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This work presents a new method to deal with aeroelastic phenomena which interfere in
the motion and dynamics of aircraft. By suppressing the accelerations of flexible aircraft
modes, the related structural displacements and velocities are diminished, providing reduc-
tion of structural loads and improving passengers comfort, since undesirable high-frequency
vibration content is practically eliminated. The proposed attenuation is achieved by means
of a control technique denominated constrained linear quadratic control, which basically
is the well-known linear quadratic regulator with addition of inequality constraints on the
state and input variables. An aeroservoelastic model is presented where flexible and rigid
body dynamics are integrated in a single set of equations. Simulation results of the com-
plete closed-loop system, with limitations imposed over the modal accelerations, demon-
strate the possibility to maneuver the flexible aircraft with reduced flexible displacements
and velocities.

Nomenclature

A,B continuous-time state-space matrices
ay lateral acceleration, m/s2

b aircraft wingspan, m
c mean aerodynamic chord, m
Cc output constraint matrix
CX , CY , CZ dimensionless specific forces in body-axes, adm
dmax, dmin bounds over disturbance vector
DOF degrees-of-freedom
E observation matrix
Ea augmented observation matrix
H tracking matrix
I identity matrix
J cost function
Kd feedback gain matrix
L,Ld, Lx observer gain matrices
L̄d, H̄ auxiliary observer matrices
L,M,N aerodynamic moments along body-fixed axes, N.m
LT ,MT ,NT propulsive moments along body-fixed axes, N.m
LQR linear quadratic regulator
m mass, kg
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MPC model predictive control
O∞ invariant set
P terminal weighting matrix
p, q, r aircraft angular rates, rad/s
Q,R continuous weighting matrices
Qd,Wd, Rd discrete weighting matrices
Qss, Rss constrained target calculator weighting matrices
QP quadratic programming
Q generalized aerodynamic load, N
rc command (demand) vector
rss statically admissible command vector
S wing area, m2

T net thrust, N
Ts sampling time, s
t time, s
Td rotation matrix
umax, umin bounds over control vector
u, v, w aircraft true airspeed components in body-fixed axes, m/s
Ussk feasible steady-state control set
X,U admissible state and control sets
x, u state and control vectors
xa augmented state vector
x0 initial state vector
x̂, d̂ estimated state and disturbance vectors
xmax, xmin bounds over state vector
xssmax , xssmin bounds over state vector at steady-state
xss, uss state and control vectors at steady-state
x̃, ũ tracking state and control vectors
X,Y, Z aerodynamic forces along body-fixed axes, N
XT , YT , ZT propulsive forces along body-fixed axes, N
y observed vector
z controlled output vector
zss feasible command vector

α, β angles of attack and sideslip, rad
δe, δa, δr elevator, aileron, and rudder deflections, rad
δec , δac , δrc elevator, aileron, and rudder commands, rad
δt deviation over trimmed thrust, N
δtc thrust command, N
η, η̇, η̈ generalized modal displacement, velocity, and acceleration, adm
γ flight path angle, rad
µ generalized modal mass, kg.m2

ω generalized modal natural frequency, rad/s
Φ̄ modal shape vector
φ, θ, ψ Euler angles, rad
Φ,Γ,Γd discrete-time state-space matrices
Φa,Γa augmented discrete state-space matrices
Φ̄ auxiliary discrete state-space matrix
ψ̇ turn rate, deg/s
σ slice operator
ζ generalized modal damping ratio, adm

I. Introduction

The interaction of aircraft flexible modes and rigid-body dynamics represents an important topic in
aeronautics because, from a certain point of view, flexibility and related phenomena interfere in the classical
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air vehicle motion. Starting some decades ago with the understanding of how structural vibrations are
excited by turbulent air and gusts, and arriving recently at very flexible aircraft, which slow dynamics can
not be characterized only by simple rigid-body modes, this complex relationship poses several challenges
during the design phase. Structural dynamic modes, if neglected, may compromise the vehicle fatigue life by
increasing fuselage and wing loads, decrease passenger comfort and handling qualities, or even put at risk
the closed-loop performance and stability of control systems.

Thus, it seems clear that the first step to deal with such phenomena is the adequate characterization
of flexible vehicles dynamics, formulating a model capable of providing answers and solutions for the afore-
mentioned problems. From the flight mechanics point-of-view, one of the first approaches1,2 was to consider
that the internal structural motion is damped much faster than the rigid-body translational and rotational
motions, which allow one to assume that the flexibility effects can be accounted by a proper modification on
the rigid-body stability and control derivatives. This approach does not take into account the accelerations
and transient forces caused by structural motion.

In the noteworthy work of Milne,3 the equations of motion of the deformable airplane are derived analyti-
cally, assuming a general nonlinear rigid-body motion and small structural displacements. Airplane structure
is idealized as a beam in longitudinal bending and aerodynamic forces are obtained by a superposition of
first-order effects about an equilibrium condition of a slender wing. The issue of choosing a suitable axis
system is also addressed and the mean axes reference system is adopted in order to simplify the equations
of motion, decoupling inertially the rigid and flexible degrees of freedom.

