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Diffusion-controlled crystal growth in deeply undercooled Zr50 Cu50 melt on approaching
the glass transition
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Crystal-growth velocity in metallic melts has been reported by others to increase monotonically with
undercooling. Nevertheless, such an observation is not predicted by conventional growth theory. In this work, the
metallic melt of Zr50 Cu50 is studied to address the problem by measuring the growth velocity over a wide range
of undercooling up to 325 K. A maximum growth velocity is observed at an undercooling of 200 K instead of
the monotonic increase reported in the literature. We find that the planar or dendrite growth theories can explain
the value of the maximum growth velocity, but the predicted location of the maximum in undercooling is far
less than that seen by experiment. With the assistance of current results, a general pattern of crystal growth is
established for melts of a variety of substances, where all sluggish crystal-growth kinetics is explained by the
diffusion-controlled mechanism at deep undercooling.
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I. INTRODUCTION

Detailed knowledge of crystal growth from undercooled
melts is required for the development of a comprehensive
understanding of the formation of metastable crystalline
structures, although crystal growth has no bearing on the
glass-forming ability of metallic melts.1 The underlying
physical processes in crystal growth include the nature of the
crystal-liquid interface, the thermodynamic driving force, and
the transport mechanisms of mass and heat in the liquid.2
Models have been developed to describe crystal growth in
undercooled melts of metals3 with isotropic bondings, as well
as for covalent and molecular systems with strong anisotropic
bondings.4 For the Zr-based alloys with glass-forming ability
that are of present interest, there is isotropic bonding due to s
electrons and additionally anisotropic bonding contributed by
d electrons.
Growth kinetics in undercooled melts of metals and alloys
is largely measured in the range where the kinetics is driven
by a strong temperature gradient in front of the solid-liquid
interface. A continuous increase of growth rate with undercooling T is invariably observed experimentally in metallic
melts, even in Si and Ge. This occurs despite the fact that
large undercoolings of about 20% of the melting temperature
are achieved by containerless processing techniques.1 From a
more fundamental point of view, there should be a temperature
in the range between the liquidus, TL , and the glass-transition
temperature, Tg , at which the effect of the growing driving
force for crystallization and the effect of a progressively
increasing viscosity on growth kinetics should compensate
each other, leading to a maximum in the growth velocity V at
some temperature between TL and Tg . The unusual continuous
increase of growth velocity observed in undercooled metallic
melts needs to be explained. The glass-transition temperatures
of pure metals and solid solutions are expected from empirical
rules to be about one-third of the liquidus temperature.5
Therefore, the undercooling at which the maximum in V (T )
should appear is far away from the undercooling range
1098-0121/2011/83(1)/014202(5)

accessible by undercooling experiments, even if levitation
techniques are utilized. Notwithstanding, this is not the case
for glass-forming metallic melts.6
In the present work, we report measurements of crystalgrowth velocity on Zr50 Cu50 alloy melts undercooled by
electromagnetic levitation. This alloy shows glass-forming
ability with a high glass-transition temperature of Tg /Tm ≈
0.56 (Tg ≈ 673 K and Tm = 1208 K).7 Moreover, the Zr50 Cu50
alloy is an equiatomic compound with chemical stoichiometry,
which melts congruently. The alloy is compatible with the
requirements of the electrostatic levitation technique, and large
undercoolings are achieved. We present measurements of the
growth velocity of an alloy melt undercooled containerlessly
by electrostatic levitation over a large undercooling range. We
present experimental evidence for the existence of a maximum
in the growth-velocity–undercooling relation. The compilation
of crystal-growth kinetics for various types of melts supports
a general pattern.

II. EXPERIMENTAL DETAILS

Zr50 Cu50 samples were prepared by argon-arc melting
and alloying the components of Zr and Cu with a purity of
99.999%. Prior to the melting of the two metals, titanium
was burned essentially to reduce the residual oxygen in the
chamber. An electrostatic levitation facility was used to undercool bulk samples containerlessly with diameters of 2–3 mm
under ultrahigh-vacuum conditions.8 Temperature was measured without contact by a two-color pyrometer with an
absolute accuracy of ±5 K. The advancement of the solidification front during solidification was directly observed by
a high-speed camera (Photron Fastcam Ultima APX) with
a maximum frame rate of 3000 pictures per second. The
growth velocity V is determined by the relation V = s/t,
where s is the solidification path and t is the time interval
during which picture frames are taken. The measurement
technique and the geometrical analysis of the solidification
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FIG. 2. (Color online) Undercooling T dependence of crystalgrowth rate V of the Zr50 Cu50 alloy. The lines are based on the planar
and dendrite growth theories.

