mesh re nement. Thereby, the discrete adjoirgolution does not converge to
the exact solution,z 1, of the continuous adjoint problem (163). This behavior aoe-
sponds to the fact that the SIPG discretization in combinatn with the target quantity
J,( ) is adjoint in consistent.

In comparison to that, Figure 6b) shows the discrete adjoingsolution z, connected to
the discretization J,.,( ) (cf. (164)) of the target quantity J,( ). Here, we see thatz, is
perfectly smooth. Furthermore, we note thatz, converges to the exact adjoint solution
z 1. In fact, we havez, 1 from the second coarsest mesh onwards. That is, the
discrete adjoint solution is a consistent discretizationfahe continuous adjoint solution.
In other words: the SIPG discretization in combination withthe discrete target quantity
J2n () is adjoint consistent.

Finally, we recall that the experimental order of convergese of the errorjJ,(u)
Jon(up)j of the adjoint consistent SIPG discretization behaves lik©(h?®*D) which is
two powers ofh larger than the theoretically expected ordeO(h?) (cf. estimate (156)).
A possible reason for this might be a too simplenodel problemin combination with
a particularly simple target quantity which results in the mnstant continuous adjoint
solution z 1.

Example 3 In order to demonstrate that the estimate (156) is sharp we osider the
following problem: Let = (0 ;1) (0:1;1) and consider Poisson's equation (79) with
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forcing function f which is chosen so that the analytical solution to (79) is gen by
u(x) = (L + X1)?sin(2X 1Xz): (165)

We note that this is a modi cation of the problem consideredn (Harriman et al., 2003).
Again, we impose Dirichlet boundary conditions where the humdary value function gp
on p = is prescribed based on the solutionu. We consider two discretizations of the
target quantity Js( ), the direct one,Js(uy), and the adjoint consistent oneJz.h(uy), given

as follows ~
J3(un) jon T punds; (166)
zZ® z

jo “n nds= Jz(un) (un  Op)jp ds: (167)

Ja:n(Un)

D

and choosgp 2 Lzé) to be given by

exp 4 s=((X: % 2 2% forx2(0;3) (0:1;1);
i0(X) = exp 4 Z(xa 2?2 3?2 forx2(31) (0L1);
31 forx 2 (3:2) (0:1;1);

0 elsewhere on :

Thereby, the true value of the target quantity isJz(u) = 1:2825165799606.
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Figure 7: Example 3: Convergence of a) the errgds(u) Js(un)j and b) the error
jds(u)  Jan(up)j for the SIPG discretization with global mesh re nement.

Figure 7a) shows that the convergence behavior of the errpkz(u)  Js(un)j behaves
like O(hP) which is in perfect agreement with the estimate (157) for aadjoint in consistent
discretization. Furthermore, Figure 7b) shows that the corergence behavior of the error
jds(u)  Jan(un)j behaves likeO(h?) which is as expected (cf. estimate (156)), for an
adjoint consistent discretization. Finally, Figure 8a) sbws the discrete adjoint solution
z, connected to the (original) target quantity J3( ). We see that in the neighborhood of
the bottom boundary [01] f 0:1g the discrete adjoint solution is irregular which
corresponds to the fact that the SIPG discretization in comipation with the target quan-
tity Js( ) is adjoint inconsistent. In contrast to that the correspowling Figure 8b) shows
that the discrete adjoint solution z, connected to the adjoint consistent target quantity
Jzn(up) is entirely smooth which corresponds to the fact that the $1G discretization in

combination with the discrete target quantity Js.,(uy) is adjoint consistent.
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Figure 8: Example 3: Discrete adjoint solutiorz,, corresponding to the SIPG discretization
combined with a) the adjoint inconsistentJs(u,) and b) the adjoint consistentJs., (Up).
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5 DG discretization of the compressible Euler equa-
tions

In this section we consider the discontinuous Galerkin disgtization of the compressible
Euler equations. Including conservation equations for masmomentum and energy, these
equations describe inviscid compressible ows and are frently used as a simple model
for gas ows.

5.1 The compressible Euler equations
We consider the two-dimensional steady state compressiti#eiler equations given by
r'F %u)=0 in R?; Bu=0 on ; (168)

where the nonlinear boundary operatoB = B(u;n) on the boundary = @ with unit
outwards normal vectorn will be speci ed at the end of this section. Here, the vectorfo
conservative variablesu and the convective ux F ¢(u) = (fS(u);fS$(u))” are de ned by

2 3 2 3 2 3
Vi V2
— Vlé. c _§V12_+pé [+ _§ Vi1Vz Z
u= § vk Bw=g Ty T E and =g B0 4 (169)
E Hv Hv 5

where , v =(v1;V»)”, p and E denote the density, velocity vector, pressure and specic
total energy, respectively. Additionally,H is the total enthalpy given by
H=E+P=e+y2+ % (170)

whereeis the speci c static internal energy, and the pressure is termined by the equation
of state of an ideal gas

p=( 1e; (171)
where = ¢,=G is the ratio of specic heat capacities at constant pressuyec,, and
constant volume,c,; for dry air, = 1:4. The ux JacobiansA;(u) := @ff(u), i =1;2,
are given by

0 1
0 1 0 0
AL(U) = % vi+ 3 12 B v ( 1w 1 § ;
V1Vo Vo V1 0
vi 2( Lv2 H H ( v ( Dwviv, v,

0
0 0 1

1
0
An(u) = % ViVo V2 \%1 0 § .
25T vi+ (0 1P ( v B v 1A

v, 3( 1v? H ( viva H ( 1)vZ v,

P
and the eigenvalues, i = 1;:::;4, of the normal ux JacobianA(u;n) := i2:1 niAi(u)
are
Vn C,V n;Vv n;Vv n+c; (172)
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wherec = P p= denotes the speed of sound. The matri&(u;n) can be diagonalized
as follows

Au;ny)=P P 1 (173)
where = diag( ;) denotes the diagonal matrix consisting of the eigenvalug¢s72), and
P =[rq;:::;r4] denotes the 4 4 matrix of right eigenvectors ofA(u;n) with Ar; = rj,
i =1;:::;4. Finally, the positive and negative parts ofA(u;n) are given by

A (uun)=P P % (174)
where * =diag(max( i;0))and = diag(min( ;;0)) denote the 4 4 diagonal matrices

of the, respectively, positive and negative eigenvalues Afu;n).
Finally, we de ne the boundary operatorB introduced in (168) and a corresponding
boundary value functionu (u) on . On the wall boundary , they are given by

0 1
1 0 0 0
01 n? mn, O
BU = nyU, + NyU3; u (u)= 0 nln; 1 1n§ 0 § u on :
0 0 0 1

Note, that u (u) originates fromu by removing the normal velocity component ofi, i.e.,
v = (vq;V,) is replaced byv = v (n v)n. This choice ensures a vanishing normal
velocity, Bu (Uu)= nu 2+ nu 3= n v =0,0n .

For de ning the boundary operator B on the far eld boundary n ,, we consider
the signs of the eigenvalues;, i = 1;:::;4, in (172), ordered such that ; < ; for
i <] . Each eigenvalue smaller than zero corresponds to an in ovinaracteristic. The
number of variables to be prescribed on the far eld boundardepend on the number of
in ow characteristics. Thereby, we distinguish four casesf far eld boundary conditions
and de ne the corresponding boundary operatoB and correspondingboundary value
functions u (u) as follows:

The supersonic in ow boundary condition on the part of the faeld boundary where

to Dirichlet boundary conditions, i.e.,

Bu=u wuj; u(u)=gp=u;:
The supersonic out ow boundary condition on the part of fareld boundary where

boundary conditions, i.e.,

Bu O u (u)=u:

The subsonic in ow boundary condition on the part of the fareld boundary where
i < 0,i=1;23, 4> 0, takes the pressure from the ow eld and imposes all

other variables based on freestream conditions , i.e.,

0 1
Up Urn

Bu= @u, up o A u (U)= Up.;Ug U7 3
Uz U3

>

p(u) + us o+ Ui 3
1 2U1 1
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Here, p(u) denotes the pressure evaluated at the state using the equation of state
(171).

The subsonic out ow boundary condition on the part of the fareld boundary where
1< 0, {>0,i=2;34, imposes an out ow pressurg,, and takes all other
variables from the ow eld, i.e.,

Par |, U3+ U3
1 2U1

Bu=p(u) Pou; u (U)= Uz Uy Ug;

Alternatively, we can apply characteristic boundary condions on the far eld boundary
with
Bu=A (u u;)=0 on n w; (275)

whereA = A (u;n) denotes the negative part of the normal ux Jacobian (174).

5.2 The continuous adjoint equations

The most important (and compatible) target quantities in inviscid compressible ows are
the pressure induced drag and lift coe cients,Cq, and Cy,, de ned by

Z Z
J(u)=  j(u)ds= pn ds; (176)

w

wherej(u) = p(u)n on wandj(u)y Oon n . Here, isgivenby 4=
é(cos( );sin( ))> or | = é( sin( );cos( ))” for the drag and lift coe cient, re-
iva j?

spectively, where is the angle of attack. Furthermore,C; = % p1M2|= % P | =

% 1jv1j2l = o |, whereM denotes the Mach numberg = % jvj? denotes the dynamic

pressure and denotes a reference length. Subscripts indicate freestream quantities.
In order to derive the continuous adjoint problem, we multify the left hand side of

(168) by z, integrate by parts and linearize aboutu to obtain: nd z 2 V such that

(r (Fulw));z) = (FSul(w);r z) +(n FSul(w);z) 8w2V,a; (177)

whereV, := fw 2 V : Bqulw = 0g is the space of admissible variations which do not
alter the boundary values, andBqu] is the derivative with respect tou of the boundary
operator B introduced in (168). Here,FS[u] := (F%)°[u] denotes the Fechet derivative
of F ¢ with respect tou. Here, we already use the subscript notation, which we require
in Section 6 to distinguish from subscript , denoting the derivative with respect tor u.
Thereby, the variational formulation of the continuous adpint problem is given by: nd

z such that

W (FSuD™rz  + w;(n FSuD™z = J9ul(w) 8w 2 Va; (178)
and the continuous adjoint problem is given by

(FS[u)’rz=0 in ; (n FSuD)”z=j9qu] on w: (179)
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Usingn F ¢(u) = p(0;ng;ny;0)” on , and the de nition of j in (176) we obtain
pTul©O;n1;nz;0) z=puln on w;

which reduces to the wall boundary condition of the adjoint@mpressible Euler equations,
(BQU]) 2= nizo+ nyzz = n on w: (180)

Finally, we deduce from (178) following adjoint condition o the far eld boundary n ,

w;(n FSul) z =0 8w2Va: (181)

n w

5.3 Derivation of the DG discretization

We begin by introducing the vector-valued counterpart of te discrete function space’
de ned in (52). Let V| be the nite element space consisting of discontinuous vext
valued polynomial functions of degre@ 0, de ned by

VP=fva2 LA) “:vhj F 2[Qu(")]* if  is the unit square, and

: PR L (182)
vhj  F 2 [P,(M)]" if ~ is the unit triangle; 2 Tyg;

where here, like forV/* in (52), we use the tensor-product polynomial spac®, on the
unit square, and the polynomial spac®, on the unit triangle.

For deriving the discontinuous Galerkin discretization othe compressible Euler equa-
tions we proceed similarly to the case of the linear advecti@quation in Section 3. In order
to introduce a weak formulation of (168) we multiply it by an abitrary smooth vector-
valued function v and integrate by parts over an element in the meshT,; thereby, we
obtain Z Z

FCu):r vdx + (n F%u)) vds=0; (183)
P
where we use the standard notation : _= ., ., « w for matrices_;_2 R™ ",

After summation over all elements 2 T, we replace the analytical solutioru by the
Galerkin nite element approximation u,, and the test functionv by vy, whereu;, and
v, both belong to the nite element spaceV !. In addition, since the numerical solution
un may be discontinuous at interface® \ @° between elements; °2 T,, °6 , we
replace the normal ux F¢(u) n by a numerical ux function

fin = Aun;n) = Au;;u,n); (184)

which depends on both the interior and exterior tracesy; and u,, of u, on @ n ,
2 Ty, and the unit outward normaln to @. On the boundary we replace the normal
ux F¢u) n by anumerical boundary ux function,

Anji = A 5 =A (u;n): (185)
Then, the DG discretization of (168) is given by: ndu, 2 V| such that
z x Z
K (Un; Vi) FOUp): T pvpdx + A(u;;u,;n) v; ds
Zn "

+ A (ui;n) vids=0  8v,2 V] (186)
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Using the notation A, andApj = A ., introduced in (184) and (185) this can be rewritten
in following short notation: nd up 2 V,ﬂ’ such that
Z
X
FCSup):r nvpdx + Ay, vp ds=0 8vh 2 V}: (187)
2Th @

5.4 Consistency and convervation property

Integrating (187) back by parts on each element we obtain following equivalent form of
the discretization: nd u, 2 V} such that
Z
X
(r F S(up)) vhdx n F°up) A, v/ds=0  8v,2VP: (188)
2Th @
Thus, we obtain the primal residual form: nduy 2 Vﬁ such that
Z Z
X
R(up) vpdx + r(u,) vpds+ r (up) vpds=0 8v,2V}; (189)
2Th @n

where the primal residuals are given by

R(up)=r1 F  “(up) in ; 2T
r(un)=n FSuf) Au;;u,;n) on@n ; 2Ty, (190)
r (up)=n FSu) A (uf;n) on

Motivated by this we arrive at following two de nitions:
De nition 5.1 A numerical ux function A is said to beconsistentif
A(vivin)=n F%v) (191)
wheneverv is a smooth function.
Note, that this is an extension of De nition (3.1) to a generdnormal ux n F ¢(u).

De nition 5.2 A numerical ux function A at the boundary is said to beonsistentif
the exact solutionu to (168) satis es

A (u;n)=n Fu): (192)

Lemma 5.3 (Consistency) Let the numerical uxesh and A in (186) be consistent
Then (186) is a consistentdiscretization of the primal equationg(168).

Proof: As shown before, the discretization (186) is equivalent tche discretization in
(189). (189) is a consistent discretization of (168) becarishe exact solutionu to (168)

satis es
Z X Z Z

R(u) vdx+ r(uy vids+ r (u) vids=0 8v2V; (193)
o1, @n

whereR (u) = 0 due to (186), r(u) = 0 due to the consistency ofi, andr (u) =0 due to
the consistency ofi

Like in Section 3.5 we de ne the following.
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De nition 5.4 A numerical ux function A(u*;u ;n) is said to beconservativeif
A(u™;u ;n)= A(u ;u"; n):

Lemma 5.5 Let the numerical ux A be conservative. Then the discretizatioti186) is

conservative, i.e., for any unionS of elements we have
Z

Apds =0: (194)
@S

In particular, we have theglobal and local conservation propertyfor any 2 Ty,
Z Z

ALds=0; A, ds=0: (195)
@

Proof: Starting from (187) and proceeding along the lines of Secti3.5.

5.5 Numerical ux functions

As seen in the last section, a consistent and conservativesdietization requires the use of
consistent and conservative numerical ux functions. Thex are many numerical ux func-
tions satisfying these conditions, such as the Godunov, Eqgist{Osher, Lax{Friedrichs,
Roe or the Vijayasundaram ux. As examples, in the followingve give details for three
di erent numerical ux functions:

The (local) Lax{Friedrichs ux h.g(; ;) is de ned by

hie(uisugin)ie = 3 FSup) n+ FSu,) n+ uf u,

for 2Ty, where is the maximum overu; andu,,

= max fj (B(v;n))jg;

V=u, Uy

gf ghe largest (in absolute value) of the eigenvalues (cf.72)) of the matrix B(v;n) =
i=0 niAi(u).

The Vijayasundaram ux hy;a (; ; ) is de ned by
hvia (Up ;UL Nje = AT (Fuan@ nuy + A (Fungn)u  for 2Th;  (196)

whereA* (;n) and A (;n) denote the positive and negative parts (cf. (174)) of the
matrix A( ;n) and are evaluated at the mean valué u,@ = %(u; +Uy,).

roe: The Roe ux with entropy X, hgee(; ; ), is de ned by
hroe(Up s Up;N)je = 5 FO(UR) n+ FSuy) n+ Ag(un;n)(upy  uy) ;5 (197)

Here, Ags = P P ' with = diag( ;) is based on the diagonaliﬁation of
A(u;n)= P P 1! (cf. (173)) and u; is the Roe mean value given by = *
Furthermore, vq, Vo, H are computed according to
P— p—
u+

o+
U= —p—=—

o
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for u = vq;Vv,; H, respectively. Without entropy x the ; values are given by the
absolute eigenvalues; = j ;j of A(u;n). With entropy x the ; values are given
by
= PR S i - - (198)
i J ij else ef max:
where nax = maxifj jjg, and 0 < 1 is a parameter usually taken in the
range of [005; 0:2]. It it inspired by Harten (Harten and Hyman, 1983) and hashe
advantage of being di erentiable at the pointj ;j =

Remark 5.6 We note that for the linear advection equatior{45) we haveF ¢(u) = bu.
For that model problem most numerical uxes, in particular he numerical uxes intro-
duced above, reduce to the upwind ux given i63):

b nu,; for (b n)(x)<0; ie,x2@ ;

Ny (Up 5 Uy s0) = b nu,; for(b n)(x) O ie,x2@.:

5.6 Numerical ux functions at the boundary

In this section we introduce possible choices of the numaaic ux function A at the
boundary . First, we consider A at the far eld boundary n  (cf. Section 5.6.1) and
then A at the wall boundary  (cf. Section 5.6.2).

5.6.1 Far eld boundary

One of the possible choices of numerical ux functions at th&ar eld boundary is given

by
A (upsn)=n Fou (u}); (199)

whereu () denotes theboundary value functionas de ned in Section 5.1 for a variety
of far eld boundary conditions. The boundary value functim u () might depend on
boundary values, like the freestream state; on the far eld boundary, but it might also
depend on the interior stateu; , thusu = u (u}).

De nition 5.7 A boundary value functionu () is said to be consistent if the exact so-
lution u to the ow problem (168) satises u (u) = u.

Lemma 5.8 Let u () be a consistent boundary value function. Then the numerical
boundary ux function given by

A (ufin)=n Fu (up)) (200)
iS consistent.
Proof: Note, that the exact solution tou to the ow problem (168) satis es
A (u;ny=n Fu (u))=n FSu);

due to consistency ots ().
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Remark 5.9 All boundary value functionsu () introduced Section 5.1 are consistent.
Thus, the numerical boundary ux functionf in (199) is consistent for any of those
boundary value functions.

Furthermore, we consider characteristic far eld boundaryconditions. While impos-
ing Dirichlet boundary conditions on characteristic in ow variables based on freestream
conditions u; , it imposes no boundary conditions on characteristic outw variables,

A (ui;n)= A"(ui;nmu; + A (u;;n)uy ; (201)

where A (u;n) are the positive and negative parts of the normal ux Jacolan A(u;n)
de ned in (174). This corresponds to using the Vijayasundam ux (196) on the far eld
boundary with the normal ux Jacobian being evaluated at theinterior state u; . As an
alternative, a characteristic far eld boundary condition could be based on the Roe ux
(197). Due to consistency of the Vijayasundaram (or Roe) walso the corresponding
numerical boundary ux A is consistent.

5.6.2 Wall boundary

We recall that on interior faces,@ n , the numerical ux h in (186) is evaluated connecting
the interior state u; with the exterior state u,. On interior faces, i.e., faces with an
neighboring element ° the exterior stateu,, with respectto is just the interior state of
the neighboring element % On boundary faces@\ there is no neighboring element and
thus no exterior stateu,. As a replacement one could de ne &oundary exterior state
u which depends on theboundary stateu (u;,) but which might also depend on the
interior state u;, thusu =u (uf) u (uf;u (ui)). Using the same numerical uxh
on the boundary like on interior faces, one would obtaifi (u;;n) = A(u;;u (ui);n).
However, one could de nef totally independent of the numerical ux A employed on
interior faces, as long as it is consistent (cf. De nition 2) as this is required for the
consistency of the discretization (186) (cf. Lemma 5.3).

In the following we introduce two possible choises @f resulting in two (of the arbi-
trary many di erent possible) discretizations at the boundary. The rst one is based on
the normal (component of the non-numerical) ux evaluated athe wall boundary state
u (uy,) with zero normal velocity. The second one is based on a nurieal ux connecting
the interior state u™ with a mirrored exterior boundary stateu . In detail we consider
the following two choices:

1. The numerical boundary ux function i is based on the normal boundary ux,
A (upsn)=n Fe(u (up)); (202)

i.e., the normal ux is evaluated at the boundary stateu (u; ) where the boundary
value functionu () is given by (5.1).

2. The numerical boundary ux function A is based on the interior numerical ux,

A (upin)= Aupsu (up)in); (203)
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i.e., the numerical ux function A employed on interior faces is also employed on
boundary faces, where théoundary exterior stateu (u;,) is obtained by mirroring
the interior state u,, at the boundary stateu (uj,) (cf. (5.1)) according to

1

5 Un+u (up) =u(up): (204)
This corresponds to introducing a ghost layer of elements #te wall boundary and
evaluating the discretization on the wall boundary like onnterior faces.

Remark 5.10 First numerical tests indicate that the discretization basd on (202) seems
to be more accurate on coarse grids and low polynomial degpeef uy 2 V,, than that
based on(203) while the discretization based 01(203) seems to be more stable than that
based on(202).

Remark 5.11 The two dierent discretizations of boundary terms given in(202) and
(203) can be viewed as extremes of a whole class of discretizatidbgnsider

A (ufin)= A (up)iu (up)in); (205)
with
ut(up)= up +@  )u (uy); u (up)=2u (u) u(up): (206)

For = 0 this reduces to(202) while for = 1 it reduces to (203). The parameter
2 [0;1] would allow to choose a discretization of boundary uxes ascampromise
between accuracy and stability.

Remark 5.12 Note, that the boundary value functiom () in (5.1) is consistent. Thereby,
the numerical boundary ux in (202) is consistent according to Lemma 5.8, and

and the numerical ux functions (203) and (205) are consistent.

5.7 Adjoint consistency

In this section, we analyze the adjoint consistency of the stiretization (186) of the com-
pressible Euler equations (168) in combination with spea discretizations of the force
coe cients (176).

While in previous work (Hartmann, 2007a,b) a discretizatio of the force coe cients
(176) was proposed which is adjoint consistent in combinatn with the DG discretization
(186) and the special case of the normal wall boundary ux (2), in the following we
generalize this to anyconsistent discretization A (u;;n) of boundary uxes. By this
we mean, that for any discretizationh (u;;n) of the boundary uxes (not only for the
examples given in Section 5.6), we give an associated diticegion of the force coe cients
(176) which makes the discretization adjoint consistent.

To this end, assuming thath h = A (unh;n) is consistent, we de ne the following
discretization of the force coe cients,

Z

Jn(un) = Ay ~ds; (207)
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with ==(0; 1; ;07 on w for =( 1; »)” in(176),and~ Oon n . Note,
that this is a consistent discretization of the target quanty (176), i.e., the values of the
target quantity (176) and its discretization (207) evaluaed for the exact solutionu to

(168) are identical,J,(u) = J(u). To see this, recall that due to consistency ofi , the
exact solutionu to (168) satis esh (u;n)=n FSu). Usingn F°¢u)= p(0;nq;ny;0)

on  we obtain

A (uin) ~=(n Fu)) ~=p(u)©0;ni;nz;0) ~ = pu)n (208)
and arrive at J,(u) = J(u).