Assuming validity of linear elastic theory, availability of a set of orthogonal modes, collinearity of struc-
tural displacements and rates and neglecting the inertia tensor changes due to deformation, Waszak and
Schmidt4 derive the equations of motion of the flexible aircraft relative to mean axes by application of La-
grange’s equation. The Principle of Virtual Work is used to derive the generalized forces. This development
results in a set of six scalar first-order equations for the rigid-body motion relative to mean axes reference
system that are formally equivalent to the conventional equations of motion from the Flight Mechanics and
one second-order differential equation in terms of modal displacements for each structural mode retained in
the truncated model. Through a quasi-steady strip aerodynamic theory, the aerodynamic forces are obtained
analytically, in terms of generalized stability and control derivatives, which provide the coupling between
rigid and flexible states.

A contemporary work from Buttrill et al.5 also developed the equations of motion of the flexible aircraft
using Lagrangian mechanics. In that work, the changes in the inertia tensor due to elastic displacements
are accounted for and the assumption of collinearity between structural displacements and velocities is not
adopted. As a result, the equations for rigid-body rotations and for structural motion are considerably more
involved and coupled through nonlinear inertial terms. The aerodynamic forces due to elastic modes were
obtained through a rational function approximation of frequency responses derived from a doublet-lattice
model. The comparison on the responses obtained through inertially coupled and decoupled simulations
indicated that the effects of coupling on rigid-body responses were negligible, whereas some elastic modes
were significantly affected by inertial coupling, especially in maneuvers containing high roll rates, with
magnitude comparable to the natural frequency of elastic modes. A work by Waszak et al.6 compares both
approaches and highlights their consistency, stating that the inertially uncoupled equations of motion from
Ref. [4] can be derived immediately from the coupled equations obtained in Ref. [5] simply by applying the
proper assumptions.

In the last decade, different research groups have made efforts in the search of high-fidelity flexible aircraft
time-domain simulation models.7–10 The structural dynamics is usually modeled through high-resolution
Finite Element and the aerodynamic forces are obtained through CFD methods. These simulations have
also as a common characteristic a very high computational demand, and the accuracy of the integrated
model is not yet validated by comparison with real flight test data.

Flight tests have been performed in order to identify suitable models of the dynamics of aircraft considered
as a flexible body. An investigation performed at Airbus11 has obtained a black box model for a large
transport aircraft, using an eigensystem realization algorithm (ERA), in order to provide data for control
law synthesis aiming at improvement of passenger comfort. Another work used the frequency-response
method to identify a linear state-space model for the lateral-directional dynamics of a Boeing transport
aircraft, incorporating the first anti-symmetric wing and fuselage bending modes.12

Recently, a work by de Oliveira Silva13 demonstrated the feasibility of using the output-error method
in time domain to obtain a model for an aircraft that incorporates the coupled dynamics of the rigid body
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and structural motion, by considering a model comprising the longitudinal motion augmented by the first
symmetric wing bending mode. An extension of the results is presented in Ref. [14], where a model
containing three symmetric and two anti-symmetric structural modes is identified and validated. Both Refs.
[13] and [14] use a model based on the one developed at Ref. [4], where the coupling between rigid body and
structural motion is obtained through generalized derivatives, which seems to be a natural extension of the
well-established approach adopted in the system identification of rigid body aerodynamic models.

The correct definition of an unified flight mechanics and aeroelastic model opens a wide variety of solu-
tions to problems related with flexibility. Shearer and Cesnik15 presents a comprehensive review of control
applications for aeroelastic vehicles and also proposes a trajectory control system for very flexible aircraft,
where simulations show clearly the effect of flexibility in the closed-loop motion of the aircraft. A robust
H∞ control for pitch rate tracking of a flexible aircraft is proposed by Silvestre and Paglione,16 demonstrat-
ing adequate performance in the presence of atmospheric turbulence. Wildschek et al.17,18 introduces an
adaptive feedforward controller to provide wing load alleviation, identifying on-line the frequency content of
important flexible modes based on accelerometers placed along the fuselage and wing. Recently, Haghighat,
Liu and Martins applied nonlinear control techniques such as Model Predictive Control,19 Robust Linear
Matrix Inequality20 and Robust Mixed-Norm Multi-Objective,21 considering an aeroservoelastic model with
integrated rigid-body dynamics and flexible dynamics.

The research advances in the field of flexible aircraft, and its control, indicates some possibilities to go
further. But, despite the availability of integrated aeroservoelastic models and advanced control techniques,
the vast majority of the proposed solutions are capable of dealing only with structural vibration suppression
after turbulence encounter. Flexible phenomena induced by maneuvering have been practically not consid-
ered. Only recently, Frost et al.22 presented a linear quadratic tracker with control allocation and explicit
consideration of maximum wing structural loads as constraints in the optimal constrained problem, assuming
an over-actuated large transport aircraft.

