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QJUJG2TVURFH�=Di@ bjY;~�FHGJM"NdTVL�GRF�QJY;LBURQ�t�K�G�QRFHSiFHG2TVL�URF�QJURNdT�QRF�Q�TVP�{�T*N�K�~mE4TVGJM"QRK�PWKVt6UJ}�F�E�FHG!t�K�GJ~pTVP�N�FOKVt
{�M ��FHGRFHP�U-MBP�{�M"NdTVURK�GRQcTVGRFOE;GRF�QRFHP	URF�{WMBPzµ.}4TVE;URFHG�w(@
³�}�FmTVE;E�FHP�{�M7²®µ.}4TVE;URFHGZ�ªMBP�NHLBY�{;F�QZQRK�~�F*MB~mE;L"FH~�FHP�U2TVUJM"K�P4TVL M"QRQJY�F�QZT�Q2QRK�NHM�TVURF�{o¹�MBUJ}�TVP;M"QRK �
UJGRK�E;M"N�GRF���P�FH~�FHP�Ud@ ³�};M"Q NR}4TVE;URFHG<NdTVP TVL"QRK�I�F1QRF�FHP T�Q<T�QJ}�K�GJU�GRF�t�FHGRFHP�N�F�URK�UJ}�F�N2}4TVP;�iF�Q
MB~mE;L"FH~�FHP	URF�{ MBP�UJ}�F-s�� ¸4Ky¹ QRK�LBSiFHG	��
���
�� � �6TVG2TVLBL"FHL���{�TVE;UJMBSiFjscM"QRN�K�P�UJMBP	Y�K�Y�Q �OTVL"FHGJh(MBP ^_P
�
S�MBGRK�P;~�FHP�U �_NHY;GJGRFHP�UJLBD�{;FHSiFHL"K�E�F�{<TVU UJ}�F�s�� �`��G2TVY;P�QRN2}	¹�FHMB�mTVP�{�MBP�UJ}�F������ �6MBP;MBURF�^_L"FH~�FHP�U
LBMBI;G2TVGJD � ������� �����]?�� UJ}�FO¸4Kd¹�Q2K�LBSiFHG�M"Q�I4T�QRF�{�K�P @

?



� � � {��W�}~�wMx�w � �����q�¡|�xT{ w�z { �
� {�� ����|��¡|�xT{ w��������<�Mx@� � ��wq�y� x@�1z

�6LBY;M"{o¸4Kd¹�Q[NdTVP�I�F {;F�QRNHGJMBI�F�{�I	D�T�QJD(QRURFH~ KVt�E4TVGJUJM�TVL {�M ��FHGRFHP	UJM�TVL N�K�P�Q2FHGJS�TVUJM"K�P®F�X�Y4TVUJM"K�P�Qd�
P4TV~�FHLBDzUJ}�F N�K�P�QRFHGJS=TVUJM"K�P�KVt.~pT�Q2Qd��~�K�~�FHP	UJY;~�TVP�{�FHP�FHGJ�=Di@ 
¯P�UJ}�F NdT�QRF KVt.MBP�S�M"Q2NHM"{o¸4Kd¹�Qd�
UJ}�FON�K�P�QRFHGJS=TVUJM"K�PWKVt�~�K�~�FHP�UJY;~ºM"Q��=MBSiFHP�I�D UJ}�FON�K�~mE;GRF�QRQRMBI;L"FZ^_Y;L"FHG�F�X�Y4TVUJM"K�P�Qd�;¹�}�FHGRFdT�Q�MBP
UJ}�F-~�K�GRFc�iFHP�FHG2TVL�NdT�QRFcKVt�TZS(M"QRN�K�Y�Q ¸4Kd¹¨MBU�M"Q�{;F�Q2NHGJMBI�F�{ I	D�UJ}�FcN�K�~mE;GRF�QRQJMBI;L"F�b�T�S(M"FHGfe�g�URK�hiF�Q
F�X	Y4TVUJM"K�P�Qy@ ³�}�FOF�X	Y4TVUJM"K�P�{;F�Q2NHGJMBI;MBP;��UJ}�FON�K�P�QRFHGJS=TVUJM"K�PWKVt6FHP�FHGJ�=D<MBP�NHLBY�{;F�Q�S(M"QRN�K�Y�Q�URFHGJ~�Q-T�Q
¹.FHLBL
�;¹�}�FHGRFdT�Q-UJ}�FON�K�P	UJMBP�Y;MBU¯DWF�X�Y4TVUJM"K�PW{;F�NHGJMBI;MBP;��UJ}�FZN�K�P�Q2FHGJS�TVUJM"K�PWKVt«~pT�QRQ�M"Q�UJ}�FOQ°TV~�F�tuK�G
MBP	S(M"QRNHM"{WTVP�{1S(M"QRN�K�Y�Q�¸4Ky¹�Qd@
©-t URFHP%UJ}�F ¹�}�K�L"F QRFHU KVt-N�K�P�QRFHGJS=TVUJM"K�PvF�X	Y4TVUJM"K�P�Q*M"Q¤GRF�tuFHGJGRF�{%URKzT�Q*UJ}�F<N�K�~mE;GRF�QRQJMBI;L"F<^_Y;L"FHG
F�X	Y4TVUJM"K�P�QcTVP�{�N�K�~mE;GRF�QRQJMBI;L"F[bcTdS�M"FHGfe�g�URK�hiF�QcF�X	Y4TVUJM"K�P�Qy�;GRF�QJE�F�NHUJMBSiFHLBDi@ ³�};M"Q�P4TV~mMBP;�<N�K�P	SiFHP
�
UJM"K�P�M"Q-T�{;K�E;URF�{1MBPWUJ}�F�tuK�LBL"Ky¹�MBP;��@

¯P NdT�QRF�KVt�UJ}�F�^_Y;L"FHG F�X	Y4TVUJM"K�P�Qy�£UJ}�F�QRD(QJURFH~�KVt�E4TVGJUJM�TVL�{�M ��FHGRFHP�UJM�TVL�F�X�Y4TVUJM"K�P�QZM"Q¤KVt�}	D(E�FHG��
I�K�LBM"NZU¯D(E�F=�;UJ}�FHGRF�t�K�GRFOUJ};M"Q-U¯D(E�FZKVt_QJD�QJURFH~ M"Q�I;GJM"F�¸�D�N2}4TVG2T�NHURFHGJMBxdF�{WMBP�UJ}�FOtuK�LBL"Ky¹�MBP;� QRF�NHUJM"K�P @
��K�LBL"Kd¹�MBP;��UJ}�F�QRFp�iFHP�FHG2TVL.GRFH~pTVGJh�Q¤UJ}�F T�NHUJY4TVL.QRD(QJURFH~�Q¤N�K�P�QJM"{;FHGRF�{ }�FHGRF=��P4TV~�FHLBD�UJ}�F ^_Y;L"FHG
TVP�{�b�T�S(M"FHGfe�g�URK�hiF�Q-F�X�Y4TVUJM"K�P�Qd�4TVGRFO�=MBSiFHP�MBP�g(F�NHUJM"K�P�Qj?�@]?mTVP�{W?�@]\��;GRF�QRE�F�NHUJMBSiFHLBDi@

���
	��
��� X�c�`ba�[¨ZSV����³[����?c�`��Í^ d(V�[�� c����
^ d(V�[����
�cMBSiFHPzT¤��P4TVL UJMB~�F

T > 0
�;UJ}�FctuK�LBL"Ky¹�MBP;� QJD�QJURFH~ KVt_N�K�P�QRFHGJS=TVUJM"K�PWF�X	Y4TVUJM"K�P�Qy�

∂

∂t
u +

d
∑

i=1

∂

∂xi
f c
i (u) = 0

MBP
(0, T ] × Ω,

u(0, ·) = u0(·)
MBP

Ω,

��?�@BA��

M"Q�N�K�P�QJM"{;FHGRF�{��4¹�}�FHGRF
Ω
M"Q�T I�K�Y;P�{;F�{�N�K�P;P�F�NHURF�{W{;K�~pTVMBP�MBP

R
d � d ≥ 1

�
u = (u1, . . . , um)T

�
Fc(u) = (f c

1(u), . . . , f c
d(u))

TVP�{
f c
i : R

m → R
m � i = 1, . . . , d

��TVGRFWN�K�P	UJMBP	Y�K�Y�QRLBD {�M ��FHG��
FHP	UJM�TVI;L"F=@ 
¯P�E4TVGJUJM"NHY;L�TVGd��UJ};M"QO¹.K�GJh�¹�MBLBL I�F N�K�P�N�FHGJP�F�{�¹�MBUJ}�UJ}�FmQRK�LBY;UJM"K�P KVt�UJ}�F��! #"$ &%&'$()"+*-,
QJD�QJURFH~ KVt«N�K�P�Q2FHGJS�TVUJM"K�PWF�X�Y4TVUJM"K�P�Qd�

∇ · Fc(u) = 0
MBP

Ω,
��?�@]? �

QJY;I��JF�NHUjURK�TVE;E;GRK�E;GJM�TVURF I�K�Y;P�{�TVGJDzN�K�P�{�MBUJM"K�P�QO{;F�QRNHGJMBI�F�{zI�FHL"Kd¹Z@���?�@BA���M"Q�NdTVLBL"F�{o}	D(E�FHGJI�K�LBM"N=�
M7t6UJ}�FZ~pTVUJGJM7²

B(u,ν) :=

d
∑

i=1

νiAi(u)
��?�@]\ �

}4T�Q
m
GRFdTVL�FHMB�iFHP	S=TVLBY�F�Q�TVP�{vToN�K�~mE;L"FHURF<Q2FHU KVtjLBMBP�FdTVGJLBD®MBP�{;FHE�FHP�{;FHP	U�FHMB�iFHP	SiF�NHURK�GRQ�tuK�GmTVLBL

SiF�NHURK�GRQ
ν = (ν1, . . . , νd) ∈ R

d @pCcFHGRF=� Ai(u) ∈ R
m×m {;FHP�K�URF�Q¤UJ}�F�§	T�N�K�I;M.~pTVUJGJM7²�KVt�UJ}�F

¸�Y�²
f c
i (u)

�;M
@ F=@

Ai(u) :=
∂

∂u
f c
i (u), i = 1, . . . , d.

��?�@ a �
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¯PoK�GR{;FHGjURK {;F�QRNHGJMBI�F¤TpY;P;M"X	Y�F[E;GRK�I;L"FH~���UJ}�F*QJD�QJURFH~ºKVt N�K�P�QRFHGJS=TVUJM"K�P�F�X	Y4TVUJM"K�P�Q���?�@BA���~[Y�QJU
I�FpQJY;E;E;L"FH~�FHP	URF�{®¹�MBUJ}%TVE;E;GRK�E;GJM�TVURF�I�K�Y;P�{�TVGJD�N�K�P�{�MBUJM"K�P�Q��6t�K�G[F�²;TV~mE;L"F TVUZMBP�¸4Kd¹��VK�Y;U!¸4Ky¹
I�K�Y;P�{�TVGJM"F�Qy�;MBU�M"Q�GRF�X�Y;MBGRF�{1UJ}4TVU

B−(u,n) (u− g) = 0,
K�P

Γ
��?�@]l �

¹�}�FHGRF
n
{;FHP�K�URF�Q*UJ}�F�Y;P;MBU K�Y;U¯¹�TVGR{%P�K�GJ~pTVL.SiF�NHURK�G*URKWUJ}�FpI�K�Y;P�{�TVGJD

Γ = ∂Ω
TVP�{

g
M"Q*T

� �=MBSiFHP���SiF�NHURK�G�tuY;P�NHUJM"K�P @ CcFHGRF=�
B±(u,n)

{;FHP�K�URF�Q-UJ}�FOE�K=QRMBUJMBSiF�� P�FH�	TVUJMBSiFZE4TVGJU-KVt
B(u,n)

�

B±(u,n) = PΛ±P−1,
��?�@]� �

¹�}�FHGRF
P = [r1, . . . , rm]

{;FHP�K�URF�Q UJ}�F
m × m

~pTVUJGJM7²`KVtZFHMB�iFHP	SiF�NHURK�GRQ
ri
KVt
B(u,n)

TVP�{
Λ+ =

{�M�TV�
(max(λi, 0))

TVP�{
Λ− =

{�M�TV�
(min(λi, 0))

UJ}�F
m × m

{�M�TV�iK�P4TVL-~pTVUJGJM7²%KVtjUJ}�F
E�K=QRMBUJMBSiF�� P�FH�	TVUJMBSiF[FHMB�iFHP	S=TVLBY�F�Q

λi
KVt
B(u,n)

¹�MBUJ}
Bri = λiri

�
i = 1, . . . , d

@

��� ����� ��Z�c�`�c����
^ d(V�[����
³�}�F¤^ Y;L"FHGcF�X�Y4TVUJM"K�P�Q�KVt_N�K�~mE;GRF�Q2QJMBI;L"F*�	T�Qj{�D(P4TV~mM"N�Qj{;F�Q2NHGJMBI;MBP;�1TVPzMBP	S(M"QRNHM"{W¸�Y;M"{�¸4Ky¹�GRFHE
�
GRF�QRFHP	UcTVP�MB~mE�K�GJU2TVP�UjF�²�TV~mE;L"FZKVt«UJ}�F�}	D(E�FHGJI�K�LBM"NOE;GRK�I;L"FH~ ��?�@BA���@�
¯P1U ¹.KpQRE4T�N�F°e�{�MB~�FHP�QJM"K�P�Qd�
UJ}�F*SiF�NHURK�G�KVt N�K�P�Q2FHGJS�TVUJMBSiF*S=TVGJM�TVI;L"F�Q

u
TVP�{WUJ}�F N�K�P	SiF�NHUJMBSiF*¸�Y�²;F�Q

f c
i

�
i = 1, 2

� TVGRF¤{;F���P�F�{
I	D

u =









ρ
ρv1
ρv2
ρE









, f c
1(u) =









ρv1
ρv2

1 + p
ρv1v2
ρHv1









TVP�{
f c
2(u) =









ρv2
ρv1v2
ρv2

2 + p
ρHv2









,
��?�@ w��

¹�}�FHGRF
ρ
�
v = (v1, v2)

T � p TVP�{ E {;FHP�K�URFjUJ}�Fc{;FHP�QJMBU Di��SiFHL"K(NHMBU¯D SiF�NHURK�Gd�(E;GRF�QRQJY;GRF�TVP�{ QJE�F�NHM7�4N
URK�U2TVL£FHP�FHGJ�=Di�;GRF�QJE�F�NHUJMBSiFHLBDi@ ��{;{�MBUJM"K�P4TVLBLBDi�

H
M"Q�UJ}�FZURK�U2TVL£FHP	UJ}4TVLBE�D1�=MBSiFHP�I	D

H = E +
p

ρ
= e+ 1

2v
2 +

p

ρ
,

��?�@]| �

¹�}�FHGRF
e
M"Q<UJ}�FoQRE�F�NHM7�4N�QJU2TVUJM"NoMBP	URFHGJP4TVL¤FHP�FHGJ�=Di�cTVP�{¨UJ}�FoE;GRF�QRQJY;GRFoM"Q�{;FHURFHGJ~mMBP�F�{ I�D`UJ}�F

