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Principle of Satellite Navigation — Positioning

4 Unknows Search for Estimation of

Receiver Position (X, Y,,Z,)and

x=(x, Yy, z, dt)

u

Receiver Clock Error dt,

Simplified Measurement Model for Code Observations

b0 r 0 e

=: geometric range r
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Principle of Satellite Navigation — Error Sources

-

Precise Orbits
m £5

pl=rl+c.(dt,—dt)+1'+T!+¢! | |
. | . . e
@' =ri+c(st,—ot! )+ AN 11 +T1 4]

[Misra-2006]
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Principle of Satellite Navigation —
Single Point Positioning (SPP)

Given: Code Measurements p’, je{l,..,n},

Satellite Positions x! =(x! y' z!)

Unknown: Position and Receiver Clock Error x=(x, y, 1z, dt )

u u

p’ =\/(xu —x2+(y, -y )2 +(z, -2’2 +dt,-c+e), speed of light c

Linearization by First Order Taylor Series in Point X, [Blewitt-1997]

pj(x) ~ pj(xo)+ pj(xo)-(x—xo)

=pl(x,))+——]. (X, =X ,)+—— —y. )+—1|. (z,-2,,)+—]|. (dt —dt
p (XO) axu |x0 ( u . u,O) 5 ] |x0 (yu AyU,O) 8Zu |x0 ( u , U,O) 6tu |x0 \( u &at U,O)J
= XU = yu = ZU = u
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Principle of Satellite Navigation — Positioning

Set of n linear equations

opt opt opt op'

observed computed
p —pemP

s & \ OX oz odt
P — p*(x,) , ayz . L (M%) (&
2 2 op op op op 2
p o p (Xo) Ayu gp
Ap = = oXx oy oz odt Ay + = AAx +g,
0" b (x,) | Adt o

op" op" op"  op" ) P
oXx oy oz odt

- in the most cases over-determined system of equations, but ill-posed
- ill-conditioned A e R™*

- assumption: ‘9er ~N(0,09), je {1,...,n}
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Principle of Satellite Navigation — Positioning

Goal: Estimation of AXx

Least Squares / GauR-Markow Approach min || Ap — AAx|| 2
AxeR™

Ap = AAx+g, < A'Ap = A" AAx
o Ax=(A"A)A Ap
Iterative Calculation
Step 1: start position x,=(0 0 0 0)',calculate A and Ap

—» calculate AX

—» X, =X, +AX

Step 2: position x, calculate new A and Ap — calculate AX — X, = X, + AX

Termination Criteria: maximum lteration (e.g. 10) or AX <107°
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Ground Based Augmentation System
Real-Time Kinematic (RTK) Algorithm

o additional data o

Reference Station r Rover/User u

Installation of a reference station close to the rover enables the application of a Real-
Time Kinematic (RTK) algorithm and hence crucial mitigation of error sources like

atmosperhic delay and receiver clock error
Usage of carrier phase measurements instead of pseudorange/code measurements
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Real-Time Kinematic (RTK) — General Functionality

GNSS Observations of Reference Station and User

Determination of SPP Solution
First Estimation of baseline vector/user
position

Double Difference Calculations
Mitigation of common error sources (e.g.
atmosphere, satellite clock errors)

Prediction of X; I

VAD

\

y

i;:(xu y, z,VANZ V

Determination of Float Solution with Kalman-Filter

T
ANSrl VANIE(rn—l)-#freqﬂ]l)

A

N.Qq

Determination of Fixed Solution with ILS
Final Estimation of baseline vector/user position
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Double Differenced Measurement Model
Carrier phase measurements of satellite | on frequency i at reference r & user u

@), =r) +c(ot, =5t )+ AN} =1}, +T) + &)

u

@) =r +c(5tr —5t")+/7,|Nrj —1) 4T + ¢/

Construction of Single Differences

AD) =@} -] =Ar) +c(St, -t,)—Al}, +AT) + AN +Ag)

ur

— Elimination of satellite clock error & mitigation of atmosphere errors

Construction of Double Differences

VAD]) =AD! —AD;  =VAr) —VAI) +VAT) + AVAN) +VAe]
.

