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1 Introduction

In recent years higher order discretization methods are of increasing importance in computational
fluid dynamics. In particular, for compressible flows as considered in aerodynamic flow simulations
the development of high order accurate, stable and efficient discretization methods is a hot topic.
The European project ADIGMA [1] concentrates and focuses the European research effort on the
development of these methods to aerodynamic applications in industry.

1.1 Higher order discretization methods

The discretization error of higher order discretization methods decreases with a higher order in
the mesh size h than that of low order schemes. A discretization method is of order n if the
discretization error behaves like O(h™). When halving the mesh size h by performing one global
mesh refinement step the discretization error decreases by e.g. a factor of 16 for a forth order
scheme in comparison to a factor of only 4 for a second order scheme. As a consequence a required
accuracy in the solution can be obtained on coarser meshes and in general with less degrees of
freedom and computing resources required than for second order schemes.

The advantages of higher order methods over second order methods are particularly important
in aerodynamic flow simulations:

e Higher order methods allow a significantly improved resolution of flow features like vortices
in comparison to second order methods. This is particularly important for the simulation of
vortex creation and blade-vortex interaction at helicopter rotor blades as well as for the sim-
ulation of wake-vortices behind transport aircrafts. Current second order based flow solvers
are too dissipative leading to strong damping of flow features and a premature dissipation of
vortices in numerical simulation although being still present in reality. In contrast to that, the
vortices can be well resolved and accurately tracked for a significantly longer time/distance
by higher order methods, see Figure 20. This is particular important for improving the shape
and control of helicopter rotor blades which is required for reducing helicopter noise. It is even
more important for optimizing aircraft shapes in order to reduce wake-vortices and to cause
wake-vortices to interact and vanish earlier, which is required for reducing the minimum
distance of aircrafts at take-off or landing at airports, eventually increasing the transport
capacity of airports.

e Most computing resources of current second order flow solvers are required for resolving
viscous and turbulent boundary layers, represented by the fact that typically about 50%
of all mesh points are concentrated near the boundary layers. As higher order methods
are particularly suited for resolving boundary layers, the enormous number of mesh points
required for resolving them can be dramatically reduced. In fact, for laminar flows it has been
shown, see [31] or Figure 14 and Table 1, that a 4th order discretization requires 3 elements in
the boundary layer to give the same accuracy as a 2nd order discretization with 36 elements
in the boundary layer. This promises a significant reduction of mesh sizes potentially allowing
for larger-scale application with the same computing resources than with current flow solver
technologies.

The maximum order one encounters when applying a higher order discretization method to a
particular problem depends on the smoothness of the solution. Whereas for (arbitrary) smooth
solutions a method of order n shows in fact a discretization error of order O(h™), the order of
convergence is reduced for non-smooth solutions.

In general, solutions are not smooth in the whole computational domain; in fact, they might
exhibit some irregularities like shocks or singularities in some parts of the domain but are perfectly
smooth in other parts. In order to fully exploit the regularity of the solution the order of the



discretization should be adapted to the smoothness of the solution. Here, the general idea is to
employ discretization methods of higher order in smooth parts of the solution and of low order in
irregular parts of the solution (p-refinement). Together with local mesh refinement (h-refinement)
this leads to the so-called hp-refinement.

We note, that this lecture is concerned with higher order discretization methods, it does not
cover the wide field of h-, p- and hp-adaptation methods. Having in mind that in practice solutions
are of different regularity in different parts of the domain which would require the use of hp-adaptive
methods, in this lecture we always assume that solutions are of a specific regularity globally, i.e. in
the whole computational domain.

1.2 Discontinuous Galerkin discretizations

Over the last about ten years the development of the discontinuous Galerkin (DG) methods has
attracted more and more research groups all over the world, significantly increasing the pace of the
development of these methods, to work on DG [5, 6, 9, 10, 16, 17, 18, 23, 30, 31, 32, 38, 41, 42].
In fact, it can be observed that to an increasing extent discontinuous Galerkin methods are now
applied to problems which traditionally where solved using finite volume methods. The reason for
this trend can be identified in several advantages of the discontinuous Galerkin methods over finite
volume methods. Second order finite volume methods are achieved by employing a second order
accurate reconstruction. The extension of a second order finite volume scheme to a (theoretically)
third order scheme requires a third order accurate reconstruction which on unstructured meshes is
very cumbersome and which in practice shows deterioration of order. On unstructured meshes finite
volume methods of even higher order are virtually impossible. These difficulties bound the order of
numerical computations in industrial applications to second order. In contrast to this, the order of
discontinuous Galerkin methods, applied to problems with regular solutions, depends on the degree
of the approximating polynomials only which can easily be increased, dramatically simplifying the
use of higher order methods on unstructured meshes. Furthermore, the stencil of most discontinuous
Galerkin schemes is minimal in the sense that each element communicates only with its direct
neighbors. In contrast to the increasing number of elements or mesh points communicating for
increasing accuracy of finite volume methods, the inter-element communication of discontinuous
Galerkin methods is the same for any order. The compactness of the discontinuous Galerkin
method has clear advantages in parallelization, which does not require additional element layers at
partition boundaries. Also due to simple communication at element interfaces, elements with so-
called ‘hanging nodes’ can be treated just as easily as elements without hanging nodes, a fact that
simplifies local mesh refinement (h-refinement). In addition to this, the communication at element
interfaces is identical for any order of the method which simplifies the use of methods of differing
orders in adjacent elements. This allows for the variation of the order of the numerical scheme
over the computational domain, which in combination with hA-refinement leads to the so-called
hp-refinement algorithms, where p-refinement denotes the variation of the polynomial degree p.

1.3 Numerical analysis of finite element methods

Discontinuous Galerkin methods are a special type of finite element methods. Thus, there are many
powerful tools of finite element analysis available which — with some DG specific modifications —
can be applied to the numerical analysis of discontinuous Galerkin discretizations.

Consider, for simplicity, a linear partial differential equation of the form

Lu=f inQ, Bu=g onT, (1)

with f € L?(Q) and g € L*(T), where L denotes a linear differential operator on €, and B denotes
a linear differential (boundary) operator on the boundary I' of domain €.



Furthermore, consider the following finite element discretization: find uy € Vj, such that
Bh(uh,vh) = Fh(vh) V’Uh S Vh. (2)

Here, V}, is a discrete function space and By, : V x V — R is a bilinear form, where V is an
appropriately chosen function space such that V;, € V and u € V, where u is the exact, i.e.
analytical, solution to (1). Then, some of the most important topics in the numerical analysis of
this discretization are the following:

e Consistency: Does relation (2) still hold when we replace uy, by the exact solution u to the
differential equation (1)7 IL.e. do we have

By (u,v) = Fp(v) YveV. (3)

This answers the question: Do we solve the right equations?

If the discretization is consistent, we can subtract (2) from (3) for vy € Vj, C V which
immediately gives us the so-called Galerkin orthogonality:

Bh(u — uh,vh) =0 V’Uh < Vh, (4)

which means that the discretization error e = u—uy, is orthogonal (with respect to the bilinear
form Bj) to the discrete test space Vj,. This is a basic property of all Galerkin finite element
methods, among them e.g. the standard Galerkin (or continuous) finite element method as
well as the discontinuous Galerkin finite element method.

e Coercivity & Stability: Is there a constant « > 0, such that
Bh(vh,vn) = yllonl® Von € Vi, (5)

where ||v]| is a norm (or seminorm) on V. Furthermore, we assume that F, in (2) is continuous,
i.e. there is a Cr > 0 such that

Fn(vn) < Crllonll Vo € Vi (6)
Then, for the solution u; € Vj, to the discrete problem (2) we obtain

Yurll? < Bp(up, un) = Fi(up) < Crllupl, (7)

and thus [Jug| < %, i.e. we have control over all terms occurring in |Juy||. If || - || is & norm
(and not only a semi-norm) on the space in which weak solutions to (1) are to be searched
then the discretization (2) is stable.

e Convergence (Order of convergence): Does the discrete solution wuy, converge to the
exact solution u? What is the order of convergence, i.e., given a solution u with ||u/|. < oo,
what is (the maximum) 7 such that

lu = unl« < ch"[lullw, (8)

where || - ||« is an appropriate (global) norm to measure the error in, e.g. || - ||« = - ||z2, and
Il - [« is a norm on (possibly a subset of) V.

e Convergence in specific target quantities J(-): Instead of measuring the error in terms
of (global) norms, one might be interested in the error measured in terms of some physically
relevant quantity. Let J : V — R be a functional, like e.g. a (weighted) mean value of
the solution on 2 or on parts of the boundary 9). Then we are interested in the order of



convergence with respect to J(-), i.e. given a u with ||u|l.« < co, what is (the maximum) s
such that

| J(u) = J (un)| < ch®|julle. (9)
We note, that in aerodynamics the functional J(-) might represent important quantities like
aerodynamical force coefficients (drag, lift or moment coefficients).

Some error estimates like the L?-estimate in the case of Poisson’s equation and the error estimates
with respect to target functionals J(-) require the use of duality arguments including the solutions
to appropriately defined dual or adjoint problems. Therefore, we continue the above list as follows:

e Adjoint consistency: Given the primal problem (1) and a target functional

J(u):/jgudx—i-/jpuds, (10)
Q r

with jo € L2(Q) and jr € L?(T'), we define the adjoint problem
L*z=jg inQ, B*z=jr onT. (11)

where L* and B* denote the adjoint operators to L and B, respectively. Then we say that
discretization the (2) together with J(-) in (10) is adjoint consistent if the exact solution z
to the adjoint problem (11) satisfies:

Bp(w,z) = J(w) YweV. (12)

Depending on the discretization being adjoint consistent or not the corresponding discretization
errors measured in J(-) (or in L?) are optimal or not. In fact, there are discontinuous Galerkin dis-
cretizations which are adjoint inconsistent, e.g. the non-symmetric interior penalty (NIPG) method
for the discretization of Poisson’s equation, and which show a reduced order of convergence as com-
pared to adjoint consistent discretizations like the symmetric interior penalty (SIPG) method or the
method of Bassi and Rebay (BR2). Whereas consistency can be considered as basic requirement of
a discretization to be reasonable at all (without consistency the discrete solutions might even not
converge to the exact solution) the adjoint consistency property represents an additional, and very
desirable, quality of the discretization.

There are further topics of high interest in the numerical analysis of finite element methods,
among them a posteriori error estimates and indicators for local h-refinement and/or p-refinement
which will not be covered in this lecture (but in the VKI lecture on adaptivity planned for 2009):

e A priori and a posteriori error estimates: We distinguish between a prior: error esti-
mates and a posteriori error estimates.

— A priori error estimates involve norms of the exact solution u. As u is unknown (oth-
erwise we would not need to solve the problem numerically) an a priori error estimate
gives no quantitative size of the error of the numerical solution. It gives, however, the
order the error converges under mesh refinement, h — 0; see e.g. estimates (8) and (9).

— A posteriori error estimates do not include the exact solution u but only computable
values which depend on e.g. the numerical solution uy like in

J(u) — J(uh) ~ E(uh) (13)

e Indicators for local refinement: In most cases global refinement of the computational
mesh or global enrichment of the polynomial degree is a very inefficient way of improving
the accuracy of a numerical solution. In practice, usually only local mesh refinement can be
afforded. For deciding which elements to refine local error indicators 7, are needed. Here,
a variety of different indicators exist, many of which are purely heuristic, some are designed
to reduce the error in specific global norms and some to reduce the error in specific target
quantities J(-). The derivation of reliable refinement indicators is a non-trivial task.



1.4 Outline

In discontinuous Galerkin methods the discrete functions might be discontinuous between neighbor-
ing elements. There, continuity of the discrete functions are not enforced strongly like in continuous
finite elements but only weakly by introducing flux, jump and/or penalization terms on the faces
between neighboring elements. Due to these interior face terms the estimates like (5), (8) or (9)
are more complicated to prove in the DG world than for continuous finite element (FE) methods.
In order to understand the derivation of estimates for the DG discretizations it is in some cases
illustrative to first recall the respective estimates and their derivations for the continuous Galerkin
methods. Therefore, this lecture starts off with recalling well-known results from the numerical
analysis of the continuous finite element methods. In particular, we recall a priori error estimates
in the energy norm and the L?-norm including their proofs for higher order standard finite element
methods of Poisson’s equation in Section 2 and for the standard and the streamline diffusion finite
element method of the linear advection equation in Section 3.

We then introduce the discontinuous Galerkin discretization of the linear advection equation
in Section 4. Following [13] we consider two numerical flux functions, the mean-value flux and the
upwind flux, and derive the corresponding a priori error estimates. Whereas the standard Galerkin
discretization of the linear advection equation is unstable and requires e.g. streamline diffusion for
stabilization, we will see in Section 4 that the discontinuous Galerkin discretization of the linear
advection based on upwind is stable without addition of streamline diffusion.

Then in Section 5, we follow [2] and derive and analyze a variety of discontinuous Galerkin
discretizations of Poisson’s equations. In particular, we derive the symmetric and non-symmetric
interior penalty Galerkin method (SIPG and NIPG), the method of Baumann-Oden (BO) and the
first and second method of Bassi and Rebay (BR1 and BR2). The analysis of the methods includes
the consistency and adjoint consistency of the schemes, continuity and coercivity of the respective
bilinear forms and a priori error estimates for the interior penalty methods. In particular, we will
see that the adjoint consistent SIPG scheme is of optimal order in the L?-norm whereas the adjoint
inconsistent NIPG scheme is not.

Motivated by the connection of adjoint consistency of DG discretizations to the availability of
optimal order error estimates in the L?-norm we concentrate on the adjoint consistency property
in Section 6. In particular, here we follow [27] and give a general framework for analyzing the
consistency and adjoint consistency of DG discretizations for linear problems with inhomogeneous
boundary conditions. This includes the derivation of continuous adjoint problems associated to
specific target quantities, the derivation of primal and adjoint residual forms of the discretizations
and the discussion whether the discretizations in combination with specific target quantities J(-)
are adjoint consistent or not. This analysis is performed in Sections 6.3 and 6.4 for the interior
penalty DG discretization of the Dirichlet-Neumann boundary value problem of Poisson’s equations
and for the upwind DG discretization of the linear advection equation, respectively.

Then in Section 7 the previously shown properties and estimates for the interior penalty and the
upwind DG discretization are used to derive a priori estimates for the error measured in terms of
target quantities J(-). Here again, we will see that a discretization must be consistent and adjoint
consistent in order to provide optimal error estimates in J(-).

This lecture is finalized with the Sections 8 and 9 which introduce the DG discretizations of
the compressible Euler and Navier-Stokes equations. Additionally, the consistency and adjoint
consistency analysis which has been introduced in Section 6 for linear problems is now generalized
to nonlinear problems in Section 8.5. This analysis is performed for the compressible Euler and
Navier-Stokes equations in Sections 8.6 and 9.3, respectively. This includes the derivation of an
adjoint consistent discretization of boundary conditions and of target functionals. Here particular
emphasis is placed on the aerodynamic force coefficients like the drag, lift and moment coefficients.

Various examples in Sections 5.6, 7.3, 8.7 and 9.4 illustrate the numerical methods described.



2 Higher order continuous FE methods for Poisson’s equation

In this section we consider the continuous finite element discretization of Poisson’s equation. In
particular, we recall some standard results including the H' and L? a priori error estimates for
2nd and higher order discretizations.

2.1 Poisson’s equation
Let Q € R% d > 1, a bounded open domain. We consider the elliptic model problem,
—Au=f inQ, u=gp onlp, n-Vu=gy only, (14)

where f € L?(Q), gp € L?*(I'p) and gy € L?(I'y) are given functions. We assume that I'p and I'y
are disjoint subsets with union I' = 99, that is T p U’y =T and Tp N Ty = 0.

2.1.1 The homogeneous Dirichlet problem
We first consider the case I'p = 1" and gp = 0, i.e. the homogeneous Dirichlet problem
—Au=f in{, u=0 onIp. (15)

We multiply (15) by a test function v € H}(f2), integrate over (2, and integrate by parts, to obtain

/Vu-Vvdx—/ n-Vuvds:/fvdx.
Q o0 Q

Due to v € H}(2) the boundary integral vanishes. Thereby, the weak form of (15) is given as
follows: find u € V := H{(Q) such that

B(u,v) = F(v) Yv eV, (16)

where
B(u,v):/Vu-Vvdx, F(v) :/fvdx. (17)
Q Q

Theorem 2.1 (Lax-Milgram theorem (Existence and Uniqueness)) Let V be a
Hilbert space, i.e. a complete space with scalar product (-,-). Let the linear form F : V — R be
continuous, i.e. there is a Cp > 0 such that

F(v) < Crlvllv YveV. (18)
Let the bilinear form B :V x V — R be continuous, i.e. there is a constant Cp > 0 such that
B(u,v) < Cpllullv[lvlv, Vu,veV. (19)
Furthermore, let B be V -coercive (or V -elliptic), i.e. there is a constant v > 0, such that
B(v,v) > 4lo[}, VveV. (20)
Then, there is a unique solution u € V' such that
B(u,v) = F(v) YvelV. (21)

We say, Problem (21) is well-posed.



In the following we want to employ the Lax-Milgram Theorem 2.1 to show that there exists a
unique solution to problem (16). Using the Cauchy-Schwarz inequality, we find that

[F(v)] = I/vadXI < fllzz@llvllze @) < Iz lolla @),
| B(u,v)| = I/QVqu dx| < [[Vull20) Vol 2 @) < llull @ llvll @)

Hence, the linear and bilinear functionals F' and B are continuous. Furthermore, we see that B is
coercive with respect to the H'-seminorm:

B(v,v) :/ Vol dx = Mifl(ﬂ)’ (22)
Q

Using the Poincaré inequality 24 we obtain
B = [ Vol dx = v|f ) > 7 Z = 7l 23
(v,0) = Q\ v|*dx = ’v’Hl(Q) =7 ”UHLZ(Q) + ‘U‘Hl(ﬂ) = ’YH’UHHl(Qy (23)

with v = 1/(Cp + 1), i.e. B(:,) is H'-coercive. Existence and uniqueness of a solution to (16) now
follows by application of the Lax-Milgram theorem 2.1.

Theorem 2.2 (Poincaré inequality) Let Q € R? be contained in a d-dimensional (hyper)cube
with edge length s. Then, there is a constant Cp, = s > 0 such that

[ollr2(q) < Cplvlm) Vo € Hg(). (24)

Proof: Any book on linear functional analysis or finite element methods. O

2.1.2 The inhomogeneous Dirichlet problem

Let us now consider the case of an inhomogeneous Dirichlet problem,
—Au=f inQ, u=g¢gp onlp, (25)

with gp € L?>(I'p) on I'p =T, and gp # 0 . Assume that there is a up € H'(Q) with up = gp on
I'p. Then, the weak formulation to (25) is given by: find u = up + ug with ug € Hg () such that

/Vu-Vvdx:/fvdx Yo € H3(Q). (26)
Q Q

We deduce the existence and uniqueness of a solution to this problem similar to the homogeneous
case by rewriting the problem as follows: find ug € H}(2) such that

/Vuo-Vvdx:/fvdx—/VuD-Vvdx Yo € Hi(Q).
Q Q Q
For B(ug,v) and F(v) denoting the left and right hand side of this equation, we find that

F) < [[fllezlvll2@) + [ubla@)vlmr @) < Cllvllaq)-

Furthermore, it has been shown in the previous section that B(-,-) is a continuous and H!-coercive
bilinear functional. Well-posedness, i.e. existence and uniqueness of a solution to (26) then follows
through the application of the Lax-Milgram theorem 2.1.



2.1.3 The Neumann problem
Finally, we consider the Neumann problem,

—Au=f in{, n-Vu=gn only, (27)
with Iy = ' and gy € L?(T'y) is a given function. As we do not have Dirichlet boundary

conditions to impose we consider the space H'(f) instead of H{(Q2). We multiply (27) by a test
function v € H(Q), integrate over 2, and integrate by parts, to obtain

/Vu-Vvdx—/ n-Vuvds:/fvdx.
Q o0 Q

In view of (27) we obtain following weak formulation: find u € V := H'(Q2) such that
B(u,v) = F(v), YvelV,
with
B(u,v) = / Vu - Vodx, F(v) = / fvdx—i—/ gn vds. (28)
Q Q I'n
Remark 2.3 (Well-posedness of the Neumann problem) We observe that
B(1,v) = B(u,1) =0 (29)

for all u,v € HY(Q), i.e. ker B = span{1}. As B(1,1) = 0, the Laz-Milgram theorem can not be
applied. However, considering H'(2)/ker B which is the set of all equivalent classes

L) = HY(Q)/ker B2 {u € H'(Q) : /Qu dx = 0}, (30)
we employ a Poincaré inequality for v € ﬁl(Q), [40], and arrive at
B = [ Vo dx = ol oy 2 Aol v € @) (31)
Using a trace inequality ||v]|r2a0) < Cllv| g1 (o) for all v € HY(Q), see Theorem 2.5, we obtain
PO <) [ poad+] [ avois < Izl + lovlzzon lon < Clulmno

Using a generalization to the Laxz-Milgram theorem, we obtain existence and uniqueness in H Q)
(i.e. uniqueness up to constants) of a solution, provided following compatibility condition is satisfied

F(l)z/gfdx%—/anNdS:O. (32)

Remark 2.4 In order to avoid the theoretical difficulties of the pure Neumann problem, we usually
consider the mized Dirichlet-Neumann problem (14), with T'p # 0. In fact, imposing Dirichlet
boundary conditions at a single point only, i.e. T'p = {p} C T, is sufficient to obtain a solution
which is unique, and not only unique up to a constant.
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Theorem 2.5 (Trace theorem) Let Q C R? be an open bounded domain with piecewise smooth
boundary. Furthermore,  satisfies a cone condition. Then there is a unique continuous linear map

v HY(Q) — L2(09),
and a constant C' > 0 such that
v ()l r200) < Cllullm@)y Yue HY(Q), (33)
and
Y(u) = ulpa  Yu € HY(Q) N CQ),

where y(u) denotes the trace of u on 92 and v the trace operator. Note, that usually the trace
operator is omitted and a notation ulgg is used instead of y(u).

2.2 The standard finite element method for Poisson’s equation

In this section we introduce the standard (continuous) finite element method for Poisson’s equation,
—Au=f inQ, u=gp onlp, n-Vu=gy only, (34)

where f € L?(Q2), gp € L*(T'p) and gy € L?(I'y) are given functions. We assume that I'p and I'y
are disjoint subsets with union I, that is 'p UI'y =I' and I'p N 'y = (). Furthermore, we assume
that I'p # 0, see Remark 2.4. As described in the previous section, this problem is rewritten in a
weak formulation: find v € V such that

B(u,v) = F(v) Yv eV, (35)

where V is an appropriately chosen function space with H}(Q) C V C HY(Q).

The finite element method generates approximate solutions to (35). To this end, let 7;, = {x}
be a geometric discretization of €2 consisting of elements x, where h denotes the maximum diameter
of all k. Let ¢;(x) € V,0 < j < Nj, be N}, linearly independent functions in V' and u;, 0 < j < Ny,
real numbers. Then

un(x) = > wib;(x), (36)

0<j<Np

is a discrete function in the discrete function space V}, defined by
Np
Vi, = span{¢;(x)};2 C V.

We note, that Vj, C V, where V is the continuous (and infinite-dimensional) function space the
exact solution u to (35) is to be sought in.

Definition 2.6 For p > 1 we define the space of continuous piecewise polynomials of degree p by

Vis, ={vn € C(Q) vp|x 0 04 € Qu(R) if & is the unit hypercube, and (37)
Ul 0 0k € Pp(R) if R is the unit simplex, k € Ty},

where P, and @, are the spaces of polynomials and tensor product polynomials of degree p. While
dealing with continuous finite element discretizations, we use the short notation V, := Vip-

Replacing v and v in (35) by discrete functions up, v, € V3, the discrete problem is given by:
find up € V}, such that
B(uh,vh) = F(Uh) V’Uh S Vh. (38)

11



We note that the bilinear and linear forms in the discrete problem (38) are the same as in the weak
formulation (35). Therefore, in this section we do not need to introduce notations By, (-, -) and FJ,(-)
as we did in the general case in Section 1.3.

Due to the trial (ansatz) and test functions w;, and vy, taken from the same discrete function
space Vj, this is a so-called Galerkin finite element discretization. There are also so-called Petrov-
Galerkin finite element discretizations where the trial and test functions, up € Uy, and v, € Vj,
belong to different discrete function spaces Uy, # Vj,.

Definition 2.7 Finite elements based on discrete functions up € Vy, being contained in the contin-
uous function space V, i.e. Vi, C V', are called conforming finite elements.

Finite elements methods where the discrete functions up € Vi, do not belong to 'V, i.e. Vi, ¢V,
are called non-conforming finite elements.

Note, that continuous Galerkin finite elements, as discussed in this section, are conforming finite
elements. In contrast to that, the discontinuous Galerkin finite elements being discussed in Section
4 onwards are non-conforming as the discontinuous discrete functions spaces are generally not
subspaces of the classic continuous function spaces V.

2.2.1 Consistency

From the weak formulation (35) we see that the discretization (38) is consistent, i.e. the exact
(weak) solution u € V' to (34) satisfies

B(u,v) = F(v) YvelV. (39)

From consistency we immediately deduce following important property of Galerkin finite element
methods, the so-called Galerkin-orthogonality:

B(u — uh,vh) =0 VYo, € Vp, (40)

which we obtain by subtracting (38) from (39) for v, € V; C V and using linearity of B with
respect to its first argument. This means that the error e = u — uy, is orthogonal (with respect to
the bilinear form Bj) to the discrete function space V.

2.2.2 Existence and uniqueness of discrete solutions

In Section 2.1 we have shown that the linear and bilinear functionals ' : V — Rand B: VxV — R
in the weak problem: find u such that

B(u,v) = F(v) YveV (41)

are continuous. Furthermore, we have shown that B is V-coercive. We then applied the Lax-
Milgram theorem to show that a solution u to (41) exists and that this solution is unique. As
discussed above, standard finite elements are conforming finite elements, i.e. Vj, C V. Therefore,
I and B are continuous also on V. Furthermore, B is coercive also on V},. Again by using the
Lax-Milgram theorem we deduce that the discrete problem: find uy € Vj, such that

B(uh,vh) = F(Uh) Yoy, € Vp, (42)
has a unique solution, i.e. (42) is well-posed.

Remark 2.8 We see that, for all weak problems (41) where we are able to show well-posedness
by using the Laz-Milgram theorem we immediately obtain well-posedness of any discrete problem
(42) provided we have Vi, C V, i.e. provided we use conforming finite elements. In contrast to
that, discontinuous Galerkin methods are mon-conforming, Vi, ¢ V. Therefore, well-posedness of
discrete problems originating from discontinuous Galerkin discretizations is not immediate, but
must be shown for each discrete function space Vi, under consideration.
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2.2.3 Best approximation property

Lemma 2.9 (Céa Lemma) Let the bilinear form B be continuous and V -coercive, with H} () C
V C HY(Q). Furthermore, let u € V and uj, € Vj, C V be the solutions to

B(u,v) = F(v), YveV,
and
B(uh,vh) = F(’Uh), Yoy, € Vh,
respectively. Then,

Cg
lu = unllg1 () < Tv”g/ lw = vnll (43)

Proof: Let v, € V. First we use coercivity of B, then we use the Galerkin orthogonality, B(u —
up, wp) = 0 for wy, = v, —up € Vg, and finally we use continuity of B to obtain

Y = unlF o) < Blu —up,u—up)
= B(u — up,u — vp) + B(u — up, vp, — up)
= B(u — up,u — vp)

< Cglu— UhHHl(Q Ju — UhHHl

Dividing by v[|u — us| g1 (q) we obtain (43). O

In (43) we see that apart from a constant the approximation error e = u — uy, is bounded by
the difference v — vy, for any discrete function v, € V3. This is the so-called best approximation
property. As we are free to choose any vy, we can for example take an interpolation v, = Ipu € V},
of u to obtain

Cp
Ju—up|[10) < THU_IhuHHl(Q (44)

Hence, the discretization error e = u — up can be bounded by the interpolation error v — Ipu. In
particular, the order of the discretization is the same as the order of an interpolation into V},.

2.2.4 Interpolation estimates

In this section we recall some standard interpolation estimates.

Definition 2.10 (Interpolation operator I,C%p onto th,p) Forp >1let ¢;, 0 <1 < Np, be a
nodal basis of Viep with

$i(xW) =6 VO0<i,j < Ny,
where x9), 0 < j < Ny, are the nodal points of Vhp and Np = #(Vhfp) is the dimension of the

discrete space Vi ps 1€ the number of degrees of freedom in Viep- Given a function u € H*(Q), we
define I}, U € Vi, to be the interpolation of u onto Vi p given by

) = 3 ulxi)si). (45)

0<i<Ny,
Possible nodal basis functions are the Lagrange interpolation polynomials ¢;(x) := Lgp ) (x). In the

following we use the short notation Iju instead of I} pu when it is clear that an interpolation into
V}p 1s meant.
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Theorem 2.11 (Interpolation estimate) Let 7, be a shape reqular mesh of @ C RY, 1 < d < 3.
Let p > 1 and Iy, be an interpolation operator onto Vip- Furthermore, let 0 < m < p+ 1. Then
there is a constant C, independent of h, such that for all u € HPT1(Q) we have

= Tnul| gm0y < CRPT " |ul o g (46)

Proof: See e.g. [40]. O

Example 2.12 In particular, for uw € HPY1(Q) and m = 0,1, the estimate (46) reduces to
lu — Inul 29y < CRPF ul o o (47)

and to
|u = Inul| gy < ChP|ulgrir(q)- (48)

Le. the interpolation error is of O(RP*1) in the L*(Q)-norm and of O(hP) in the H'(Q2)-norm.

We note that Theorem 2.11 requires the solution u to be in HP*1(Q2). However, for the case that
u € H5t1(Q) with s < p we obtain only a reduced interpolation order.

Corollary 2.13 (Interpolation estimate) Let 7, be a shape reqular mesh of @ C R4, 1 < d < 3.
Let p > 1 and Iy, be the interpolation operator onto Viep as defined in Definition 2.10. Then there
is a constant C, independent of h, such that for all u € H**1(Q2) we have

lu = Tnull gm (@) < CAH " ul e gy (49)
where t = min{s,p} and 0 < m < t+ 1.

We note that for sufficiently smooth functions v € HP1(Q), i.e. s > p, this estimate reduces to
(46), i.e. we have
lu = Tnull gm gy < CRPY™ u] goi (q), (50)

while for functions with a lower smoothness, i.e. u € H*T1(Q) with s < p, we have
lu = Tnull gm gy < CR*T ™ gras ), (51)

for m < s+ 1. The interpolation estimates given above can be combined with a trace theorem for
obtaining interpolation estimates in the L?(9$)-norm:

Theorem 2.14 (Interpolation estimate in the L?(9Q)-norm) Let 7}, be a shape regular mesh
of Q c RY 1 <d<3. Let p>1 and I, be the interpolation operator onto Vip as defined in
Definition 2.10. Then there is a constant C, independent of h, such that for all w € HPT1(Q) we

have
lu = Thullz2a0) < CRPTY2 ul o ). (52)
2.2.5 A priori error estimates in the H'- and L?-norm

In this section we derive error estimates in the H'(2)- and the L?(2)-norm for the discretization
error of the standard finite element discretization of Poisson’s equation.

Corollary 2.15 (H'-error estimate) Let u € HPY(Q) and uj, € Vj, = Virp be the solutions to
(35) and (38), respectively. Then

|w — unllg1 Q) < CR|ul o1 (q)- (53)
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Proof: Using (44) and (46) for m = 1 we obtain

Cp
v — unll g1y < THU — Inullg o) < CRPlul ot (q)-

Example 2.16 For u € H?(Q) and uy, € Vis1 we obtain the standard result:
lu = unll 1) < Chlu|g2q)- (54)
In the following we derive an error estimate in the L?-norm by using a duality argument.