F�X	Y4TVUJM"K�PzKVt«QJU2TVURF[KVt_TVP1M"{;FdTVL �	T�Q
p = (γ − 1)ρe,

��?�@]� �
¹�}�FHGRF

γ = cp/cv
M"QmUJ}�F1G2TVUJM"K KVt�QRE�F�NHM7�4N1}�FdTVU<NdTVE4T�NHMBUJM"F�Q<TVU N�K�P�QJU2TVP	U E;GRF�QRQJY;GRF=�

cp
��TVP�{

N�K�P�QJU2TVP	U�SiK�LBY;~�F=�
cv
�it�K�G.{�GJDpTVMBG�TVU ~�K({;FHG2TVURF-URFH~mE�FHG2TVUJY;GRF�Qd�

γ = 1.4
�(UJ}�F�UJ}�F�K�GRFHUJM"NdTVL�S=TVLBY�F

tuK�GO{�Y4TVURK�~mM"Nm�	T�Q2F�Qct GRK�~ UJ}�F h(MBP�FHUJM"N UJ}�F�K�GJDoKVt��	T�QRF�Qd��M"QZT<�iK(K�{�TVE;E;GRKd²(MB~pTVUJM"K�P URK S=TVLBY�F�Q
K�I;U2TVMBP�F�{�I�D ~�FdT�QJY;GRFH~�FHP�URQd@ ³�}�FO¸�Y�²1§�T�N�K�I;M�TVP�Q

Ai(u)
{;F���P�F�{�MBP ��?�@ a ��TVGRFO�=MBSiFHPWI	D

A1(u) =









0 1 0 0
−v2

1 + 1
2 (γ − 1)v2 (3 − γ)v1 −(γ − 1)v2 γ − 1

−v1v2 v2 v1 0
v1
(

1
2 (γ − 1)v2 −H

)

H − (γ − 1)v2
1 −(γ − 1)v1v2 γv1









,

A2(u) =









0 0 1 0
−v1v2 v2 v1 0

−v2
2 + 1

2 (γ − 1)v2 −(γ − 1)v1 (3 − γ)v2 γ − 1
v2
(

1
2 (γ − 1)v2 −H

)

−(γ − 1)v1v2 H − (γ − 1)v2
2 γv2









.

a
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�6MBP4TVLBLBDi�;UJ}�FZFHMB�iFHP	S=TVLBY�F�QcKVt6UJ}�F�~pTVUJGJM7²
B(u,n) =

∑2
i=1 niAi(u)

TVGRF

λ1 = v · n− c, λ2 = λ3 = v · n, λ4 = v · n + c
��?�@BAd� �

¹�}�FHGRF
c =

√

γp/ρ
{;FHP�K�URF�QjUJ}�F[QJE�F�F�{�KVt QRK�Y;P�{�@�µ�K�P�QJM"{;FHGJMBP;�<UJ}�FZQJMB�=P�QcKVt

λi
�
i = 1, . . . , 4

�
¹.FZ{�M"QRUJMBP;�=Y;M"QJ}1t�K�Y;G-NdT�QRF�Q�KVt«I�K�Y;P�{�TVGJD�N�K�P�{�MBUJM"K�P�Q ��?�@]l �H¶

• QJY;E�FHGRQRK�P;M"NOMBP�¸4Ky¹Z¶ λi < 0
�
i = 1, . . . , 4

�

• QJY;I�QRK�P;M"NZMBP�¸4Kd¹Z¶ λi < 0
�
i = 1, 2, 3

�
λ4 > 0

�

• QJY;I�QRK�P;M"N[K�Y;U!¸4Kd¹Z¶ λ1 < 0
�
λi > 0

�
i = 2, 3, 4

��TVP�{

• QJY;E�FHGRQRK�P;M"NZK�Y;U!¸4Ky¹Z¶ λi > 0
�
i = 1, . . . , 4

@
�ª�;tuUJ}�NdT�QRFmKVt.I�K�Y;P�{�TVGJDzN�K�P�{�MBUJM"K�P�Q¤NdTVPoI�F¤tuK�Y;P�{�TVU�¹�TVLBL"Qd��¹�}�FHGRF ��TVU�L"FdT�QJU �jUJ}�F*P�K�GJ~pTVL
N�K�~mE�K�P�FHP�UjKVt«UJ}�F�¸4Kd¹ S�TVP;M"QJ}�F�Qy¶

v · n = 0
��GRF�QJY;LBUJMBP;��MBP1UJ}�F�t�K�LBL"Kd¹�MBP;�<FHMB�iFHP	S=TVLBY�F�Qd¶

• ¹�TVLBL
¶ λ1 = −c < 0, λ2 = λ3 = 0, λ4 = c > 0
@

^ T�NR}�FHMB�iFHP�S�TVLBY�FmQJ~pTVLBL"FHGcUJ}4TVPoxdFHGRK<N�K�GJGRF�QRE�K�P�{;QcURK�TVPzMBP�¸4Ky¹¦N2}4TVG2T�NHURFHGJM"QJUJM"N=@O³�}�F¤P	Y;~[I�FHG
KVt S�TVGJM�TVI;L"F�QcURKpI�F[E;GRF�QRNHGJMBI�F�{oK�PoUJ}�F[I�K�Y;P�{�TVGJD�{;FHE�FHP�{;Q�K�PzUJ}�F[P�Y;~[I�FHG�KVt MBP�¸4Ky¹ªNR}4TVG2T�N �
URFHGJM"QJUJM"N�Qd@

��������� ^ �NV�c�`����md/[	�Oc ��c����
^
d(V�[����
³�}�FON�K�~mE;GRF�QRQJMBI;L"FZ^ Y;L"FHG-F�X	Y4TVUJM"K�P�QjNdTVP1I�FOF�²�URFHP�{;F�{�URK S(M"QRN�K�Y�Q�¸4Kd¹�Q�I	D�N�K�P�QJM"{;FHGJMBP;�<T�{;{�M �
UJM"K�P4TVL�S�M"QRN�K�Y�Q ¸�Y�²;F�Qd@_³�};M"Q�L"FdT�{;Q.URK¤UJ}�FcN�K�~mE;GRF�QRQJMBI;L"F�bcTdS�M"FHGfe�g�URK�hiF�Q�F�X�Y4TVUJM"K�P�Qd�(¹�};M"NR}�¹�MBLBL
I�F��=MBSiFHP�tuK�G�UJ}�FOU ¹.K e�{�MB~�FHP�QJM"K�P4TVL_QJURFdT�{�D�QJU2TVURFONdT�QRFZI�FHL"Ky¹Z@
��MBhiF�MBP g(F�NHUJM"K�P ?�@]?��

ρ
�
v = (v1, v2)

T � p TVP�{ E {;FHP�K�URF�UJ}�F�{;FHP�QRMBU¯Di�iSiFHL"K(NHMBU¯D SiF�NHURK�Gd�	E;GRF�QRQJY;GRF
TVP�{ QRE�F�NHM7�4N URK�U2TVL�FHP�FHGJ�=Di� GRF�QJE�F�NHUJMBSiFHLBDi@ �;Y;GJUJ}�FHGJ~�K�GRF=�

T
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f c
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
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


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�
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(

E − 1
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µcp

K
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Pr = 0.72
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


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(
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




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


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
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(

E − v2
)) (

1 − γ

Pr

)

v1
(

4

3
− γ

Pr

)

v2
γ

Pr









.

�cMBSiFHP�UJ}4TVU
Ω ⊂ R

2 M"Q¤T�I�K�Y;P�{;F�{�GRFH�=M"K�P �£¹�MBUJ}�I�K�Y;P�{�TVGJD Γ
��UJ}�F�QRD(QJURFH~ KVt�N�K�P�QRFHGJS=TVUJM"K�P

F�X	Y4TVUJM"K�P�Q���?�@BAHa �.~[Y�QJU�I�FcQRY;E;E;L"FH~�FHP	URF�{1I�D�TVE;E;GRK�E;GJM�TVURFOI�K�Y;P�{�TVGJD N�K�P�{�MBUJM"K�P�Qy@ 
¯U�~¤Y�QJU�I�F
{�M"QJUJMBP;�=Y;M"QJ}�F�{9I�FHU¯¹�F�FHP`QJY;E�FHGRQRK�P;M"N<MBP�¸4Kd¹ �uscMBGJM"NR};L"FHU ����QJY;I�QRK�P;M"N<MBP�¸4Ky¹Z�.QJY;I�Q2K�P;M"N1K�Y;U!¸4Kd¹Z�
QJY;E�FHGRQRK�P;M"NWK�Y;U!¸4Ky¹ �ubcFHY;~pTVP;P�� TVP�{`QRK�LBM"{`¹�TVLBLcI�K�Y;P�{�TVGJM"F�Qd�-{;FHP�K�URF�{`I�D

Γ ��� �����
�

Γ ��� ���	��

� �
�

Γ ��� ���	��

�����
�
Γ �

TVP�{
Γ �
�(GRF�QJE�F�NHUJMBSiFHLBDi@_��{;{�MBUJM"K�P4TVL�MBP�tuK�GJ~pTVUJM"K�P�K�P<UJ}�F�QRFcI�K�Y;P�{�TVGJDpN�K�P�{�MBUJM"K�P�Q

NdTVP�I�FctuK�Y;P�{�MBPog(F�NHUJM"K�Po\�@]l�@
��K�GjQ2K�LBM"{�¹�TVLBL6I�K�Y;P�{�TVGJM"F�QcTVP�{�� % ��� '�� �[¸4Ky¹�Qd� % �!'  ����-*���"! «TVP�{ "#"+% "%$
"$ &%��*N�K�P�{�MBUJM"K�P�QcNdTVPzI�F
{�M"QJUJMBP;�=Y;M"QJ}�F�{�@�³£KmUJ};M"QjFHP�{���{;F�N�K�~mE�K=QJMBP;�
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∫

Γ
HΓ(u+

h ,uΓ(u+
h ),n+) · v+ { s+

∫

Γ
δ
(

u+
h − uΓ(u+
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+
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
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�=L"K�I4TVLBLBD�GRF���P�F�{�UJGJM�TVP;�=Y;L�TVUJM"K�P @ �jQRMBP;�mUJ}�F�t�T�NHUd��UJ}4TVU�UJ}�FZFHGJGRK�G�URFHP�{;Q-URKmxdFHGRKmMBP�UJ}�FZNdT�Q2FZKVt
�=L"K�I4TVL GRF���P�FH~�FHP	U¤MBUZNdTVP�I�FmT�QRQRY;~�F�{���UJ}4TVUZUJ}�FmFHGJGRK�G

e(h/2) K�P�UJ}�F GRF���P�F�{�UJGJM�TVP;�=Y;L�TVUJM"K�P �~�FdT�QJY;GRF�{%MBP9TVPvTVE;E;GRK�E;GJM�TVURF�P�K�GJ~��_M"Q*QJ~pTVLBL�N�K�~mE4TVGRF�{%URKWUJ}�F�FHGJGRK�G
e(h) K�P UJ}�F<K�GJMB�=MBP4TVLUJGJM�TVP;�=Y;L�TVUJM"K�P ¶ ‖e(h/2)‖ � ‖e(h)‖ @_³�};M"Q�¹�T�D1UJ}�FOFHGJGRK�G-NdTVP�I�FZTVE;E;GRK�²�MB~pTVURF�{zI	D

uh/2 − uh =
(

u− e(h/2)
)

−
(

u− e(h)
)

= e(h) − e(h/2) ≈ e(h).
��l�@BA��

Ad�
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³�};M"Q6E;GRK�N�F�{�Y;GRF�TVLBL"Kd¹�Q6URKcFHS�TVLBY4TVURF�UJ}�F.�=L"K�I4TVL(FHGJGRK�G T�Q�¹.FHLBL�T�Q6L"K�NdTVL(N�K�P	UJGJMBI;Y;UJM"K�P�Qd@_CcKd¹�FHSiFHGd�
QRK�LBS(MBP;�®UJ}�FzE;GRK�I;L"FH~ K�P¨T��=L"K�I4TVLBLBD`GRF���P�F�{`~�F�QJ} M"QpURK(K®F�²�E�FHP�QJMBSiFWMBP ~�K=QJU�NdT�QRF�Qd@ ³�}�F
T�{�TVE;UJMBSiFoGRF���P�FH~�FHP	U1E;GRK(N�F�QRQpM"Q MBP	UJGRK({�Y�N�F�{ MBP K�GR{;FHG�URK%T�SiK�M"{ Y�QJMBP;�%�=L"K�I4TVLjGRF���P�FH~�FHP�URQd@
³�}�F1F	��K�GJU�KVtOQRK�LBS(MBP;��UJ}�F�E;GRK�I;L"FH~ K�P`To�=L"K�I4TVLBLBD GRF���P�F�{ UJGJM�TVP;�=Y;L�TVUJM"K�P K�P;LBD%URK�FHS�TVLBY4TVURF
UJ}�F�FHL"FH~�FHP	URQ<¹�MBUJ} L�TVGJ�iFzFHGJGRK�GRQpQRF�FH~�Q {�M"QJE;GRK�E�K�GJUJM"K�P4TVURF=@ ³�}�F�QRK�LBY;UJM"K�P K�I;U2TVMBP�F�{`MBP UJ};M"Q
MBP	URFHGJ~�F�{�M�TVURF��=L"K�I4TVL�GRF���P�FH~�FHP	U�M"Q.~�K�GRFjT�N�NHY;G2TVURFcUJ}4TVPpUJ}4TVU�K�PpUJ}�FjP�F�²(U�T�{�TVE;UJMBSiFHLBD�GRF���P�F�{
UJGJM�TVP;�=Y;L�TVUJM"K�P @[³�}�K�Y;�=}�UJ};M"QcE;GRK�N�F�{�Y;GRF NdTVP�QJUJMBLBL6}�FHLBE�Q2T�S(MBP;�1N�FHLBL"QjMBP�UJ}�F*N�K�Y;GRQRF KVt.QRFHSiFHG2TVL
GRF���P�FH~�FHP	U�QJURFHE�Q�MBU�QJ}�K�Y;L"{<P�K�U.I�FcN�K�P�QJM"{;FHGRF�{1TZY�QRF�tuY;L�K�E;UJM"K�P��=@ ©jUJ}�FHG�FHGJGRK�G�MBP�{�M"NdTVURK�GRQ�NdTVP
T�NR};M"FHSiF[GRFdT�QRK�P4TVI;L"FZF�QJUJMB~pTVURF�Q-¹�MBUJ}�~[Y�N2}WL"F�QRQ�F	��K�GJUd@
� � ���
� 	��u[¨V �
d�a ^��?c 	 V � 	]V&�³^ d/[�` �
©jI;U2TVMBP;MBP;�pUJ}�FZQ2K�LBY;UJM"K�P�KVt_T*¸4Ky¹ �4FHL"{1M"Q�MBP1~pTVP�D�TVE;E;LBM"NdTVUJM"K�P�QjK�P;LBD<UJ}�FOP�F�N�F�QRQ2TVGJD�QJURFHE�K�P
UJ}�Fm¹�TdD�URK�FHS=TVLBY4TVURFpN�FHGJU2TVMBP®U2TVGJ�iFHUZt Y;P�NHUJM"K�P4TVL"Q

