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The transition of homogeneous turbulence from an initially isotropic three-
dimensional to a quasi-two-dimensional state is simulated numerically for a
conducting, incompressible fluid under a uniform magnetic field B,. The magnetic
Reynolds number is assumed to be small, so that the induced fluctuations of the
magnetic field are small compared with the imposed magnetic field B,, and can
be computed from a quasi-static approximetion. If the imposed magnetic field is
strong enough, all veriations of the flow field in the direction of B, are damped
out. This effect is important e.g. in the design of liquid-metal cooling systems for
fusion reactors, and the properties of the final state are relevant to atmospherie
turbulence. An extended version of the code of Orszag & Patterson (1972)is used
to integrate the Navier-Stolkes equations for an ineompressible fluid. The initial
hydrodynamic Reynolds number is 60. The magnetic interaction number ¥ is
varied between zerc and 50. Periodic boundary conditions areused. The resolution
corresponds to 323 points in real space. The full nonlinear simulations are com-
pared with otherwise identical linear simulations; the linear results agree with
the nonlinear ones within 3 %, for about one-fifth of the large-sealo turnover time.
This departure is o consequence of the return-to-equilibrium tendencies caused
mainly by energy transfer towards high wavenumbers., The anguler energy
transfer and the energy exchange between different components are smaller, and
become virtually zero for large values of V. For IV & 50 we reach a guasi-two-
dimensional state. Here, the energy transfer towards high wavenumbers is
reduced for the velocity components perpendicular to B, but relatively increased
for the component parallel to B,. The overall behaviour is more similar to three-
than to purely two-dimensional turbulence. This finding is of great importance for
turbulence models of the atmosphers. The realization of & purely two-dimensional
state does not seem to be possible for decaying turbulence. The magnetic field
causes highly intensified pressure fluctuations, which contribute to the re-
distribution of the anisotropic Lorentz forcing.

1. Introduction

The impact of & strong uniform magnetic field on initially isotropic and homo-
geneous turbulence is studied by direct spectral simulation. The transition
towards a two-dimensiona) state is investigated with special emphasis on the
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o fluctuations. We consider & Newtonian

nonlinearities and pressurs ! ' N .
?ﬂ::::p:;sible fuid with constant density p, kinematic viscosity v, and magnetic
in f

diffusivity 9. The magnetio Reynolds number is
Rmy, = vLy. (1)

function: see o.g. Batchelor 1959). Tt is assumed that
.Rm_;_; <§ 1. (2)

Thus the fluctuations b around the mean (impqsed) {nagnetic field B, 1a,m smz,ll
(|b| <€ |Bof)s and can be computed from & quesi-static theory, d.edueec ,e.8., by
Roberts (1967, §§2.1, 5.4}, In this case, the Lorentz :'f'orce F induced by the
magnetic field B becomes a linear funetion of the velocity field u. )

The numerical method is as developed by Orgzag & Patterfxon (1972) &1“1d
extended by Schumann & Patterson (1076a). The only ehange 111cor_pora,t§ad in
the present scheme is the inclusion of the Lorentz .force.. The t.}u'ee-dunefnsxopal
Navier—Stoles equations are solved numerically, using & Galerkin approx‘lm&tmn
based on a Fourier-spectral representation of the flow field u(x, t.). (x is space
position,  time.) Periodic boundary conditions are imposed on the sides of a cubie

box of side length Lnox, S0 that w(x,?) has the discrete Fourier representation

u(x,t) =a§kﬁ(k,t)exp[ik.x], P = .f—1 (3)

K =k, M is the wavenumber vector, and M is & unit vector. The smallest
non-zero wavenumber has the magnitude by, = 27/Lnox. Only the modes
(K, t) with |K] < kyp,y are retained for the numerical procedure. In this study,
Fee/mn = (242)F ~ 16-6. This spectral truncation determines the maximum
hydrodynamic Reynolds number

Re; = oLy (4)

that may be used for accurate simulations. The present numerical simulations
are for Rey, &~ 60,
Assumption (2} is valid for most laboratory and technical flows, since the
magnetic Prandt! number
Pm = vy = Bmy[Re, (6)

is generally very small for liquid metals (e.g. ~ 10-7 for mercury, and ~ 10~ for
sodium: Roberts 1967). Without this assumption, the magnetic field would have
to be determined simultaneously with the velocity field by integrating Maxwell’s
equations. This doubles the number of degrees of freedom, and introduces com-
putational difficulties (e.g. reduced time steps owing to instabilities triggered by
Alvén waves: Roberts 1967). Although such an approach is possible and has
been carried out (for Pm ~x 1) by Pouquet & Patterson (1976), it would be
inappropriate for small magnetic Reynolds nnmbers,

As discussed by Lehnert (1955), Moffatt (1967), Moreau (1968), Kit & Tsinober
{1871) and others, a strong megnetic fisld with Rm < 1tends to eliminate velocity
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gradients in the direction of n = Byf{B,|. This tendency eventually results in s
final ‘two-dimensional’ state, where all variables are independent of the n
co-ordinate. This effect is important e.g. in the design of liquid-metal cooling
systems for fusion reactors. It results in reduced turbulent heat transfer and
friction. It is assumed that this effect also permits the laboratory experimental
study of large-soale atmospheric turbulence, which is believed to be best approxi-
mated by a two-dimensional turbulence theory. As yet, such theories (e.g. that
of Leith 1968) can be checked in a conclusive manner only against numerical
experiments such as those of Lilly (1971) and Herring ef al. (1974).

However, the two-dimensional state can be reached only if the Lorentz force
and the resulting damping are strong enough to overcome the inherent instability
of the turbulent flow and the resultant energy transfer due to the inertial (non-
linear) terms. The latter tends to effect a return to the three-dimensional state,
and thus to isotropy. (See e.g. Schumann & Patterson 19765.) The ratio between
the magnetic damping and the inertial terms is usually (Moffatt 1967) character-
ized by the interaction number

N = By Lf(pv). (6)
o is the electrical conduectivity
o = 1/(4to)s (7)

and p, is the magnetic permeability (Roberts 1967). It is expected that a eritical
value N, exists such that for N > N, the Lorentz force is strong enough to push
the flow completely into the two-dimensional state. Also, one would like to know
the value N, that N may not exceed if departures from isotropy are to be
negligible. These two values can be determined only if the nonlinear terms are
known.