Theorem 2.17 (L?-error estimate (Aubin-Nitsche)) Let u € HPYY(Q) and u, € V}, = Viep
be the solutions to (35) and (38), respectively. Then

= up | p2i) < CRPF | o (- (55)

Proof: For simplicity, we assume homogeneous Dirichlet boundary conditions. For v € L?(€2) let
z be the solution to following dual (or adjoint) problem: find z € Hol(Q) such that

B(w,z):/wvdx Vw € HY ().
Q

We assume that z € HH(Q)NH?(Q) and ||z|| 2 < C||v|| 2 which is satisfied if  is a convex polygon,
for example. Now choosing v = w = e = u — uj, € H}(Q) yields

lellZ2(q) = /962 dx = B(e,2) = B(e, z — zp) < Cllu — wnll g1 llz — 2ull 51 (@) (56)

where we used Galerkin-orthogonality B(e, zp) = 0 for any z;, € Vj,. Choosing z, = Iz € V;, and
using the interpolation estimate (51) for s = m = 1 we obtain

lellZ2(q) < Cllu = unll g @l 2l 2 @) < Chllu = unll g llell L2 (57)

Division by [le[|z2(q), and using the H'-error estimate (53) we get (55). O
Example 2.18 For u € H?(Q) and uy, € Viy1 we obtain the standard result:

lu = upllz2(0) < Ch*|ul (- (58)

In summary, we have seen that the standard (continuous) finite element discretization of Pois-

son’s equation based on piecewise polynomials of degree p is of order p + 1 in the L?(£2)-norm
provided the exact solution w is sufficiently smooth.
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3 Higher order continuous FE methods for the linear advection
equation

In this section we consider standard (continuous) finite element discretizations for the linear advec-
tion equation. In particular, we recall some standard results including a prior: error estimates in
the L2-norm for the standard Galerkin method and in the H"P-norm for the streamline diffusion
finite element method (SDFEM).

3.1 The linear advection equation

For Q € R%, d > 1, we consider the linear advection equation
Lu:=V-(bu)+cu=f inQ, u=¢g onl_, (59)
where f € L*(Q), b € [CY(Q)]¢, ¢ € L>®(Q) and g € L*(T'_), where
' ={x el b(x) n(x) <0} (60)

denotes the inflow part of the boundary I' = 9. Furthermore, we adopt following hypothesis:
there exists a ¢y € L*°(€2) and a number vy > 0 such that

c(x) + %V -b(x) = &(x) >0 > 0. (61)

This condition is required for ensuring stability below.

Remark 3.1 In order to demonstrate the similarities with the compressible Fuler equations, see
Section 8, we consider the linear advection equation (59) in conservative form. We note, that
problem (59) is equivalent to the linear advection equation in non-conservative form

b-Vu+cu=f (62)
with the hypothesis ¢ — %V ‘b=ck andé=c+V-b.

In the following we derive the variational formulation of the linear advection equation and define
the proper function space the solution is to be sought in. To this end, we multiply (59) by a test
function v € L?(2) and integrate over the domain (2,

/ (V- (bu) + cu)vdx = / fodx Yo e L*(Q), (63)
Q Q

where the function space the solution is to be searched in will be defined in the following.
First we note, that for the integral on the left hand side to exist we require V- (bu)+cu € L*(Q),
i.e. we consider the function space

HYP(Q) = {ue L*Q): Lu= V- (bu) + cu € L*(Q)}. (64)

Then, it remains to incorporate boundary conditions in (63). There are two ways of doing so,
first by a so-called strong and second by a so-called weak imposition of boundary conditions, which
both are discussed in the following two subsections.
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3.1.1 Variational formulation with strong boundary conditions

We recall that for the Dirichlet problem of Poisson’s equation we have used H}(f2) instead of
H!(Q) for realizing Dirichlet boundary conditions on I' = 9. For the linear advection equation
(59) imposition of boundary conditions is allowed only on the inflow boundary part I'_ of the
boundary. Consequently, the function space to search the solution in is

H"®(Q)={ue L*Q): Luc L*(Q),b-nu=00nT_} c H"P(Q). (65)

Then the variational formulation of the linear advection with homogeneous inflow boundary con-
ditions, i.e. (59) with g =0 on I'_, is given by: find u € Hi’b(Q) such that

/ (V- (bu) + cu)vdx = / fodx Yo e L*(Q). (66)
Q Q

The realization of inhomogeneous inflow boundary conditions is similar to the imposition of inho-
mogeneous Dirichlet boundary conditions described for Poisson’s equation in Section 2.1.2. Assume
that there is a u, € HP(Q) with u, = g on I'_. Then the variational formulation of (59) is given

by: find u = u_ + ugy with u_ € H"P(Q) such that

/ (V- (bu) + cu)vdx = / fodx Yo e L*(Q). (67)
Q Q

In summary, strong boundary conditions are realized by considering an appropriate function (sub)space
H i’b(Q) C H'P(Q) which incorporates boundary conditions on T'_.

3.1.2 Variational formulation with weak boundary conditions

In the following we derive a variational formulation which imposes boundary conditions in a weak
sense. To this end, we multiply (59) by a test function v € H'P(1), integrate over the domain €2,
integrate by parts and replace u by g on I'_ which gives

—/(bu)-Vvdx+/cuvdx—|—/ b'nuvds:/fvdx—/ b - ngvds,
Q Q I, Q

where I'y = '\ I'_ is the outflow part of the boundary. Integrating back by parts we obtain
following variational formulation: find v € H"P(2) such that

/Q(V-(bu)—l—cu)vdx—/rb'nuvds:/ﬂfvdx—/ b-ngvds Yve H'P(Q). (68)

Note, that here the boundary condition v = g on the inflow boundary I'_ is weakly imposed.
Furthermore, here u is sought in the (full) function space HP(2) which is in contrast to u €
Hi’b(Q) in the case of strongly imposed boundary conditions in Section 3.1.1. The transport
equation (59) has a unique weak solution u € HP () given by (68) and the boundary condition
is satisfied as an equality in L2(T'_), see [34].

3.2 The standard Galerkin method with weak boundary conditions

Starting from the variational formulation (68) the standard Galerkin method with weak boundary
conditions is given as follows: find u € V}, := th’p such that

B(uh,vh) = F(Uh) Yo € Vp, (69)
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where

B(u,v):/Q(V'(bu)—i-cu)vdx—/ b - nuvds,

: (70)
F(v) = / fvdx—/ b-ngvds.
Q r_
From (68) we see that the discretization is consistent, i.e.
B(u,v) = F(v), YveV, (71)

holds for the exact solution w. By subtracting (69) from (71) for v, € Vj C V we obtain the
Galerkin orthogonality
B(u —up,vp) =0, Yv eV, (72)

Lemma 3.2 For any v € H"P(Q) we have
1
B(0.0) = 20lolae + 5 | 1b-nlo? ds (73)
Proof: From (70) we have

B(v,v) = /QV- (bv)v+cv2dx—/ b - nv?ds.
Noting that
V- (bv)v=(V-b)v?+(b-Vv)v= (V-b)v2+%b-Vv2
:(V-b)vz—i—%v-(bvz)—%(v-b)vz (74)
= L (V)7 4 2V (b)),
we obtain by using the divergence theorem and hypothesis (61)

B(v,v):/ <1V'b+c>v2dx+1/v-(bvz) dx—/ b-nv?ds
o \2 2 Ja

1
:/C%v2dx+—/b'nv2ds—/ b-nv’ds
Q 2 Jr _

(75)
2 1 2 1 2
> [ vidx+ = b -nv ds — = b -nv°ds
Q 2 Jr, 2 Jr_
1
:’yo/ v? dx + —/ b - n|v?ds,
Q 2 Jr
asb-n<OonlI'_andb-n>0onl,. g
Hence B(-,-) is coercive with respect to
HUH%Q(Q) +/ b - n|v?ds. (76)
r

However, this is not a norm on HP(Q). In fact, there are functions v € L?(Q) with HUH%Q(Q)—FfF |b-
n|v?ds < oo but with unbounded directional derivatives, i.e. ||b - Vv|| = oo, hence v ¢ HVP(Q).

We note, that the lack of H'P-coercivity of the standard Galerkin method for the linear ad-
vection equation has direct consequences on the stability of the method. In fact, it is well known
that the standard Galerkin method for the linear advection is unstable. This instability may lead
to highly oscillating numerical solutions.
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Theorem 3.3 For p > 1 let u € HPYL(Q) be the solution to (59) and uy € Vi, the solution to
(69). Then,

1/2
lw —unllL20) + </ b-n||u— upyl? ds> < ChP|u| o1 (q)- (77)
r

Proof: Let e = u —up = n — & with n = u — Iu and € = uy, — I,u where I}, : H*(Q) — Vj; , is the
interpolation operator as defined in Definition 2.10. Then by using triangle inequality

lell? + /F b-nllel2ds < ol + I + / b nl g ds + / b-nl ¢ ds, (78)

where we write || - || = || - [[2(q) for short. For the first term and third term on the right hand
side we can use interpolation estlmates given in Section 2.2.4. Furthermore, by using (73) we can
bound the second and fourth term in (78) as follows

70“5”2 +%/F’b ’ n‘fzds < B(Saf) = B(T,_ 6,6) = B(Tlaf) - B(evf) = B(n7§)7 (79)

where we used the Galerkin orthogonality property B(e,§) = 0 for £ € Vi, see (72). Using the
Definition (70) of B(:,-), and the Young’s inequality, ab < iaz + %b2, we obtain

ol + /|b n|s2ds<B<n,s>—/<v-<bn>+cn>sdx—/ b-nneds

Q T_
=2
<TlEl® + 55 Hb-VnH2+“’#BHSH2+%H?7H2+i/r \b’n!€2ds+/r b n|7?ds,

where ¢ = ||V - b + || (q). By subtracting all § terms of the right hand side we obtain
%II£H2+£/Ib'n|£2d8§C<Ilb'V77ll2+H77II2+/ bonlsPds)
r I
Hence, together with (78) we have
2 2 2 2 2
Jef?+ [ bl ds < € (16Tl + ol + [ b-nia?as) (50)

Using the interpolation estimates (47), (48) and (52):

Inll2(0) < CRP*H ul oy,
b - Vnllr2) < Clinlla ) < ChPlulgrii(q),

1/2
([ penias) ™ < Cllallaan < CH*Pludneso

and using (a + b)? < 2(a® + b?) we finally obtain (77). O

The estimate (77) shows that if the exact solution u to problem (59) happens to be smooth so
that ||ul| gp+1(q) is finite, then the standard Galerkin method (69) will converge at the rate O(h?).
Although this rate is one power of h from being optimal, it shows that the standard Galerkin
method will perform satisfactorily in this case. However, in general v will not be smooth and in
this case the standard Galerkin method gives poor results. In fact, for u € H**t1(Q) with s < p
estimate (77) reduces to

1/2
Ju =il + ([0 nllu =P ds) < CHluleoro (52)
r

In particular, for u € H'(Q) the solution to the standard Galerkin method does not converge as
h — 0. Instead, the solution might become oscillatory as there is no control on b - Vuy,.
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3.3 The streamline diffusion method with weak boundary conditions

We have seen in the previous section that the standard Galerkin discretization for the linear ad-
vection equation is unstable. For obtaining a stable discretization scheme we need to add some
artificial diffusion to the scheme. However, we do not require a stabilizing effect in all directions.
As we will see in the following, for obtaining a stable scheme it is sufficient to add diffusion in
streamline direction, only. Starting from the variational formulation (68) we replace u by a discrete
function uy, € V4, and the test function v by vy, +dhb- Vo on ©Q with § > 0, and by v, on I'. Then,
the streamline diffusion method is given by

By (up, vp) = Fp(vy), Yo, € Vi, (83)

where

By(u,v) :/ (V- (bu) 4 cu) (v + dhb - V) dx—/ b - nuvds,
] * (84)
Fp(v) :/Qf(v—i—éhb-Vv) dx—/ b - ngvds.

We note, that here trial and test functions up, v, are taken from different discrete function spaces,
up € Vi, and vy, € V), := {v, = wy, + 6hb - Vawy,, with wy, € V,,}, Vi, = V), + 6hb - VVj,. Thereby,
this is a so-called Petrov-Galerkin discretization which is in contrast to the standard Galerkin
discretizations discussed so far, where the ansatz and test functions are taken from the same
discrete function space up, vy € Vj,. First, we note that (83) is consistent, i.e. we have

By (u,v) = F(v) Yv eV,

for the exact solution u. Furthermore, we see that
By (u,v) = B(u,v) + / (V-bu+b-Vu+ cu)dhb - Vodx, (85)
Q

where B(-,-) is as defined in (17) for the standard Galerkin method. In particular, there is the
additional term

Sh / (b-Vu)(b - Vv)dx (86)
Q

which represents artificial viscosity (diffusion) in streamline direction b. In fact, integrating by
parts we see, that this term corresponds to 8ﬁu where dpu = b - Vu.
In the following we show that By, is HP-coercive.

Lemma 3.4 Let b and ¢ be constant and dhe < % Then there is a C > 0 such that for all
v e HYP(Q) we have

Bh(’U,U) Z Y <h||b . V’L)Hiz(g) + ||U||%2(Q) + /F |b . Il|’U2 d8> . (87)

Proof: Using V-b =0 and ¢ = const we have

/cv(b-Vv)dlec/V-(bUQ) dlec/b'nvzds.
Q 2 Jo 2 Jr
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Then, using (85), (73) and éhc < § we obtain
1
By(v,v) = B(v,) + 8h|[b - V|72 + 55110/ b - nv?ds
r

1 1
> ’YOH’UH%z(Q) + B /F b - nfv® ds + 6h|b - VUH%Q(Q) + §5hc/rb -nv? ds

2 2 1 2 (88)
> 6h|[b - V|72 gy +0llvl72 ) + Z/F’b -nfv=ds
2 (Wl Vol + Dol + [ Io-mlo?as).
where v = min(d,yo, 1/4). O
Motivated by (87) we define following norm on HP(9):
3
[vll e @) = (th - VolZai) + V172 ) + /F b n|v? d3> : (89)
Hence, with (87) we have shown H'P-coercivity of By(-,-),
Bi(v,) 2 102100
Additionally, by using Cauchy-Schwarz’s inequality we find that F},(-) is continuous,
|Fp(v)] < \/ fodx| —i—éh[/ fb-Voudx|+ ]/b'ngvds]
Q Q T
1
2
< I fllz@llvliz2) + SRl fll2 @b - Vol L2y + Cllgll 22 </F b nv’ ds)
< Crllvl gy ()
We can then deduce stability of the method as follows
YunlFriby < Bulun,un) = Fu(up) < Crllunll s o). (90)
Hence, we have
b - sy + lunlagey + [ b0l ds = |2y < () (1)
hilLz(Q) rlizz@) ™ RES = IBRIELb @) =\ )

i.e. we have control of |lup| and ||b - Vuy||. In fact, the streamline diffusion method is stable.

Remark 3.5 We recall, see Section 3.2, that the standard Galerkin method for the linear advection
equation offers no control of ||b - Vuy|| which might lead to highly oscillating numerical solutions,
hence an unstable scheme. Only by adding diffusion in streamline direction we gain control of
b - Vuy| and a stable scheme. We will show later, that in contrast to that, the discontinuous
Galerkin discretizations of the linear advection equation is stable without streamline diffusion.

Theorem 3.6 Let u € HP(Q) be the solution to (59) with constant b and c. Furthermore, let
up, € Vi, the solution to (83). Then,

lu = unllgrrm iy < CRPHY2 U] go (q). (92)
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Proof: Let e = u —up = n — & with n = u — Iu and € = uy, — Iu where I}, : H*(Q) — Vi, is the
interpolation operator as defined in Definition 2.10. Then

/VHGH?r{Lb(Q) < Bh(ev 6) = Bh(evn - g) = Bh(ean)7 (93)

where we used Galerkin orthogonality property By(e,&) = 0 for & € Vi p- Using the definition of
Bp(-,+), V-b =0 and the inequality ab < iaz + %b2 we obtain

Wellinaey < Bale.n) = [

(V- (be) + ce) (n + ohb - Vn) dx—/ b-nends
Q

:/(b-Ve)n—kéh(b'Ve)(b-Vn)+cen+c§he(b-V7]) dx—/ b-nends
Q

h h 52 2
<T b - Vel* + Zllnl* + 3¢ lb - Vel* + ZE b - Vall* + Flel* + & lln]l?

F3lel? + b vyl + % [ benleds e d [ benfatds
I I_

<32 +C (h-1||m|2 +hl[b- V| + /F b ds) .

Subtracting %He”%hb(m on both sides and multiplying with % we obtain

lelZngo) < C (h—1||nu2 + hlb - Vn|? + /F by’ ds> . (04)

Using the interpolation estimates (81) we obtain (92). O

We see, that the streamline diffusion discretization is of order O(hP*1/2) which is half an order
higher than the O(hP) obtained for the standard Galerkin discretization, see (77). Due to the
streamline diffusion term (86), the streamline diffusion discretization is coercive with respect to
the H'P-norm which includes the h|/b - VUH%2(Q) term, see (87) and (89). Thereby, in the proof

of Theorem 3.6 we could subtract/hide the term %Hb - Ve|? from/in the left hand side term
’yHeHzl,b(Q). The remaining term h/2||b - V|| is O(hP*+1/2).

In contrast to that the standard Galerkin discretization is coercive with respect to a weaker
norm which does not include ||b-Vv||?, see (73). Thereby, in the proof of Theorem 3.3 the ||b-Vn||?
term could not be “hidden” in the left hand side and is finally estimated as O(hP).

Remark 3.7 Note, that there are many possibilities known as how to stabilize the standard Galerkin
method of the linear advection equation: e.g. by using residual-free bubbles [12, 14], or subgrid mod-
eling [21], among many others. However, for the purpose of this lecture it is sufficient to have error
estimation results available for the classic SDFEM, only.
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Figure 1: Definition of the interior and exterior traces vii wrt. element k.

4 Higher order DG discretizations of the linear advection equation

4.1 Mesh related function spaces

We begin by introducing some notation. As before, we assume that the domain §2 can be subdivided
into shape regular meshes 7, = {k} consisting of elements . Here, h denotes the piecewise constant
mesh function defined by h|, = h, = diam(k) for all k € Tj,.

In the following we define some broken (mesh related) function spaces on 7j:

Definition 4.1 (Broken Sobolev space H™(7;,)) By H™(T},) we denote the space of L* func-
tions on Q whose restriction to each element k belongs to the Sobolov space H™(k), i.e.

H™(T,) = {v e L*Q) :v|, € H™(k),k € Tp}. (95)

Definition 4.2 (Interior faces: I'z) Let k and ' be two adjacent elements of Tj, with common
edge (interior face) e = Ok NOk'. We define I'z to be the union of all interior faces of Tp,.

Definition 4.3 (Traces v;", v; and the space T(7;)) Suppose that v € H(T},), ie. v, €
H'(k) for each k € T;,. By v we denote the traces of v taken from within the interior of K

and ', respectively, see Figure 1. We note, that for v|, € H'(k) the trace v} belongs to L*(0k),
and traces of v € H'(Ty) belong to T(Ty,) = [lier, L?(0k).

Finally, we define mesh related (or broken) gradient, divergence and Laplace operators.

Definition 4.4 (V}, V- and Ap) We define broken operators by restriction to each element k €
Th as follows:

e The broken gradient operator Vy, : HY(T;) — [L*(T3)]? is defined by
(Vio)le :=V(vle), €T, (96)
for v e HY(T), where (Vv); = 0p,v,i = 1,...,d.
o The broken divergence operator V- : [HY(T;)]* — L*(7},) is defined by
(Vi Tl =V - (7ls), K€, (97)
for T € [HY(T})]?, where V -7 = Zlgigd O, Ti-
e Finally, the broken Laplace operator Ay, : H*(Ty,) — L*(Ty,) is defined by
(Anu)ls = Aluls), K€ T, (98)

for uw € H*(T},), where Au =YV - Vu = Zlgz’gd aiiu-
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4.2 A variational formulation of the linear advection equation

Like in Section 3.1 here we consider the linear advection equation
Lu:=V-(bu)+cu=f inQ, u=g¢g onl_, (99)

where f € L*(Q), b € [CY(Q)]¢, ¢ € L>®(Q) and g € L*(T'_), where
' ={xel',b(x) n(x) <0} (100)

denotes the inflow part of the boundary I' = 9€). Furthermore, we adopt following hypothesis:
there exists a ¢p € L>°(§2) and a number vy > 0 such that

c(x) + %V -b(x) = cA(x) >0 > 0. (101)

In the following we derive a variational formulation for v € H%P(7,) where
HYM (7)) = {u e L*(Q) : Lu =V - (bu) + cu|. € L*(k),x € Tp,}, (102)

is a broken space which is the mesh related (broken) counterpart of the function space HP(Q)
defined in (64). Note, that H"P(Q) ¢ H'“P(7;). Given an element s € 7j,, we multiply (99) by a
test function v € HVP(7},), integrate over x

/R(V-(bu)—i-cu)vdx:/fvdx,

K

and integrate by parts

—/(bu)-Vvdx+/cuvdx+/ b-nuvds:/fvdx. (103)
K K ok K

We sum over all elements x € 7, and replace u on I'_ by the boundary value function g,

—/Q(bu)-thdx—F/chvdx—FZ/

b'nuvds—i—/ b -nuvds
I’CGTh 8/@\1"

'y

:/fvdx—/ b-ngvds Yve HYP(Tp).
Q

As functions u € H%P(7},) may be discontinuous across edges e = Ok N Jx’ between neighboring
elements x and ' we replace b-nu on dx by a numerical flux function H(ut,u™,n), where u™ := ul
and u~ := u,_, respectively, are the interior and exterior traces of u on dk. Thereby, the variational
formulation of (99) is given by: find v € H"“P(7},) such that

Bj(u,v) = F(v) Yve HYP(T), (104)
where
Bp(u,v) = —/ (bu) - thdx+/ cuv dx + Z H(ut,u”,n)vds +/ b -nuvds,
Q Q et JOR\D Iy
F(v):/vadx—/F b - ngvds. (105)
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4.3 Consistency, conservation property, coercivity and stability
Definition 4.5 A numerical fluz function H(u",u™,n) is said to be consistent if
H(u,u,n) =b-nu. (106)
Furthermore, H(u™,u™,n) is said to be conservative if
H(u",u",n) = —H(u",u", —n). (107)

Lemma 4.6 (Consistency) Let problem (99) be discretized based on (104) and (105). Then, the
discretization is consistent, i.e. the exact solution v € H"P(Q) Cc H'P(T},) to (99) satisfies

By(u,v) = F(v) Yve HYP(Tp), (108)
if and only if the numerical flux function H is consistent, i.e.
H(u,u,n) =b-nu. (109)

Proof: After integrating by parts (104), and rearranging terms we see that (104) is equivalent to

/Q(f—vh.(bu)—cu)vdx—l— Z /8/1\1" (b-nu™ —H(u",u",n)) vds

KETH

—/ b-n (g—ut)vds=0 Yo e HYP(T7;). (110)

For the exact (and smooth) solution u € H%P(Q) to problem (99), the first and third term in (110)
vanishes. Thereby, we obtain

/ (b-nu—H(u,u,n)) vds =0 Yoe H"P(T;), (111)
k€T Or\I!
hence we have consistency if and only if H(u,u,n) =b - nu. O

Lemma 4.7 (Global conservation property) Let problem (99) with ¢ =0 be discretized based
on (104) and (105). Then, the discretization is conservative, i.e.

/ b-ngds—i—/ b-nuds:/fdx, (112)
_ I, Q

if and only if the numerical flux function H is conservative, i.e.
H(u",u",n) = —H(u",u",—n).
Proof: By setting v =1 in (104) with ¢ = 0, we obtain

Z H(u+,u_,n)ds+/ b-nuds:/fdx—/ b -ngds.
T Q

ReTh 8/@\1“

Then we note that in thesum ), [ 5, Of all element faces each edge e = dkNJK’ between neighboring
elements k and &’ occurs twice with opposite normals and states u* and u~. Thereby writing in
terms of interior faces e € 'z we obtain

Z H(u,u",n) + H(u ,ut,—n)ds + / b - ngds + /

EEFI € — F+

b - nuds = /fdx.
Q

Hence we see that (112) holds if and only if the numerical flux function is conservative. O

In the following we introduce two different numerical flux functions which are both consistent
and conservative.
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The mean value flux First we define the mean value flur (also named central flur in finite
volume schemes) as follows

How(u,u",n) = b -n{u}, (113)
where

{u} = % (ut +u”) (114)

denotes the mean value of u™ and u~. This seems to be the most natural choice of a numerical flux
function approximating b-nwu based on u™ and u~. In fact, this flux is consistent and conservative.
However, as we will show later, this flux leads to an unstable discontinuous Galerkin discretization.

The upwind flux We now define the upwind flux as follows:

_ b -nu~ for (b-n)(x) <0, i.e. x € Ok_
+ — ) Y 9
Huw (0?07, m) = { b-nu®, for (b-n)(x) >0, ie x € dky, ’ (115)
where Ok_ and Oky are the inflow and outflow boundaries of element x defined as follows
Ok_ ={x € 9k,b(x) - n(x) < 0},
{x € 05, b(x) - n(x) < 0} -

Oky = {x € 0k,b(x) -n(x) > 0} =0k \ Ok_.
This flux always takes the value from upstream (upwind) direction. This numerical flux is consistent

and conservative. Additionally, as we will show later, a discretization based on this flux is stable.

Generic flux The mean value flux and the upwind flux can be written as follows
Hbo(u+7u_7n) :bn{u}+b0 [’LL], (117)

where

[u] = ut —u~ (118)
denotes the (simple) jump of u. By setting by = 0 the generic flux (117) reduces to the mean value
flux (113) and by setting by = 3|b - n| we obtain the upwind flux (115).

Theorem 4.8 (Coercivity) Let By(-,-) be given by

By, (u,v) :—/Q(bu)-th dx—i—/ﬂcuv dx

(119)
- Z Hpo (u™,u™, )v ds+/ b - nuvds,
He’]—h 8H\F 1"+

where Hy, as defined in (117) represents the mean value flux or the upwind flur depending on by =0
or by = 3|b - n| respectively. Then for all v € H'P(T,) we have

1
B(v,v) = |lcov||® + Z /bo [v]? ds + 3 / b - n|v? ds. (120)
ecl'z € r

Proof: First we rewrite

1
—/(bv)'Vvdx:—§/b-Vv2dx

K

:—%/V'(bvz) dx+%/v'bvzdx

1 1
:——/ b'n(v+)2ds+—/v'bv2dx.
2 oKk 2 K
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Furthermore, we have

— l ’n.v+.2 S -NnyvrvAS
22/(%10 ( )d+Z/aH\Fb (v} vd

k€T k€T
_ 1 + ()2 —\2 L N Y de —
——§Z/eb-n (vF)? = (v ))ds+Zb-n §(U +v7)(vT —v7)ds =0.
ecl'r ecl'z
Thereby,
Bh(v,v):—/(bv)-vhvdx+/cv2dx+ Z (b-n{v}+b0[v])vds+/ b-nuv?ds
Q Q e, Jomr I
1 1
:/ <c+—V-b>v2dx+ Z/ bo[v]vds+/ b-nv2ds——/b-nv2ds
Q 2 Or\T" r, 2)r
KETH
1 1
:/cgv2dx+2bo[v][v]ds+—/ b-nv2ds——/ b-nv?ds
Q 2 Jr 2 Jr_
ecl'z +
1
— 2 2 2
= |lcov||* + Z/ebo[v] ds+§/F\b-n]v ds,
ecl'r
where we used hypothesis (101). Hence, we have shown (120). O

Definition 4.9 Motivated by the coercivity (120) we define the DG norm ||| - |||, by

1
\vago = Hcov|]2 + Z /bo [v]2 ds + 5 /F |b - n| v? ds (121)

ecl'z €

From the coercivity of By, (120), we immediately obtain the stability of the discontinuous Galerkin
discretization in the DG norm ||| - |||, as follows:

olli2, = Bi(v,0) = F(v) = /Q fods + / b-n|gvds

1/2 1/2
guf\\m)HvuLz(m(/F rb-n\fds) (/F \b-nrv2ds) < ol

for f € L?(Q) and g € L?(I'_). After division by |||v|||s, We obtain |||v|||s, < C, and hence

1
o1l = lleovl? + 3 [onle?as+ 3 [ b-njo?as < 2 (122)

ecl'z €

Remark 4.10 We note, that the discontinuous Galerkin discretization based on the upwind fluz,
i.e. bg = %\b -n|, has an improved stability as compared to the discretization based on the mean
value fluz where by = 0. In fact, from (122) we can see that we have control of 3 cr. [, [v]2 ds for
by # 0 which we do not have for by = 0. As we will see later, this translates to a reduced order of
convergence for by = 0 as compared to the case by = %]b -n|. In fact, the DG discretization based
on the upwind flux turns out to be stable whereas the DG discretization based on the mean value
flux is unstable.

This behavior corresponds to the difference in terms of stability and order of convergence of
the standard (continuous) Galerkin method in comparison to the streamline diffusion method as
discussed in Sections 3.2 and 3.3, respectively.
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4.4 The discontinuous Galerkin discretization

Definition 4.11 For p > 0 we define the space of discontinuous piecewise polynomials of degree p:

V;ffp = {v, € L*(Q) wp|x 00, € Qp(R) if k is the unit hypercube, and (123)
Uplk © 0k € Py(R) if & is the unit simplex, k € Tp,},

where P, and Q, are the spaces of polynomials and tensor product polynomials of degree p.

Remark 4.12 Note that V}, = V,gp C H™(T,) € HY(T,) € HY*(73), m > 1, and u € H'P(Q) C
HYP(T;,) but Vi, ¢ HYP(Q), i.e. DG methods are non-conforming finite element methods.

For obtaining the DG discretization of the linear advection equation (99) we now replace the
functions u,v € H"P(T3,) in (104) by discrete functions uy, vy € Vj,: find uy, € Vj, such that

Bh(uh,vh) = F(Uh) Yoy, € Vp, (124)

where

Bp(u,v) :—/Q(bu)-vhvdx—k/ﬂcuvdx—l— H(u+,u_,n)vds+/ b -nuvds,

Or\I' T+

w€Tp

F(v):/ﬂfvdx—/rb-ngvds. (125)

We recall that the numerical flux function H must be consistent and conservative. Examples are
the mean value flux H,,, and the upwind flux H,, defined in (113) and (115), respectively. They
can be represented by the numerical flux function

Hpo(u™,u”,n) =b-n{u} + by [u], (126)

which reduces to the mean value flux H,,, for by = 0 and the upwind flux H,,, for by = %|b -n|.

Existence and uniqueness of a discrete solution Writing the discrete function wuy(x) =
ZOSj<Nh u;j¢;(x), in terms of the basis functions ¢; € V4, 0 < j < Nj, where N, = #V},, and
varying vy, over all basis functions, vy, = ¢;, 0 < i < Nj, problem (124) can be rewritten as a linear
System

Au = b, (127)

where A € RV»*Nn with A;; = By(¢j,¢:), 0 < i,5 < Ni, b € RV with b, = F(¢;), 0 < i < Ny,
and u € RV», First we note, that from the coercivity (120) of Bj, we have

&iAij€j = &DBn(9j, ¢i)&5 = Bp(€jd;, &i0i) = Br(€,€) > [lco€l”* > 0ll€]1%,

with a constant 7y > 0, i.e. A is positive definite. Given two solution vectors u' and u?, with
Au! = b and Au? = b, respectively, we obtain Au! — Au? = 0 and 0 = (u! — u?);4;;(u! — u?);,
thus u! = u?. Hence the linear mapping u — Au is injective. We then use following

Lemma 4.13 For a linear mapping A : U — W of finite dimensional spaces with dim U = dim W
following properties are equivalent: A is injective, A is surjective, and A is bijective.

Proof: Any introductory book to linear algebra O

We conclude that u — Au is bijective. Hence there is a unique discrete solution uy to (124).

28



Consistency and Galerkin orthogonality: According to Lemma 4.6 and due to the consis-
tency of the numerical flux H we conclude that this discretization is consistent, i.e. the exact
solution u € H%P(Q) to (99) satisfies

By(u,v) = F(v) Yve HYP(T,). (128)
Again we obtain the Galerkin orthogonality
Bp(u — up,vp) =0 Yv €V, (129)

Before deriving a priori error estimates for the discontinuous Galerkin discretization (124), we
give the definition of the L2-projector onto V,fp together with some approximation estimates.

4.5 The local L*-projection and approximation estimates

Definition 4.14 (Local L?-projection) Let p > 0 and Vhdm be the discontinuous finite element
space defined in (123). Then, by Pﬁl,p we denote the L*-projection onto Vhffp, i.e. given au € L*(Q)
we define Pﬁ{pu € V}ffp by

/ (u - Pﬁ{pu) vpdx =0 VYo, € V;ffp. (130)
Q
We use the short notation Pyu instead of Pff’pu when it is clear which projection is meant.