J(u)
�£¹�};M"N2} {;FHE�FHP�{®K�P�UJ}�FpQRK�LBY;UJM"K�P @ 
 P

T�FHGRK�{�D(P4TV~mM"N�TVE;E;LBM"NdTVUJM"K�P�QOMB~mE�K�GJU2TVP	UOU2TVGJ�iFHU�tuY;P�NHUJM"K�P4TVL"Q[TVGRF¤tuK�GRN�FmTVP�{o~�K�~�FHP	UJY;~�N�K�F	
��
NHM"FHP	URQd@ �-P�T�N�NHY;G2TVURFOQRK�LBY;UJM"K�P�KVt6UJ}�F-¸4Ky¹ M"Q�K�P;LBD P�F�F�{;F�{�MBP1K�GR{;FHG�URKmT�NR};M"FHSiFZ};MB�=}WT�N�NHY;G2T�NHD
MBP�UJ}�F�QRF�X�Y4TVP	UJMBUJM"F�Qd@_�jP�FHGJGRK�G MBP�{�M"NdTVURK�G.UJ}4TVU ~�FdT�QJY;GRF�Q_UJ}�F�FHGJGRK�G.KVt�UJ}�F�QRF�X�Y4TVP	UJMBUJM"F�Q.MBP�QJURFdT�{
KVt�UJ}�F�¸4Ky¹kFHGJGRK�G*MBURQRFHL7t�M"Q[{;F�QJMBG2TVI;L"F=@zg�Y�N2} MBP�{�M"NdTVURK�GRQ NdTVP%{�GJMBSiF T � ' "� '$* % �-(  � "%T�{�TVE;UJMBSiF
GRF���P�FH~�FHP	Ud�;MBP<¹�};M"NR}1UJ}�FjUJGJM�TVP;�=Y;L�TVUJM"K�P1M"Q�K�P;LBD�GRF���P�F�{<MBP�UJ}�K=QRF-GRFH�=M"K�P�Q�UJ}4TVU�}4TdSiFcFHGJGRK�GRQ�MBP
UJ}�F�¸4Kd¹ S�TVGJM�TVI;L"F�Q�¹�};M"N2}zN�K�P�UJGJMBI;Y;URFZL�TVGJ�iFHLBD�URK UJ}�FZFHGJGRK�G-KVt«UJ}�FOQRFHL"F�NHURF�{1U2TVGJ�iFHU�tuY;P�NHUJM"K�P4TVL
@
µ�K�P�QJM"{;FHGd��t�K�G�F�²;TV~mE;L"F=��TVPWTVMBG!tuK�MBL�MBPWT QJY;E�FHGRQRK�P;M"N�¸4Ky¹Z@ � }�FHGRFdT�Q�MBU�M"Q�P�F�N�F�QRQ2TVGJD<URK GRF�QRK�LBSiF
UJ}�F�¹�}�K�L"F�I�Ky¹ QJ}�K(NRhpMBP�tuGRK�P	U�KVt6UJ}�F�L"FdT�{�MBP;��F�{��iF�MBP�K�GR{;FHG�URKmK�I;U2TVMBPWTVPWT�N�NHY;G2TVURFZQRK�LBY;UJM"K�P
KVt�UJ}�F*¸4Ky¹ª�4FHL"{�� MBUO}4T�Q�I�F�FHP�QJ}�Ky¹�P�MBP �BAd\;�_Ad��� UJ}4TVUOMBUOM"QZQJY�
pNHM"FHP�UZURK�GRF�QRK�LBSiFmUJ};M"Q[QJ}�K�N2h
MBP UJ}�F�S(M"NHMBP;MBU¯DvKVtcUJ}�FzTVMBG!tuK�MBL
�.M7t�K�P;LBD%UJ}�F�t�K�GRN�F1N�K�F	
pNHM"FHP�URQ<TVGRF�URK�I�F1FHS=TVLBY4TVURF�{�@`³�K�I�F
~�K�GRFpE;GRF�NHM"Q2F=��GRF���P;MBP;��QRK�~�F GRFH�=M"K�P�Q[¹�MBUJ}9QJ~pTVLBL"FHG*NR}4TVP;�iF�Q MBP®UJ}�F�¸4Kd¹Z�«¹�};M"N2}9TVGRF MBP®UJ}�F
S�M"NHMBP;MBU D�TVP�{oY;E�QJUJGRFdTV~ KVt�UJ}�FmTVMBG!tuK�MBL
��~mMB�=}�UOE;GRKdSiF ~�K�GRFmF	��F�NHUJMBSiF UJ}4TVP�GRF�QRK�LBS�MBP;��UJ}�F I�Kd¹
QJ}�K(NRh1t
TVG-tuGRK�~�UJ}�F¤L"FdT�{�MBP;�1F�{��iF=@�� };MBL"F¤QRY�NR}��iFHP�FHG2TVL_N�K�P�QJM"{;FHG2TVUJM"K�P�QO}�FHLBE�Y;P�{;FHGRQJU2TVP�{�MBP;�
UJ}�FpE;GJMBP�NHMBE;L"F<KVt��iKiTVL�K�GJM"FHP	URF�{vT�{�TVE;UJMBSiF<GRF���P�FH~�FHP	Ud� TVP9T�N�NHY;G2TVURF ~�FHUJ}�K({ URK�M"{;FHP	UJM7tuD�UJ}�F
MB~mE�K�GJU2TVP�N�F KVt�N�FHGJU2TVMBP®¸4Kd¹�GRFH�=M"K�P�QZtuK�G[UJ}�F�FHS�TVLBY4TVUJM"K�P KVt�U2TVGJ�iFHUZt Y;P�NHUJM"K�P4TVL"Q[M"QZP�F�F�{;F�{�URK
FHP4TVI;L"F¤QRY�NR}�TmE;GRK(N�F�{�Y;GRF[URKp¹.K�GJh�MBPz�iFHP�FHG2TVL
@-³�}�F[Q2K�LBY;UJM"K�PoKVt.TVP "#"�� '+% () 
)*
'%$� ��� K�G "�� "! 

)*
'%$� ���¥E;GRKyS�M"{;F�QcUJ};M"Q-MBP�tuK�GJ~pTVUJM"K�P @�scY4TVL �
¹.FHMB�=}�URF�{�GRF�QJM"{�Y4TVL"Q�GRFHE;GRF�QRFHP�UjGRFHLBM�TVI;L"F[MBP�{�M"NdTVURK�GRQ
KVt6UJ}�F[FHGJGRK�G�MBP1URFHGJ~�Q-KVt«U2TVGJ�iFHU�tuY;P�NHUJM"K�P4TVL"Qd@

� '(
�#� =��+J��������������'43])
³�}�F�t�K�LBL"Kd¹�MBP;�pU2TVGJ�iFHU�t Y;P�NHUJM"K�P4TVL"QcTVGRFOY�QRF�tuY;L�tuK�G-T�FHGRK({�D�P4TV~mM"N¤TVE;E;LBM"NdTVUJM"K�P�Qd¶

• �_GRF�QRQRY;GRFOMBP�{�Y�N�F�{W{�G2TV� TVP�{�LBM7tuU-N�K(F	
pNHM"FHP	URQd¶
cdp

TVP�{
clp

J(u) =
1

q∞ l̄

∫

ΓW

pn · ψ { s, ��l�@]? �

��%- �� *	(�(�!>��!"�	$2*0%�� � �0���/��� ���	%'& !"$�;:�� ��	(���� $�%"��9 �	$ *:;	%"� $2*�%"%>= ���� �$�� (?����!'*�$�;	��% *3��!"�	$ 9 * = $ � * � ���4(�* $�%'��� !"��� ��+� $��4*0!'$�� (7���� �$�� ( 9:���� 7!'� ������(7� ��� ����& �&�4*0% �2� , � *�%"����%'*0��!"�	$��#*0� ���&��,#*3�4(���B %- �!"� ��*�$ $ �#�� ��<� *0����!"$ �� ��$ ��9:����!'��*�%1* (%(�����#�!"9 *0��!"�	$ �0� ���4*0$���!"��$@� (���� $�%"��9:��� !>� �� �� � $��4*0!'$�� ( 9:���� !"�5����� (A� ���5����& �&�4*0%���!"9:� �)����(���B
� ��!'9:!"%'*0� �)���4*0���&;�=�!'� (������&��!'$ � ( $@= ����$ *0$2(
	  �����%"�&��� 
���� � ,< ��A�����:;	%"� $�*�% *�$�!"���0����� (�!"�:���� �$���9:��$@� !"$�0�4(��&�<���:(�����!'(�� �#( �	$A*0$�!"��������� (�!"� � � *3���������<�0�1�� ��/����%'����!"�	$ B

?=�
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• ·cM"QRN�K�Y�Q�{�G2TV� TVP�{1LBM7tuU�N�K(F	
pNHM"FHP	URQd¶ cdf
TVP�{

clf

J(u) = − 1

q∞ l̄

∫

ΓW

(τ n) · ψ { s, ��l�@]\ �

• ³£K�U2TVL6{�G2TV� TVP�{1LBM7tuU�N�K�F	
pNHM"FHP�URQd¶ cd = cdp + cdf
TVP�{

cl = clp + clf

J(u) =
1

q∞ l̄

∫

ΓW

(pn− τ n) · ψ { s, ��l�@ a �

¹�}�FHGRF
q∞ = 1

2γp∞M
2
∞ = 1

2γ
|v∞|2

c2∞
p∞ = 1

2ρ∞|v∞|2 M"QZUJ}�F t GRF�F�QRUJGRFdTV~ {�D�P4TV~mM"NpE;GRF�QRQJY;GRF=�
M

{;FHP�K�URF�QjUJ}�F¤�oT�N2}zP�Y;~[I�FHGd�
c
UJ}�F[QRE�F�F�{zKVt QRK�Y;P�{W{;F���P�F�{oI	D

c2 = γp/ρ
TVP�{

l̄
{;FHP�K�URF�Q

T*GRF�tuFHGRFHP�N�F[L"FHP;�=UJ} @ ³�}�FZQJY;I�Q2NHGJMBE;URQ
∞
MBP�{�M"NdTVURFOtuGRF�F�QJUJGRFdTV~ºX�Y4TVP	UJMBUJM"F�Qd@

ψ
M"Q��=MBSiFHP�I�D

ψd = (cos(α), sin(α))>
��l�@]l �

K�G
ψl = (− sin(α), cos(α))>

��l�@]� �
tuK�G�UJ}�F[{�G2TV� TVP�{1LBM7tuU�N�K�F	
pNHM"FHP�Ud��GRF�QJE�F�NHUJMBSiFHLBDi@
� q( 1'����R�4�B��� 0�

�
��3] �/

¯P�K�GR{;FHG-URK�K�I;U2TVMBP�¹.FHMB�=}�URF�{zFHGJGRK�G-MBP�{�M"NdTVURK�GRQd�;UJ}�F[T�{V�JK�MBP	U�E;GRK�I;L"FH~¥}4T�Q�URK I�FOQRK�LBSiF�{�@ ³�};M"Q
E;GRK�N�F�{�Y;GRFZ¹�MBLBL I�F�I;GJM"F�¸�D�MBP�UJGRK�{�Y�N�F�{W}�FHGRF=��tuK�LBL"Ky¹�MBP;�pUJ}�FO{;F�QRNHGJMBE;UJM"K�PoKVt«C�TVGJUJ~pTVP;P �]� �¯@


t�UJ}�F�U2TVGJ�iFHU�t Y;P�NHUJM"K�P4TVL

J(·) M"Q�{�M ��FHGRFHP�UJM�TVI;L"F=�;¹�};M"NR}�¹�MBLBL�I�FOT�QRQJY;~�F�{<MBP1UJ}�FjtuK�LBL"Ky¹�MBP;���;UJ}�F~�FdTVP
�
S�TVLBY�F[LBMBP�FdTVGJMBxyTVUJM"K�P
J̄(·, ·; ·) KVt J(·) M"Q�{;F���P�F�{1I�D

J̄(u,uh;u− uh) = J(u) − J(uh) =

∫ 1

0
J ′[θu + (1 − θuh](u − uh)

{
θ,

��l�@ w��

¹�}�FHGRF
J ′[w](·) {;FHP�K�URF�Q UJ}�F7��G���NR}�FHU.{;FHGJMBS=TVUJMBSiF�KVt J(·) FHS=TVLBY4TVURFH{�TVU w @«©jI�S�M"K�Y�QRLBDi�iUJ}�F�URFHGJ~

J(u) − J(uh)
GRFHE;GRF�QRFHP	URQ�UJ}�F¤FHGJGRK�GjMBPoUJ}�FZU2TVGJ�iFHUjtuY;P�NHUJM"K�P4TVL
��M7t UJ};M"Q-tuY;P	UJM"K�P4TVL«M"Q-FHS=TVLBY4TVURF�{

Y�QJMBP;��UJ}�FZTVE;E;GRKd²(MB~pTVURF*QRK�LBY;UJM"K�P
uh

MBP�QJURFdT�{�KVt«UJ}�FOF�²;T�NHUjQRK�LBY;UJM"K�P
u
@

g�MB~mMBL�TVGJLBDi��UJ}�F ~�FdTVP
�
S=TVLBY�F�LBMBP�FdTVGJMBxyTVUJM"K�P M(·, ·; ·, ·) KVt�T-P�K�P;LBMBP�FdTVG6K�E�FHG2TVURK�G N (·, ·) � M"Q£�=MBSiFHPI	D

M(u,uh;u−uh,v) = N (u,v)−N (uh,v) =

∫ 1

0
N ′

u
[θu+(1−θ)uh](u−uh,v)

{
θ
��l�@]| �

tuK�G-TVLBL
v
MBP

V
�;¹�}�FHGRF N ′

u
[w](·,v)

{;FHP�K�URF�Q�UJ}�F �;G���N2}�FHUj{;FHGJMBS=TVUJMBSiFZKVt
u 7→ N (u,v)

@
�jQRMBP;�mUJ};M"Q�P�K�U2TVUJM"K�P ��UJ}�FZ{�Y4TVL�K�G-T�{V�!K�MBP�U-E;GRK�I;L"FH~ M"Q��=MBSiFHPWI	D�¶«��P�{

z ∈ V
QJY�N2}�UJ}4TVU

M(u,uh;w, z) = J̄(u,uh;w) ∀w ∈ V.
��l�@]� �


¯P1UJ}�FOtuK�LBL"Ky¹�MBP;�pMBU�M"Q-T�Q2QJY;~�F�{��;UJ}4TVU�E;GRK�I;L"FH~ ��l�@]� ��M"Q�¹.FHLBL �
E�K=QRF�{��4M
@ F=@;UJ}4TVU�M"Q�}4T�Q-TmY;P;M"X	Y�F
QRK�LBY;UJM"K�P @ �OFHP�FHG2TVLBLBD<UJ};M"Qj{;FHE�FHP�{;QjK�P1I�K�UJ}WUJ}�FOU2TVGJ�iFHU�tuY;P�NHUJM"K�P4TVL6TVP�{1UJ}�FZ{;F���P;MBUJM"K�PoKVt M @
³�}�FZQJE�F�NHM7�4N�U2TVGJ�iFHU�tuY;P�NHUJM"K�P4TVL"Q��=MBSiFHPzTVI�KdSiFZGRF�QJY;LBU�MBP�¹.FHLBL �
E�K=QRF�{1E;GRK�I;L"FH~�Qy@
� ������� 	@�2*0��!"��$	��
�B
� ��� !"$ �����&��!"��$�
�B ! � ��� �� ��+(��  2$�!>��!"�	$:�0� �� ��<$���$�%"!"$�� *3� � ( �&�4*0���0�

N
� ��� �� ����/* & !"�&��� �@��� " �&���	@��*0��!"�	$���B

?�A
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³�}�FzF�²�T�NHU�QRK�LBY;UJM"K�P
z
M"Q<�iFHP�FHG2TVLBLBD Y;P;h(P�Kd¹�P TVP�{ }4T�QpURK I�FoTVE;E;GRKd²(MB~pTVURF�{¨P�Y;~�FHGJM"NdTVLBLBDi@

CjKy¹.FHSiFHGd��T�Q�^ X	Y4TVUJM"K�P ��l�@]� ��MBP	SiK�LBSiF�Q1UJ}�FzY;P;h(P�Kd¹�P QRK�LBY;UJM"K�P
u
URK®UJ}�FzE;GJMB~pTVL�E;GRK�I;L"FH~��

UJ}�F�F�²;T�NHU�T�{V�JK�MBP	UmE;GRK�I;L"FH~ NdTVP;P�K�UmI�FpUJGRFdTVURF�{9P�Y;~�FHGJM"NdTVLBLBDi@ ³�}�FHGRF�t�K�GRF=� E;GRK�I;L"FH~ ��l�@]� �¤M"Q
LBMBP�FdTVGJMBxdF�{�� UJ}�F LBMBP�FdTVGJMBxyTVUJM"K�P�Q¤MBP	SiK�LBSiF�{�MBP�F�X�Y4TVUJM"K�P�Q ��l�@ w���TVP�{ ��l�@]| ��TVGRF E�FHG!t�K�GJ~�F�{�TVI�K�Y;U
UJ}�F¤TVE;E;GRKd²(MB~pTVURF�{�QRK�LBY;UJM"K�P

uh
@�³�};M"QjL"FdT�{;QjURKpUJ}�F  %�( �
"+*-%��.� " "%"��!'$% (  
)*
'%$� ���W¶���P�{

ẑ ∈ VQJY�NR}WUJ}4TVU
N ′

u
[uh](w, ẑ) = J ′[uh](w) ∀w ∈ V,
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¯PzK�GR{;FHG�URK TVE;E;GRKd²(MB~pTVURF ��l�@BAd� ��P	Y;~�FHGJM"NdTVLBLBDi�

ẑ
TVP�{

w ∈ V
TVGRFOGRFHE;L�T�N�F�{�I�D�{�M"QRNHGRFHURF�tuY;P�N �

UJM"K�P�Q
ẑh
TVP�{

wh ∈ V
p̂
h

��GRF�QJE�F�NHUJMBSiFHLBDi@-³�}�FHGRFHI	DzUJ}�F¤TVE;E;GRKd²(MB~pTVURF�T�{V�JK�MBP	UcE;GRK�I;L"FH~ M"Q-�=MBSiFHP
I	D�¶«��P�{

ẑh ∈ V
p̂
h

QRY�NR}�UJ}4TVU

N ′
u
[uh](wh, ẑh) = J ′[uh](wh) ∀wh ∈ V

p̂
h.
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~mMB�=}	U*I�F�{�M ��FHGRFHP�U[tuGRK�~

p
��UJ}�Fp{;FHGJMBS=TVUJMBSiF N ′

u

KVt�UJ}�F�P�K�P;LBMBP�FdTVG K�E�FHG2TVURK�G¤}4T�Q[URKWI�F
T�QRQRFH~¤I;L"F�{1¹�MBUJ}�GRF�QJE�F�NHU�URK

V
p̂
h

G2TVUJ}�FHG�UJ}4TVP
V

p
h
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' "#�����(T�Q«MBU_M"Q«I4T�QRF�{mK�PmUJ}�F�LBMBP�FdTVGJMBxyT��
UJM"K�P�KVt6UJ}�FO{�M"Q2NHGRFHURFOE;GJMB~pTVL£F�X�Y4TVUJM"K�P�Qd@ ©jI;U2TVMBP;MBP;�pUJ}�FZT�{V�JK�MBP	U-F�X�Y4TVUJM"K�P�Q�KVt«UJ}�FON�K�P	UJMBP�Y�K�Y�Q
E;GJMB~pTVL�E;GRK�I;L"FH~ TVP�{ E�FHG!tuK�GJ~mMBP;��TVP9{�M"QRNHGRFHUJMBxyTVUJM"K�P`T t URFHGJ¹�TVGR{;Q GRFHE;GRF�QRFHP	URQ*UJ}�F � '+() &% ( � '�� �
"#"�� '+%�(  " 
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�jQ2QJY;~mMBP;��UJ}�F�h�P�Ky¹�L"F�{��iF�KVtjUJ}�F�F�²�T�NHU�QRK�LBY;UJM"K�P

z
URKzUJ}�F1{�Y4TVL�E;GRK�I;L"FH~ ��l�@]� ��� Y�QJMBP;��UJ}�F

N�K�P�QJM"QJURFHP�NHD
N (u,v) = 0 ∀v ∈ V,

��l�@BAd? �
T�Q�¹.FHLBL6T�Q�UJ}�F��OTVL"FHGJh(MBPWK�GJUJ}�K��iK�P4TVLBMBU¯D�KVt«UJ}�FZ{�M"QRNHGRFHUJMBxyTVUJM"K�P

N (u,vh) −N (uh,vh) = 0 ∀vh ∈ V
p
h,
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TVP�{�NR}�K(K=QJMBP;�

w = u− uh
��UJ}�FOFHGJGRK�G�MBP�UJ}�F�U2TVGJ�iFHU�tuY;P�NHUJM"K�P4TVL£NdTVP�I�F�¹�GJMBUJURFHPzT�Q

J(u) − J(uh) = J̄(u,uh;u − uh) = M(u,uh;u − uh, z)

= N (u, z) −N (uh, z)

= N (u, z) −N (uh, z) − [N (u, zh) −N (uh, zh)]

= N (u, z − zh) −N (uh, z − zh)

= −N (uh, z − zh)
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@£³�};M"Q�¹�T�D�UJ}�F F�²�T�NHU FHGJGRK�G MBPZUJ}�F_U2TVGJ�iFHU t Y;P�NHUJM"K�P4TVL	NdTVP[I�F_FHS=TVLBY4TVURF�{O¹�MBUJ}�K�Y;U
h�P�Ky¹�L"F�{��iF�KVt.UJ}�FmF�²�T�NHUOQRK�LBY;UJM"K�P

u
KVt�UJ}�F E;GJMB~pTVL_E;GRK�I;L"FH~�@*^ X	Y4TVUJM"K�P ��l�@BAHa �jMBP�SiK�LBSiF�QZUJ}�F

F�²;T�NHU�QRK�LBY;UJM"K�P
z
URK�UJ}�F {�Y4TVL	E;GRK�I;L"FH~�}�Kd¹.FHSiFHGd��¹�};M"N2}[M"Q6TVL"QRK�Y;P;h(P�Kd¹�P[MBP[�iFHP�FHG2TVL
@�³�}�FHGRF�t�K�GRF

z
}4T�Q�URK I�FZTVE;E;GRK�²�MB~pTVURF�{��4GRF�QRY;LBUJMBP;��MBPzTVPWTVE;E;GRK�²�MB~pTVURF*FHGJGRK�G�GRFHE;GRF�QRFHP	U2TVUJM"K�P ¶

J(u) − J(uh) ≈ −N (uh, ẑh − zh),
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¹�}�FHGRF
ẑh
M"Q�UJ}�F¤TVE;E;GRKd²(MB~pTVURF*QRK�LBY;UJM"K�PzURKmUJ}�FZLBMBP�FdTVGJMBxdF�{oT�{V�!K�MBP�U-E;GRK�I;L"FH~ ��l�@BAd� ��T�N�N�K�GR{�MBP;�

URK�^ X	Y4TVUJM"K�P ��l�@BA=A���TVP�{
zh = 0
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¯Uc}4T�Q�URK I�F*P�K�URF�{���UJ}4TVU
TVP	D
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V
p
h

NdTVPWI�FZN2}�K=QRFHPWMBPo^ X	Y4TVUJM"K�P ��l�@BAHa �H��UJ};M"Q-MBP�NHLBY�{;F�QjN2}�K�K=QRMBP;�
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zh = ẑh
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ẑh ∈ V
p
h
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ẑh − zh = 0
��UJ}�FpTVE;E;GRKd²(MB~pTVURF FHGJGRK�GOGRFHE;GRF�QRFHP	U2TVUJM"K�PvT�N�N�K�GR{�MBP;��URK1^ X�Y4TVUJM"K�P ��l�@BAdl �c¹�K�Y;L"{

FHS�TVLBY4TVURFZURKmxdFHGRK;¶

J(u) − J(uh) ≈ N (uh, ẑh − zh) = N (uh, 0) = 0 ∀ẑh ∈ V
p
h.
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¯PoK�GR{;FHG-URK K�I;U2TVMBPzY�QRF�tuY;L GRF�QJY;LBURQy�4UJ}�F[LBMBP�FdTVGJMBxdF�{oT�{V�JK�MBP	UcE;GRK�I;L"FH~¥}4T�Q-URK�I�F[QRK�LBSiF�{zK�PWUJ}�F
Q2TV~�FO~�F�QJ} Th

��I;Y;U-¹�MBUJ}zT };MB�=}�FHG�E�K�LBD�P�K�~mM�TVL6{;FH�=GRF�F
p̂ > p

��Y�QRY4TVLBLBD
p̂ = p+ 1

�=MBSiF�Q��iK(K�{
GRF�QJY;LBURQd@
^ X�Y4TVUJM"K�P ��l�@BAHa �jNdTVP�I�FZGRFH¹�GJMBUJURFHP�URK MBP�NHLBY�{;F¤L"K(NdTVL6MBP�tuK�GJ~pTVUJM"K�P�MBPztuK�GJ~ KVt.T<QJY;~ KVt L"K�NdTVL
FHGJGRK�GRQ-KySiFHGjTVLBL£N�FHLBL"Q

κ
¶

J(u) − J(uh) = −N (uh, z − zh) =
∑

κ∈Th

ηκ,
��l�@BAyw��

¹�}�FHGRF�UJ}�FoL"K�NdTVLZFHGJGRK�GRQ
ηκ

TVGRFoUJ}�F�L"K�NdTVLON�FHLBL �
¹�M"QRF�N�K�P�UJGJMBI;Y;UJM"K�P�Q�URK%UJ}�F�FHGJGRK�G�~�FdT�QJY;GRF�{
MBP®URFHGJ~�Q KVt�UJ}�FpU2TVGJ�iFHU¤tuY;P�NHUJM"K�P4TVL

J(·) @��-P%F�²(E;LBM"NHMBU F�²�E;GRF�QRQJM"K�P KVt�UJ}�Fp¹.FHMB�=}�URF�{9GRF�QJM"{�Y4TVLMBP�{�M"NdTVURK�GRQ
ηκ
M"Q��=MBSiFHPzMBP �BAdl �¯@

�-E;E;LBD(MBP;�mUJ}�FcUJGJM�TVP;�=L"FOMBP�F�X�Y4TVLBMBU¯D<URKm^ X	Y4TVUJM"K�P ��l�@BAyw��.D(M"FHL"{;Q�UJ}�Fct�K�LBL"Kd¹�MBP;��Y;E;E�FHG�I�K�Y;P�{1K�P
UJ}�FOU2TVGJ�iFHU�tuY;P�NHUJM"K�P4TVL£FHGJGRK�Gd¶

|J(u) − J(uh)| ≤
∑

κ∈Th

|ηκ|.
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z
M"Q.GRFHE;L�T�N�F�{pI�D TVP

TVE;E;GRK�²�MB~pTVURF
ẑh
@6³�};M"Q GRF�QJY;LBURQ MBP FHGJGRK�G GRFHE;GRF�QRFHP�U2TVUJM"K�P�Q�TVP�{pI�K�Y;P�{;Q ¹�};M"NR}�TVGRF-TVE;E;GRK�²�MB~pTVURF

K�P;LBDi@WbjY;~�FHGJM"NdTVL�F�²�E�FHGJMB~�FHP	URQ QJ}�Kd¹Z�«}�Ky¹.FHSiFHGd�_UJ}4TVU*UJ}�FHD TVGRF QJUJMBLBL GRFHLBM�TVI;L"F1TVP�{�Y�Q2F�t Y;L.tuK�G
E;G2T�NHUJM"NdTVL�N�K�~mE;Y;U2TVUJM"K�P�Qd��N�t!@ �BAdl��¯@
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³�}�F�FHGJGRK�G<MBP�{�M"NdTVURK�GRQ�E;GRF�QRFHP	URF�{ MBP g(F�NHUJM"K�P l�@]? TVGRFoI4T�QRF�{¨K�P ¹.FHMB�=}�URF�{ GRF�QJM"{�Y4TVL"Q1KVt[UJ}�F
TVE;E;GRK�²�MB~pTVURF�QRK�LBY;UJM"K�P @ ³�}�F�¹�FHMB�=}	UJMBP;�vM"Qp{;K�P�FWY�QJMBP;�®UJ}�F ��TVE;E;GRK�²�MB~pTVURF�� QRK�LBY;UJM"K�P KVt[TVP
T�{V�!K�MBP�UjE;GRK�I;L"FH~ TVP�{�}4T�Q-UJ}�FZE;}	D�QJM"NdTVL�~�FdTVP;MBP;�<KVt NR}�K(K=QJMBP;�<UJ}�K=QRF�¸4Ky¹�GRFH�=M"K�P�Qj¹�MBUJ}WL�TVGJ�iF
N�K�P	UJGJMBI;Y;UJM"K�P�Q[URK UJ}�FmFHGJGRK�GZKVt�T N�FHGJU2TVMBP�U2TVGJ�iFHU�tuY;P�NHUJM"K�P4TVL
@m©jI;U2TVMBP;MBP;��UJ}�F QRK�LBY;UJM"K�P�KVt UJ};M"Q
T�{V�!K�MBP�U E;GRK�I;L"FH~ GRF�X	Y;MBGRF�QmTVP T�{;{�MBUJM"K�P4TVL�N�K�~mE;Y;U2TVUJM"K�P4TVL�F	��K�GJUd� UJ}�FHGRF�tuK�GRF<MBU*~mMB�=}	UmI�F {;F �
QJMBG2TVI;L"F�URK {;FHGJMBSiF�MBP�{�M"NdTVURK�GRQd��¹�};M"N2} {;K�P�K�U {;FHE�FHP�{`K�P`UJ}�FoT�{V�!K�MBP�U QRK�LBY;UJM"K�P @¨�cQRQJY;~mMBP;�
UJ}4TVU

z ∈ [Hs(Ω)]4 , 2 ≤ s ≤ p + 1
TVP�{`UJ}4TVU1T�N�K�P�QJU2TVP�U

Cz
NdTVP`I�F1t�K�Y;P�{���QJY�N2} UJ}4TVU

‖z‖Hs(ω) ≤ Cz
��T�N�N�K�GR{�MBP;��URK C�TVGJUJ~pTVP;P�TVP�{zCcK�Y�QJURK�P �BAdl��_TVPoY;E;E�FHGjI�K�Y;P�{zKVt UJ}�F¤U2TVGJ�iFHU

t Y;P�NHUJM"K�P4TVL�FHGJGRK�G�M"Q��=MBSiFHP�I�D

|J(u) − J(uh)| ≤ C




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³�}�FOL"K(NdTVL�GRF�QJM"{�Y4TVL �
I4T�QRF�{�MBP�{�M"NdTVURK�GRQ
η �
� � TVGRF��=MBSiFHP�I	D

ηres
κ = ‖hs

κR(uh)‖L2(κ) + ‖hs−1/2
κ (Fc(uh) · nκ −H(u+

h ,u
−
h ,nκ))‖L2(∂κ\Γ)

+ ‖hs−1/2
κ (Fc(uh) · nκ −HΓ(u+

h ,uΓ(u+
h ),nκ))‖L2(∂κ∩Γ)

+ ‖hs−3/2
κ G·j [[uh]]

j
‖L2(∂κ\Γ) + ‖hs−1/2

κ [[[[[[Fv(uh,∇uh)]]]]]]‖L2(∂κ\Γ)

+ ‖hs−1/2
κ δ

(

u+
h − u−

h

)

‖L2(∂κ\Γ) + ‖hs−1/2
κ δ

(

u+
h − uΓ(u+

h )
)

‖L2(∂κ∩Γ)

+ ‖hs−1/2
κ

(

Fv(u+
h ,∇u+

h ) −Fv
Γ(u+

h ,∇u+
h )
)

· nκ‖L2(∂κ∩Γ)

+ ‖hs−3/2
κ G·j(u

+
h )
[(

u+
h − uΓ(u+

h )
)