Therefore, this work proposed a novel approach to deal with aeroelastic phenomena, establishing bounds
over the flexible modes accelerations. Doing so, the structural displacements and velocities are suppressed,
reducing structural loads and improving passenger comfort. High-frequency vibrations are also strongly
attenuated. Those benefits are achieved by means of a LQR-type technique, denominated Constrained Linear
Quadratic Tracker (CLQT),23 with intuitive tuning parameters. The controller tracks commanded variables
and, at the same time, limits the flexible modal accelerations. The synthesis of the controller practically does
not account for flexibility in the gains computation, avoiding feedback of structural dynamics in the flight
control system. The proposed control system is applied to the B1 Bomber model of Waszak and Schmidt.4

Longitudinal and lateral abrupt maneuvers are simulated, demonstrating notable performance and stability.

II. Aeroservoelastic Model

The model developed in this section is based on the work of Waszac and Schmidt.4 The derivation of the
equations of motion and the inertial decoupling between the rigid body and structural dynamics is obtained
through the use of the mean axes reference system and the following assumptions:

• Structural deformation is assumed to be small and described by a set of eigenmodes;

• Moments and products of inertia do not vary with deformation;

• Aerodynamic forces are modeled by quasi-steady strip theory; and

• Deformation and deformation rates are collinear.

The second assumption allows one to write the structural displacement in a point of the aircraft’s structure
as an infinite sum of contributions from its normal modes:

~d(x, y, z, t) =

∞∑
i=1

~Φi(x, y, z)ηi(t) (1)

In Eq. (1) the vector ~Φi represents the shape of the flexible modes and has dimension of length, whereas ηi
is a non-dimensional scalar function of the time and represents the generalized displacement of the respective
mode.
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For real applications in simulation, the sum in Eq. (1) must be truncated at some point, which means
that some normal modes should be retained and the remaining ones should be disregarded. If the interest
lays on the influence of the flexibility on the flight mechanics, the most straightforward way to make this
selection is to retain the modes with lowest natural frequencies, which have greater probability of influencing
the low-frequency rigid-body modes dynamically or be influenced by them.

From the kinetic and potential energy expressions (including the energy terms due to structural defor-
mation), the application of Lagrange’s equation leads to the set of equations represented by (2):

u̇− rv + qw + g sin θ =
X +XT

m

v̇ − pw + ru− g sinφ cos θ =
Y + YT
m

ẇ − qu+ pv − g cosφ cos θ =
Z + ZT
m

Ixxṗ− (Ixy q̇ + Ixz ṙ) + (Izz − Iyy)qr + (Ixyr − Ixzq)p+ (r2 − q2)Iyz = L+ LT
Iyy q̇ − (Ixyṗ+ Iyz ṙ) + (Ixx − Izz)pr + (Ixyp− Iyxr)q + (p2 − r2)Ixz =M+MT

Izz ṙ − (Ixz ṗ+ Iyz q̇) + (Iyy − Ixx)pq + (Ixzq − Iyzp)r + (q2 − p2)Ixy = N +NT

η̈i + 2ζiωiη̇i + ω2
i ηi =

Qi
mi

(2)

The first six equations in (2) are written with regard to the mean axes reference system and are formally
equivalent to the classical equations for rigid body dynamics, whereas the last expression is equivalent to the
classical flutter equation. Due to the assumption of constant inertia and use of mean axes system, the rigid
body and the structural motion are coupled solely through the aerodynamic forces at the right hand side.

In the right-hand side of Eq. (2), X, Y and Z are the external forces acting in the respective axes. L,
M, and N are the external moments. The subscript T refers to the propulsive terms. The aircraft mass and
moments and products of inertia are given by m, Ixx, Iyy, Izz, Ixy, Ixz, and Iyz. Here it is assumed that the
inertia tensor does not vary with structural deformation.

The generalized force acting on the i-th structural mode is represented by Qi and has aerodynamic source.
The modal mass, in-vacuum natural frequency, and damping ratio are, respectively, mi, ωi, and ζi.

A. Structural Dynamics

In the present work, the simulated aircraft corresponds to the B-1 model from Waszak et al. Hence, The
structural dynamics is represented by two normal modes - one symmetric and one anti-symmetric.16,24 The
modal characteristics are presented in Table 1 and a graphical representation of these structural modes
is depicted in Fig. 1. The symmetric mode is characterized by wing and fuselage bending, whereas the
anti-symmetric mode is mainly characterized by torsion of wing and fuselage.

Table 1. Modal parameters

Parameter Mode 1 symmetric Mode 2 anti-symmetric

Modal mass (kg.m2) 2.18× 102 3.93× 104

Natural frequency (rad/s) 12.57 14.07

Damping 0.02 0.02

B. Aerodynamics

Waszak and Schmidt4 used the strip theory and assumption of quasi-steady aerodynamics in order to derive
the expressions for the aerodynamic coefficients acting on the rigid body degrees-of-freedom, as well as the
aerodynamic coefficients for the generalized loads. The main result of this approach was the formulation of
a set of aerodynamic coefficients that depend linearly on the modal displacements and their rate in time.
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Figure 1. Eigenforms of the (a) symmetric and (b) anti-symmetric structural modes (adapted from Silvestre
and Paglione16)

Due to symmetry properties, the lateral-directional coefficients are influenced only by the anti-symmetric
structural motion, whereas the longitudinal coefficients are influenced only by the symmetric motion.