Theorem 5.13 Let the numerical ux h in (186) be consistent and conservative and the
numerical boundary uxf in (186)be consistent. Then, the discretization based ¢©86)
and (207) is adjoint consistent

Proof: To show adjoint consistency, we consider the discrete adpiproblem: nd z, 2
VI such that

NSLunl(Whi zn) = IR[Unl(Wn)  8ws 2 V: (209)
Here, JP[un](wh) is the Fechet derivative of Jn(up) in (207) at uy, in the direction of wy,
given by 7

J0unl(wy) = A own ~ds; (210)
W

whereh .u IS a short notation for@h (un; n). Furthermore, Mﬁ[uh](wh; z,) is the Fechet

derivative of N, (un; zn) in (186) with respect to u, in the direction of wy, given by

Z X Z
K O[unl(Wn; zp) = FC[unlwp : T nzpdx + Ag-wi + A, w, 2z ds
2T, ©@n
Z

+ A w, zpds: (211)

Here, A+ and A, denote the partial derivatives ofﬁ(u;;uh;n) with respect to its
rst and second argument, respectively. As the numerical u function f is conservative,

A(v;w;n)= A(w;v; n),weobtainh, (v;w:;n)= @A(v:w;n)= @HhA(Ww;v; n)=
A+ (W;v; n). Thus on an interior facee we have

yA z z

Ay (uf;u,;n*)w, z ds= Ay (U, ;ufsn )w, z; ds = Ag- (Ui ;u, N )w; z, ds;
e e e
(212)
where in the last step we exchanged notation and one. Thus (211) reduces to
Z X Z Z
K Ounl(Wh; zn) = Flunlwp @1 hzp dx+ ﬁu+wg z, z, ds+ A .wwh zhds:
21, @n

Then, the discrete adjoint problem (209) can be rewritten iradjoint residual form
(like in (42)) as follows: nd z, 2 V| such that
z x Z z
wh R [up](zn)dx + Wit [up](zn)ds+  wp 1 [up](zn)ds=0; (213)

o1, @n
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for all w, 2 V!, where the adjoint residuals are given by

R [Unl(zn) =(FS[unl)™r zn in;  2Th;
rlunlze) = ALz z, on@n ; 2Ty
r [unl(zn) =R~y = zn on : (214)

For proving adjoint consistency, we want to show that the exa solution u to the ow
equations (168) and the exact (and assumingly smooth) soioh z to the adjoint equations
(179) satisfy
Z x Z Z
w R [u](z)dx + w r [u](z)ds+ w r [u](z)ds=0; (215)
21 @n

for all admissible variationsw 2 V. To this end, note that on the far eld boundary
n w we have~ = 0. Furthermore, by using consistency ofi , i.e., the exact solution
u satises A (u)= n F°(u), we arrive at
Z Z
w r [u](z)ds= w A”,zds=  w;(n FSu]) z =0;

n w n w nw

for all w 2 V5 due to (181). Furthermore, note that due to the adjoint equabns (179)
and due to the smoothness of we have

R [ul(z)=0 in ; 2Ty; rfu(z) =0 on@n ; 2Ty

Finally, at the wall boundary  we have, due to the relation (208) and the adjoint
boundary condition (180),

r [ul(2) = pTul(O;ny; ;0 ~ z =pfu] n n (z;,z)” =0 on w:

Thus, the discretization (186) in combination with (207) isadjoint consistent.

In the following we discuss some typical combinations of nwerical boundary uxes
and discretizations of the force coe cients (176), i.e.,
z
J(u) = p(uyn ds: (216)

w

Before doing so, let us rst consider following most \simplédiscretization of this target
quantity given by 7

J(up) = p(up)n  ds; (217)

W

which we denote aglirect discretization of the target quantity in the following.

Example 5.14 Let the numerical boundary ux in (186) be given as in(202) by

A (uf;n)=n FSu (u})): (218)
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Then the discretization is given by: ndu, 2 V! such that
Z x Z
Fo(up) @ r nvpdx + A(uf;u,;n) vids
o1, @n

+ n FSu (u})) vyids=0 8vh 2 VP (219)

(a) The discretization (219) in combination with the following discretization ofl (),

Z Z
A, ~ds= n FSu (uf) ~ds

ZVv W (220)
pu(ui) n ds=J( (uy));

w

Jn(un)

is adjoint consistent Note, that here we used208). This coincides with the adjoint

consistent discretization of the compressible Euler equiats discussed in (Hartmann,
2007a,b).

Any other discretization of the target quantity doesiot yield an adjoint consistent dis-
cretization

(b) In particular, the discretization (219) in combination with the direct discretization
of the target quantity as given in(217) is adjoint inconsistent.

Example 5.15 Let the numerical boundary ux in (186) be given as in(203) by

A (uf;n)= A u (uf);n): (221)
Then the discretization is given by: ndu, 2 V! such that
Z X Z
Fo(up) i r pvpdx + A(uf;u,;n) vids
2T @%

+  A(uf;u (uf);n) vids=0  8v,2 V] (222)

(&) The discretization (222) in combination with the following discretization ofl (),
z z

Jn(up) = A, ~ds= A(ui;u (up);n) ~ds; (223)

W

is adjoint consistent

Any other discretization of the target quantity doesiot yield an adjoint consistent dis-
cretization.

(b) In particular, the discretization (222) in combination with the direct discretization
of the target quantity as given in(217) is adjoint inconsistent.

(c) Also, the discretization (222) in combination with a discretization of the target quan-
tity based on a di erent numerical ux, like e.g. (220), is adjoint inconsistent.
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5.8 Numerical results

Ringleb ow problem For discretizations of the 2D steady state compressible Earl
equations there are virtually noa priori error estimates available. Therefore, in the
following we examine the order of convergence of the DG distization experimentally.
In particular, we consider the solution to the 2d compressié Euler equations for the
Ringleb ow problem. This is one of the few non-trivial probéms of the 2d Euler equations
for which a smooth analytical solution is known. For this prblem the analytical solution
may be obtained be employing the hodograph transformatiosge (Chiocchia, 1985) or the
appendix of (Hartmann, 2002). This problem represents a trsonic ow in a channel, see
Figure 9a), with in ow and out ow boundaries given by the lower and upper boundaries of
the domain, and re ective (slip wall) boundaries with vaniging normal velocity,v n =0,
on the left and right boundary. The solution to this ow problem is smooth but it is
transonic with a small supersonic region near the lower riglcorner. The computational
domain is subdivided into quadrilateral elements. Figure Shows the coarsest three meshes
in a sequence of globally re ned meshes.

Here we impose characteristic boundary conditiong, (u;n)(u g) = 0 on the whole
boundary of the domain, where g is the boundary value function taken from the ex-
act solution to the Ringleb ow problem. This boundary condiion represents an in ow
boundary condition for characteristic variables on in ow prts (with respect to the cor-
responding characteristics) of the boundary. Figure 10, kan from (Hartmann, 2002),
plots the L?()-error of the DG( p), 0 p 4, solutions against the number of degrees of
freedom (DoFs) on the sequence of globally re ned meshes. bleserve an experimental
order O(hP*1) of convergence which is optimal for polynomial trial and tst functions of
degreep.

Inviscid ow around the NACAO0012 airfoil In the following, we investigate the
smoothness of the discrete adjoint solution when employingn adjoint consistent dis-
cretization (cf. Example 5.14(a)) in comparison to an adjot inconsistent discretization
(cf. Example 5.15(b)). To this end, we consider an inviscid ®thM = 0:5 ow at a zero

angle of attack, i.e., =0 , around the NACA0012 airfoil. Here, the upper and lower
out ow
wall
wall
M>1
in ow
(@) (b) (c) (d)

Figure 9: Ringleb ow problem: a) Regions of sub- and supensic ow denoted by the
Mach numberM < 1 and M > 1; b)-d) Coarse meshes with 2, 8 and 32 elements,
respectively.

VKI -63 -



5 DG FOR COMPR. EULER EQNS 5.8 Numerical results

-
®
S
ToooT
TRTR
LdNlS

of the compressible Euler equations is of ord€(hP*!), (Hartmann, 2002).

surfaces of the airfoil geometry are speci ed by the functiog , respectively, where
g (s)= 5 012 (0:296% 0:1265 0:3516°+0:2843° 0:1015%):

As the chord lengthl of the airfoilis|  1:00893 we use a rescaling gfin order to yield an
airfoil of unit (chord) length. The computational domain i s subdivided into quadrilateral
elements. Curved boundaries are approximated by piecewigaadratic polynomials. In
Figure 11, taken from (Hartmann, 2007b), we compare the (prial) ow solutions u, 2 V}
for the adjoint consistent and the adjointinconsistent DG discretizations and nd no
visible di erence. However, when comparing the adjoint sotions corresponding to the
pressure induced drag coe cientCqy,, See Figure 12, we notice that the discrete adjoint
solution to the adjoint in consistent DG discretization is irregular near and upstrea the
airfoil. In contrast to that, the adjoint solution to the adjoint consistent discretization
is entirely smooth. Furthermore, in (Hartmann, 2007b) it h& been shown that for this
test case on a sequence of locally re ned meshes the errorhie Cy, value for the adjoint
consistent discretization is by a factor 1.3-2.4 smaller #n for the adjoint inconsistent
discretization.
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Figure 11: Inviscid ow around the NACAQ0012 airfoil: Mach islines of the ow solution
uy to (left) the adjoint consistent and (right) the adjoint inconsistent DG discretization,
(Hartmann, 2007b).
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-0.2 0 0.2 0.4 0.6 0.8 2 -0.2 0 0.2 0.4 0.6 0.8 1 12

Figure 12: Inviscid ow around the NACAO0012 airfoil: z; isolines of the discrete ad-
joint solution zy, to (left) the adjoint consistent and (right) the adjoint inconsistent DG
discretization, (Hartmann, 2007b).
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6 DG discretization of the compressible Navier-Stokes
equations

The compressible Euler equations as considered in the lagicBon serve as a simple
model for gas ows. In fact, while ignoring all viscous e ed they describe an inviscid

compressible ow. In the following, we will enrich the physial model by including also

di usive terms. The resulting compressible Navier-Stokesquations serve as a model for
laminar viscous compressible ows.

6.1 The compressible Navier-Stokes equations

In the following we give a detailed description of the two{dhensional steady state com-
pressible Navier-Stokes equations. Like in Section 5.1,v = (vy;Vv2)”, p and E denote

the density, velocity vector, pressure and speci c total egrgy, respectively. Furthermore,
T denotes the temperature. The equations of motion are givery b

r (Fu) F Y(u;ru))=0 in R?; Bu=0; Biu=0 on : (224

where the nonlinear boundary operatoB = B(u;n) and the nonlinear di erential bound-
ary operatorB; = B1(u;n) on will be speci ed at the end of this section, and = @is
the boundary of the domain with unit outwards normal vector n. The vector of conser-
vative variablesu and the convective uxesfS, k =1;2, are given by (169). Furthermore,
the diusive uxes fy, k=1;2, are de ned by

2 3 2 3
0 0
fY(u;r u) = g 1 é and fY(u;r u) = § 12 Z;
21 22
Vi + KTy, 2 Vi + KTy,

respectively, whereK is the thermal conductivity coe cient. Finally, the viscous stress
tensor is de ned by

= rv+(rv) i vl ;

where is the dynamic viscosity coe cient, and the temperatureT is given bye= ¢, T;

thus

2

KT:WE Ve o

eI

wherePr = % =0:72 is the Prandtl number.
For the purposes of discretization, we rewrite the comprabe Navier{Stokes equations
(224) in the following (equivalent) form:

@

‘ @ _. ..
@x fe(u) Gk|(u)@x 0O in : (225)

@—%(ff(w (Ui u) =

Here, the matricesGy (u) = @y (u;r u)=@4y, for k;| = 1;2, are the homogeneity tensors
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de ned by f{(u;r u) = Gy(u)@=@x% k =1;2, where

0 1
0 0 0 0
4 4
- _ §V1 § O 0 §
Gn % Vo 0 1 o A
R PR A R
1 o 1
0 0 0 0 0 0 (O]
2 2
2y, 0 2 0 § % Vo 0 1 0
- _ 3 3 : - _
Gi2 % vi 1 0 0 ; Ga1 2, 2 o oA’ (226)
0 viva v2  3v; O i, 2w vy O1
0 0 0 0
_ Vi 1 0 0 §
G2z = % 2V 0 : oA
VZ+ GvZ+ oo E V2 1 551 5 55 V2 5

For viscous ows, we distinguish betweeisothermal and adiabatic no-slip wall bound-
ary conditions. To this end, decomposingw = i [ s, We Set

v=0 on ; T=Tw ON ; nrT=0on ., (227)

whereT,., is a prescribed wall temperature. Thereby, the boundary opstors B and B,
introduced in (224) are given on , as follows

Bu = (uyu3)” =0; Biu=n rT; u(@u)=(uy0;0us)” on .u.; (228)
Bu=(uxsusT(u) Ta)': B O u (Uu)=(uy; 00U Tow )™ ON o

where T (u) is the temperature computed from the ow stateu as follows

T(u)=2(E 3v)=2E=21% on yw; (229)

Cy Ui

due tov = 0 on the wall boundary. Furthermore, on the far eld bounday n , B is
given as in Section 5.1 and; O.

Remark 6.1 We recall from Section 5.2 the de nition of the space of adnsile varia-
tions which do not alter the boundary values,

Va:=fw2V:BJuw=0g; (230)

whereBqu] is the derivative with respect tai of boundary operatorB introduced in Section
5.1 and Eqgn(228) above. This de nition was used in Section 5.2 on the derivam of
the continuous adjoint problem to the compressible Euleruedions and will again be used
in the next section in the derivation the continuous adjoinproblem to the compressible
Navier-Stokes equations. Note, that for following altertige boundary operator

u u (@) on n ; (231)

Bu =
Bu on iso;

n 0
we have w2 V :BJulw =0 = V. Here, we keep the original operatoB on , in

order to make sure that the temperaturé (and not us = u;¢, T) shall be constant on ..
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6.2 The continuous adjoint equations

The most important target quantities in viscous compressib ows are the total (i.e., the
pressure induced plus viscous) drag and lift coe cientsCy and C;, de ned by
Z Z Z
J(u)= j(u)ds= (pn _n) ds= (pni nj) ids; (232)
w w

wherej(u) =(pn _n) on w,j(u) Oon n w,and isasin (176). In order
to derive the adjoint problem, we multiply the left hand sideof (224) by z, integrate by
parts and linearize aboutu to obtain: nd z 2 V such that

(r (FSw F Jjw F Y,rw);2z)

= (F$ F)w F Y,rw;rz) +(n (Fiw F Jw F Y, ,rw);z) (233)
forallw 2 V 5, whereF ! := @F"(u;r u)= GQu]r uandF), := @.F"(u;r u) = G(u)
denote the derivatives ofF v with respect tou and r u, respectively. HereV, = fw 2
V : B9u]w = 0g is the space of admissible variations which do not alter theobindary
values, andBqu] is the derivative with respect tou of boundary operatorB introduced
in (231). In particular, on the wall boundary \, the variations in the velocity must
vanish, i.e.,w, = ws = 0. Furthermore, on an isothermal boundary ., the variations
of T = @ Tw; of the temperature must vanish. According to (229) the tempature
at the wall is given by T = C“—ljl resulting in 0 = T = ﬁ% (ugwg  ugw,). Thus, the

variations w in (233) on v must ful Il following conditions:
W, =W3=0 on ; ugwgs  usw; =0 on : (234)

Note, that there are also restrictions on the variationsv on the far eld boundary n .
However, the explicit form of these conditions are not furter explored and thus obmitted
for brevity. Employing another integration by parts on (233, we obtain the following
variational formulation of the continuous adjoint problem nd z such that

w;(FEF ) rz w;r (F') rz + wn (F') rz
+ w;(n (FS F ) z rw;(n FY,)z =J%u](w) 8w2Va: (235)
Given that
Z
Jqul(w) = ! (Pufuln  _,[uln) w (, ,[uln) rwds (236)

=(w;(pun _yn) ), Cw;(n) ),
we see, that the adjoint solutionz satis es following equation,

(FEF WWrzr (FY,)) rz =0 on (237)
subject to the boundary conditions

(n Fl}lu)> Z= (_r u n) on w = iso [ adia » (238)
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obtained from (235) by comparing the terms on, in (235) and (236) that are multiplied
with r w. At wall boundaries , wherev = (vy;Vv,)” = 0, the normal di usive ux
reduces to

n FY(u;ru)=(0;( n)y;( n)zKn r T)”: (239)

Hence, (238) is ful lled providedz satis es

(run);Z2=(ruN); 1 ON w;
(run),z3=( run), 2 ON w;
Kn r Truz4:O On iSO;

which reduce to the conditions
Zo= 1, Z3= 5 ON \; z2=0 on : (240)

An additional condition can be obtained from (235) by compang all boundary terms on
w Which are multiplied with w,

(win (FY) r2),+ w;(n (F§ F )7z =(w;(pun _yn) ), (241)

Furthermore, on the wall boundary \ the normal convective and di usive uxes reduce
ton F°(u) = p(u)(0; ny; ny; 0) and (239). Together with (240) this gives (F¢ F Y)” z =
(pn  _n) andn (F¢ F Y)Y z=(pn _,n) on . Thus (241) reduces to

w;n (FY) ' rz =0:
W
Recalling, that F , = G(u), this condition can be rewritten as
Z
w n:G (u)r zds=0; (242)

W

where we use the standard notatiov  w 2 R™ " with (v w),, = vw, for vectors
v 2 R™;w 2 R". On the wall boundary \ many terms in the homogeneity tensor&(u)
de ned in (226) vanish due tov = (vy;Vv,)” = 0. Due to this the condition (242) can be
reduced as follows.

Lemma 6.2 Given a vectorw = (wg;0;0;w,) and u (cf. (169)) with v = (vy;v,)” = 0.
Then
W n:G(Urz= 55N rzz(UWs Uswy): (243)

Proof: With notations w" = w n with wjrl‘ = wjn;, and zix = (r z)i, we obtain

w n:G(urz=w": (G (Wr z)= Gu)wW" :r z = (Gyx)gWjNZsx
= (G11)atWin1Zs1 + ( G11)4aaWsN1Z41 + ( G22)41W1N2Zs2 + ( G22) 4aWaN22Zs2
= _ﬁ( EwWinizsg + WaNiZsn  EWiNoZap + WaNozs:0)

= 5N 1 Z4( EWy+ Wa) = 55N 1 2 (UiWa  UgWa)
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Due to (234) and (243) the left hand side of (242) vanishes on, giving no additional
information. On ;. , however, (242) reduces to the conditiom r z; = 0. Thus, we
arrive at following set of adjoint boundary conditions:

;= 1, Z3= 2 ON w; 22=0 on ; nrz=0 on ... (244)
Finally, we deduce from (235) following adjoint condition®n the far eld boundary n ,

w;n (F',) r2)+(n (F¢ F ) z =0 8w 2 Vq,;
nw (245)
rw;(n F',) z =0 8w 2 Vqa:

n w

6.3 Derivation of the DG discretization

In Section 5 we have concentrated on the discretization of éhcompressible Euler equa-
tions, i.e., on the discretization of the convective ux F ¢(u) = @—%ff(u) which represents
the convective part of the compressible Navier-Stokes edions (224). Therefore, for now,
we can ignore the convective part and concentrate on the remang di usive patrt, i.e.,
we consider the discretization of

@ @
r B Y(uiru)= @x le(U)@( = @, (G(Uu); @u; =0 (246)
in , subject to the wall boundary conditions given in (227). The resulting discretization
will then be combined with the discretization of the invisal part at the end of this section.

The derivation of discontinuous Galerkin discretizationsof (246) is similar to the
derivation for Poisson's equation (cf. Section 4). Like foPoisson's equation we rewrite
the problem (246) as a rst-order system:

_ = G(u)r u; r =0 in ;

e, ik =(G(u)u); @u;. Multiplying the rst and second equations by test functiors _
and v, respectively, integrating on an element 2 Ty, and integrating by parts, we obtain

Z Z Z
i dx= ur G (u)_ dx+ u n: G (u)_ ds;
z z @ (247)
_rrvdx = 1V nds;
@
wheren is the unit outward normal vector to @. Here, we used
Z Z Z Z

ik ik dx = (G(u)k|)ij @I Ui ik dx = @I Uj (G(u)k|)ij ik dx = ru: G (U)_ dx:

In addition to the vector-valued discrete function spac¥ | de ned in (182) we now in-
troduce the matrix-valued discrete function space ! consisting matrix-valued polynomial
functions of degregp 0, de ned by

4 2

P=tf_2 L?) j F 2[Qu™)* 2 if ~ is the unit hypercube, and

jF 2[Py(™]* % if ~is the unit simplex, 2 Tyg:
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We sum (247) over all elements 2 Ty, and replace the functionsu, v, _ and _ by
discrete functionsuy; vy, 2 V,ﬂ’ and _,;_, 2 _E. In addition, since the discrete functions
un and_,, may be discontinuous at interface® \ @°between elements, °2T,, °6
we replace them by numerical ux functionst, and #, which are approximations tou
and _ = G(u)r u, respectively. In particular,

Oh = O(un) = O(up;uy) (248)

is a vector-valued numerical ux function depending on bottihe interior and the exterior
traces,u; andu,, of uy, and

Np =2 (Unst up) =2 (U U UgsT o uy) (249)
numerical ux function depending on the interior and the exerior traces,u;, and u,,, of
un, and the interior and the exterior traces,r u;, andr u,, ofr u, on @ n , 2 Th.
On the boundary we replaceu by a numerical boundary ux function

Ohj =0 h = 0] (U;)Z (250)
Furthermore, we replace on the boundary by a the numerical boundary ux function
Mpio =N =0 (uproug): (251)

Thus we obtain the following discretization insystem ux formulation: nd u, 2 V|
and _, 2 _P such that
Z Z x Z
hi_pdx= Unr n G (up)_, dx+ On n: G (up)_, ds;(252)
2Th @

Z x Z

_h il hvhdx = iV nds: (253)
o1, @

Like for Poisson's equation (cf. Section 4) there are many aites for the numerical ux
functions 0, and *,, resulting in several di erent DG discretizations. The numecal uxes
0, and 7, will be speci ed later.

The ux formulation (252) represents the discretization ofa rst order system with
unknownsup 2 V| and _, 2 _}. However, this is three times the size of a problem
involving u, 2 V}, only. In order to reduce the problem size, the auxiliary vaable _,
in (252) and (253) is usually eliminated to gain grimal formulation involving only the
primal variable uy,. To this end, we perform a second integration by parts on eaebement

in (252) and set_,, = r vy Which gives
z x Z
_h il pvhdx = G(up)r pUp i r pvpdx + (On  up) n: G (up)r v, ds:
o1, @

Substituting this into (253) yields the primal formulation: nd u, 2 V! such that

Z X Z
G(Un)r pup : r pvp dx Ny iVh o nds
2T, @
x Z°7°
+ (Gh up) n: G (up)r vy ds=0 8vy2V|: (254)
o, @

VKI -72 -



6.3 Derivation of the DG discretization 6 DG FOR COMPR. NS

We note that (87) is in element-basedorm, i.e., it is given in terms ofP R@. Thiggmeans
that eacq interior facee= | occurs twice in the sum over all elements (once in @ and
once in g, for %6 ande= @\ @°60). In extension of the mean-value and jump
operators for scalar-valued and vector-valued functions, 2 V\" and |, 2 | as de ned
in (88) and (89), in the following we de ne the respective opators, on interior faces |
and on the boundary , for vector-valued functionsvy, 2 VP,

fvg= (v +v) on ; fvg=v" on ;

[vVI=v® n"+v n on ; vi=v" n on ;  (255)

and for matrix-valued functions_, 2 _F,

f @=3"+_) on ; f g= " on ;
[1=_"n"+_n on ; [1=_"n* on : (256)
Then, the element-based primal formulation (254) can equalently be written in following
face-based primal formulation(cf. Appendix A.5 for the derivation): nd un 2 V| such
that

Z Z
G(uh)r hUp o KV dXx + I[Oh Uh]l f G (uh)r Vh@ f ith: I[Vh]ldS
b 1 T
+  fo, up@ [G™(un)r vl [*] fvh@ds=0 vy,2V]: (257)

We end this subsection by combining the discretization (1§0f the compressible Euler
equations (168) and the discretization (254) of the di usig part (246) of the compress-
ible Navier-Stokes equations. This results in following gcretization of the compressible
Navier-Stokes equations (224) in element-based form: nal, 2 V| such that

Z X Z
(F °(un)+ FY(UniT nUn)) T pVvpdx + An 2N vpds
7 21, @
X
+ (Gh, uy) n: G (uyrvy ds=0 8v,2 VY, (258)
o, @

where we used that v n =2, ving =~ nevi = (An) v. Rewriting the di usive
terms in face-based form according to (257) gives: ndy 2 V! such that

Z X Z
(F S(un)+ FY(Un;r nUp)) @ 1 pvpdx + Ah vhds
o1, @
Z
+ [0n  upl:f G (un)r vh@ f 2 @: [va]lds
7 [

+  fo, un@ [G™(un)r vl [*] fvh@ds=0 v,2V]: (259)
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6.4 Consistency and conservation property

In Section 5.4 we discussed the consistency of the discratian of the compressible Euler
equations. Thereby, here we can concentrate on analyzinghsgstency of the discretization
(254) of the remaining di usive part (246) of the compressile Navier-Stokes equations.