⊗ n
]

j
‖L2(∂κ∩Γ),
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¹�}�FHGRF
R(uh)|κ = −∇ · F c(uh) + ∇ · Fv(uh,∇uh)

�
κ ∈ Th
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 =���� �/p ;�	� �cQJMBP;��TVP<M"Q2K�UJGRK�E;M"N�GRF���P�FH~�FHP	U-QJUJG2TVURFH�=Di��UJ}�F�F�{��iF�Q�KVt6UJ}�FjGRF�t�FHGRFHP�N�F
FHL"FH~�FHP	U�� Y;P;MBU�QRX�Y4TVGRFjtuK�G

d = 2
��Y;P;MBU�NHY;I�FjtuK�G

d = 3
�.TVGRF�QJE;LBMBU�F�²�T�NHUJLBDpMBP�}4TVL7tJ��GRF�QRY;LBUJMBP;�mMBP

2d P�FH¹�FHL"FH~�FHP	URQd@mµ�K�P�QJM"{;FHGJMBP;��UJ}�F Y;P;MBUOQRX�Y4TVGRF MBP�U¯¹�K�{�MB~�FHP�QJM"K�P�Qd�<�6MB�=Y;GRF���@BA ��T �j�=MBSiF�QZT
�=G2TVE;};M"NdTVL_GRFHE;GRF�QRFHP	U2TVUJM"K�P KVt.UJ}4TVU�E;GRK�N�F�Q2Qd@ ��K�GOFHL"FH~�FHP	URQZI�K�Y;P�{;F�{�K�P;LBDzI	DzQRUJG2TVMB�=}	UZF�{��iF�Qd�
UJ}�F�Q2TV~�F�TVE;E;LBM"F�Q_t�K�G_UJ}�F�FHL"FH~�FHP	U.MBPmGRFdTVL�QJE4T�N�F�N�K(K�GR{�MBP4TVURF�Qd��T�Q QR}�Kd¹�PmMBP �6MB�=Y;GRF���@BA � I���@ ��K�G
FHL"FH~�FHP	URQ�K�PmUJ}�F�I�K�Y;P�{�TVGJD*¹�MBUJ}<T�NHY;GJSiF�{mI�K�Y;P�{�TVGJDmF�{��iF=�	UJ}�F�P�FH¹ SiFHGJURF�²�K�PmUJ}�F�I�K�Y;P�{�TVGJD
F�{��iF<~pT�D®P�K�U I�F F�²�T�NHUJLBD®MBP%UJ}�F<~mM"{;{�L"F1KVt-UJ}�F�F�{��iF=@ �;Y;GJUJ}�FHGJ~�K�GRF=�.UJ}�F E�K=QJMBUJM"K�PvKVt-UJ}�F
~mM"{;{�L"F-SiFHGJURF�²mM"Q.P�K�U K�I	S(M"K�Y�Q�TVP�{�}4T�Q.URKOI�Fj{;F���P�F�{��	Y�QRY4TVLBLBDmI	D ~�FdTVP�Q.KVt£TZ¹.FHMB�=}	URF�{<~�FdTVP
S�TVLBY�FWKVtcI�K�UJ} UJ}�F�K�L"{ N�K�GJP�FHGpSiFHGJUJM"N�F�Q TVP�{vUJ}�F1P�FH¹ºSiFHGJUJM"N�F�QpK�P UJ}�F�F�{��iF�Qy@ �-E;E;LBD(MBP;� T
L�TVGJ�iF�FHP�K�Y;�=}�¹�FHMB�=}	U¤K�P�UJ}�F P�FH¹´SiFHGJUJM"N�F�QO}�FHLBE�QOURKWTdSiK�M"{�I4T�{�LBDoQR}4TVE�F�{�X�Y4T�{�GJMBL�TVURFHG2TVL"Q[K�P
UJ}�F1I�K�Y;P�{�TVGJDi@ �6MB�=Y;GRFo��@BA �uN��mQJ}�Ky¹�Q TVP`F�²�TV~mE;L"FWKVtOUJ}�F1GRF���P�FH~�FHP�U<KVt[TVP`FHL"FH~�FHP�U ¹�MBUJ}
NHY;GJSiF�{�F�{��iF�Qd@ 
 Uc}4T�QZURK�I�F P�K�URF�{��£UJ}4TVUO�iFHP�FHG2TVLBLBDoUJ}�FmNHY;GJSiF�{�I�K�Y;P�{�TVGJDoM"QZTVE;E;GRK�²�MB~pTVURF�{
I	D�T<E;M"F�N�FH¹�M"QRFmE�K�LBD�P�K�~mM�TVL KVt��;²;F�{�{;FH�=GRF�F=@ �cQJMBP;�1~�K�GRFmE;M"F�N�F�Q¤T t URFHGOUJ}�F GRF���P�FH~�FHP�Ud�£UJ}�F
I�K�Y;P�{�TVGJD%GRFHE;GRF�QRFHP�U2TVUJM"K�P NdTVP`N2}4TVP;�iF�QJLBMB�=}	UJLBDi@vCcKd¹�FHSiFHGd�.tuK�G UJ}�F1Q2TVhiF1KVtOQJMB~mE;LBM"NHMBU¯D%UJ};M"Q
F	��F�NHU-M"Q�P�K�U�QJ}�Kd¹�PzMBP �6MB�=Y;GRF[��@BA �uN���@
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∣
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UJ} K�GR{;FHG«{;FHGJMBS�TVUJMBSiF�NdTVP

I�F�TVE;E;GRKd²(MB~pTVURF�{pY�QJMBP;��UJ}�F�E;M"F�N�FH¹�M"QRF�E�K�LBD(P�K�~mM�TVL
@ g(FHUJUJMBP;�OY;EpT-��P;MBURF�{�M ��FHGRFHP�N�F-QRNR}�FH~�F�K�P
TVPWFHL"FH~�FHP	UOTVP�{�MBURQ�P�FHMB�=}	I�K�GRQd�4UJ}�F

(p+ 1)
UJ}zK�GR{;FHGj{;FHGJMBS=TVUJMBSiF[NdTVPzI�FZTVE;E;GRKd²(MB~pTVURF�{�@�³�};M"Q

GRF�QJY;LBURQ«MBPmK�P�F�N�K�P�QJU2TVP	U TVE;E;GRKd²(MB~pTVUJM"K�P�tuK�G«UJ}�F�{;FHGJMBS�TVUJMBSiF�URFHP�Q2K�G TVU6UJ}�F�FHL"FH~�FHP�U�
 Q ~mM"{�E�K�MBP	Ud�
¹�};M"NR}zM"Q-T�QRQJY;~�F�{1URK I�F�GRFHE;GRF�QRFHP�U2TVUJMBSiFZt�K�G�UJ}�FO¹�}�K�L"FZFHL"FH~�FHP�Ud@ 
 U�}4T�Q�URKmI�F�hiFHE;U�MBP�~mMBP�{��
}�Kd¹�FHSiFHGd�iUJ}4TVU6UJ}�F�{;F�Q2NHGJMBI�F�{*FHS�TVLBY4TVUJM"K�P ¹�MBLBL�GRF�QJY;LBU6MBP*{�MBGRF�NHUJM"K�P4TVL;MBP�t�K�GJ~pTVUJM"K�P�K�P;LBDi��¹�}�FHGRFdT�Q

\=�
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UJ}�F*~pTV�=P;MBUJY�{;F�KVt UJ}�F FHGJGRK�GO{;K�F�Q�P�K�U�}4T�SiF URK<I�F¤F�QRUJMB~pTVURF�{�@[³�}�FHGRF�t�K�GRF=��Y�QJMBP;��T N�K�P�QRU2TVP	U
TVE;E;GRK�²�MB~pTVUJM"K�PoQ2F�FH~�Q�GRFdT�QRK�P4TVI;L"F=@
³�}�F<¹�T�D%UJ}�F �6MBP;MBURF1sjM ��FHGRFHP�N�F1TVE;E;GRK�²�MB~pTVUJM"K�P�QpNdTVP9I�F<N�K�~mE;Y;URF�{vK�PvFHL"FH~�FHP�U

κ
¹�MBLBL�I�F

{;F�QRNHGJMBI�F�{�t�K�G�UJ}�F¤�=G2T�{�M"FHP	Ud��I;Y;Uj};MB�=}�FHG�K�GR{;FHGj{;FHGJMBS=TVUJMBSiF�Q�NdTVPWI�F[K�I;U2TVMBP�F�{oY�QJMBP;� UJ}�F[Q2TV~�F
E;GJMBP�NHMBE;L"F=@ ³�};M"Q�{;F�Q2NHGJMBE;UJM"K�P1tuK�LBL"Ky¹�Q�UJ}�F�¹�T�D�UJ}�FZ{;FHGJMBS=TVUJMBSiF�QjTVGRFZTVE;E;GRK�²�MB~pTVURF�{�MBP � ������� ���
�]?��¯@ 

t

κ′
M"Q<T�P�FHMB�=}	I�K�GJMBP;�vFHL"FH~�FHP	U1TVP�{

yκ′ = xκ′ − xκ
{;F�QRNHGJMBI�F�QpUJ}�F�{�M"QRU2TVP�N�F�SiF�NHURK�G

I�FHU ¹.F�FHPoUJ}�F[N�FHP�URFHGRQcKVt_UJ}�F[U¯¹.K�FHL"FH~�FHP�URQd�4UJ}�FHP φh(xκ′ )−φh(xκ)
‖yκ′‖

M"QjTVP�TVE;E;GRK�²�MB~pTVUJM"K�P�KVt_UJ}�F
{�MBGRF�NHUJM"K�P4TVL6{;FHGJMBS=TVUJMBSiF ∇φ(xκ) · yκ′

‖yκ′‖
.
�zY;LBUJMBE;LBD�MBP;� I�K�UJ}zURFHGJ~�Q�I�D yκ′

‖yκ′‖

tuGRK�~ UJ}�FZL"F�tuUjTVP�{
QJY;~m~mMBP;�pKySiFHGcTVLBL�P�FHMB�=}	I�K�GRQ

κ′
��UJ}�F[TVE;E;GRK�²�MB~pTVUJM"K�P

∑

κ′

(

yκ′

‖yκ′‖ ⊗ yκ′

‖yκ′‖

)

∇φ(xκ) ≈
∑

κ′

(

yκ′

‖yκ′‖
φh(xκ′) − φh(xκ)

‖yκ′‖

) ����@]l �

M"QjK�I;U2TVMBP�F�{���¹�}�FHGRF ⊗ {;FHP�K�URF�QcUJ}�F¤K�Y;URFHGcE;GRK({�Y�NHU�KVt U¯¹.K<SiF�NHURK�GRQOT�QjMBP	UJGRK({�Y�N�F�{zMBP�g(F�NHUJM"K�P
\�@ a�@�

t�UJ}�F�~pTVUJGJM7²

Y =
∑

κ′

(

yκ′

‖yκ′‖
⊗ yκ′

‖yκ′‖

) M"Q GRFH�=Y;L�TVGd�	¹�};M"N2} M"Q UJ}�F�NdT�QRF�¹�}�FHP UJ}�F�SiF�NHURK�GRQ
yκ′

URK�TVLBL£P�FHMB�=}	I�K�GRQ-QJE4TVP1UJ}�FO¹�}�K�L"F[QJE4T�N�F=�;UJ}�FO�=G2T�{�M"FHP�UjNdTVP1I�FZTVE;E;GRK�²�MB~pTVURF�{WI�D

∇φ(xκ) ≈ Y −1
∑

κ′

(

yκ′

‖yκ′‖
φh(xκ′) − φh(xκ)

‖yκ′‖

)

.
����@]� �

�-E;E;GRKd²(MB~pTVUJM"K�P�Q¤URK�};MB�=}�FHG¤{;FHGJMBS=TVUJMBSiF�Q[NdTVP�I�FmN�K�~mE;Y;URF�{�MBP%T�QJMB~mMBL�TVGZ¹�TdDi@ ��K�G¤F�²;TV~mE;L"F=�
UJ}�FOURFHP�QRK�G-KVt«QRF�N�K�P�{�{;FHGJMBS=TVUJMBSiF�Q�M"Q-TVE;E;GRKd²(MB~pTVURF�{zI	D<UJ}�F�t�K�GJ~[Y;L�T

∇2φ(xκ) ≈ Y −1
∑

κ′

(

yκ′

‖yκ′‖ ⊗ ∇φh(xκ′) −∇φh(xκ)

‖yκ′‖

)

.
����@ w��


¯U�}4T�Q.URK[I�F-P�K�URF�{��(UJ}4TVU�Y;P;LBMBhiFcUJ}�F-UJGJY�FcURFHP�QRK�G�KVt�QRF�N�K�P�{<{;FHGJMBS�TVUJMBSiF�Qy��MBURQ�TVE;E;GRKd²(MB~pTVUJM"K�P1M"Q
P�K�UjP�F�N�F�Q2Q2TVGJMBLBDWQJD(~m~�FHUJGJM"N=@-³�};M"QcM"Qc{�Y�F[URKpUJ}�FZt
T�NHUjUJ}4TVUcMBPWUJ}�F*{;FHGJMBS=TVUJM"K�P ��MBUcM"QjP�K�UcNHL"FdTVG
¹�}�FHUJ}�FHG UJ}�F�URFHGJ~ ∇2φyκ′

K�G
yT

κ′∇2φ
QJ}�K�Y;L"{ I�F�N�K�P�QJM"{;FHGRF�{pT�Q_E;GRKV�JF�NHURF�{�QRF�N�K�P�{m{;FHGJMBS=TVUJMBSiF=@

s�FHE�FHP�{�MBP;�oK�P�UJ};M"Q[N2}�K�M"N�F=�6K�P�F TVE;E;GRK�²�MB~pTVUJM"K�P%KVt�UJ}�FmURFHP�QRK�G¤KVt�Q2F�N�K�P�{�{;FHGJMBS�TVUJMBSiF�Q*K�GZMBURQ
UJG2TVP�QJE�K=QRF[M"QcK�I;U2TVMBP�F�{�@�³£K1T�SiK�M"{oUJ};M"QOTV~[I;MB�=Y;MBU Di��UJ}�F TVE;E;GRK�²�MB~pTVUJM"K�P�NdTVPzI�F[QJD(~m~�FHUJGJMBxdF�{
I	D1NdTVL"NHY;L�TVUJMBP;�pUJ}�F�~�FdTVPWS�TVLBY�FZKVt«UJ}�F[TVE;E;GRKd²(MB~pTVUJM"K�P�TVP�{1MBURQ�UJG2TVP�QJE�K=QRF=@
�-E;E;GRKd²(MB~pTVUJM"K�P�Q¤KVt.};MB�=}�FHGZ{;FHGJMBS=TVUJMBSiF�QZNdTVP�I�F K�I;U2TVMBP�F�{®TVL"K�P;�1UJ}�FmQ°TV~�F¤LBMBP�F�TVP�{o¹�MBLBL_P�K�U
I�FO{;F�Q2NHGJMBI�F�{1}�FHGRF=@
g(K1t
TVGd� P�K�UJ};MBP;�o}4T�QZI�F�FHP®Q2TVM"{®TVI�K�Y;U[UJ}�F K�GJMB�=MBP KVt�UJ}�FpTVE;E;GRKd²(MB~pTVUJM"K�P�Q*URK�UJ}�F

p
UJ} K�GR{;FHG

{;FHGJMBS�TVUJMBSiFcTVU UJ}�F�FHL"FH~�FHP�U�N�FHP�URFHGRQd��¹�};M"NR}<TVGRF-P�F�F�{;F�{�MBPpK�GR{;FHG.URK[TVE;E;GRK�²�MB~pTVURFcUJ}�F
(p+1)