In all previous studies the nonlinear terms have been neglected, excopting
only qualitative considerations (Moffatt 1967; Moreau 1968). Furthermore, only &
few experimental investigations are known (ag e.g. that of Volkov 1973), and
they suffer from inhomogeneities of the applied magnetic field and from the
limited number of measurable quantities. It appears that the quantitative
offects of the nonlinear terms are virtually unknown. Even their qualitative
importance has not yet been conclusively demonstrated.

The present contribution desoribes the results of several ‘numerical experi-
ments’. Kach one is & flow simulation starting from the same initial velocity
field, which is Gaussian random, at time { = 0. During 0 < ¢ < {;, we assume a
zero magnetic field, so that triple correlations, and thus the dynamics of the
turbulence (Batchelor 1959), may evolve. At time ¢ = #;, we ‘switch on’ the
magnetic field B,. (For a discussion of whether this is possible in physics, see
Moffatt 1967.) This field is kepb constant during i, < ¢ < f,, and during this time
we study the turbulence as influenced by the Lorentz force. Finally, during
t, < t < ¢, the magnetic field is again zero, and we investigate the eventual return
to isotropy. The individual experiments differ in the size of B, duringt; € ¢ < 1.
In terms of N at ¢ = £, we congider N = 0, 1, 5 and 50, and & few results for
N = 2. We then repeat each run as before, except that all nonlinear terms in the
Navier-Stokes equations are set to zero for ¢ > ¢;, These ‘linear’ results are
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od with the full ‘nonlinear’ cases, to check the validity of lincarizeq
compar

theories.
In addition to the
Sines the divergence of the Lor

velocity statistics we consider the pressure fluctuations,
antz force is not generally zero, a pressure field

,(X,£) is induced as well as the pressure field p, (X, ﬁ)g"‘"l_lliehris f: ";’I“i*f“‘ll;lﬂ‘-llie of
the convective terms and the equation of contnnyty. For large N, he py fluctue.
tions can be much larger than those of p, and might canse merlmlmmq proh'lems
for the surrounding container. Like the Lorentz ijorce, t.'he py lield is a linear
function of the velocity field. It is therefore relatively simplo t‘f evaluate Fhe
pressure—strain correlation for this pressure. The presmll'e_-strn‘.ln correlation
must be known if phenomenological turbulence models gs.e.e ¢4, lxeynohl?: 1973)
are to be applied to this problem. With regard to the p, 1’1(31I(l, this correlation has
been studied numerically by Schumann & Patterson (19760) and Scht‘unann
& Herring (1976). We shall ses, however, that the results of those studies fire
not applicable to the present problem, without change. A complete understanding
of all physical aspects of the present problem for homogencous turbulence
is necessary before e.g. a channel flow can be attacked or turbulence mml’c:!s can
be designed. It is possiblo that the latter would be unsuitable for modelling the
total flow, but entirely acceptable as subgrid scale models (Schumann 1975)
within direct numerical simulations of the energy-containing scales of the flow,
The present approach suffers from certain essential limitations, however,
The main examples are statistical uncertainties {Schumann & Herring 1978),
departure from isotropy in the initial state (Schumann & Patterson 1976a), and
limited resolution in wavenumber space. The first two are of minor importance
(since most results are of a comparative nature and all runs are started from
identical initial conditions); and they wonld completely disappear if we were to
take averages over several statistically equivalent runs. This possibility is
virtually eliminated becanse of the long computing time needed for a single run
(about 18 min on & Control Dats 7600). The limited resolution is important. As
stated above, the Reynolds number is limited by the high-wavenumber cut-off
(unless we nse subgridseale models). An inertial subrange (Batchelor 19569) does
not exist for the value Rey, ~ 60. The low-wavenumber cut-off (a consequence of
the limited box size Lnox) also becomes important, especially if the state of the
turbulence is ‘nearly’ two-dimensional, since we are unable to resolve tho very
long waves in the n direction (which are the least-damped). Also, the coarse and
rectengular distribution of discrete wavenumber vectors limits the angular
resolution, which becomes important for large departures from isotropy

(Sehumann & Herring 1976). With respect to resolution, the results are most
aceurate for small values of N,

2. The basic equations

The Navier-Stokes equations for the velocity field u(x,¢), including the
Lorentz force F (per unit masg), are

a
5;u=q-—Vgp+F+vV2u, V.u=0 (Sa,,b}
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(Batchelor 1959). Here,
P(¥,8) = py (X, 1) +P5(x, 1)

is the total kinematic static pressure, and

q=—(u.Viu (8e)
is the inertial forces vector. The Lorentz force is
F = {ofp)(j x B) (9)
(Roberts 1967). Tfrom Ohm’s law, the electric current j is
i=cE+uxB) (10}

(Roberts 1967). E is the electrical field. For Em < 1, the magnetic diffusion is
large compared with the convective and local changes of the magnetic fleld, and
its fluctuations b{x,?) around the imposed value B, are, therefore, small. In this
cage, Maxwell's non-relativistic equations reduce (Roberts 1967, §2.2) in a
first approximation to

B(x,t) = B+ b(x,!) = By, (11)
0=VxuxBy)+9Vb, V.b=0, (12)
i=u"2Vxb, E=-VO, (13), (14)

® is a single-valued electrostatic potential, which satisfies
VD = V. (ux Bg) (16)

(as & consequence of (10)-(14)). We easily verify that (10)-(15), together with
proper boundary conditions, determine ¥ implicitly, and note that F is linear
inu.

With periodie boundary conditions and the Fourier transformation (3), we
have in ourier space

%ﬁ(k»‘) =€1-—ikﬁ+f‘—v]c2ﬁ, (16)

k.a(k,t) = 0. (17)

(All transformed quantities are denoted by a circumflex.) The nonlinear term
4(k, t) is computed as in Schumann & Patterson (1976a). (A small change in the

notation is introduced for convenience.) The transformed Lorentz force in wave-
number space can be given explicitly:

ﬁ=—%%[kx(kx(ﬁxBu))]xBo. (18)

In the following we assume
n= Bﬂlanl = (0,0,1),

so that, using (17), the components of F are

A 2
F = -%%{k%al— Ty oy g, B30 — Feaig 1, O}, (19)
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y twice taking the cross-product of k with

The pressure P is eliminated b
da(k, i)jdt. Using (17), after some algebra, we get

J B,. k)?
d -2 q(k,t ~[v+5(—-°-——-] 20k, f). (20)
5 0(K.1) ﬂ—-,;[kX(kxq( ) P
the magnetic field B, increases the effective
1967; Moreau 1968; Kit & Tsinober 1971).