So, the expressions for the aerodynamic coefficients acting on the rigid body degrees-of-freedom can be
written as:

CX = CX0
+ CXαα+ CXδe δe + CXq

qc̄

2V
+ CXη1 η1 + CXη̇1

η̇1c̄

2V

CZ = CZ0
+ CZαα+ CZδe δe + CZq

qc̄

2V
+ CZη1 η1 + CZη̇1

η̇1c̄

2V

CM = CM0 + CMαα+ CMδe
δe + CMq

qc̄

2V
+ CMα̇

α̇c̄

2V
+ CMη1

η1 + CMη̇1

η̇1c̄

2V

CY = CYβ + CYδa δa + CYδr δr + CYη2 η2 + CYη̇2
η̇2c̄

2V

CL = CLβ + CLδa δa + CLδr δr + CLp
pb

2V
+ CLr

rb

2V
+ CLη2 η2 + CLη̇2

η̇2c̄

2V

CN = CNβ + CNδa δa + CNδr δr + CNp
pb

2V
+ CNr

rb

2V
+ CNη2 η2 + CNη̇2

η̇2c̄

2V

(3)

where V is the true airspeed calculated as

V =
√
u2 + v2 + w2 (4)

Similarly, the expressions for the generalized loads acting on the flexible modes are given by

C1 = Cη10 + Cη1α α+ Cη1δe δe + Cη1q
qc̄

2V
+ Cη1η1 η1 + Cη1η̇1

η̇1c̄

2V

C2 = Cη2β β + Cη2δa δa + Cη2δr δr + Cη2p
pb

2V
+ Cη2r

rb

2V
+ Cη2η2 η2 + Cη2η̇2

η̇2c̄

2V

(5)

The angles of attack α and sideslip β are obtained from the states of Eq. (2) accounting for the variable
wind effects through

α = arctan

(
w − ww
u− uw

)
β = arcsin

(
v − vw√

(u− uw)2 + (v − vw)2 + (w − ww)2

) (6)
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The rigid body aerodynamic coefficients are converted to forces and moments through the relations

X = q̄SCX L = q̄SbCL

Y = q̄SCY M = q̄Sc̄CM

Z = q̄SCZ N = q̄SbCN

(7)

In a similar way, the generalized loads are obtained from the respective coefficients through

Q1 = q̄Sc̄C1

Q2 = q̄Sc̄C2

(8)

The stability and control derivatives from Eqs. (3) and (5) used in this work are provided by Silvestre
and Paglione.16

C. Propulsion

As the propulsion model is not available, and for the sake of simplicity, it is assumed here that the propulsion
force acts on the center of gravity and is directed towards the x axis.

A maximum thrust of 259600 N is assumed, varying with the atmospheric density through the law:

Tc = δtcTmax

(
ρ

ρ0

)0.7

(9)

A first order delay of 0.33 s is assumed to exist between the actual and commanded thrust.

III. Constrained Linear Quadratic Tracker for Attenuation of Flexible Modes

This section presents the steps to synthesize the constrained linear quadratic tracker.23 Let the discrete-
time linear state-space model, for control synthesis, be defined by

xk+1 = Φxk + Γuk + Γddk

dk+1 = dk

yk = Exk

zk = Hyk

(10)

where xk ∈ Rn is the state vector, uk ∈ Rm is the control vector, yk ∈ Rp is the vector of observed variables,
dk ∈ Rq is the vector of disturbances and zk ∈ Rq (q ≤ m), is the vector of controlled variables. The
disturbance vector is included to model mismatches between the plant and the nominal model as well as the
external disturbances acting on the plant. The pair (E,Φ) is assumed to be detectable with E full row rank.
Additionally, the disturbance vector is assumed to be estimated by a suitable observer.25

The objective of the control system is to asymptotically eliminate the tracking error given a reference
command rss in the presence of a disturbance dk and given constraints on the state and control vectors
xk ∈ X, uk ∈ U, where X and U are closed, bounded and convex sets expressed by linear inequalities. This
problem corresponds to finding a new equilibrium point for the plant in steady-state, which is essentially a
determination of the steady-state target vectors xss (rss, dk) and uss (rss, dk). The constrained steady-state
or target values of states and inputs are calculated in a least-squares sense, with an effort to minimize
the difference of demanded (rss) and reachable (zss) controlled variables. The resulting constrained target
calculation problem is given by

min
xss,uss

J (rss, dk) = (HExss − rss)TQss (HExss − rss) + uTssRssuss

subject to:

(Φ− I)xss + Γuss + Γddk = 0

uss ∈ U

xss ∈ X

(11)
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where Qss and Rss are weighting matrices. The second part of the cost function attempts to minimize
the use of control in overactuated systems. It is important to note that the constrained problem given by
Eq. (11) has n+m decision variables. Moreover, its optimal solution provides constraint satisfaction only at
steady state without concern for the exceedance of limitations during the transient motion. It is necessary
a reparametrization of this numerical problem to reduce its computational effort, along with construction of
an invariant set for the closed-loop system.