Given a k € Ty, we set vy, = 0 on £’ € 7), with £’ # £ in (130) and see that P, has following local
projection property: For any x € 75, we have

/ (u— Ppu)vpdx =0 Vo € V}gp. (131)

P, restricted to k € Ty, is an L?(k)-projection which is why P, is also called local L?-projection.

Remark 4.15 We note that Pﬁ{pu may in fact be discontinuous from element to element. Fur-
thermore, the approzimation error estimates for the L?-projection are similar to the approzimation
estimates for the interpolation Iy, defined in Section 2.2.4. However, the L?-projection additionally
offers the local projection property given in (131). This property will be used when deriving a priori
error estimates for the discontinuous Galerkin discretization. We note, that in continuous finite el-
ement methods we used the interpolation operator I,C%p for ensuring global continuity of Ifl’pu € th,p'

There, we could have also used a global L?-projection Py, onto the continuous discrete functions
with Pﬁpu € thp. However, this operator does not have a local projection property.

Analogous to the interpolation estimates in Section 2.2.4 we have following approximation
estimates for the L2-projection:

Corollary 4.16 (Local approximation estimates for the L?-projection) Letp > 0 and Pyu :
P,‘ipu be the L2-projection defined in Definition 4.14. Suppose ul|,. in H***(k), s, >0, for k € Tj.
Then

[u — Pyl grm ) < CRETT Ul () (132)

where t, = min(s,,p), Kk € Ty.

Again, for sufficiently smooth functions u € HP*1(k), i.e. s, > p, this estimate simplifies to

[ = Prullgm ey < CREFY™ ul o (), (133)
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while for functions with a lower smoothness, i.e. u € H*T!(x) with s, < p, we have
lu = Prull gm ey < Chr ™ | gros (), (134)
for m < s, + 1. Furthermore, an analogous estimate holds in the L*-norm:
lw = Pyl poo ey < CREF | gpir.oo (). (135)
Furthermore, analogous to Theorem 2.14 we have

= Pl z2omy < CHEHYful g oy (136)

4.6 A priori error estimates

Theorem 4.17 (A priori error estimate, [13]) Let u € HPT1(Q) be the exact solution to the
linear advection equation (99). Furthermore, let uy € V}fl,p be the solution to

By (un,v) = F(vp), Yop € Vi,
where

Bh(u,v):—/ﬂ(bu)'vhv dx+/ﬂcuvdx

" /M\F<b-n{u}+bo[u]>vds+/ b ds,

KETH Iy

F(v):/ﬂfvdx—/rb-ngvds.

Then, for by = %|b -n|, i.e. when using the upwind flux, we have
lllw = wnllloy < CHP2[ul s (q), (137)

and for by = 0, i.e. when using the mean value flux, we have

[lw = unllloy < CA|u| go+1(q), (138)
where 1
o2, = lleoul? + 3 / bo [u]? ds + / b n| o ds (139)
ecl'r e 2 r

is the DG norm as defined in Definition 4.9.

Proof: Let e = u —up = n— & with n = u — Pyu and £ = up — Ppu where P, := P;fp is the
L2-projection onto Vj, := V}flp as defined in Definition (4.14). Then, by triangle inequality,

lellloo < linlllse + 111€]6,- (140)
For the first term we use approximation results for Pju:

leonll L2y < Cllu — Puullr2) < ChPHul o (q),
1/2

Z /bo [77]2 ds <C Z [u— PhU”L2(e) < Chp+1/2‘u’HP+1(Q)a (141)

ecl'r

1 1/2
<—/ ‘b'n’T]2 d8> < C”u—PhuHL2(aQ) < Chp+1/2\u]Hp+1(Q),
r-
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see (133) for m = 0 and (136), and hence
17lllog < PPF2 0] o1 - (142)

The second term in (140) we rewrite as follows

11€15, = Bu(&,€) = Bu(n — e,€) = Br(n,€), (143)

where we used coercivity (120) of Bj, and the Galerkin orthogonality property Bj(e,&) = 0 for
¢ € V3. Using the definition of By(-,-) we obtain

rusmzoz/gn(—b-vh&co dx+Z/a\r<b-n{n}+bo[n1>sds+A b e ds.

KETy

Next observe that V& € V4, so that, by the definition of the projector Pﬁlo,

/ (Pgob : vg) ndx = 0.

Using this, together with the approximation estimate (135) for p = 0, the Cauchy-Schwarz inequal-
ity, the inverse inequality [[]] 1 () < Ch™ 1|l Hm(x) for § € Vj, and the approximation estimate
(133) for m = 0, we deduce that

/Qn<—b-vhs+c£> dx=3" [ 1(-b- Ve +ct) dx

KETH k
= /17((P,‘iob—b) V€ + c€) dx
KETH k
1
2
2
< Clnlize@ | D (1P = bl poo )€l () + 1€l 22(s))
KETH
1
2
_ 2
< Clnllze@ | D (hulblaoe b €l L2 + 1€l z20x)
KETH
< Clnllir2@ €l 2
< CRP | o ) 1€ o - (144)

Furthermore, using Cauchy-Schwarz inequality and approximation estimate (136) we find

1

1
3 2
/F+b-nn§ds§</r+!b-n\n2d8> (/m\b'n’gdS) (145)

< ChPY2 [l s 1€y -

Finally, we have

Z/a (bonfn}+bolm)éds =3 [ (bn{y}+boln)) [€)ds.

k€T H\F ecl'z €
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If by = 3|b - n| we have b-n < |b- n| = 2b and obtain

[ by + bl s < / b2 (200} + [n]) b 1€] s

€ €

< ([metm +m ds)é (fwieras)

< CHE Y ] g ( [ et ds) |

D=

N|—

and hence

S [} + bl (s < O P uloiny | 3 [ oleas (146)

ecl'z V¢ e€lz V¢

< Chp+1/2|u|Hp+1(Q)|H5|||bo-

However, if by = 0, the norm ||[£|[s, does not include [ [¢]*ds which is why we cannot bound
J.b-n{n}¢]ds in terms of |||¢]||s,. Thereby, we are forced to use the inverse inequality

1
1€l L2(e) < Chus * 1€l L2 ()

to bound the L?(e)-norm by the L?(k)-norm. Hence, instead of (146) we obtain

_1
/b -n{n}g] ds < Ol lEll L2y < CRPFY2[ul oyl 2 €] 2 ).

and hence,

> [ b-n{n}gds < ChP|ul g o) €]l 12e)
eel’'r € (147)

< OWPlul o1 () 1|1 -

Combining (144), (145) and (146) we obtain (137), while (144), (145) and (147) gives (138). O

From the proof above we see that it is essential whether the term > . [, bo [v]* ds is included in
the DG norm with by # 0 or with by = 0. In the former case we can bound the interior face terms

> [ (b-n{n}+bo[n) €] ds (148)

ecl'z €

in terms of |||€|||5, whereas in the latter case we are forced to use the inverse inequality due to which
we loose half an order of h. Recalling the discussion in Remark 4.10 we see that the stability of the
discretization, in particular of the interior face terms, is connected to the order of convergence. For
sufficiently smooth solutions, u € HPT1(Q), the discretization based on the upwind flux is of order
O(hP*1/2) and the discretization based on the mean value flux is of the order O(hP). In contrast
to that the order of convergence will be reduced for solutions with a lower smoothness. In fact, for
u € H3T1(Q) with s < p the estimates (137) and (138) are replaced by the estimates

lle = unlllog < CH TV ul s g, (149)

for the upwind flux, and by
llw = unllly < Ch*|ulg=+1(), (150)
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for the mean value flux, respectively. In particular, for u € H(Q) we see that the discontinuous
Galerkin solution based on the mean value flux does not converge under h — 0. In fact, for
u € HY(Q), the discretization based on the mean value flux is unstable, whereas the upwind flux
yields a stable discretization.

We recall that the difference in stability and the order of convergence of the discontinuous
Galerkin discretization based on the mean value as compared to the upwind flux corresponds to
the difference in the standard (continuous) Galerkin method as compared to the streamline diffusion
method discussed in Sections 3.2 and 3.3, respectively.

Finally, we note that estimate (137) which is suboptimal by h'/? as compared to the O(hP+1)
approximation order of V,gp, Peterson [37] confirmed by considering so—called Peterson meshes,

that O(hP*1/2) is actually a sharp estimate.

4.7 The discontinuous Galerkin discretization based on upwind

As shown in the previous section the discontinuous Galerkin discretization for the linear advection
equation based on the upwind flux is stable whereas that based on the mean value flux is unstable.
Therefore, in this subsection we concentrate on the discretization based on the upwind flux while
ignoring the discretization based on the mean value flux.

First, we recall the discontinuous Galerkin discretization (124) for the linear advection: find
up € V}fl,p such that

—/ (buh)-thhdx—i-/cuhvhdx—i- Z
Q Q

H(u;[, Uy, n)v; ds + / b - nupvy, ds
KETH

Or\I' Tt

:/fvhdx—/ b - ngv,ds VthV}ffp.
Q T

As shown in the previous sections the numerical flux function must be consistent and conservative,
see Definition 4.5. The upwind flux

_ b-nu~ for (b-n)(x) <0, i.e. x € Ok_
+ o 5 ) )
How (w707, m) = { b-nu®™,  for (b-n)(x) >0, ie. x¢€ dxy,

is consistent and conservative and we have shown in previous sections that it yields a stable scheme.
Using this flux the discontinuous Galerkin discretization of the linear advection equation is given
by: find uy, € Vhd’p such that

—/ (buh)-thhdx—i-/cuhvhdx—i-
Q Q

Z/ b-nu;v;ds—i—Z/ b-nu;v;ds
Ok_\I'

k€T, keTy, ¥ O+

:/vahdx—/ b - ngv, ds VthVhd’p. (151)

Integrating back by parts on each element x we obtain following equivalent form of the discretiza-
tion: find uy € Vﬁp such that

/(Vh-(buh)+cuh)vhdx— Z/ b'n(uZ—u}:)U;{ds—/ b - nupvp, ds
Q Ok _\T

KETH

:/fvhdx—/ b - ngv;, ds VvaVhd,p. (152)
Q r

In contrast to the discontinuous Galerkin discretization of viscous terms where several different
discretization schemes based on different choices of numerical fluxes can be derived, see Section 5,
the discretization in (152) is known as the (one and only “reasonable”) discontinuous Galerkin
discretization of the linear advection equation.
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4.7.1 The importance of the inter-element jump terms

We note that the discrete functions uy € V,fp may be discontinuous on interior faces between
neighboring elements. Originating from the upwind flux, the interior face terms

Z / b-n(uf —u; v ds (153)
Ok_\I'

k€T

include the jump [up] = u;[ —u,, of the discrete solution and impose continuity of the discrete solu-
tion in a weak sense. If these inter-element jump terms were neglected the discrete problem would
— due to the discontinuity of the ansatz and test functions — decouple into one local problem per
element with no data coupling to neighboring elements and hence to an inconsistent discretization.

For getting further insight into the importance of these jump terms, let us, for a moment,
evaluate the bilinear form in (152) for functions u, v, € Vi, C C%(Q), i.e. the discrete space Viep
of continuous piecewise polynomial functions given in Definition 2.6. Then the jump terms vanish
and we obtain: find uy, € th’p such that

/Q (Vi - (bup) + cup) vy dx — /

b'nuhvhds:/ffuhdx—/ b - n gvy, ds, (154)
I_ Q _

for all vy, € 75 This is the standard Galerkin discretization with weakly imposed boundary con-
ditions of the linear advection equation based on continuous finite element methods as introduced
in Section 3.1.2. We recall that this discretization is unstable and of order O(hP). In contrast to
that we have seen that the discontinuous Galerkin discretization (152) based on the upwind flux
is stable and of order O(hP*1/2). From this we see, that allowing inter-element discontinuities and
imposing continuity in a weak sense has a stabilizing effect on the discretization and yields an
improved order of convergence as compared to the standard (continuous) Galerkin discretization.
Finally, given a x € 7}, and setting v, = 0 on all k¥’ # k, k' € Tj, in (152) we obtain

/’.C (V- (bup) + cup) v, dx — /

b-nu;vds = /fvhdx—/ b - nu; v; ds, (155)
Ok — K Ok —

where u, is replaced by g on 9x_ NI'_. This corresponds to the standard Galerkin discretization
with weakly imposed boundary conditions, see (154). However, in (155) we consider a single element
k instead of the whole domain . Furthermore, on dk_ \ I'— the discretization (155) includes the
exterior trace u, instead of the boundary function g as in (154). In fact, u, , i.e. the value of uy
on a neighboring element, can be considered as boundary function to the linear advection problem
(99) localized on k. In summary, using the upwind flux in the discontinuous Galerkin discretization
of the linear advection equation corresponds to a weak imposition of boundary conditions on each
element k € 7},

4.7.2 The global and local conservation property

We recall from Lemma 4.7 that a discretization based on any conservative flux H has a global
conservation property. The upwind flux is conservative, hence the discretization based on the
upwind flux, see (151) or (152), has a global conservation property.

Ignoring Lemma 4.7 for a moment we want to (re)show the global conservation property of
the discretization based on the upwind flux. To this end, we rewrite (151) with ¢ = 0 in terms of
interior faces e € I'z. For any two neighboring elements « and ' with e := 9k NIk # 0 we
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J’_

o on 0k_ as b (—n,) ufv,; on dky and obtain

rewrite b - n u_v

/Q(buh) Vo dx + Z /b nuh (v;{—fug) ds+/ b- nuh T ds

eCcl'z Ly

:/fvhdx—/ b -ngu,ds Vo, € V. (156)
Q T

Setting vy, = 1 on 2 we obtain the global conservation property:

/ b-ngds+/ b-nu;{ds:/fdx. (157)
T, Q

Furthermore, given a k € 7, and setting vy, = 1 on k and v, = 0 on all ¥’ # K, K’ € Tp,, in (151)
with ¢ = 0 or in (156) we obtain the local conservation property:

/ b-nu;ds—l—/ b'nuZdSZ/fdx, (158)
Ok — Ok 4 K

where u, is replaced by g on k_ NT'_.

4.7.3 Consistency

We recall from Lemma 4.7 that a discretization based on any consistent flux H is consistent. The
upwind flux is consistent, hence the discretization based on the upwind flux, see (151) or (152),
is consistent. In the following we present another way to show that the discretization based on
the upwind flux is consistent. From (152) we see that the discrete solution wu, € V,ffp satisfies the
primal residual form:

Z / (up)vdx + Z / r(up vds+/7‘p(uh)vds =0 Wwe V}gp, (159)
Or\I' T

KET), KETH

where R(up), r(up) and rp(up) denote the element, interior face and boundary residuals, respec-
tively, given by

R(up) = f =V - (bup) — cup, in k, K € Tp,
r(up) =b-n(uf —uy) on Ok_\T',k € Ty,
rr(up) = b n(up — g) onI'_,

and rr(up) = 0 on T';. We see that the exact solution u € H"P(Q) to (99) satisfies

Z/R vdX—FZ:/\F vds+/F r(u)vds =0 Yve HYP(Tp), (160)

KGT]—L KGT

with R(u) =0, r(u) = 0 and rp(u) = 0. Thereby, we have consistency of the discretization, i.e. the
exact solution u € H%P(Q) to (99) satisfies

Bp(u,v) = F(v) Yve HYP(T). (161)
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5 Higher order DG discretizations of Poisson’s equation

In the following we consider the elliptic model problem
—Au=f inQ, u=g¢gp onlp, n-Vu=gy only, (162)

where f € L?(Q), gp € L?*(I'p) and gy € L?(I'y) are given functions. We assume that I'p and
I'y are disjoint subsets with union I', that is Tp UT'y = T" and I'p NT'y = (). Furthermore, we
assume that I'p # (). Problem (162) represents the general Dirichlet-Neumann problem of Poisson’s
equation. In case of I'p = I' and gp = 0 this represents the Dirichlet problem with homogeneous
boundary conditions given by

—Au=f inQ, u=0 onT. (163)

Let H™(73,) be the broken Sobolev space consisting of functions v € L?(€2) whose restriction to
each element x € 7j, belongs to the Sobolev space H™ (k). Analogously, by [H™(7;,)]? we denote
the d-vector valued broken Sobolov space.

5.1 The system and primal flux formulation

In this and the following sections we recall the common framework for deriving DG discretizations of
the homogeneous Dirichlet problem (163) from [2] and apply it to the Dirichlet-Neumann problem
(162). We begin by rewriting (162) as a first-order system as follows

o = Vu, —V-o=f inQ, u=g¢gp onlp, n-Vu=gy only. (164)

Assuming u € H*(7,) and o € [H'(7},)]* we multiply the first and second equation by test functions
7 € [H'(T3)]¢ and v € H'Y(T},), respectively, integrate over an element x € 75, and integrate by

parts. Thus
/U-TdX:—/UV'TdX+/ u T -nds,
K K ok

/O"VUdX:/f’UdX—f—/ o -nwvds,
K K ok

where n is the unit outward normal vector to k. Then, we sum (165) over all elements k € 7. As
u and o may be discontinuous across inter-element faces 0k \ I', k € T3, they must be replaced by
numerical flux functions 4 and & which are approximations to u and o = Vu, respectively. Thus
we obtain following system flux formulation: find u € H*(T,) and o € [H'(T},)]¢ such that

(165)

/a.rdx=—/uvh-7dx+ Z/ ar-nds Vre [HY(T,)]Y, (166)
Q Q e, Ok

/U~thdx:/fvdx+ Z/ &-nvds Vo € H'(Tp). (167)
Q Q KET), ok

Here, @ : H'(7},) — T(7,) is a scalar numerical flux function, and & : H2(7,) x[H*(7,)]* — [T(73,)]?
is a vector-valued numerical flux function. Depending on the particular choice of the numerical flux
functions 4 and & several different DG discretizations can be derived, each with specific properties
with respect to stability and accuracy.

Definition 5.1 We say that the numerical fluxes 4 and & are consistent if
u(v) = v, (v,Vv) =Vu, onIzUT, (168)

whenever v is a smooth function satisfying the Dirichlet boundary conditions. Furthermore, we say
that 4 and & are conservative if they are single-valued on I't UT.
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The term conservative comes from the following useful property, which holds whenever the vector
flux & is single-valued: If S is the union of any collection of elements, we obtain

/U-thdx:/fvdx—i—Z/ &'nfuds—k/ 6-nvds
s S K\DS as

KCS

:/fvdx+ Z 6’-n+(v+—v_)ds+/ 6 -nvds,
S oS

ECFIS

(169)

forv=0o0n Q\ S, where Iz, are the faces interior to S. Taking v =1 on S we then have

/fvdx+/ d-nvds =0, (170)
S a8

i.e. a global and local conservation property similar to conservation properties of the DG discretiza-
tion of the linear advection in Section 4.7.

Equations (166) and (167) represent a first order system in u and o with (d + 1) as many
unknowns as the original (scalar) problem in u. In order to reduce the problem size, the auxiliary
variable ¢ is usually eliminated to gain a so-called primal formulation involving only the primal
variable u. To this end, we perform a second integration by parts on each element « in (166) and
set 7 = Vv which gives us

/U-thdxz/vhu-vhvdx—l—z
Q Q

KETH

/ (4 —u)n - Vyvds. (171)
ok

Substituting (171) into (167) we obtain the primal fluz formulation: find u € H?(T}) such that
By (u,v) = / fodx Vv e H*(Tp),
Q

where the bilinear form By, (-,-) : H%(T,) x H?(T;,) — R is defined by

Bh(u,v):/gvhu-vhvdx— Z/@ 6 -nvds+ Z/a (& —u)n - Vyvds. (172)

k€T, k€T

This bilinear form is denoted by By (and not Bjp) as it includes the (still unspecified) numerical
fluxes @ and 6. Furthermore, By, includes — through the specification of 4 and & on the boundary
— all boundary data terms.

Finally, we note that By, in (172) is an element-based form, i.e. it is given in terms of >°, [ .
This means that each interior face e = I'z occurs twice in the sum over all elements « (once in [,
and once in |, o for £ # K and e = Ok N Ok’ # 0). In the following, we transfer the element-based
form into a face-based form, i.e. we rewrite By, in terms of sz where each interior face occurs only
once. However, before doing so, we introduce some more notation.

Definition 5.2 Let e € 'z be an interior edge between two adjacent elements k™ and k= with unit
outward normal vectors, nt,n~ € R?, respectively. Let ¢ € T(T},) and ¢ € [T(T},)]? be the traces
of a scalar and a vector valued function, respectively. Then, we define the mean value and jump
operators, {-} and [-], as follows

{ak =
{o} =

(" +q7), [q] =¢'n* +¢ n,
(¢t +97), [¢] =¢T -n"+¢ -n".

N[ N[—=
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Definition 5.3 On boundary edges e € I' the mean value and jump operators are defined by
fa} =", [4] = ¢"n*,
fol =0, [¢] = " -n*.

Based on these notations, we can show following result which will frequently be used to transfer
between element-based and face-based forms.

Lemma 5.4 Again, let ¢ € T(T) and ¢ € [T(T3)]¢, then

S [ etwtaras = [ gob-list [ [oldab s (173)

w JOR\D
S e - /F RGOS /F 91ad ds (174)

Proof: On I'7 we have

o} - ldl + (o] fa} =3(¢" +¢7) - (¢™n" + ¢ n7)+
$(@T -0t +¢ n7)(¢" +4q7)
—=3(¢" 0T+ nTq +¢T n ¢ +¢ 0 g )+
3@ ntqt+¢  n ¢t +¢T -ntg +6 nq)
=¢"-nT ¢ +¢ n g
using n~ = —n™ in the last identity. On I we have {¢}[q] = T -nT ¢ O

Using (174) and the Gauss integral formula we obtain following result.

Corollary 5.5 Let v € HY(T) and 7 € [HY(73)]%, then

/T-thdx:—/vh-Tvdx—i—/ {T}}.[[v]]dH/ [7] {v} ds. (175)
Q Q rzur Iz
Proof: Using the Gauss integral formula on each x € 7y,
/V-?/)dx: 1 - nds, (176)
K ok

for ¢ := tv € [HY(T)]%, and summing over all x € 7;, we obtain

/th-ﬂ)dx+/ﬂ7"vhvdx:Zﬁ:/aHT-nvds:/FIUF{{T}}-[[v]]ds+/rz[[7']]{{1)}d3> (177)

which shows (175). O

We now proceed in transferring the element-based form (172) into a face-based form. To this
end, we use equation (174) twice (once for ¢ = ¢ and ¢ = v, and once for ¢ = Vv and ¢ = 4 — u),
and rewrite (172) as follows

Bo(u,v) = /Q Vou-Vivds— | {6} [o]ds — /F [6] v} ds

rzul’

v [ [V} Ta—ulds + / (Vo] i — u} ds,

Izur I'z

which results in following face-based primal fluz form,

Bh(u,v) :/ Viu - Vyvdx +/ ([t —u] - {Vno} — {63 - [v]) ds

Q rzur ars)

+/ ({a —u} [Vio] — [6] {v}) ds.
'z

38



5.2 The DG discretization: Consistency and adjoint consistency

Let V}, := V}flp C H?(T;,) be the space of discontinuous piecewise polynomials of degree p as defined
in (123). Then the discontinuous Galerkin discretization in face-based flux formulation is given by:
find uy € V}, such that

Eh(uh,vh) = / fopdx Yo, € V. (179)
Q

where By, is as defined in (178) and the fluxes @ and & are still unspecified.

Definition 5.6 (Consistency) Let u € H%(Q) be the exact solution to problem (162). Then, the
discretization (179) of (162) is consistent if and only if

By (u,v) = /va dx Vv e HX(T,). (180)

Theorem 5.7 Let Bh(-, -) be given by (178). Then the discretization (179) of the homogeneous
Dirichlet problem (163) is consistent if and only if the numerical fluxes 4 and 6 are consistent,

u(v) = v, 6(v,Vv)=Vuv onITzUTL, (181)

Proof: Let u be the solution to problem (162). Setting 7 = Vu in (175) we obtain

/QVu -Vypvdx = — /Q Auvdx + {Vul - [v] ds + / [Vu] {v} ds, (182)

rzur I'r

for v € H?(T},). Substituting this into By, (u,v), cf. (178), gives

Bp(u,v) = — /QAhuv dx + FIUF{{th}} [v] ds + /Fz [Viu] {v} ds

T / (la—u]- (Vi) — {6} - [o]) ds + / (- u} [Vao] — [6] {o}) ds,
Ul

Iz

where @ = u(u) and ¢ = 6(u, Vu). Using {u} = u, [u] = 0, {Vyu} = Vu, [Vyu] = 0, and
—Au = f, we obtain

Bh(u,v) :/ fudx +/ ([a] - §Vro} + (Vu—{&}) - [v]) ds

) o (183)

+/ (({a} —u) [Vav] = [6] {v}) ds.
Iz

If the numerical flux @ is consistent, i.e. @(u) =w on I'7UT, then [u] =0 and {4} =uwon 'z UT.
If the numerical flux ¢ is also consistent, i.e. 6(u) = Vu, then [6] =0 and {6} = Vuon 'z UT.
Inserting these relations in (183) we obtain

Bh(u,v):/ﬂfvdx. (184)

Hence, the primal formulation is consistent. This argument can easily be reversed. Assuming that
the primal formulation is consistent, i.e. Equation (184) holds, then, in view of (183), we recognize
that consistency (181) of the numerical fluxes is necessary. t

Remark 5.8 Theorem 5.7 can be generalized to the Dirichlet-Neumann problem (162): The dis-
cretization (179) of (162) is consistent if and only if

a(v) = v, (v,Vv)=Vv onTzUTp, n-6(v,Vo) =n-Vv only. (185)
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Corollary 5.9 (Galerkin orthogonality) Let (179) be a consistent discretization. Then, the
error u — uyp, is orthogonal (with respect to By(-,-)) to the discrete function space Vy, i.e.

Bh(u — uh,vh) =0 VYo, €V (186)
Proof: Subtract (179) from (180) for v := vy, € V}, € H?(Tp,). O

As we will see later, in addition to the consistency of a discretization also the so-called adjoint
consistency of the discretization is of interest. Whereas optimal estimates in the energy norm
(H'-norm) can be derived for consistent discretizations, the derivation of optimal error estimates
in the L?-norm requires the application of a duality argument which requires the discretization to
be adjoint consistent. In that sense, adjoint consistency represents an additional measure of quality
of a discretization.

Definition 5.10 (Adjoint consistency) Given a function jo € L*(Q), let = € H?(2) be the
exact solution to the dual or adjoint problem

—Az=jq inQ, z=0 onT. (187)

Then, the discretization (179) of the homogeneous Dirichlet problem (163) is adjoint consistent if
and only if

A

Bh(v,z):/gjgvdx Vv e H2(Tp). (188)

Remark 5.11 Related to the adjoint problem (187) we note that

e The differential operator in (187) is the adjoint operator L* to the differential operator L of
the primal problem. As the Laplace operator is self-adjoint, the adjoint problem to Poisson’s
equation is again Poisson’s equation.

e The right hand side jq in (187) may be any arbitrary (but fived) function in L%(Q). Depending
on the “purpose” of the adjoint problem the function jo may be chosen appropriately. For
example, when deriving a priori error estimates in L?(Q2) we will use jo = e = u — uj, which
gives ||e||> = Bp(e,z). An adjoint problem like in (187) will also be required when deriving
error estimates with respect to target quantities of the form J(v) = fQ jovu dx which gives
J(e) = Bp(e, 2).

Theorem 5.12 Let By,(-,-) be given by (178). Then the discretization (179) of the homogeneous
Dirichlet problem (163) is
adjoint consistent

if and only if the numerical fluzes 4 and 6 are conservative, i.e.
[a] =0, and [o]=0. (189)

Proof: Let z € H?(Q) be the solution to (187), we set 7 = Vz and v = w in (175) and obtain
/ Vz-Vywdx = / Jow dx + / {vz} - [w]ds + / [Vz] {w} ds. (190)
Q Q rzur Iz

Substituting by w and v by z in (178) and using (190) results in

~

By (w, 2) :/ngw dx + FIUF{{Vz} Jw] ds + /FI [Vz] {w} ds
" /F ([aw) = u] - {VE} ~ o)} - D) ds
T /F (fa(w) - w} [V2] - [6(w)] {=}) ds,
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which reduces to following face-based dual form

By(w, z) = /Q jowdx + /F (@] {92}~ {ow)} - D) ds
" / ({aw)} [V2] - [6(w)] {=}) ds.
Iz

As z € H3(Q) we have {2} = z, [2] =0, {Vz} = Vz and [Vz] = 0. Therefore,

A

Ba(w, 2) = / jowdx + / [a(w)] - Veds — [ [6(w)] 2 ds, (191)
Q rzul I'z
which reduces to By,(w, z) = Jo jow dx if and only if (189) holds. O

Remark 5.13 We note that Definition 5.10 gives the adjoint consistency property for the Dirichlet
problem with homogeneous boundary conditions (163). The extension of this to the Dirichlet-
Neumann problem (162) is more involved and will be given in Section 6 within a general framework
for analyzing consistency and adjoint consistency.

5.3 Derivation of various DG discretization methods

We recall the DG discretization (179) together with (178): find uj, € V} such that
/ thh : thh dx + / ([[?lh - uh]] . {{thh}} — {{&h}} . [[Uh]]) ds
Q rzur

+/ (Lan — un} [Vavr] — [on]{vn}}) ds = / fopdx Yo, €V, (192)
s Q

where 4 = a(up) and 6 := (up, Vup). Here the numerical flux functions @ and ¢ are still
unspecified. (192) results in a consistent discretization of Problem (162) provided the fluxes @ and
¢ are consistent, i.e. 4(u) = u and &(u, Vu) = Vu. Depending on the specific choice of @ and &
several different DG methods can be derived, each with specific properties with respect to stability
and accuracy. Before continuing with the derivation of specific DG discretizations we first collect
some elementary relations of the mean value and jump operators:

Lemma 5.14 Let {-} and [-] be the mean value and jump operators defined in Definition 5.2.
Furthermore, let ¢ € T(T},) and ¢ € [T(T3)]%, then

fabd = fad, flal} = [dl, [l = o, [{q}] =0, (193)
ffodh = {o} tlol} = 41, [fel] =0, [{o}] = 0. (194)

5.3.1 The SIPG and NIPG methods and the method of Baumann-Oden
The symmetric interior penalty method (SIPG): Let the fluxes 4, and &3 be given by

ap, = {unl & = {Vhup} — 6™ (uy) on I'z, (195)
iy, = gp, oy = Vyup — 6irp(uh) on I'p, (196)
ﬂh = Up, &h =gnn on PN, (197)
where
O (up) = dup] = CIPZ[[WL]] on I'z, (198)
. 2
OF (up) = 6(up, — gp)n = CIP%(uh —gp)n on I'p. (199)
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Using Lemma 5.14 we obtain [an] = [{un}] =0, {an} = {{{{uh}}}} ={ur}, {on} = {{Vrurn}}—
{6 (up)} = {Vrur} — 6 (up), and [61] = [{Vrur}] — [0 (up)] = 0 on I'z, and (192) reduces
to the symmetric interior penalty method given by: find uy € Vj, such that

/ Vyup - Vyop dx +/ (—[[uh]] . {thh}} - {{thh}} . [[Uh]]) ds —l—/ (5[[uh]] . [[Uh]] ds
Q r'zUl'p rzUr'p

:/fvhdx—/ gpn - Vyvpds + 5gDUhdS—|—/ gnup ds (200)
Q T'p

T'p INY;

for all vy, € V.

The non-symmetric interior penalty method (NIPG): Let the fluxes 4y, 65, be given by
ap = {un} + 0 - Jug], on = {Vaup} — 6P (up) on I'z, (201)
up = 2up — gp, on = Vyup — 5?(uh) on I'p, (202)
and by (197). We use n™ - [up] =n™ - (uint +u, n™) = v —u, and [{us}] = 0, and obtain
[an] = [up —uy ] = (wy =)™ + (w, —wy)n™ = 2(uyn™ +w,n7) = 2[us],
fand = {Qundd + o [unl} = Qund + 5w —uyy +uyy —wf)) = fund
Then, (192) reduces to the non-symmetric interior penalty method: find uy € Vj, such that

/ Vyup - Vyop dx +/ ([[uh]] . {{Vh’l)h}} — {{thh}} . [[Uh]]) ds —l—/ 5[[uh]] . [[Uh]] ds
Q I'zUl'p

I'zul'p

:/fvhdx+/ gpn-Vyopds+ 5gDvhds+/ gnvpds  (203)
Q Tp

I'p T

for all vy € V. We note, that the only difference of this discretization to the SIPG discretization
in (200) is the sign of the [ [un] - {Vave} ds and [ gpn-Vyu,ds term.