This inorease is dependent on X, however, and tl}us anisotropic. The OI.lllﬂ,nced
effective viscosity causes increased damping. This means that enelrggf u? taken
out of the velocity field and put into the magnetic ﬁelr-i b, where it is in turn
dissipated in Joule heat. (Comparison of (18) or (19) with (20) shows that the
physics would be different for & compressible fluid. The Lorentz force F does not
influence the n component of the velocity directly. Rather, it does so I?y means
of the pressure field p,.) Taking the dot product of k and dit/dt (equation (16)),

using (17), (18) we get

This shows the known result that
vigeosity (Lehnert 1955; Moffatt

ok.B,)(0.B
puty = i L) 1)
pall,t) = iS5k (22)

Turbulence is deseribed most simply in terms of statistical mean values. The
second-order ensemble mean moments of 0 are

B (k,t) = (0, (k, )8 (- K, ).

They represent the Fourier transform of (u, (X, t)u;(X +r,)) with respect to the
separetion r (Batchelor 1959). From (16) we find

d
;ﬂﬁw e I (23)

All correlations on the right-hand side are of the form
@k, 08 (— K, 6) +2; (K, )i, (—~ K, 8))
with 2= o, — ik ik r, — By, Vi)

for {Lips (ﬁij: Gis Bupbughs

which we call inertial energy transfer, nonlinear pressure energy transfer, linear
pressure energy transfer, foreing, snd viscous dissipation, respectively. The total

ncmli.near energy transfer is "f‘ﬂ = f‘,w —Hﬁﬁ, and the total effect of the magnetic
field in an incompressible fluid is the ‘magnetic’ or Joule dissipation

gy (k,t) = i+ Fy, = 2%%&&1 (k,t), (24)

Whlch.i;iz non-negative for 4 = j. Later we shall report results for some of these
quantities summed over spherical shells (k— 4k, < |k| < k+4k,,). These
terms are distinguished by the parameters (k, ) or (, £). Also, the vahf:sni =J=1n
are _used for components in the n direction and § = j = p for any perpendicular
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component. If we sum the terms appearing in (23) over all wavenumbers k, we
obtain the real space ‘energy’ tensor

By (1) = {uy(x, £y (X, £)

and similarly the viscous and magnetic dissipation tensors ¢;; and 4;; and others.
Using the summation convention for repeated subscripts ¢, j and &, but not for
p or n, further definitions are

=3By e=iey o=

v = (2B/31, L =7/(20®)Z 8 (k,b)/E,

A = [15wfelt, Re, = vAfy,

8 = (15[ T el (k, 1),

' = — @ LJ(BYAE), AE = }(2Es— B - Byy).
These quantities we call the total energy, and the total viseous and magnetic
dissipation; r.m.s. velocity and integral length scale; Taylor microscale and
Taylor-scale Reynoclds numbers; skewness; and Rotta’s (1851) return-to-

isotropy rate ¢, and energy difference. The summations Z are over all wave-
numbers k retained in the model.

(26)

3. Kinematics of the magnetic dissipation

In this section we present results that are consequences of the assumed initial
isotropy and incompressibility, We disouss the evolution of the energy spectrum
and the linear pressure fluctuations, neglecting nonlinear terms. With respect
to the former, the essence of this linearized theory is not new (Lehnert 1955;
Moffatt 196'7; Moreau 1968; Kit & Tsinober 1071), but it is of great importance
in interpreting the results. In particular, we stress that the magnetic dissipation
causes not only an angular anisotropy, but also differences in the spherically
integrated energies Eﬂ (k, ). (Here, we assume a continuous energy distribution
in wavenumber space.) For isotropic turbulence we have

B .
Byy(k,b) = Uk 1) (ai,-%%), Uk, ) = ) (26)

(Batchelor 1959). Let k = {ky, ks, &} be expressed in spherical co-ordinates
k = {gin fsin ¢, sin & cos ¢, cos F}k. (27a)

¢ is the azimuthal angle around n; and @ represents the angle between n and k,
so that

cosf = k.n/f|k|. (27b)

Then, we have
B, (k,t) = By (k,t) = Ulk,t)sin0, (28a)
Bk, t) = 3B (K, 1) + B (,8)) = Uk, ) (} -+ cos?0). (285)

This angular distribution is depicted in figure 1, which is a polar plot; it can also
be interpreted as the plot of iso-energy lines (contours) if we assume U(k) ~ k2.
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;}n ﬁ bl

i istribution of energy £ and magnetio
Fraure 1. Schematio polar plot of the angular distribu : and m
dissipation £ in a plane containing the exis n of symmetry ft?r the isotropio initisl state
and at later times, The digtributions are mirror-symmstric with respect to n and p (any

axis perpendicular to n}.

The form of the contours (and, thus, any statement about the angle of that
region which contains more than, say, the average magnetic dissipation:
Moreau 1968) changes if we change the assumed function U(k). The vanishing
value of B,, near n is & consequence of the fact that k.0 = k, 2, = 0 for k = n,
but & > 0.

The magnetic dissipation f,, is proportional to B, cos?8, and its angular
distribution (as shown in the lower part of figure 1) is therefore different for
v =j=mnandi=j=p. Neglecting other contributions to a4/, this magnetio
dissipation causes a reduetion of £, so that after some time

Bk, 1) = Uk, 0) (aﬁ-%) exp [ -2 Bt con 0]. (29)

Such an evolution for finite values of # is illustrated in figure 1 by the dotted
curves. We see that energy is dissipated mainly near the axis n and more for
E,, than B,. The turbulence is no longer isotropic rather than axisymmetric
with respect to the axis of symmetry n. For ¢ oo, the energy is totally dissipatec
evorywhere except for ¢ = 90°. In this state, the remaining flow field is inde-
pendent of the n co-ordinate and, therefore, we have a two-dimensional state.
Thiseffect is best illustrated by the mean-square velocity gradients in n direction

%%> - f f j BB, (k) k>0, (30)

e
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These, and similarly the pressure gradients {(dp/éx,,)2), approach zero. We note,
however, this does not imply that the velocity component in the n direction is
zero. On the contrary, woe find, for the spherical integrals,

Emn(k:co)/'@pp (]G,OO) == 2. (31)

The Lorentz force (see (19)), the induced linear pressure fluctuations p,, and the
magnetic dissipation would also go to zero.