FIG. 1. Solidification processes of the Zr50 Cu50 alloy triggered
at a undercooling of 180 K. The images were taken by a high-speed
camera at a rate of 3000 frames/s. The light areas are due to the
latent heat released from the crystallization. The advancement of the
solid-liquid interface is visible from parts (a)–(d).

front advancing through the undercooled melt have been given
in detail elsewhere.9 The viscosity of the Zr50 Cu50 melt at hightemperature regions was determined with a rotating cylinder
method by using an RTW-04 physical property analyzer of
melts. The heat of fusion of Zr50 Cu50 was determined in a
Netsch STA449 C differential scanning calorimeter with a
cooling and subsequent heating cycle at a rate of 2.5 K/min in
the temperature range of 1088–1328 K, i.e., 120 K below and
above the melting point of Tm = 1208 K.
III. RESULTS AND DISCUSSION

The solidification process of the undercooled Zr50 Cu50 melt
is illustrated in Fig. 1 at a undercooling T of 180 K by
taking photographs of levitated drops at various time intervals
during solidification with a high-speed camera. The latent heat
generated upon solidification raises the temperature of the
solidified phase, which can be seen as the bright areas, while
the dark areas represent the undercooled liquid phase. The
solid-liquid interface becomes obvious, and the interface front
propagates continuously with time, as shown in Figs.1(a)–1(d).
Figure 2 shows the dependence of the growth velocity V on
undercooling T up to 325 K. The maximum undercooling
corresponds to a temperature of the undercooled melt of 883 K,
about 210 K higher than the glass temperature Tg ≈ 673 K.
A maximum in the growth-velocity–undercooling relation is
observed at an undercooling of T ∼ 200 K (or 0.83Tm ).
The highest growth rate, 0.025 m/s, is two to three orders of
magnitude lower than those of Ni or Si melts,10,11 albeit much
higher than those of some glass-forming oxides and organic
liquids.12,13

Since Zr50 Cu50 is a congruently melting stoichiometric
compound, crystals grow by the formation and propagation
of dendrites. Sharp interface theory of dendrite growth is
usually applied to analyze the experimental results, as the
total undercooling T is expressed as the sum of several contributions,3 T = Tk + Tt + Tr + Tc . Here,
Tk = Tm − Ti (Ti denotes the interface temperature) is
the kinetic undercooling of the solid-liquid interface, and
Tt , Tr , and Tc are the thermal, curvature, and solutal
undercoolings, respectively. The curvature undercooling is
given by the expression Tr = 2/R, where  is the GibbsThomson coefficient and R is the curvature radius at the tip
of a dendrite. Since Zr50 Cu50 melts congruently, the solutal
undercooling vanishes, Tc ≈ 0. The curvature undercooling,
Tr , is usually small compared with thermal undercooling and
kinetic undercooling, that is, Tr  Tt and Tr  Tk ,
especially if thermal dendrites are considered to be congruently
melting as in the present work. The thermal undercooling is
computed by the solution of the thermal transport equation,
yielding Tt = Thyp I v(P et ). On the right-hand side of
the preceding equation, the first term is given by Thyp =
Hm /Cpl , where Hm is the heat of fusion and Cpl is the
specific heat of the undercooled liquid. The second term Iv
is the Ivantsov function. The third term P et is the thermal
Peclet number given by the expression.P et = (V R)/2DT ,
where DT is the thermal diffusivity. The total undercooling is
consequently approximated by T ≈ Tt + Tk in the range
T  Thyp and T ≈ Tk in the range T  Thyp .3
At large undercoolings, in particular if the temperature of
the melt is decreasing further toward the glass temperature,
the diffusion coefficient and the viscosity become strongly
temperature-dependent and, consequently, in the conventional
practice of writing V as the product, V ≈ μTk , μ will not be
a constant, but will be temperature-dependent.
According to recent studies of crystal-growth dynamics
at a planar solid-liquid interface, the growth velocity V is
determined by the relation4
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TABLE I. Parameters used in the calculation of dendrite growth
velocity in Zr50 Cu50 melt. Hm is the heat of fusion, Cpl is the liquid
heat capacity, Tm is the melting point, DT is the thermal diffusivity,
Vm is the mole volume,  is the Gibbs-Thomson coefficient, a is the
average atomic distance, d is the average atomic diameter, G∞ is a
high-frequency shear modulus, and ξ is a material-specific coefficient.
Parameters

Values

Refs.