Integrating (254) back by parts we obtain following equivant form of the discretiza-
tion: nd uy 2 V| such that

Z x Z
(rn FY(un;r pup)) vadx + (n FY(un;r nun)  2yn) vpds
V4 21, @
X
+ (Gh up) n: G>(uh)r vyp ds=0 8Vh2VEZ (260)
2Th @

This can be rewritten in following primal residual form: nd uy 2 V| such that
Z x Z
R(uy) vhdx + r(un) vy + (up):r v ds
o1, @n ~

+ 1 (up) vpt (Up):irpvids=0 8vp 2V

where the primal residuals are given bR (up)=r F Y(unh;r hup)on 2Ty, and

r(up) =2pn n FYup;rnug); (Up) =G(up) (0 up) n) on@n ; 2Ty,
r(up) =" ,n n FY(ui;raup);  (Up) =Gun)((0 ;n up) n) on :
Note, that this is an extension of the primal residual form in(22) to include face and

boundary residuals (uy) and  (up) multiplied by r pv,. Motivated by this we give the
following de nition and statement.

De nition 6.3 The numerical uxes @ and » are said to consistentif
a(v) = v; AMvirv)= FY(v;r v); on@n ; 2Ty;
0 (v)=v; AN (virv)=FY(v;rv); on ;
wheneverv is a smooth function satisfying the boundary conditions ohé Navier-Stokes

equations(224).

Lemma 6.4 (Consistency) Let the numerical uxes and , and~ and ~ in (254)
be consistent Then, (254) is a consistentdiscretization of the di usive part of the com-
pressible Navier-Stokes equatiof246).

Combining Lemma 5.3 and Lemma 6.4 we arrive at the followindagement.

Theorem 6.5 (Consistency)  Let the numerical uxesh andf , @ and@ , and » and
N in (258) be consistent Then, the discretization(258) of the compressible Navier-Stokes
equation (224) is consistent
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In Section 4.5 we discussed the conservation property of tléscontinuous Galerkin
discretizations of Poisson's equation. Similar to De nitons 4.6 we give the following
de nition.

De nition 6.6 A numerical ux function »~ =~ (u*;u ;r u™;r u ) is said to becon-
servative (or single-valued) if

AMutiu srutru )=~ osutiru srut):

Similar to Lemma 4.7 and combined with Lemma 5.5 we arrive abllowing statement.

Lemma 6.7 (Conservation property) The discretization (258) is conservative i.e.,
for any union S of elements, 7
An ~,nds=0;
@S
if and only if the numerical ux functions A and 7, are conservative In particular, we
have theglobal and local conservation propertyfor any 2 Ty,
Z Z
An  ~,nds=0; An  ~,nds=0:
@
We end this section by de ning conservativity for the vectorvalued numerical uxes
0 analogous to the conservativity of scalar numerical uxes th De nition 4.8.

De nition 6.8 A numerical ux function 0 = 0(u*;u ) is said to beconservative (or
single-valued if
a(u*;u )= 0(u ;u’): (261)

6.5 Adjoint consistency

In this section, we analyze the adjoint consistency of the sliretization (258) of the com-
pressible Navier-Stokes equations (224) in combinationtWwispeci c discretizations of the
force coe cients (232). This will be an extension of the angkis performed in Section 5.7.

While in previous work (cf. (Hartmann, 2007a)) a discretizaon of the force coe cients
(232) was proposed which is adjoint consistent in combinath with an SIPG discretiza-
tion and the special case of the normal wall boundary condin (202) and a related
discretization of the di usive uxes, in the following we generalize this to anyconsistent
discretization h (uj;n) and ~ (up;r u;) of convective and di usive boundary uxes.
This also includes the extension of the adjoint consisten@nalysis from the special case
of the SIPG discretization (cf. (Hartmann, 2007a)) toany DG discretization of di usive
terms.

Given a consistent discretizationi ;, = A (uf;n) and » n =" (up;r uyp) of con-
vective and di usive boundary uxes, we de ne the followingdiscretization of the force
coe cients (232), 7

Jn(un) = A

w
with = =(0; 1; 2,0 on w for =( 1; 2)”in(232),and~ Oon n . Note,
that this is a consistent discretization of the target quantity (232), i.e., the vales of

A pn Tds; (262)
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the target quantity (232) and its discretization (262) evalated for the exact solutionu
to (224) are identical, J,(u) = J(u). To see this, recall that due to consistency of %
the exact solutionu to (224) satises ~ (u;r u) = FY(u;r u). Usingn FY(u;r u) =
(0;( n)1;( n)2;Kn r T)” on  we obtain

(* (uirun) ~=(n FY(uiru)) “= n
and together with (208) we arrive atJ,(u) = J(u).

Theorem 6.9 Let the numerical uxes fi, » and @ in (258) be conservative and the
boundary uxesh and” in (258) be consistent. Furthermore, lett = u whereu ()

is given by (228) on the wall boundary \y and as in Section 5.1 on the far eld bound-
ary n . Then, the discretization (258) of the compressible Navier-Stokes equations
(224) in combination with the discretization(262) of the force coe cients (232) is adjoint
consistent

Proof: We begin by considering the discrete adjoint problem: ndz, 2 V{ such that
Kolunlwn; zn) = Io[unl(wn) 8w, 2 VP (263)

Here, JP[un](wy) is the Fechet derivative of Jn(up) in (262) at uy, in the direction of wy,,
given by
z

I%unl(wy) = Ao Aun wp 2A.un rw, ~ds; (264)

—u
w

where we use the short notations
Aw=@R (Upin); 2= @2 (UniT Up); 2y = @u? (UniT Up):

Furthermore, lﬁﬁ[uh](wh; z,) is the Fechet derivative of Ny (un;Vv) in (186) with respect
to uy in the direction of wy, given by

Z
NoluplWnizn) = ((F Slun]+ FUun) wi + FY [Unlr wh) 1 pzp dx
X Z
+ Ag-w;  Apnw) A onrw z oz, ds
2Th @Zn
+ (0y+wp) n: G (up)rz; G (uy)rz, ds
21, @n ~
X
wp  n: G (up)r z, ds
2Th @
x £ .
+ (0h Un) n: G [up]wpr zp ds
2T @%
+ (0 ywp) n: G (uy)r z, ds
Z
+ Ay 2.un wp 2~..n rw, zpds: (265)
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R R
Here, we used (A, w,z; ds= A, wj z, dsforaconservative uxh (cf. (212)) and
similar relations hold for conservative/single-valued w«es %,.n, *, ,+n and &, n (cf.
De nitions 6.6 and 6.8):

z z
+ — + .
Ny Nwy, zp ds = A NW, Z, ds;
zZ ¢ Z°
+ _ + .
Now Nrw,zids= Aoge NP Wy z, ds;
Z € Z°
(0, wy) n: G (up)rz, = (0y+wp) n: G (u,)r z, ds:
e e

Integration by parts on the last term in the rst line of (265) gives

Z
(F)  lun]r wp) i r hzndx
x £ x £
= G(up)r wp i r pzpdx = r wh : G” (Up)r nzp dx (266)
2T 2T
X Z T x Z
= Wh (FYuup)™r pzn dx + wp  n: G (up)r z, ds:
2Th 2Th @

Note, that here the resulting face terms cancel with those ithe fourth line in (265).
Then, the discrete adjoint problem (263) can be written in filowing adjoint residual
form: nd z, 2 V| such that
Z x Z
Wh R [up](zn)dx + o Wh I [Up](zn) + r Wh @ [un](zn)ds
7 2Th

+  Wp T [Up](zn)+ 1 wh: o [upl(zn)ds=0 8wy 2 Vi: (267)

Note, that this is an extension of the adjoint residual formn (42) to include face and
boundary residuals [un](zn) and  [un](zn) multiplied with r wy. For proving adjoint
consistency, we want to show that the exact (and assuminglyn®oth) solutionsu and z
to, respectively, the ow equations (224) and the adjoint egations (237) satisfy
Z X Z
w R [u](z)dx + w r [u](z)+rw: [u](z)ds
a1 @n,

+ w r [ul@+rw: [u](zds=0 8w 2V, (268)

To this end, note that the adjoint element residual is given Y
R [Unl(zn) = (FSlun]l F JunD)’ rnza+rn  (FYulunl)” 1 nzn (269)
and vanishes,R [u](z) = 0O, if evaluated for the exact solutionsu and z. Furthermore,

the adjoint face residuals’ [un](zn) and  [un](zn) vanish, r [u](z) =0 and [u](z) = O,
if evaluated foru and z. To see this, note that all interior faces terms in (265), reaining
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after cancellation with the boundary term in (266), vanish de to the smoothness ofi
andz (thusz" =z andG>(u™)r z" = G”(u )r z ), and due to consistency oft (thus
0(u) u=0).

Next, we consider the boundary terms on the fareld boundary n . Due to
consistency ofu , i.e.,u (u) u =0, the consistency off , A (u;n)= n F¢(u), and
the consistency of ~, ™ (u;r u) = FY(u;r u), the boundary terms on n  evaluated
for u and z reduce to

Z
w r [ul(zds= @ ,w;n (G(wrz) - w;(n (F§ F 1)z .
z v "

rw: [ul(zds= r w;(n FY,) z 8w 2 Va:

n w nw

Due to the assumptiona (u) = u (u), furthermore due tou .,,w = w forw 2 V, on
n w (cf. Remark 6.1) and due to the adjoint condition (245) both bundary terms on
n w vanish.
Next, we consider the boundary term in the sixth line in (265pn the wall boundary
w. If evaluated for the exact solutionsu and z and with admissible variationsw, we
obtain 7
(6 yw) n: G (u)r z ds: (270)
w
Note, that due to Lemma 6.2 this term vanishes. To see this, ¢all that w, = w3 = 0
on w anduw; ugw; =0on  (cf. (234)). Also, note that by assumptiond (u) =
u (u). Furthermore, we haveu .,w = w on 4, forall w 2 V, (cf. Remark 6.1 or by
explicitly computing u .,w = diag(1;0;0; 1)w = w for w with w, = w3 = 0). Finally,
due tow = u . ,w = (wy;0;0;wic,T) on ., we havews = w3 = 0 and u;w,; Usw; =
UW1G T UgWp = (UG Ty Ug)Wy =0 0N . Thereby,w = u . ,w = (wy; 0; 0; Wy)~
on , and we can apply Lemma 6.2 fou with vanishing velocity v = 0, resulting in
Z Z
(0 yw) n: G (ur z ds= 25N T Z4(UWs  Ugwy) ds=0; (271)

W w

which vanishes due tai;w, usw; =0o0n , anddueton r zz=0o0on g (cf. (244)).
The remaining boundary terms on  in (263) yield the adjoint boundary residuals,

r updz)= Ay 2 un - zo, (@ ) n: G Cluplrzn
272)

> L

Cunl(za)= 2 4yn Zn

Note, that these residuals vanishy [u](z) = 0 and [u](z) = O, if evaluated for the
exact solutionu and z. To see this, note thatd (u) u = 0 due to consistency oft .
Furthermore, using consistency ofi , A (u;n) = n F¢(u), andn F¢(u) = p(0; ny; ny; 0)
on  we obtain

>

A ~ z = pful0:n;;n; 07 Tz =pQuln (1 ) (2,23 =0;
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using ™ =(0; 1; ;0 and duetoz, = ;andzz; = ,on  (cf. (244)). Thus we
have h w(u;n) (T z)=0in (272). Furthermore, using consistency of A, * (u;r u) =
n FY(u)(u;r u),andn FY(u;r u)=(@;( n);;( n)2;Kn r T)> on  we obtain
An)” T z = n (1 2 (z232) =0; (273)
againusingz, = ;andzz= ,on yw,andz=00n ., (cf. (244))andn r T =0o0n
aa- THUS We have ~ . n (T 2z)=0and 7~ . ,n (T 2)=0in(272).
Thereby, in summary, all terms in (268) vanish if evaluateddr the exact and smooth
solutionsu and z to (224) and (237), respectively, proving adjoint consistey.

6.6 Numerical ux functions

Like in Section 4.7 for the discretization of Poisson's eqtian we now proceed in de ning
the numerical ux functions &, and _,, for deriving various di erent DG discretization
methods. However, in the following we concentrate on the ampt consistent discretiza-
tions introduced in Section 4.7 while omitting the adjointin consistent methods like the
non-symmetric interior penalty (NIPG) method and the metha of Baumann-Oden (cf.
Section 4.7).

For the SIPG and BR2 discretization the uxesty, and %, on interior faces@ n ,

2 Ty, are given by

O = f ung; M= FG(up)r pup@  _(up) on ;

where the penalization term_(u;) for various IP and BR2 schemes is given by

(up) = Cp % [unl for IP (Hartmann and Houston, 2006a)
(up) = Cp %f G(un)@fun] for IP (Hartmann and Houston, 2008)
_(up) = Cerof G(up)L§(un)@ for BR2 (Bassi et al., 1997, 2005%)
_(up) = Cgp.f gg(uh)g; for BR2 (Bassi and Rebay, 2000a, 2002)
where the gradient-based local lifting operatoL§(uy) 2 _} is given by
Z Z
L§(up): _dx=[us]:f_g@ds 8 2 _F; (274)
e e

for e= ([ . wthe= @\ @,, andthe ux-based local lifting operatorgg(uh) 2 _¢
is given by 7 7
Co(up):_dx = [u.]:fG>(uy)_mds 8. 2 P

et

e

Then,

[0n] = [f ung] = O;

fohg=f ugg=fu,g

f =1 Gupn)r nun@g f _(un)@=f G(un)r nun@ _(un);
[*n] =[f G(un)r nunal [ (un)]=0;
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the last term in (25%) vanishes and thus (259) reduces to: nd ZZVE such that

Nh(up;Vvh) (F “(up)+ FY(up;r qup)):r pvpdx + h, vnds
Z Z 2Th @n

[un] : f G” (up)r vr@ds f G(un)r nun@: [vnl (275)
Z | |
+ _(un) i [vilds+ N n(un;va) =0 8vp 2 Vi
|

where the discretizationN .,(up;Vvy) at the boundary will be speci ed in the following.

6.7 Numerical ux functions at the boundary

There are arbitrarily many di erent possible discretizatons at the boundary which yield
a consistent and adjoint consistent discretization accontg to Lemma 6.4 and Theorem
6.9. In the following, however, we restrict ourselves to digss choices which are connected
to the examples of numerical boundary ux functions given irSection 5.6. We split the
discretization on the boundary in the part on the wall boundey \, and the part on the
far eld boundary n y,

N h(Un;Vh) = N in(Un;ve) + N oo n(Un; Vi), (276)
and consider them separately in the following subsections.

6.7.1 Discretization at the wall boundary based on normal bo undary uxes

In the following we give the generalization of the discretaion as given in (202) for
inviscid ows to the current case of viscous ows. In particlar, we consider the numerical
boundary uxes

A(uisn)=n FSU (UR); 0 w=u (Up); A= FYU (Up)iruf)  _ (uh); (277)

where the boundary value functioru () is given according to (228), i.e., at adiabatic and

isothermal no-slip wall boundaries, .. and ., we have
u (up) = (Up1;0;0;Up-4)” on ..
(Un) = (Un;1 h;4) i g (278)
u (un) = (Un1;0;0; Up;26,T) on !

Furthermore, the di usive ux F and the corresponding homogeneity tens@ is modi ed
on .. suchthatn r T =0, i.e.,

G(uyr u, = O;( nn)1;(AM2;n (rVh))™ ON Lgas (279)

n FY(up;r uy)=n
( h h) n FV(Uh,r Uh) on iso:

Finally, the penalization term _ (up) on w = . [ IS given by

_ (up) = Cp % (uh u (uy) n for IP (Hartmann and Houston, 2006a)
~ (up) = Cp %@ (up) (up U (up)) n  for IP (Hartmann and Houston, 2008)

_ (up) = Cgre € (un)L®(up) for BR2 (Bassi et al., 1997, 2005%)

~ (up) = Cere ge(uh) for BR2 (Bassi and Rebay, 2000a, 2002)
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with & (up) = &(u (up)). Here, the gradient-based local lifting operatolL®(un) 2 _F

one is de ned by
Z Z

L°(up): _dx= (uy u(up) n:_ds 8. 2_FP (280)

e e

and thezi ux-based local Iif%ing operatorge(uh) 2 _fone is de ned by

Coup): _dx= (U, u(uy) n: &(u,_ds 8 2 °P (281)
e e
for esuchthat@ \ = e Thereby, the wall boundary termN" .. (un;vy) is given by
> ,
N wn(unsve) = n o FSu (up))  FY(u (up)irug)+ _ (uy) vy ds
4 (282)

+

ur u(up) n: G (up)rv, ds

w
Note, that the numerical uxes in (277) are consistent. Thegby, according to Theorem
6.9, the discretization (275) with the discretization (28R at the wall boundary is adjoint
consistentin cgmbination with following discretization of the force oe cients (232),

Jh(Uh) = ﬁ ‘h n N ~ds
ZW
= n FYu(Up) FY(u (ui)irup)+ o (uf)  ~ds
ZWv Z
= pu(ui)n u (ug);ruy n ds + n _(u,) ~ds
W Z W
= J(u (up)+ n _(u) ~ds: (283)

W

In contrast to that a simpler discretization of the force coeients based on J(u (u;)) is
adjoint inconsistent. Note, that the term

Jn(un)  JI(u (up)) = n _(uy) Tds (284)
W

was derived in (Hartmann, 2007a) as a required additional e for the SIPG discretiza-
tion to be added to the discretization of the target quantitybased onJ(u (uy,)). This
term was called thelP modi cation in (Hartmann, 2007a). While the need of such a
modi cation might be a surprising outcome of the analysis iffHartmann, 2007a) it seems
natural in view of (283), which is based on the numerical uxdnctions and does not
require any additional modi cation. Furthermore, the formulation in (283) is also valid
for discretizations other than SIPG.

Remark 6.10 From the proofs of Lemma 6.4 and Theorem 6.9 we see that thecdgtiza-
tion is still consistentand adjoint consistent,

if G”(up) in (282)is replaced byG” (u;), and
if G>(up) in (282) is replaced by&” (u,). Note, that the discretization resulting

from this choice has been considered in (Hartmann, 2007a; Haann and Houston,
2008).
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6.7.2 Discretization at the wall boundary based on interior numerical uxes

In the following we give the generalization of the discreti#ion as given in (203) for
inviscid ows to viscous ows. In particular, we employ the ame numerical ux functions
for de ning the numerical boundary uxes as employed on intgor faces, i.e., we consider
the numerical boundary uxes

A(upin) = Agupsu (Up)in)s @ =u (Uf); A = FFY(unsr up)g = (up); (285)
with the boundary mean valuéfg@ of the diusive ux given by

1
f FY'(up;r up)g = 5 FY(upsrup)+ FY(u (ru) ) (286)
where F¥ denotes the modi ed normal ux at ., according to (279). Furthermore, the
wall exterior stateu = u (uy,) is obtained by mirroring the interior state u;, at the wall
boundary stateu (uy,) (cf. (278)) according to

2 upeu ) =u () (287)

Finally, (r u) is the wall exterior gradient which might depend on the interior state
and gradient, i.e., £ u) = (r u) (u;;r u;), and will be specied later. This bound-
ary treatment of uxes corresponds to introducing a ghost kger of elements at the wall
boundary and evaluating the discretization on the wall boudary like on interior faces.

It remains to de ne the penalization term™ in (285). It is given by

~ (up) = Cp E—Z (up u (up) n for IP (Hartmann and Houston, 2006a)
T (up) = Cp %f G(uwa (up, u (up)) n for IP (Hartmann and Houston, 2008)

For the gradient-based BR2 scheme (Bassi et al., 1997, 205 given by

T (up) = Cerof G(Un)L®(up)@ = =82 G(u;)L®(up) + G(u )L (u )

CBsz @(Uh)@ Le(u; );

where we used.®(u; ) = L°(u ) due to
Z Z
Le(up): _dx = U, u(uy) n:_ds
e Z° Z
= u u () (n):_ds= L%u ):_dx 8 2 _I:
e e

And for the ux-based BR2 scheme (Bassi and Rebay, 2000a, 2)Gt is given by

e

T (U) = CofC(un)@ = %2 C(uf)+ C°(u ) = CoC gy (un);  (288)

2We introduce the new notation of aboundary mean valud _, @ := %(_; + _ ) because the standard

mean valuef _, @ reduces to_; at the boundary (cf. (256)).
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with
z z
Cg (Un):_dx=  LCo(up)+ E(u):_dx
e Z e
= up u(uy) n:& )+ u u@) (n:6(u)_ ds
Ze
= ur u(uy) n:f&(uy)g _ds 8 2 _°F:
e
Remark 6.11 Note, that here the penalization term§ includef G (u,)@ instead of
G~ (up) as is included in the penalization terms based on normal ux in Section 6.7.1.

Motivated by this, we de ne the wall exterior gradient(r u) in (286) to be identical to
the interior gradient, i.e., (r u) = r u; . This simple choice results in

f FY(up;r up)@ = L

5 FY(upsrup)+ FY(u s(ru) ) =f6un)gr up; (289)

which, similarly, includesf &(u,)@ instead of& (up) in FY(u (uy;r uy) = & (un)r u;,
in (277).

Remark 6.12 Note, that there is a small di erence betweeh&(u,)g and & (uy), only.
As G(u) is nonlinear in u (cf. (226)) we have

f G(un)m :% Guy)+Gu ) 66 % up +u =6(u): (290)

In particular, there is a di erence in the energy equation in(226) due to the velocity
components squared.

Thereby, the wall boundary termN" ., (un;Vy) is given by
z
N :h(Un;Vn) = A(ui;u (uf)in) f Gun)@r up + = (up) vy ds
7 (291)
U, u(uy) n: G (up)rv, ds
W

Note, that the numerical uxes in (285) are consistent. Thegby, according to Theorem
6.9, the discretization (275) with the discretization (291 at the wall boundary is adjoint
consistentin combination with following discretization of the force oe cients

Z
Jh(uh) = ﬁ h n HN ~ds
zv (292)
A(ufiu (up)in) £ Gupgr uy + = (uy)  ~ds:

w

Remark 6.13 First numerical tests indicate that the discretization basi on (277) seems
to be more accurate on coarse grids and low polynomial degpeef u, 2 V., than that
based on(285) while the discretization based or(285) seems to be more stable than that
of (277).
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Remark 6.14 The discretizations based on the two di erent choices of bodary uxes
given in (277) and (285) can be viewed as extremes of a whole class of discretizations
Consider

A (uf;n)= Au*(up);u (up);n);

0h =3 (U (up)+u (up) =u (up); (293)
Ap= 3 BT Ui up)+ FYU upir ) Pupiutiu)
with
ut(up)= up +@  u (uy); u (up)=2u (uy) u(up); (294)
and
(3)(u;;u+,u = i

)= CeE uy u(uy) n for IP (Hartmann and Houston, 2006a)
_(3)(u;;u+;u )= Cppf 6 )@ uy, u(uy) n forIP (Hartmann and Houston, 2008)

wheref 6(u )@ = (G(u*)+ &(u )). Furthermore, for the gradient-based BR2 scheme

2

(Bassi et al., 1997, 2005)
Ouriutiu )= Conf 6U @ LE(U]);

and for the ux-based BR2 scheme (Bassi and Rebay, 2000a, 20

OUIUTU ) = Co L (Ufsutiu ); (295)
with
z z

Ee;;(f?; (uf;u™;u ) _dx = up, u(uy) n:f& (u)g _ds 8 2 I

e e
For =0 we haveu® =u =u (u;), f 6 )@ = & (uy), and thus (293) reduces to
(277). For =1 we haveu™ = u;,u =2u u;,f6u )g =f &(uy)g and thus
(293) reduces to(285). The parameter 2 [0; 1] would allow to choose a discretization of
boundary uxes as a compromise between accuracy and stapili

6.7.3 Discretization at the far eld boundary

In the following we give the generalization of the discret&ion at the fareld n  as
given in (5.6.1) for inviscid ows to the current case of vissus ows. In particular, we
consider the numerical boundary uxes

A (uisn)=n FSu (Uf)); Gn=u (up); A =FYu (ui)rup)  _ (uh); (296)

where the boundary value functionai () for the various far eld boundary conditions are
given according to Section 5.6.1. Furthermore, the penadition term _ (uy) on n  is
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given by

_ (up) = Cp % (uh u (uy) n for IP (Hartmann and Houston, 2006a)

_(up) = C.p%G (up)(up  u (up)) n for IP (Hartmann and Houston, 2008)

~ (up) = Cgro G (up) L®(up) for BR2 (Bassi et al., 1997, 2005)

~ (up) = Cere ge(uh) for BR2 (Bassi and Rebay, 2000a, 2002)
Thereby, the boundary term at the far eld boundary is given ly

z
N oy n(Un;ve) = n FSu (up)) F Y(u (up)irup)+ _ (uy) vy ds
ZW

u, u (uy) n: G (up)rv, ds:

n w

6.8 Numerical results
6.8.1 Flow over a at plate

We begin by investigating the accuracy of higher order DG disetizations in resolving
laminar boundary layers. To this end, we consider a Mach 0.0bw with Reynolds
number 10000 horizontally passing over a at plate of length= 2. The boundary layer
solution to this problem can be approximated using Blasiusolution, see (Schlichting and
Gersten, 2003), for example. In Figure 13, taken from (Hartemn and Houston, 2006a),
we compare the numerical solution computed with the DQ) method for1 p 3,

at x = '5 = 1 and a lgcal Reynolds numberRe, = 5000, with the Blasius solution

( =y ur=(x) = L Re versusu=u; (cf. (Schlichting and Gersten, 2003)) on a
sequence of rather coarse computational meshes. On the seat mesh, which has about
one or two elements within the boundary layer, we see that thBG solution computed
with p=1;2 are not very close to the Blasius solution; increasing theofynomial order
to p = 3 clearly yields a dramatic improvement in the underlying omputed numerical
solution. On the next ner mesh obtained by (equidistant) gbbal mesh re nement, where
three elements are placed within the boundary layer, the lilear approximation is still
not very accurate, though now both the computed solution wit p = 2; 3 are in excellent
agreement with the Blasius solution. On the subsequent twdabally re ned meshes we
clearly observe that the DG approximation with bilinear elenents (p = 1) nally starts
to coincide with the Blasius solution, at least on a macrospa level. A more detailed
view of the numerical solution on these latter two ner meshe is shown in the zoom
depicted in Figure 14. Here, we see that there is still a sigoant di erence between the

DG(1) DG(2) DG(3)
elements 36 5 3
DoFs 72 15 12

Table 1: Number of elements and degrees of freedom in the bdary layer required
by DG(p), 1 p 3, discretizations for approximating the viscous force upot 5%,
(Hartmann and Houston, 2006a).
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Figure 13: DG([F)}, 1 p 3, solutions in comparison with the Blasius solution ( =

y up=(x)= 5 Re versusu=u; ) on a sequence of meshes with an increasing number
of elements, (Hartmann and Houston, 2006a).
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Figure 14: Zoom of the DGp), 1 p 3, solutions on the two nest grids, (Hartmann
and Houston, 2006a).