This elimination of the magnetic dissipation, however, raises the question of
whether this two-dimensional state can really be reached, since this requires that
the nonlinear terms go to zero faster than the magnetic dissipation. It may be
that we attain only a ‘quasi-two-dimensional’ state (Kit & Tsinober 1971), where
all gradients in the n dircction are sufficiently small only with respect to some
ad hoc measure.

For any, say £, (k, £), of those tensors appearing in (23), we obtain the spherical
integral from

Ry kt) = 12 f :.,o f :o X, (k, ) sin 030, (32)

with k ag given in (27) (Batchelor 18569), This integration rasults for the initial
igotropic state in

By (k) = (8,8,4) s Li(k) o Bip, (33)
i3 ) = (10,10, 0) 5 B(k) o Byp, (3¢)
Buy (k) = (~2, - 2,4){sL (k) o Bip. (35)
Here, the bracketed values correspond to the diagonal components
i=4=(1,2,3),

respectively; the off-diagonal components are zero. Bquation (35) can he ex-
pressed in the generalized form

Py (k) = —Cp ey (k) ~ 0y Ve (), (36)
with GF‘ = 3$nn (k)/'ﬁkk (k) = %’ (37)

Equations (36), (37) are equally valid for the integrals over all wavenumbers,
¢y and ¥y, The form of (36) is the same as that proposed for other types of pres-
gure—strain correlations (as for the pressure fluctuations induced by shear or
buoyancy: see ¢.g. Launder 1876). Equations (36), (37) might therefore be at
least approximately valid for cases where Bm =~ 1 and for small deviations from
irotropy. In fact, if Rm < 1 and the resultant anisotropy is as described by (29),
for the limit (ofp) B> 0o we find a value Cp = . This deviation from the result
(87) is of minor importance, since the magnitude of the ﬁ, (k) goes to zero in the
game limit, The spectrum

Bk, 1) = (P (, 1) (— K, 1) (38)
. 2 7 k1) .
is Pk, = (%Bﬁ) —-——--4(7Tk:)31n26c0320, (39)

se g = 2 (050) A1)
80 that Pﬁ(k,t)—ﬁ(-—b——) e (40)
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! (Schumann & Patterson 1976 @) for moderate

An energy spectrum appropria,te-
hydrodynamic Reynolds numbers 18 2
Bk, 1) = 16(2fmko?(t); & exp [ — 2(kfke,)?]-

B(k, ) tokes its maximum (‘peak’). Trom this

i ber for which : .
b 1:;%11;‘?“*;:82;1? :fter integration over all &, for the integral length scale
Bpe )

(41)

defined in (25), I = (277.)1}/]%; (42)
for the r.m.s. pressure (p;) fluctuations,
= -—-iz—)i—-——-ngﬂL; (43)
7 \isn)  p

for the total magnetic dissipation,
4 = (o]p)Biv*; (44)

for the total viscous dissipation,
16w % (45)
6=—3 I

and thus for gfe, & ratio which has the form of the square of the Hartmann

number 6 Hep=b = 2 ———UB%LE. (40)
e 16w pv

The result (44) is independent of the shape of the energy spectrum B(k). The

values of P,, 4 and Ha approach zero for large values of (o[p)BEt in the linear

approximation.

4. Numerical experiments

4.1. Specification
The general ‘experimental’ procedure was described in § 1, The method intogrates
(20). The initial condition is a reslization of a random Gaussian velocity field with
an energy spectrum as given in (41). The parameter &, is chosen such that

k_’p/kmin = 3, i.e, Lbox/L = 3(273‘)},
and Fmaxk, = 5186,

This value of k, is larger by o factor of 1-26 than that used by Orszag & Patterson
(1972) to enhance the resolution of the energy-containing region and to reduce
statistical uncertainties. (The latter are large if the energy-containing region is
resolved with too few wavenumbers.) It is, however, smaller than the k, value
used by Sohumann & Herring (1976) to reach o higher Reynolds number, The
initial value of vy = ©(0) is set arbitrarily at #, = 1. The time integration is done
in finite time steps At = 002/(vykyy,). The nonlinear terms are treated by the
second-order leapfrog method, together with a first-order Ruler step (see Lilly

1965) every twentieth time step, to suppress numerical oscillations. The linear
terms are accounted for by a factor

Sxp I~ (4+ (o) B cost O)Ar)
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Fraure 2. Intogral-length-scale Reynolds number Rep, (———) and Taylor-scale Reynolds
pumber Re, (——— -} against normalized time for different values of the magnetic inter-

action number N. The magnetic field is zero outside §; < & < 1y
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Pravar 3. Skewness coofficiont S againat time for different values of the
magnetic interaction number N,

0. L

this gives exact results if the nonlinear terms are abgent. The viscosity v is chosen
tobe » = 0-018 vp/leyn, Which implies initial Reynolds numbers Rey, = 697 and
Re, = 43-0. The time behaviour of both is plotted in figure 2. The first 20 time
steps (0 < ¢ < t,) are integrated with zero magpetic field. During this time, the
nonlinear energy transfer evolves as measured by the skewness factor S. (See
figure 3.) It appears from the simulations that '

L{0)/L{t,) = 1002 and v(0)/v(4) = 1-082.
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Tn the following, all results are
L, = L) snd v, = v{ty).

gealed with

ead of the more common Taylor micro-

le A, since the magnetic dissipation 1s controlled by the ?norgy-cnnt.uixzing
Bc&iﬁn ,In these units, the times at which the magnetio field is switched on (¢;)
re : ’ . .
orgoﬁ' (t,), and where the computations are terminated (f), are

The integral length scale L is taken insb

(1, by b) = (0392, 1:176, 1:961) Ln /oy,

the value of 7:B2/pisset to (0, 1,2, 5,00 50) vy kyyyy,
) for the interaction number ¥
All cages are run twice,

During the time interval (¢, iy}
which results in rounded values {0, 1, 2, 6, or 50
a8 defined in (6) and computed with L = L, and v= v A wic
firat with the full nonlinear method, and again with the linear part only (g = 0
in (20)). In most of the following figures, nonlinear results ave presentod by solid

and linear resulte by dashed curves.

4.2. Verification of linear effects and implication of finite resolution

Figures 4-10 illustrate the influence of the magnetic fleld, which is, in o first
approximation, as expected from linear theories. (See. §?.) ‘ - ‘

The magnetic field initially increases the energy dlSSlP&tlf)n. This increase is
apparent from the change in siope at ¢ = t; in the energy ratio E(t)/E(l;) plotted
in figure 4. The magnetic dissipation is plotted in figure 5. {(In figures §, 7, 8 and
18, we give the magnetic dissipation outside (&, £} as 4f the magnetic field wore
present at all times.) Figure 6 shows the viscous dissipation &(%) fe(t,); and figure 7
shows the ratio

Har(t) = po)e?).