The key to the proposed reparametrization is the relation of the target state vector with the target control
vector and disturbance

xss = (I − Φ)
−1

Γuss + (I − Φ)
−1

Γddk (12)

The proposed control law for the constrained tracker is based on the two-degrees-of-freedom linear
quadratic regulator for the deviation system

uk − uss = −Kd (xk − xss) (13)

which becomes, after the substitution of xss from Eq. (12), the form

uk = −Kd

(
xk − (I − Φ)

−1
Γddk

)
+
(
Kd (I − Φ)

−1
Γ + I

)
uss (14)

The first part of the right side of Eq. (14) feeds back to the current state vector and disturbance. The
second part is the feedforward contribution of the control law, which is also responsible, as will be shown
in the sequence, for ensuring the satisfaction of the input and output constraints. The feedback gain Kd is
calculated through the solution of the discrete-time Riccati equation.26 Assuming that uss is constant for

a given reference, it will be convenient to extend the state-space vector as
[
xTk dTk uTss

]T
, leading to the

following extended dynamical modelxk+1

dk+1

uss

 =

Φ− ΓKd

(
ΓKd (I − Φ)

−1
+ I
)

Γd Γ
(
Kd (I − Φ)

−1
Γ + I

)
0 I 0

0 0 I


xkdk
uss

 (15)

The goal of the constrained control law is the satisfaction of the system constraints while tracking a
reference value rss. This is achieved by computing uss such as the extended state vector of Eq. (15) remains
within an invariant set O∞ (uss). The computation of this set requires the proper formulation of the system
constraints, expressed in terms of linear inequalities as

Cc 0 0

−Cc 0 0

0 Cc (I − Φ)
−1

Γd Cc (I − Φ)
−1

Γ

0 −Cc (I − Φ)
−1

Γd −Cc (I − Φ)
−1

Γ

−Kd Kd (I − Φ)
−1

Γd Kd (I − Φ)
−1

Γ + I

Kd −Kd (I − Φ)
−1

Γd −Kd (I − Φ)
−1

Γ− I
0 I 0

0 −I 0

0 0 I

0 0 −I





xk

dk

uss



≤



xmax

−xmin
xssmax
−xssmin
umax

−umin
dmax

−dmin
ussmax
−ussmin



(16)

where xmax and xmin, umax and umin and dmax and dmin are the bounds on the state, control and disturbance
vectors, respectively. Because of the two-degree-of-freedom nature of this controller, boundaries over state
and control at steady-state can be established with enough separation to provide safety margins, which is
desirable for aeronautical applications. Thus, the set O∞ (uss) can be constructed using the techniques
described in Gilbert and Tan,27 by considering the extended dynamical system given by Eq. (15) and the
constraints of Eq. (16).

From the invariant set of the extended state-space, a new set of constraints over uss, denoted as Ussk ,
is computed, at each sampling time, with the slice operation σ(x̂k,d̂k)O∞, where the existence of an observer
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to estimate state and disturbance values is assumed. Finally, the constrained problem Eq. (11) is redefined,
after some algebra, with uss as the sole vector of decision variables

min
uss

J (rss, dk) = (HExss − rss)TQss (HExss − rss) + uTssRssuss

subject to:

xss = (I − Φ)
−1

Γuss + (I − Φ)
−1

Γddk

uss ∈Ussk

(17)

It should be noted that Ussk comprises all system constraints, mapping them directly into a single
polyhedral set. In addition, the complexity of the constrained target calculation is significantly reduced,
with the elimination of n decision variables.

IV. Application to Flexible Aircraft

The complete set of nonlinear equations of motion with aeroelastic modes was implemented in SIMULINK
environment. To provide a more realistic scenario for aeroservoelastic simulation, actuators for aerodynamic
surfaces were considered with simplified first-order models. The engine dynamics was also incorporated with
similar representation. Sensors models and measurement noise were taken into account in the complete
nonlinear model, but they were disabled for the controller synthesis and simulation runs. Table 2 presents
some physical properties of the aircraft B1 under consideration.

Table 2. B1 configuration data

Parameter Value

Mass (kg) 130640

Wing area (m2) 180.80

Wing span (m) 22.71

Mean chord (m) 4.66

Ixx (kg.m2) 1.29 ×106

Iyy (kg.m2) 8.67 ×106

Izz (kg.m2) 9.62 ×106

Ixz (kg.m2) -7.14 ×104

The choice of the operation point to extract linear matrices for the controller synthesis follows the
condition presented by Waszak and Schmidt,4 i.e. steady level flight at 1500 m of altitude and a true
airspeed equals 200.4 m/s. Thus, the set of equations of motion yields a nonlinear algebraic system which
can be solved for engine thrust, elevator deflection and angle of attack. For the flight condition under
consideration, Table 3 shows the equilibrium values of some relevant longitudinal parameters and the first
generalized flexible displacement, obtained numerically using MATLAB. Note that the aircraft experiences
some small static deformations, indicated by the non-zero value of η1 at steady level flight.