UJ}
K�GR{;FHG-{;FHGJMBS=TVUJMBSiF=@ �cQ�UJ};M"Q-TVE;E;GRK�²�MB~pTVUJM"K�PzM"QjT*Y�QRF�t Y;L�MBP�t�K�GJ~pTVUJM"K�PzK�P;LBD<MBP�NdT�QRFZKVt6E;M"F�N�FH¹�M"QRF
E�K�LBD(P�K�~mM�TVL"QZKVt�{;FH�=GRF�F

p
�uK�G�};MB�=}�FHG ���£UJ}�F�QRF X	Y4TVP�UJMBUJM"F�Q[NdTVP�I�F*FHS=TVLBY4TVURF�{�K�P�FdT�NR}®FHL"FH~�FHP�U

Y�QJMBP;�[K�P;LBD*UJ}�F�L"K(NdTVL;E�K�LBD(P�K�~mM�TVL�TVE;E;GRK�²�MB~pTVUJM"K�P @ ³�};M"Q_M"Q.TON�K�~mE4TVG2TVUJMBSiFHLBD�NR}�FdTVEpFHS=TVLBY4TVUJM"K�P
TVP�{oD�M"FHL"{;Q  ' � "� �F�QJUJMB~pTVURF�QOKVt.UJ}�F

(p + 1)
UJ}�K�GR{;FHGO{;FHGJMBS�TVUJMBSiF URFHP�QRK�Gd��¹�};M"N2}®TVGRF {;F�QJMBGRF�{oMBP

S�M"FH¹�KVt�GRF���P�FH~�FHP	UcMBP�t�K�GJ~pTVUJM"K�P @
�¨{�M ��FHGRFHP�U�TVE;E;GRKiT�N2}<¹�K�Y;L"{pI�F�URK¤{;F���P�F-UJ}�Fj{;FHGJMBS�TVUJMBSiF�Q.GRF�NHY;GRQJMBSiFHLBD�Y�QJMBP;�¤UJ}�FjTVI�KdSiFjF�X	Y4T��
UJM"K�P�Qd@c³�};M"QjM"Qj~[Y�N2}�~�K�GRF¤F�²�E�FHP�QJMBSiF*TVP�{o¹�K�Y;L"{�T�{;{�MBUJM"K�P4TVLBLBDzL"FdT�{WURK�TVPoMBP�NHGRFdT�QJMBP;��E4TVURNR}
KVt«FHL"FH~�FHP�URQ

κ′
¹�};M"NR}W}4TdSiFZMBP�¸�Y�FHP�N�F¤K�P�UJ}�F[TVE;E;GRK�²�MB~pTVUJM"K�P�K�PWFHL"FH~�FHP	U

κ
t�K�G�};MB�=}�FHGjK�GR{;FHG

{;FHGJMBS�TVUJMBSiF TVE;E;GRK�²�MB~pTVUJM"K�P�Qd@m�jQ�};MB�=}�FHG¤K�GR{;FHGOE�K�LBD(P�K�~mM�TVL.TVE;E;GRK�²�MB~pTVUJM"K�P�QZ�iFHP�FHG2TVLBLBD�Y�QRFmT
N�KiTVGRQRFHG��iF�K�~�FHUJGJM"N GRF�QRK�LBY;UJM"K�P ��UJ}�F*F	��F�NHUOKVt.K�I;U2TVMBP;MBP;��F�QJUJMB~pTVURF�Qc¹�MBUJ} �� '%$
"� .MBP�QJURFdT�{�KVt  '��
� "� �NR}4TVG2T�NHURFHGOM"Q�FHSiFHP�TV�=�=G2T�S=TVURF�{�@[³�}�FHGRF�t�K�GRF=��Y�QJMBP;�1TpGRF�NHY;GRQRMBSiF*FHS=TVLBY4TVUJM"K�P�QJ}�K�Y;L"{oP�K�U�I�F
N�K�P�QJM"{;FHGRF�{�GRFdT�Q2K�P4TVI;L"F=@

\�A
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¯P K�GR{;FHGZURK�FHS=TVLBY4TVURF�UJ}�F�{;FHGJMBS=TVUJMBSiF�MBUZM"Q[Y�QRF�tuY;L_URK1UJG2TVP�Q!t�K�GJ~ MBUZURK1UJ}�F�GRF�tuFHGRFHP�N�F FHL"FH~�FHP	U
κ̂
@�³�};M"Q�¹�TdDWUJ}�F¤L"FHP;�=UJ}�KVt.TVLBL«F�{��iF�QcM"QcY;P;MBU¯Di��UJ}�FHGRFHI�Dz~pTVh(MBP;�<MBUcY;P;P�F�N�F�Q2Q2TVGJD�URK�N�K�P�QJM"{;FHG
F�²(E;LBM"NHMBUJLBD�{�M ��FHGRFHP	U�~�F�QJ}1QJMBxdF�Q�MBP1{�M ��FHGRFHP	U-{�MBGRF�NHUJM"K�P�Qd@ �;Y;GJUJ}�FHGJ~�K�GRF=�;UJ}�F�GRF�t�FHGRFHP�N�FOFHL"FH~�FHP	U
M"Q�TVLBMB�=P�F�{`TVL"K�P;��UJ}�F1N�K(K�GR{�MBP4TVURF�T ²�F�Qd� ¹�};M"NR} ~pTVhiF�Q�MBU FdT�QRM"FHGmURK�{;F�NHM"{;F1K�P`TWGRF���P�FH~�FHP�U
{�MBGRF�NHUJM"K�P �4K�P�N�FOUJ}�F[NR}4TVG2T�NHURFHGJM"QJUJM"N¤{�MBGRF�NHUJM"K�PzKVt«UJ}�FO{;FHGJMBS�TVUJMBSiF[M"Q�h�P�Ky¹�P @
�jQRMBP;�Z�iFHP�FHG2TVL�~pTVE;E;MBP;�iQ

σκ
UJ}�F�UJG2TVP�Q!t�K�GJ~pTVUJM"K�P<KVt�};MB�=}�FHG�K�GR{;FHG.{;FHGJMBS=TVUJMBSiF�Q M"Q.X	Y;MBURFcTZN�K�~ �

E;LBM"NdTVURF�{�E;GRK�N�F�{�Y;GRF=@*³�}�FHGRF�t�K�GRF=���iFHP�FHG2TVL_~pTVE;E;MBP;�iQO¹�MBLBL«I�F {;F�N�K�~mE�K=QRF�{�MBP	URK�T LBMBP�FdTVGOE4TVGJU
σ̄κ
TVP�{<Tc};MB�=}�FHG.K�GR{;FHG E4TVGJU

σ̃κ
�	QJY�N2}�UJ}4TVU

κ = σκ(κ̂) = σ̃κ (σ̄κ(κ̂))
@5��K�G UJ}�F�UJG2TVP�Q!tuK�GJ~pTVUJM"K�P

KVt�{;FHGJMBS=TVUJMBSiF�QZK�P;LBDWUJ}�F LBMBP�FdTVG�E4TVGJUO¹�MBLBL_I�F*Y�QRF�{���¹�};M"NR}�L"FdT�{;Q�URK1T<QJMB~mE;L"F UJG2TVP�Q!t�K�GJ~pTVUJM"K�P
GJY;L"F=@

¯P�UJGRK�{�Y�NHMBP;�

φ̂
T�Q�UJ}�F[GRFHE;GRF�QRFHP	U2TVUJM"K�P�KVt.T GRFdTVL �¯QRE4T�N�FZtuY;P�NHUJM"K�P

φ
K�PzUJ}�FZGRF�t�FHGRFHP�N�F¤FHL"FH~�FHP�Ud�

QJY�NR} UJ}4TVU
φ̂(x̂) = φ(x) = φ (σκ(x̂))

��UJ}�F�{;FHGJMBS=TVUJMBSiF�K�P¨UJ}�FzGRF�t�FHGRFHP�N�F�FHL"FH~�FHP	U�NdTVP I�F
K�I;U2TVMBP�F�{�I�D�TVE;E;LBD(MBP;��UJ}�FZN2}4TVMBPWGJY;L"FZTVE;E;GRK�E;GJM�TVURFHLBD�¶

∂φ̂

∂x̂j
=

∂φ

∂xi

∂xi

∂x̂j
=

∂φ

∂xi

∂ (σκ)i
∂x̂j

,
����@]| �

¹�}�FHGRF=��T�N�N�K�GR{�MBP;� URK�UJ}�F�QJY;~m~pTVUJM"K�P`N�K�P�SiFHP	UJM"K�P ��MBUm}4T�QmURK�I�F1QJY;~m~�F�{ KySiFHGp{�Y;E;LBM"NdTVURF�{
MBP�{�M"N�F�Qd�;MBP�UJ};M"Q-NdT�QRF

i
@


¯P�UJGRK�{�Y�NHMBP;�1UJ}�F*P�K�U2TVUJM"K�P�N�K�P	SiFHP�UJM"K�P�Q
∂̂k(·) := ∂(·)

∂x̂k

TVP�{
∂l(·) := ∂(·)

∂xl

TVP�{oGRF�N�K��=P;M"QJMBP;�1UJ}�F
URFHGJ~ ∂(σκ)i

∂x̂j

T�Q UJ}�F1§	T�N�K�I;M�TVP`~pTVUJGJM7²
Jij

KVtjUJ}�F�UJG2TVP�QJtuK�GJ~pTVUJM"K�P ������@]| �*NdTVPvI�F<¹�GJMBUJURFHPvMBP
QJ}�K�GJUjT�Q

∂̂jφ̂ = ∂iφJij .
����@]� �

s�FHP�K�UJMBP;�¤UJ}�F-P4TVI;L�T[K�E�FHG2TVURK�G ¹�MBUJ}<GRF�QJE�F�NHU URKZGRF�t�FHGRFHP�N�F-FHL"FH~�FHP�U�N�K�K�GR{�MBP4TVURF�Q
x̂
¹�MBUJ} ∇̂ TVP�{

UJ}�F�P4TVI;L�TZK�E�FHG2TVURK�G ¹�MBUJ}pGRF�QJE�F�NHU URKOGRFdTVL�QJE4T�N�F-N�K�K�GR{�MBP4TVURF�Q ¹�MBUJ}pUJ}�F�Y�QJY4TVL ∇ �iUJ}�F��=G2T�{�M"FHP�URQK�P UJ}�FjGRF�t�FHGRFHP�N�FcFHL"FH~�FHP�U-TVP�{pMBP<GRFdTVL�QJE4T�N�FcTVGRFcN�K�P;P�F�NHURF�{�UJ};GRK�Y;�=}�UJ}�Fj§�T�N�K�I;M�TVP<~pTVUJGJM7²�KVt
UJ}�FOUJG2TVP�Q!t�K�GJ~pTVUJM"K�PWS(M�T

∇̂φ̂ = JT∇φ. ����@BAd� �
³�}�F-UJG2TVP�QJtuK�GJ~pTVUJM"K�P�KVt };MB�=}�FHG�K�GR{;FHG�{;FHGJMBS=TVUJMBSiF�Q.NdTVP<I�FjK�I;U2TVMBP�F�{pI�D�QJY�N�N�F�QRQJMBSiF�TVE;E;LBM"NdTVUJM"K�P
KVt£UJ}�F�NR}4TVMBP1GJY;L"F=@_�jLBGRFdT�{�D�t�K�G.UJ}�F�QRF�N�K�P�{�K�GR{;FHG�{;FHGJMBS=TVUJMBSiF=��UJ};M"Q.¹�MBLBL�MBP�NHLBY�{;FO{;FHGJMBS=TVUJMBSiF�Q�KVt
UJ}�FZ§	T�N�K�I;M�TVPz~pTVUJGJM7²�@ ³�}�FOQ2F�N�K�P�{�K�GR{;FHG-{;FHGJMBS=TVUJMBSiFZM"Q��=MBSiFHP�I�D

∂̂k∂̂lφ̂ = ∂i∂jφ ∂̂k (σκ)i ∂̂l (σκ)j + ∂iφ ∂̂k∂̂l (σκ)i = ∂i∂jφJik Jjl + ∂iφ ∂̂lJik.
����@BA=A��

�jQRMBP;�pUJ}�F¤TVI�KdSiF¤~�FHP	UJM"K�P�F�{�{;F�N�K�~mE�K=QJMBUJM"K�P�KVt UJ}�FZ~pTVE;E;MBP;��TVP�{zT�QRQRY;~mMBP;���4UJ}4TVUjUJ}�F[P�K�P
�
LBMBP�FdTVG«E4TVGJU_E�FHG!t�K�GJ~�Q«K�P;LBD¤QJ~pTVLBL�S=TVGJM�TVUJM"K�P�Qd��I;Y;U«P�KcN2}4TVP;�iF�MBP UJ}�F�{�MB~�FHP�QRM"K�P KVt�UJ}�F�FHL"FH~�FHP	Ud�
M
@ F=@

σ̃κ(x̄) ≈ x̄
�iUJ}�F�URFHGJ~�Q�N�K�P	U2TVMBP;MBP;� {;FHGJMBS=TVUJMBSiF�Q.KVt�UJ}�F-§	T�N�K�I;M�TVP<~pTVUJGJM7²��iM
@ F=@	{;FHGJMBS=TVUJMBSiF�Q�KVt

UJ}�Fc~pTVE;E;MBP;��KVt6K�GR{;FHG
2
TVP�{<};MB�=}�FHGd�;NdTVP�I�FjP�FH�=L"F�NHURF�{���L"FdT�{�MBP;�mURKmT*QJMB~mE;L"FcUJG2TVP�Q!t�K�GJ~pTVUJM"K�P

F�X	Y4TVUJM"K�P�tuK�G�UJ}�FZQ2F�N�K�P�{�{;FHGJMBS�TVUJMBSiF=¶

∂̂k∂̂lφ̂ = ∂i∂jφJik Jjl.
����@BAd? �

C-MB�=}�FHGOK�GR{;FHG�{;FHGJMBS�TVUJMBSiF�QONdTVPoI�F¤K�I;U2TVMBP�F�{oY�QJMBP;�<UJ}�F Q2TV~�F¤Q2NR}�FH~�F=@ �jQRMBP;�<K�P;LBD�UJ}�F*LBMBP�FdTVG
E4TVGJU KVtOUJ}�F�~pTVE;E;MBP;����UJ}�FWUJG2TVP�Q!t�K�GJ~pTVUJM"K�P`t�K�LBL"Kd¹�Q UJ}�FWQ2TV~�FWQJUJGJY�NHUJY;GRF1t�K�G<TVLBL-{;FHGJMBS=TVUJMBSiF
K�GR{;FHGRQd¶OFdT�NR}®MBP�{;F�²�KVt�UJ}�Fm{;FHGJMBS�TVUJMBSiFmURFHP�Q2K�GO}4T�Q�URK�I�FmN�K�P�UJG2T�NHURF�{�¹�MBUJ}�UJ}�F*��GRQJUOMBP�{;F�²�KVt
UJ}�FO§	T�N�K�I;M�TVP1~pTVUJGJM7²1KVt�UJ}�Fc~pTVE;E;MBP;��@ �cQ�T[L�T�QRU�F�²�TV~mE;L"F�UJ}�F�UJG2TVP�Q!t�K�GJ~pTVUJM"K�P�tuK�G�UJ}�F�UJ};MBGR{
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K�GR{;FHG-{;FHGJMBS=TVUJMBSiFZGRFdT�{;Qd¶
∂̂l∂̂m∂̂nφ̂ = ∂i∂j∂kφJil Jjm Jkn.

����@BAd\ �

¢c����)�����

��0����W0(

� �J i���������W �
!