We notice the sharp reduction of magnetic dissipation at large values of ¥, which
is a consequence of the large initial energy dissipation in the region near = 0°,
where most of the magnetic dissipation cccurs. The region near = 90° is less
affected and the decrease in E(f) and ¢(t) is thus smaller. For large values of
Nivy/Ly, the turbulence becomes insensitive to the magnetic field, In figure 4
we see that the cusp at time £ = ¢,, which signals the eliminated magnetic digsi-
pation, disappears for large values of N. Consequently, the Hartmann number
decreases, as shown in figure 7. Figure 8 shows the ratio

Ha(k,t) = ik, 02k, 8

against time and wavenumber k. The magnetic dissipation dominates at low
wavenumbers, wheress the viscous dissipation becomes more important at high
wavenumbers. The decrease of Ha?(k,t) against time is, within the linear
approximation, independent of %.

The strong initial magnetic dissipation near 6 = 0° results in the transition to
the two-dimensional state, The transition is evidens in figure 9, which shows the
mean-square velocity gradient of the Uy, component in the n direction. Thig value
isnormalized so that it is unity for isotropic turbulence. The initial departure from
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Fraune 4. Nurmalized energy against time for different values of N,
nonlinear siinulations; ~ ~ -, those of the linesr simulations,

Fraure 5. Magnatic dissipation against time. Curves as in figure 4. The results are plotted
ag if the magnotic fiekd would be constant st all timee, Linear and nonlinear results are

not distinguishable for N 2 8.
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Froure 6. Viscous dissipation sgainst time. Curves as in figure 4.
Froune 7. Ha® = uje against time. Curves as in figure 4. The magnetic fleld is easumed
to be ag in figure 8.
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FigunE 8, Squared Hartmann number against wavenumber % and time 7:
Ha¥k, t) = Ak, ek, 1),

N = 5. The magnetic field is as in figure 5. The value= of Ha® at kL, = (1'4, 14:7) ore
Ha*{i = t;) = (96+4, 0-474} and Ha®(} = {,) = (692, 0-219), respectively.
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Fraurr 9. Normalized mean-square velocity gradient against time,
Curves ag in figure 4.
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Fravrr 10. Ratio E,,[F,, against time. Curves as in figure 4.

unity is & consequence 0 fthe incomplete isotropy of the initial state, The tendency
sowards zero increases with N, Similar results have been found for

2Bty [ ) ¥ (e 2, )ty and for (e, ) [<Opel0,)%),

but the tendency towards zero is strongest for the ratio plotted in figure 9. The
wealzer decrense of {(u,/éx,)®) is & consequence of the relatively small values of
B, (k) near 0 = 0°. (See figure 1.)

As predicted by the linear approximation, the ratio E,.|B,, grows when the
magnetic field is increased. (See figure 10.) For large values of Ntv,/L, this ratio
approaches the theorotical limit 2 as given by (81), at least if we neglect the
nonlinear effects.

Although the numerical procedure integrates the linearized equation (20)
exactly, the rosult is not the exact solution for the physical problem, even if the
equation could be linearized with jmpunity. This is because we use periodic
boundary conditions on tho sides of a eubic box of side length Lyox, where Lmox
has & constant finite value. Accordingly we have only & discrete set of points in
wavenumber space, whereas we would need a continuous spectrum to describe
an infinite domain. In the simulations, the energy per mode represents the energy
per volume A%, in wavenumber space, whereas in the continuum the energy

nin
is per infinitesimal volume dk. As a consequence of the finite resolution, the

energy in the region
{""kmux < k]. < kmax; "kmax < kn < kmax§ _%kmin < ks < ‘i’kmin}
is not affected directly by the magnetic dissipation. Therefore, if we negleot

viscous dissipation and nonlinear energy transport, we never reach zero energy E.
In fact, for large values of ¥ we would finally reach a value that can be estimated

from (41) to be Eleo)/B(0) = $2/m\ ¥ gn/kop. (47)
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4 for N = 50 at that time when the
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This has the value 0-177 in the pre'xsent sim
resultant value B(t)/B() found in figure

in glope appears (t 2 ). .
larﬁa’zc;lmg:;; ifieap of I;fx infinite domain is irrelevant for practical problems.

Even so, one should keep in mind that, for the pFesent problem, Ketﬁet tzero
measurable velocity fluctuations at the same fime as we IG4C e two-
dimensional state exactly. We must therefore be content with the quasi-two-
dll:ﬁ?;r;if;&li;tglglﬁon of the periodic boundary conditions is tlm,t‘ the angle
between the plane k.n = 0 and the adjacent modes at (ky, ko, Korpin) 18 large f(?r
it is 18:4° for & = k,, but 3-7° for k& = kppy This

small values of &3+ 4. In fact, i . ]
means that the magnetic dissipation includes a larger angular region at high

wavenumbers than at low ones, which distorts the results slightly.
Both resolution problems are of minor importance for small values of N. The
present results suggest that the acouracy is sufficient at least for N < 8, and for

the time intervals considered here.

4.3. Nonlinear effects

In three-dimensional turbulence, the nonlinear inertial and pressure forces
produce an energy exchange between the different Fourier modes, until an
jsotropic equilibrium state is reached, where B,,(k,t) assumes the same value
for all k and 4 = §. This is therefore also called the equi-partition state. In it, the
energy spectrum is B(k) ~ k2. In reality, we never reach this spectrum, because
of viscous dissipation at high wavenumbers. However, for model turbulence in &
system with zero viscosity and with s finite truncation wavenumber kyyx, this
spectrum was found by e.g. Orszag & Patterson (1972). The departure from the
equilibrium stabe at high wavenumbers, to smaller energies, gauges inertial
energy transfer from low to high wavenumbers, as measured by T(k) = ﬁf‘ﬁ{k).
This transfer function becomes negative at low and positive at high wave-
numbers, while its integral is zero, since the inertial transfer is energy-conserving,
This shape implies positive values of the skewness 8, defined in (26) and depicted
in figure 3. Special considerations are necessary for two-dimensional turbulence.
{See below.)