The method of Baumann-Oden (BO): Let the fluxes 4, and 6}, be given by

Up, = {{uh}} +n"- [[uh]], oy = {thh}} on I'z, (204)
ﬁh = 2uh — 3D, &h = thh on PD, (205)

and by (197). Then we obtain the method by Baumann and Oden: find uj, € V), such that
| T Vaonax [l {Vh0nd = {0} - o) ds
Q I'zUl'p
= / fvhdx+/ gDn-Vvhds—i-/ gnvpds  (206)
Q I'p I'n
for all v, € V;,. We note, that this discretization can .be obtained from the NIPG discretization in
(203) simply by ignoring the interior penalty term 8'P(uy) = dJup]. However, we will show later,

that the method of Baumann-Oden is unstable whereas the NIPG discretization is stable due to
the stabilizing effect of the interior penalty term.
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Unified description for SIPG, NIPG and Baumann-Oden: The discretizations derived
above can be written in unified form as follows: find u; € V}, such that

Bp(up,vp) = Fp(vp) Yo, € Vi, (207)

where

By (u,v) :/ Viu - Vyvdx
Q

+ /FIUFD Ofu] - {Vrv} — {Vru} - [v]) ds —I—/F Ofu] - [v] ds,

zUI'p

Fy(v) :/ fodx + fgpn-Vuvds + dgpvds + / gnvds, (208)
Q I'p I'p I'n
and the constants # and § are given by
SIPG : 0=-1, 4 >0,
NIPG : 0=1, 4 >0, (209)
Baumann-Oden : 0 =1, 6=0.

We note that in the primal form By, as defined in (172) or (178) the numerical fluxes @ and & were
still unspecified. Furthermore, By, (implicitly) included all boundary data functions. In contrast to
that By, as given in (208) includes no boundary data. Instead, all boundary data terms have been
moved to the right hand side and are now included in Fj,(vp,).

5.3.2 The original DG discretization of Bassi and Rebay (BR1)

Let us choose the fluxes 4 and 63 to be given by

iy, = fun}, on = {Vhur} — 6" (up) on I'z, (210)
Uy = gp, oy, = Vyup — 51]2r1(uh) on ['p, (211)
Up = Up, 0 = gNn on I'y, (212)
with
8" (un) = 8P (up) = —{Lig, (un) }, (213)

where the so-called global lifting operator including Dirichlet boundary values,
LQD : T(,Z;L) - Z;lz,p = [Vhd,p]d - [Hl(,];l)]dv
is a vector-valued affine operator defined by: Let Ly, (w) € Z}ip be the solution to

/QLgD(w) crdx = —/FI[[w]] ALr}ds — /FD(w —gp)n-1ds V7 GZflL,p- (214)

Here, T(7;,) := L?*(T'z7 UT) denotes the space of traces of functions v € H'(7},). Furthermore, we
consider the global lifting operator Lo ! with homogeneous Dirichlet boundary values, which is the
vector-valued linear operator given by: Let Lg(w) € Efw be the solution to

/ Lo(w) - 7dx = —/ [w]-{r}ds Vre Eﬁip. (215)
Q rzur

'We note that in some publications, the global lifting operator is defined as lo : [T(Th)]d — Zi,p with

/10(¢>).de:—/ ¢ {r}ds vrex; ,
Q

rzur

for which we then have Lo(w) = lo([w]).
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In view of (214) and (215), we have

/LgD(w)'de:/Lo(w)-de—i—/ gpn-Tds. (216)
Q Q I'p

Using the numerical fluxes 4y, and 4y, as given in (210)-(212) the DG discretization (192) reduces
to: find uy € V}, such that

/ Ty, - Vo dx + / (“[un] - {n0n} — {Vnun} - [on]) ds — / (Lo (un)} - [on] ds
Q TzU'p r'zUr'p
= /vah dx — /FD gpn-Vyu,ds+ /FN gnup ds Yoy, € V. (217)

Using the definition (214) for L,,, we can rewrite
/ L, (up) - Vypopdx = — / Tun] - {Vhor} ds + / gpn - Vyupds. (218)
Q I'zul’ I'p

Furthermore, using the relation (215) of Ly we can rewrite
/ Vpup - Lo(vp) dx = —/ {Vrun} - [vn] ds, (219)
Q rzul
/LgD(Uh) - Lo(vn) dx = —/ fLgp (un)} - [val ds. (220)
Q rzul’

Substituting these relations into (217) we obtain the discretization: find uy, € V}, such that

/ (Viup + Lg, (up)) - (Vo + Lo(vp)) dx = / Sfopdx + / gnvp ds Yoy, € Vi, (221)
Q Q N

N

or equivalently, using (216): find uj, € V} such that
Byp(up,vn) = Fy(vp) — Vup € Vp, (222)

where

B (u,v) = / (Vhu+ Lo(u)) - (Vv + Lo(v)) dx,
2 (223)
Fp(v) = /va dx +/F gnvds — /F gpn- (Vyv+ Lo(v)) ds.

This is the original method of Bassi and Rebay introduced in [5] for which, however, several problems
have been observed: In contrast to most other DG discretizations where an element communicates
with its direct neighboring elements only, the stencil of the BR1 discretization is considerably larger
as it includes also neighbors of neighbors. Furthermore, this discretization is unstable. In fact, we
obtain

By (v,v) = [[Vav + Lo(0) |72 (g

which vanishes on the set
Z = {1) eV, :Vyv+ Lo(v) = 0},

where Z \ {0} can, in general, be nonempty. This discretization is called the BRI discretization in
order to distinguish it from the modification of Bassi and Rebay, the so-called BR2 discretization,
which we will introduce in the following subsection.
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5.3.3 The modified DG discretization of Bassi and Rebay (BR2)

Let us choose the fluxes uy and 6, to be given by

iy = {unj, on = {Vhurl} — 6" (uy,) on I'z, (224)
Up = gp, 6y, = Vyup — (5112r2(uh) on I'p, (225)
Up = Up, 0 = gNn on I'y, (226)
with
5br2(uh) = 5111r2(uh) = —Cpro{ Ly, (up)} foreCcTzUTlD, (227)

where the so-called local lifting operator including Dirichlet boundary conditions, Ly  : L?(e) —
Z;lz,p’ is a vector-valued affine operator defined by: L{ (w) € Zﬁl}’p is the solution to

/QLZD(M)'de:_/(U)—gD)n'TdS VTGZ}iP, forecT'p

(228)
/QLSD(M) Tdx =~ /[[w]] {rhds vre Z‘;ip, oneCI7z,

and L (w) is defined to be zero for e C T'y. The local lifting operator with homogeneous Dirichlet
boundary conditions L§ is defined accordingly. In particular, for e C I'p we have

/QLZD(U))‘TdXZ/QLS(w)'de—i—/gpn-Tds VTEZZJ). (229)

We note, that Lg (w) has support (i.e. is non-equal zero) only on the (one or two) elements
sharing the edge e. Furthermore, Lg | (w) does not depend on gp on interior edges e C I'z. Using
the numerical fluxes @y and 63, as given in (224)-(226) the DG discretization (192) reduces to: find
up, € V, such that

/thuh-vhvh dx—l—/F (—=lun] - {Vror}} — {Vrur} - [vn]) ds— Corof{ Ly, (un) } - [on] ds

7Ul'p I'zUl'p

:/fvhdx—/ gDn'thhdS—l—/ gn vy ds Yo, € V. (230)
Q I'p I'n

Using the definition (228) of L{  we can rewrite

S Cos /Q L¢_(u) - L§(op) dx = — /F Cona{LE, (un)} - [on]ds.  (231)

eCl'zUl'p zUlI'p

Substituting this, (218) and (219) into (230) yields: find wuy, € V}, such that

/Q (Viup - Vyop + Ly, (up) - Vpop + Vyuy - Lo(vp)) dx

+ Z Core | LY (up)-Lg(vp)dx = [ fo,dx+ gnvp ds Yo, € Vi, (232)
o P Q r

eCl'zUl'p N
or equivalently, using (216) and (229): find u;, € V} such that

By(un,vn) = Fp(vp)  Yop € Vy, (233)
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where

By (u,v) = / (Vhte- Vi + Lo(u) - Voo + Vs Lo(®)) dx+ 3 Cona / L (1) - LE(v) dx,
Q Q

eCl'zUl'p

Fp(v) = /va dx —I—/F gnvds —/F gpn - (Vv + CproL(v)) ds. (234)
N D

We note, that (232) can be obtained also by replacing [, Ly, (us)Lo(vs) dx in (221) by (231). The
BR2 discretization has several advantages over the BR1 scheme. The stencil of BR2 scheme includes
only first neighbors instead of additional second neighbors as does the BR1 scheme. Furthermore,
as we will show later, the BR2 discretization is stable, provided Cgg, is larger than the number of
neighboring elements, i.e. Cggr, > 3 for triangular elements and Cgg, > 4 for quadrilateral elements.
Finally, the BR2 discretization differs from the SIPG discretization in Subsection 5.3.1 only in the
definition of the stabilization /penalization term 8" (uy) versus 6P (up,). We will show later, that
the BR2 scheme has the advantage that a lower bound of the constant Chgg, is known (number of
neighboring elements), whereas the constant Cjp occurring in the symmetric interior penalty term
must be larger than a constant CJ, > 0 which in general is not known. However, due to the use
of lifting operators the BR2 discretization is significantly more complicated and more computing
time expensive than the SIPG discretization.

5.4 Consistency, adjoint consistency, continuity and coercivity

Corollary 5.15 (Consistency) SIPG, NIPG, Baumann-QOden, BR1 and BR2 are consistent dis-
cretizations, i.e. the exact solution v € H?(Q) to (162) satisfies

Bp(u,v) = Fp(v) Yve HX(T). (235)

Proof: We have (u) = u. Furthermore, we have 6" (u) = 6" (u) = 6"2(u) = 0 for u € H(Q)
which is continuous. Thereby 6 (u, Vu) = Vu. Finally, we have n-6(u, Vu) = gy =n-Vu onI'y
and hence consistency by Theorem 5.7 and Remark 5.8. O

Corollary 5.16 (Galerkin orthogonality) We have the Galerkin orthogonality
Bh(u — uh,vh) =0 VYo, €V} (236)

Proof: Subtract (207) from (235) for v, € Vj, C H%(7y,). O

Corollary 5.17 (Adjoint consistency) SIPG, BR1 and BR2 for the homogeneous Dirichlet prob-
lem (163) are adjoint consistent. NIPG and Baumann-Oden are adjoint inconsistent.

Proof: As shown in Subsection 5.3.1 we have [65,] = 0 and [a,] = 0 for the SIPG method
and similarly for BR1 and BR2. However, for NIPG and Baumann-Oden we have [65,] = 0 and
[ar] = 2[un]. Adjoint (in)consistency now follows from Theorem 5.12. O

In the following we show that the bilinear form corresponding to the method by Baumann-Oden,
and the bilinear forms of the SIPG, the NIPG and the BR2 methods are continuous.

Lemma 5.18 (Continuity of Baumann-Oden) Let By, be given by

By (u,v) = /thu - Vv dx + /F Ou] - {Vrv} — {Vru} - [v]) ds, (237)

7Ul'p

with 8 = 1. Then,
|Br(u o) < [[[ullls [[vllls,  Yu,0 € H*(Ty), (238)
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for any 6 > 0, where

ol = IVhley + [ 7 e fop st [ ool ds. (239)
I'zUl'p rzul'p
Furthermore, (238) holds also for § = —

Proof: We have
| /Q V- Vyodx| < [Vhull gy Va0l 20

Furthermore, we use

\/F - Vsl = \/ 52 52 - [V} ds|

and (240) with v and v exchanged, and obtain

(240)

By (u, v)| <y/ V- thdx]—H/ 1 {Vno} ds| + | {Vhu} - [o] ds|

FIUFD I'zUl'p
<IVaullr2@) IVivl2(9)

+ </FIUI‘D 57 (- {Vyu})? ds>1/2 </FIUFD St ds>1/2
) <HVWH%Q(Q) " /FIUFD 607t (- {Vhu})® ds + /I‘IUFD S[ul? d8>

1/2
<||vhv\|%2(m+/ 5L (n- Vo]’ ds+/ 5[v]2ds>
I'zUl'p I'zU'p

< [lullls [llv]lls,

where we used the Cauchy-Schwarz inequality Y, a;b; < (3, a?)l/ 2 >, b?)l/ 2, O

1/2

Lemma 5.19 (Continuity of NIPG and SIPG) Let By, be given as in (208) with § > 0 and
0 =1 for NIPG and 8 = —1 for SIPG. Then there is a constant 1 < C < 2 such that

|Br(u,v)| < Clllullls[l[vllls,  Yu,v e HX(Ty), (241)
where the norm ||| - |||s is as defined (239).

Proof: Using the Cauchy-Schwarz inequality [ab < ([ a2)1/2 (f b2)1/2 for a = 6"/?[u] and b =
6/2[v] we obtain

Thereby, using (238) for # = 1 and § = —1 we obtain

| B (u, v)| < [[ullls [[[o]]ls + \/ 6[u][v] ds|
I'zul'p

1/2 1/2
< (Hrum% -/ st) (!Hle? + [ 5m2ds)
I'zUl'p I'zul'p

< 2|[fullls [[lv]lls-

47



and hence (241). O

We note that § > 0 in (238) may be any positive constant. In contrast to that § > 0 in (241)
is the constant of the interior penalty term (198).

Lemma 5.20 (Continuity of BR2, [11]) Let By, be given as in (234). Then there is a constant
C > 1 such that

B, o)l < Clllullgllollys  Vu,v € HA(T), (242)
where the ||| - |||Lg-norm is given by
2
oll1Zg = IVrollZe@) + D IL@)IZ2q)- (243)
ecl'zUl'

Proof: First, we note that Lo(v) = > -5, Li(v) on . Furthermore, since the support of each L§
is the union of (one or two) elements sharing the edge e, we have

Yo ILE@IZ20y = Y D IL§@)I7 (244)

ecl'zUl k€T eCOk

2
Thereby, using Cauchy-Schwarz inequality, (ZZJ\LI ai) <SNAYN 2=NYN a2,

Lo(e) 20 = | (Z L8<v> <N [ 30 W) ax =N 3 [Tl (26)

eCOk eCOk eCOk
where N is the number of faces e C 9k of an element k. And, due to (244)
HLO( HL2 <N Z Z HLe HLZ(H =N Z ”LO HLZ(Q (246)
k€T eCOK ecl'zUD
Given By, as in (234), using Cauchy-Schwarz, (246) and again Cauchy-Schwarz we obtain
By (u,v) :/ (Vat - Viv + Lo(u) - Vv + Viu - Lo(v)) dx+ ) CBR2/ L§(u) - Lo(v) dx
Q

eCcl'zUl'p Q
<IVaull 2@ I Vavll 2y + I1Lo(w) | 220 IVavllL2 ) + IVl L2 o) Lo ()] L2 @)
+ Y CorellL§@)l 2@ L§(®)l 220

eCl'zUl'p

< 2||th||%2(9)+||L0 ||L2 Z Cire||Lj(u ||L2(Q

eCl'zUl'p
x| 20VavlZai) + ILo@)72@) + Y, ConallL@li2(q) | < Cllullellolllze
eCl'zUI'p

with C = (N + CBR2)2' O
Based on the relations shown in the proof of Lemma 5.20 coercivity of BR2 is easily obtained.

Theorem 5.21 (Coercivity of BR2, [11]) Let By, be given as in (234). Then there is a constant
CY,, >0 (CY,, =3 on triangles, CY,,, = 4 on quadrilaterals) such that for all Cyr, > CY,, we have
following coercivity property: There is a constant v > 0 such that

By(v,0) ZAlllolllg Vo€ HA(Th), (247)

where the ||| - |||Le-norm is as defined in (243).
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Proof: Using 2ab < ea® + 1b? and (245) we obtain

1
2 [ V- Tofe) dx < | Virlfia + o)l

2 . 2 (248)
< GHVhU”L2(Q) + ? Z ”L(e](v)”LQ(Q)’
eCl'zUl'p

Then, using the definition (234) of Bj, we have

Bi(0,v) = [Vivl3agy +2 /Q Lo(v) - Vivdx+ 3 CoraL§(0) 22

eCl'zUl'p

v (249)
> (1= Vavlliaq + <CBR2— >||L8(v)\|%z<e),

€
eCl'zUI'p

and hence (247) with v = min(1 — ¢, Cpr, — &) which is positive whenever %Rz < e <1, ie.
whenever Cgr, > N. Thereby, (247) holds provided Cgr, > C3;, := N, where N is the number of
faces e C Ok of an element x O

Also the coercivity of the method of Baumann-Oden is easily shown.

Lemma 5.22 (Coercivity of Baumann-Oden) Let B, be given as in (208) with 6 = 1 and
6 =0. Then,

By(v,0) = [[Vhollizq) Yo € HX(Tp). (250)
Proof:
Ba(v,v) = / Vv - Vo dx +/ (0 - DAV} - o] ds = [Vhola(q (251)
Q I'zUl'p
for 6 = 1. O

We see, that the bilinear form B for Baumann-Oden is coercive only with respect to the
H'(T3)-seminorm. In particular, for any v, € V,flo we have By (vp,vp) = 0, i.e. the method
of Baumann-Oden is unstable. However, considerihg the discretization of —Awu + cu = f with
¢ > ¢y > 0 we obtain By (v,v) > COHUH%Q(Q) + HthH%Z(Q , hence coercivity in the H(7,)-norm.

Finally, in order to show coercivity of the NIPG and SIPG discretization we first recall the
following standard inverse estimate: There is a constant C' > 0 such that

IVoRll2ge) < Chtllonllzegey  on € Vi, (252)
In the following we quote from [40], p. 208, a generalization of this estimate to vy € fol’p.

Lemma 5.23 (Inverse estimate on V,{ip) Let T, be a shape regular mesh. Then, there is a con-
stant C > 0 such that for any k € T, we have

2
Py
IVonllzae) < O35 lonllzag), — Von € Vi (253)

Furthermore, let us recall following trace inequality:

Lemma 5.24 (Multiplicative trace inequality, [38]) Let k € 7, with diameter h,, and radius
r of an inscribed circle, with ch, < 1. < hy, ¢ > 0, then

1012200 < C (R 0l2e) + I0llz2 | D0l z20) Vo € H(s). (254)
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Theorem 5.25 (Coercivity of NIPG and SIPG, [38]) Let By, be given as in (208) with 6 =
C]P%' Then there is a constant C9, > 0 (CY = 0 for NIPG, i.e. § =1, and C% > 0 for SIPG,
i.e. @ = —1), such that for all Cpp > C% we have following coercivity property: There is a constant
v > 0 such that

Bu(on,on) = 2ol Vo € VL, (255)
where
ol = [ Vavl2aq + / 571 (n- {Vo)? ds + / 5[u]? ds. (256)
I'zUl'p I'zul'p

Proof: This proofs follows the proof given in [38]. We begin by considering the term [ (n - Vv)2 ds
on e € 't UT'p. By employing the trace inequality (254) and the inverse estimate (253) we obtain
for all vy, € Vhd’p,

/ (n- Vo) ds < C (A VORI + 90 2200 V200 22 )

1 p; 2
<0 (5 + 2 ) 190l (257)

< OB oy < L8| Tul2
=Y UnllL2(x) = O UhllL2(k)»

and hence o
[ g ds 2 [l (258)
I'zUl'p P

where we used (a + b)? < 2(a? + b?) for a =n- Vv, and b=n- Vv, . From (208) we have

0 — D)V} - [v] ds+/ S[v]? ds. (259)

I'zul'p

Bh(v,’u) = / Vh’l) 'Vh’l)dx-l-/
Q T

zUl'p
For 6 = 1 the second term vanishes and we obtain using (258)

C
Baons ) =l = (1 =9 =25 ) Vol + =) [ ol s

zUl'p

Thereby, for any Cip > CJ, =0 we find a 0 < v < 1/(1 + C/Cyp) such that (255) holds.
For 6 = —1 the second term in (259) is bounded using ab < $a* + 102,

2/6{th} o] ds < 2/611. Vvl v]ds < 2 </65_1 (0 [V10})? ds) 1/2 </65[v]2ds> 1/2

< 24/6_1 (- {Vio})? ds+ % /(5[1)]2 ds,

and hence
9 / (ol - o] ds > — / 5 (n- {Vpo})? ds — - / Sulzds.  (260)
I'zul'p I'zUl'p I'zul'p

€

We then obtain

2 C 2 1 2
By (v, on) = llenllls = {1 =7 = (v +€) 5= | IVonllzzg) + (1 =7 = 2) 6[v]” ds.
P r'zUr'p

€
Hence, we require

C 1
1—’y—(’y+e)c—20 and 1—7—;20.
P
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The second inequality is fulfilled if 0 < v < 1—1/e and € > 1. On the other hand the first inequality
requires that 1 — eC'/Cp > v(1 + C/Cip) and hence

0cne lo€C/Cr 1-C/C  Cu—C
1+C/Cp ~1+C/Cr Cw+C

for Cip > CY% >0, e.g. C% = C where C is the constant in (258). O

We emphasize that for the NIPG method any choice of the interior penalty constant Cip > 0
gives a stable scheme. In contrast to that the SIPG method requires Cyp > CY > 0 for stability
with a constant CY, which is in general not known. However, numerical experiments showed that
Cip =10 — 20 is a good choice a for large variety of problems.

We note that whereas continuity of By, could be shown on H?(T},) coercivity of By, on H?(T})
does not hold, see Prop. 4.4 in [42]. However, coercivity of By on the discrete function space V}ffp
as shown in Theorem 5.25 is sufficient for proving existence and uniqueness of the discrete solution
up, € V,{fp. This has been discussed in more detail in Section 4.4 for the DG discretization of the
linear advection equation.

Remark 5.26 The estimates (257) and (258) motivate the particular choice of § = C’Ip%.

5.5 A priori error estimates

In this section we give a a priori error estimates for the NIPG and SIPG discretization.

Lemma 5.27 (A priori error estimate for NIPG and SIPG) Let u € HPT1(Q) be the exact
solution to Poisson’s equation (162). Furthermore, let uj, € V,fp be the solution to

Bp(up,vn) = Fiy(vp) Y € Vi,

where By, is as given in (208) with 6 = 1 (NIPG) or § = —1 (SIPG) and § = CIP%, Cip > C%, cf.
Theorem 5.25. Then
lw —upll|ls < ChP|ulgr+r(q), (261)

where ||| - |||s is the norm as defined in (239).
Proof: Let the error e = u — uy, be split as follows
e=u—up=(u—Pyu) — (up — Pyu) =n—¢,

with n = u — Ppu and € = up, — Pyu. Here, P, := Pﬁl’p is the L?-projector onto Vj, := V}ffp given in
Definition 4.14. Applying coercivity (255) of By, for £ € Vj, we obtain

7|H£H|§ < Bh(gvé.) = Bh(n - 675) = Bh(n7£)7

where we used Galerkin orthogonality (236). Using continuity of By, (241), we obtain

YIENE < Bu(n,€) < Cllnllls INI€lls-

In summary, we obtain
e = unllls < [linllls + [lI€llls < Clllnlls-

Thereby, employing (239) and the approximation estimates in Section 4.5 we obtain

llu = unllp < (IVulBay + [ 67 oo qupas+ [ sliPas)
I'zUl'p r'zUr'p
<C <Ch2p + C’LIPI% Ch2(p—1/2) + C’hz(il’+1/2)) |U|§{p+1(9),
and thus (261). O
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Remark 5.28 We note that estimate (261) corresponds to the H'-error estimate
|w — upl| 1) < ChP|ul o1 (q)- (262)

shown in Section 2 for the continuous Galerkin discretization of Poisson’s equation. FEstimate
(261) as well as (262) is of optimal order p which corresponds to the order of approximation of
polynomials of degree p in the H'-norm, cf. estimate (133).

Furthermore, we recall that for the continuous Galerkin discretization of Poisson’s equation an a
priori error estimate in the L?-norm has been obtained via a duality argument (Aubin-Nitsche)
which is based on the definition of an appropriate dual (or adjoint) problem. We will use this
technique also for the interior penalty discontinuous Galerkin discretization. However, as we will
see in the following, application of an duality argument requires an adjoint consistent discretization.

Lemma 5.29 (L?-error estimates for NIPG and SIPG) Let u € HP1(Q) be the ezact solu-
tion to Poisson’s equation (162). Furthermore, let up, € V}flp be the solution to

Bh(uh,vh) = Fh(vh) Yoy, € V;fl’p,

where By, is as given in (208) with 8 =1 (NIPG) or @ = —1 (SIPG) and § = C,P%, Cip>CY, cf.
Theorem 5.25. Then, for NIPG:

lu —upll2(0) < ChP|ulgot1 (), (263)

and for SIPG:
= unllr20) < CRPul goe(q), (264)

Proof: For simplicity we assume homogeneous Dirichlet boundary conditions. We recall from the
proof of Theorem 5.12 that given a function jo € L?(f2), and the solution z € H2(Q) to the adjoint
problem

—Az =jg in Q, z=0onT, (265)
the bilinear form Bh, see (178) with discretization specific numerical fluxes 4, and &, can be
written as

Bp(w, 2) :/ngwdx—k/F UF[[ﬁ(w)]] -Vzds — s [6(w)]zds, (266)

see Equation (191). In particular, for the SIPG method and Dirichlet boundary conditions we have
[6rn] = 0 and [ay] = 0, cf. proof to Corollary 5.17, and find

Bi (w, ) / jow dx, (267)
Q

where Bj(-,-) denotes the bilinear form of the symmetric interior penalty DG discretizations given
in (208) with # = —1. We define z° to be the solution to (265) for jo := e. We assume that
2% € H?(Q) and [12°l| 2 () < Cllellp2(qy which is satisfied if € is a convex polygon, for example. In
view of (267) we have

Bﬁ(w,zs):/ewdx. (268)
Q

Now choosing w = e we obtain

lelza o) = /Qe2 dx = Bj (e, 2°) = Bj (e, 2° — z) < [llellls [[[2" — znllls, (269)
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where we used Galerkin orthogonality for z;, = P;f 22 € V}flp and continuity (241) of Bj. Thus
using (261) and approximation estimates for z® — z, we obtain

||€H%2(Q) <|llellls l[[2* = 2nllls < ChP|u|grp+1(0)Chl2|f2(0) < Chp+1|u|HP+1(Q)||€HL2(Q)7

and hence (264).

For the NIPG method the above argument fails because the method does not satisfy the adjoint
consistency condition (188). In fact, for the NIPG method and homogeneous Dirichlet boundary
conditions we have [63] = 0 and [us] = 2[up], cf. proof to Corollary 5.17, and

Bl (w, 2) — / jowdx 42 / [w] - V2 ds, (270)
Q rzul’

where Bj'(-,-) denotes the bilinear form of the symmetric interior penalty DG discretizations given
in (208) with # = 1. Hence, the analytical solution 2" to

Bp(w,2") = / ew dx, (271)
Q

is mesh-dependent. Furthermore, 2" is not regular which is why we do not obtain an additional

order of h from z"™ — z;, as we do in the case of the SIPG method. ]

5.6 Numerical results

In the following we investigate the experimental order of convergence in the H'- and the L?-norm of
the SIPG (@ = —1) and the NIPG (6 = 1) discretizations, see Section 5.3.1. According to Theorem

5.25 the penalization parameter is given by ¢ = C'Ip%. In this example we choose Cjp = 4.
Let us consider the following model problem: Let Q = (0,1)? and consider Poisson’s equation
(162) with forcing function f which is chosen so that the analytical solution to (162) is given by

u(x) = sin(37zy) sin(mas). (272)

We impose Dirichlet boundary conditions where the boundary value function gp on I'p =T' = 99
is prescribed based on the analytical solution wu.

Figure 2 plots the error in the H'(Q)-seminorm, |u — uy| H1(), against the number of elements.
We see that for a given polynomial degree p the discretization errors of the SIPG and the NIPG
discretization almost coincide. Furthermore, we see that for the discretizations with polynomial
degree p = 1,...,5, the discretization error in the H'-seminorm is of order O(hP) which is in
agreement with the theoretical order of convergence, see Lemma 5.27.

Figure 3a) shows that the error in the L?(2)-norm of the SIPG discretization for the polynomial
degrees p = 1,...,5, is of order O(hP*!) which again is in perfect agreement with the theoretical
result, see Lemma 5.29. In comparison to that, Figure 3b) shows the L?(Q)-error of the NIPG
discretization. Here, we see that the discretization behaves like O(hP*1) for odd p and like O(hP)
for even p. This sub-optimal convergence of the NIPG method is attributed to the lack of adjoint
consistency and the resulting lack of smoothness of the adjoint solution, see Lemma 5.29. We note
that similar results for a different test case have been obtained in [23].

Figures 2 and 3 show that there is a significant advantage of using higher order discretizations
over using low order discretization methods. In fact, in Figure 2 we see that the discretization error
in the H'(Q)-seminorm for p = 3 on the coarsest mesh is of similar size as the error for p = 1 on
the finest mesh. Similarly, in Figure 3a) the discretization error in the L?(2)-norm for p = 4 on the
coarsest mesh is comparable to the error for p = 1 on the finest mesh. We emphasize that here the
solutions are of similar accuracy although the finest mesh has by a factor of 16384 more elements
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than the coarsest mesh. Clearly, a discretization method of higher order requires more degrees
of freedom (DoFs) per element, 25 DoFs/element for p = 4 in comparison to 4 DoFs/element for
p = 1 in this case, but still the p = 1 discretization requires a factor of more than 2600 as many
DoFs for the same accuracy as the p = 4 discretization. In more detail this is seen in Figure 4a)
which plots the L%-error against the number of DoFs. The large factor in the number of DoFs
for the specific accuracy translates into a large factor in the computing time required. In fact, in
Figure 4b) we see that the discretization with p = 1 on the finest mesh requires a by a factor of
several thousands larger computing time for the same accuracy as the discretization with p = 4 on
the coarsest mesh.

Admittedly, the model problem considered here is ideal in the sense that the geometry (unit
square) and the governing equations (Poisson’s equation) are particularly simple, also the solution
is perfectly smooth. However, also for more complicated problems like aerodynamic flows, see e.g.
Section 9.4, a significant gain of higher order methods over low order methods can be expected.

6 Consistency and adjoint consistency for linear problems

We recall that one of the most important properties of a discretization is its consistency with the
differential equations to be discretized. In fact, consistency ensures that the “right” equations are
solved. In finite element methods consistency directly implies the well-known Galerkin orthogonal-
ity. Provided the discretization is stable and using standard interpolation/approximation estimates
this gives optimal a priori order estimates in the so-called energy norm, like e.g. the || - || g1-norm
for Poisson’s equation.

Furthermore, we recall that in continuous as well as in discontinuous Galerkin finite element
methods a duality argument has been applied for deriving error estimates in the L?-norm. This
approach introduces an appropriate adjoint (dual) problem, which is then used to represent the
L?-norm of the discretization error e = u—uy, in terms of the discretization and the adjoint solution
z. Again by Galerkin orthogonality and by using smoothness properties of the adjoint solution the
L?-error estimates are derived, see Theorem 2.17 for the continuous Galerkin discretization and
Lemma 5.29 for the discontinuous Galerkin discretization of Poisson’s equation.

Optimal order L2-error estimates depend on the applicability of the duality argument as well
as on the smoothness of the adjoint solution. Both, however, are connected to the so-called adjoint
consistency of the discretization. As we have seen in Lemma 5.29 adjoint consistency of the SIPG
results in optimal error estimates in the L?-norm whereas the lack of adjoint consistency in the
case of the NIPG discretization results in a suboptimal order of convergence in the L?-norm.

In the following we introduce the adjoint consistency analysis following [27]. In particular, we
revisit the consistency property and extend the definition of adjoint consistency for the homoge-
neous Dirichlet problem of Poisson’s equation, see Definition 5.10, to the general case of linear
problems with inhomogeneous boundary conditions. We then give a general framework for ana-
lyzing consistency and adjoint consistency and apply it to the interior penalty DG discretization
of Poisson’s equation and to the upwind DG discretization of the linear advection equation. The
generalization of this analysis to nonlinear problems will be given in Section 8.5.