Table 3. Equilibrium values at H = 1500 m, V = 200.4 m/s

α (deg) θ (deg) η1 (adm) T (N) δe (deg)

0.522 0.522 1.38 277810 -8.24

A. Velocity Vector Control System

The basic requirement for the controller proposal and synthesis is to track values of relevant state variables
and, at the same time, to reduce the oscillations caused by the aircraft flexibility. The choice of this work is
to design a system capable of controlling the velocity vector, i.e. its magnitude and direction, with proper
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turn coordination by means of zeroing the lateral acceleration. Doing so, the complete closed-loop system
can be demanded manually by changing the velocity vector parameters, or receiving high-level demands from
some guidance system.

Any vehicle trimming trajectory can be described by the triple (V, γ, ψ̇).28,29 Therefore, it is proposed
a closed-loop closed system which tracks such variables. Figure 2 shows two separated controllers with
flexible oscillation reduction capability. The longitudinal controller is responsible for tracking commanded
true airspeed Vc and flight path angle γc, while constraining the acceleration of the first flexible mode
η̈1, through manipulation of the elevator and engine throttle. The task of stability augmentation in the
longitudinal motion is also accomplished with the constrained linear quadratic tracker technique. Similarly,
the lateral controller guarantees stability augmentation and tracks commanded turn rate ψ̇c with zero lateral
acceleration, limiting the acceleration of the second flexible mode η̈2. Those objectives are achieved by
manipulating aileron and rudder deflection.

Figure 2. Velocity Vector Control System

B. Longitudinal Controller Synthesis

The state vector for longitudinal controller synthesis is given by

xlong =
[
V α q θ η1 η̇1 δt δe

]T
(18)

where V is the true airspeed (m/s), α is the angle of attack (rad), q is the pitch rate (rad/s), θ is the pitch
angle (rad), η1 is first flexible mode generalized displacement (adm), η̇1 is the first flexible mode generalized
velocity, δt is the engine specific power (adm) and δe is the elevator angular deflection (rad). The control

vector is ulong =
[
δtc δec

]T
, which represents the engine throttle (adm) and elevator angular deflection

command (rad). The simplified engine dynamics is represented by a first-order system with time constant
of 0.33 s. The elevator actuator is described also as a first-order system with time constant of 0.1 s.

At the considered steady level flight, the open-loop longitudinal airframe eigenvalues are presented by
Table 4
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Table 4. Open-loop longitudinal eigenvalues

Mode Eigenvalues Damping Natural freq. (rad/s)

Phugoid -0.00865 ± 0.0471i 0.181 0.0478

Short-period -0.580 ± 1.51i 0.358 1.62

Flexible mode 1 -1.45 ± 14.0i 0.103 14.1

The weight matrices Qd, Rd and Nd from the discrete-time linear quadratic cost function26 were obtained
from the continuous weight matrices Qlong and Rlong. The elements of the Qlong matrix were chosen to
penalize deviations of airspeed, angle of attack and pitch attitude, according to the inverse square rule,26

being expressed by

Qlong =



1 0 0 0 0 0 0 0

0 (180/π)2 0 −(180/π)2 0 0 0 0

0 0 0 0 0 0 0 0

0 −(180/π)2 0 (180/π)2 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0


(19)

and the Rlong matrix was set to

Rlong =

[
400 0

0 (90/π)2

]
(20)

The dynamical system and the weight matrices were discretized with Ts = 0.02 s, and the matrices Φlong,
Γlong, Qd, Wd and Rd are obtained, along with the feedback gain

Kdlong =

[
0.0191 −0.119 0.00510 0.104 0 0 0.0111 0.0101

0.0280 1.33 −0.299 −1.79 −0.00120 0.0002 0.0159 0.149

]
(21)

The proposed longitudinal controller tracks airspeed and flight path angle, thus zlong =
[
V γ

]T
. The

target calculation problem assumes that the controlled variables are expressed in m/s and degrees. The
computation of the observer gains assumes that the variables related with the first flexible mode are not
measured, thus, the observation vector comprises only the rigid-body states, along with elevator and engines
states. The weights from Eq. (11) were set to Qss = I and Rss = 0, since the number of controlled variables
equals the number of controls. The disturbance model was chosen to have two variables and the related

distribution matrix was set Γd = Γ. The disturbance vector was bounded between values ±
[
1 1

]
rad. The

observer gain L was obtained by first computing Lx and after L̄d, through the LQR technique.

C. Lateral Controller Synthesis

In similar fashion as the longitudinal controller, the lateral controller is synthesized using the steady level
flight aeroservoelastic model, with state variables

xlat =
[
β p r φ η2 η̇2 δa δr

]T
(22)

where β is the sideslip angle (rad), p is the roll rate (rad/s), r is the yaw rate (rad/s), φ is the bank angle (rad),
η2 is second flexible mode generalized displacement (adm), η̇2 is the second flexible mode generalized velocity,

δa is the aileron deflection (rad) and δr is the rudder deflection (rad). The control vector is u =
[
δac δrc

]T
,

which represents the aileron deflection command (rad) and rudder deflection command (rad). Both simplified
aileron and rudder dynamics are represented by a first-order system with time constant of 0.1 s.