�;
� i)°���"/p'	�2 	)
CcTdS�MBP;��UJG2TVP�Q!t�K�GJ~�F�{%UJ}�F<TVE;E;GRKd²(MB~pTVURF�{v{;FHGJMBS=TVUJMBSiF1TVU¤UJ}�F�N�FHP�URFHG KVt�TVP%FHL"FH~�FHP�U

κ
URKzUJ}�F

GRF�tuFHGRFHP�N�FWFHL"FH~�FHP	U
κ̂
MBUmGRFH~pTVMBP�Q�URK�FHS=TVLBY4TVURF1UJ};M"QmURFHP�QRK�GpMBP`K�GR{;FHGmURK�{;F�NHM"{;F=��¹�}�FHUJ}�FHG TVP

TVP;M"QRK�UJGRK�E;M"NZGRF���P�FH~�FHP�UjQJ}�K�Y;L"{�U2TVhiFOE;L�T�N�F=@
��U�UJ};M"Q6E�K�MBP	U«MBU6M"Q�P�F�N�F�Q2Q2TVGJDZURKcN�K�~�F I4T�N2h[URKjUJ}�F.I4T�QRM"N E;GRKV�JF�NHUJM"K�PmFHGJGRK�G6F�QJUJMB~pTVURF=@«^ X�Y4TVUJM"K�P
����@]\ �_GRFHE;GRF�Q2FHP	URQ.UJ}�F-�iFHP�FHG2TVL�E;GRKV�!F�NHUJM"K�P<FHGJGRK�Gd�(Y�QJMBP;�*T[QJMBP;�=L"F�S=TVLBY�F

h
URKZGRFHE;GRF�QRFHP�U.UJ}�F-~�F�QJ}

QJMBxdF=@ 
 P�TVP�TVP;M"Q2K�UJGRK�E;M"NmFHP	S(MBGRK�P;~�FHP	UZMBU�M"QcP�F�N�F�QRQ2TVGJDzURKp��P�{�F�QRUJMB~pTVURF�Qd��¹�};M"NR}�FH~mE;L"KyDzUJ}�F
{�M ��FHGRFHP�UO~�F�QJ}�QJMBxdF�Q�KVt.FHL"FH~�FHP	URQZMBP�K�GR{;FHG�URK<MB~mE;GRKdSiF UJ}�F F�QJUJMB~pTVURF�TVP�{oURK<~pTVhiF*MBU�Y�QRF�t Y;L
tuK�G�T%{;F�NHM"QJM"K�P K�P T GRF���P�FH~�FHP	UW{�MBGRF�NHUJM"K�P @ ��K�GJ~pTV�=�=M�T TVP�{ �6FHGRK�UJURK �]l��O}4T�SiF�{;FHSiFHL"K�E�F�{
TVP;M"QRK�UJGRK�E;M"NjTOE;GJM"K�GJM�FHGJGRK�G.F�QRUJMB~pTVURF�Q�TVP�{mE;GRF�Q2FHP	U�TVP;M"Q2K�UJGRK�E;M"NjF�QJUJMB~pTVURF�Q.KVt�UJ}�F�MBP	URFHGJE�K�L�TVUJM"K�P
FHGJGRK�Gd� }�Ky¹.FHSiFHGd�6UJ}�FHMBGZGRF�QJY;LBURQ*TVGRF LBMB~mMBURF�{�URK�LBMBP�FdTVG[E�K�LBD(P�K�~mM�TVL.TVE;E;GRK�²�MB~pTVUJM"K�P�Qd@pCcK�Y�QJURK�P
�! "� ��	�BAyw � �=MBSiF<T1QJY;~m~pTVGJD�KVt�UJ}�F�¹�K�GJh�{;K�P�F K�P��iFHP�FHG2TVLBMBx�MBP;�oUJ}�F�QRF�GRF�QJY;LBURQZtuK�G[TVGJI;MBUJG2TVGJD
K�GR{;FHG�E�K�LBD(P�K�~mM�TVL�{;FH�=GRF�F�Qd@_³�}�F�~�K=QJU�MB~mE�K�GJU2TVP�U�GRF�QJY;LBU�t�K�G.UJ}�F�NHY;GJGRFHP	UjN�K�P	URF�²�U�M"Q��=MBSiFHP�I�D
UJ}�FZF�QJUJMB~pTVURF

‖φ− Πpφ‖L2(κ) ≤ C

[
∫

κ
‖D̂s(x)‖2

Fdx

]1/2

, 0 ≤ s ≤ min(p+ 1, k)
����@BAHa �

¹�}�FHGRF
D̂s M"Q<UJ}�F s UJ} K�GR{;FHG1{;FHGJMBS=TVUJMBSiF�URFHP�QRK�G�UJG2TVP�Q!tuK�GJ~�F�{¨URK%UJ}�FoGRF�t�FHGRFHP�N�FoFHL"FH~�FHP�UzT�Q{;F�NHGJMBI�F�{�TVI�KdSiF=�

C
M"Q TjN�K�P�QJU2TVP�U ¹�};M"NR}�{;FHE�FHP�{;Q_K�P;LBD¤K�P UJ}�F�{�MB~�FHP�QJM"K�PpTVP�{*UJ}�F�E�K�LBD(P�K�~mM�TVL

{;FH�=GRF�F=�
k
M"Q�UJ}�F-};MB�=}�F�QRU�K�GR{;FHG�KVt�F�²�M"QJUJMBP;� � ¹.FdTVh � {;FHGJMBS=TVUJMBSiF�KVt

φ
��M
@ F=@

φ ∈ Hk(κ)
�;TVP�{ ‖·‖F{;FHP�K�URF�Q�UJ}�F ��GRK�I�FHP;MBY�Q-P�K�GJ~��;¹�};M"NR}WtuK�G-T*URFHP�QRK�G

A ∈ R
I1×I2×...×IN

M"Q�{;F���P�F�{1I�D

‖A‖F =

√

√

√

√

I1
∑

i1=1

I2
∑

i2=1

. . .

IN
∑

iN =1

(Ai1i2...iN )2.
����@BAdl �



t�T�URFHP�QRK�G�}4T�QOT<{;K�~mMBP4TVP	UZN�K�~mE�K�P�FHP	Ud��MBURQA�;GRK�I�FHP;MBY�Q�P�K�GJ~ NdTVP�I�F*F	
pNHM"FHP	UJLBDoGRF�{�Y�N�F�{�M7t
K�P;LBD�UJ};M"Q�N�K�~mE�K�P�FHP�U�M"Q GRF�{�Y�N�F�{<MBP�QJMBxdF=@«³�}�F-UJG2TVP�Q!t�K�GJ~pTVUJM"K�P1KVt£UJ}�Fc{;FHGJMBS�TVUJMBSiFjURFHP�QRK�G.t GRK�~
GRFdTVL QJE4T�N�F�N�K(K�GR{�MBP4TVURF�Q¤URK1UJ}�FmGRF�t�FHGRFHP�N�FpFHL"FH~�FHP	U¤GRF�{�Y�N�F�Q[UJ}�Fp{;FHGJMBS�TVUJMBSiF N�K�~mE�K�P�FHP�U��uQ ��MBP
UJ}�Fj{�MBGRF�NHUJM"K�P ��¹�};M"N2}�}4T�Q�T[QJ~pTVLBL�~�F�QJ}<QRMBxdF=@ µ�K�P�QJM"{;FHGd��tuK�G�F�²;TV~mE;L"F=�;T[GRF�NHU2TVP;�=Y;L�TVG�FHL"FH~�FHP	U
TVLBMB�=P�F�{<¹�MBUJ} UJ}�FcN�K�K�GR{�MBP4TVURFOT ²;F�Qd��}4T�S(MBP;�¤UJ}�FjL"FHP;�=UJ}�Q

h1
TVP�{

h2
TVL"K�P;� UJ}�F

x1
TVP�{

x2
T ²(M"Qd�

GRF�QJE�F�NHUJMBSiFHLBDi@���K�G�UJ};M"QjNdT�QRF�UJ}�FZ§	T�N�K�I;M�TVPz~pTVUJGJM7²<GRF�{�Y�N�F�Q-URKmUJ}�FZ{�M�TV�iK�P4TVL ~pTVUJGJM7²

J =

(

h1 0
0 h2

)

.

µ�K�P�QJM"{;FHGJMBP;�pUJ}�FOCcF�QRQJM�TVP1~pTVUJGJM7² H ¹�};M"NR}WGRFHE;GRF�Q2FHP	URQ�UJ}�F[QRF�N�K�P�{�K�GR{;FHG-{;FHGJMBS=TVUJMBSiFOURFHP�QRK�G

H =

(

H11 H12

H21 H22

)

,

UJ}�FOUJG2TVP�Q!t�K�GJ~�F�{�{;FHGJMBS=TVUJMBSiFOGRFdT�{;Q

Ĥ = JTH J =

(

h2
1H11 h1h2H12

h1h2H21 h2
2H22

)

.

\=\



����� � � � ��� � � 
 � � � ����� � � �	���

�jQ2QJY;~mMBP;����UJ}4TVUOUJ}�FmN�K�~mE�K�P�FHP�U
H11

M"Q�UJ}�F {;K�~mMBP4TVP	U¤N�K�~mE�K�P�FHP	UZKVt�UJ}�FmCjF�Q2QJM�TVP�~pTVUJGJM7²��
UJ}�F �;GRK�I�FHP;MBY�Q«P�K�GJ~ªKVt H ¹�MBLBL�I�F.{;K�~mMBP4TVURF�{ I�DZUJ};M"Q_N�K�~mE�K�P�FHP	Ud¶ ‖H‖F & |H11|

@6³�}�F�Q2TV~�F
}�K�L"{;Q�t�K�G�UJ}�F�UJG2TVP�QJtuK�GJ~�F�{1~pTVUJGJM7²���M7t�UJ}�F�~�F�QR}�QJMBxdF�Q

h1 ≈ h2
TVGRF�KVt«QJMB~mMBL�TVG�~pTV�=P;MBUJY�{;F=@ 
¯P

K�GR{;FHGOURK�GRF�{�Y�N�FmUJ}�F E;GRKV�JF�NHUJM"K�P�FHGJGRK�Gd� UJ}�F �;GRK�I�FHP;MBY�QOP�K�GJ~ KVt�UJ}�F UJG2TVP�Q!tuK�GJ~�F�{�{;FHGJMBS=TVUJMBSiF
}4T�Q URKWI�F GRF�{�Y�N�F�{�� ¹�};M"NR} NdTVP9I�F {;K�P�F<I�D®GRF�{�Y�NHMBP;��UJ}�F<~�F�QJ}vQJMBxdF�Qd@ 
 U*M"Q K�I�S�M"K�Y�Q UJ}4TVU
tuK�G-UJ}�F[NdT�QRFZKVt K�P�FZ{;K�~mMBP4TVP�UON�K�~mE�K�P�FHP�UjMBU�M"Q-~�K=QJU-F	
pNHM"FHP�UjURKmGRF�{�Y�N�F¤UJ}�FZN�K�GJGRF�QJE�K�P�{�MBP;�
~�F�QJ}�QJMBxdF=��MBP1UJ}�FOQJU2TVURF�{1F�²�TV~mE;L"F�GRF�{�Y�NHMBP;�pK�P;LBD

h1
¹.K�Y;L"{�}4T�SiF[TVLB~�K=QJU�UJ}�FOQ°TV~�FOF	��F�NHU�K�P

GRF�{�Y�NHMBP;�pUJ}�FOFHGJGRK�G�UJ}4TVPWGRF�{�Y�NHMBP;�pI�K�UJ}
h1
TVP�{

h2
@

� }�FHGRFdT�Q�UJ}�F®TVI�KySiF�GRFdT�QRK�P;MBP;� ¹�T�Q1LBMB~mMBURF�{ URK9GRF�NHU2TVP;�=Y;L�TVGd�¤T ²(M"Qfe	E4TVG2TVLBL"FHL¤FHL"FH~�FHP	URQd��UJ}�F
K�I�QRFHGJS=TVUJM"K�P�Q�TVGRFjUJGJY�Fjt�K�G.�iFHP�FHG2TVL FHL"FH~�FHP�URQ�T�Q�¹.FHLBL
¶�
¯t£UJ}�F�{;FHGJMBS�TVUJMBSiFcM"Q�F�²;N�FHE;UJM"K�P4TVLBLBD L�TVGJ�iF
MBP�K�P�F {�MBGRF�NHUJM"K�P � GRF�{�Y�NHMBP;��UJ}�F*~�F�QJ}�QJMBxdF*MBP�UJ}4TVUZ{�MBGRF�NHUJM"K�P�M"QZTVP�F	��F�NHUJMBSiF�QJUJG2TVURFH�=Di��¹�};MBL"F
GRF�{�Y�NHUJM"K�P�Q�MBP�UJ}�FjK�UJ}�FHG�{�MBGRF�NHUJM"K�P�Q�TVGRFcK�P;LBDpKVt£~mMBP�K�G�F	��F�NHU�GRFH�	TVGR{�MBP;�mUJ}�FjE;GRKV�!F�NHUJM"K�P�FHGJGRK�Gd@
³�};M"Q«K���FHGRQ_TjE�K=Q2QJMBI;MBLBMBU¯D[KVt�FHS�TVLBY4TVUJMBP;�ZTVPmFHL"FH~�FHP	U�
 Q T�QRE�F�NHU6G2TVUJM"K;@�

t�UJ}�F�UJG2TVP�Q!t�K�GJ~�F�{ {;FHGJMBS�T��
UJMBSiFZ}4T�QcN�K�~mE�K�P�FHP�URQjKVt QRMB~mMBL�TVG-~pTV�=P;MBUJY�{;F¤MBPzTVLBL�{�MBGRF�NHUJM"K�P�Qd��UJ}�F[FHL"FH~�FHP�U�
 QOT�QJE�F�NHUjG2TVUJM"K�M"Q
TVLBGRFdT�{�D�K�E;UJMB~pTVL
��t Y;GJUJ}�FHGjGRF���P�FH~�FHP	UOQJ}�K�Y;L"{�U2TVhiF[E;L�T�N�FZM"QRK�UJGRK�E;M"NdTVLBLBDi@ 

t_K�P�F[N�K�~mE�K�P�FHP	U�M"Q
{;K�~mMBP4TVP	Ud�(}�Kd¹�FHSiFHGd�(UJ}�F-T�QJE�F�NHU G2TVUJM"KOM"Q P�K�U DiFHU K�E;UJMB~pTVL�TVP�{pTVP;M"Q2K�UJGRK�E;M"N�GRF���P�FH~�FHP	U�QJ}�K�Y;L"{
I�F¤Y�QRF�{oMBP�K�GR{;FHGOURKpMB~mE;GRKySiF UJ}�F T�QRE�F�NHU�G2TVUJM"K;@O³�}�F FHS�TVLBY4TVUJM"K�P�E;GRK(N�F�QRQcMBP�NHLBY�{;F�QO{;FHURFHGJ~mM �
P4TVUJM"K�PvKVtjE�K=QRQJMBI;L"F<{;K�~mMBP4TVP	U�{�MBGRF�NHUJM"K�P�QpTVP�{9N�K�~mE4TVGJM"QRK�P9¹�MBUJ}9UJ};GRF�QJ}�K�L"{9S=TVLBY�F�Q¤I�F�t�K�GRF<T
{;F�NHM"QJM"K�PWK�PzT*E�K=QRQJMBI;L"FZTVP;M"Q2K�UJGRK�E;M"NZGRF���P�FH~�FHP	UcNdTVP�I�F�~pT�{;F=@

$��	'�37��'���������+¯��
�'4����)°����

��0����1�"�������='	�°�;

)
��K�GWT QRF�N�K�P�{ K�GR{;FHG1{;FHGJMBS�TVUJMBSiF=�cM
@ F=@�UJ}�F�CjF�QRQRM�TVP ~pTVUJGJM7²��jMBU<M"Q�K�I�S�M"K�Y�Q1URK9NdTVL"NHY;L�TVURF�UJ}�F
FHMB�iFHP	S=TVLBY�F�Q