Blasius solution and the computed discontinuous Galerkinotution with p = 1. Indeed,
these gures clearly highlight the substantial gains in aagracy attained when higher{order
polynomial degrees are employed with the DG method. This iarther highlighted in Table
1, where we summarize the number of elements and the numberdagrees of freedom,
orthogonal to the wall, which are required by the DG method foeach polynomial degree
in order to resolve the boundary layer to a su cient accuracythat the error in computed
viscous stress forces (based on a direct discretization ofde coe cients) exerted on the
wall are within 5% of that computed with the Blasius solution

6.8.2 Viscous ow around a NACAO0012 airfoil

In this example, we consider a subsonic viscous ow around aABAQ0012 airfoil. At
the far eld (in ow) boundary we specify a Mach G5 ow at a zero angle of attack, i.e.,
=0 , with Reynolds number Re = 5000; on the walls of the airfoil genetry, we impose
a zero heat ux (adiabatic) no-slip boundary condition. The is a standard laminar test
case which has been investigated by many other authors, cBgssi and Rebay, 1997a;
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Figure 15: Viscous ow around NACAO0012 airfoil. Comparisorof the SIPG and BR2
methods employing: (left) Adjoint consistent discretizaibn of the drag coe cient; (right)
Adjoint inconsistent discretization of the drag coe cient based o (u (u;)). Note the
di erent scales on the error axis in the left and right plot, Hartmann and Houston, 2008).

Hartmann and Houston, 2006a), for example. The solution tdhts problem consists of a
strictly subsonic ow which is symmetric about thex-axis.
Here, we consider the evaluatio%of the drag coe cienCy; i.e., the target quantity is

J(u) = (pn _n) 4ds;
W
where = %(cos( );sin( ))~, cf. (232) and (176). We remark that the adjoint consis-
tency of the DG discretization is based on the adjoint congent discretization J,( ) given
in (283), i.e.,
Z Z
Apn Tds= J(u (up)+ n _(uy) ~ds: (297)

Jn(up) = A
w W

With this in mind, in Figure 15(a) we present a comparison offte error in the computed
target quantity with the (square root of the) number of elemats for p=1; 2; 3, employing
both the SIPG method with C, = 10 and the (ux-based) Bassi{Rebay method (BR2)
with Cgr, = 4. In both cases, we observe that, asymptotically, at leasjJ(u)  Jn(up)j
converges to zero at the expected optimal rat®(h??) as the mesh is re ned for each
xed p. Moreover, as before, we note that in terms of accuracy, for given number
of elements, or equivalently, for a xed number of degrees &feedom, both the SIPG
scheme and the BR2 method perform in a comparable manner. Tahlight the necessity
of the adjoint consistent discretization (297) of the targequantity including the term
involving the penalty function _ (), in Figure 15(b) we present a comparison g (u)
J(u (up))j with the (square root of the) number of elements fop = 1;2;3 employing
both the SIPG and BR2 schemes. In this case, we now observetttizere is a signi cant
deterioration of the error for a given mesh size and polynoaiiorder when compared to the
corresponding results with the adjoint consistent discretation of the target functional.
Indeed, comparing Figures 15(a) and 15(b), we see that the elience of J(u (uy)) and
Jn(up) asin (297) leads to around 2{3 orders of magnitude improvesnt in the computed
error in the drag.
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6.8.3 Laminar ow around a delta wing

As a nal example we consider a laminar ow around a delta wing At the fareld
(in ow) boundary we specify a Mach 03 ow at an angle = 12:5 of attack with
Reynolds number Re = 4000. On the walls of the delta wing we ingge an isothermal
wall boundary condition. This is the BTC3 test case of the Eproject ADIGMA (Kroll

et al., 2010) and the C2.4 test case in the International Wodhop on High-order CFD
Methods (cf. Wang et al. (2013)). Figure 16 shows the Mach nubar isolines on several
slices of the ow eld. The ow is computed on a coarse mesh of284 elements. The
corresponding surface mesh is depicted on the wing geometi®n the left part of the
delta wing the ow eld solution u, 2 V} for p =1 is shown and on the right part the
p = 4 solution is shown, i.e., Figure 16 compares the solutioms the (design) orders 2 and
5 on the same mesh. We see that thé"Sorder ow solution provides a good resolution
of the primary and secondary vortices. Furthermore, the vdéices are tracked over some
distance behind the wing. In contrast to that, the primary am secondary vortices are
almost indistinguishable in the 29 order ow solution. Here, the vortices merge and are
damped out far too early. Already after a short distance behd the wing the original
vortex system is lost due to numerical viscosity.

Figure 16: Laminar ow around a delta wing. Geometry and the Mch number isolines
on several slices of the ow eld solutionu, 2 V! with p=1 (2" order by design) on the
left part of the wing and with p=4 (5" order by design) on the right part of the wing.

Note, that due to the non-smoothness of the ow solution at tk sharp leading edge and
the blunt trailing edge the order of convergence on a hierdrg of meshes is bounded by two
irrespective of the design order of method (cf. Wang et al. (23)). Note, however, that this
bound can be circumvented by using high order polynomials thi constant polynomial
degreep in combination with adaptive mesh re nement, or even better by using hp-
re nment, where non-smooth ow regions are resolved by mesk nement (h-re nement)
and smooth regions are resolved by increasing the polynoinigegreep (p-re nement).
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7 DG discretization of the RANS- k! equations

In this section, we follow (Hartmann, 2013b), and consider discontinuous Galerkin dis-
cretization of turbulent ows as governed by the Reynolds araged Navier-Stokes (RANS)
equations and thek-! turbulence model equations.

7.1 The RANS and k-w turbulence equations
In particular, we consider the RANS and the Wilcoxk-! equations (Wilcox, 1988, 1993),

r (F%u) F Y(u;ru)) S(u;ru)=0 in ; (298)

on the domain R3. Similar to Bassiet al.(Bassi et al., 2005, 2009) the equations are
considered in terms of the auxiliary variabld = In ! instead of! for a more moderate
near-wall behavior of the variable. Additionally, this varable transformation guarantees
positivity of ! . Then, the vector of conservative variablesi 2 R’ and the convective
uxes F°=(ff;f3;f5) are given by

2 3 2 3
Vi
Vi Vivi +(p+ 3K)
ungé ff(u)zg H + 2k v %; j=1;23
k ij
w WV,

and the viscous uxesF" = (f};f3;f3) are given by

2 3
0

]
f'(u;r U)=§ Vit KT +( + k )ky %; j =123
( + k t)ka
( + 1 Oy

Here the pressure is determined by the equation of state of afeal gas,
p=( 1) (Eo 3v?);

with Eq = E k. Furthermore, the thermal conductivity coe cient K is given byK =
&( + &) and the temperatureT by ¢, T = e= Eo %vz. Here Pr=0:72 and P = 0:9
are the molecular and turbulent Prandtl numbers, and and ;= C ,ﬁ with C =1 are
the molecular and turbulent viscosities. '

The stress tensor _is given by following relation

o+ R= 2k =_+  2Kkl_=( + S Zki;
where = S is the viscous stress tensor, and® = S % kl_ is the Reynolds stress

tensorwithS=r v+(r v)> %(r v)l. We note, that here, like in the laminar case (cf.
Section 6.1), the viscous ux can be rewritten a§;(u;r u) = Gy(u)@=@x k =1;2;3,
where the matricesGy(u) = @/(u;r u)=@4y, for k;1 = 1;2;3, are the homogeneity
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the source termS(u;r u) is given by
h is
S(uiru)= 0, 0; 0, vk, «ke™; ?' Vi, e+ Db

with = C ke " and~ = maxfk kg, where!+, ful lls some realizability conditions
for the turbulent stresses (Bassi et al., 2005, 2009; Hartma et al., 2011). We note that
here, like in (Hartmann, 2013b), the energy equation is forafated in terms of E whereas
in (Bassi et al., 2005, 2009; Hartmann et al., 2011) th& equation has been subtracted
resulting in an energy equation formulated in terms oE o = (E k). As a consequence,
in (Bassi et al., 2005, 2009; Hartmann et al., 2011) the engrg@quation has no viscous
termr (( + k ¢)r k), whereas here it has no extra source terms. While this cham¢p
previous works was motivated by a possible future extensidn unsteady ows we note
that for steady state ows we have seen marginal di erencesué to this change, only.

Furthermore, note that the use of the logarithm of turbulene variables has been
introduced in (llinca and Pelletier, 1998) and results in arquivalent reformulation of the
Wilcox k-! equations (Wilcox, 1988, 1993). In the context of DG discregations it has
rst been used in (Bassi and Rebay, 2000b). Furthermord, in the source and destruction
terms as well as in the expression for, is kept non-negative. We note, that the limitations
on k and ~ avoid unphysical values and have been found in (Bassi et @005, 2009) to
have a stabilizing e ect on the numerical scheme. Finally,he values of thek-! closure
parameters | = 2, = %, | = 2 = |, = 1 are those of the high-Reynolds

X ] 100’ 40" 2
Wilcox k-!' model (Wilcox, 1988, 1993).

7.2 DG discretization

In contrast to the discontinuous Galerkin discretization binviscid and laminar ows which
was based on a discrete function space (cf. the de nition dff in (182)) including tensor-
product polynomials Q, on the unit square (or cube), the following DG discretizatio
of the RANSk! equations will rely on the (complete) polynomial spac®, for stability
reasons. In particular, in the following the discrete fundbn space is given by

VP=fve2 L) °:vh F 2[P,M°; 2Thg: (299)
We consider an extension of the DG discretization (275) of é¢hcompressible Navier-Stokes
equations to include the source termS(u;r u) of the RANS-k! equations as follows: nd
Un 2 V} such

Z
Np(Un; Vh) (F “(un)+ FY(un;r nup)) o r pVin + S(Unp;t pUp) Ve dx
Z Z
[up]:f G” (up)r vhads f G(un)r nun@: [val (300)
XI Z Z |
+ hy, vhds+ _(up) : [valds+ N n(un;vh) =0 8vy 2 V],
21, @n -

where the discretizationN ., (un;Vvy) at the boundary is as speci ed in Section 6.7. Note,
that this discretization is a consistentdiscretization of the RANSk! equations (298). In
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fact, like in Sections 5.4 and 6.4 the discretization (3000 be written in primal residual
form: nd up 2 V| such that
Z x Z
R(up) vpdx + r(un) vi+ (up):r v ds
21, @n ~

+ 1 (up) vp+t (Up):irpvids=0 8vp2 VP

where the primal element residual is given by
R(un) = r  (F°un) F Y(un;r nun))+ S(up;r hun) on 2Ty, (301)

which vanishes, if evaluated for the exact solutiom to (298), i.e., R(u) = 0. The face
and boundary residuals are identical to those given in Sectis 5.4 and 6.4 and also vanish
for the exact solutionu.

Furthermore, note that based on the analysis in Sections 5a&nd 6.4 the parts of
the discretization in (300) relating to the convective and di usive partsof the RANSk!
equations areadjoint consistent provided the force coe cients are discretized as in (262).
It remains to discuss the adjoint consistency of the discrieftion of the source termsS.

Lemma 7.1 (Adjoint consistency of source terms, (Oliver and Darmofal, 2009))
The direct discretization of source terms as if(300), i.e.,
z
S(Up;r pup) Vi dx (302)

is adjoint inconsistent In contrast to that the following discretization (cf. Basset al.
(1997, 2005)) of source terms
Z

S(up;r pun  L(up)) vpdx; (303)

whereL (u,) denotes the global lifting operatdy is asymptotically adjoint consistent i.e.,
the adjoint residuals vanish as the resolution of the disteefunction spaceV?! increases,
i.e., the mesh sizéh ! 0 and/or the polynomial degreep ! 1

Finally, for any union S of elements, choosinyy 2 Vﬁ Vﬁ with vy, = 1 on S and
vh =0on nSin (300), we arrive at following conservation properties.

Lemma 7.2 (Conservation property) Let equations(298) be discretized based of300).
Then, the discretization (300) is conservative i.e., for any union S of elements,

A Aynds=  S(up;r pup)dx;
@s s
if and only if the numerical ux functions A and 7, are conservative In particular, we
have theglobal and local conservation propertyfor any 2 Ty,
Z Z Z
A Aynds=  S(unit pup)dx; A Aynds=  S(up;r pup) dx:
@
P P
3The global lifting operator L(un) is given by L(un) = =, , Lo(un)+ o L°(un) whereLg(un)
and L°®(up) denote the local lifting operators de ned in (274) and (280), respectively.
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7.3 Shock capturing

In this section we follow (Hartmann, 2013b) and give detail®n the shock-capturing
scheme used to stabilize the discretization (300) in non-smth parts of the ow solution
like near shocks. In particular, we augment the discretizatn with a stabilization term
based on arti cial viscosity that in general is given by
x < X £
Nsc(Un; Vh) "(Up)r up i1 vydx "am (Un) @ Uy @, vy dx:  (304)
2Th 2Th

Many stabilization schemes based on arti cial viscosity hae been proposed, rst by
(Hughes and Mallet, 1986) in the context of SUPG and by (Johism et al., 1990) for
streamline diusion (SD) nite element methods, by (Jare et al., 1995) for DG dis-
cretization of scalar hyperbolic conservation laws, lateby (Hartmann, 2006) for DG
discretizations of laminar compressible ows and by (Basst al., 2010, 2011) for DG
discretizations of turbulent ows. The arti cial viscosity schemes in (Jare et al., 1995;
Hartmann, 2006; Bassi et al., 2010, 2011) are of the form (304hey only dier in the
speci ¢ de nition of the viscosity term " (up).

We recall that the arti cial viscosity term in (Hartmann, 20 06) depends on the equa-
tion residuals. Therefore the shock-capturing term vanigs for the exact solution which
is necessary for the scheme to be consistent. Furthermorecluding directional element
sizes it takes into account possible anisotropies of the mlents in the mesh. However,
numerical experiments showed that the natural extension dfie scheme from the laminar
compressible Navier-Stokes equation to the RANIS- equations is not usable. Further-
more, while working for second order DG discretizations iturned out that the scheme is
not stable for high-order discretizations.

In contrast to that, the arti cial viscosity term in (Bassi et al., 2010, 2011) works for
the RANS-k! equations as well as for higher order DG discretizations. Rhermore, due
to a factorr F ©(uy) it is consistent for the compressible Euler equations. Hawer, the
shock-capturing term is not consistent for laminar or turblent ows; it is asymptotically
consistent, though, because it vanishes as the element sitend to zero. Furthermore, it
does not include directional mesh sizes which would be recgd for the high anisotropy of
elements in the meshes typically employed for the computati of turbulent high Reynolds
number ows.

In the following, we present the shock-capturing scheme df@rtmann, 2013b) which
consists of a suitable combination of the schemes in (Hartmia, 2006) and (Bassi et al.,
2010, 2011). While consisting of ingredients of both schesthe combination overcomes
the shortcomings described above. In particular, we considan arti cial viscosity given
by

"um (Un)i = C WP fo(un) jRp(un)i; ki1=1;2,3; m=1;:::;5 (305)
and"ym (up) =0 for m =6;7, where y is the Kronecker symbol. Here, the scalar residual
term Rp(uy) is

X @pRm(Un).
L, @u  p

whereR (un) = fRm(un)g,, denotes the element residual in strong form as de ned in (3p1

and % is the partial derivative of the pressure with respect to caervative variables

Rp(up) =
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um. Furthermore, the directional element size is given bfiy = hy=(p + 1), k = 1;2;3,
where hy is the dimension q{zthe element in the xk-coordiﬁate direction given byhy =

s (V= i) with s, =2V= @ jngj ds and the volumeV =  1ds of the element , and
p is the polynomial degree oti, 2 V.. Note, that hy accounts for the anisotropy of the
element . Furthermore, ashy takes into account the resolution of the discrete solution
un 2 Vhp With respect to the mesh size and the polynomial degree, it wiol be suitable
for hp-adapted discretizations. In addition to that, the smoothmess switch (or pressure
sensor according to Bassi et al. (2010, 2011)),

nijr pi

n0_ 12.
p+ g’ - 10 ’

fp(un) =

is small in smooth parts and large in non-smooth parts of theow solution, and decreases
the e ect of the arti cial viscosity in smooth parts with steep gradients. Again, through
the factor i it takes into account anisotropies of the elements as well @éise resolution

of an hp-adapted solution. Finally, C. is a tunable parameter of the arti cial viscosity
which is chosen a<C- = 0:2 in Section 9.7 (i.e., the same value as used in (Bassi et al.,
2010)) as a compromise between stability and accuracy.

We recall that the element residuaR (uy,) vanishes for the exact solution of the gov-
erning equations, i.e.,R(u) = 0, and thus "(u) = 0 holds for the exact solutionu to
(298). As a consequence, the discretization (300) togetheith the shock-capturing term
(304) and the arti cial viscosity constant (305) isconsistent

However, being based on the element terms of the arti cial stosity only, while ignor-
ing the face terms usually present in a DG discretization ofidisive terms (cf. Section
6.3), this shock capturing scheme isot adjoint consistent. It is, however,asymptotically
adjoint consistent i.e., the adjoint residuals vanish as the mesh size! 0 and/or the
polynomial degreep!1 due to the dependency of the arti cial viscosity orh=p.

Finally, note that the shock-capturing term (304) vanishedor vy, 2 V2. Thereby,
Lemma 7.2 on the conservation properties of (300) still haddwhen (300) is augmented
with the shock-capturing term (304).
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8 Adjoint-based error estimation and adaptive mesh
re nement

Important quantities in aerodynamic ow simulations are the aerodynamic force coe -
cients like the pressure induced as well as the viscous sg@sduced drag, lift and moment
coe cients. In addition to the exact approximation of thesequantities, it is of increasing
importance, in particular in the eld of uncertainty quanti cation, to estimate the error
in the computed values.

While local mesh re nement is required for obtaining reas@bly accurate results in
applications, the goal of the adaptive re nement is eitherd compute the force coe cients
as accurately as possible within given computing resourceisto compute these quantities
up to a given tolerance with the minimum computing resourcesequired. In both cases
a goal-oriented re nement is needed, i.e., an adaptive reament strategy speci cally
targeted to the e cient computation of the quantities of interest. Furthermore, in the
latter case, an estimate is required on how accurate the fercoe cients are approximated,
i.e., an a posteriori error estimate that quanti es the error on the numerical saltion
measured in terms of the quantity of interest.

In the following, we proceed along the lines of (Hartmann an#éouston, 2010). In
particular, in Section 8.1 we outline the approach o& posteriori error estimation and
adjoint-based mesh re nement for single target quantitiesThen, in Section 8.2 we gener-
alize this approach to multiple target quantities. In Sectn 8.4 we derive residual-based
indicators which are targeted at resolving all ow features

8.1 Error estimation and mesh re nement for single target qu an-
tities

We begin by recalling the general approach of duality basedposteriori error estimation

for single target functionals; see e.g. (Becker and Rannacher, 2001arkinann, 2002;

Hartmann and Houston, 2002a) among many others. Furthermeywe give the standard

algorithm, as described in e.g. (Becker and Rannacher, 193%6artmann and Houston,

2002a), of goal-oriented (adjoint-based) adaptive mesh nement tailored to the accurate

and e cient computation of a single target quantity.
Let us consider the nonlinear problem

Nu=0 in ; Bu=0 on ; (306)

where 2 RY d > 1, is an open bounded domain with boundary =@ N is a
nonlinear di erential operator and B is a possibly nonlinear boundary operator on . Let
Ny :V V! R be a semi-linear form, nonlinear in its rst argument and lirear in its
second argument, such that the nonlinear problem (306) is siretized as follows: nd
Un 2 V] such that

Nh(Un;Vh) =0 8vh 2 VI: (307)

Furthermore, let us assume that the discretization (307) isonsistent i.e., the analytical
solution u 2 V satis es the following equation:

Np(u;v)=0 8v2V: (308)
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Here,V is some suitably chosen function space including the anailyal solutionu 2 V to
the primal problem (306) and satisfyingv| V, whereV| is a discrete function space
on the meshT, = f g consisting of elements covering the computational domain ; cf.
(Arnold et al., 2002; Hartmann, 2007a) for the choice of in the case of DG methods.
Subtracting (308) from (307) we then obtain the Galerkin ottogonality

Nn(u;vh) Np(un;vp) =0 8v, 2 VE: (309)

Let J( ) be a nonlinear and di erentiable target functional. Furthermore, letJ, () be
a consistent discretization of this target functional, i.e the analytical solutionu 2 V
satis es the following equation:

Jn(u) = J(u): (310)
We de ne the mean{value linearization ofJ,( ) as follows
Z 1
Jn(usup;u up) = Jp(u)  Jn(up) = JR[u+(@ upl(u  up)d; (311)

0

where JO[w]( ) denotes the Fechet derivative ofJ,( ) evaluated at somew in V.
Analogously, forv in V, we de ne the mean{value linearization ofNy( ;Vv)

Mp(U;Up;u - Up;v) = Elh(u;V) Nh(Un; V)
1

NeL u+(1  Junl(u  up;v)d: (312)
0

Here, N2[w]( ;v) denotes the Fechet derivative ofu 7! Nu(u;v), for v 2 V xed, at
somew in V. Let us now introduce the following adjoint problem: ndz 2 V such that

Mh(u;un;w;2z) = Jp(u;up;w) 8w 2 V: (313)

Choosingw = u uy in (313) and recalling the linearization performed in (311jve
get

Jn(u)  Jn(up) = Jdn(u;un;u up)
Mp(u;un;u  up;z) = Np(up;2):

J(u)  Jn(un)

Thereby, we have the following error representation formal
J(u)  Jn(un) = Rn(un;2); (314)

where Ry (up;z) := Np(up;2) includes the primal residuals multiplied by the adjoint
solution z. We note that the error representation formula (314) depersdon the unknown
analytical solution z to the adjoint problem (313) which in turn depends on the unkawn
analytical solution u to the primal problem (306). Thus, in order to render these can-
tities computable, both u and z must be replaced by suitable approximations. Here, the
linearizations leading toMy(u;uy; ; ) and J,(u;uy; ) are performed aboutu,, and the
adjoint solution z is replaced by the solutiore to the following linearized adjoint problem:
nd z 2 V such that

Np[unl(w;2) = Jgfunl(w) 8w 2 V: (315)
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This is then approximated by the discrete adjoint problem: nd z, 2 V| such that
Np[Un(Wh; Zn) = JglUunl(Wn)  8wh 2 VE: (316)

Here, V| is anadjoint nite element space from which the approximate adjoint soltion
Z, is sought. Rewriting the error representation (314) as falvs

J(u)  Jn(un) = Ru(un;2) = Ry(un;2  2)+ Rn(Un;Z ) + Rn(Un; zn); (317)

we see that replacing the adjoint solutiorz in (314) by the solution z, to the discrete
adjoint problem (316), we obtain the following approximatesrror representation

J(u)  Jn(un) Rn(Un;zn): (318)

This corresponds to ignoring in (317) the erroR,(un;z  z) due to the linearization of the
adjoint problem and the errorRy(un;z  z,) due to the approximation of the linearized
adjoint problem. In fact, it can be shown (see e.g. Becker arf@annacher (2001)) that
the linearization and the approximation errors of the adjait problem are of higher order
(quadratic) in the discretization error, e = u un, and may thus be neglected. In
fact, in the series of publications (Hartmann and Houston,@2a,b, 2006b), for example,
among many others, it has been demonstrated that the apprarate error representation
in (318) is close to the true error in the target functional. Erthermore, the approximate
error representation (320) can be used to enhance the comedttarget quantity J (uy) by

Jh(un) = In(un) + R(up; zp): (319)

Finally, we note that (318) can be localized

X
J(u)  Jn(un) Rn(Un;zn) ; (320)

2Ty

wherej | are local error indicators including the primal local residals weighted with the
discrete adjoint solution, denoted as adjoint-based indators or as dual-weighted-residual
(DWR) indicators (Becker and Rannacher, 2001).