The magnetic dissipation f(k) would not change the equilibrium energy
spectrum B(k) ~ k2, sinoe it acts equally at all scalar wavenumbers k. Therefore,
we cannot expect an increase of § if N is increased. The magnetic dissipation
does, however, produce a departure from isotropy, and thus from equilibrium,
both with respect to the angular energy distribution, and with respect to the
energy partition between the components ¢ = j = n and ¢ = j§ = p. The tondency
of the nonlinear energy transfer to restore the angular equilibrium has been
veriﬁeq. by e.g. Schumann & Herring (1976), This restoration implies an angular
(0) variation of the inertial energy transfer ﬁ-i(k(ﬁ)), which can be measured by

L ~
8, (t) = Eg% 3, cost 6 (k,0), (48)

with cosf as defined in (27). In the present situation, £',,(k(6)) should be
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Froure 12. Rotta’s return rate ¢ against time for N = 5. ©, numerical results;
— — —, expected funetion; ——, numerical results,

negative near cos?# = 0 and positive near cos?d = 1; and aceordingly we expect
a positive value for 8. Figure 11 shows the values Sy(f) as found numerically.
There is a small tendency to negative values initially, which is probably a con-
sequence of initial anisotropies, since it is found even for N = 0. Otherwise, wo
see the expected increase with N for N = 1, 5. The rasult for N = 50 shows that,
in this case, the magnetic dissipation is strong enough to suppress nearly all
angular energy transfer.
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Froowe 13. Rotta's return rate ¢ against N, The numerical
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Fiovre 14. Energy spectra and energy fluxes in scalar
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energy spectra scales are arbitrary. N = 1,¢ = 1, rumber space. (Seo text,) The

F1GUgE 15. Angular energy distribution and fluxes, (See text.) N = 1, ¢ = {,.



Transition from three- to two-dimensional turbulence 49

The energy exchange between different velocity components and thus between
the dingonal components of the energy tensor £, is effected by the nonlinear
pressure P; as measured by the pressure-strain correlation @, This has been
studied numerically by Schumann & Patterson (1976b). The return to isotropy
caused by ®;; can be measured by Rotta’s coefficient (7, defined in (25). A typical
result for C'(¢) is shown in figure 12. The numerical results for this coefficient
show large statistical errors because of the difference AE (see (25)), which is small
compared with statistical fluctuations in E,, if the anisotropy is weak (Schumann
& Herring 1976). Therefore, we cannot trust the numerical results for
(t—1,) € Lyfoy and (t— £, ) 2 Ly vy, We see that the magnetic dissipation causes a
reduced return-to-isotropy rate. From Schumann & Patterson (1976b) and
SQechumann & Herring (1978), we expeet C' = 1 for N = 0. (C"(t,) = 0, because
the development of @, (1) takes a finite time; see Schumann & Patterson (19763).
For large values of NV, ' is virtually zero. (See figure 13.)

To exgmplify the relative importance of these three types of energy transfer
(f‘ﬁ. (k), Uy, (k(D)), Dyy), we give their values for a specific example (N = 1, ¢ = 1)
a8 o percentage of (u;;+¢6;) in figures 14 and 15. Figure 14 shows the energy
apectra of Ezm and £,,,. Ench spectrum is divided in two regions (4, B and C, D)
at kL, = 8-79, which is slightly larger than the wavenumber of the energy peal,
but is otherwise arbitrarily chosen. By proper summation of fﬂ (k,1) over the
single regions, we compute the energy flux due to the inertial terms (4 » B and
¢ — D), and similarly the flux produced by p,(C—+4, D -+B), and by viscous
(€} as well as magnetic (— z) dissipation. The actual energy content within the
regions is given as a percentage of Z;; by the circled numbers. From figure 14 we
see that the inertial energy transfer is about one order of magnitude larger than
the pressure energy transfer for this situation. Similarly, figure 15 shows the
angular energy transfer. The angular regions are separated at § = 60°,so that the
number of modes is equal in both parts. Here, we find that the relative magnitudes
of inertial and pressure energy transfer are of comparable size. Both figures 14
and 15 show, however, that the nonlinear energy transfer at this Reynolds
number Re, is one to two orders of magnitude smaller than the dissipation for
N = 1. Thisis even more true for greater values of N. We expect, therefore, that
the importance of the nonlinear terms is amall, for the general flow behaviour,
if N» 1.

4.4. Comparison of linear with nonlinear resulis
Comparing the results obtained for the nonlinear with those obtained for the
linear simulations, presented in figures 4-7, 9 and 10, we see several changes
caused by the nonlinear terms that are explainable in terms of the energy trans-
fers discussed above. For example, in figure 6, we find a strongly intensified
viscous dissipation, which results from the energy transfer from the energy-
containing (low) to the dissipating (high) wavenumbers. One would expect a like
increase of magnetic dissipation, owing to the angular onergy transfer and to that
from the n components tothe p components; but the opposite effect can be seen
in figure 5. This discrepaney is explained by the fact that the transfer to high
wavenumbers is greater than other types of transfer. (See figures 14 and 15.)
The nonlinear terms thus result in strong viscons dissipation, which prevents an
4 PLM 74
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60

i (%, ¢,) against wavenumber % and
16. Ratio of Hartmann numbers Ha3(k, t)[Ha*( ‘ r
Eﬁm the nonlinear and linear simulation, (See remark on magnetic field in figure b.)

N = b. (6) Nonlinear. (b) Linear.

inorease of magnetic dissipation. We could expect enhanced magnetio dissipation
if the energy spectrum were closer to the equilibrium state and if the _I%.ezyno}ds
number Re;, were much larger than it is in these cages. The total d'.ISSIPELt-lOII
¢ + 1 is always lazger for nonlinear simulations than for linear ones, 85 111ust1:'znted
by the steeper energy decay for nonlinear cases in comparison to the linear
results shown in figure 4. The linear simulations exhibit fairly ponstant values of
Re, (t) and Rez(f) for ¥ =0 and £ > # (not plotted); these results are quite
different from those obtained for the nonlinear simulations presented in figure 2.