11 of 17

American Institute of Aeronautics and Astronautics

D
ow

nl
oa

de
d 

by
 C

hr
is

to
ph

 T
or

en
s 

on
 A

ug
us

t 2
8,

 2
01

3 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/6
.2

01
3-

51
68

 

 Copyright © 2013 by Fabio A. de Almeida and Bruno G. de Oliveira Silva. Published by the American Institute of Aeronautics and Astronautics, Inc., with permission. 



The open-loop lateral airframe eigenvalues are presented by Table 2. Note that both spiral and dutch-roll
modes are unstable.

Table 5. Open-loop lateral eigenvalues

Mode Eigenvalues Damping Natural freq. (rad/s)

Dutch-roll 0.0905 ± 1.16i -0.0780 1.16

Spiral 0.0188 -1.00 0.0188

Roll subsidence -0.620 1.00 0.620

Flexible mode 2 -2.82 ± 16.5i 0.169 16.7

The lateral controller tracks turn rate and lateral acceleration, leading to zlat =
[
ψ̇ ay

]T
. The lateral

acceleration at the center of gravity is composed by rigid-body terms and also by accelerations caused by
the aircraft flexibility. At the given steady level flight condition, the lateral acceleration is given by

ayCG = −18.5β − 7.62η2 − 0.128η̇2 − 0.841δa + 7.07δr (23)

In what follows the notation CG is dropped from ay, where the last indicates lateral acceleration at that
station. The continuous weight matrix Qlat penalizes variations of turn rate and lateral acceleration and
Rlat weights deviations of both lateral aerodynamic surfaces, assuming the form

Qlat =



343.14 0 0 0 141.07 2.3803 15.577 −131.05

0 0 0 0 0 0 0 0

0 0 3282.8 0 0 0 0 0

0 0 0 0 0 0 0 0

141.07 0 0 0 57.996 0.97860 6.4039 −53.876

2.3803 0 0 0 0.97869 0.01650 0.10810 −0.90910

15.579 0 0 0 6.4039 0.10810 0.70710 −5.9489

−131.048 0 0 0 −53.876 −0.90910 −5.9489 50.049


(24)

Rlat =

[
(90/π)2 0

0 (90/π)2

]
(25)

Assuming the same discretization of the continuous time system and related cost function of the longi-
tudinal controller, the lateral feedback gain is obtained as

Kdlat =

[
−0.119 −0.154 0.335 −0.113 0.0104 −0.00430 0.0933 −0.0716

−0.262 0.112 −1.380 0.0855 0.00730 0.00200 −0.0669 0.1070

]
(26)

It is worthy to note that there is no direct penalization of any flexible variables in the LQR cost func-
tions of both longitudinal and lateral controllers. Finally, the observer was designed assuming ylat =[
p r φ δa δr ay

]T
and the gains Lx, Ld and L were obtained via LQR method.

D. Flexible Accelerations Constraints

The key concept of this work is the limitation of the flexible modal accelerations, diminishing the influence
of flexibility in the closed-loop aircraft motion and reducing structural stress caused by such flexible modes.
As showed in the last section, the linear quadratic regulator synthesis does not penalize directly the flexible
variables, and the computed gains provide almost no feedback of generalized modal displacements and
velocities into throttle and aerodynamic surfaces commands. Limiting the generalized modal accelerations,
it is expected to attenuate the flexible variables through the proposed constrained optimal control technique.

Hence, the following constraints are imposed on the generalized modal accelerations
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−0.5 ≤η̈1 ≤ 0.5

−1 ≤η̈2 ≤ 1
(27)

Additional constraints are imposed on the control displacements of both controllers

−0.5 ≤δtc − δtctrim ≤ 0.5

−15◦ ≤δec − δectrim ≤ 15◦

−10◦ ≤δac − δactrim ≤ 10◦

−10◦ ≤δrc − δrctrim ≤ 10◦

(28)

Therefore, invariant sets are computed for longitudinal and lateral controllers based on the established
constraints and the extended closed-loop state-space formulation of Eq. (15), using the MATLAB Toolbox
presented by Kvasnica.30 The computed invariant polyhedral set for longitudinal control has 40 rows and
n+m+ q = 12 columns. The related set for lateral control has 65 rows and 12 columns.

E. Case 1: Aggressive Change of Flight Path Angle

Because the proposed control strategy represents one form of command governor technique, it is expected to
better demonstrate its capabilities during tracking maneuvers. The demand change of controlled variables
is filtered in the constrained target calculation subsystem, providing more ways to attenuate the flexible
modes. Figure 3 shows a comparison with observed responses of true airspeed, flight path angle and vertical
acceleration, using the constrained and unconstrained linear quadratic tracker to follow an aggressive change
of flight path angle from -3◦ to 3◦. Clearly, the desired attenuation is achieved by retarding the closed-loop
response with less variation of vertical acceleration. The variations of generalized modal displacement and
velocity were strongly reduced, as shown by Fig. 4. Almost no modal velocity is noticed, and the modal
displacement is smoother than the simulated response with LQT.