Hm (J/mol)
Cpl (J/mol K)
Tm (K)
DT (m2 /s)
Vm (m3 /mol)
 (K m)
d (m)
G∞ (Pa)
ξ

9219
45a
1208
3e-6b
1.05e-5
1.4e-7
3.3e-10
3.13e10
0.85

This work
18, 19, and 20
19
21 and 22
23
this work
19 and 23
19
This work

a

FIG. 3. (Color online) Viscosity of Zr50 Cu50 melt. The lowtemperature viscosity is assigned on the basis of the empirical
expression of 1012 Pa s at Tg . The line is plotted from the fit to the data
in terms of the VFT equation log10 η = −6.6 + 5361/(T − 383).

where A is dη0 τ0−1 exp(−Sm /R), η is the viscosity, d is
the molecular diameter, η0 = 104 Pa s, τ0 is the structural
relaxation time at η = η0 ,Sm is the entropy of fusion, G is
the Gibbs free-energy difference between crystal and liquid,
and ξ is a material-specific constant. τ0 can be assessed
from the Maxwell relation,τ = η/G∞ , where G∞ is the highfrequency shear modulus of liquid. The heat of fusion Hm of
Zr50 Cu50 is determined to be 119 J/g (or 9.2 kJ/mol), giving
Sm = 7.6 J/mol K. Figure 3 illustrates the measured viscosity
of the Zr50 Cu50 melt as a function of temperature. The viscosity
at Tg [673 K Ref. 7] is assigned with the empirical relation that
upon glass transition the viscosity reaches 1012 Pa s.14 The
Vogel-Fulcher-Tammann equation, η = A exp[B/(T − T0 )],
is used to model the viscosity data with A, B, and T0 being
constants, and the fit gives log η = −6.6 + 5361/(T − 383).
ξ is reported to depend on the fragility of the liquid by
the relation ξ = 1.1 − 0.005m, where m is the fragility
index.4 Liquid fragility quantifies the change of viscosity
or structural relaxation time with Tg -scaled temperature at
T = Tg , and is defined by m = [d log η/d(Tg /T )]T =Tg .14 The
fragility index of the Zr50 Cu50 melt is calculated to have the
value of m = 50, comparable to those of Vit 1 and Vit 4.15
This value is slightly lower than the reported value of 62.7,16
For the dendrite growth mode, Eq. (1) has to be rewritten
using the linear approximation, G = Sm T,17 and the
replacement of T by Tk , generating the expression V =
[(Aη−ξ Sm )/RT ]Tk . The calculated curves in terms of
planar and dendrite growth modes are presented in Fig. 2.
The numerical values used for the calculations are summarized in Table I from our work and previous results of
Refs. 18–23.
The two growth modes quantitatively reproduce the maximum growth velocity of ∼0.025 m/s in the undercooled
Zr50 Cu50 melt. However, a large extra undercooling of 127 K
remains. The thermal contribution in the dendrite growth mode
ξ

This is an average on the basis of the reported results of similar
composition.
b
This value is referred from the measurements of Vit 1 Ref. 21 and
Zr55 Cu30 Al10 Ni5 .22