The influence of nonlinear terms is relatively strong with respect to the
meagures for the two-dimensionality shown in figures 9 and 10. Both figures
reflect the xeturn-to-isotropy tendencies produced by the angular inertial energy
transfer (figure 9) and by its combination with the pressure energy transfer
(figure 10). Additional information is given in figure 16, where the ratio
Ha?(k, 1)/ Ha?(k, t,) is shown in perspective graphs. This ratio is independent of %
in the linear approximation and is even insengitive to the inertial energy transfer
from low to high wavenumbers k, because such a transfer would change ¢ and p
by the same factor. The nonlinear results do reflect, however, the angular energy
transfer. It follows from figure 16 that the latter is greater at high than at
low values of %,

Finally, we measure the importance of the nonlinear energy transfer effocts by
that time ¢* for which the difference between the results of the linear simulations
and the corresponding results of the nonlinear simulation deviate by 39, of the
latter. The value 3%, is taken arbitrarily, but seems a reasonable value for
acceptable errors. This critical time for different results is plotted in figure 17.
We see that the shortest critical time appears for the viscous dissipation, which
is strongly controlled by the nonlinear terms, independently of N. A longer
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Fiovre 17. Normalized timo #* against mapnetic interaction nwmber N for different
results; for ¢, < ¢ < 1*, the difforences between the linear and nonlinear results are loss
than 3 %. Curves ore for results with respect te energy I, viscous and magnetic dissipation
¢ and & and ratios of energies s and mean-square gradients Gy = {(Bu;f8c,)®) (without
sumrmation) for different velocity components.

congruence time t* is found, especially, for the kinetic energy; the errors with
respect to the magnetic dissipation never reached the 3 % level for ¥ = 50.

4.5. Results for the pressure fluctuations

Forr.m.s. values of nonlinear pressure fluctuations, the ratio {p3)¥/v* was found to
be in the range 0-8—1-0 and fairly independent of time and of N. So this value stays
very close to the results found by Schumann & Patterson (1076a) for purely
isotropic turbulence. The ratio (p}H¥/(c-BjvL/p) isinitially about 0-2, as predicted
by (43); it approaches zero with increasing values of N. At ¢ = #, the resultant
values are (0-1691, 0-09396, 0-00418) for the nonlinear cases and (0-1697, 009893,
0-00858) for the linear simulations with N = (1, 5, 50). At ¢ = ¢,, the relative
contribution (p2)¥/ (23 +pI¥ of the linear pressure fluctuations to the totel
pressure fluctuations is (0-17, 0-66, 0-99) for N = (1, 5, 50). These numbers even
grow slightly with time during (f,,t,); thus, for N = 50, more than 89 % of the
pressure fluctuations are caused by the Lorentz force. These fluctuations are
concentrated at rather small wavenumbers. (See (39).)

The ratio 8ss/ iz, should vary between 0-6 (refer to (37)) and 0-5, from the linear
theory. The ratio controls the parameter Oy, and thus the linear pressure energy
transfer ¢;,. The results show mean values of the order of 0-6, but they also show
relatively strong fluctuations, that are probably & consequence of deviations
from isotropy in the initial state. The nonlinear pressure energy transfer,
measured in terms of ', has been discussed above, ,

4-2
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Traure 18. Slrewness coefficients S, and S,y gainet time.

4.8, Two-dimensional aspects

Two-dimensional turbulence differs essentially from three-dimensional turbu-
lence (Kit & Tuinober 1971; Leith 1968; Lilly 1871; He1:ring et al. 1974; Pleshanov
& Tsealsis 1973). In two dimensions, enstrophy (whichise/ (2‘1/)) canno_t be created
by nonlinear effects, only destroyed by viscosity, im.plymg Zero 1nteg1'al en-
strophy transfer i’czfﬁ (k,?). Thus the skewness coefficient S(¢), defined in (25),
should go to zero when we approach the two-dimensional state. However, this is
contrary to the results shown in figure 8. We find that the skewness stays nearly
independent of time and of N. Closer inspection of the contributions of the single
components ﬁf (k,£) to § shows that the invariance of § with IV is the result of
two counteracting effects. Figure 18 shows the two slewness coeflicients S,

and S, Spn = Sgzy 8y = %(311-1—822),}

Sy = 5 [15vje 5 By (O, 88, (49)

where the sum is taken over all wavenumbers k. The definitions are such that
8 = 8,,+28,,. We find that S, {t) goes to zero with increasing N. At the same
time, §,,, (f) increases with N, however, so that § remains about constant. The
conclusion is that, for a quasi-two-dimensional turbulent flow, the velocity
components in the plane k.n = 0 behave ag expected from two-dimensional
turbulence theories; but the normal component: does not. In the limit to pure
two-dimensionality, the Navier-Stokes component for w,, reduces to that for a

scelar quantity, since u,, [0, = dpléx,, = 0,

and its transport towards high wavenumbers is non-zero. A consequence of thig
result is demonstrated by figure 19, which shows the ratio £,,,, (k, ) /Em, (%, t).
In the linear approximation with isotropio initial conditions, the latter cannot
become larger than two, as found in (31). The nonlinear results show, however, &
peak value of (1-41, 1-82, 3-71, 11-8) for N = (1,2, 5, 50) at ¢ = £,. On the other
hand, this ratio is decreased by the nonlinear terms at low wavenumbers,
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N = §. (o) Nonlinear. (b) Linear.

Another property of two-dimensional turbulence is that energy is transported
-partly from moderate to low waverumbers, and thusincreases the integral length
scale L. This property is reflected by the results for Rey (¢) shown in figure 2;
the Reynolds number becomes larger for N = 50 than for N = b, after some time.

Finally, we report some results that characterize the final two-dimensional
state at ¢ = t, for N = 50, For this purpose, we compute all statistics for the
p components with k.n = 0 only. For the integral and micro-Reynolds numbers
R, and R, and for the two-dimensionsal skewness S,, we find the values By = 7-3,
R, = 1-34 and S, = 0-24. These quantities have been defined by Herring ef al.
(1974), using the same nomenclature. The gkewness S, is a measure of the
enstrophy transport from low to high wavenumbers and proportional to
% Ic‘f‘ﬁ (k,t). We see that the Reynolds numbers are much smaller than those
reached by Herring et al. (1974), a consoquence of the smaller resolution of thig
plane. Whereas in Herring et ol. (1974) an 128 x 128 grid was used, the present
results correspond to only a 32 x 32 grid. In view of the much smaller resolution
and Reynolds number, the present result S = 0-24 is not too far away from the
result S, =~ 0-4 in Herring ef al. (1974). The general behaviour of S (f) is plotted
in figure 20, which shows that S, is much larger when the modes (k%) ab
k.n = 0 are not all zero.
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Frgune 20, Two-dimensional slsewness coefficient S, as defined by
Herring el al. (1974) against time.