0 20 40 60
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205

V
, m

/s

Time, s
0 20 40 60

−4

−2

0

2

4
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 d

eg

Time, s
0 20 40 60

−20

−15

−10

−5

0

A
z, m

/s
2

Time, s

 

 

LQT
CLQT

Figure 3. Evolution of the aircraft model observations in case 1

Smooth and small variations of η1 and η̇1 are results of the constrained target calculation, which basically
computes much less elevator command than LQT and retards the application of throttle, as presented by
Fig. 5.

F. Case 2: Roll Reversal Maneuver

The capability of CLQT to attenuate the anti-symmetrical aircraft flexible mode is demonstrated through a
roll reversal maneuver, where the demanded turn rate changes abruptly from +1 deg/s to -1 deg/s. Although
the time responses of turn rate and bank angle do not differ significantly (Fig. 6), the lateral acceleration
developed at the time of the reversal, using LQT, presents a high-frequency oscillation, which do not appear
using CLQT. The evolution of ay with the constrained controller is smooth and free of oscillations, as
presented by Fig. 7, because both η2 and η̇2 exhibit attenuation of the high-frequency flexible motion,
showed in Fig. 8
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Figure 5. Evolution of the longitudinal inputs in case 1

Another benefit of this attenuation is presented by Fig. 9. Because the oscillation is almost completely
eliminated, the feedback of the high-frequency motion in the aileron and rudder commands, which occurs in
LQT simulation, ceases to exist using CLQT. One could argue that the attenuation should only be achieved
through feedback of the flexible motion in the inputs, an approach commonly found in the literature. How-
ever, the proposed technique makes use of both feedforward (constrained) and feedback control, expanding
the possibilities to deal with aircraft flexible modes.

V. Conclusion

With the development, theoretical and experimental characterization, and posterior validation of inte-
grated flexible-rigid body dynamical models, it is straightforward to conceive open and closed-loop appli-
cations for elastic airplanes, as high-fidelity simulators and control systems at different hierarchical levels.
Thus, not only stabilization of flexible dynamical modes is possible, but also controllers to track relevant
state variables might be easier to conceive and synthesize through such integrated aeroservoelastic models.

In this work, variables related with the trajectory control of the aircraft were tracked while the flexible
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Figure 6. Evolution of the aircraft model observations in case 2
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Figure 7. Evolution of the aircraft lateral acceleration in case 2

modes were considerably attenuated. The application of the constrained linear quadratic tracker turns the
synthesis of such controller into a low complexity task, since the flexible variables are not taken into account
in the feedback gain computation. The obtained results showed proper attenuation of the symmetric and
anti-symmetric flexible modal accelerations when it applied to the B-1 bomber model. Moreover, modal
displacements and velocities are also reduced when the aircraft encounters a vertical discrete gust.

For future work, it would be interesting to investigate possibilities to improve the performance of the
closed-loop system, through employment of redundant aerodynamic surfaces or enlargement of the controller
domain of operation using model predictive control.
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9Schütte, A., Einarsson, G., Raichle, A., Schöning, B., Mönnich, W., Orlt, M., Neumann, J., Arnold, J., and Forkert,

T., “Numerical Simulation of Maneuvering Aircraft by Aerodynamic, Flight-Mechanics, and Structural-Mechanics Coupling,”
Journal of Aircraft , Vol. 46, No. 1, 2005, pp. 53–64.

16 of 17

American Institute of Aeronautics and Astronautics

D
ow

nl
oa

de
d 

by
 C

hr
is

to
ph

 T
or

en
s 

on
 A

ug
us

t 2
8,

 2
01

3 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/6
.2

01
3-

51
68

 

 Copyright © 2013 by Fabio A. de Almeida and Bruno G. de Oliveira Silva. Published by the American Institute of Aeronautics and Astronautics, Inc., with permission. 



10Cavagna, L., Masarati, P., and Quaranta, G., “Simulation of Maneuvering Flexible Aircraft by Coupled Multibody/CFD,”
Proceedings of the Multibody Dynamics, ECCOMAS Thematic Conference, Warsaw, Poland, 2009.

11Garrec, C. L., Humbert, M., and Lacabanne, M., “Identification of the Aeroelastic Model of a Large Transport Civil
Aircraft for Control Law Design and Validation,” Proceedings of the 22nd Congress of International Council of the Aeronautical
Sciences - ICAS , Harrogate, UK, 2000.

12Theodore, C. R., Ivler, C. M., Tischler, M. B., Field, E. J., Neville, R. L., and Ross, H. P., “System Identification of Large
Flexible Transport Aircraft,” Proceedings of the AIAA Atmospheric Flight Mechanics Conference, No. 2008-6894, Honolulu,
USA, 2008.

13de Oliveira Silva, B. G., “Data Gathering and Preliminary Results of the System Identification of a Flexible Aircraft
Model,” Proceedings of the AIAA Atmospheric Flight Mechanics Conference, No. 2011-6355, Portland, USA, 2011.
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