Remark 8.1 We note that in Galerkin nite element methods the Galerkin thogonality
(309) can be used to subtract any discrete functiar, 2 V| from the adjoint solution in
the error estimate (314) resulting in J(u) J(up) = Np(un;z  zp) = Ry(up;z  z)
(see e.g. Becker and Rannacher (2001)). In order to avoid anighing error estimate
(318), the discrete adjoint solutionz, 2 V} must be computed in a richer space (e.g.,
VP = VP = V") than the ow solution u, 2 VP. In continuous nite element methods
it is required to choosez;, to be an approximation ofz in order to ensure that the local
indicators in (320) are of the right order of convergence (Becker and Rannach&(001).
For continuous nite element methods Galerkin orthogondly is a global property (i.e.,
it holds true on the whole domain). In addition to that discainuous Galerkin methods
satisfy a Galerkin orthogonality on a local, element-wisevel. Therefore, for DG methods
z,, can be omitted without changing the local indicators.
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The local indicators in (320) can be used to drive an adaptive re nement (and
coarsening) algorithm speci cally tailored to the accurag and e cient approximation of
the target quantity J(u). For example, suppose that the aim of the computation is to
compute J( ) such that the errorjJ(u) Jn(uy)j is less than some user{de ned tolerance
T,g)L l.e.,jJ(u) Jn(up)j TOL then in practice we may enforce the stopping criterion
J o1, 1 TOLIfthis condition is not satis ed on the current nite element mesh T,
then the local indicators are employed as local error indicators to guide mesh re nemte
and coarsening. The cycle of the goal-oriented adaptive nhee nement (Hartmann and
Houston, 2002a) may be outlined as follows.

Algorithm 8.1 (Single-target adaptive algorithm) Adaptive algorithm for the ac-
curate and e cient approximation of a single target quantiy J(u):

1. Construct an initial meshT,,.
2. Computeuy, 2 V?, see(307), on the current meshT,.
3. Computez, 2 VP = VP, see(316), on the same mesh employed for,.

4. Evaluate the approximate error representatioRy(Up; zp) = 2T

P
5. If j j TOL. whereTOLis a given tolerance, therSTOP
2Th

6. Otherwise, re ne and coarsen a xed fraction of the total amber of elements ac-
cording to the size of j and generate a new mesh,; GOTQ.

Again, in several publications, e.g. (Becker and Rannache2001; Hartmann, 2002, 2006;
Hartmann and Houston, 2002b; Leicht and Hartmann, 2010; Hamann et al., 2011), the
versatility of this adaptive algorithm has been demonstrad.

8.2 Error estimation for multiple target quantities

In the following we present an extension of this approach tché e cient and accurate
computation of multiple target quantities. Given, N target quantities we replace the
computation of N adjoint solutions as required in direct approaches by the kaion of two
auxiliary problems, namely one discrete adjoint problem ahone discrete error equation
where the latter can also be considered as the adjoint to theljaint problem. In particular,
the solution to the discrete error equation provides the posteriori error estimation of
arbitrarily many target quantities. Furthermore, the solution to the adjoint problem
related to an appropriately de ned combination of the orignal target functionals provides
the adjoint-based re nement indicators required for goabriented re nement.

This approach has been developed and applied to the scalavistid Burgers equation
considering point values in (Hartmann and Houston, 2003).t has later been extended
to the treatment of laminar compressible ows considering oitiple aerodynamic force
coe cients in (Hartmann, 2008a).
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8.2.1 The direct approach

Let us now consider the extension of the above analysis to tleror estimation and
goal-oriented mesh re nement for multiple target quantites. GivenN target functionals

proach for deriving an error representation formula analays to (314) for eachl;( ) is to
introduce the following N adjoint problems: nd z; 2 V such that

Mn(u;un;w;zi) = Jin(u;un;w) 8w 2 V; (321)

fori =1;:::;N. Analogous to (314) we obtain the following error represeation formulae
Ji(u)  Jin(up) = Mp(us;un;u  up;z) = Rp(un; zi); (322)

for each J;(), i = 1;:::;N. In practice, the adjoint solutionsz;, i = 1;:::;N, are

unknown analytically and must be approximated numerically After linearization and
approximation we have: ndz;, 2 Vﬁ such that

NRUnl(Wh; Zin) = I8 [Un](Wh)  8wh 2 V], (323)

this amounts to solvingN systems of linear equations with the same matrix butl di erent
right{hand side vectors. Based on the discrete adjoint sallons zj,, i = 1;:::;N, the
following approximate error representation formulae andokal error indicators can be
evaluated X
Ji(U) Ji;h (Uh) Rh(uh; Zi;h) = (|); (324)
2Th

8.2.2 A new approach

In view of the error representation formula (322) an alterntave approach consists of
considering the following error equation: nde 2 V such that

Mn(u;up;e;w) = Rp(up;w) 8w 2V, (325)

whose solution is simply the discretization erroe = u u,. We remark that in the context
of duality, (325) may be thought of as the adjoint of the adjait problem and (322) the
adjoint/adjoint-adjoint equivalence relating (321) to (325). Again after linearization, we
obtain the following discrete error equation: nde, 2 V| such that

NPo[unl(en; wr) = Rn(un;wp) 8wy 2 VE: (326)

Thereby, in practice, instead of solvingN discrete adjoint problems, cf. (323), for
Zip 2 Vﬁ with data Ji?h [un]() and then evaluating Ry (up; zi,) to determine the size of

error equation (325) for the approximate erroey, 2 V| and evaluate

Ji(u)  Jin(up) = Jin(u;unse) I [unl(e) I [unl(en); (327)
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as an approximation toJ;(u) Jin(up), for i =1;:::;N. Again, similar to (319), these
error estimates can be be used to enhance the computed targptantities J;., (un) as
follows

Jin (Un) = Jin (Un) + I3 [un](en): (328)

When N > 2 this approach is clearly much more computationally e cieh than the
direct method. However, a disadvantage of this second apjeh is that while solving
the discrete error equation (326) foe;, gives information concerning the size of the error
in the computed target functionalsJ;(), i =1;:::; , it does not provide the necessary
local information on each element in the computatronal mesto guide adaptive mesh
re nement when the desired level of accuracy has not been @&Ved on the current mesh.
On the other hand, computing the solutionz;,, i = 1;:::;N, to the N discrete adjoint
problems (323), the approximate error representation fomhae in (324) provide not only
information concerning the size of the error in the computethrget functionals, but also
local error indicatorsj (I)j which can be employed for adaptive mesh design.

8.3 Adaptive re nement for multiple target quantities

In this section we propose a strategy based on solving onlydvauxiliary problems (the
discrete error equation (326) and an adjoint problem subjeto appropriate data which
stems from a speci ¢ combined target functional (cf. (333) édow) which provide all the
necessary information needed to both estimate the size oktlrror in the computed target
functionals, as well as provide local error indicators thatan be used to drive an adaptive
mesh re nement algorithm.

Given N dierent target functionals J;( ) with discretizations Ji (), i = 1;:::;N,
N > 1, we would like to compute eacld;y, (uy) to within a given user{de ned tolerance
TOL,i=1;:::;N, respectlvely More precisely, we consider the followinggblem: nd
Jin (up) 2 R i =1;::::N, such that

jJi(u)  Jin(up)j TOK; fori=1;:::;N. (329)

However, as we want to de ne a combined target quantity.( ) including all original
target quantities Ji( ), i = 1;:::; N, we weaken the requirement (329), and simply insist
that the sum of the relative errors in each of the target functionals);( ), i =1;:::;N, is
less thanTOL In practice, sinceJ;(u), i =1;:::;N, is unknown, we approxrmate the sum
of the relative errors by

Ji(u)  Jin (Un)i=iJin (Un)j; (330)
i=1

see (Hartmann and Houston, 2003), assuming that, (u,) 6 0, for i =1;:::;N. As an
alternative choice we might |nS|st that the (weighted) sum babsoluteerrors in each of
the target functionals J;( ), i = 1;:::; N, is less thanTOl,. i.e., considering

w - .

iJJi(u)  Jin (Un)j: (331)

i=1

where ;> 0,i=1;:::;N. Here, choosing ; =1, i =1;:::; , represents the special

case of considering the (unweighted) sum of absolute errors
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Let us begin by assuming that the sign of the error in each taeg functional J;( ),
i =1;:::;N, is known. For example, in some applications it may be knowmdm either
theoretical considerations or numerical experimentatiothat under mesh re nement the
computed quantity of interest Ji, (uy) is always either smaller or greater than the exact

target quantities. For the case that under mesh re nement ta quantity J,(un) con-
verges toJ (u) from above, for example, then the errod (u) Jn(uy) is always negative;
analogously, when it converges from below the error is alwayositive.

Employing this a priori knowledge concerning the convergence of the target functio
als, we introduce a combined target functional.( ) and its discretization Jq.x( ),

X X
JC(V) = ! iJi(V); Jc;h(V) = lidin (V); (332)

i=1 i=1

where!; = si5Jin(up)j or !y = s;, depending on whether the relative and weighted
absolute errors (330) and (331), respectively, are considd. Here,s; denotes the expected
signs of the errorsJ;(u) Jin(up), i = 1;:::;N, respectively. Thereby, we may now
proceed as in Section 8.1 to derive an error representatioorrula for the error in the
combined target functionalJ¢( ). To this end, we introduce the following adjoint problem:
nd z.2 V such that

Mp(U;un;w;ze) = Jen(usupsw) 8w 2V (333)

P
whereJch(u; up; w) = iN:1 I'iJin (U; uy; w) is the mean value linearization toJ.., analo-
gous to (311). Thus, we now deduce the following error repeggation formula

X
Je(u)  Jen(un) Fi(Jdi(u)  Jin(up)) = liJin (U;up; U up)

(334)
= Mp(u;un;u  Un;Ze) = Rp(Un; Z):
In general, the signss;, i = 1;:::;N, will not be known a priori. Thereby, we must

NR[URI(Wh; Zen) = JonlUnl(wn)  8wh 2 V: (335)
Then the approximate error representation formula can be aluated as follows
X
Je(u)  Je(un) = Rn(un;zc)  Rn(Un;zen) ; (336)
2Th

This now provides both global information concerning the 2e of the error in the combined
target functional J.( ), as well as local information necessary for adaptive meshmement.
Thus, the cycle of the adaptive algorithm can be outlined a®fiows.

Algorithm 8.2 (Multi-target adaptive algorithm) Adaptive algorithm for the accu-
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8 ADAPTIVITY 8.4 Derivation of residual-based indicators

Construct an initial meshT,,.

Computeuy, 2 V!, see(307), on the current meshT,.

Computeey, 2 V| = VE”, see(326), on the same mesh employed fo,.
EvaluateJi(u)  Jin(un)  J&[unl(en) = i, i=1;:::5;N.

Ifj j TOLforalli=1;:::;N, then STOP

Computeze, 2 VP = VI, see(335), on the same mesh employed far,.

. . P
Evaluate the approximate error representation ,  , see(336).

© © N o a0 B~ w0 DdhdPRE

P
If j j TOL. whereTOLis a given tolerance, therSTOP
2Th

[
o

Otherwise, re ne and coarsen a xed fraction of the totahumber of elements ac-
cording to the size of | and generate a new meshk,; GOTQ.

Here, the stopping criterion in line (5) of Algorithm 8.2 coresponds to enforcing (329); on
the other hand, the stopping criterion in line (9) correspods to enforcing either equation
(330) or (331) to be less thanlfOL. depending on the choice of weights in the combined
target functional. This approach leads to the solution of dy two auxiliary problems, in
comparison to theN required for the direct approach.

We note that this approach has rst been developed for and afipd to the DG dis-
cretization of the inviscid 1d Burgers equation in (Hartman and Houston, 2003) con-
sidering the sum of relative errors of point values of the aglon. Then in (Hartmann
and Houston, 2008) it has been applied to the SIPG discretizan of the 2d compressible
Navier-Stokes equations considering sums of relative antdsalute errors of aerodynamic
force coe cients including pressure induced and viscous ag, lift and moment coe cients.
The application to 3d laminar and turbulent ow problems is $own in Sections 9.4 and
9.5, taken from (Hartmann et al., 2010b) and (Hartmann et aJ.2011), respectively.

8.4 Derivation of residual-based indicators

Provided the adjoint solution related to an arbitrary targd functional is su ciently
smooth the corresponding error representation can be bowud from above by an error
estimate which includes the primal residuals but is indepelent of the adjoint solution.
By localizing this error estimate so-called residual-badendicators can be derived. Mesh
re nement based on these indicators leads to meshes whiclsobeall ow features irre-
spective of any speci c target quantity. We recall the deriation of these indicators from
(Hartmann and Houston, 2002a, 2006b; Hartmann, 2008a). Rtermore, we note that the
residual-based indicators have been extended to includemayetry boundary conditions
in (Leicht and Hartmann, 2010).

Let u and u,, denote the solutions to (306) and (307), respectively. We worecall the
error representation formula in (314), and apply Galerkin dhogonality (309),

J(u) Jn(up)= Np(un;2)= Np(un;z  zp) = Rp(un;z  zp); (337)
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for any z, 2 VI. In particular, we can choosez, := 1z 2 V! in (337), i.e.,
J(u)  Jn(un) = Rn(un;z  12); (338)

where z denotes an appropriate interpolation/projection ofz into the discrete function

spaceV [. Indeed, here we select , so that the following approximation property holds:

given 2 Ty, suppose thatzj in[HS *1( )]°,0 s p. Then, there exists a constant
C dependent ons , p, and the shape regularity ofT},, but is independent of the local mesh
sizeh ,such thatforO m s +1,

kz thHm( ) Ch? *1 mekHs (Y- (339)
Then, by employing the trace theorem, we have

kz  nzkiz@) Ch® ™Pkzkys«a(y; 0 s p;

- (340)
kz  nzkyi@)y Ch® kzKys «1(); 1 s p

cf. (Babwska and Suri, 1987), for example. Following the devation in Sections 5.4 and
6.4 we rewrite (338) as follows
Z
J(u) JI(un) = R(un) (z  nz)dx
Z
+ r(un) (z hz)" + (up):r (z hz)" ds

Zm "
+ r(un) (z w2+ _(un):ir (z  w2)" ds; (341)

where the primal element residualdk (uy), the interior face residualsr(uy) and (up),
and the boundary residuals (u,) and  (uy) are given for the compressible Euler and
the di usive part of the Navier-Stokes equations in Sectio® 5.4 and 6.4, respectively.
Assumingzj 2 [HS*()]’, 1 s p, for each 2 Ty, and applying Cauchy-
Schwarz inequality and the approximation estimates (339)ral (340) in (341) we obtain

! 1=2

X 2
jJu) J(up)j C (res) : (342)
2Th

where

is given by

(es) = h® * kR (up)k 2 ) + h® ™ 72kr g (Un)kL2(@) + h° 1=2k_@(uh)kL2(@): (343)
Here, we use the short notatiomg = ron@n and rg =r on ,ie,
kr@(Uh)kEZ(@) = kr(Uh)kE2(@n) + kr (Uh)kEZ() ;

and analogously for_@, ie.,

K g (Un)kP2(g) = K (Un)KEzgn) *+ K (Un)kPz, :
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We point out that the a posteriori error bound (342) places severe regularity constraints
on the adjoint solution z, which are typically not ful lled in practice. On the basis d
numerical experimentation, and stimulated by the estimatg342), we employ following
so-calledresidual-based indicators

= h kR(Uh)kLZ( )+ h1:2kr@(uh)k|_z(@) + h 1:2k_@ (Uh)kLZ(@); (344)

in subsequent numerical examples.
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9 Numerical results

In this section we demonstrate the performance of the adjdi#based error estimation, the
adjoint-based (goal-oriented) mesh re nement and the readial-based mesh re nement
for a range of aerodynamic test cases. The computations haveen performed with the
DLR-PADGE code (Hartmann et al., 2010a) which is based on a rdoed version of the
deal.ll library (Bangerth et al., 2007). After starting with a modelproblem based on the
linear advection equation we consider a number of aerodynantest cases of increasing
complexity. In particular, we consider following test case

Discontinuities advected along curved vector eld (Hartman, 2001);
Supersonic inviscid ow past the BAC3-11 airfoil (Hartmann 2002);
Supersonic viscous ow past the NACA0012 airfoil (Hartmann2006);
Laminar ow around delta wing (Hartmann et al., 2010b);

Turbulent ow around streamlined body (Hartmann et al., 2011);
Turbulent ow around the DLR-F6 wing-body (Hartmann et al., 2011);
Turbulent ow around the VFE-2 delta wing (Hartmann, 2012, 2013b).

9.1 Linear advection equation

As rst numerical example, taken from (Hartmann, 2001, 2002 we consider the linear
advection equation (45) on = [0;2] [0;1] 2 R? with a vector eld b as shown in
Figure 17.1,c=0 and f = 0. For this problem and the prescribed boundary values on
the in ow boundary (u(x; 0) = 1 for % <X < % and zero boundary values elsewhere)
the solution is shown in Figure 17.3. Here, the two jumps of ¢hdiscontinuous boundary
function are transported along the characteristic directins given by the vector eld.
Assume that we are interested in the values of the solution ahe part ‘—11 <y< 1of
the righgout ow boundary . = n . Letus consider, for example, the target quantity

J(u)y= ] uds, wherej is chosen to be following smooth function

i @y)=exp (3) % ((y * 3)° forz<y<y

and 0 elsewhere. Then the corresponding adjoint solutionf(d=igure 17.2) is also smooth.
Note, that the boundary value distributionj of the adjoint solution is transported along
the characteristics of the ow eld b but in oppositedirection.

Figure 17.4 shows the numerical solution on the adaptivelyemed mesh, see Fig-
ure 17.6, which has been re ned using the adjoint-based iruditors. Note, that the re ne-
ment takes place at the position of only one of the discontinties present inu. Indeed,
the second discontinuity is not resolved at all, as it is ouide of the support of the adjoint
solution, and hence does not belong to the domain of in uena&f the target quantity.
Thereby, the residuals in the neighborhood of this discomtility do not contribute to the
error in the target quantity. Comparing the two meshes, Figte 17.6 and Figure 17.5, it is
obvious that the mesh in Figure 17.6 is more cost-e cient foevaluating the value of the
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target quantity than the mesh re ned with residual-based inlicators which do not include
the adjoint solution.
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17.1: vector eld b 1'7.2: @djglnt solut!on conntecjc to the target func-
tional ] uds with smooth j

17.3: primal solution on mesh in Fig. 17.5

17.5: residual-based re ned mesh 17.6: adjoint-based re ned mesh

Figure 17: Linear advection equation: Comparison of residltbased and adjoint-based
mesh re nement (Hartmann, 2001, 2002).

9.2 Supersonic inviscid ow past the BAC3-11 airfoll

In this example, taken from (Hartmann, 2002; Hartmann and Haston, 2002b), we study
a supersonic ow around a BAC3-11 airfoil; this unsymmetriairfoil, see Figure 18, was
originally speci ed in the AGARD Report AR-303 (1994). Here we consider an inviscid
ow at Mach number M = 1:2 and an angle of attack =5 .

The solution to this problem includes two shocks: one locatan front of the leading
edge of the airfoil and one originating from the trailing edg; see Figure 20(b) which shows
a mesh that is re ned at the position of the two shocks. Here, i§ure 19(a) shows the
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Mach 1 isolines of the solution; the MaciM = 1 isoline to the left of the airfoil indicates
the position of the rst shock. The M = 1 isolines that originate from the upper and
lower surfaces of the airfoil represent the transonic linesf the ow. The ow left of the
rst shock is supersonic; it is simply theM =1:2 ow prescribed on the in ow boundary
of the computational domain. The ow in between the shock andhe transonic lines is
subsonic; we note that the leading edge of the airfoil is loteal within this subsonic part
of the ow. Finally, the ow behind the transonic lines is supersonic again.

In this example we take the target quantity to be the value of lte pressure at the
leading edge, i.e.,

J(u) = p(0;0);

cf. Figure 18. A computation on a ne mesh gives a referencelua of J(u) = 2:393.

The structure of the solutionz, to the discrete adjoint problem (316) corresponding to
this point evaluation is displayed in Figure 19(b). This gure illustrates some principles of
information transport in supersonic as well as in subsonimw regions. To the right{hand
side of the transonic lines the adjoint solution is zero as neformation, neither by material
transport nor even by information transport due to sound waes, can enter the subsonic
region from the supersonic one. Within the whole subsonicgen the adjoint solution
is non-zero corresponding to the fact that sound waves canagh the point of evaluation
from any point in the subsonic area and that all numerical eors which occur within
this subsonic region can (even though possibly to a small gi@n) a ect the value of the
solution at the point of evaluation. However, the adjoint stution in the subsonic region
is concentrated in a thin spike that is transported upstreanfrom the point of evaluation
in direction of the ow. This spike corresponds to the path ofmaterial transport and
represents the main path of information transport. To the I& of the airfoil, this spike
crosses the shock and splits into three spikes while enteagithe supersonic region left of
the shock. These spikes are transported upstream along tHeacacteristics corresponding
to the three eigenvaluesy and v c. We recall that the characteristic corresponding
to v represents the path of material transport, that in this exarple is given by the line
inclined at 5 degrees, whereas the characteristics corresging to v ¢ represent the
paths of information transport due to sound waves.

In Figure 20 we show the meshes produced using the adjointdeal and the residual-
based error indicators. Here, we see that the mesh constredt using residual-based
indicators is concentrated in the neighborhood of the two sltks. In contrast, the mesh
produced using the adjoint-based indicators only re nes # mesh in the vicinity of the
point of evaluation and the part of the shock where the spikefdhe adjoint solution,
i.e., where the main part of information, crosses the shocRhe other parts of the shock
are not resolved, as the numerical error in these regions prilas a small a ect on the

e —

- p(0; 0)

Figure 18: Prole of the BAC3-11 airfoil. Target quantity: pressurep at leading edge
(Hartmann, 2002; Hartmann and Houston, 2002b).
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() (b)

Figure 19: Supersonic BAC3-11 ow. (a) Mach 1 isolines of th@w solution; (b) z;
isolines of adjoint solution (Hartmann, 2002; Hartmann anddouston, 2002b).

accuracy of the solution at the point of evaluation. Also thee is no re nement in the
vicinity of the shock emanating from the trailing edge of thairfoil; thereby, this shock is
not well resolved at all. Nevertheless, the solution at theehding edge of the airfoil is not
a ected by this as no information is transported upstream fom the trailing edge, located
in a supersonic part of the ow, to the leading edge, locatechithe subsonic region. As in
the previous example, we see that the adaptively re ned mesh generated by employing
the adjoint-based indicators are much more economical thahose produced using the
residual-based indicators. Indeed, in Figure 21 we clearbpserve the superiority of the
former error indicator; on the nal mesh the true error in thecomputed functional is over
two orders of magnitude smaller when the weighted error inchtor is employed.