6.1 Definition of consistency and adjoint consistency

Let Q be a bounded open domain in R with boundary I. Given the linear problem

Lu=f inQ, Bu=g onT, (273)
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where f € L?(2), g € L*(T'), L denotes a linear differential operators on €, and B denotes a linear
boundary operator on I'. Let J be a linear target functional given by

J(u) :(jQ,U)Q+(jF,OU)FE/jQUdX+/jFCUdS, (274)
Q T

where jo € L*(Q), jr € L*(T), C is an operator on I which may be differential, and (-, -)q and (-, -)r
denote the L?(Q) and L?(T") scalar products, respectively. We assume that the target functional
(274) is compatible with the primal problem (273), i.e. we assume that there are linear operators
L*, B* and C* such that following compatibility condition holds:

(Lu, 2)q + (Bu,C*2)r = (u, L*2)q + (Cu, B*2)p. (275)

Then, L*, B* and C* are the so-called adjoint operators to L, B and C, respectively. We note that
for given operators L and B associated with the primal problem (273) only some target functionals
(274) with operators C' are compatible whereas others are not. However, assuming that (275) holds
the adjoint problem associated to (273) and (274) is given by

L'z = jo in Q, B*z=jr onT. (276)
In an adjoint-based optimization framework, see e.g. [20], this ensures that

J(u) = (u,ja)a + (Cu, jr)r = (u, L*2)q + (Cu, B*z)r

= (Lu, z)q + (Bu,C*2)r = (f,2)a + (9, C*2)r. (277)

Let Q be subdivided into shape-regular meshes 7, = {k} consisting of elements x and let V}, be
a discrete function space on 7. Furthermore, let problem (273) be discretized as follows: find
up, € Vi, such that

By (up,vp) = Fy(v)  Vop € Vi, (278)

where By(+,+) is a bilinear form and FJ,(-) a linear form including the prescribed primal force and
boundary data functions f and g. Then the discretization (278) is said to be consistent if the exact
solution u € V' to the primal problem (273) satisfies:

By (u,v) = F(v) Yv eV, (279)

where V is a suitably chosen function space such that v € V and Vj, € V. Furthermore, the
discretization (278) is said to be adjoint consistent if the exact solution z € V to the adjoint
problem (276) satisfies:

Bp(w,z) = J(w) YweV. (280)

In other words, a discretization is adjoint consistent if the discrete adjoint problem is a consistent
discretization of the continuous adjoint problem.

6.2 The consistency and adjoint consistency analysis

Based on the definition of consistency and adjoint consistency in the previous subsection we now
follow [27] and outline a framework for analyzing consistency and adjoint consistency of discontin-
uous Galerkin discretizations. This framework can also be used to find specific terms due to which
some DG discretizations may not be adjoint consistent. In these cases the analysis gives some
insight into how an adjoint inconsistent DG discretization together with a specific target functional
could be modified to recover an adjoint consistent discretization.

Given a primal problem, a discontinuous Galerkin discretization of the problem and a target
functional, the adjoint consistency analysis consists of the following steps:
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Derivation of the continuous adjoint problem: Let the primal problem be given by
(273). Furthermore, assume that J(-) is a linear (or linearized) target functional as in (274)
which is compatible with (273). Then, we derive the continuous adjoint problem with con-
tinuous adjoint boundary conditions as given in (276).

Consistency analysis of the discrete primal problem: We rewrite the discontinuous
Galerkin discretization (278) of problem (273) in following element-based primal residual
form: find u; € V}, such that

/Q R(up)vp dx + Z

/ (up)vn + p(up) - Vyvy ds
Herz—h 8H\F

+ / rr(up)vn + pr(up) - Viopds =0 Yo, € Vi, (281)
r

where R(uyp,) denotes the element residual, r(up,) and p(uy,) denote the interior face residuals,
and rr(up) and pr(up) denote the boundary residuals. We note, that this is a generalization
of (159) to include also Vjvy, terms. According to (279) the discretization (278) is consistent
if the exact solution u to (273) satisfies

/QR(u)v dx + Z /a r(u)v + p(u) - Vyvds

Herz—h K\F

+ / re(u)v + pp(u) - Vpvds =0 Yo eV, (282)
r

which holds provided w satisfies

R(u)=0 in K,k € Ty,
r(u) =0, p(u)=0 on Ok \T',k € Ty, (283)
rp(u) =0, pr(u) =0 onT.

Adjoint consistency of element, interior face and boundary terms: Given the dis-
cretization (278) and the target functional (274), we rewrite the discrete adjoint problem:
find 2z, € V}, such that

Bh(wh, Zh) = J(wh) Ywy, € Vy, (284)

in following element-based adjoint residual form: find z, € V}, such that

/ wp, R*(zp) dx + Z / w7 (zn) + Vwp, - p*(21) ds
Q Or\I"

k€T

+ / wprp(zp) + Vwy, - pr(zp)ds =0 Yw, € Vg, (285)
r

where R*(zp), r*(2n), p*(21), m1(2n) and p}-(z,) denote the element, interior face and bound-
ary adjoint residuals, respectively. According to (280) the discretization (278) is adjoint
consistent if the exact solution z € V to (276) satisfies

/QwR*(z) dx + Z

/ wr*(z) + Vw - p*(2)ds
HeTh BH\F

—i—/wrl’i(z)—i-Vw-pl’i(z)ds:O Vw eV, (286)
r
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which holds provided z satisfies

R*(z)=0 in K,k €Ty,
r*(z) =0, p(z)=0 on Ok \I',k € Ty, (287)
rp(z) =0, pr(z) =0 on I'.

We note that the adjoint problem and consequently the adjoint consistency of a discretization
depends on the specific target functional J(-) under consideration. Given a target functional of the
form (274), we see that R*(z) depends on jqo(-), and r}:(z) depends on jr(-). In order to obtain an
adjoint consistent discretization it might be necessary to modify the target functional as follows

Flun) = J(i(up)) + /F v () ds, (288)

where i(-) and r;(-) are functions to be specified. A modification of a target functional is called
consistent if J(u) = J(u) holds for the exact solution u. Thereby, the modification in (288) is
consistent if the exact solution u satisfies i(u) = v and r;(u) = 0. Although the true value of the
target functional is unchanged, J(u) = J(u), the computed value J(up) of the target functional
is modified, and more importantly for nonlinear J functionals, .J’ [up] differs from J'[up]. This
modification can be used to recover an adjoint consistent discretization. We note, that (288) is not a
unique choice of a consistent modification of J(-); other examples are J(up) = J(up)~+ Jo Ry(up) dx,
with Ry(u) = 0; or J(up) = m(J(up), J(i(up))) with i(u) = w and m(j,j) = j. However the
consistent modification as given in (288) will be sufficient for our purpose.

In the following subsections we will perform the complete consistency and adjoint consistency
analysis as outlined above for the interior penalty discontinuous Galerkin discretization of the
Dirichlet-Neumann problem (162) of Poisson’s equation and for the upwind discontinuous Galerkin
discretization of the linear advection equation.

6.3 Adjoint consistency analysis of the IP discretization
We consider the Dirichlet-Neumann boundary value problem (162) of Poisson’s equation,
—Au=f inQ, u=gp onlp, n-Vu=gy only, (289)

where f € L?(Q), gp € L?*(I'p) and gy € L?(I'y) are given functions. We assume that I'p and I'y
are disjoint subsets with union I'. We also assume that I'p is nonempty.

6.3.1 The continuous adjoint problem to Poisson’s equation

In order to derive the continuous adjoint problem, we multiply the left hand side of (289) by z and
integrate twice by parts over the domain 2. Thereby, we obtain

(—Au, 2)g = (Vu,Vz)g — (n-Vu, z)r = (u,—Az)g + (u,n-Vz)r — (n- Vu, z)p.
Splitting the boundary terms according to I' = I'p U I'y and shuffling terms we arrive at
(—Au,2)o+ (u,—n-V2)r, + (n-Vu,2)r, = (u,—Az)qg+ (n-Vu,—2)r, + (u,n- Vz)r,.
Comparing with the compatibility condition (275), we see that for Lu = —Awu in Q and
Bu = u, Cu=n-Vu on I'p,

Bu=n-Vu, Cu=u on 'y,
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the adjoint operators are given by L*z = —Az on ) and

Bz = —z, C*2=-n-Vz on I'p,
B*z=n-Vz, C*'z=z on I'y.

In particular, for

J(u):/jgudx+/jr0uds
Q r

(290)
= / jgudx—l—/ an-Vuds+/ Jjnuds,
Q I'p 'y
the continuous adjoint problem is given by
—Az =jq in Q, (291)
subject to the boundary conditions
—z=jp onlp, n-Vz=jy only. (292)

6.3.2 Primal residual form of the interior penalty DG discretization

We begin by recalling the unified form of the method by Baumann-Oden, of the symmetric and
the non-symmetric interior penalty discontinuous Galerkin discretization of (289) as given in (207)
and (208): find up, € Vj, such that

Bh(uh,vh) = Fh(vh) V’Uh S Vh, (293)
where
B (u,v) :/ Viu - Vivdx
Q
[ Ol AV~ Ao ds+ [ alul ol ds,
I'zUl'p r'zUr'p
Fp(v) :/ fodx + HgDn-Vvds+/ (5gDvds—|—/ gnvds. (294)
Q I'p I'p I'n
For § # 0 and € = —1 this represents the symmetric, whereas for § # 0 and # = 1 the non-

symmetric version of the interior penalty DG method. Furthermore, for § = 0 and 6 = 1 this
scheme reduces to the method of Baumann-Oden. The discretization is given in face-based form,
i.e. in terms of fFI' In order to rewrite this in the element-based primal residual form as given in

(281) we first must rewrite By(-,-) in (294) in element-based formulation, i.e. in terms of }°, [ .
However, before doing so we introduce some more notation: In addition to the jump operator [-]
defined in Definition (5.2) we define the jump operator [-].

Definition 6.1 Let e € I'z be an interior edge between two adjacent elements k™ and k. Let
q € T(Ty) be the traces of a scalar. Then, we define the jump operator [-] by

l[ql =q" —q onecTz,
lq] = q¢" oneel,

Remark 6.2 The jump [-] has already been used in the definition of the generic flux in (117).

Remark 6.3 Note that [¢q] = [¢|n and [q] - n = [q] for all ¢ € T(7},).
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Then we show following two lemmas which will later be used to transfer from face-based to element-
based formulations.

Lemma 6.4 Let q,¢ € T(T;,) and +p € H*(T3,), then

/F ol ¢] ds = Z / ql¢ ds, (295)
/ PUBLATESS | gy as (206)

1
/FIUF[[Q]] AVry} ds = 3 zﬁ: /an\r[[qﬂ -Vt ds + /F gqn - V1 ds. (297)

Proof: We have
Zﬂ:/@n\r[qwds = an/an\r[[q]] ‘nods = /FI[[q]] ‘(mt¢T +n ¢ )ds = /FIM - [¢] ds,
;An\r qn - {Vpylds = /FI (™" +¢n7) - {Vpylds = / [q] - V) ds,

'z
1
2 Zﬁ:/@ﬁ\rﬂﬂﬂ] -Vptds = /FI[[q]] AV} ds.

and use the definitions of [-] and {-} on T. O
Lemma 6.5 Let q € T(7},) and ¢ € H'(T},), then

gt Vit =gt Vi) + St [V (298)
Proof:
¢tV = (gt Vgt gt 0 Vi) 4 ot Vet - gt Vi)
= "0 [V} + 50" [Vl

0

Using (297) for q := uy, and ¢ := vy, using (296) for 1) := up, and ¢ := vy, and using (295) for
q := up, and ¢ := vy, the bilinear form By, in (294) can be rewritten as follows

uh,vh / thh thh dx + Z/ \ thh ds (299)
Ok I‘

- Z/ {{thh}} nuvyds + Z/ uh vp ds + / Oupn - Vyvyp, ds.
8,@\ N 8H\FN I'p

Using integration by parts on each element x and summing over all elements yields
/ Viyup - Vyop dx = — / Apup, vp dx + Z Viyuy - nvy, ds. (300)
Q Q ~ JOK
Substituting this into (299) we obtain

Bh(uh,vh) = — / Apupvp dx + Z thh noyds + Z/ . - Vyvp ds
ok F

— Z/ {Viup} -mnopds + Z/ Oup)vp ds + OQupn - Vyvp, ds.

Or\I'N I'p
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This is simplified by using (298) for ¢ := vp, and ¢ := up, on Ok \ T and Vyup, — {Vyur} = 0 on
I'p. In summary, the discretization (293) and (294) can be rewritten as

Bh(uh, Uh / Apupvp dx + / n - Vyupvp ds + Z/ —0[[uh]] Vyvp ds
I'n

AR\l 2
' z,.@: /éM\F <§Whuh]] + 5[%]) vp ds + /F

5gDvhds+/ gn U ds. (301)
INY;

Oupn - Vyvp ds + / dupvp, ds

D I'p

:/fvhdx+ fgpn - Vo, ds +
Q I'p I'p

This can be expressed in element-based residual form as follows: find u, € V}, such that

/ R(up)vp dx + Z / r(up)vp + p(up) - Vyop ds
Q Or\I

KET)

+ / Tp(uh)’l)h + pF(uh) . Vh’l)h ds=0 V’Uh € Vh,
I

where the residuals are given by R(up) = f + Apup on Q, and

r(up) = —3[Vaur] — 0[us), plun) = —50[un] on Ok \ I,k € Ty,
rr(un) = 0(gp — un), pr(un) =0(gp — up)n on I'p, (302)
rr(up) = gy —n - Vyup, pr(up) =0 on I'y.

In particular, we see that the exact solution u € H?(Q) to Poisson’s equation (162) satisfies R(u) =
0, r(u) =0, p(u) =0, rr(u) = 0 and pp(u) = 0. Thereby u satisfies the equation,

/ w)vdx + Z/ w)v + p(u) - thds—l—/rp(u)v+pp(u)-thds:O,
/4\1"

KET) r

for all v € V which is equivalent to u satisfying
Bp(u,v) = Fy(v) Yv eV,

i.e. the DG discretizations as given in (293) or (301) are consistent. We note that we have shown
this property already in Corollary 5.15 which is based on the consistency of the numerical fluxes
a(u), 6(u, Vu) in Theorem 5.7. In this subsection we now analyzed consistency using an alternative
way which is based on the primal residual form of the discretization. Here, consistency can easily
be checked based on primal residuals which do (or do not) vanish for the exact solution u of the
underlying equations.

We end this section by noting that from (301) we see that the discrete solution wy, satisfies

following problem in a weak sense
—Au=f inQ, (303)

subject to inter-element conditions
1

5[[th]] +6[u] =0 ondk\T,

[ul=0 ondk\T,

(304)

and boundary conditions

u = on Ok NTp,
gD D (305)
n-Vyu=gy ondkNIy.

In fact, this is the mesh-dependent counterpart of the original equations (162) to be solved.
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6.3.3 Adjoint residual form of the interior penalty DG discretization

Given the target functional defined in (290), the discrete adjoint problem (284) to the discretization
(293) and (294) is given by: find z;, € V}, such that

/ Vi - iz dx + / OTwn] - {hen} — {¥nwn} - [onl + 0Twn] - [zn]) ds = J(wn),
Q LzUlp

for all wy, € V},. Then, in element-based form, we have: find z; € V}, such that

/ Vwwyp - Vpzp dx + Z/ W, (Hn . {thh} + 5[Zh]) ds
(9] K 6H\FN

1
— = Z/ Viawy, - [zn] ds — / Viwwp -nzpds = J(wy), (306)
2 . JOR\T I'p

for all wy, € Vj,. Using (300) with uj, and vy replaced by z, and wy, and using (298) with ¢ and
replaced by wy, and zp yields

/thh'vhwth:—/Ahzhwth—I—Z/ wpn - Vyzp, ds
Q Q — Jox

1
= —/ wp, Apzp dx + Z/ <whn- {thh}} + gwh [[thh]]> ds.
Q w JOK

Substituting this into (306) we obtain

W, <%[[Vh2h]] +(1+6)n- {thh}} + (5[Zh]> ds

n JOR\D
1
) ZH:/<9/£\F Viywp, - [[Zh]] ds + /FN wpn - Vyzp ds
+ / wp (1 +60)n- Vyz, + 02,) ds — Vywy, - nzp ds
I'p I'p

:/whjgdx—i- th-ndes+/ wp jn ds, (307)
Q I'p r

N

and we arrive at the element-based adjoint residual form: find z, € V}, such that

/ wp, R*(zp,) dx + Z / wp " (21) + Vwp, - p*(21) ds
Q Or\I

KETH

+ / wprp(zr) + Vwy - pr(zp)ds =0 YVwy, € Vg, (308)
T

where the adjoint residuals are given by R*(z;,) = jo + Apzp on Q, by

r*(zn) = =5[Vhan] — (14 0)n - {Viz} — 6[zn], P (zn) = 321l (309)
on interior faces 0k \ I', k € 7p,, and by

rr(zn) = —(1+0)n- Vyzy — 0z, pr(zn) = (jp + zn)n onI'p,

(2
ri(zn) = jn —n - Viz, pr(zn) =0 on I'y. (310)

From (309) we see that the exact solution z to the adjoint problem (291) satisfies r*(z) = 0
provided # = —1. Furthermore, we have p*(z) = 0 and R*(z) = 0. This shows that NIPG and
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the method by Baumann-Oden are adjoint inconsistent whereas the interior face terms of SIPG
are adjoint consistent. This has already been shown in Corollary 5.17 for the Dirichlet problem
with homogeneous boundary conditions (163). Furthermore, in [23] it has been demonstrated that
the lack of adjoint consistency of the NIPG method leads to non-smooth adjoint solutions and a
sub-optimal convergence of the method. In contrast to that the adjoint consistent SIPG method
shows an optimal order of convergence.

As r{(z) = 0 and pf.(z) = 0 on Iy, the STPG method is also adjoint consistent on I' y. However,

on I'p the requirements r1.(2) = 0 and p;:(2) = 0 reduce to the conditions z = 0 (note that § = —1)
and z = —jp, which are compatible for jp = 0, but conflict for jp # 0. This incompatibility can
be resolved by modifying the target functional according to (288), with i(uy) = uy and

ry(un) = =6(un — gp)Jp. (311)

which, in the following, will be denoted by the IP modification of the target functional. This
modification is consistent, as i(u) = u and r;(u) = 0 holds for the exact solution u to (289). As
the modified functional is not linear in uy, (it is affine), the discrete adjoint problem includes its
linearization as follows: find 2z, € V}, such that

Bh(wh, Zh) = j'[uh](wh) th S Vh, (312)

where

T lun)(wn) = J'Tup] (ws) + /F v [un](wn) ds = J(wp) — /F wp 8jp ds. (313)

Then, the adjoint residuals on I'p are given by
rr(zn) = =0jp — (1 +60)n- Vizy, — 0z, pr(zn) = (jp + zn)n, on I'p, (314)

which vanish for z = —jp. Thereby, the SIPG method is adjoint consistent also on I'p. Finally,
we see that the discrete adjoint solution z; must satisfy following problem in a weak sense

—Az=jq ink,k €Ty, (315)

subject to inter-element conditions

%[[th]] F(L40n-{Viz} +3[z] =0 ondk\T,k e T,

(316)
[2] =0 ondk\T,
and boundary conditions
z=—jp on Ok NT'p,
(1+6)n-Vyz+d6z=—djp on 9k NTp, (317)
n-Vyz=jn on Ok NI'y.
Note, that for § = —1 there is a correspondence to the primal equations (303)-(305). In fact,

the discrete adjoint equations correspond to the discrete primal equations, with u, f, gp and
gn replaced by z, jo, —jp and jy respectively; l.e. the discrete adjoint equation to the SIPG
discretization is equivalent to the SIPG discretization of the continuous adjoint equation.

Finally, we note that [22] considers the target functional J(u) = fFo n-Vujpds, I'y C I'p,
which is a special case of (290) with jo =01in Q, jy =0 on 'y and jp =0 on I'p \ I'y. Numerical
experiments in [22] have shown, that the (discrete) adjoint solution associated with this target
functional is non-smooth near I'y. Furthermore, it has been demonstrated that either by setting
0 = 0 on I'g, or by modifying the target functional appropriately, this effect vanishes, and the
adjoint solution becomes smooth. We note, that the modification of the target functional supposed
in [22] is connected to (313). However, here, we followed [27] and derived (313) in the more general
framework of consistent modifications of target functionals, see (288).
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6.4 Adjoint consistency analysis of the upwind DG discretization

In this section we apply the consistency and adjoint consistency analysis outlined in Section 6.2 to
the upwind discontinuous Galerkin discretization of the linear advection equation.
We begin by recalling the linear advection equation:

V-(bu)+cu=f inQ, u=g onl_, (318)
where f € L*(Q), b € [C1(Q)]?, ¢ € L>®(Q) and g € L*(T'_), where
' ={xel,b(x) n(x) <0} (319)
denotes the inflow part of the boundary I' = 9Q2. Furthermore, we adopt the hypothesis (101).

6.4.1 The continuous adjoint problem to the linear advection equation

In order to derive the continuous adjoint problem, we multiply the left hand side of (318) by z,
integrate over the domain {2 and integrate by parts. Thereby, we obtain

(V- (bu) +cu,2)g + (u,~b-nz)p = (u,—b-Vz+cz)g+ (u,b-nz)p, . (320)
Comparing with (275), we see that for Lu = V - (bu) + cu in Q and

Bu = u, Cu=0 onI'_,
Bu =0, Cu=u on I,

the adjoint operators are given by L*z = —b - Vz + ¢z in 2 and

B*z =0, C*2=-b-nz onT_,
B*z=b-nz, C*'z2=0 onl,.

In particular, for
J(u):/jgudx—l—/jrCudSZ/jQUdX—i-/ Jruds, (321)
Q r Q ry

the continuous adjoint problem is given by
—b-Vz+cz=jog inQ, (322)

subject to the boundary condition
b-nz=j 50 only. (323)

6.4.2 Primal residual form of the DG discretization based on upwind

We recall the discontinuous Galerkin discretization of the linear advection equation based on the
upwind flux: find uy, € V,ffp such that

—/(buh)-thhdx—i-/cuhvhdx—i— Z/ b-nu;v;ds—i— Z/ b-nu;v;ds
Q Q 14)

KETH K-\ keTy, ¥ O+

:/vahdx—/ b - ngvp ds VthVhd’p. (324)
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Furthermore, we recall the primal residual form as given in Section 4.7.3: find uy € V}flp such that

Z /ﬁR(u;)vdx—l— Z/@

r(up)vds + / rr(up)vds =0 Yo € V}gp, (325)
HET}L HET—h

K\ T

where R(up), m(upn) and rr(up) denote the element, interior face and boundary residuals, respec-
tively, given by

R(up) = f = V- (bup) — cup, in k, K € Tp,
r(up) =b-n(ul —u;) on dk_\T',k € Tp,
rr(un) =b - n(u, —g) onI'_,

and rp(up) = 0 on I'y. Te. we have (282) with pp(up) = 0 and p(up) = 0. Furthermore, we see
that the exact solution u € H%P(Q) to (318) satisfies (282) with R(u) = 0, 7(u) = 0 and rr(u) = 0.
Thereby, (324) is a consistent discretization of (318). Finally, we see that the discrete solution wuy,
to (318) must satisfy following problem in a weak sense

V-(bu)+cu=f ink,k € Tp, (326)
subject to inter-element conditions
—b-nju]=0 ondr\T',k €T, (327)
and boundary conditions
b-nu=b-ng onl_. (328)

This is the mesh-dependent counterpart of the original equations (318) to be solved.

6.4.3 Adjoint residual form of the DG discretization based on upwind
Substituting

Z/ b-nu}:v+d8:—2/ b-nu;v_ds
HETh 8/4,\1" I‘CGT]—L 8R+\F

in (324) we find that the discrete adjoint problem (284) to the discretization (324) is given by: find
zn € Vj, such that

Bp(wh, 21) E/

wp, (=b - Vpzp + czp) dx—i—Z/ wi b nlz]ds = J(wp),
Q K 8H+\F

for all wy, € V},. Hence, for a target functional J(-) as in (321), we have (285) with

R*(zp) = ja+b-Vuzy —czp in K,k €Ty,
r*(zn) = —b - n[z] on Ok \I',k € Tp,
r(zn) = jr —b-nz, on T,

(zn) = 0on I'_, p*(z,) = 0 on Ok \I',k € Ty, and p{(z,) = 0 on I'. As (286) with (287)
holds for the exact solution z to (322) and (323), we conclude, that (324) is an adjoint consistent
discretization of (318). Furthermore, we see that the discrete adjoint solution z, must satisfy
following problem in a weak sense

-b-Vz+cz=jo ink,k€Ty, (329)
subject to inter-element conditions
b-nfz]=0 ondr\T', k€ T, (330)
and boundary conditions
b-nz=jr only. (331)

This is the mesh-dependent counterpart of the adjoint equations given in Section 6.4.1.
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7 A priori error estimates for target functionals J(-)

In this section we derive a priori error estimates with respect to target functionals J(-) for adjoint
consistent and adjoint inconsistent discontinuous Galerkin discretizations. In particular, we will see
that analogous to the (sub-)optimal order of convergence in the L2-norm for adjoint (in-)consistent
discretizations also the order of convergence in J(-) is (sub-)optimal.

We consider following general linear problem:

Lu=f inQ, Bu=g onT, (332)

where f € L2(Q), g € L*(T"), L denotes a linear differential operator on {2 and B a linear differential
boundary operator on I'. Let (332) be discretized as follows: find uy, € V,fp such that

B (up, vp) = Fy(vp) Vo € Vit (333)
where the bilinear form By, (-, ) is continuous on V' with respect to a specific ||| - |||-norm, i.e.
Bp(w,v) < Cglllw|[{l[ol]  Vw,veV.
Here, V is suitably chosen function space such that w € V. .C V and V}, C V but possibly V, 7 V.

Remark 7.1 We recall that for the DG discretization of Poisson’s equation we have V = H%(Q)
and V. = H*(T3), and for the DG discretization of the linear advection equation we have V =
HYP(Q) and V = HYP(T3,).

We assume that the discretization (333) is consistent, i.e. the exact solution u € V C V to
(332) satisfies

Bp(u,v) = F(v) Yv eV, (334)
which implies the Galerkin orthogonality
Bp(u—up,vp) =0 Vo, € Vi, (335)
Furthermore, we assume that following a priori error estimate in the ||| - |||[-norm holds: There are
constants C' > 0 and r = r(p) > 0 such that
Nl —unll| < Ch [ulgoirqy Yu € HPTHQ). (336)
Finally, we assume that the local projection operator P;f a8 defined in Section 4.5 satisfies following
approximation estimate in the ||| - ||| norm: There are constants C' > 0 and 7 = 7(p) > 0 such that
llv— P ol < Ch olgpi)y Vo€ HTHQ). (337)
In the following we want to measure the discretization error e = u —uy not in some global norm
like the ||| - |||-norm but with respect to target functionals J(-) of the form
J(u) = (ja,uw)q + (Jr, Cu)r E/jgudx—l—/jp Cuds, (338)
Q r

where jo € L?(Q2) and jr € L%*(T'), and C is an differential boundary operator on I'. We assume
that J(-) is compatible with (332) as defined in Section 6.1. Then, there are differential operators
L*, B* and C* which are the adjoint operators to L, B and C, respectively, and the continuous
adjoint problem is given by:

L'z = jo inQ, B*z=jr onT. (339)

Finally, we recall that a discretization together with a target functional is called adjoint consistent,
if the exact solution z € V' C V to the adjoint problem (339) satisfies:

Bp(w,z) = J(w) YweV. (340)
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Theorem 7.2 (A priori error estimates in J(-)) Let the situation be as described above. Fur-
thermore, assume that jo and jr are smooth functions on Q) and I', respectively. Finally, assume
that the adjoint solution z in (339) is smooth, z € HPYL(Q). Then, we have following estimates:

a) If the discretization (333) together with the target functional J(-) is adjoint consistent, then
there is a constant C' > 0 such that

|J(u) — J(up)| < Chr+F|u|Hp+1(Q)|Z|Hp+1(Q) Yu € Hp+1(Q). (341)

b) If, however, the discretization is adjoint inconsistent we only have:

|J(u) = J(un)| < Ch [ulgoiry  Yu € HPTHQ). (342)

¢) If the discretization is adjoint inconsistent, but z € V in (339) satisfies
Bp(w,z) = J(w) YweV, (343)

i.e. the discrete adjoint problem reduces to a weak formulation of the continuous adjoint
problem if tested with smooth functions w € V instead of w € V,fp orw €V, then

[ J(u) — J(up)| < ChT”\u]Hpﬂ(Q)]z\Hpﬂ(Q) + By (up, z — zp) Vu € HPYH(Q),  (344)
where zp, € V,gp is the solution to the discrete adjoint problem

By (wp, z,) = J(wy) Yw, € Vi, (345)

Proof: a) For an adjoint consistent discretization we set w :=e =u —up € V in (340),

| J(u) = J(un)| = |J(e)| = [Bn(e, 2)| = |Bn(u = un, z = Pp2)| < Cfju — un|]|[[|z = Paz]
< CW'ul 1) CR" |2 | por1(q), (346)
where here and in the following we use P, as a short notation for P¢ - Hence we have (341).

b) For an adjoint inconsistent discretization we do not have (340). Thereby, in order to represent
the error J(u) — J(up) we define following mesh-dependent adjoint problem: find ¢ € V' such that

Bp(w,¥) = J(w) YweV. (347)

We note, that for an adjoint consistent discretization the solution 1 to (347) coincides with the
solution z to the continuous adjoint solution (339) and thus is smooth. For an adjoint inconsistent
discretization, however, we cannot expect ¢ to be smooth. In that case v is mesh-dependent and
in general discontinuous across interior faces. We then proceed as follows

|J(u) = J(un)| = [J(e)| = [Br(e, )| = |Bp(u — un, v — Potp)| < Cllju — upl[|[[[¢ — Puo|]]
< Ch'ul o1 (q),

where due to the lack of smoothness of ¥ here we do not gain additional orders of h from |||¢)— Py |||.
c¢) For an adjoint inconsistent discretization we do not have (340). But if (343) holds we still
can represent the error J(u) — J(up) as follows:

J(u) = J(up) = Bn(u, z) — Bp(un, 21), (348)
where z;, € V,fl’p is the solution to the discrete adjoint problem

Bp(wp, 2) = J(wg) Vwy € Vi, (349)
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Using Galerkin orthogonality (335) for vy, := Pyz € V,gp we obtain

J(w) — J(up) = By(u,z) — Bp(up, )
= Bh(u — Up, Z) + Bh(Uh, Z) - Bh(uhv Zh) (350)
= Bp(u — up,z — Ppz) + Bp(up, z — z3).

Here, the first term is the standard error which can be bounded
Bh(u — Up, 2 — th) < ChH_S‘u’Herl(Q)’Z‘Hp+1(Q) (351)

like in part a) of this proof which together with (350) results in (344). O

Remark 7.3 The second term in (344) represents the adjoint consistency error. For an adjoint
consistent discretization this term vanishes due to the adjoint Galerkin orthogonality

Bh(wh, zZ — Zh) = Bh(wh, Z) — Bh(wh, Zh) = J(wh) — J(wh) =0, Ywy, € V}im (352)

which we obtain by subtracting (345) from (340). Howewver, for adjoint inconsistent discretizations
the adjoint consistency error By(up, z — zp) does not vanish. Instead, by continuity of By, we obtain

Bh(un, z = zn) < Clllupll[ [[lz — znll]- (353)

7.1 Upwind DG of the linear advection equation: Estimates in J(-)

We consider the linear advection equation
V. (bu)+cu=f in, u=g onl_, (354)

and recall its DG discretization based on the upwind flux: find uy € V}fl,p such that

By (up,vp) = —/

(bup) - Vyvp dx + / cupvp dx + Z / b- nu;v;[ ds
Q Q B

Herz—h Kf\F

+ Z/a b'nuZU;{ds:/vahdx—/ b-ngv,ds VthVhd,p. (355)
KETH R+ -

This discretization is consistent, see Section 6.4.2. Furthermore, the bilinear form By, is continuous
with respect to the ||| - ||[p,-norm given by

1
ol = ool + 3 [boloP s+ 5 [ bonlo?as, (356)

eCl'z e

where by = 3|b - n|.
Furthermore, we have an approximation estimate for the local projection operator Pﬁ{p:

llo = P polllsg < CRPF 2 Jolpisie) Vo € HPFH(Q), (357)

see [proof of Theorem 8.20]. Finally, we recall the a priori error estimate in Theorem 4.17: There
is a constant C' > 0 such that

e = upllloy < CRPT 2 ulpoirgy  Yu € HPTH(Q), (358)
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which in view of (357) is optimal. In the following we give a priori error estimates for the dis-
cretization error e = u — uj, measured in terms of target quantities J(-) of the form

J(u) = / joudx + / jruds, (359)
Q r.

which are compatible with the linear advection, see Section 6.4.1. The corresponding continuous
adjoint problem is

—b-Vz+cz=jo inQ, b-nz=jr onl,. (360)

Finally, we recall from Section 6.4.3 that the discretization (355) together with the target functional
(359) is adjoint consistent.