i,ur i,ur
J

~
for short baselines = 0

— Elimination of receiver clock error & further mitigation of atmosphere errors
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Linarization of
Double Differenced Measurement Model

Underdetermined system of M :=(n—-1)- #freq non-linear equations with M+3 unknowns

VA®! =VAr! + AVAN! +VAg)

o,ur

Linearization by First Order Taylor Series AX, = AX, = AX, — AX,

VAD?! OVAD?' OVAD?!
VAD,, ur “w |Ax, =0, because x, exactly known
VACD21 _ VAq)Ztcomputed ax“ ayu aZU Y 0 0
VACB%; _ vAcDgrtcomputed aVACDSJ aVA(DS: aVACD3: l 0 ﬂ/l 0
r ‘ _ OX, dy, 0z, AX, + 0 VAN, +VAg, ,
(M+1)1 (M+1)1,computed
VALY Y_Vﬁ il - | ovADGTT VARl aVADTY R
““k OX 8yu 0z

u u

Kalman Filter Approach for optimal estimation of float solution
X, = (Xu y, Z,VANZ' VAN .. VANS:V”l)l)T

— X, =X, +K,(z, -H,A%,), K, =R H;(HPF H +R)™
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Integer Least Squares Approach for Fixed Solution

Approach: min||z-GAx+AVAN|P, Ax e R*',VANeR"" neglects integer property of ambiguities

- new Approach: min||z-GAx+AVAN |}, Ax e R*',VAN € Z"*'
Commonly used algorithms in practise:
= [nteger rounding

= [nteger bootstrapping

= |nteger least squares (e.g.Least-squares AMBiguity Decorrelation Adjustment)

LAMBDA Idea

Xufixed Xlzu
N— LAMBDA —N—%""=|y/ |=| ¥, |-Qu QF (N-N)
7 fet 2, v _RNAM
. . 3 NS
NrEnZiMrJ1 IN-N ”é,? = Nr?ZiMrL(N —-N)" Q;'(N-N), &7 (13)

[Teunissen-1998]

Q=P (4:M+3,4:M+3)
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Integrity Monitoring

Integrity. The ability to provide users
with warnings within a specified time

when the system should not be used Holistic Concept for

for navigation. [IMO-A.913] Carrier-Phase Receiver Autonomous

" Integrity Monitoring (CRAIM)
Alarm Limit: 2.5 x HPET

alarm
Position Error Consistency
oo’ dX Assessment Checks

— o 3 L,

require

@ \ accuracy
°
Cycle Slip Ambiguity

integrity informétion Detection Validation

for user

[Milner-2011]
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Real-Time Kinematic (RTK) Module —
Currently CRAIM Functionalities within used RTK

Determination of SPP Solution Double Difference Calculations

Consistency Cycle Slip Detection
Check SD oy (P, )~ SDypomeryeres (@, , ) > Threshold 2

\ 4

Determination of Float Solution with Kalman-Filter

Consistency
Check

'

Determination of Fixed Solution with ILS
|

Ambiguity Validation
by Ratio Test

!

Currently Missing: Implementation of Position Error
Assessment!
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Ambiguity Validation — Principle

R=(N-N)"Q'(N-N), N: float ambiguities vector N: integer ambiguities vector

- resi : . | — ves
R, : residual for optimal ambiguity vector Ratlo&>T? y o ixed solution

R, : residual for second optimal ambiguity vector R, — no float

T currently fixed emperical value between 2 and 3|«—— No mathematical justification

Ratio, Hour 8, DOY 38, 2011 Ratio, Hour 8, DOY 38, 2011
s IR = = TR
ECKU 60 - &U 6l ‘ | | \
| I
5 50 § 5L | | i
3 ' Zoomin B ° ‘ ‘
;U 30 *10-1 C>U 3 MH,‘, k=3
: = I
5 20 g)z | =
%10— “ -a 1+
€ | g

Day Time [s] - Day Time [s]

23
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Ambiguity Validation — Issue Example

Processing 1 & > 37 Processing 2 & >27?