Motivated by the structure of the mesh generated by the adjat-based error indicator,
here we also consider the performance of an alternatiagl hoc error indicator based on
a modi cation of the residual indicator, whereby only elemets in a neighborhood of a
region upstream of the point of interest are marked for re nment. More precisely, we
write C to denote the cone depicted in Figure 22(a) with apex half afg , located in
the center of the airfoil with symmetry axes inclined at =5 according to the direction
of the in ow. We now de ne the modi ed residual-based indic&or ¢ as follows:

res.C s; if centroid( ) 2 C;
0, otherwise

This modi cation takes into account that we are not interesed in the ow eld in the
whole domain, but only in the point value of the pressure at th leading edge. Thereby,
adaptive mesh re nement is inhibited in the region downstram of the airfoil including the
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Figure 20: Supersonic ow around BAC3-11 airfoil: (a) Adjait-based re ned mesh with
1803 elements angJ (u) J(uy)j =3:042 10 3; (b) Residual-based re ned mesh with
13719 elements ang (u) J(up)j =3:542 10 2, taken from (Hartmann, 2002; Hartmann
and Houston, 2002b).

neighbourhood of the shock emanating from the trailing edge~urthermore, re nement
of the shock in front of the leading edge of the airfoil is prented in regions that are
placed too far above or below the airfoil since a low resolati of this shock in these areas
is believed to not signi cantly degrade the accuracy of thengssure value at the leading
edge, cf. Figure 20(a). In Figure 22(b) we show the mesh prachd by employing "¢
with =45 .

Finally, in Figure 21 we see that the modi ed residual indictor produces meshes that
are much more e cient for computing the value of the pressurat the leading edge of
the airfoil in comparison to the (unmodi ed) residual-basd indicator ™. Nevertheless,
the meshes produced using the adjoint-based indicators aeen more e cient than those
designed by ¢ ; on the nal mesh the true error in the computed functional isan order
of magnitude smaller when the adjoint-based error indicatds employed. We note that
the chosen shape and size of the subdomaihand the resulting modi ed indicator only
represents an "attempt' to nd a reasonable modi cation of he residual indicator ™ that
is capable of e ciently computing the pressure at the leadig edge of the airfoil and to
provide a ‘fair' comparison with the goal{oriented adjointbased indicatorj j. Indeed,
the value of the angle may be chosen di erently, thougha priori it is unclear which parts
of the shock in front of the leading edge of the airfoil will inence the target functional.
The angle should not be chosen too small as otherwise the lack of redaa of the
shock in front of the leading edge of the airfoil will impact o the computed value of
the pressure at the point of interest; on the other hand choogy too large may lead
to over{re nement. In contrast, the adjoint-based indicabor provides all the necessary
information in order to decide which regions of the shock shtal be re ned, and to what
extent.
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Figure 21: Supersonic ow around BAC3-11. Target quantityd (u): pressure at leading
edge. Use of the residual-based, the modi ed residual-bdséad hog and the adjoint-

based indicators. Convergence @d(u) J(uy)j vs. (a) number of elements and (b) time
units (Hartmann, 2002).

(@) (b)

Figure 22: Supersonic ow around BAC3-11. (a) Con€: domain where the modied
residual (@d hog indicator is active; (b) Mesh constructed using the modi @ residual (@d

hoc) indicator with 9516 elements andJ(u) J(up)j =7:924 10 3, (Hartmann, 2002;

Hartmann and Houston, 2002b).

VKI - 110 -



9.3 Supersonic viscous ow past the NACA0012 airfoil 9 NUMEKRAL RESULTS

9.3 Supersonic viscous ow past the NACA0012 airfoil

In this example, taken from (Hartmann, 2006), we consider aysymetric viscous ow at

=0 ,M =1:2 and Re = 1000, with an adiabatic no-slip boundary conditionmposed
on the airfoil, see Figure 23.1. Due to the only slightly supgonic Mach number, the bow
shock is located at some distance in front of the airfoil. Ftinermore, there are two weak
shocks emanating from the trailing edge of the airfoil, seeigure 23.2.

Ko

23.1: density isolines 23.2: Zoom of density isolines at trailing edge

Figure 23: Supersonic viscous ow (Hartmann, 2006).

In the following, we consider the numerical approximation fothe pressure induced,

viscous and total drag coe cients, Jc,, (u), Jc, (u) and Jc,(u), given by
Z Z
‘]Cdp (u) = pn ads; ‘JCdf(u) = n ads; ‘JCd(u) = chp (u) + chf(u);
w w

where  is as de ned in Section 5.2. Furthermore, we consider the eesponding lift
coe cients, Jc, (u), Jc, (u) and J¢,(u). Given that the ow is symmetric about the x-
axis, both lift coe cients, C;, and Cy,, vanish. On the basis of ne grid computations the
reference values of the pressure induced dra@y,, and the viscous dragCgys, are given
by Jc,, (u)  0:10109 anddc, (u)  0:10773, respectively.

In the following, we consider the numerical approximation fothe pressure induced
force coe cient, J(u) = Jc,, (u), discretized as follows

Z
J(up) = p(up)n  ds: (345)
w

Ip particular, we demonstrate that the approximate error reresentation R (un; zn) =

2T, cf. (320), which was derived from the (exact) error represtation (314) by
replacing the (exact) adjoint solutionz by a computed adjoint solutionz;,, gives a good
approximation to the true error measured in terms of the targt quantity J(u) under
consideration. Furthermore, as in previous examples we higyht the advantages of de-
signing an adaptive nite element algorithm based on adjoirbased indicators (320) in
comparison to residual-based indicators (344).
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In Table 2, we collect the data of the adaptive algorithm bask on employing the
adjoint-based indicators. Here, we show the number of elente and degrees of freedom
(DoF) for p =1 (bilinear elements), the true error in the targetlguantity, J(u) J(up),
the approximate error representation formulaR (un;z,  zp) := -, andthe eec-
tivity index = R(un;zn  zp)=(J(u) J(up)) of the error estimation. First, we note
that on all meshes the sign of the error is predicted corregflwhich is always negative
in this computation, i.e., the computedCy, values converge to the reference value from
above. Furthermore, from the second mesh onwards, the apgimate error representa-
tion represents a very good approximation to the true errorswhich is indicated by the
e ectivity indices  being very close to one.

Note, that here the discretization of the considered targetuantity Cq, is adjoint
inconsistent due to following two reasons: First, the direct discretizabn of the target
guantity as given in (345) is adjoint inconsistent. To see tis, compare it with the adjoint
consistent discretization in (283). Second, for viscous ws only the total force coe -
cients, i.e., the pressure induced plus the viscous forceeanents, may lead to an adjoint
consistent discretization, whereas any discretization ainly a part of the force coe cients
is adjoint inconsistent. However, note, that dispite of theact, that the discretization of
the target quantity is adjoint inconsistent, and thus the agoint solution is irregular near
the wall boundary (cf. Section 5.8), the resulting error eghation (cf. Table 2) is still very
accurate.

In Figure 24 we compare the true error in the target quantity Bsed on re ning the com-
putational mesh employing either the adjoint-based or redual-based indicators. Here,
we see that for the rst three re nement steps, when employig the residual-based in-
dicator, the accuracy in the target quantity is hardly improved. In contrast to that,
when using adjoint-based indicators, the error decreasegrs cantly faster, being a fac-
tor of more than three smaller already after the second re meent step than the er-
ror on the nest residual-based re ned mesh. Furthermore, e computed values of
the target quantity J(uhbcan be enhanced by employing the approximate error rep-
resentation R (up; z,) = or, (o Yyield an enhanced value of the target quantity,

J(uy) = J(up) + R(up;zn). In Figure 24 we see, that the improved valuesJ{uy), are
signi cantly more accurate than the (baseline)J (u;,) values, and even show a higher rate
of convergence. In fact, it can be shown, see (Hartmann and t&ton, 2006b), that this
value has a higher order of convergence tha{uy), provided the primal and the adjoint
solutions are smooth and the adjoint solution is approxima&id using higher-order poly-
nomials. Furthermore, the approximate error representatn is close to the true error

# Elements | # DoF | J(u) J(up) P 2Th
768 12288 -1.363e-02 | -6.312e-03| 0.46
1260 20160 | -3.203e-03 | -2.995e-03| 0.94
2154 34464 | -4.844e-04 | -5.368e-04| 1.11
3570 57120 | -3.474e-04 | -3.333e-04| 0.96
6021 96336 -1.835e-04 | -1.856e-04| 1.01
10038 160608 | -1.644e-04 | -1.653e-04| 1.01

Table 2: Supersonic viscous ow: Adaptive algorithm for theaccurate approximation of
pressure induced drag coe cientCqy, (Hartmann, 2006).
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Figure 24: Supersonic viscous ow with target quantityJ(u) = Jc, (u): (@) J(up)
values on residual-based re ned meshes (u,) and the enhanced valuesJ{u,) =
J(up) + R(up;zn), on adjoint-based re ned meshes versus number of elemenfs) Error
of these values versus number of elements (Hartmann, 2006).

even in cases of smooth adjoint solutions but possibly nomeoth primal solutions. The
large di erence in the performance, see Figure 24, of the adjt-based indicator and the
residual-based indicator in producing adaptively re ned rashes for the accurate approxi-
mation of the target quantity Cqp, is due to the very di erent parts of the computational
meshes being marked for re nement by the two types of indicats. Figures 25 (a) & (b)
show the nest mesh produced by employing the residual-baséndicator. We see that
this re nement criterion aims at resolving all ow features the extensive bow shock, the
wake of the ow behind the airfoil as well as the weak shocks emating from the trailing
edge of the airfoil. In contrast to that, the re nement of themesh produced by employing
the adjoint-based indicator, see Figures 25 (c) & (d), is vgrconcentrated close to the
airfoil. In particular, the bow shock is mainly resolved in asmall region upstream of
the airfoil only, and there is even no re nement at all at the psition of the bow shock
beyond six chord lengths above and below the airfoil. Furtiheore, the weak shocks em-
anating from the trailing edge are not resolved and there isonre nement in the wake
of the ow beyond three chord lengths behind the airfoil. Infead, the re nement of the
mesh is concentrated near the leading edge of the airfoil amdthe boundary layer of the
ow. All other parts of the computational domain are recogrzed by the adjoint-based
indicator to be of minor importance for the accuracy of theCy, target quantity. In fact,
the adjoint solution, see Figures 26 and 27, includes the aial information concerning
which local residuals contribute to the error in the target gantity and to what extent.
Herewith, it o ers all necessary information of error tranport and accumulation. Finally,
the adjoint-based indicators mark only those parts of the duoain for re nement where
residuals of the ow solution signi cantly contribute to the error of the target quantity,
i.e., all parts which are important for the accurate approxnation of the target quantity.
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Figure 25: Supersonic viscous ow: (a) & (b) residual-basedk ned mesh of 17670 el-
ements with 282720 degrees of freedom apt{u) J(up)j = 1:9 10 2 ; (c) & (d)
goal-oriented re ned mesh forCqy,: mesh of 10038 elements with 160608 degrees of free-
J(up)j=1:6 10 # (Hartmann, 2006).
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Figure 26: Supersonic viscous ow: (a) Sonic isolines of thew solution; (b) isolines of
the rst component of the computed adjoint solutionz, (Hartmann, 2006).
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Figure 27: Supersonic viscous ow: Zoom of (a) sonib( = 1) isolines of the ow solution;
(b) together with isolines of rst component of the discreteadjoint solution z,, (Hartmann,
2006).
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9.4 Laminar ow around delta wing

In this example, taken from (Hartmann et al., 2010b), we coider a laminar ow around
a delta wing. The delta wing has a sloped and sharp leading edgnd a blunt trailing
edge. A similar case has previously been considered in (Kki al., 2006). The geometry
of the delta wing can be seen from the initial surface mesh indtire 28(a). The delta wing

/,a

() (b)

Figure 28: Laminar delta wing: a) initial surface mesh: Topbottom and side view of the
half delta wing with straight leading edges, b) solution plboshowing streamlines and a
Mach number isosurface over the left half of the wing as welsaach number slices over
the right half (Leicht and Hartmann, 2010).

is considered at laminar conditions with in ow Mach number gual to 0:3, at an angle of
attack =12:5, and Reynolds number Re = 4 000 with isothermal no-slip walldundary
condition imposed on the wing surface. This is the BTC3 testase of the EU-project
ADIGMA (Kroll et al., 2010) and the C2.4 test case in the Intenational Workshop on
High-order CFD Methods (cf. Wang et al. (2013)) that we alredy considered in Section
6.8. As the ow passes the leading edge it rolls up, creates artex and a secondary
vortex. The resulting vortex system remains over long disteces behind the wing, see
Figure 28(b). In the following the total drag, lift, and moment coe cients, Cq4, C; and
Cm, will be computed up to a prede ned error tolerancelOL The following industrial
accuracy requirements have been de ned in the EU-project ABMA (Kroll et al., 2010):

He(u)  Jein(un)j  TOk, =10 2;
Jca(u)  Jegn(un)i  TOE, =10 3 (346)
jden(U)  Jenn(un)i  TOk, =10 2

Reference values of the force coe cients have been obtainég performing high order
computations on ne meshes (cf. Hartmann et al. (2010b)).

In the following we compare the performance of various re meent strategies in meet-
ing these accuracy requirements. In particular, we considthe single-target error estima-
tion and mesh re nement approach for each of th€;, Cq4, and C,, coe cients, separately.
This results in three di erent sequences of locally re ned mshes where on each mesh a
ow problem (307) and a discrete adjoint problem (316) are $eed and the error estimate
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Figure 29: Error in the (a) lift, (b) drag, and (c) moment coe cient for global, residual-
based, adjoint-based(single-target) and adjoint-baseahlti-target) mesh re nement vs.
number of degrees of freedom. On the adjoint-based re ned sies also the enhanced
force coe cients Cio4-n, (cf. (328)) are given. (d) Error in the drag vs. computing tine
relative to the extrapolated time required for global meshe nement to meet the tolerances

(346) (Hartmann et al., 2010b).
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(320) is evaluated. This is compared to residual-based and global mesh re nement.
Furthermore, we consider a multi-target error estimation ad mesh re nement approach
for reducing the sum of relative errors of theC,, C4 and C,, coe cients. This results in
one sequence of locally re ned meshes which is targeted atlueing the error in all three
coe cients, simultaneously. Here, on each mesh a ow probie (307), a discrete error
equation (326), and a discrete adjoint problem (335) are s@d and the error estimates
(327) and (336) are evaluated.

In Figure 29(a)-(c) we see that forC, and Cq the residual-based re nement is more
e cient than global mesh re nement which, however, is not the case forC,,. Whereas
the residual-based indicators target at resolving all ow datures, see the resolution of
the vortex system in Fig. 30, they do not necessarily resulhimeshes suitable for ac-
curately approximating force coe cients. In contrast to that we see that the adjoint-
based re nement is signi cantly more accurate than both, reidual-based and global mesh
re nement. Furthermore, we see that the accuracy of the sitgrtarget and the multi-
target adjoint-based mesh re nemept is comparable. Finall we see that the enhanced
force coe cients, Cyz=m = Cyz=m + oT, in case of the single-target algorithm and
Cy==m = Cg=i=m + JJun](en) in case of the multi-target algorithm, are signi cantly mare
accurate than the originalC, values on the adjoint-based re ned meshes. This demon-
strates that the error estimation for single as well as for nitiple target quantities is
accurate and reliable.

(b)

Figure 30: (a) Grid after 5 residual-based mesh re nementeps; (b) Mach number isolines
of the ow solution on this grid with 14:7 10° DoFs.

Figure 29(d) shows the error in the drag coe cient vs. the comuting time relative to
the extrapolated time required for global mesh re nement taneet the tolerances (346).
For meeting the tolerances (346) the residual-based meshn@ment requires about 10% of
the time required for global mesh re nement. The adjoint-baed mesh re nement requires
about 2% and the adjoint-based mesh re nement including esr estimation requires in
the range of 0.1%. These time measurements include the tinog $olving the ow problem
and possibly the adjoint problem and the discrete error acooulated for the solutions on
coarser meshes. The time comparison clearly demonstratée tadvantage of using error
estimation and adjoint-based mesh re nement.
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9.5 Turbulent ow around streamlined body

In this example, taken from (Hartmann et al., 2011), we condéer a turbulent ow around
a streamlined three-dimensional body based on a 10 percehidck airfoil with boundaries
constructed by a surface of revolution. In particular, we awsider the streamlined body at
a Mach numberM = 0:5, an angle of attack =5 , and a Reynolds number Re = 10 10°
with adiabatic no-slip wall boundary conditions. This is tre ADIGMA BTCO test case
which has been de ned in the ADIGMA project (Kroll et al., 2010) in order to enable
grid convergence studies. It is also considered in the Intetional Workshop on High-
order CFD Methods (cf. Wang et al. (2013)) as test case C2.3.aBed on extrapolation of
higher order computational results and of the results on vgrne locally adapted meshes,
following reference values of the total drag, lift, and pitiecing moment coe cients, Cq4, C
and Cmy have been obtainedJc, (u) = 0:00663,Jc,(u) = 0:00858 andlc,,, (u) = 0:00588
(cf. Hartmann et al. (2011)).

In the following the total drag, lift, and pitching moment coe cients will be computed
up to a prede ned error toleranceTOL Let us consider the following accuracy requirements:

jde(u) Jc(up)i TOk, =3 10%
Jca(u)  Je,(un)j  TOk, =1 10 % (347)
jJdem (W) Jc,, (Un)j  TOk,, =2 10*%

In the following we compare the performance in meeting thesecuracy requirements
for higher order discretizations against second order distizations on globally re ned
meshes. We also compare against the performance of the twalgoriented re nement
strategies presented in Section 8. In particular, we congidthe single-target error estima-
tion and mesh re nement approach for each of th€, Cy, and C,, coe cients, separately.
This results in three di erent sequences of locally re ned mshes where on each mesh a
ow problem (300) and a discrete adjoint problem (316) are $eed, and the error estimate
(314) is evaluated. Furthermore, we consider a multi-targeerror estimation and mesh
re nement approach for reducing a weighted sum of absoluterers of the C;, C4 and Cyy
values. This yields one sequence of locally re ned meshesthargets at reducing the
error in all three coe cients simultaneously. Here, on eachmesh a ow problem (300),
a discrete error equation (326) and a discrete adjoint profan (335) are solved, and the
error estimates (327) and (336) are evaluated. The weighgrfactors in the weighted sum
(331) might account for the di erent tolerances in (347). Infact, in the following, the
multi-target approach will be based on the weighted sum

2jdc,(u)  Jo(un)j +6jIc,(u)  Jcy(Un)j +3jdcy, (U)  Je,, (Un)i:

Figure 31 shows the starting mesh of this computation with 635 curved elements.
The edges are given by polynomials of degree 4 based on addidil points taken from
ner grids with straight edges. On this mesh we rst compute he ow solutionsu, 2 V

we compute the solutions on globally re ned meshes. The rd8ng force coe cients C,,
Cq and C,y plotted over the number of degrees of freedom are given in Eigs 32(a),
32(c) and 32(e), respectively. We note that here and throughit this work numbers of
degrees of freedom always refer to the total number of degseef freedom (including all
components) of ow solutionsu, 2 VE. In Figure 32(a) we see that thep = 2;3 and
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]\\

Figure 31: Turbulent ow around streamlined body: Body surdce, symmetry plane and
cut through the domain of the coarse mesh with 6656 curved glents. The lines are
given by polynomials of degree 4.

4 solutions are within the prescribed accuracy tolerance tiie C; value on the coarsest
mesh, and they require signi cantly less degrees of freedaiman the p = 1 solution on
the twice globally re ned mesh. A similar behaviour is obseed in Figure 32(e) for the
Cn value. Furthermore, from Figure 32(c) we see that th¢ = 3 and 4 solutions on the
coarsest mesh are within the prescribed accuracy toleranaethe Cy value.

Let us now consider the adjoint-based error estimation andbgl-oriented mesh re ne-
ment that targets the lift coe cient C; (i.e., the single target quantity isJ(u) = Jc,(u)).
To this end we compute the solutionu, 2 V{ to the ow problem (307) and the solu-
tion z, 2 V2 to the discrete adjoint problem (316). We then evaluate the gproximate
error representation (320) and obtain the adjoint-based dicators  which we employ
for adaptive mesh re nement. Starting on the coarse mesh of666 curved elements
shown in Figure 31 a sequence of locally re ned meshes speally tailored to the ac-
curate approximation of the C, value is obtained. In Table 3 we collect the number of
elements, the (total) number of degrees of freedom (DoF) of, 2 V}, the true error
Jc,(u)  Jc,(up) in the lift coe cient, the estimated error R(up;z,), and the quotient

= R(un;zp)=(Jc,(u) Jc,(up)) of the estimated and the true error. Here, we see that
the estimated errors are very close to the true errors. This ialso indicated by the ef-
fectivity indices which are very close to one. In fact, fromhe third mesh onwards the
rounded index equals one. We note that this represents an abst perfect error estima-
tion. Given the complexity of the governing RANSk! ow equations this might seem
surprising. However, the turbulent ow considered here is grticularly smooth. So we
expect the error estimation to work very well in this case.

Figure 32(b) shows theC, values on the sequence of adaptively re ned meshes. For
comparison it also includes theC values of theu, 2 V{ ow solutions on the globally
re ned meshes already shown in Figure 32(a). Furthermore,idgure 32(b) includes the
enhanced target quantities (319) evaluated based on the cpuated C, values and the
error estimatesR (un; zy) given in Table 3. Here, we see that the enhanced quantity
Je,(un) = J¢,(un) + R(un; zp) on the coarsest mesh is already very close to the reference
C, value. Due to the high accuracy of the error estimates in Tabl3, we see that the
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Figure 32: Turbulent ow around streamlined body: C,, Cy4 and C,, values in the top,

middle and bottom row, respectively. (left) Thep = 1;2; 3 solutions on globally re ned

meshes; (right) The force coe cientsJ(uy) and the enhanced force coe cients, (319)
and (328), on the single-target and multi-target adjoint-lased re ned meshes (Hartmann
et al., 2011).
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# Elements | # DoF | J¢,(u) Jc,(un) | R(un;zn)
6656 186368 -1.320e-02 | -1.338e-02 1.01
11919 333732 -5.622e-03 | -5.661e-03 1.01
23894 669032 -2.200e-03 | -2.203e-03 1.00
49478 1385384 -8.007e-04 | -8.011e-04 1.00

Table 3: ADIGMA BTCO case at turbulent conditions: Error esimation for the C, value
(Hartmann et al., 2011).

— Al | TR T
A I AR bt
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Figure 33: Turbulent ow around streamlined body: Mesh with47 497 curved elements
after 3 multi-target adjoint-based re nement steps (Hartmann et al., 2011).

error estimation signi cantly improves the computed forcecoe cients. In fact, while the
adjoint-based re nement reduces the number of degrees oéé&dom, which is required for
meeting the accuracy tolerance, by a factor of 4 compared tdobal mesh re nement,
there is another factor of about 16 gained by using the erroiseémation. Figures 32(d)
and 32(f) show the respective plots for the error estimatioand goal-oriented mesh that
targets the drag and pitching moment coe cients,Cy and Cy,,, respectively. Here, the
behaviour is similar to that described before for the lift ce cient. In fact, here the
enhanced force coe cients meet the accurarcy requirements the second but coarsest
mesh, which again corresponds to a very good error estimatio

Additionally, Figures 32(b), 32(d) and 32(f) show the conugyence of the force coe -
cients on the sequence of multi-target re ned meshes. Tartge at reducing the errors in
Ci, C4 and C,, simultaneously, the resulting values are not expected to kes accurate
as for the single-target adapted meshes. However, we seet tih@ di erences for this test
case are marginal. This demonstrates that by the multi-targt mesh re nement about the
same accuracy in the force coe cients is achieved for thissecase as for the single-target
mesh re nements (see also Figure 33). However, this is acqdished with signi cantly
reduced computing. In fact, the multi-target approach reques only the ow solution,
the adjoint solution and the solution to the discrete error guation on one sequence of
adaptively re ned meshes. In contrast to that, the singledrget approach requires the
ow solutions and the adjoint solutions on three di erent sguences of re ned meshes.
This results in a factor of 3 in the number of ow solutions anda factor of 1.5 in the
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number of auxiliary problems to be solved. Note, that theseattors and thus the gain
of using the multi-target approach increases with the numbeof target quantities under
consideration. Finally, we note that the multi-target erra estimation is comparable to
the single-target error estimation since the enhance@qy, C, and C,, values of (328) in
Figures 32(b), 32(d) and 32(f) are close to the single-targenhanced values of (319).
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4 0.017

4 0.013
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0.1 1
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Figure 34: Turbulent ow around streamlined body: Convergece of the solver on the
sequence of goal-oriented re ned meshes that target tl&g, Cy and C,, values: the non-
linear residuals andC, values of the ow solutions and the linear residuals of the dcrete
error equations and the adjoint problems are shown (Hartmamet al., 2011).