cannot generate the large undercooling, since the extreme low
growth velocity generates a low thermal Peclet number P et
and a subsequent Ivantsov function Iv. In addition, a low
hypercooling limit Thyp ≈ 205 K is found for Zr50 Cu50 ,
and that is a relatively small value of all alloys investigated
so far and much smaller than the hypercooling limit of the
solid solution of Co-Pd alloys.24 Likewise, the curvature
contribution Tr cannot offer such high undercooling, and an
extra contribution needs to be involved within the framework
of sharp interface theory of dendrite growth.
A comparison of the growth kinetics in deeply undercooled
melts of various materials requires a scaling temperature.
Using a melting point to scale temperature, the data of
Zr50 Cu50 melts are thus replotted against Tcr = T /Tm in Fig. 4
together with the data of other materials, including Ni,10 Si,11
Ge,25 o-terphenyl,26 tri-α-naphthylbenzene,12 Li2 O-2SiO2 ,27
and MgO-CaO-2SiO2 .28 . A feature clearly visible in Fig. 4
is that the crystal-growth kinetics in the semiconductor and
metallic melts in the intermediate undercooling region assumes
a plateaulike dependence. A change from the sharp maximum
for the molecular and oxide melts to the plateaulike maximum
for semiconductor and metallic ones is exhibited in a general
pattern by various melts.
Equation (1) emphasizes that at deep undercoolings,
the viscosity-related kinetics dominates the planar growth
kinetics.4 Similarly, the behavior is also predicted by the
dendrite growth theory in the sense that if the undercooling
of the melt reaches the hypercooling limit Thyp , the absolute
stability of a thermal dendrite is reached, resulting in a
planar interface at T > Thyp with Tt = 0. A complete
construction of the growth kinetics in the Zr50 Cu50 melt
in the whole undercooling region requires low-temperature
data. The growth rate at Tg can be roughly evaluated by
referring to the studies of Zr65 Cu35 Ref. 29 and Zr50 Co50 ,30
where the growth rates are in an order of magnitude of
10−9 m/s near their glass transitions. As the entropy of fusion
of Zr50 Cu50 is considered, a value of 10−9.2 m/s is derived
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melt indeed couples with the viscosity at the low-temperature
regime on approaching the glass transition, in analogy to the
molecular and oxide melts, where the growth rates exhibit
a similar temperature dependence as the viscosity in various
substances (cf. the Angell plot14 ). Assuming the validity of the
Einstein-Stokes relation, the growth kinetics in the Zr50 Cu50
melt is diffusion-limited in the deeply undercooled region near
Tg . Finally, it is worthwhile to emphasize that the growth rates
in the metallic melts start to decouple from viscosity at a lower
temperature ∼ 0.73Tm , in contrast to molecular and oxide
systems, in which the two are coupled up to temperatures
approaching 0.9Tm .
IV. CONCLUSIONS

FIG. 4. (Color online) Crystal-growth rates of various liquid
materials, elements (Ni, Si, and Ge), alloys (Zr50 Cu50 ), small molecular liquids [o-terphenyl (OTP) and tri-α-naphthylbenzene (TNB)],
and oxides [Li2 O-2SiO2 (L2S) and CaO-MgO-2SiO2 (CM2S)]. The
temperature is reduced by the melting points Tm . The value of
Zr50 Cu50 at glass transition is based on the results of Zr65 Cu35 and
Zr50 Co50 melts. The crystal-growth rates at low temperature near the
glass transition (thin solid lines and thick dashed line) are guided by
kinetically controlled processes.

In summary, the crystal-growth velocity in the deeply
undercooled Zr50 Cu50 melt has been measured, and the
growth kinetics is constructed across a wide undercooling
range from the liquidus to the glass-transition temperature. A maximum crystal-growth velocity is successfully
observed. Planar and dendrite growth theories fail to explain
the experimental observation. A general pattern of crystalgrowth kinetics is presented for various types of undercooled
melts, where the diffusion-controlled mechanism still accounts
for the crystal-growth kinetics at the deeply undercooled
region.

at Tg ,31 as marked in Fig. 4 by an open square. Strikingly,
the expression V ∝ η−ξ which is similar to Eq. (1), restores
well the experimental measurements for the Zr50 Cu50 melt, as
shown by the thick dashed line in Fig. 4 Note that compared
with Eq. (1), a factor of 70 is required here. This might
partly come from the error in the calculation of the growth
velocity at Tg . The bottom line from the present work is that
the growth velocity of the glass-forming metallic Zr50 Cu50
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and S. F. Dunaev, Inorg. Chem. 39, 816 (2003).
19
G. J. Fan, M. Freels, H. Choo, P. K. Liaw, J. J. Z. Li, Won-kyu
Rhim, W. L. Johnson, P. Yu, and W. H. Wang, Appl. Phys. Lett. 89,
241917 (2006).
20
T. Abe, M. Shimono, M. Ode, and H. Onodera, Acta Mater. 54, 909
(2006).
21
M. Yamasaki, S. Kagao, Y. Kawamura, and K. Yoshimura, Appl.
Phys. Lett. 84, 4653 (2004).
22
M. Yamasaki, S. Kagao, and Y. Kawamura, Script. Mater. 53, 63
(2005).
13

014202-4

DIFFUSION-CONTROLLED CRYSTAL GROWTH IN DEEPLY . . .
23
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