1 1

Horizontal Position Error, Hour 8, DOY 38, 2011 Horizontal Position Error, Hour 8, DOY 38, 2011

T T T T T T
float © float
fix . fix
25| , , , : 1os . T TR W S 4
Goal: Avoid erroneous exclusion of fixed solutions
9 Gain of Accuracy
2 157 15 ]
C ¢
(@) .
E 1k . T P OO PO OSSO OUUONN SOOI 4 1k T _
» H E . :
. . i Lot
‘.:i.‘ig§ it ?I st
O FI L I S o S : LTI B |
: R t I K‘ i, t x !
At S : ig .
3 i lf . E %.: KB4 : g
(e P -3 s |
2.85 29 2.95 3 3.05 3.1 3.15 3.2 3.2 8.85 2.9 2.95 3 3.05 31 315 3.2 325
x 1¢* x 10°

Day Time [s] Day Time [s]

'l__'}_
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Ambiguity Validation — Possible Option for Threshold
Determination

Variable Threshold Ambiguity Validation

0.95 S

DOF_B This method depends on the
0.85 +ffff 1t g+ reliable knowledge of the ratio distribution and
|'T: DPF=6 : intended confidence level.
0.8 /it T What s the ratio distribution? How determine in real-
------ DO--I;-=4 time applications? Other Approaches?

0.75 .............. :. ......... . ---.....?i .......... ................. .................... ..................... ...................... ..................... ..................... .....................

Confidence Level

15 2 25 3 35 4 45 5 55 6 65 7 75

Threshold Source: [Milner-2011]
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Consistency Checks

Main Issue:
Optimisation between sensitivity and signal availability: correct fault
detection and exclusion

RTK Positioning with/without Consistency Check

[Borre-2009] o7 ' | | | | cheok off
. check on
Detection ; wsl| Exclusionof | | T i
: €€
y = AAX + € — Chi-Quadrat-Test=—— ~y? GPS PRN 24
- 0 T = 05F :
: €€ E
ConfidencelLevel=P(X <T) = J'f dx > —>T7 &
0 n O'y ”gJ 0.4
Exclusion 3
Construct n substes with n-1 satellites, calculate %0-3
test statistic for each subset: exclusion of faulty &
satellite probably causes the lowest test statistic * °2 |
[Ene-2009] a1l
Multiple Hypothesis Solution Separation ‘
00 200 400 600 800 -1000 1200 1466 : 1660 18‘0LO 2000

Number of Epoch
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Position Error Assessment

HPL against HPE
- Intention: reliable overbounding of actual SPP at IMS, 12:00 — 12:59, DOY 252, 2009
position error at user site to guarantee ’ | | | | | T
integrity without harm of continuity due to &} L
too conservative estimations .| Horizontal Protection |

- Popular approach [Feng-2008]:
rReminder: g~ N(0,0?)

Magnitude [m]
D
<
4 @

kH = sqrt(2)*erfcinv(x) in Dependence of allowed Integrity Risk o . | i
° ‘ ' ' 3t NWN 1
|k, (Integrity Risk) = V2 -erfc (IntegrityRisk), 2| . W}‘E% i
*P(u-k,o<X<u+k,o)= I e 2o dx 1 R Horizontal Position Error
I : . #kuo 1 4.3 . 4.‘4 4.215 4.‘5 4.i55 4.‘6 4.£|35 4.7
oF 2.5& E Day Time [s] x10°
\
2 \\ !
AN . iys .
Psh II- Upper Bound of Horizontal Position Error with
’ | | | | maximum allowed Integrity Risk (IR) x+k,(IR)-o,
Lo | HPL=k,-0,, 0,=P (11)+P(22)and z=0

Integrity Risk




www.DLR.de « Chart 20 David Minkwitz « Mathematical Approaches in GNSS Positioning and Integrity Monitoring « Berg- und Hittenmannischer Tag * 14.06.2012

Summary

Least-squares approaches are applied to calculate position by
pseudorange measurements or carrier phase measurements

Presented approaches differ in the used a priori information, number of
unknowns and performance

Integrity monitoring functionalities facilitate the exclusion of inconsistent
measurements and the warranty of reliability

Challenging Tasks:
- Increase of position accuracy and integrity
- Optimal tuning of covariance matrices
- Determination of optimal dynamic models within Kalman Filter
- Reliable ambiguity validation
- Optimisation between sensitivity and availability during consistency
checks
- Reliable position error assessment
- Increase of algorithm robustness against measurement errors
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