In the following, we investigate the performance of the owdaver and of the solver for
the additional discrete error and adjoint equations. In parcular, we are interested in the
computing time required for solving the additional problera relative to the time spent
for solving the ow problems in a multi-target adjoint-basel mesh re nement algorithm.
After initialization of freestream values on the coarsest esh a ow solutionu, 2 V}
for p = 0 is computed which serves as starting solution fop = 1. On ner meshes the
ow solution and the solutions to the discrete error and adjmt equations are initialized
with interpolations of the solutions on the previous mesh. fie nonlinear residual of the
ow solution is decreased based on an implicit/backward Eefr method where the CFL
number and thus the local time step size is driven by the swited evolution relaxation
(SER) method (Mulder and van Leer, 1985; Essers et al., 1993h each nonlinear solution
step a linear system is solved with the restarted and block-U-preconditioned GMRES
method with 60 Krylov vectors. The linear solver is stoppedre the linear residual is
reduced by a factor of 10° or a maximum number of linear iterations is reached. On the
coarsest mesh the linear solver performs at most 120 itematis; under mesh re nement this
number increases with the cube root of the number of element¥he nonlinear solution
process is stopped once the nonlinear residual is reduced1® 6. Similarly, the linear
problems arising from the discrete error equations and thedgint problems are solved
using 120 GMRES iteration steps with a restart after 60 itertdons. Again, under mesh
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re nement the number of linear iteration steps increases i the cube root of the number
of elements.

Figure 34 shows the convergence of the ow solver on the seqoe of multi-target
adjoint-based re ned meshes that target theC,, C4 and C,,, values, i.e., on the sequence of
the 5 adaptively re ned meshes considered in the right plotsf Figure 32. In particular,
Figure 34 shows the convergence of the nonlinear residualsdaC, values of the ow
solutionsuy, 2 V}. As the ow solution to this test case is particularly smooth the ow
solver takes very few iteration steps, only. In fact, the seér of the p = 1 solution on
the coarsest mesh requires 25 steps for convergence. Thimbar decreases to less than
10 on subsequently re ned meshes. Figure 34 also includeg ttonvergence of the linear
residuals of the solutionse, and z, 2 V2 to the discrete error and adjoint equations.
Although the discrete error equation is solved with a highepolynomial degree than the
ow problems, it takes less computing time than the ow solve due to the linearity of
the problem. In fact, approximating the discrete error on tle coarsest mesh takes about
18% of the computing time of the ow solution. The additionalcomputing time for the
adjoint problem is of similar magnitude. We note that on nermeshes the computing time
for the additional problems increases relative to the timeaken by the ow solver due to
the decreasing e ort of the ow solver. However, already theadditional 18% computing
time spent on the solution to the discrete error equation onop of the ow solver on the
coarsest mesh yields an enhancé& value that is within the prescribed accuracy tolerance
(see Figure 32(b)). Furthermore, it results in signi canty improved C4 and C,, values
(see Figure 32(d)&(f)). In contrast to that a higher-order ow solution u, 2 V2 on the
coarsest mesh requires more than 5 times the time required fhe u, 2 V} ow solution.

9.6 Turbulent ow around the DLR-F6 wing-body

In this example, taken from (Hartmann et al., 2011), we conder a turbulent ow at
a Mach numberM = 0:5, a Reynolds number Re = 5 10° and an angle of attack

= 0:141 around the DLR-F6 wing-body con guration without fairing (see Figure
35). This is a modi cation of the DPW IlI test case, where a xal angle of attack has
been assumed instead of a given target lift. Also, the Mach mber has been reduced
from the originally M =0:75 toM = 0:5 in order to obtain a subsonic ow.

The original DPW mesh of about 3.2 million hexahedral elemésnhas been agglom-
erated twice resulting in a coarse mesh of 50618 hexahedrkdneents. The additional
points of the original mesh have been used to de ne 50618 cedvelements (see Figure
36), where the curved lines are represented by polynomialsdegree 4.

On this mesh we rst compute the ow solutionsuy, 2 V! for the polynomial degrees
p=1;2 and 3. Additionally, for p=1 and 2 we compute the solutions on a once globally
re ned mesh. The resulting drag coe cients are given in Figee 37. Due to the complexity
of the problem, no rigorous convergence study and thus no eeénce value is available for
this case. Nevertheless, we clearly see the advantage inmerof accuracy and degrees
of freedom of using discretizations with higher polynomiadegreesp = 2 and 3 over the
discretization with the low polynomial degreep = 1.

Figure 38 shows the surface mesh near the wing-body junctjatihe ¢, distribution,
and wall streamlines of thep = 1;2 and 3 solutions on the coarse mesh. For the= 2
and p = 3 solutions we clearly recognize the separation of the owThe resolution of the
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Figure 36: The DLR-F6 wing-body con guration: Mesh with 5088 curved elements
shown close to the nose and the wing (Hartmann et al., 2011).

p = 1 solution on the coarse mesh is too low to capture the sepdi@n.

Let us now consider the adjoint-based error estimation andbgl-oriented mesh re ne-
ment that targets the drag coe cient C4. As an example, Figure 39 shows the density
adjoint (i.e., the rst component of the discrete adjoint sdution z,) on the locally adapted
mesh after two adjoint-based mesh re nement steps. Finallyhe C4 values and the en-
hanced Cy4 values on this sequence of adjoint-based re ned meshes areeg in Figure
37. As in the previous examples, we see a signi cant decreaseghe number of degrees
of freedom required for computing the force coe cient up to aspeci c accuracy. A fur-
ther signi cant improvement can be seen in the enhanced faacoe cient, which again
corresponds to a good error estimation.

As already seen in Figure 38(b) the = 1 solution on the coarse mesh does not capture
the separation. Without showing details, we note that thep = 1 solution on the twice
adjoint-based re ned mesh has an onset of separation whichthen fully captured on the
three times adjoint-based re ned mesh.

9.7 Turbulent ow around the VFE-2 delta wing

In the following, we consider a turbulent ow around the 65 swept delta wing con gura-

tion with medium rounded leading edge of the second Vortex &v Experiment (Hummel

and Redeker, 2001). The geometry of the VFE-2 con guratiorsishown in Figure 40. We
note, that the sting has been extended in the geometry modeb about 1.5 cord lengths
behind the wing and has a rounded trailing edge, see Figure.41
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Figure 37: Turbulent ow around the DLR-F6 wing-body con guration: Convergence of
the drag coe cient Cy4 for the p=1;2 and 3 solutions on the coarse and a once globally
re ned mesh. Convergence of th&€y and the enhancedCy values under adjoint-based
mesh re nement targeted at theCy value (Hartmann et al., 2011).

(a) (b)

(c) (d)

Figure 38: Turbulent ow around the DLR-F6 wing-body con guration: (b)-(d) c, dis-
tributions and wall streamlines of thep = 1;2 and 3 solutions on (a) the coarse mesh of
50618 curved elements (Hartmann et al., 2011).
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Figure 39: Turbulent ow around the DLR-F6 wing-body con guration: Density adjoint
distribution, i.e., the distribution of the rst component of the discrete adjoint solution
Z,, on a twice adjoint-based re ned mesh (Hartmann et al., 20)1

An original block-structured mesh with 884 224 hexahedralements has been agglom-
erated twice resulting in a coarse mesh of 13816 elements. eTadditional points of the
original mesh have been used to de ne 13816 curved elementbere the curved lines are
represented by polynomials of degree 4 and interpolate theiginal points. The surface
mesh of the coarse mesh with curved elements is depicted oe thing and the symmetry
plane in Figure 40. Figure 42 shows the approximation of theunded leading edge close
to the symmetry plane for the original straight-sided meshrad the coarse curved mesh, re-
spectively. The original mesh shows clear kinks in the appiionation of the leading edge.
In contrast to that, the coarse mesh with curved elements isy®oth and approximates
the curved boundary very well.

9.7.1 Subsonic turbulent ow around the VFE-2 delta wing

In this example, taken from (Hartmann, 2013a), we consider subsonic fully turbulent
ow at a Mach number M = 0:4, a Reynolds numbeRe=3 1P and an angle of attack
of =13:3 around the VFE-2 con guration with medium rounded leading eége. This
is the Ul.b test case considered in the EU-project IDIHOM (Kall, 2012). According to
the description in (Schutte and Ludeke, 2009) we expect the following ow topology:

\Because of the leading edge geometry with rounded leadinglges the
wing tip can be assumed as a blunt body. The ow around the le@ng edge is

Figure 40: The VFE-2 con guration: Top and side view of the 65swept delta wing with
medium rounded leading edge (Hartmann, 2013a,b).
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Figure 41: The VFE-2 con guration: Full view on sting and wirg.

Figure 42: Zoom of the rounded leading edge of the delta wingpse to the symmetry
plane. Left: the straight-sided mesh; Right: the coarse cued mesh.

initially attached. Further downstream the ow separates ad the inner vortex
is generated. Regarding the ratio between leading edge rasliand wing span
the leading edge is getting sharper relative to the downstaen position. This
leads eventually to a separation of the shear layer furtherovnstream at the
leading edge and the outer vortex is generated."

While typically only one primary vortex is encountered on avs around delta wings with
sharp leading edges, the delta wing with a rounded leading gl considered here creates
two primary vortices which makes the ow eld particularly interesting and challenging
for numerical simulation.

First we consider a discrete solutiom, 2 V # of (307), i.e., a (by design) B-order ow
solution, on the coarse mesh of 13816 curved elements degiicin Figures 40 and 41. The
resulting c,-distribution on the upper side of the wing is shown in the Iéfpart of Figure
43(a) compared to the \pressure sensitive paint" (PSP) measements (Konrath et al.,
2006) in the right part of Figure 43(a). In the measurementssawell as in the %'-order
ow solution on this extremely coarse mesh we recognize thecsion trace of the stronger
outer vortex as well as the suction trace of the weaker inneoktex.

Next, we consider residual-based mesh re nement. In partitar, the adaptation will be
based on the residuals of the mean- ow equations in (344), Wdignoring the residuals of
the k and! equations. Furthermore, the adaptation will be combined wh an anisotropic
element subdivision based on jump indicators (cf. Leicht ahHartmann (2010)). Figure
44 shows a Z-order DG solution on a 6 times residual-based adapted meslittw562 892
curved elements. We see that the stronger outer vortex is mged and tracked over long
distances. In fact, it is resolved until it crosses the far kel out ow boundary about 14
cord lengths behind the wing.
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() (b)

Figure 43: Subsonic turbulent ow around the VFE-2 delta wig: The cy-distribution
on the upper side of the wing computed with the PADGE code in eoparison to PSP
measurements: (a) 8-order DG solution on the mesh with 13 816 curved elements afia)
the 4" -order DG solution on a residual-based adapted mesh with 848curved elements
(Hartmann, 2013a).

Finally, we combine the higher-order DG discretization wh residual-based adaptation.
In particular, we consider a &' -order DG solution on a locally adapted mesh of 84 348
curved elements. Figure 43(b) shows its,-distribution in comparison to the PSP mea-
surements. Furthermore, Figure 45 shows the,-distribution on the wing together with
slices of the ,-criterion. The two primary vortices are clearly visible: he inner vortex
that weakens and the outer vortex that strenghtens while beg advected downstream.

In the following we compare the performance of the residubbsed adaptation in pre-
dicting aerodynamic forces with adjoint-based adaptatiorand with computations per-
formed by Cassidian with the DLR-TAU code in the EU-project DIHOM (Kroll, 2012).
In particular, we compare the performance in predicting thelrag and lift coe cients Cgq
and C, for

the residual-based mesh re nement,
the adjoint-based mesh re nement,
with global mesh re nement, and
with computations performed by Cassidian with the DLR-TAU de.
In Table 4 we collect some characteristic data of this compapn. Figures 46(a) and

(b) show the convergence of respectively, the drag and thdtIcoe cient under mesh
re nement. Here, residual-based, adjoint-based and globmesh re nement of 3¢ order
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Figure 44: Subsonic turbulent ow around the VFE-2 delta wim: ¢, of a 2¥-order DG
solution on a residual-based adapted mesh with 562892 elentse The outer vortex is
resolved until the out ow boundary where the ,-criterion is shown (Hartmann, 2013a).

Figure 45: Subsonic turbulent ow around the VFE-2 delta wi: The c,-distribution and
slices of the ,-criterion of a 4"-order DG solution on a residual-based adapted mesh of
84 348 curved elements (Hartmann, 2013a).

DG solutions (PADGE) is compared with the 29 order FV solutions (TAU) on a sequence
of meshes. We see that adjoint-based mesh re nement leads\¢wid converged force
coe cients on signi cantly coarser meshes than the other amputations.

9.7.2 Transonic turbulent ow around the VFE-2 delta wing

In this example, taken from (Hartmann, 2013b), we consider @ansonic fully turbulent
ow at a Mach number M = 0:8, a Reynolds numberRe = 2 1 and an angle of
attack of =20:5 around the VFE-2 con guration with medium rounded leading dge.
This is the Ul.c test case considered in the EU-project IDIHE (Kroll, 2012). This
vortex dominated ow features a system of vortices and a shikcThe following numerical
results are based on the discretization (300) augmented Wwithe arti cial viscosity based
shock-capturing described in Section 7.3.

First we consider a discrete solutiom, 2 V;2 of the discretization, i.e., a 4 -order ow
solution, on a mesh with 110528 curved elements which is obted after one global mesh
re nement step of the coarse mesh with 13816 curved elememtspicted in Figure 40.
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IDIHOM test case Ul.b

DLR-TAU Code

DLR-PADGE Code

numerical scheme
design order
grids

# elements

degrees of freedom
degrees of freedom

nite volume
2

hybrid unstructured
linear elements
grid sequence

0.6 146 10°
7 per node
1:2 290 10°

discontinuous Galerkin
3

hexahedral
g4 elements
re nement of starting grid

14 884 10° (global ref.)
14 280 10° (local ref)

70 per element

1.6 62 10° (global ref.)
1.6 20 10° (local ref)

Table 4: Subsonic turbulent ow around the VFE-2 delta wing: Characteristic data of
the comparison of local mesh re nement (residual-based aradijoint-based) with global
mesh re nement and the computations with the DLR-TAU Code.
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Figure 46: Subsonic turbulent ow around the VFE-2 delta wirg(IDIHOM test case Ul.b):
Convergence of (a) the drag and (b) the lift coe cient under nesh re nement. Residual-
based, adjoint-based and global mesh re nement o®3order DG solutions (PADGE), and
2" order FV solutions (TAU) on a sequence of meshes.
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The resulting c,-distribution on the upper side of the wing is shown in the léfpart of
Figure 47(a) compared to the pressure sensitive paint (PSRheasurements (Konrath
et al., 2006) in the right part of Figure 47(a). In the measumments as well as in the %-
order ow solution on this rather coarse mesh we recognizedrfsuction trace of the strong
primary vortex and an onset of a weaker secondary vortex. Weote, that the suction
trace of the computed primary vortex is much stronger than tht in the measurements.

Again starting from the coarse mesh with 13816 curved elemisnwe now perform
3 residual-based mesh re nement steps. The left part of Figel 47(b) shows thec,-
distribution of the discrete solutionu, 2 V;2 on the resulting locally re ned mesh of 93 433
curved elements in comparison to the PSP measurements in thight part of the Figure
47(b). Although the number of elements is smaller than in thease of the globally re ned
mesh we see that the solution quality is signi cantly incresed. In particular, the strength
of the suction trace of the primary vortex is reduced and thabf the secondary vortex
is increased. Overall, the strength of both suction tracesnder local mesh re nement in
Figure 47(b) is closer to that of the experiment than in casefdhe globally re ned mesh
in Figure 47(a). Furthermore, more similarities of thec,-distribution near the trailing
edge is seen on the locally re ned mesh than on the globally med mesh.

Finally, Figure 47(c) shows the corresponding plot for a oecmore locally re ned
mesh. After in total 4 residual-based mesh re nement steps¢ mesh includes 201259
curved elements. In comparison to the,-distribution in Figure 47(b) we see that solution
features in Figure 47(c) are sharpened. Furthermore, thershgth of the suction trace of
the primary vortex is further reduced getting closer to thatof the experiments.

Figure 48 shows the,-distribution on the wing together with slices of the ,-criterion.
The primary and secondary vortices are clearly visible. Theesolution of the numerical
solution is high enough such that some vorticity even at thegsition of a possible tertiary
vortex can be recognized. At the symmetry plane the Mach nunelp distribution is shown.
Furthermore, on the symmetry plane and the wing the isolinefahe critical cy,-value is
shown. In the symmetry plane one clearly recognizes the regiof supersonic ow over
the wing which decelerates through a shock. As the ow pass#é®e front of the sting it
accelerates again to supersonic ow and then deceleratesathly, i.e., without shock, to
subsonic ow.
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() (b)

(€)

Figure 47: Transonic turbulent ow around the VFE-2 delta wng: The c,-distribution
on the upper side of the wing atM = 0:8, =20:5,Re=2 10° computed with the
PADGE code in comparison to PSP measurements: (a) thé"4order DG solution on a
once globally re ned mesh with 110528 curved elements; (bhe 4"-order DG solution
on a 3 times residual-based adapted mesh with 93433 curvedneénts, and (c) the 4 -
order DG solution on a 4 times residual-based adapted meshiw201 259 curved elements
(Hartmann, 2013b).
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Figure 48: Transonic turbulent ow around the VFE-2 delta wing: The cy-distribution
and slices of the ,-criterion of a 4"-order DG solution on a 4 times residual-based adapted
mesh with 201 259 curved elements (Hartmann, 2013b).
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A Appendix

A.1 Mesh related function spaces

We assume that the domain can be subdivided into a shape re¢ar meshT, = f g
consisting of elements . Here, h denotes the piecewise constant mesh function de ned
by hj h =diam( )forall 2Ty.

In the following we de ne some broken (mesh related) functiospaces only:

De nition A.1 (Broken Sobolev space H™(T,)) By H™(T,) we denote the space of
L2 functions on whose restriction to each element belongs to the Sobolov spakeg™( ),
ie.,

H™(Th) = fv2L3(): vji 2H™(); 2Thg: (348)

De nition A.2 (Interior faces: 1) Let and °be two adjacent elements off, with
common edge (interior face)e= @ \ @° We dene , to be the union of all interior
faces ofT,,.

De nition A.3 (Traces u*, u and the space T(T,)) Suppose thati 2 H(T}), i.e.,

uj 2 HY( ) foreach 2 Ty,. By u (simpli ed notation: u ) we denote the traces ofi
taken from within the interior of and of the neighboring element, see Figure 49. For
simplicity of notation we can obmit the -subscript in case it is clear relative to which
element the traces are de ned. We note, that fouj4 2 H!( ) the trace u* belongs to
L*(@), and traces ofu 2 H*(Ty) belong toT(Ty) := ~ ., L*(@).

Finally, we de ne mesh related (or broken) gradient, divergnce and Laplace operators.

Deniton A4 ( r s ry and ) We de ne broken operators by restriction to each
element 2 T, as follows:

The broken gradient operator , : HX(Ty) ! [L2(T,)]¢ is de ned by
(rav)i =1 (V)  2Th; (349)
for v2 H(Ty), where(r v); = @v;i=1;:::;d.
The broken divergence operatar , : [HX(T,)]9! L2(T,) is de ned by
(rn Ji=r () 2Tn; (350)
for 2 [HY(Ty)]9, wherer = P 1 4@ i

Figure 49: De nition of the interior and exterior tracesu wrt. element .
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Finally, the broken Laplace operator , : H?(T,) ! L?(T,) is de ned by

( awj = (u), 2Ty (351)
P

for u2 H?(T,), where u=rr u= ,; ;@u.
A.2 The local LZ?-projection and approximation estimates

De nition A.5 (Local L2-projection) Letp 0 and V" be the discontinuous nite
element space de ned in(52). Then, by PP we denote thel 2-projection onto /", i.e.,
given au 2 L?() we denePPu2 V/ by

Z
(u Pfu)vidx =0 8v,2 V) (352)

We use the short notationPhu instead of P’u when it is clear which projection is meant.

Givena 2T, wesety, Oon °2T,with °6 in (352) and see thatP, has
following local projection property: For any 2 T,, we have
Z

(u Ppu)vadx =0 8vy 2 V™ (353)

Ph restricted to 2 Ty, is an L?( )-projection which is why Py, is also calledlocal L2-
projection. There are following approximation estimatesai the L2-projection:

Corollary A.6 (Local approximation estimates for the L2-projection) Letp O
and Pyu := PPu be theL ?-projection de ned in De nition A.5. Suppose uj in HS *1( ),
S 0, for 2Ty. Then

ku Phukymey  Ch' ™t Mjuje w1 y; (354)
wheret =min(s ;p), 2 Th.

Again, for su ciently smooth functions u 2 HP*( ), i.e., s p, this estimate reduces
to
ku PhUka( ) Chp+1 ijjH PHL( ), (355)

while for functions with a lower smoothness, i.ey 2 HS *1( ) with s <p, we have

ku Phukgmiy  Ch® ™t Mjujyseay; (356)
form s +1. Furthermore, an analogous estimate holds in th&! -norm:

ku Ppuki:(y  ChPjujypea (y; (357)
Furthermore, we have following approximation estimate inte L2(@)-norm,

ku Py UkLZ(@) ChP*? =2jUjH PHL( ) (358)
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A.3 DG discretization of the linear advection equation: Det ails
In this section we give the proofs which were left out in Secin 3 for brevity.
Theorem A.7 (Coercivity, (Brezzi et al., 2004)) Let L,( ; ) be given by

Z Z

Lh(u;v) = (bu) r pvdx +  cuvdx
x £ VA (359)
+ A (U™ ;u ;n)vds+ b nuvds;
2Th @n +

whereﬁbD as de ned in (65) represents the mean value ux or the upwind ux depending
onty =0 or by = 5jb nj, respectively. Then for allv 2 H Lb(Ty,), with

H¥(T) = fv2L?(): r (bv)j 2 L3 ); 2Thg;

we have
¥ Z 2
Li(v;V) = kcovk® + by [V]* ds + > jb njv?ds: (360)
e2 1 e
Proof: First we_rewrite
Z 1Z
(bv) r vdx = > b r v?dx
lZ lZ
= Z r bv?® dx+Z (r b)vidx
2 2
1Z 1Z
= = b nv")%ds+ Z (r b)vidx:
2 o 2
Furthermore, we have
1X £ x Z
> b n(v")?ds+ b nfvgvds
o, @ ~ o1, @n
1 X X 1
= 3 b n* (vF)2 (v )? ds+ b n+§(v++v vt v )ds=0:
e2 | e €2 |
Thereby,
Z Z X Z Z
Lh(v;v) = (bv) r pvdx + cvPdx + (b nfvg+ Iy[v]) vds + b nv?ds
@ .
y . w z ™5z X
= c+ ot b vZdx + by [V]v ds + b nv2ds 5 b nv2ds
Z 2Th @n +Z
X 1 1
=  Gvidx + by [V][v] ds + > b nv?ds > b nv?ds
x 2 2 '
= kepvk?® + by [V]? ds + 5 jb njv2ds;
e2 | e

where we used hypothesis (47).
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De nition A.8  Motivated by the coercivity(360) we de ne the DG-normjk Kkjy, by
Z Z

X
jkvkiZ = keovk? + o VP ds + =

5 jb njv2ds: (361)
e2 1 e

From the coercivity of L}, (360), we immediately obtain the stability of the disconthuous
Galerkin discretization in the DG-normjk kjp, as follows:
Z Z

jkvKjg, = Lu(viv) = F(v)=  fvdx+ jb njgvds

Z 1= Z 1=2
k fkizy kvkizy + jib njg?ds jb njv2ds CjkVKjp;

forf 2 L?2()and g2 L?( ). After division by jkvkj, we obtainjkvkj,, C, and hence

Z Z
X
jkvkjg = keovk? + by [V]? ds + % jb njv?ds C2: (362)
e2 | e
Theorem A.9 (A priori error estimate, (Brezzi et al., 2004)) Let u 2 HP()

be the exact solution to the linear advection equatiq@5). Furthermore, let u, 2 VP :=
fvhn2 L2(): Vaj 2 Po( ); 2 Thg be the solution to
z z

Ln(un;vh) = fvpdx b ngwds 8v, 2 V7
whereL( ; ) is the bilinear form given in (67).
Then, for by = cjb nj with ¢ > 0 (which for ¢, = 1=2 gives theupwind ux ) we have
jKu  unkjin,  ChP"™2jujypa(y ; (363)
and for by = 0, i.e., when using themean value ux, we have
jku  unKjp,  ChPjujiyee(y ; (364)
wherejk kjﬁD is the DG-norm de ned in De nition A.8.