If we now had continuity of the bilinear form Bj(-,-) in (355) all necessary conditions would
be fulfilled in order to employ Theorem 7.2a) for obtaining an a priori error estimate in J(-).
However, continuity of By(-,-), i.e. |Bp(u,v)| < C|||lullls||vllpy for all u,v € HP(T3), is not
available. Nevertheless, there are alternative proofs which result in following estimate:

Corollary 7.4 (A priori error estimate in J(-)) Let By(-,-) and J(-) be given by (355) and
(359), respectively. Let jo and jr in (359) be smooth functions such that solution z to the continuous
adjoint problem (360) is smooth, z € HP1(Q). Then, there is a constant C > 0 such that

[T (u) = J(un)| < CR*P T ulgoir oyl 2lprgy  Yu € HPTHQ). (361)

Proof: See [35, 23]. O

We see, that the order of convergence in J(-) is O(h?*!) provided both primal and adjoint
solutions are smooth, u € HPT1(Q) and z € HPTL(Q). If, however, u or z are less regular we obtain
an estimate with a correspondingly reduced order of convergence in the target quantity J(-):

Corollary 7.5 (A priori error estimate in J(-) with reduced regularity) Let Bj(-,-) and
J(-) be given by (355) and (359), respectively. Furthermore, assume that u € H**1(Q) and
z € HTY(Q) hold for the exact solutions u and z to the primal and adjoint problems (354) and
(360), respectively. Then, there is a constant C > 0 such that

() = T ()] < CRT ol gess ol yrvrqy Vo€ HOV(Q), (362)
where t = min(s,p) and t = min(3, p).
7.2 IP DG discretization for Poisson’s equation: Estimates in J(:)
We consider the Dirichlet-Neumann boundary value problem of Poisson’s equation,
—Au=f inQ, u=gp onlp, n-Vu=gy only, (363)

and its symmetric (f# = —1) and unsymmetric (# = 1) interior penalty DG discretization given by:
find uy, € V}‘ip such that

/ Vit - Vion dx + / O[un] - TV non} — {Vnun} - [on]) ds + / 5Tun] - [on] ds,
Q I'zUCp

I'zUl'p

:/fvhdx+/ fgpn - Vo, ds + 6gDUhds+/ gnvp ds VthVhd,p. (364)
Q I'p

T'p I'n
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This discretization is consistent, see Section (6.3.2). We recall, see Lemma 5.19, that By, given by
the left hand side in (364) is continuous,

Bp(w,v) < Cllwlls|[[vllls  Yw,v eV,

with respect to the || - |||3-norm defined by

6 (- {vol)? ds + / 6[v]? ds.

ol = 190130y + |
I'zul'p

I'zUl'p

Furthermore, we have an approximation estimate for the local projection operator P,‘ip:
llo = P yellls < CWPlolsrr ey Vo € HPP(Q), (365)

see proof of Lemma 5.27. Finally, we recall the a priori error estimate in Lemma 5.27: There is a
constant C' > 0 such that

llw = unllls < CHP|ul o1 (o Yu € HPTH(Q), (366)

which in view of (365) is optimal. In the following we give a priori error estimates for the dis-
cretization error e = u — uj, measured in terms of target quantities J(-) of the form

J(u):/jgudx—i-/ an~Vuds+/ Jnuds, (367)
Q I'p I'n

which are compatible with Poisson’s equation, see Section 6.3.1. The corresponding continuous
adjoint problem is

—Az=jo in, —z=jp onlp, n-Vz=jy only. (368)

Finally, we recall from Section 6.4.3 that the symmetric version of the IP discretization (364)
together with following consistent modification

J(up) = J(up) — [ 6(un —gp)jp ds,
) o (369)
J'[uh](wh) = J(wh) — /F Wh 6]D dS

of the target functional (367) is adjoint consistent whereas the unsymmetric version is adjoint incon-
sistent. Having collected these results we now can use Theorem 7.2 to obtain following estimates.

Corollary 7.6 (A priori error estimate in J(-)) Let By(-,-) be given by the left hand side of
(364). Furthermore, let J(-) be given by (369) and (367). Let jo, jp and jx in (367) be smooth
functions such that the adjoint solution z to (368) is smooth, z € HP1(Q). Then, we have following
estimate for an adjoint consistent SIPG discretization:

| J(u) — J(up)| < Ch2p|u|Hp+1(Q)|Z|Hp+1(Q) Yu € HPTHQ). (370)
and for an adjoint inconsistent IP discretization, e.q. NIPG:
|J(u) — J(up)| < Chp|u|Hp+1(Q) Yu € Hp+1(Q). (371)

Proof: Use (341) in Theorem 7.2 with r(p) = 7#(p) = p and (342) with r(p) = p. O
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In this proof we applied statement a) of Theorem 7.2. In the following we give an alternative proof,
see also [23], which is connected to part ¢) of Theorem 7.2 as well as to the proof of Lemma 5.29.
Proof: (Alternative proof of Corollary 7.6, [23]): Let Bj(-,-) and B}(:,-), and Fj(-) and
F}'(-) denote the bilinear and linear forms in (364) for, respectively, the symmetric (f# = —1) and
nonsymmetric (§ = 1) interior penalty DG discretizations. Then the discrete solutions u} and u}
satisfy the following problems: find uj € V,fl’p such that

Bji(uy,vp) = Fi(vp) Vo, € Vi (372)
and find uy € V,fl’p such that
By (up,vp) = Fj(vp) Yy, € V,ffp, (373)

respectively. Furthermore, let z° and 2" be the analytical solutions to following adjoint problems:
find z* € H*(7},) such that

Bi(w,2%) = J(w)  Yw e H*(Tp); (374)
and find 2" € H?(T},) such that
Bw,2") = J(w)  Yw e H*(Tp), (375)
respectively. Then we obtain
J(u) — J(uy) = Bj(u—uj,2°) = Bp(u—uj, 2° — zp), (376)

due to Galerkin orthogonality, where z, € V,ffp is any discrete function. We note that due to the
adjoint consistency of Bj the solution z® to the adjoint problem (374) coincides with the solution z
to the continuous adjoint problem (368) and thus is smooth. By using coercivity of B}, smoothness
of the adjoint solution z* € HP*1(Q), and estimates (366) and (365) in (376) we obtain (370) for
the SIPG discretization. Similarly, for the NIPG discretization we obtain

J(u) — J(uy) = By (u —up, 2") = By (u —up, 2" — zp). (377)

In the following we rewrite the error representation (377) in terms of the (smooth) adjoint solution
2% instead of the solution z" (374) which is mesh-dependent and in general non-smooth. Before we
proceed, we note that

By (wh,v) = Bj(wp, vp) + 2/ [wr] - {Vihor} dx.
I'zUl'p

Thereby and by using the Galerkin orthogonality of the NIPG discretization we obtain:

J(u) = J(up,) = By (u— up, 2") = B (u— up, 2°)

= By (u —uy, 2°) — 2/ [u—wup]-{Vpz®}dx

I'zUl'p

= By (u—uy, 2z — zp) — 2/ [u—up]-{Vrz*} dx,
I'zUl'p

< Ch?|ul g )|zl gor ) + Clllw — unllls [12° | 27,
< CW?P|ul o ()2l o ) + CRP [l v o) 12° | 273,y < CRP |ul o g,
where we used ||2°| 27,y < C. Hence we have (371). O

We see, that the order of convergence in J(-) is O(h??) for SIPG and O(h?) for NIPG provided
both primal and adjoint solutions are smooth, u € HP*1(Q) and z € HP*1(Q). If, however, u or z
are less regular we obtain an estimate with a correspondingly reduced order of convergence in J(-):
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Figure 5: Example 1: Convergence of the error |Jy(u) — Jy(up)| for a) the SIPG and b) the NIPG
discretizations with global mesh refinement.

Corollary 7.7 (A priori error estimate in J(-) with reduced regularity) Let By(-,-) be given
by the left hand side of (364) and let J(-) be given by (369) and (367). Assume that u € H*T1(Q)
and z € H¥11(Q) hold for the exact solutions u and z to the primal and adjoint problems (363) and
(368), respectively. Then, we have following estimates for an adjoint consistent SIPG discretization:

T(u) = Jun)| < CH ¥l ges el iy Vu € H (@), (378)
and for an adjoint inconsistent discretization, e.q. NIPG:
| J(u) — J(up)| < ChMulgerrqy  Vu € HTH(Q), (379)

where t = min(s,p) and t = min(3, p).

7.3 Numerical results

Example 1 We begin by investigating the experimental order of convergence of the SIPG and
NIPG discretizations when measuring the error in terms of specific target quantities J(-).

To this end we revisit the experimental model problem introduced in Section 5.6. This problem
is based on Poisson’s equations with an inhomogeneous Dirichlet boundary value function gp and
a forcing function f chosen so that the analytical solution w is given by (272).

First, we choose the target quantity to represent the (weighted) mean value of u over Q, i.e.

T = [ o (3%0)
here, we define the weight function jo by
Jja(x) = sin(mxy) sin(mze).

Thereby the true value of the target quantity is given by J(u) = 0.1801265486975. We note that
the target quantity (380) is compatible with Poisson’s equation (289). In fact, it is a special case
of the target quantity given in (290) with Ty =0 and jp =0onT'p =T.

Figure 5a) shows the error of the SIPG discretization measured in terms of the target quantity
J1(+) given by (380). We see that under global mesh refinement the error |.J;(u) — Ji(up,)| behaves
like O(h?P) which is in perfect agreement with the theoretical order of convergence, see estimate
(370). Figure 5b) shows the respective plot for the NIPG discretization. Here, we see that the
error |Ji(u) — Ji(up)| behaves like O(hP*!) for odd p and like O(hP) for even p. This convergence
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Figure 6: Example 2: Convergence of a) the error |J5(u) — Jo(up)| and b) the error |Ja(u) — Jo(up)|
for the SIPG discretization with global mesh refinement.

behavior is similar to the convergence behavior in the L?(£2)-norm encountered for the NIPG scheme
in Section 5.6. Again, due to the lack of adjoint consistency the order of convergence in Ji(-) for
the NIPG scheme is lower than in the case of the adjoint consistent SIPG scheme. We note that
similar results for a different test case have been obtained in [23].

Example 2 We consider the same model problem as in the previous example. However, instead
of the mean value quantity (380) here we now choose the target quantity to represent the mean
value of the normal derivative of v over the boundary I" = 0(2, i.e.

Jg(uh) = /jD n- thh dS, (381)
T

with jp =1 on I'p = I'. Thereby the true value of the target quantity is given by J(u) = —2. We
note that this target quantity is compatible with Poisson’s equation (289). In fact, it is a special
case of the target quantity given in (290) with I'y = (), and jo = 0 on Q. Furthermore, we note
that the solution z to the corresponding continuous adjoint problem

—Az=0 inQ, —z=jp onTlp (382)

is given by z = —1 on €. Figure 6a) shows that the error |Ja(u) — J2(up)| behaves like O(hP) for the
SIPG discretizations with p = 1,2, 3. Following the discussion in Section 6.3.3 we recognize that the
SIPG discretization in combination with the target functional Js(-) in (381) is adjoint inconsistent.
Thus the order of convergence O(hP) encountered in Figure 6a) is, in fact, the expected order of
convergence for this adjoint inconsistent discretization, see estimate (371).

However, we recall from Sections 6.3.3 and 7.2 that the following modification

Jo(un) = Jo(up) — /F 5(un — gp)ip ds (383)

of the target functional Jy(uy,) leads to an adjoint consistent discretization. Here, 0 is the penaliza-
tion parameter of the IP discretization and gp is the boundary value function of the model problem
considered. Note, that Jo(up) in (383) is a consistent modification of J;(up,) as the true value of
the target quantity is unchanged: Jy(u) = Ja(u) = —2 holds for the exact solution u.

Figure 6b) shows the error of the SIPG discretization measured in terms of the modified target
quantity Jo(-) given in (383). We see that the consistent modification of the target functional leads
to a significant increase in the accuracy and the order of convergence of the discretization. In
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Figure 7: Example 2: Discrete adjoint solution z, corresponding a) to the adjoint inconsistent
SIPG discretization with Jo(up) and b) to the adjoint consistent SIPG discretization with Ja(up).

fact, we see that under global mesh refinement the error |Jo(u) — Jo(up)| behaves like O(h2P+1)
which is even larger than the expected order O(h%), see estimate (370), of an adjoint consistent
discretization.

In the following we want to highlight the connection between adjoint consistency and the
smoothness of the adjoint solution. To this end, Figure 7a) shows the discrete adjoint solution
zp, connected to the (original) target quantity Ja(-); i.e. zp is the solution to the discrete adjoint
problem given at the top of Section 6.3.3 with right hand side Ja(+). In Figure 7a) we see that zj, is
irregular in the neighborhood of the boundary. We note that this irregularity does not vanish under
mesh refinement. Thereby, the discrete adjoint solution does not converge to the exact solution,
z = —1, of the continuous adjoint problem (382). This behavior corresponds to the fact that the
SIPG discretization in combination with the target quantity Jy(-) is adjoint inconsistent.

In comparison to that, Figure 7b) shows the discrete adjoint solution z, connected to the
modified target quantity jg() Here, we see that zj is perfectly smooth. Furthermore, we note
that zj converges to the exact adjoint solution z = —1. In fact, we have z, = —1 from the second
coarsest mesh onwards. That is, the discrete adjoint solution is a consistent discretization of the
continuous adjoint solution. In other words: the SIPG discretization in combination with the
modified target quantity jg() is adjoint consistent.

Finally, we recall that the experimental order of convergence of the error |.Jo(u) — Ja(up)| of the
adjoint consistent SIPG discretization behaves like O(h2®*1)) which is two powers of h larger than
the theoretically expected order O(h?P), see estimate (370). A possible reason for this might be a
too simple model problem in combination with a particularly simple target quantity which results
in the constant continuous adjoint solution z = —1.

Example 3 In order to demonstrate that the estimate (370) is sharp we consider the following
problem: Let © = (0,1) x (0.1,1) and consider Poisson’s equation (162) with forcing function f
which is chosen so that the analytical solution to (162) is given by

u(x) = +(1 4 x1)? sin(2mz172). (384)

We note that this is a modification of the problem considered in [23]. Again, we impose Dirichlet
boundary conditions where the boundary value function gp on I'p = I' is prescribed based on the
solution u. We consider the target quantity J3(up) and its modification J3(uyp) given as follows

Jg(uh) = /an-thhdS, (385)
r

aun) = Js(un) - /F 5(un — gp)jp ds. (386)
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Figure 8: Example 3: Convergence of a) the error |J3(u) — J3(up)| and b) the error |J3(u) — Js(up)|
for the SIPG discretization with global mesh refinement.
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Figure 9: Example 3: Discrete adjoint solution z, corresponding a) to the adjoint inconsistent
SIPG discretization with Js5(up) and b) to the adjoint consistent SIPG discretization with J3(up).

and choose jp € L?(I') to be given by

exp (4—$(($1 — 2)2_ %)—2) for x € (g,%) x (0.1, 1),

i) = 4 P - L - 32 - 12) forxe (3, é) x (0.1,1),
1 for x € (171) x (0.1,1),
0 elsewhere on I'.

Thereby, the true value of the target quantity is J3(u) = —1.2825165799606.

Figure 8a) shows that the convergence behavior of the error |J3(u) — J3(up)| behaves like O(hP)
which is in perfect agreement with the estimate (371) for an adjoint inconsistent discretization.
Furthermore, Figure 8b) shows that the convergence behavior of the error |J3(u) — J3(up)| behaves
like O(h?P) which is as expected, see the estimate (370), for an adjoint consistent discretization.

Finally, Figure 9a) shows the discrete adjoint solution zj, connected to the (original) target
quantity J3(-). We see that in the neighborhood of the bottom boundary [0,1] x {0.1} C T" the
discrete adjoint solution is irregular which corresponds to the fact that the SIPG discretization
in combination with the target quantity J3(-) is adjoint inconsistent. In contrast to that the
corresponding Figure 9b) shows that the discrete adjoint solution zj, connected to the modified
target quantity j3() is entirely smooth which corresponds to the fact that the SIPG discretization
in combination with the modified target quantity jg() is adjoint consistent.
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8 Discontinuous Galerkin discretizations of

the compressible Euler equations
The compressible Euler equations are a nonlinear system of conservation equations (conservation
of mass, momentum and energy) describing inviscid compressible flows frequently used as a simple

model for gas flows. In order to introduce some new notation we first consider a system of linear
hyperbolic equations.

8.1 Hyperbolic conservation equations

Given a final time T > 0, we consider the following system of conservation equations,

d
oru + O0p, £ (1) =0 in (0,T] x Q,
at 30w (0.7] s
u(0,) =up() in €,
where () is a bounded connected domain in R4, d > 1, u = (u1, ..., uy) ", Fé(u) = (ff(u),...,f5u))"
and £ : R™ — R™, 4 =1,...,d, are continuously differentiable. In particular, we will be concerned
with the solution of the stationary system of conservation equations,
V-Fu)=0 1in Q, (388)

subject to appropriate boundary conditions described below. We say that (387) is hyperbolic, if
the matrix

d
B(u,v) := Z v;Ai(u) (389)
i=1
has m real eigenvalues and a complete set of linearly independent eigenvectors for all vectors
v=(v,...,vq) € R Here, A;(u) denotes the Jacobi matrix of the flux f¢(u), i.e.
Ai(u) := 0uff(u), i=1,...,d. (390)

The system of conservation equations (387) must be supplemented by appropriate boundary
conditions; for example at inflow /outflow boundaries, we require that

B (u,n)(u—g)=0, onT (391)

where n denotes the unit outward normal vector to the boundary I' = 9 and g is a (given) vector
function. Here, B¥(u,n) denotes the negative/positive part of B(u,n),

B*(u,n) = PATP!, (392)

where P = [ry,...,r,,] denotes the mxm matrix of eigenvectors of B(u,n) and A~ = diag(min();,0))
and AT = diag(max();,0)) the m x m diagonal matrix of the negative/positive eigenvalues of
B(u,n) with Br; = A\ir;, i =1,...,d.

Example 8.1 The simplest hyperbolic problem is given by the linear advection equation
V-(bu)=f inQ, u=g onl_, (393)

i.e. the model problem previously considered in (99) with vanishing reaction term ¢ = 0. In fact,
setting F¢(u) = (biu,...,bqu)" = bu, with a scalar function u, i.e. m = 1, we have B(u,n) =
b-n=X¢eR. The boundary condition (391) is given by

B (u,n)(u—g) =X (u—g)=0 onTl,

where A\~ = min(\, 0) and reduces to the boundary condition given in (393).
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8.2 The compressible Euler equations

The Euler equations of compressible gas dynamics represent an important example of the hyperbolic
system (387). We consider the stationary equations in two dimensions given by

V-Fu)=0 inQ, (394)

subject to various boundary conditions; In particular, slip-wall boundary conditions are imposed
at solid wall boundaries I'yyy C I', with vanishing normal velocity, n - v = njvy + nove = 0, i.e.

Bu =nqus +nouz =0 on I'y.

Here, the vector of conservative variables u and the convective flux F¢(u) = (f¢(u), £5(u))’ are
defined by

P pu1 P2
2
pUL c pvy +p c pULV2
u= ,  fi(u) = and f5(u) = , 395
pU2 i(u) pUIV2 2(w) pu3 +p (395)
pE pHwv, pHuvo

where p, v = (1)1,1)2)T, p and F denote the density, velocity vector, pressure and specific total
energy, respectively. Additionally, H is the total enthalpy given by

H:E+%=e+%v2+§, (396)

where e is the specific static internal energy, and the pressure is determined by the equation of
state of an ideal gas

p=(v—1)pe, (397)
where v = ¢,/¢, is the ratio of specific heat capacities at constant pressure, ¢,, and constant volume,
¢y; for dry air, v = 1.4. The flux Jacobians A;(u) defined in (390) are given by

0 1 0 0
R (R R R S| R
1(u) = v 0 ’
1U2 V2 U1
vi(3(y=1v?=H) H—(y=1pf —(y=Dowy vy
0 0 1 0
—V1v9 V2 v1 0
Ao(u) =
2(u) B4V (v —1)u B=yv2 -1

ve (3(y—1)V2—H) —(y—Dvive H—(y—1v3 vy
Finally, the eigenvalues of the matrix B(u,n) = 3.7, n;A;(u) are
M=v-n—c¢, AM=X=v-n, AN =v-n-+c (398)

where ¢ = /vp/p denotes the speed of sound. Considering the signs of \;, i = 1,...,4, we
distinguish four cases of boundary conditions (391):

e supersonic inflow: \; < 0,7=1,...,4,
e subsonic inflow: A\; < 0,¢1=1,2,3, A\y > 0,
e subsonic outflow: A\; <0, \; > 0,7 =2,3,4, and
e supersonic outflow: A\; >0,¢1=1,...,4.
Each eigenvalue smaller than zero corresponds to an inflow characteristic. The number of variables

to be prescribed on the boundary depend on the number of inflow characteristics.
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8.3 The DG discretization of the compressible Euler equations

We begin by introducing the vector-valued counterpart of the discrete function space V,fp defined
in (123). Let VZ » be the finite element space consisting of discontinuous vector-valued polynomial
functions of degree p > 0, defined by
Vfl’p ={vp € [L2(Q)]m D Vplk 00 € [Qp(R)]™ if R is the unit hypercube, and (300)
Vili 00y € [Pp(R)]™ if & is the unit simplex, xk € 7y},

For deriving discontinuous Galerkin discretizations of the compressible Euler equations we pro-
ceed similarly as we did for the case of the linear advection equation in Section 4.7. In order to
introduce a weak formulation of (388) we multiply it by an arbitrary smooth (vector-)function v
and integrate by parts over an element k in the mesh 7},; thereby, we obtain

—/fc(u) -Vvdx+ [ Fu)-nvds=0. (400)
K oK

To discretize (400), we replace the analytical solution u by the Galerkin finite element approxi-
mation uy, and the test function v by vy, where u;, and vj, both belong to the finite element space
V;lhp. In addition, since the numerical solution uy, is discontinuous between element interfaces, we
must replace the flux F¢(u) - n by a numerical flux function H(u;{, u, ,n), which depends on both
the interior— and outer—trace of uy on Ok, kK € 7y, and the unit outward normal n to dx. Thereby,

summing over the elements x in the mesh 7}, yields the discontinuous Galerkin discretization of
(388) as follows: find uj, € V¢ , such that

—/Q]-"C(uh) -Vpvpdx + Z g H(u;{, u, ,n) V,J{ ds=0 Yvy, € V;il,p. (401)
HETh K

We remark that the replacement of the flux F¢(u) - n by the numerical flux function H(u;, u; , n)
on the boundary of element k, x in 7}, corresponds to the weak imposition of the boundary data.
Like in the case of the linear advection equation in Section 4 the numerical flux H(-, -, ) must be
consistent and conservative. We recall that

(1) H(-,-,")|os is consistent with the flux F¢(-) - n for each x in 7p; i.e.
H(v,v,n)|sx = F(v) -n Vi € Ty;
(i) H(:,-,-) is conservative, i.e. given any two neighboring elements x and x’' from the finite
element partition 7, at each point z € 9k N Ik’ # (), noting that n,, = —n, we have that
H(v,w,n) = —H(w,v,—n).
There are several numerical flux functions satisfying these conditions, such as the Godunov,

Engquist—Osher, Lax—Friedrichs, Roe or the Vijayasundaram flux. As examples, here we consider
three different numerical fluxes:

e The (local) Lax—Friedrichs flux Hrp(:,-, ) is defined by
Hep(ut,u™,n)lg, = 5 (F(u?) n+Fu ) n+a(ut —u’)),
for k € 75, where « is the maximum over u™ and u™,

o = maX7{|)\(B(V7n))|}7

v=ut,u

of the largest eigenvalue (in absolute value) |A(B)| of the matrix B(v,n) = Z?:o n;A;(u)
defined in (389).
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e The Vijayasundaram flux Hy(-,-,-) is defined by
Hy(ut,u",n)|s, = BT (@,n)u” + B~ (w,n)u” for x € Ty,

where Bt (@1,n) and B~ (11, n) denote the positive and negative parts, cf. (392), of the matrix
B(u,n), respectively, evaluated at an average state 1 between u™ and u™.

e The HLLE flux Hyrrp(--,-) is given by
Hyrrp(u™,u™,n)|s. = ﬁ (A+fc(u+) ‘n—A"F(u ) -n—-ATA” (uJr — u_)) )
where AT = max(Apax, 0) and A~ = min(Apin, 0).

Remark 8.2 We note that when applied to the linear advection equation (393), most numerical
fluzes, in particular the numerical fluxes introduced above, reduce to the upwind flux given in (115):

_ b-nu~, for(b-n)(x)<0, ie x€dk_,
- _
Hulu™,u”,m) = { b-nu®,  for (b-n)(x)>0, ie x € dry.

8.4 Boundary conditions

For boundary faces 0k NT' # () we replace u; by an appropriate boundary function up(u;{) which
realizes the boundary conditions to be imposed.
First we define several farfield boundary conditions:

e Supersonic inflow corresponds to Dirichlet boundary conditions where
U—F(u) = 8D = U On IWD,sup'

e Supersonic outflow corresponds to Neumann boundary conditions where

ur(u) =u on TIy.

e The subsonic inflow boundary condition takes the pressure from the flow field and imposes
all other variables based on freestream conditions U, i.e.

_ p(u)
uF(u) = | Poor Po1,00) PooV2,00, S 1

-
+ poo (U%,OO + v%oo)) on PD,sub-in'
Here, p = p(u) denotes the pressure evaluated using the equation of state (397).

e The subsonic outflow boundary condition imposes an outflow pressure p,,, and takes all other
variables from the flow field, i.e.

T
pout u% + u?}
ul"(u) = ul? u27 u37 /7 1 + 2'[,L on FD,sub—out'
- 1

e The characteristic farfield boundary condition imposes Dirichlet boundary conditions based
on free-stream conditions on characteristic inflow variables. No boundary conditions are
imposed on characteristic outflow variables. This corresponds to using the Vijayasundaram
flux on the farfield boundary.

Finally, we define following wall boundary condition:
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e For slip wall boundary conditions used at reflective walls we set

0 0
1-— 2n% —2n1n9
—2n1ng 1 — Qn%

0 0

ur(u) = u on I, (402)

o O O =
— o O O

which originates from u by inverting the sign of the normal velocity component of u, i.e.
v = (v1,v2) is replaced by v- = v — 2(v - n)n. This choice ensures a vanishing average
normal velocity, v-n =3 (v+v7) -n=0.

Given the boundary value function ur(u;) as defined above the DG discretization of (388) including
boundary conditions is given as follows: find uy € V;ll » such that
Np(up,vp) = /]-"C up) - Vpvpdx + Z H(u;,ug,n) V;'L' ds

Herz—h 6H\F

+/HF(UZ,UF(UZ) n)vyds=0 wv,¢€ Vhp, (403)
r
where Hr is usually the same numerical flux H as used on interior faces 0k \ T, k € Tj,.

8.5 Consistency and adjoint consistency for nonlinear problems

In Section 6.1 we introduced the consistency and adjoint consistency analysis for linear problems.
In this section we now give the generalization of this analysis to nonlinear problems of the form:

Nu=0 inQ, Bu=0 onT, (404)

where N is a nonlinear differential (and Fréchet-differentiable) operator and B is a (possibly non-
linear) boundary operator. Let J(-) be a nonlinear target functional

J(u) = /Q jo(u) dx + /F Jr(Cu) ds, (405)
with Fréchet derivative
J' [u](w) :/ijz[u]wdx—k/Fj{ﬂ[Cu] C'[uw ds, (406)

where jo(-) and jr(-) may be nonlinear with derivatives ji, and jf., respectively, and C is a dif-
ferential boundary operator on I" and may be nonlinear with derivative C’. Here, ' denotes the
(total) Fréchet derivative and the square bracket [-] denotes the state about which linearization is
performed. Again, we say that the target functional (405) is compatible with (404) provided the
following compatibility condition holds

(N'ulw, 2)q + (B'[uw, (C"[u])*2)r = (w, (N'[u])"2)q + (C"[ulw, (B'[ul)"2)r, (407)

where (N'[u])*, (B'[u])* and (C’[u])* denote the adjoint operators to N’[u] B'[u] and C'[u]. This
condition is analogous to (275), with L, B and C replaced by N'[u], B'[u] and C'[u], respectively.
Assuming that (407) holds the continuous adjoint problem associated to (404) and (406) is

(N'[u))*z = jolu] in Q, (B'[u])*z = jp[Cu] onT. (408)
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We note that in an optimization framework [20] this ensures, analogous to (277), that

Jul(w) = (w,jolu])a + (C'[ulw, jr[Cul)r = (w, (N'[u])*2)a + (C'[u]w, (B'[u])"2)r
(N'[u]w, 2)q + (B'[u]w, (C’[u])*2)r. (409)

Let Ny, : V XV — R be a semi-linear form, nonlinear in its first and linear in its second argument,
such that the nonlinear problem (404) is discretized as follows: find uj € V}, such that

Nh(uh,vh) =0 VYo, € V. (410)

Then, the discretization (410) is said to be consistent if the exact solution u € V to the primal
problem (404) satisfies the following equation:

Np(u,v) =0 YveV. (411)

Furthermore, the discretization (410) is said to be adjoint consistent if the exact solutions u,z € V'
to the primal and adjoint problems (404) and (408), respectively, satisfy the following equation:

N [u)(w, z) = J'[u)(w) Yw €V, (412)

where Nj [u] denotes the Fréchet derivatives of Nj,(u,v) with respect to u.

In other words, a discretization is adjoint consistent if the discrete adjoint problem is a consistent
discretization of the continuous adjoint problem. Finally, we note that in case of a linear problem
and target functional the definition of adjoint consistency in (412) reduces to the definition of linear
adjoint consistency given in Section 6. The definition of adjoint consistency for nonlinear problems
as given in (412) was introduced by Lu [36]. Furthermore, we note that [36] also gives a definition
of asymptotically adjoint consistent methods.

8.5.1 The consistency and adjoint consistency analysis

Based on the definition of consistency and adjoint consistency in the previous subsection we now
follow [27] and generalize the framework for analyzing consistency and adjoint consistency of dis-
continuous Galerkin discretizations for linear problems as given in Section 6 to the case of nonlinear
problems. We recall that this framework can also be used to find specific terms due to which some
DG discretizations may not be adjoint consistent. In these cases the analysis gives some insight
into how an adjoint inconsistent DG discretization together with a specific target functional could
be modified to recover an adjoint consistent discretization.

Given a primal problem, a discontinuous Galerkin discretization of the problem and a target
functional, the adjoint consistency analysis consists of the following steps:

e Derivation of the continuous adjoint problem: Let the primal problem be given by
(404). Furthermore, assume that J(-) is a nonlinear functional (405) which is compatible with
the primal problem (404). Then we derive the continuous adjoint problem (408) including
adjoint boundary conditions.