4. Critical interaction and Reynolds numbers

We are looking for an estimate for that critical value N, of IV for which the
magnetic dissipation is strong enough to prevent a return from th‘e two-
dimensional to the thres-dimensional state. For this purpose we determine the
minimum value of o-B3(#)/p that makes dﬁﬁ (k,)/dt zero or negative for all k
with k.n < 0. This value is found from (23), (24) by use of the computed resu.lts
for B,,, f‘ﬁ, (ﬁﬁ and &,,(k, t). Because these values are determined from the velocity
field by averaging over rings around the axis of symmetry n only, the results
exhibit large statistical errors. The values

N, (t) = oB{ (1)L f(pvs)

are presented in figure 21. Figure 22 contains similar results for the minimum
viscosity v,(¢) or for the critioal Reynolds number

Bey(t) = v, Ly fr, (2).

The regults show & steady decrease of N, and Re;* for N = 0,1, 5, and against
time, a8 & consequence of the damped nonlinear terms. Some anomalies are
found for N = 50. Here we get a very large critical value Re;1 if we consider the
component &, (k, t) alone, whereas that for the p components is much smaller.
This again is a consequence of the large energy transfer for the n component.
The differences between the n and p components have been found to be within
the statistical uncertainties with respect to N,. However, the value N, is
significantly larger in this case than for N = 1 and 5, especially near ¢ = #,. So
the instability of the resultant quasi-two-dimensionsl state increases when we
approach pure two-dimensionality. Typical results are N, = 60, Re, ~ 30.
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5. Concluding discussion

The transition from three- o two-dimensional turbulence under & uniform

X i rically. The direct spectral simulation
magnetic field has l});»e; S;:cl)ﬁlat;?z;l;;z%een fzund to be applicable for this case,
method of Orsza.lg. & LA d in wavenumber space, this scheme seems
Since the transition is best understood i wav ulation i 1
to be more appropriate than e.g. a ﬁmte-dlﬁ:erence simu 51110111. n rea ?P&_CG-
Also, the spectral method gives exact results \'mth res?eCﬁl tg_ ‘ne linear evo 111'1011
for the given boundery conch'tl‘ons. The dlsc?rete regolution 1;1 v;a,{renm;l er
space implied by the finite box size, however, 111*31“0du<_363 Importan lc cpartures
from continuum behaviour. One could, perbaps, design a spectra code with
verying values of the box side lengths in daﬂ’er?nt dll‘eC:blOIlS, and a5 & function of
the turbulence evolution; but this would require drastic changes in the method,
and has accordingly not been elaborated. ) .

The finite resolution would be alao a problem if analytical tur.bulel%ce theories
wore used, Schumann & Herring (1676) shoyved for the dlrect-lnterqct‘%on
approximation of Kraichnan (1964) and Herring (1974) that t.he description
of angular anisotropy is an important problem of the numerical procedure
that describes the angular variation in terms of a few Legendre moments. For the
present case with statistically unidirectional forces (and also in other similar
gituations, such as those in which buoyancy forces occur), the results of
Schumann & Herring (1976) ave even more striking. One could perhaps resolye
that difficulty in this special case, using the linear solution (22), and describing
only departures from it in terms of Legendre moments,

The lnear results are as expected from linearized theories. We stressed the
different kinds of anisotropies and the resultant pressure fluctuations. In par-
ticular, we found highly intensified pressure fluctuations, and deduced a relation-
ghip for the pressure-strain correlation resulting from the Lorentz force
(equation (36)).

The nonlinear simulations show that the linear theories are applicable (within
3% error) for times (£ —£,) < yIyfv, (a8 suggested by Moffatt 1967). The factor
is of the order 0-2 and, thus, smaller than estimated earlier (Moffatt 1967); it is,
however, dependent on the quantity one is interested in, and on the value of the
interaction number & as shown in figure 17, The nonlinear terms produce energy
transfer from low to high wavenumbers, angularly out of the plane k.n = 0 into
the region near the axis n, and between the different velocity components. The
first transfer is usually much larger than the two others, especially when we reach
the quasi-two-dimensional state. In the latter situation, thers is also some energy
transfer towards low wavenumbers, but only with respect to the velocity com-
ponents in the plane k.n = 0. In spite of these nonlinear energy transfers, the
magnetic dissipation can be strong enough to cause at least & quasi-two-dimen-
sional state; & purely two-dimensional state does not seem to be possible for
decaying turbulence. The size of the critical interaction number N, is of the
order of 650. This result stems from a rather crude stability analysis; N, is certainly
dependent on Re;, and possibly on other parameters. From the nonlinear results,
we find that the anigotropies introduced by the magnetic field are not negligible
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gven for N = 1. The value Ny, below which they are sufficiently small can be
estimated to be of the order of 10-2,

Perhaps the most surprising result is the behaviour of the skewness coefficient
S, which is a measure for that energy transfer which inereases the viscous
dissipation rate. This coellicient was expected to go to zero, but for quasi-two-
dimensional turbulence it was found to stay fairly constant. (See figure 3.) In
fact, the nonlinear transport of energy E,m of the velocity component normal to
the plane k.n = 0 becomes much larger than that of the components (E'm,) in
the plane of the final two-dimensionality. (See figure 19.) This result is relevant
to turbulence models for the atmosphere: large-scale atmospheric turbulence is
like the quasi-two-dimensional state we study here. The invariance of the total
skewness suggests that atmospheric turbulence is perhaps better described in
terms of three-dimensional than two-dimensional turbulence models.

The magnetic dissipation is large compared with the viscous dissipation only
in the energy-containing region. Moreover, the nonlinear transport effects that
cause a return to isotropy are large at high wavenumbers. We might, therefore,
use the subgrid scale model approach (Schumann 1875) to extend the present
results to higher Reynolds numbers Eey. In this approach, only the energy-
containing scales are simulated directly, and turbulence models are used to
describe the fine-scale turbulence, which cannot be resolved on our present
computers. In & first approximation, these models do not even have to account
for the anisotropies introduced by the magnetic field, at least for ¥ < 5. This
approach would allow investigation of the changes in friction and heat transfer
in channel flows caused by the uniform magnetic field.

This paper was presented at the Twelfth Biennial Fluid Dynamics Symposium
on Advanced Problems and Methods, 8-13 September 1975, Bialowieza, Poland.
The work was done while the author was on leave with the Advanced Study
Program of the National Center for Atmospheric Research, Boulder, Colorado,
which is sponsored by the National Science Foundation.
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