Proof: Lete=u u,= with =u Ppuand = up, PnuwhereP, := P} isthe
L2-projection onto Vi, := V¥ as de ned in De nition (A.5). Then, by triangle inequality,

jkeKjp, JK  Kjp, + jK Kjp,: (365)
For the rst term we use approximation results forPyu:

kCo k|_2() Cku PhUkLZ() Chp+1jUij+1() ;
Z P
o] ]2 ds C ku PhUkLz(e) Chp+1=2jUij+1() ;
e

e2 | e2 |
Z 1=2

1 : : 2.
é jb nj 2ds Cku PhUkLZ(@) Chp+1_szij+1();

(366)
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see (355) fom = 0 and (358), and hence
K Kis, AP Zjujpgn ) (367)
The second term in (365) we rewrite as follows
jk Kig,= La(; )=Ln( &)= La(; ); (368)

where we used coercivity (360) df;, and the Galerkin orthogonality propertyLy(e; ) =0
for 2 V4. Using the de nition of L, ( ; ) we obtain

z x Z z
jkkjﬁo= (bry +c)dx+ (b nf g+ k[ ]) ds+ b n ds:

2Th @n +

Next observe thatr ,, 2 V4, so that, by the de nition of the projector Pr?;o’
Z
Piob 1 dx=0:

Using this, together with the approximation estimate (357¥or p = 0, the Cauchy-Schwarz
inequality, the inverse inequalityk kyiy Ch™ 'k kym(, for 2 V4, and the approxi-
mation estimate (355) form = 0, we deduce that

Z X Z
(bry +c)dx= ( br +c)dx
X "2
= Plb b r +c dx
2Th

NI

X
Ck ki 2y kP bKir (i juicy+ K kezy

2Th
11
X _ 1 2 2
Ck k|_2() h JbJHl;l ( )h k k|_2( )+ k k|_2( )
2Th
Ck kez() k kezg
ChP* jujppa () JK Kiy: (369)

Furthermore, using Cauchy-Schwarz inequality and appromiation estimate (358) we nd

Z Z 1 7z 1
2 2

b n ds jb nj “ds +Jb nj <ds (370)

+

ChP* Zjujpypa 0 K Kjoy:

Finally, we have
x Z x Z
(b nf g+h[]) ds= (b nf g+ [ ][ ]ds:

2T, @n e2
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If by = cejb nj with c.> O we haveb n j b nj= 2 and obtain
Z Z
(b nf g+ D[1ds g~ 2f @+[ ] B[ lids
e

eZ 1 7 1
1 2 2 5 2
b if @+[] ds = b [ds
Z
ChP** Zjujuon () o[ Pds
e

e

NIl ©

and hence
Z Z | 1
X b f tb d hP 1=2 X tb 2d o
n + S C = jUjp p+1 S
o e( @ [ ])[ ] JUJH e 0 o e [ ] (37])

Chr*? =2jUjH P+l () jk kjbo:

R
Howevey, if b = 0, the norm jk kjy, does not include [ ]? ds which is why we cannot
bound _b nf g ]ds in terms of jk kj,,. Thereby, we are forced to use the inverse
inequality
K[ k2 Ch 2k Kiz(y;

to bound the L?(€)-norm by the L2( )-norm. Hence, instead of (371) we obtain

Z
5. . 1
b nf gl ]ds CK]| ]kLZ(e)k[ ]kLZ(e) Chp+1_2]U]Hp+l() h 2k k|_2( )s
e
and hence,
X Z
b nf @[ ]dS Chijij+1() k k|_2()
e?2 | € (372)

ChPjujiea () JK Kiby:
Combining (369), (370) and (371) we obtain (363), while (369(370) and (372) gives
(364).

P R
From the proof above we see that it is essential whether therta =, [v]°ds is
included in the DG-norm with by 6 0 or with by = 0. In the former case we can bound
the interior face terms x Z

(b nf g+ k[ ][ ]ds (373)

e2 | e

in terms of jk Kkj,, whereas in the latter case we are forced to use the inversequality
due to which we loose half an order df.

A.4 DG discretization of Poisson's equation: Details

In this section we give the details and proofs which were lefiut in Section 4 for brevity.
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A.4.1 Derivation of the face-based primal form

For rewriting the element-based primal formulation (cf. (8)): nd un 2 V" such that
Z X Z X Z Z
I wUn I gV, dx ANnonv,ds+ (On up)n r pvpds = fvpdx (374)
oT, @ o1, @

for all vy 2 V/", into a face-based primal form, we recall the de nition of man value and
jump operators in (88) and (89) for discrete functionsy, 2 Vi’ and 2 [, respectively.
Note, that the according operators can be de ned fog2 T(T,) and 2 [T(T,)]°.

We begin by showing following result which will frequently b used to transfer between
element-based and face-based forms.

Lemma A.10 Again, letq2 T(T,) and 2 [T(Ty)]¢, then
X Z Z Z
" 'ntqg'ds = f @ [dlds+ [ ]f qwds; (375)
5 7 z' z
" 'ntqgds = f @ [qds+ [ ]f gwds: (376)
@ 1 [ I

Proof: On |, we have

f @ d+[ Ifaw=3( "+ ) (@n"+qn )+
+

(7 n n) g +q)
=3( " n'd"+ n'g+ " ng+ nq)p
1 + + ot + + +
5( n"q + n q + n"q + n g)
- + n+ q+ + n q
usingn = n* inthe lastidentity. On wehave f @ [qjJ= * n*'q".
Using (376) and the Gauss integral formula we obtain followg result.
Corollary A.11  Letv2 HY(T,) and 2 [H(T,)]¢, then
Z Z Z Z
r pvax = ro vadx+ f @ [v]lds+ [ 1f vgyds: (377)
1 [ I
Proof: Using the Gauss integral formula on each 2 Ty,
Z Z
r dx = nds; (378)
@
for = v 2 [HY(T,)]9 and summing over all 2 T, we obtain
z z x Z z z
ro vdx+ r yvdx = nvds = f @ [vlds+ [ 1f vgyds;
@ 1 [ I
(379)

which shows (377).
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We now proceed in transferring the element-based form (37#)o a face-based form.
To this end, we use equation (376) twice (once for= ~ andq= v, andoncefor =r v
andg=1% u), and rewrite (374) as follows

Z Z Z
Ch(u; V)= rpu ropvdx f g [v]ds [*]1f vayds
7 1l 7 I
+ fr wvg [@ u]ds+ [r nvlf & ugds;
0l I
which results in following face-baseg@rimal ux form,
z z
Ch(u;v)=  rpu r pvdx + o u] fr wg f ~g [v]) ds
z 'L (380)
+  (fo ugfr vl ["]fvg)ds;
|

i.e., we have shown (90).

A.4.2 Continuity of the bilinear forms

In the following we show that the bilinear form correspondig to the method by Baumann-
Oden, and the bilinear forms of the SIPG, the NIPG and the BR2 ethods are continuous.

Lemma A.12 (Continuity of Baumann-Oden) Let Ly be given by
Z Z

Lh(u;v) = rnu r hvdx + ( [u] fr wag fr wug [v]) ds; (381)
il b

with =1. Then,
jLn(u;v)j jk ukj jkvkj ;  8u;v2 HA(Th); (382)

for any > 0, where
Z Z
jkvkj? = kr nvkio, + Y(n fr vg)®ds+ [V]? ds: (383)

[ o [ o

Furthermore, (382) holds also for = 1.

Proof: We have 7
rau rpvdx  Kro pukpzgy Kropvkpzg :

Furthermore, we use

Z Z
[u] fr nvgds = 22 ¥2n fr vagds
[ o [ o

Z 1=2 Z 1=2
[u]? ds Y(n fr pvg)®ds

) )
(384)
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and (384) with u and v exchanged, and obtain

Z Z Z
JLh(u; v)j rhu rpvdx + [u] fr pvgds + fr hug [vlds
kr pukpzy Kropvkpzg e e
YA 1= Z 1=2
+ [u]? ds Y(n fr nvag)?ds
z'" e Lz =
+ Y(n fr nug)®ds [v]? ds
[ o V4 il o 7 -
kr nuk?s, + Y(n fr nug)?® ds+ [u]? ds
7 ) 7 ) -
kr nvkZz, + [ Y(n fr pva)® ds+ [ [V]?ds

ik ukj jkvkj ;

; P P 1 1=2 P 1=2
where we used the Cauchy-Schwarz inequality ; ab  ( ;a?) (b)) ",

Lemma A.13 (Continuity of NIPG and SIPG) Let L, be given as in(120) with
> 0and =1 for NIPG and = 1 for SIPG. Then there is a constantL< C 2

such that
jLh(u;v)j  Cikukj jkvkj ; 8u;v 2 H3(Ty); (385)

where the normjk kj is as de ned (383).

R R -» R _
Proof: Using the Cauchy-Schwarz inequality ab 27 Pora= ]
and b= '[v] we obtain

z Z 1= Z 1=2
[u][v]ds [u]?ds [v]*ds
[ o i1 o i1l b
Thereby, using (382) for =1and = 1 we obtain
Z
jLa(u;v)j jk ukj jkvkj + [u]lv]ds
Z e 1=2 YA 1=2
jkukj? + [u]?ds jkvkj? + [V]*ds
il o il o

2jkukj jkvkj :
and hence (385).

We note that > 0 in (382) may be any positive constant. In contrast to that > 0
in (385) is the constant of the interior penalty term (109).

Lemma A.14 (Continuity of BR2, (Brezzi et al., 2000)) Let Ly be given as in(142).
Then there is a constantC > 1 such that

jiLn(u;v)j  Cikukj skvkj e 8u;v 2 H(Ty); (386)
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where thejk kj_g-norm is given by
X
jkvKife = kr nvkZo() + KL§(VIKZ2(, (387)

e

P
Proof: First, we note that Lo(v) = . 4 Lg(v) on . Furthermore, since the support of
eachL§ is the union of (one or two) elements sharing the edge we have

X X
KL§(V)kE 2y = KLE(V)KZ2( y: (388)
e 2The @
_ _ Py 2 Py Py Py
Thereby, using Cauchy-Schwarz inequality, 2, & i1l ,a=N I a,
|
Z 2 Z x , X
KLo(V)KZ2( y = LS(v) dx N (LE(V))%dx = N KLE(VIKE 2 y; (389)
e @ e @ e @
whereN is the number of face® @ of an element . And, due to (388)
X X X
KLo(V)kf2(y N KL§(V)k2 ) = N KLE(V)KE 2y (390)
2The @ e
Given Ly, as in (142), using Cauchy-Schwarz, (390) and again Cauchgkh®arz we obtain
Z Z
X
Lh(u;v) = (rpu r v Lo(u) rpv r pu Lo(v)) dx + Cere  Lg(u) Lg(v)dx
e [ o
kr hU)l((LZ() kr thLZ() + kLo(U)kLZ() kr thLZ() + kr hUkLZ() kLo(V)kLZ()
+ Ciro kLg(U)kLZ() kLg(V)kLZ()
e [ o |
N !

e [ o I

X
2kr wVkZa(, + KLo(V)KZz(, + Care KL§(U)K?2 Cikukj, o jkvkj, .

e [ o

with C = (N + Cen, ).

A.4.3 Coercivity of the bilinear forms

Based on the relations shown in the proof of Lemma A.14 coerity of BR2 is easily
obtained.

Theorem A.15 (Coercivity of BR2, (Brezzi et al., 2000)) Let Ly, be given as in
(142). Then there is a constantC?,, > 0 (C%, = 3 on triangles, C2, = 4 on quadri-
laterals) such that for allCsr, > C9O we have following coercivity property: There is a

BR2
constant > 0 such that
Ln(V;V) jkvkjﬁg 8v 2 H3(Th); (391)

where thejk kj_s-norm is as de ned in (387).
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Proof: Using 2ab a2+ 17 and (389) we obtain

Z
1
2 rav Lo(v)dx  kr pvkis, + =kLo(V)kfa,
N X (392)
kr nvkfo) + — KLE(VIKE 2
e [ o
Then, using the de nition (142) of L, we have
z X
La(viV) = kr nVkfoy +2  Lo(V) r pvx + Corz KLE(VIKE 2
[ o
X ¢ N (393)
(1 )kr thEz() + Core - kl—g(v)kﬁz(e);

e [ o

and hence (391) with =min(1  ;Cg M) which is positive Wheneverc';'T < < 1,
i.e., wheneverCy,, > N . Thereby, (391) holds providedCg, > C2, := N, whereN is
the number of facee @ of an element

Also the coercivity of the method of Baumann-Oden is easilyhewn.

Lemma A.16 (Coercivity of Baumann-Oden) Let L be given as in(120) with =
land =0. Then,
La(viV) = kr nvkfs(, 8v2 H(T,): (394)
Proof:
Z Z
Lh(vivV)=  r v r pvdx + ( Dff pvg [v]ds= kr thEz() (395)
[ o

for =1.

We see, that the bilinear formL, for Baumann-Oden is coercive only with respect
to the H(T,)-seminorm. In particular, for any v, 2 Vhd;O we havel(vh; V) = 0, i.e.,
the method of Baumann-Oden is unstable. However, considagi the discretization of

u+cu=f with ¢ ¢o > 0 we obtainL,(v;V) cokkaz() + kr thfz() , hence
coercivity in the H(T,)-norm.

Finally, in order to show coercivity of the NIPG and SIPG discetization we rst recall
the following standard inverse estimate: There is a constal© > 0 such that

kr thLz( ) Ch 1thk|_2( ) 8vh 2 Vy; (396)

In the following we quote from (Schwab, 1998), p. 208, a geadization of this estimate
to v, 2 Vhp.

Lemma A.17 (Inverse estimate on  V\}) Let T, be a shape regular mesh. Then, there
is a constantC 0 such that for any 2 T, we have

2
Kr Vikoz( ) cﬁ—kvhkLZ( G Bvy 2 VP (397)

VKI - 151 -



A APPENDIX A.4 DG discretization of Poisson's equation: Deails

Furthermore, let us recall following trace inequality:

Lemma A.18 (Multiplicative trace inequality, (Prudhomme e t al.,, 2000)) Let 2
T,, with diameterh and radiusr of an inscribed circle, withch <r <h , ¢> 0, then

kvkio@y C h *kvkPz )+ kvkiz( ykr vkiz( 8v2 H(): (398)
Theorem A.19 (Coercivity of NIPG and SIPG, (Prudhomme et al. , 2000)) Let
Lh be given as in(120) with = C, ‘;1—2 Then there is a constantC? 0 (C2 =0 for
NIPG, i.e.,, =1, andC? > 0O for SIPG, i.e.,, = 1), such that forallC, >C?2 we
have following coercivity property: There is a constant> 0 such that

Ln(Vh;Vh)  jkvhkj®  8vh 2 VP; (399)

where Z Z

jkvkj? = kr pvkZz, + Y(n fr vg)?® ds+ [V]? ds: (400)

() [ o

Proof: This proofs fgllows the proof given in (Prudhomme et al., 2@). We begin by
considering the term _(n r v)’dsone2 ,[ p. By employing the trace inequality
(398) and the inverse estimate (397) we obtain for all, 2 \,",

Z
(N rvh)?ds C h ke vpkZz )+ Kr Vikizo K 2vpkez(
e
1 p 2
C h_ + h_ kr thLz( ) (401)
P C .
Ch—kr thﬁz( ) C—IP kr thEZ( )s
and hence Z
Y(n fr ?d C i wvikea, 402
(n Vh@)“~ ds c. I hVhKiz(y (402)
i1l b 1P
where we usedd+ b)? 2(@®+ ) fora=n r vi andb=n r v, . From (120) we have
Z Z Z
Lh(v;v)=  rpv rpvdx + ( Dfr pvg [vlds+ [V]°ds:  (403)
il b [ o

For =1 the second term vanishes and we obtain using (402)
Z

. . C
La(V;ve)  jkvekjiz 1 e kr vokfzy +(1 ) [ [V]? ds:
Thereby, foranyC, >C2 =0we ndaoO < 1=(1 + C=G;) such that (399) holds.
For = 1 the second term in (403) is bounded usingb ;a2 + t?,
Z Z Z 1=2 Z 1=2
2 fr wa [vlds 2 n fr ,vgv]ds 2 Y(n fr hva)’ds [V]? ds
e ? e Z e
-4 Y(n fr pvg)ds+ 1 [V]? ds;
4 e e
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and hence
Z Z Z

2 fr g [v]ds Y(n fr nvag)®ds 1 [VI?ds: (404)

) ) )

We then obtain
. H :2 C 2 1 2 .
Lh(Vh; Vh) JKVhKj 1 ( + )C— kr vhkizy +(1 -) [V]“ds:
P 1l o

Hence, we require
1
1 ( +) < 0 and 1 - O
CIP
The second inequality is ful lled if 0 < 1 1= and > 1. On the other hand the
rst inequality requires that 1  C=C,, (1+ C=C;) and hence

1 C=C; < 1 C=C _Cs C.

O< - )
1+C=C,  1+C=C Cp+C

for C, >C2 > 0, e.g.C% = C whereC is the constant in (402).

We emphasize that for the NIPG method any choice of the intesi penalty constant
C, > 0 gives a stable scheme. In contrast to that the SIPG methodaggiresC, >C2 > 0
for stability with a constant C2 which is in general not known. However, numerical
experiments showed thalC, =10 20 is a good choice a for large variety of problems.

We note that whereas continuity ofL, could be shown onH?(T,,) coercivity of Ly
on H?(T,) does not hold, see Prop. 4.4 in (van der Zee, 2004). Howeveogrcivity of
L on the discrete function space/” as shown in Theorem A.19 is su cient for proving
existence and uniqueness of the discrete solutiop 2 Vhp.

2

Remark A.20 The estimate (401) motivates the particular choice of = C;, &-.

A.4.4 A priori error estimates

In this section we give ana priori error estimates for the NIPG and SIPG discretization.

Lemma A.21 ( A priori  error estimate for NIPG and SIPG) Let u 2 HP()
be the exact solution to Poisson's equatiov9). Furthermore, let u, 2 V,° be the so-
lution to

Ln(Un; V) = Fn(va) 8vy 2 VP

wherelL; is as given in(120) with =1 (NIPG)or = 1 (SIPG) and = C.P‘;]—z,
Cr, >CZ, cf. Theorem A.19. Then
jku upkj  ChPjujyee(y ; (405)

wherejk kj is the norm as de ned in (383).
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Proof: Letthe errore= u uy be split as follows
e=u up=(u Ppu) (un Phu)= ;

with = u Ppuand = u, Pyu. Here, P, := P} is the L?-projector onto V}, := V"
given in De nition A.5. Applying coercivity (399) of Ly for 2 V;, we obtain

jk ki# La(; )=La( & )=1La(; )
where we used Galerkin orthogonality (4). Using continuityf L, (385), we obtain
kK2 Ln(; ) Cik ki jk K :
In summary, we obtain
jku upkj jk ki +jk ki Cik kj:

Thereby, employing (383) and the approximation estimateshiSection A.2 we obtain
Z Z
jku unkiz C kr o Koy + ‘(n @’ ds+ [ ds
[ o il b
C Ch2p+ é;_Z ChZ(p 1=2) + ChZ(P+1:2) juj|2—|P+1() ;

and thus (144).

Remark A.22 We note that estimate(144) is of optimal order p which corresponds to
the order of approximation of polynomials of degrgein the H'-norm, cf. estimate (355).

Having an estimate in theH -norm one can obtain an estimate in the.2-norm by using
a duality argument (Aubin-Nitsche) which is based on the denition of an appropriate
adjoint (or dual) problem. We will use this technique also fothe interior penalty discon-
tinuous Galerkin discretization. However, as we will see ithe following, application of
an duality argument requires an adjoint consistent discrétation.

Lemma A.23 ( A priori error estimates in the L2-norm for NIPG and SIPG)
Let u 2 HP*Y() be the exact solution to Poisson's equatiofi79). Furthermore, let
un 2 Vi be the solution to

Lh(Uh;Vh) = Fh(Vh) 8vj, 2 Vhp;

wherelL; is as given in(120) with =1 (NIPG)or = 1 (SIPG) and = C.P‘;]—z,
C, >CZQ, cf. Theorem A.19. Then, for NIPG:

ku UhkLZ() Chpj UjH PHL() (406)
and for SIPG:

ku UhkLz() Chp+1jUjH PHL () - (407)

VKI - 154 -



A.4 DG discretization of Poisson's equation: Details A APPHEDIX

Proof: Let us consider the adjoint problem (81) with homogeneous fhlet and Neu-
mann boundary conditionsjp = jy =0, i.e.,
z=j in ;
z=0 on p; (408)
nrz=0 on y:

We recall from Section 4.6 that the bilinear forml'},, (cf. (94) where the numerical uxes
0y and 7y, are still unspeci ed), can be rewritten as
Z Z Z

Chw;z)= | wdx + [o(w)] r zds [*(w)]zds
Z ' z ! z
A(w) nzds+ o(w)n r hzds+ ( +1)wn r nzds; (409)

D N D

see Equation (102). In particular, for the SIPG method, both™ and & are conservative,
i.e., single-valued, and thus §] = 0 and [a] = 0. Furthermore with = 1, and with
(408) we nd 7

Bi(w;2)= ] wdx; (410)

whereB;( ; ) denotes the bilinear form of the symmetric interior penajt DG discretiza-
tions given in (120) with = 1. We de ne z° to be the solution to (408) forj := e
We assume thatz® 2 H?() and kz®kyz() Ckek_2(y which is satis ed if is a convex
polygon, for example. In view of (410) we h%ve

Br(w;z%) =  ewdx: (412)
Now choosingw =Ze we obtain
kekfz() = €&dx=BJ(e;2)= B(e;7 z) jk &kj jkz° znKj ; (412)

where we used Galerkin orthogonality (4) foz, = Pz® 2 \{? and continuity (385) of L.
Thus using (144) and approximation estimates for> z, we obtain

kekfz() Jk ekj ijS thj Chijij+1() ChijHZ() Chp+1jUij+1() k6k|_2() ;
and hence (407).

For the NIPG discretization the above argument fails becauasit is not adjoint consis-
tent. In fact, for the NIPG discretization, we have [*] = 0 and [0,] = 2[un], and =1,
thus Z Z Z

Bi(w;z)= j wdx+2 [w] r zds+2 wn r hzds; (413)
1 [ D

where B ( ; ) denotes the bilinear form of the symmetric interior penajt DG discretiza-
tions given in (120) with = 1. Hence, the anZaIyticaI solutionz" to

Bh(w;z")=  ewdx; (414)

is mesh-dependent. Furthermorez" is not regular which is why we do not obtain an
additional order of h from z" 2z, as we do in the case of the SIPG method.
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A.5 DG discretization of the compressible Navier-Stokes eq ua-
tions: Details

In this section we give some details which were left out in Semn 6 for brevity.

A.5.1 Derivation of the face-based primal form

For rewriting the element-based primal formulation (254):nd uy, 2 V| such that

z x Z
G(Un)r pup i r pvp dx MNyinooovpds
2T, @
x Z°7
+ (0, up) n: G (uprvy ds=0 8v,2 VP, (415)
o, @

into a face-based primal form, we recall the de nition of meavalue and jump operators
in (255) and (256) forv, 2 V} and _,, 2 _P, respectively. Note, that the according
operators can be de ned fov 2 [T(T,)]™ and _ 2 [T(Ty)]™ 9. Then, we can generalize
Lemma A.10 to systems of equations:

Lemma A.24 ZLet v 2 [T(Ty)]™ and _ 2£T(Th)]m d then .

X
'nt vids = f_g@:[vldas+ [] fvgds; (416)
¥ 7 z' z
'nt vids = f @:[vlds+ [ ] fvads: (417)
@ [ T |
Proof: _Employing Lemma A.10 for anyi = 1;:::;m we obtain
X Z Z Z
wnevids=  f y@ ving +v,n  ds+ wng + 4 n. fvigds
@n 7 | 7 I

= f_g:[vlds+ [ ] fvads;
thus (416). Use the de nition of mean value and jump operat@aron for (417).

We now proceed in transferring the cell-based form (415) imta face-based form. To
this end, we use Equation (417) twice (once for = ~, and v = v;, and once for

_= G (up)r vp, ie., j = (G(u)k|)ij @, Vi, andv = 0, up) and rewrite (415) as follows
Z Z
G(Un)r pup : r vy dx f 2@ [ve]ds [*,] f vhagds
b 1 —Z I
+ I[Oh Uh]l G (up)r vp@ds + foa, ug I[G> (up)r Vh]l ds=0 8vy?2 VE;
1 [ I
which results in following face-basedprimal formulation:
Z Z
G(uh)r hUp o KV dXx + I[Oh Uh]l f G (uh)r Vh@ f ih@ : Mds
7 1l

+  f0, upg [G™ (un)r vi] T[] fvh@ds=0 8v, 2 VE:
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