We note that the derivation of the adjoint operator (N'[u])* for nonlinear systems is a consid-
erably more complicated task than deriving L* for scalar linear problems. Still more involved
is the derivation of the adjoint boundary operators (B’[u])*. In the framework of optimal
design, [20] gives a general approach of deriving (B’[u])* and (C’[u])* assumed to be connect
to B, C'; N and (N'[u])* through (407). This approach is based on a matrix representation of
boundary operators which for systems of equations leads to lengthy and error prone deriva-
tions. In contrast to optimization where both (B'[u])* and C* are required, in the following
analysis we require only the adjoint operator (B’[u])*. Due to this we can circumvent the
approach described in [20] and use a simpler way of deriving the adjoint operators (B'[u])*.
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e Consistency analysis of the discrete primal problem: We rewrite the discontinuous
Galerkin discretization (410) of problem (404) in the following element-based primal residual
form: find u; € V}, such that

Z /R uh vp dx + Z / uh v, ds + / Tr(uh)?}h ds=0 VYo, €V, (413)
Or\I' r

k€T k€T

where R(up), r(up) and rp(up) denote the element, interior face and boundary residuals,
respectively. According to (411), the discretization (410) is consistent if the exact solution u
o0 (404) satisfies

Z/R vdx—i-z

/ vds—i—/ r(w)vds =0 YveV, (414)
KET) k€T “\F r

which holds provided u satisfies

R(u) =0 in K,k € Tp, r(u) =0 on dx\T',k € Ty, rr(u) =0 onT. (415)

e Derivation of the discrete adjoint problem Given the discretization (410), the target
functional (405) and its linearization (406), we derive the discrete adjoint problem: find
zp, € Vj, such that

N'[up)(wn, 2n) = J'[up)(wn)  Ywp € V. (416)

N'[up] is called the Jacobian of the numerical scheme and is required also for implicit and ad-
joint methods, e.g. Newton iteration, a posteriori error estimation, adjoint-based adaptation,
see [25], and for optimization.

e Adjoint consistency of element, interior face and boundary terms We rewrite the
discrete adjoint problem (416) in element-based adjoint residual form: find zj, € V}, such that

Z /th up](zp) dx + Z/ wp, 7 [up) ( zh)ds—k/whrl’i[uh](zh)ds:O, (417)
oOr\I' r

KGT]—L KGT

for all wy, € Vj,, where R*[up](25), 7*[up](2) and r{i[us](z,) denote the element, interior face
and boundary adjoint residuals, respectively. According to (412), the discretization (410) is
adjoint consistent if the exact solutions v and z satisfy

Z /wR* z)dx + Z /H\F ds—i—/rwrii[u](z)ds:o VweV,  (418)

HETh HET

which holds provided u and z satisfy

R*[u](z) =0 in &, r*lul(z) =0 on Ok \ T,k € Ty, rpfu](z) =0 on I (419)

We note that the adjoint problem and consequently the adjoint consistency of a discretization
depends on the specific target functional J(-) under consideration. Given a target functional of the
form (405), we see that R*[u](z) depends on jo(-), and rf[u](z) depends on jr(-). For obtaining an
adjoint consistent discretization it is in some cases, see following Sections, necessary to modify the
target functional as follows

Flun) = J(i(up)) + / v () ds, (420)

r

where i(-) and () are functions to be specified. We recall from Section 6.2 that a modification
of a target functional is called consistent if J(u) = J(u) holds for the exact solution u.
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8.6 Adjoint consistency analysis of DG for the compressible Euler equations
8.6.1 The continuous adjoint problem to the compr. Euler equations

The most important target quantities in inviscid compressible flows are the pressure induced drag
and lift coeflicients, ¢4, and ¢,,, defined by

1

J(u) :/j(u) ds— — [ pn-pds, (421)
r COO Tw

Vaol?

o

pool =
% Poo|Voo|?l, where M denotes the Mach number, ¢ the sound speed defined by ¢ = vp/p, | denotes
a reference length, and 1 is given by ¥y = (cos(a),sin(a))" or 1y = (—sin(a),cos(a))" for the
drag and lift coefficient, respectively. Subscripts o, indicate free-stream quantities.

In order to derive the continuous adjoint problem, we multiply the left hand side of (394) by z,
integrate by parts and linearize about u to obtain

(V- (Filu(w)),z)q = — (Fulul(w), Vz)g + (n - Fiul(w), z)p, (422)
where FS[u] := (F¢)' [u] denotes the Fréchet derivative of F¢ with respect to u. Here, we already
use the subscript , notation, which we require in Section 9 to distinguish from subscript v, denoting
the derivative with respect to Vu. Thereby, the variational formulation of the continuous adjoint
problem is given by: find z such that

— (W, (FEu)) " Vz>Q + (W, (n- fﬁ[u])Tz>F = J'[u(w) VweV, (423)

where j(u) = épn -9 on T'yy and j(u) = 0 elsewhere. Here, Cog = 3vpscMEl = 17

and the continuous adjoint problem is given by
—(Fu)"Vz=0 inQ, (m-Fu))'z=j[u] onT. (424)
Using F¢(u) -n = p(0,n1,n2,0)" on I'y, and the definition of j in (421) we obtain
1
p,[u](07n17n270) "Z = C—p,[u]n'l,b on FW7
o
which reduces to the boundary condition of the adjoint compressible Euler equations,

1
(B'[u])*z = ni29 + ngz3 = o ¥ on I'y. (425)

e e}

8.6.2 Primal residual form of DG for the compr. Euler equations
Using integration by parts on (403) we obtain the residual form: find uy € Vfl’p such that

/QR(uh) *Vp dx + Z

/ r(up) - v ds+ / rr(uy) - vy ds=0 Vv, € Vfl,p, (426)
RGTh 8/@\1" T

where the primal residuals are given by

R(u,) = -V - F(uy) in k,k € Ty,
r(uy,) =n-F(ul) — H(ul,u; ,n') on 0k \T',k € Ty, (427)
rr(uy) =n- F(u)) — Hr(u) , ur(u)),n™) on I'.

Given the consistency of the numerical flux, H(w,w,n) = n - F¢(w), and the consistency of the
boundary function, i.e. ur(u) = u for the exact solution u to (394), we find that u satisfies
following equations

R(u) =0 in k,k € Ty, r(u)=0 on 9k \I',k € Tp, rr(u) =0 onTI. (428)
We conclude that (403) is a consistent discretization of (394).
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8.6.3 Adjoint residual form of DG for the compr. Euler equations

For the target functional J(-) defined in (421) with Fréchet derivative, J'[u](-), the discrete adjoint
problem is given by: find z; € Vﬁip such that

Ny[ap)(wh,z) = J'[up)(wp)  Vw, € Vi, (429)

where
N} [un)(w,21) = /Q (Feluplw) : Vazy dx

—I—Z/ (Hiﬁ(u;,u}:, Pwt —I—H/ (uh,uh, +)w_)z?;ds
HETh BH\F

—I—/ (Hfﬂﬁ (wf,ur(u;),n™) —I—Hf’u, (w),ur(u;f),n™) uf[ui]) whzl ds. (430)
r

Here v — H. . (v',v7",n) and v — H]_(v*,v~,n) denote the derivatives of the flux function
H(-,-,-) with respect to its first and second arguments, respectively. As the numerical flux is conser-
vative, H(v,w,n) = —H(w, v, —n), we obtain H, _(v,w,n) = dyH(v,w,n) = =0y H(W,v,—n) =
—H. . (w,v,—n), and

H,— (), u;,n")

-t de — " am ut o w—ot
wz'ds=— [ Hyi(u,,ul,n)w z"ds
Iz Iz

(431)
n")

=— H., (uh,uh, whz ™ ds,

'z

where we exchanged notations ™ and ~ on I'z. Then, the discrete adjoint problem (429) with (430)
is given in adjoint residual form as follows: find z; € V;il » such that

/wh *[up](zn) dx + Z / \th r uh](zh)ds—i-/wh -ri[up)(zp)ds =0, (432)

KET)

for all wy, € V;il » where the adjoint residuals are given by

R*[u)(zn) :(fﬁ[uh])TVZh in K,k € 7y,
r¥[up(zp) = — (H{ﬁ(uz,u}:,n"’))—r lzx] - n on Ok \T',k € Ty,
T
i) (zn) =5/ Tun) = (s + My v lwn]) - 2t onT, (433)
where Hp. = Hp ¢ (uf,ur(u)),n") and Hp o = Hp o (uf,ur(u)),n").

Comparing the discrete adjoint boundary condition

T
(Mhus +Hpy b)) 2 = j'w] onT, (434)

and the continuous adjoint boundary condition in (424), we notice that not all choices of Hr give
rise to an adjoint consistent discretization. In fact, we require Hr to have following properties: In
order to incorporate boundary conditions in the primal discretization (403), Hr must depend on
up(uh) hence H’ _ # 0. Furthermore, we require Hiﬂﬂﬁ = 0, as otherwise the left hand side in
(433) involves two summands which is in contrast to the continuous adjoint boundary condition
n (424). Finally, we recall that Hr is consistent, Hp(v,v,n) = n - F¢(v), and conclude that
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Hr is given by Hr(u;,ur(u;),n) = n- F(ur(u;)). Employing a modified target functional

J(up) = J(i(up)), i.e. (288) with r;(up) =0, (434) yields

(n- (Flur@)]) upfuf]) ' 2 = 7RI [uy] (435)

We find the modification i(uy) = ur(u;) which is consistent as i(u) = ur(u) = u holds for the
exact solution u. Thereby (435) reduces to

(n-Ffur(w))]) " 2 = 7' fur(u))], (436)

which represents a discretization of the continuous adjoint boundary condition in (424). In order to
obtain a discretization of the adjoint boundary condition at solid wall boundaries (425), we require
Bup(u;{) = 0 on I'yy. This condition is satisfied by

1 0 0 0
B 0 1- n% —ning 0

ur(u) = 0 —mny 1—nd 0 u on I'y, (437)
0 0 0 1

which originates from u by subtracting the normal velocity component of u, i.e. v = (v1,v9) is
replaced by vp = v— (v-n)n which ensures that the normal velocity component vanishes, vp-n = 0.
In summary, let up be given by (437) and Hr and J be defined by
Hr(u;, ur(u;),n) =n- Fi(u)), J(uy) = Jr(uy), (438)
where Ff(u;l) == Fe(ur(u})), Jr(up) := J(ur(us)) and jr(up) := j(ur(uy)), then the adjoint
residuals (433) are given by:

R*[uy](z,) =(F5[un]) " Vzy in K,k €Ty,
r*(u)(zp) = — (Mo (u), vy, n+))T [z] - n on Ok \T',k € Ty,
rfuy)(z) =jf[wi] — (n- 78 [wl)) 2 on T. (439)

In particular, the discretization (403) together with (438) is adjoint consistent as the exact solutions
u and z to (394) and (424), respectively, satisfy

R*[u](z) =0 in k,k € Tp, r*[u](z) =0 on Ok \T',k € T, ri-[u](z) =0 onT.

Note, that the adjoint residuals in (439) reduce to the adjoint residuals of the linear advection
equation with b = 0 in Section 6.4.3, when setting F°(u) = bu and H! , =b - n.

Also note, that the standard discontinuous Galerkin discretizations for the compressible Eu-
ler equations take the same numerical flux function on the boundary I' as in the interior of the
domain, and simply replace u, in H(u;[,u;,n) by the boundary function up(u;) resulting in
Hr(u),ur(u;’),n). Furthermore, the definition of ur in (402) based on vp = v —2(v - n)n ensures
a vanishing average normal velocity, v-n = % (v + vr)n = 0. However, vpr-n = 0 and Bur(u,") = 0,
as required in (436), is not satisfied. Thereby, the discontinuous Galerkin discretization based on
the standard choice of Hr and ur is not adjoint consistent.

In fact, numerical experiments indicated large gradients i.e. an irregular adjoint solution near
solid wall boundaries. The lack of adjoint consistency of this standard approach was first ana-
lyzed by [36] who also proposed the adjoint consistent approach (438) and demonstrated that this
approach gives rise to smooth adjoint solutions for an inviscid compressible flow over a Gaussian
bump. The smoothness of the discrete adjoint has been confirmed in [26] for an inviscid compress-
ible flow around a NACA0012 airfoil, see also Section 8.7. Furthermore, [26] studies the effect of
adjoint consistency on the accuracy of the flow solution and on error cancellation in an a posteriori
error estimation approach.
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Figure 10: Ringleb flow problem: a) Regions of sub- and supersonic flow denoted by the Mach
number M < 1 and M > 1; b)-d) Coarse meshes with 2, 8 and 32 elements, respectively.
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Figure 11: Ringleb flow problem: The L2-error of the DG(p), p = 0,...,4, discretizations of the
compressible Euler equations is of order O(hPT1), [24].

8.7 Numerical results

Ringleb flow problem For discretizations of the 2d stationary compressible Euler equations
there are virtually no a priori error estimates available. Therefore, in the following we examine
the order of convergence of the DG discretization experimentally. In particular, we consider the
solution to the 2d compressible Euler equations for the Ringleb flow problem. This is one of the few
non-trivial problems of the 2d Euler equations for which a smooth analytical solution is known. For
this problem the analytical solution may be obtained be employing the hodograph transformation,
see [15] or the appendix of [24]. This problem represents a transonic flow in a channel, see Figure
10a), with inflow and outflow boundaries given by the lower and upper boundaries of the domain,
and reflective (slip wall) boundaries with vanishing normal velocity, v -n = 0, on the left and right
boundary. The solution to this flow problem is smooth but it is transonic with a small supersonic
region near the lower right corner. The computational domain is subdivided into quadrilateral
elements. Figure 10 shows the coarsest three meshes in a sequence of globally refined meshes. In
order to suppress the discretization effects of slip wall boundaries here we impose the boundary
condition, B~ (u,n) (u — g) = 0 on the whole boundary I" of the domain, where g is the boundary
value function taken from the exact solution to the Ringleb flow problem. This boundary condition
represents an inflow boundary condition for characteristic variables on inflow parts (with respect
to the corresponding characteristics) of the boundary. Figure 11, by [24], plots the L?(Q)-error of
the DG(p), 0 < p < 4, solutions against the number of degrees of freedom (DoFs) on the sequence
of globally refined meshes. We observe an experimental order O(hP*!) of convergence which is
optimal for polynomial trial and test functions of degree p.
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Figure 12: M = 0.5, = 0° inviscid flow around the NACAOQ0012 airfoil: Mach isolines of the flow
solution uy, to (left) the standard and (right) the adjoint consistent DG discretization, [28].
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%

Figure 13: M = 0.5, = 0° inviscid flow around the NACA0012 airfoil: z; isolines of the discrete
adjoint solution zj;, to (left) the standard and (right) the adjoint consistent DG discretization, [28].
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Inviscid flow around the NACAO0012 airfoil In the following, we investigate the smooth-
ness of the discrete adjoint solution when employing the adjoint consistent discretization based
on (438) in comparison to the standard (classical) approach of choosing Hr(u),ur(u)),n) =
H(u;,ur(u)),n) and an unmodified target functional J(uy). To this end, we consider an inviscid
Mach M = 0.5 flow at a zero angle of attack, i.e. a = 0°, around the NACAQ0012 airfoil. Here,
the upper and lower surfaces of the airfoil geometry are specified by the function g&, respectively,
where

9T (s) = £5 x 0.12 x (0.2969s'/2 — 0.1265 — 0.35165% + 0.2843s> — 0.1015s%).

As the chord length [ of the airfoil is [ =~ 1.00893 we use a rescaling of g in order to yield an airfoil of
unit (chord) length. The computational domain €2 is subdivided into quadrilateral elements. Curved
boundaries are approximated by piecewise quadratic polynomials. In Figure 12, by [28], we compare
the (primal) flow solutions u;, € V} for the standard and the adjoint consistent DG discretizations
and find no visible difference. However, when comparing the adjoint solutions corresponding to
the pressure induced drag coefficient c,,, see Figure 13, we notice that the discrete adjoint solution
to the standard DG discretization is irregular near and upstream the airfoil. In contrast to that,
the adjoint solution to the adjoint consistent discretization is entirely smooth. Furthermore, in [28]
it has been shown that for this test case on a sequence of locally refined meshes the error in the
cap value for the adjoint consistent discretization is by a factor 1.3-2.4 smaller than for the adjoint
inconsistent discretization.
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9 DG discretizations of the compressible Navier-Stokes equations

The compressible Euler equations as considered in the last section serve as a simple model for gas
flows. In fact, while ignoring all viscous effects they describe an inviscid compressible flow. In
the following, we will enrich the physical model by including also viscous terms. The resulting
compressible Navier-Stokes equations serve as a model for laminar viscous compressible flows.

9.1 The compressible Navier-Stokes equations

In the following we give a detailed description of the two—dimensional steady state compressible
Navier-Stokes equations. Like in Section 8.2, p, v = (v1,v2)", p and E denote the density, velocity
vector, pressure and specific total energy, respectively. Furthermore, T denotes the temperature.
The equations of motion are given by
C J— a C a v :
V- (F(u) — F’(u,Vu)) = —ff(u) — —f(u,Vu) =0 in Q. (440)
833k 8a:k

The vector of conservative variables u and the convective fluxes ff, k = 1,2, are given by (395).
Furthermore, the viscous fluxes f;/, £ = 1,2, are defined by

0 0
f/'(u,Vu) = i and £y (u,Vu) = Ti2 ,
T21 T22
T15Vj + ICTxl T250; + ICTJ;Z

respectively, where K is the thermal conductivity coefficient. Finally, the viscous stress tensor is
defined by

-
T=u (Vv—l— (Vv)' — %(V-v)]) ,
where p is the dynamic viscosity coefficient, and the temperature 1" is given by e = ¢,T'; thus
1.2
KT = £ (E — iv?),

where Pr = 0.72 is the Prandtl number.
For the purposes of discretization, we rewrite the compressible Navier—Stokes equations (440)
in the following (equivalent) form:

0 ou

oar (fk(u) - le(u)a—:g) =0 inf.

Here, the matrices Gy (u) = 0f)(u, Vu)/0uy,, for k,l = 1,2, are the homogeneity tensors defined
by f{(u, Vu) = Gy (u)0u/0z;, k = 1,2, where

0 0 0 0
G = —301 % 0 0
p —vg 0 1 0 ’
(it + A (E-v?) G-F)u (-5F)w
2O 0 O2 0 0 0 0 O
] IR KR e S
—%1}1’02 Vg —%vl 0 —§’011}2 —%1}2 vy 0
0 0 0 0
—v 1 0 0
G =) s | F
(58 + 5 (F-v?) (-F)u G-F)w &



Like for the compressible Euler equations we consider supersonic and subsonic inflow and outflow
boundary conditions. Furthermore, we destinguish between isothermal and adiabatic wall boundary
conditions. To this end, decomposing I'yy = I'jyo U I'pgia, We set

v=0 on I'y, T=T,m on I, n-VI'=0 on I'., (441)

where T, is a given wall temperature.

9.2 DG discretizations of the compressible Navier-Stokes equations

The derivation of discontinuous Galerkin discretizations of the compressible Navier-Stokes equations
is similar to the derivation for Poisson’s equation. Starting point is the compressible Navier-Stokes
equations written in terms of the homogeneity tensors G(u). In the previous section we have
concentrated on the discretization of the convective flux V - F¢(u) = %fg(u) representing the
inviscid Euler part of the equations. Therefore, in the following, we can ignore the convective part
and concentrate on the remaining viscous part, i.e. we consider the discretization of

-V - (G(u)Vu) = _aixk <le(u)g—;> =0 inQ, (442)

subject to boundary conditions given above. In index notation this writes,
Oa, <(G(u)k1)i]— awluj) —0 inQ
Like for Poisson’s equation we rewrite this problem as a first-order system:
o =G(u)Vu, —V.c=0 1inQ,

ie. oy = (G(u)k‘l)ij Oy, u;. Multiplying the first and second equations by test functions 7 and v,
respectively, integrating on an element x € 75, and integrating by parts, we obtain

/g:zdx:—/uv- (GT(u)z> dx+/ u(GT(u)z> -nds,
K K Ok
/g:Vvdx:/ o -nvds,

K Ok

where n is the unit outward normal vector to dk. Here, we used

/O’ikTik dx — / (G(u)kl)ij Oy Tip, dx = /amzuj (G(u)kl)ij Tik dx :/Vu: <GT(u)z> dx.

(443)

In addition to the vector-valued discrete function space Vfl’p defined in (399) we now introduce

the tensor-valued discrete function space Eﬁi’p consisting tensor-valued polynomial functions of
degree p > 0, defined by

Efw ={re [L2(Q)]4X2 7|, 0 0, € [Qp(R)]**? if & is the unit hypercube, and

)]4><2

Tlw 0 0 € [Pp(R if % is the unit simplex, x € 7p,}.

If we sum (443) over all elements k € 7} and replace u, v, ¢ and 7 by discrete functions
uy, vy € Vﬁip and g}, T, € Zﬁl}’p we obtain following discretization in the so-called fluz formulation:

d d
find uy, € Vh7p and g, € Xy, , such that

/gh cTdx = —/ u,Vy, - (GT(uh)1h> dx + Z / uy, (GT(uh)zh> -nds, (444)
Q Q RGTh 8/@
/ gyt Vpvpdx = Z

Q

/ gy, - nvy ds, (445)
KETH r
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for all 7, € th and vy, € Vh . Here, the numerical flures @, and &, are approximations to u
and o = Vu, respectively. Dependmg on the particular choice of G, and g, several different DG
methods can be derived, each with specific properties with respect to stability and accuracy.

The flux formulation (444) represents the discretization of a first order system with unknowns
uy € V;lhp and g;, € Efl’p. However, this is (d 4+ 1) times the size of a problem involving uy, € V;il,p,
only. In order to reduce the problem size, the auxiliary variable g, in (444) and (445) is usually
eliminated to gain a primal formulation involving only the primal variable u,. To this end, we
perform a second integration by parts on each element « in (444) and set 7, = Vv, which gives
us

/ oy, Vpvpdx = / G(up)Vauy : Vv dx + Z / a, —uy) (GT(uh)Vvh> -nds. (446)
L k€T

Substituting (446) into (445) we obtain following problem: find uy € Vfl’p such that
N{(up,viy) =0 Vv, € Vi, (447)

where the semilinear form N7 (-,-) : [H'(73)]™ x [H(73,)]™ — R which is nonlinear in its first and
linear in its second argument, is defined by

»(up, vp) /G u,)Vpuy : Vv, dx — Z / aj, - nvy ds+
KET)

Z / a, —up) (uh)Vvh> -nds. (448)

KETH

Here, we use the notation N » instead of N}, to underline that N » includes the discretization of the
viscous part of the compressible Navier-Stokes equations only. Later in Section 9.2 we consider
the discretization of the complete compressible Navier-Stokes equations, including convective and
viscous parts, which will then be denoted by N

We call (447) the primal formulation of the method and call Ny(-,-) the primal form. This
bilinear form is denoted by N, (and not Np) as it includes the (still unspecified) numerical fluxes
0y, and g;,. Furthermore, B includes — through the specification of 4, and ¢, on the boundary —
all boundary data terms. We note, that (448) is a generalization of (172) for Poisson’s equation to
the case of an elliptic system of equations with diffusion tensor G(u).

Finally, we note that N}, in (448) is the cell-based primal form, i.e. it is given in terms of 3, [, .
This means that each interior face e = I'z occurs twice in the sum over all elements « (once in [,
and once in faﬁ, for e = Ok NOK' #0).

In the following, we transfer the cell-based primal form into a face-based primal form, i.e. we
rewrite Ny, in terms of sz where each interior face is treated only once. However, before doing so,
we introduce some more notation.

Mean value and jump operators First we recall the definition of mean values and jumps
operating on scalar and vector-valued functions given in Section 5.1.

Definition 9.1 Let e € 'z be an interior edge between two adjacent elements k™ and k= with unit
outward normal vectors, nt,n~ € R?, respectively. Let ¢ € T(T,) and ¢ € [T(T},)]? be the traces
of a scalar and a vector valued function, respectively. Then, we define the mean value and jump
operators, {-} and [-], as follows

fa} =5(a" + ), [dl =¢'n"+¢n,
fo} =507 +9¢7), [¢] =" 0"+~
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Definition 9.2 On boundary edges e € I' the mean value and jump operators are defined by
fad =" la] = q+n+,
fol =", [¢] =¢" n".

Furthermore, we recall Lemma 5.4 which has been used to transfer between cell-based and face-
based integrals:

Lemma 9.3 Again, let ¢ € T(T) and ¢ € [T(T3)]¢, then

D gt = f o) Ll s + / 191 e} ds. (449)

8/@\1"
S et wtatas = /F RGBT /F [91Ha} s (450)

Proof: See Lemma 5.4. O

Next we give the definition of tensor mean value and jump operators.

Definition 9.4 Let e € 'z be an interior edge between two adjacent elements k™ and k= with unit
outward normal vectors, nT n~ € R%, respectively. Let v € [T(T,)]™ and T € [T(T;)]™ ¢ be the
traces of a vector-valued and tensor-valued function, respectively. Then, we define the mean value
and jump operators, {-} and [-], as follows

{rh =1t +17) on I'z, {r} =1" on T,
[7f] =7tnt + 177 n" on I'z, [7] = ztTnt on T,
M:v+®n++v_®n_ on I'z, M:v+®n on T.

Now we can generalize Lemma 9.3 to systems of equations:

Lemma 9.5 Let v € [T(7;,)]™ and 7 € [T(7;,)]™*?, then

Z/a \r (rtn*)-vtds = /F {zh: [v] ds +/F [7] - {v} ds, (451)
Eﬁ:/@ﬁ (r"n") vids = /FIUF{{I}} vl ds + /FI[[I]] v} ds. (452)

Proof: Employing Lemma 9.3 for any ¢ = 1,...,m we obtain

Z/E)n\r ank +ds—/ {Tzk}} v nk +v; nk) d8+/FI(ank +7knk){{vz}}d8
{oh Wlds+ | [l qvhas,
I'z 't

thus (451). Use Definition 9.4 of mean value and jump operators on I for (452). O

Face-based form of DG discretizations We now proceed in transferring the cell-based form
(448) into a face-based form. To this end, we use Equation (452) twice (once for 7 = &;, and
v = vy, and once for 7 = G (u,)Vvy, ie. Tjl = (G(u)kl)ij Oz, Vi, and v = @, — uy) and rewrite
(448) as follows

NP (ap, vi) Z/QG(U-h)VhU-h : Vv dx — / {an} : [va] ds — /F lon] - {vn}ds

rzul

+ / [[flh - U_h]] : {GT(uh)Vvh}} ds + {flh - uh}} . [[GT(U_h)VVh]] ds,
rpur————— rs
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which results in following face-based primal form:

N};(uh,vh) = /QG(uh)thh : thh dx + /F [[ﬁh — uh]] : {GT(uh)Vvh} — {Qh} : Mds

TUl’

—l—/r fo, —up} - [GT(wp)Vvip] = [6,] - fva}ds. (453)

Derivation of various DG discretization methods Depending on the specific choice of nu-
merical fluxes 0y, and g;, several different discontinuous Galerkin discretizations of the compressible
Navier-Stokes equations can be derived. First we note, that for the discretizations to be consis-
tent and adjoint consistent there are requirements on the numerical fluxes 1, and g; analog to
Theorems 5.7 and 5.12 for Poisson’s equations. In fact, we have

Theorem 9.6 Let N};(, -) be given by (453). Then the discretization: find uy € Vfl’p such that
NY(up,vp) =0 Vv, Vi (454)

of a homogeneous Dirichlet problem is consistent if and only if the numerical fluzes 0 and & are
consistent, i.e.
a(v) =v, o(v,Vv)=G(v)Vv onTzUT, (455)

holds for all functions v € [H*(Q)]™. Furthermore, the discretization (454) is adjoint consistent if
and only if the numerical fluzes 0 and & are conservative, i.e.

[a(v)] =0, [6(v,VVv)[]=0 onT7zUT, (456)
holds for all functions v € [H?(2)]™.
Proof: Analog to the proofs of Theorems 5.7 and 5.12. O

We recall from the discretization of Poisson’s equation that the interior face terms of the sym-
metric interior penalty method, SIPG, and of the modified DG discretization of Bassi and Rebay,
BR2, are adjoint consistent. In contrast to that the method of Baumann-Oden, BO, and the non-
symmetric interior penalty method, NIPG, are adjoint inconsistent and will thus not be considered
in the following.

For SIPG and BR2 let us choose the fluxes 0y, and g;, to be given by

ﬁh = {{uh}, Qh = {{G(uh)thh} — 6(uh) on FI,

where the penalization term d(uy,) is given by

§(up) = 6" (up) = Cip 2 pufus] for TP [31],
§(up) = 6 (wy) = Cio 2 {G(wp) }us] for IP [33], (457)
d(up) = 5br2(uh) = Cpro{L§(un) } for BR2 [7, 8],

where the local lifting operator L(uy) € Zﬁip is defined by:

[ Ttw) s zdx= [ wl: 46T @zhds  vrext,

e

where Q. = k7 Uk, with e = s N Ok, . Then,

[9r] = [fun}] =0,
fon} = {{un}} = {un},
{on} = H{Gun)Viur k) — {o(un)} = {G(ur)Vaur} — 6(un),

[64] = [{G(un)Viyup}] — [6(up)] =0,
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the last term in (453) vanishes and thus (453) reduces to
Ny (ap,vp) = /QG(uh)thh Vv dx — /1“ [un] : {GT (u,) Vv, ) ds
T

—/ {{G(uh)thh}} : [[Vh]] —l—/ 6(uh) : [[Vh]] ds + ]\Afp,h(uh,vh),
FI 1ﬂI
where the boundary term Nfi’h(uh, v},) will be specified in the following section.

Discretization of viscous boundary terms On boundary edges we choose
lAlh = 111"(11;), Qh = ff‘)(u27 VUZ) - 51"(11}—:_)7
where
Fr(ap, Vuy) = F(ur(up), Vug) = Gr(u,)Vuy, = G(ur(uy))Vu, on T,

and on I'y .4, the viscous flux 7+ and the corresponding homogeneity tensor Gr are modified such
that n- VT =0, i.e.
Fr(up, Vuy,) = (OylenxjyT2jnmj77_ijvjnmi)—r'

The penalization term dr(uy) on I' is given by

or(up) = 6irps(uh) = C'Ip%u (up, —ur(up)) ®n for IP [31],
or(up) = 511?(uh) = C’IP%GF(uh) (up —ur(up)) ®n for IP [33], (458)
or(up) = 6?r2(uh) = CgroLg(up) for BR2 [7, 8],

where the local lifting operator Lf.(up,) € Z;iup on I' is defined by:

A Li(un) s zdx = [ (w, ~uru) o0 (G (w)z) ds vrex,

e

for k such that 0k NI = e. Thereby the boundary term Np p(up, vy) is given by

NE g (up,v) = — /Fn-]:fi(u;,Vu;{)er ds
(459)
—/ <G1—|-\—(UZ)VVZ> : (uf —ur(u))) @nds+ / or(u)) - vTds.
T r

Here, the boundary value function ur(uZ) on supersonic and subsonic inflow and outflow boundary
conditions is given like for inviscid flows in Section 8.4. Additionally, for no-slip wall boundaries
with v = 0 we distinguish adiabatic boundary conditions, n - VI = 0, where

U.F(U.) = (u17 07 07 u4)T on IWW,adizw (460)
and isothermal boundary conditions, T' = T, where
uF(u) = (u17 07 07 ulcUTwall)T on FW,iSO' (461)

Having derived DG discretizations of the compressible Euler equations and various DG dis-
cretizations of the viscous part of the compressible Navier-Stokes equations we now can combine
the discretizations of convective and viscous parts to form the DG discretization of the compressible
Navier-Stokes equations: find uy € Vflhp such that

Nh(uh,vh) =0 Vv,€ V;lhp, (462)
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where the semilinear form Ny, (-,-) : [H*(7,)]™ x [H'(73)]™ — R is given by

Ny (up, vp) /fc uy) VthdX+Z Huh,uh, )v;{ds
HET 8/@\1“
/ G(up)Vauy @ Vv, dx — [un] : {GT (u) Vv ) ds
Q A

g {G(u)Vaun} : [va] ds + g 6(up) : [va] ds + Nrp(un, via),

and the boundary term Nr j,(uy, vy,) is given by
Nrp(up, v) :/Hp(u;,up(u;{),n) v ds—/n Fr(uf, Vuy)vtds
r r

_ /F (G;(UZ)VWJ{) : (uf —ur(u))) @nds+ /Fép(up vt ds.

Furthermore, on I" we have

(463)

Hr(uy, ur(u;),n) = n- Fi(uy) = n- F(ur(w))),
fil\)(uh, Vuh) = f”(up(uh), Vuh) = Gp(uh)Vuh,
Gr(up)Vuy, = G(ur(us))Vuy,

and &(up) and &r(u;’) are as given in (457) and (458), respectively. Finally, ur(u;) is given like
in Section 8.4 and in Equations (460) and (461).

9.3 Adjoint consistency analysis of DG for the compressible Navier-Stokes
equations

In this section we analyze the consistency and adjoint consistency property of the compressible
Navier-Stokes equations. In particular, we derive target functional modifications which result in
an adjoint consistent discretization.

9.3.1 The continuous adjoint problem to the compressible Navier-Stokes equations

The most important target quantities in viscous compressible flows are the total (i.e. the pressure
induced plus viscous) drag and lift coefficients, ¢, and ¢, defined by

J(U):/Fj(U)dszé/F (pn—zn)%ﬁds:é/r (pni — Tijng) Yids, (464)

where Co, and 9 are as in (421). In order to derive the adjoint problem, we multiply the left hand
side of (440) by z, integrate by parts and linearize about u to obtain

(V- (Faw = Fuw = Fou VW), 2)q
—(Fu = FO)w = FguVw, Vz)g + (n- (Faw — Fyw — Fg, VW), 2)p,

where F := 0,F"(u, Vu) = G'[u]Vu and FY, := dyuF"(u, Vu) = G(u) denote the derivatives
of FV with respect to u and Vu, respectively. Using integration by parts once more, we obtain the
following variational formulation of the continuous adjoint problem: find z such that

~(w,(Fa =) Vz) — (WY (R Va)) 4+ (won (R0 V2))
+ (w, (- (Fe—F)T z)F - (vw, (n-Fo) " Z)F = J'[u)(w) VYweV.
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Given that

1
Tlulw) == [ aluln = zaful )b = (roululn) ¥ Twds
Tw (465)
L . — 1 .
< » o (Pun — 17, 1) 1#) . <VW’ o (Tyun) ¢) -
we see, that the adjoint solution z satisfies following equation
~(Fa- R V2- V- (R0 V2) =0, (466)
subject to the boundary conditions on I'yy = I'y,, U I',4sa,
(- (Fo—F) z+n- ((Fn) Va) = - (pan—r,m) - ¥, (467)
(n-Fgu) 2= g (Tyun) - 9. (468)

At wall boundaries I'yy, where v = (v1,v2) " = 0, the normal viscous flux reduces to n-F¥(u, Vu) =
(0, (tn)1, (Tn)2, Kn - VT) T. Hence, (468) is fulfilled provided z satisfies

0 0
(TVun)1 22 1 (TVun)l P
E———— , 469
(Tvun), 23 Coo | (Twun)y o (469)
Kn - VTVU Z4 0

which reduces to the conditions zo = éwl on 'y, 23 = él/)g on I'yy, and z4 = 0 on I'y,,. At
adiabatic boundaries we have n- VT = 0 and the last condition in (469) vanishes. Substituted into
(467) we obtain n-((FY,)" Vz) = 0 on 'y which at adiabatic boundaries reduces to n-Vz; = 0. On
isothermal boundaries no additional boundary condition is obtained. In summary, the boundary
conditions of the adjoint problem (466) to the compressible Navier-Stokes equations are given by

29 = éwl, 23 = él/)g on Iy, z4=0 on T, n-Vzs=0 onTI,g.. (470)

9.3.2 Primal residual form of DG for the compressible Navier-Stokes equations

Using integration by parts in (462) we obtain

Nh(uh,vh) = / Vi - fc(uh)vh dx + Z /a y (H(u;[, uf_”n"') —n- .7-"0(11;’;)) .V?L_ ds
Q r\I"

k€T,
_/ (V- FP(up, Viauy)) - vpdx + = Z/ F(ap, Viup)] - vh ds
Q HET K\F
—— Z GT (up)Vpvy - [[uh Jds+ Z / v;{ @n'ds
HET 8/4\1" KGT 8/@\1"

—/ (fc(u;{) - f“(uh , Vuh )) : vfl' ®@nds + Npp(up, vy) =0,
r

which can be expressed in the primal residual form as follows: find uy € V;ll » such that

/ R(up) - vpdx + Z / r(up) - v+ p(uy) : Vv ds
Q HeTh 8H\F

+ / rr(up) - vii + pr(up) : Vvids=0 Vv, € Vﬁip,
r
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where the primal residuals are given by
R(u,) = = V- F(w,) + V- F'(up, Viuy) in k, K € Tp,
_ 1
r(up) =n- F(u) — H(u, v, ,n") — Eﬂf”(uh, Viup)] — d(up)n,

p(up) :% (G(uh)M>T on Ok \I',k € Ty,
rp(uy) =n - (F(u)) — Fr(uw)) — FU(uyf, Vui) + FR(u), Vuy)) — ér(u))n,
T
pr(uy) = (G;(u;{) C(uf —up(u))) @ n) on I

We see that the exact solution u to (440) satisfies

where we used consistency of the numerical flux, H(w,w,n) = n - F¢(w), continuity of u, and
the consistency of the boundary function, i.e. u satisfies ur(u) = u on I'. We conclude that the
discretization given in Section 9.2 is consistent.

9.3.3 Adjoint residual form of DG for the compressible Navier-Stokes equations

Given the target quantity J(-) defined in (464) with Fréchet derivative (465), we consider following
modification of J(-)

J(uy) = J(i(up)) + /F ry(uy)ds = Jr(uy) + /F ry(uy)ds. (471)

As in Section 8 for the compressible Euler equations, here we set i(uy,) = ur(uy) and Jr(up) =
J(ur(uy)); rs(uy) will be specified later. Noting that up(u) = u holds for the exact solution u,

J(-) in (471) is a consistent modification of J(-) provided that u satisfies r;(u) = 0, see also (288).
The discrete adjoint problem is given by: find zj, € Vfl%p such that

Ny[ap)(wh,z) = J'up)(wp)  Vw, € Vi, (472)

where Nj [u](w,z) is given by

Nju)(w,z) = —/ (Fiulw) : Vyzdx + Z H. i (u",u",n")w'[z] -nds
Q Herz—h 6H\F

—l—/ﬂ (G'[ulwVju) : Viyzdx + /Q (G(u)Vpw) : Vpzdx
- / {G'[ulwVyu} : [z] ds - / {G()Vyw} : [] ds
Tz 'z
_ /FI{<GT>/[U_]WV;LZ}} : [u] ds — /FI{GT(u)th}} : [wlds

+ g O'Tu](w) : [z] ds + Nﬁh[u] (w,z).
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Using integration by parts this can be rewritten as follows

—/Qw(}"ﬁ[u])T Vizdx + Z /an\rw+( {1+(u+,u_,n+))—r [z] - nds

KETH

—i—/ﬂw (G'[u]Vpu) ' Vyzdx — / wVp - (GT(u)th) dx

__Z/MF (G'[ujwVsu) : [[z]]ds——Z/ wWVpw) : [z] ds

k€T, w€Tp
_z ’g; /a,.@\r ( GT wvhz> [u]ds + 5 ’2; /H\F u)Vyz] ds
> [ STl ds [ (v em) < (7 () Vi) s N o).

Hence, the discrete adjoint problem (472) in adjoint residual form is given as follows: find z, € Vfl’p
such that

/W R*[uy](zp dx—l—Z/ w - r[uy)(zn) + Vw : p*lug](z,) ds
Or\I'

KETH

+ [ wert ) + w s i@ ds =0 v e Vi, (473
r
where the adjoint residuals are given by
R*[up)(zp) = (ffl(uh) — G/[uh]Vuh)T Vizy, + Vi, - (GT(uh)thh> in K,k €Ty,
_ 1
r*luy](zn) = — (Hi+ (u) vy, n+))T lzn] - n— 5[[GT(uh)Vzh]] - ((5’[uh])T [zn] (474)
1, ., T 1/, T
+ 5 (G Vun) " [zl + 5 (GTunllunl) Vazo on 9\ T,k € T,

p*un)(zp) :%GT[uh]M on Ok \I',k € T,
The adjoint boundary residuals r}. and p;f will be specified below. Recalling that Fj = G'[u]Vu
and Fg, = G(u) we see that the exact solution z to the continuous adjoint problem (466) satisfies
R*[u](z) = 0. In the two lines in (474) representing the face residual term r*[uy)(z;) we recognize
the jump —(H., .)"[z1] - n due to the convective part of the equations, cf. (439), furthermore the
second term in the first line corresponding to the adjoint face residuals of the Poisson’s equation,
cf. (309), and finally the two terms in the second line due to the nonlinearity of the compressible
Navier-Stokes equations. Whereas the last term in the second line vanishes for a smooth exact
primal solution u, all other terms vanish for the exact solution z to the adjoint problem (466).
Thereby, the adjoint solution z satisfies r*[u](z) = 0. Furthermore, z satisfies p*[u](z) = 0. In
summary, we see that, as for the Poisson’s equation, the element and interior face terms of the
SIPG discretization are adjoint consistent.
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The boundary terms of the discrete adjoint problem are given by
Nf,h[uh](W,ZhH/F(W @mn) : (G;(uh)vhzh> ds =
+ /1“ n - (Ff u[up](w)) z, ds + /F Or[up](w) - zds,
— /Fn (FE ulun, Vaup)(w) + 7 gulun, Viup](Vaw)) zp, ds
—/F <<<G1T)/[Uh]W> thh> : (up, —ur(up))®nds
- /r <G1I(uh)vhzh) : (W —up[u]w) @ nds
+ /F(W ®mn): (G;(uh)vhzh> ds = J'[up](w).
Thus the adjoint boundary residuals in (473) on I'yy are given by

rifun)(zn) =g (Pan —z4m) ¥ — (0 (Fy = F) 20 —n- (G1V2)

+ 7 [up] — (é'p[uh])Tzh + (Gr[up] : (wp —up(up)) @ n)Tthh

+ (Gr(uwy) : (I —wh[us]) ®n) " Viyzy, (475)
pilunl(n) == o (rewn) -0 + (0 o) (476)

We recall (468), F{ v, = Gr(u), and see that the exact solutions u and z to the primal problem
(440) and the continuous adjoint problem (466)-(470) satisfy pj[u](z) = 0.
We now choose the modification r;(uy) of the target functional in (471) as follows

ry(up) = 6r(uy) - zr — (GE(ug)vth) : (uf —ur(uy)) ®n, (477)

with Fréchet derivative

!y [up) (w) = 8h[up)(w) - zr — (Gplug) : (- ur(uy)) ®n) " Vyzr

— (Gr(uy) : (I —up[w]) ® n)T Vizr.

As the exact solution u to the primal problem satisfies ur(u) = u, we have r;(u) = 0. Hence,
(477) is a consistent modification of the target functional. Recalling (467), we see that the exact
solutions u and z satisfy

ri[u](z) = (5%[u])—r (zr —z) — (G'[u] : (u—up(u)) ® n)T (Vzr — Vaz)
— (G(u) : (I —up[u]) ® n)T (Vzr — Vz).

Furthermore, setting zr = z on I'yy we obtain r}i[u](z) = 0 and conclude that the discretization of
boundary terms is adjoint consistent.

Due to n- (Gl (u})Vz) = n- ((F4,)"Vz) = 0 on Ty the second term in (477) vanishes.
Furthermore, on adiabatic boundaries I, 4;, we have (u}JLr — up(u;{))i = 0,7 = 1,4, and on isothermal
boundaries I';,, we have (u,” —ur(u;)); = 0. Together with (470), the consistent modification (477)
reduces to

Tj(uh) = 51‘(11;) - Zr

— (8r(u)), v+ (Bru)) v, (478)
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which completes the adjoint consistency analysis of the interior penalty discontinuous Galerkin
discretization of the compressible Navier-Stokes equations. Finally, we note that the consistent
modification 7;(uy) given in (478) for SIPG reduces to rj(up) = 6 (u) —ur(u;)) - zr which
corresponds to the IP modification of target functionals for the Poisson’s equation, where r;(uy) =
d(up, — gp)zr, with zpr = —jp, see (311).

In summary, we have shown that the adjoint element and interior residuals R*[uy,](z ), r*[up](zp)
and p*[up](zy), see (474), vanish for the exact solutions u and z to (440) and (466), respectively.

Additionally, using an adjoint consistent treatment of convective and diffusive boundary fluxes,
n- Fi(uy) =n- F(ur(wy)), n- Fp(uy)) =n- F'(ur(uy), Viuy), (479)

and using the following consistent modification of the target functional,

J(up) = J(ur(up)) + or(uy) - zr ds, (480)

T'w

with zp = &(0,¢1,¢2,0)T, for J(-) representing a total force coefficient defined in (464), the
adjoint boundary residuals r{[uy](z;) and pf[u](zy), see (475) and (476), vanish for the exact
solutions u and z. Thereby, using the modifications given in (479) and (480), we recover an adjoint
consistent discontinuous Galerkin discretizations of the compressible Navier-Stokes equations in
conjunction with total force coefficients.

We note that arguments given in [36] en route to obtaining an adjoint consistent discretization
based on the BR2 scheme [7] can also be covered within the presented framework and lead to
analogous modifications. Furthermore, we note that numerical experiments in [27] have confirmed
that in contrast to the original formulation in [31] the discrete adjoint solution to the adjoint
consistent discretization is entirely smooth. Furthermore, numerical tests on globally refined meshes
have shown that the adjoint consistent discretization is by a factor of 2-400 more accurate measured
in terms of viscous force coefficients than the original formulation. Also a significantly improved
order of convergence has been observed. Finally, we note that in [33], see also Section 9.4, the
interior penalty DG discretization with adjoint consistent discretization of boundary conditions
and an improved penalty term (457) has shown to be of optimal order. In fact, the accuracy of the
IP discretization in [33] is comparable to the accuracy of the BR2 discretization in [7, 8] while the
residual computation of IP is significantly cheaper than that of BR2 which requires the additional
evaluation of local lifting operators.

9.4 Numerical results

Flow over a flat plate We begin by investigating the accuracy of higher order DG discretizations
in resolving laminar boundary layers. To this end, we consider a Mach 0.01 flow with Reynolds
number 10000 horizontally passing over a flat plate of length [ = 2. The boundary layer solution
to this problem can be approximated using Blasius’ solution, see [39], for example. In Figure 14,
by [31], we compare the numerical solution computed with the DG(p) method for 1 < p < 3, at
z = £ =1 and a local Reynolds number Re, = 5000, with the Blasius solution (1 = y/us/(vz) =
4 \/Re,, versus u/us, cf. [39]) on a sequence of rather coarse computational meshes. On the coarsest
mesh, which has about one or two elements within the boundary layer, we see that the DG solution
computed with p = 1,2 are not very close to the Blasius solution; increasing the polynomial order
to p = 3 clearly yields a dramatic improvement in the underlying computed numerical solution.
On the next finer mesh, where three elements are placed within the boundary layer, the bilinear
approximation is still not very accurate, though now both the computed solution with p = 2,3 are
in excellent agreement with the Blasius solution. On the subsequent two meshes we clearly observe
that the DG approximation with bilinear elements (p = 1) finally starts to coincide with the Blasius
solution, at least on a macroscopic level. A more detailed view of the numerical solution on these
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Figure 14: DG(p), 1 < p < 3, solutions in comparison with the Blasius solution (n = y/ux/(vz) =
Y\/Re, versus u/us) on a sequence of meshes with an increasing number of elements, [31].

O ) I Ty e
Figure 15: Zoom of the DG(p), 1 < p < 3, solutions on the two finest grids, [31].

latter two finer meshes is shown in the zoom depicted in Figure 15. Here, we see that there is
still a significant difference between the Blasius solution and the computed discontinuous Galerkin
solution with p = 1. Indeed, these figures clearly highlight the substantial gains in accuracy
attained when higher—order polynomial degrees are employed with the DG method. This is further
highlighted in Table 1, where we summarize the number of elements and the number of degrees of
freedom, orthogonal to the wall, which are required by the DG method for each polynomial degree
in order to resolve the boundary layer to a sufficient accuracy that the error in computed viscous
stress forces exerted on the wall are within 5% of that computed with the Blasius solution.

DG(1) DG(2) DG(3)
elements 36 5 3
DoF's 72 15 12

Table 1: Number of elements and degrees of freedom in the boundary layer required by DG(p),
1 < p < 3, discretizations for approximating the viscous force up to 5%, [31].
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Figure 16: Flow in a square domain. Comparison of the SIPG and BR2 methods when the error is
measured in terms of: (left) L?(2)-norm; (right) Weighted mean-value functional J(-), [33].

Flow in a square domain In the following we examine the experimental order of convergence
of the interior penalty DG discretization, [33]. To this end we consider following model problem:
let Q = (0,7)?, and supplement the compressible Navier-Stokes equations (440) with an inho-
mogeneous forcing function f, which is chosen so that the analytical solution to (440) is given
by

u(x) = (sin(2(zy + x2)) + 4, sin(2(x1 + 2))/5 + 4,sin(2(x1 + 22))/5 + 4, (sin(2(z1 + 22)) +4)>) T,

where the dynamic viscosity coefficient p has been set to 1/10. This represents a modification of
the (unsteady) test problem employed in the article [19]. In this section we shall be interested in
measuring the discretization error in terms of both the L?(Q)-norm as well as in terms of a given
target functional J(-). In the latter case, we consider the weighted mean-value of the density, i.e.,

J(u) = Jo(u) = /Quﬂ[) dx,

where ¢ = sin(7z) sin(7y); thereby, the true value of the functional is given by J(u) = 1.1685876486.

In Figure 16(a) we present a comparison of the error in the L?(Q)-norm with the (square root
of the) number of elements for p = 1,2, 3,4, employing both the SIPG method with Cp = 10 and
the Bassi-Rebay method (BR2) with Cpr, = 4. In both cases, we observe that |[[u — up||z2(q)
converges to zero at the expected optimal rate O(hPT!) as the mesh is refined for each fixed
p. Moreover, from Figure 16(b) we observe that the error in the computed target functional
J(-) behaves (approximately) like O(h?), for each fixed p, as the mesh is uniformly refined for
both of the discretization schemes considered. These rates of convergence for both the L?(f2)-
norm of the error and the error in the computed target functional J(-) are in complete agreement
with the corresponding convergence behavior we would expect for the SIPG and BR2 methods
when applied to a linear convection—diffusion problem; see [23], for example, for the analysis of
general interior penalty DGFEMs for second—order partial differential equations with non-negative
characteristic form. We remark that in terms of accuracy, for a given number of elements, or
equivalently, for a fixed number of degrees of freedom, both the SIPG scheme and the BR2 method
perform in a comparable manner, with the latter scheme being, in general, slightly more accurate.
However, in terms of computational resources, the time required to assemble the residual vector
of the BR2 method, which is the most computationally intensive part of the flow solver, when
explicit time-stepping schemes are employed, is significantly more expensive than the computation
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Figure 17: Flow in a square domain. Comparison of the SIPG, NIPG, and STSIPG methods when
the error is measured in terms of the L?(2)-norm, [33].
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Figure 18: Flow in a square domain. Convergence of the NIPG scheme with respect to J(-) with
h-refinement, [33].

of the corresponding quantity when the SIPG scheme is employed. More precisely, for (bi)-linear,
elements, i.e., p = 1, the BR2 method is around 38% more expensive than the SIPG scheme; this
overhead increases as the underlying polynomial degree is enriched. Indeed, for p = 2, the BR2
method is approximately 47% more expensive, and for p = 3 and p = 4 the additional work rises
to around 55%. This increase in the cpu times when the BR2 method is employed is attributed to
the computation of the lifting operator on each face of the computational mesh.

Finally, in this section we compare the performance of the SIPG method with both the corre-
sponding NIPG formulation of the underlying scheme, together with the interior penalty method
outlined in the article [31]; we shall refer to this latter scheme as the standard SIPG (STSIPG)
method. To this end, in Figure 17 we plot the L?(€2)-norm of the error against the (square root of
the) number of elements for p = 1,2, 3,4 using each of the above schemes. In contrast to the SIPG
and BR2 methods, we now observe that |[u—up||z2(q) behaves like O(hP*1) for odd p and like O(hP)
for even p when either the NIPG method or the STSIPG scheme are employed. The sub-optimal
convergence observed when employing these two schemes is attributed to the lack of smoothness
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Figure 19: Viscous flow around NACAO0012 airfoil. Comparison of the SIPG and BR2 methods
employing: (left) Adjoint consistent reformulation of the drag functional; (right) Adjoint consistent
reformulation of the drag functional excluding the penalty terms, [33].

in the resulting adjoint problems, cf. [23, 28]. Moreover, the same behavior is also observed in the
functional setting; indeed, for the NIPG scheme, from Figure 18 we see that |J(u) — J(up)| tends
to zero at (approximately) the rate O(hP*1) for odd p and O(hP) for even p, as the mesh is uniform
refined. Analogous behavior is also observed when the error in the computed target functional J(-)
is evaluated using the STSIPG method; for brevity, these numerics have been omitted.

Viscous flow around a NACAO0012 airfoil In this example, we consider a subsonic viscous
flow around a NACAOQ012 airfoil. At the farfield (inflow) boundary we specify a Mach 0.5 flow at
a zero angle of attack, i.e. a = 0°, with Reynolds number Re = 5000; on the walls of the airfoil
geometry, we impose a zero heat flux (adiabatic) no-slip boundary condition. This is a standard
laminar test case which has been investigated by many other authors, cf. [5, 31], for example. The
solution to this problem consists of a strictly subsonic flow which is symmetric about the z-axis.
Here, we consider the estimation of the drag coefficient cg; i.e., the target functional is given by

J(u):/Fj(u)dSZé g (pn—7n)-1YPyds,

where j(u) = épn 1hg on Iy and j(u) = 0 elsewhere, cf. (464) and (421). We remark that the
adjoint consistency of the SIPG scheme is based on the consistent reformulation of J(-) defined in
(480). With this in mind, in Figure 19(a) we present a comparison of the error in the computed
target functional with the (square root of the) number of elements for p = 1, 2,3, employing both
the SIPG method with Cjp = 10 and the Bassi-Rebay method (BR2) with Cgg, = 4. In both cases,
we observe that, asymptotically, at least, |J(u) — J (up)| converges to zero at the expected optimal
rate O(h?P) as the mesh is refined for each fixed p. Moreover, as before, we note that in terms of
accuracy, for a given number of elements, or equivalently, for a fixed number of degrees of freedom,
both the SIPG scheme and the BR2 method perform in a comparable manner, though as already
noted, the SIPG scheme requires less computational effort to attain the computed solution. To
highlight the necessity of the consistent reformulation of the original target functional J(-) through
the additional of the term involving the penalty function dp(-), cf. (480) for the definition of J(-), in
Figure 19(b) we present a comparison of |J(u) — J(ur(uy))| with the (square root of the) number
of elements for p = 1,2,3 employing both the SIPG and BR2 schemes. In this case, we now
observe that there is a significant deterioration of the error for a given mesh size and polynomial
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Figure 20: Laminar flow around a delta wing. Geometry of the delta wing and the Mach number
isolines on several slices of the flow field computed based on a DG(p) discretization with p =1 (2nd
order) on the left wing and with p = 4 (5th order) on the right wing.

order when compared to the corresponding results when the penalty function modification of the
target functional has been included. Indeed, comparing Figures 19(a) and 19(b), we see that the

inclusion of the penalty function modification in the definition of J(-) leads to around 2-3 orders
of magnitude improvement in the computed error in the drag.

Laminar flow around a delta wing As a final example we consider a laminar flow around a
delta wing. At the farfield (inflow) boundary we specify a Mach 0.3 flow at an angle o = 12.5° of
attack with Reynolds number Re = 4000. On the walls of the delta wing we impose an isothermal
wall boundary condition. This is the BTC3 test case of the EU-project ADIGMA [1]. Figure 20
shows the Mach number isolines on several slices of the flow field. The flow is computed on a coarse
mesh of 3264 elements. The corresponding surface mesh is depicted on the wing geometry. The
flow field on the left part of the delta wing is based on a (2nd order) DG discretization with p =1
and the right part is based on a (5th order) DG discretization with p = 4. We see that the 5th
order flow solution provides a good resolution of the primary and secondary vortices. Furthermore,
the vortices are tracked over some distance behind the wing. In contrast to that, the primary and
secondary vortices are almost indistinguishable in the 2nd order flow solution. Here, the vortices
merge and are damped out far too early. Already after a short distance behind the wing the
original vortex system is lost due to numerical viscosity. Figure 21 compares the DG(p) solutions
for p = 1,2,3. Here, the error is given in terms of the drag, lift and moment coefficients, ¢, ¢, and
Cm, Tespectively, and is plotted against the number of degrees of freedoms (DoFs) per equation.
The horizontal line in each error plot in Figure 21 represents the error tolerances,

[Jey (1) = Je, ()] < 1072,
[Jey(w) = Jey ()] < 1072,
ey (@) = T, (w)] <1072,
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Figure 21: Laminar flow around a delta wing. Comparison of the DG(p), p = 1,2, 3, solutions. The
error is given in terms of the drag, lift and moment coefficients, ¢, ¢4 and c,,, respectively.

as defined in ADIGMA project. Here, we see a clear advantage of using higher order DG approxi-
mations over 2nd order approximations. In fact, in terms of DoF's the DG(3) discretization is about
a factor of 10 more efficient than DG(1). This advantage further increases when stronger accuracy
requirements, i.e. smaller error tolerances, are imposed.

Acknowledgments

The author acknowledges the financial support by the President’s Initiative and Networking Fund of
the Helmholtz Association of German Research Centres, and the financial support of the European
Union, under the ADIGMA project, [1]. If not indicated differently, computations have been performed
using the DG flow solver PADGE [29] based on the deal.II library [3, 4].

References

[1] ADIGMA. Adaptive higher-order variational methods for aerodynamic applications in industry. A
specific targeted research project of the sixth European community framework programme. See
http://www.dlr.de/as/desktopdefault.aspx/tabid-2035.

[2] D. Arnold, F. Brezzi, B. Cockburn, and L. Marini. Unified analysis of discontinuous Galerkin methods
for elliptic problems. SIAM J. Numer. Anal., 39(5):1749-1779, 2002.

[3] W. Bangerth, R. Hartmann, and G. Kanschat. deal.Il - A general purpose object oriented finite element
library. ACM Transactions on Mathematical Software, 33(4), Aug. 2007.

[4] W. Bangerth, R. Hartmann, and G. Kanschat. deal.II Differential Equations Analysis Library, Tech-
nical Reference. http://www.dealii.org/, 6.1 edition, May 2008. First edition 1999.

[5] F. Bassi and S. Rebay. A high-order accurate discontinuous finite element method for the numerical
solution of the compressible Navier-Stokes equations. J. Comp. Phys., 131:267-279, 1997.

[6] F. Bassi and S. Rebay. High-order accurate discontinuous finite element solution of the 2d Euler
equations. J. Comp. Phys., 138:251-285, 1997.

[7] F. Bassi and S. Rebay. GMRES discontinuous Galerkin solution of the compressible Navier-Stokes
equations. In B. Cockburn, G. Karniadakis, and C.-W. Shu, editors, Discontinuous Galerkin Methods,
volume 11, pages 197-208. Springer, 1999.

[8] F.Bassiand S. Rebay. Numerical evaluation of two discontinuous Galerkin methods for the compressible
Navier-Stokes equations. Int. J. Numer. Meth. Fluids, 40:197-207, 2002.

[9] C. Baumann and J. Oden. A discontinuous hp finite element method for the Euler and Navier-Stokes
equations. International Journal for Numerical Methods in Fluids, 31:79-95, 1999.

105



[10]

[27]
28]

[29]

C. Baumann and J. Oden. An adaptive-order discontinuous Galerkin method for the solution of the
Euler equations of gas dynamics. International Journal for Numerical Methods in Engineering, 47:61-73,
2000.

F. Brezzi, G. Manzini, D. Marini, P. Pietra, and A. Russo. Discontinuous Galerkin approximations for
elliptic problems. Num. Meth. Part. Diff. Eq., 16(4):365-378, 2000.

F. Brezzi, D. Marini, and E. Siili. Residual-free bubbles for advection-diffusion problems: the general
error analysis. Numerische Mathematik, 85(1):31-47, 2000.

F. Brezzi, L. D. Marini, and E. Siili. Discontinuous Galerkin methods for first-order hyperbolic problems.
Math. Models and Methods in Appl. Sci., 14(12):1893-1903, 2004.

A. Cangiani and E. Siili. Enhanced residual-free bubble method for convection-diffusion problems. Int.
J. Numer. Meth. Fluids, 47(10-11):1307-1313, 2005.

G. Chiocchia. Exact solutions to transonic and supersonic flows. Technical Report AR-211, AGARD,
1985.

V. Dolejsi. On the discontinuous Galerkin method for the numerical solution of the Navier-Stokes
equations. Int. J. Numer. Meth. Fluids, 45:1083—-1106, 2004.

K. J. Fidkowski and D. L. Darmofal. A triangular cut-cell adaptive method for high-order discretizations
of the compressible Navier-Stokes equations. J. Comput. Physics, 225:1653-1672, 2007.

K. J. Fidkowski, T. A. Oliver, J. Lu, and D. L. Darmofal. p-multigrid solution of high-order discontinuous
Galerkin discretizations of the compressible Navier-Stokes equations. J. Comp. Phys., 207(1):92-113,
July 2005.

G. Gassner, F. Lorcher, and C.-D. Munz. A discontinuous Galerkin scheme based on a space-time
expansion II. Viscous flow equations in multi-dimensions. J. Sci. Comput., 34(3):260-286, 2008.

M. Giles and N. Pierce. Adjoint equations in CFD: duality, boundary conditions and solution behaviour.
ATAA, 97-1850, 1997.

J.-L. Guermond. Stabilization of Galerkin approximations of transport equations by subgrid modeling.
M2AN, 33:1293-1316, 1999.

K. Harriman, D. Gavaghan, and E. Siili. The importance of adjoint consistency in the approximation
of linear functionals using the discontinuous Galerkin finite element method. Technical report, Oxford
University Computing Laboratory, 2004.

K. Harriman, P. Houston, B. Senior, and E. Stili. hp—Version discontinuous Galerkin methods with inte-
rior penalty for partial differential equations with nonnegative characteristic form. In Recent Advances
in Scientific Computing and Partial Differential Equations, volume 330 of Contemporary Mathematics,
pages 89-119. AMS, 2003.

R. Hartmann. Adaptive Finite Element Methods for the Compressible Fuler Equations. PhD thesis,
University of Heidelberg, 2002.

R. Hartmann. The role of the Jacobian in the adaptive Discontinuous Galerkin method for the com-
pressible Euler equations. In G. Warnecke, editor, Analysis and Numerics for Conservation Laws, pages
301-316. Springer, 2005.

R. Hartmann. Derivation of an adjoint consistent discontinuous Galerkin discretization of the com-
pressible Euler equations. In G. Lube and G. Rapin, editors, Proceedings of the BAIL 2006 conference,
2006.

R. Hartmann. Adjoint consistency analysis of discontinuous Galerkin discretizations. SIAM J. Numer.
Anal., 45(6):2671-2696, 2007.

R. Hartmann. Error estimation and adjoint based refinement for an adjoint consistent DG discretization
of the compressible Euler equations. Int. J. Computing Science and Mathematics, 1(2—4):207-220, 2007.

R. Hartmann, J. Held, T. Leicht, and F. Prill. PADGE, Parallel Adaptive Discontinuous Galerkin
Environment, Technical reference. DLR, Braunschweig, 2008. In preparation.

106



[30]
[31]

[32]

R. Hartmann and P. Houston. Adaptive discontinuous Galerkin finite element methods for the com-
pressible Euler equations. J. Comput. Phys., 183(2):508-532, 2002.

R. Hartmann and P. Houston. Symmetric interior penalty DG methods for the compressible Navier—
Stokes equations I: Method formulation. Int. J. Num. Anal. Model., 3(1):1-20, 2006.

R. Hartmann and P. Houston. Symmetric interior penalty DG methods for the compressible Navier—
Stokes equations II: Goal-oriented a posteriori error estimation. Int. J. Num. Anal. Model., 3(2):141-
162, 2006.

R. Hartmann and P. Houston. An optimal order interior penalty discontinuous Galerkin discretization
of the compressible Navier—Stokes equations. J. Comput. Phys., 227(22):9670-9685, 2008.

P. Houston, J. Mackenzie, E. Siili, and G. Warnecke. A posteriori error analysis for numerical approxi-
mations of Friedrichs systems. Numerische Mathematik, 82:433-470, 1999.

P. Houston and E. Sili. Ap-adaptive discontinuous Galerkin finite element methods for first—order
hyperbolic problems. SIAM J. Sci. Comp., 23(4):1226-1252, 2002.

J. Lu. An a posteriori Error Control Framework for Adaptive Precision Optimization using Discontin-
uous Galerkin Finite Element Method. PhD thesis, M.I.T., 2005.

T. E. Peterson. A note on the convergence of the discontinuous Galerkin method for a scalar hyperbolic
equation. SIAM J. Numer. Anal., 28(1):133-140, 1991.

S. Prudhomme, F. Pascal, J. Oden, and A. Romkes. Review of a prior: error estimation for discontinuous
Galerkin methods. TICAM Report 00-27, University of Texas, 2000.

H. Schlichting and K. Gersten. Boundary-Layer Theory. Springer, 2003.

C. Schwab. p- and hp-Finite Element methods. Theory and Applications to Solid and Fluid Mechanics.
Oxford University Press, 1998.

J. van der Vegt and H. van der Ven. Space-time discontinuous Galerkin finite element method with
dynamic grid motion for inviscid compressible flows, I. General formulation. J. Comp. Phys., 182:546—
585, 2002.

K. G. van der Zee. An H'(P")-coercive discontinuous Galerkin formulation for the Poisson problem:
1-d analysis. Master’s thesis, TU Delft, 2004.

107