λi
TVP�{®UJ}�F<N�K�GJGRF�QJE�K�P�{�MBP;��FHMB�iFHP	SiF�NHURK�GRQ

vi
KVt-UJ}�F URFHP�QRK�Gd@o^ QJE�F�NHM�TVLBLBD�t�K�G¤UJ}�F

U¯¹�K �¯{�MB~�FHP�QJM"K�P4TVL NdT�QRFOUJ};M"QjNdTVPWI�FZ{;K�P�F[F�²�E;LBM"NHMBUJLBD1¹�MBUJ}WLBMBUJUJL"F¤F	��K�GJUd@��cQjT GRF�QJY;LBUd�4UJ}�FZG2TVUJM"K
KVt6UJ}�F¤TVI�QRK�LBY;URFOS=TVLBY�F�Q�KVt6UJ}�F[FHMB�iFHP	S=TVLBY�F�Qd�

r =
|λim |

max
j 6=im
1≤j≤d

|λj |
,

¹�MBUJ}
im : |λim | = max

1≤i≤d
|λi|,
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NdTVP I�F1Y�QRF�{`T�QpT�~�FdT�QJY;GRFWKVt�UJ}�F1~pTV�=P;MBUJY�{;FoKVtOTVP;M"QRK�UJGRK�E;M"NWE;GRK�E�FHGJUJM"F�Q<KVt�UJ}�FWQRK�LBY;UJM"K�P @
�¦S�TVLBY�F¤KVt Y;P;MBU¯DW{;F�Q2NHGJMBI�F�QjM"QRK�UJGRK�E;M"N¤I�FH}4TdS�M"K�Gd��¹�}�FHGRFdT�Qc¹�MBUJ}zMBP�NHGRFdT�QRMBP;�

r
UJ}�F*TVP;M"QRK�UJGRK�E;M"N

NR}4TVG2T�NHURFHGJM"QJUJM"N�Q<�iFHU<QJUJGRK�P;�iFHGd@ �jP;M"QRK�UJGRK�E;M"NWGRF���P�FH~�FHP	U�QJ}�K�Y;L"{`K�P;LBD9I�F�N�K�P�QJM"{;FHGRF�{vt�K�G TVP
FHL"FH~�FHP	Ud�4M7t6UJ}�F[TVP;M"Q2K�UJGRK�E;M"NOG2TVUJM"K

r
M"Q�L�TVGJ�iFHG�UJ}4TVPzTVPWFH~mE;MBGJM"NdTVL£UJ};GRF�QJ}�K�L"{�S=TVLBY�F

θr
@

³�}�F�QRF�N�K�P�{`MB~mE�K�GJU2TVP	U1MBP�t�K�GJ~pTVUJM"K�P �	TVMBP�F�{ t GRK�~ UJ}�FoNdTVL"NHY;L�TVUJM"K�P KVt¤FHMB�iFHP	SiF�NHURK�GRQ1M"Q<UJ}�F
{�MBGRF�NHUJM"K�P ��MBPW¹�};M"NR}�UJ}�F¤{;FHGJMBS�TVUJMBSiF¤U2TVhiF�QcMBURQ-~pT ²�MB~[Y;~ TVI�QRK�LBY;URF¤S�TVLBY�F=@ 
¯t_UJ};M"Qj{�MBGRF�NHUJM"K�P�M"Q
QJY�
pNHM"FHP	UJLBD1TVLBMB�=P�F�{�¹�MBUJ}�K�P�F�KVt£UJ}�FON�K(K�GR{�MBP4TVURFZT ²�F�Q�K�P�UJ}�FcGRF�tuFHGRFHP�N�FOFHL"FH~�FHP�Ud�4TVP;M"QRK�UJGRK�E;M"N
GRF���P�FH~�FHP	U�TVL"K�P;�oUJ};M"Q*T ²�M"Q[~mMB�=}�U¤I�FpF	��F�NHUJMBSiF=@ 
 P®K�GR{;FHG*URKW{;F�NHM"{;F Y;E�K�P%UJ}�F�GRF���P�FH~�FHP�Ud�
UJ}�F[TVP;�=L"F

αi
I�FHU ¹.F�FHPzUJ}�FZFHMB�iFHP	SiF�NHURK�GOTVP�{1UJ}�FZN�K(K�GR{�MBP4TVURF¤T ²�M"Q

i
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2JU)!:%b? � I�U,+.!(2)!^!:D3!:GK!:��U)2�Io476,G �H2)G#��D8D3!:6�I]65�7�HU,0347�ban�7*1*&0BU,0347�-��D"!:D3!:GK!:�	U)2m47E;U)2,03*1!�U,+.!YDs��QN!:6JG#��Q
��D32)4O�"!h¦���SWSN!(*ea�D3!��7*&08�1S U)4#�O�'!HUJU)!:6|4�MN!:65��D8D���%1%16)4($&08G#�VU,0347�b? � �{2,E1GOG#��6,QNa��72-U,+.!��7*.��%;U,08MN!
6)!�r.�.!:GK!:�	UC%16)4n�(!(252#*14<!(2�'0&! �2JU5��6JU#IT6)47G U,+.!B25��GK!kGK!(2,+�08� !��7�)+ 2RU)!:%>I]476#032)4�U,6)47%103�{���.*
���1032)4�U,6)47%103�H6)!�r.�.!:GK!:��U�a�U,+.!H���1032)4�U,6)47%103�H6)!�r.�.!:GK!:��U^G#�(QNa108�1U,+.!h�(47E16)2)!H4�I~2)!:MN!:65��Dy�7*.��%;U,08MN!
6)!�r.�.!:GK!:�	U�2JU)!:%.2�aV!:MN!:�	U,E-��D8D8QPD3!��7*�U)4B��%1%16)4�$<08G#�VU,0347�.29`Y0BU,+u+108SW+.!:6��7�(�:E165�7�:Qu�72[�(47GO%-��6)!(*
U)4mU,+.!h032)4�U,6)47%103����D8D8Qk6)!�r.�.!(*kMN!:6)2)0347�RE.2,08�1SmU,+.!p25��GK!p�FE1G[�"!:6f4�I~6)!�r.�.!:GK!:�	Uh2JU)!:%.2�?

�O�21O�43B�65�� ���75'�65
� ��476)*1!:6-U)4pU)!(2JU-U,+.!9���1032)4�U,6)47%103�[6)!�r.�.!:GK!:��Uh%16)4n�(!(2)2h���.*�U,+.!�*1!:MN!:D347%'!(*{08�.*&03���VU)476)2�I]476�*&0iI�U
I]!:6)!:��U�U Q<%103����De�7!:6)4<*&Q<�-��GO03�f¦-4c` 2,0BU,E-�VU,0347�.2�a&2)!:MN!:65��D�U)!(2JUm���725!(2Z��6)!�E.2)!(*ea<65���1SW08�1S9IT6)47G�2,E1�&U
U)4�2)E1%'!:6)2)47�103�^¦-4�` r-!:D3*12�? q 2 U,+.!|�(4n*1!fE.2)!(*pU)4[%'!:6\Io476,G´U,+.!|����D3�:E1Ds�VU,0347�.2pv]2)!(!98d+-��%;U)!:6 q 08�
U,+.!9��%1%"!:�.*&0i$-wY032|�:E16,6)!:�	U,D8QB47�1D8Q{����%-���1D3!�4�I�Ds��GO08�-��6�¦-4�` ����D3�:E1Ds�VU,0347�.2�a"47�1D8QRD34c`4:�!:Qn�.47D3*12
�FE1G��'!:6t¦-4�`^2t�����[�"!J�(47GO%1E;U)!(*��-�72)!(*947�[U,+.!d�(47GO%16)!(2)2,08�1D3!<;|��Mn03!:6 z ;�U)47_N!(2~!�XnE-�VU,0347�.2�a�`Y+103�)+08�.�:D8E.*1!KM<032)�(47E.2ZU)!:6,GK2c?/XZ+.!mU,65���.2547�103��U)!(2JU[���725!O032[�(47GO%1E;U)!(* �-�72)!(* 47��U,+.!#�(47GO%16)!(2)2,08�1D3!
= E1D3!:6f!�XnE-�VU,0347�.2^`Y+103�5+{*14��.4�Uf!�$&+108�10BU^M<032)�(47E.2^!�ge!(�HU)2�?
XZ+.!KIo47D8D34�`Y08�1S�U)!(2JU9���72)!(2���6)!/!:MW��D8E-�VU)!(*�E.2,08�1SWU,+.!?>A@Ov
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wHGK!HU,+.4<* `Y+103�5+¡032�2)!(�(47�.*�476)*1!:6

�7�(�:E165�VU)!W? � ��476)*1!:6�U)4P!:M7��D8E-�VU)!�U,+.!R��%1%1D803�����108D80BU Q 4�IcU,+.!R*1!:MN!:D347%'!(*�08�.*&03���VU)476)2�U)4¢+108SW+.!:6
476)*1!:6^*&032)�:6)!HU,0CBc�VU,0347�.2f�72m`d!:D8Dy�72�U,+.!h08�&¦.E.!:�.�(!H4�I£U,+.!h476)*1!:6^4�I£U,+.!|�nE1GK!:6,03����Dy2)�)+.!:GK!H47��U,+.!
%'!:6\Io476,G#���.�(!�4�Ip���103254�U,6)47%103�RGK!(2,+ 6)!�r.�.!:GK!:�	Uk2)47GK!R�(47GO%1E;U5�VU,0347�.2L+-��MN!R�"!(!:� %"!:6\I]476,GK!(*
��D32)49Io476�U,+.!D>A@Ov
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wmGK!HU,+.4n*R`Y+103�)+B032�U,+1086)*R476)*1!:6��7�(�:E165�VU)!W?

XZ+.!K*&032)�:6)!HU)!K!�XnE-�VU,0347�.2[��6)!K2547D8MN!(*¢E.2,08�1S{�
;|!:`�U)47� ��D8SN476,0BU,+1G Io476OU,+.!O�.47�1D808�.!���6p%16)47�1D3!:G
`Y0BU,+B�96)!(2JU5��6JU)!(*LMN!:6)2,0347�R4�I6U,+.!E@9FG: = ;L��D8SN476,0BU,+1G�Io476�U,+.!hD808�.!���6^2,E1�1%16)47�1D3!:GK2�a.2)!(!IHKJ1a/L:�.a
L�=�M ?N@9FG: = ;�0329��D32)4kE.2)!(*uI]476ZU,+.!#D808�.!���6�*&E-��Dd%16)47�1D3!:GR?kXZ+.!mU,65���.2\Uh���.*�2,E1%"!:6)2)47�103�mU)!(2JU
���72)!(2|E.2)!��#2,+.4<�)_{����%;U,E16,08�1Sk�-�72)!(*¢47�¢���u��6JU,0ir-�:0s��D~Mn0325�(4W2,0BU Q�U)!:6,GRa"`Y+103�5+P032��(47�.2)032JU)!:�	U[�72
0BU^MW���1032,+.!(2ZIo476�U,+.!H!�$1�7�HUf2547D8E;U,0347�ba&I]476^*1!HU5��08D32�2)!(!OHKJ1aPLRQ�M ?
SUTWVUT�X�TZY\[�]D[�^�^UX_V
q D8D�U)!(2RU����725!(2O%16)!(2)!:�	U)!(*�08�vU,+.!CI]47D8D34c`Y08�1S 2)!(�HU,0347�.2#��6)!L�-�72)!(*>47�9U,+.!N; q 8 q Q!Q`L�@P��086\I]4708Dla
`Y+103�)+{032YSW08MN!:�R�FQ<U,+.!p!�XnE-�VU,0347�

y(x) = ±0.6
(

0.2969
√
x− 0.1260x − 0.3516x2 + 0.2843x3 − 0.1015x4

)

.
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q 2�U,+1032Y!�XnE-�VU,0347�RQ<03!:D3*12^���B��086\I]4708De`Y0BU,+R2)D808SW+	U,D8QCGK476)!�U,+-���kE1�10BUYD3!:�1S=U,+ba-�96)!(2)����D808�1SO032ZE.2)!(*
U)4K!:�.2,E16)!�U,+-�VU

y(0) = y(1) = 0
?

XZ+.![2JU5��6JU,08�1S/GK!(2,+RIo476-U,+.!��7*.��%;U,08MN![%16)4<�(!(2)2^032h� 8 z U�Qn%"!pGK!(2,+��(47�	U5��08�108�1SR�!QN}7@K!:D3!:GK!:��U)2�?XZ+1032YGK!(2,+{�72^`d!:D8DV�72f��B�4<47G 4�I«U,+.!HGK!(2,+k08�1U,+.!HM<03�:08�10BU Qk4�I�U,+.!���086\I]4708Db032Y2)+.4�`Y�R08�Bjt08SWE16)!
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jt08SWE16)!�}<?CLW?�/ � �10BU,0s��DeGK!(2,+{��6)47E1�.*{�O; q 8 q Q!Q`L�@O��086\Io4708Dy4�ItE1�10BUfD3!:�1S=U,+ba-�!QN}7@O!:D3!:GK!:�	U)2c?
j.476f2)47GK!ZU)!(2JU^���72)!(2f���(4N��6)2)!:6fMN!:6)2,0347�B4�I«U,+1032YGK!(2,+R032YE.25!(*ea&`Y+103�)+B032f47�;U5��08�.!(*R�FQk�9SWD347�-��D
�(4N��6)2)!:�108�1SH%16)4<�(!(*&E16)!m�(47G��108�108�1ShI]47E16�!:D3!:GK!:��U)2�4�I4U,+.!dr.�.!dGK!(2)+¤U)4|47�.!Z47�*U,+.!m�(4N��6)2)!mGK!(2,+b?
XZ+1032^6)!(2,E1DBU)2^08�B� U)4�U5��Db�FE1G��'!:6|4�I�}7=W§O!:D3!:GK!:��U)2�?
SUTWVUT VUT10'2436587)9�362 [;:=<?>.3�7)@BA"3C3DAFE�36@BGH>�7JIB@LK

XZ+.!�2,E1�.2)47�103��Mn032)�(47E.2|Ds��GO08�-��6|¦-4�` 4cMN!:6p� ; q 8 q Q!Q`L�@L��086\Io4708D~�VUDF¢�7�)+¢�FE1G��'!:6
M = 0.5

a
:f!:Q<�.47D3*12p�nE1G[�"!:6

Re = 5000
���.* B�!:6)4{���1SWD3!#4�I^�VUJU5�7�)_P032��(47GO%1E;U)!(* �-�725!(*u47��U,+.!#�(47G�U

%16)!(2)2,08�1D3! ;|��Mn03!:6 z ;�U)47_N!(2Z!�XnE-�VU,0347�.2�? q 2 U,+.!h��086\I]4708D�032d2)QnGOGK!HU,6,03�Wa(U,+.!�D80iI Um�(4n!�¤#�:03!:��U)2dMW���1032,+I]476 B�!:6)4R���1SWD3!�4�Im�VUJU5�7�)_"?pjt08SWE16)!#}<?A@C2,+.4�`^2cU,+.!IF¢�7�)+P032)47D808�.!(2H���.*oU,+.!�2JU,6)!���GOD808�.!(2p4�I U,+.!
6)!(2,E1DBU,08�1S#2,Q<GOGK!HU,6,03�h¦-4c`p?
XZ+.!pU5��6,SN!HU�I]E1�.�HU,0347�-��DdE1�.*1!:6��(47�.2,03*1!:65�VU,0347�¡032[U,+.!/%16)!(2)2,E16)!#08�.*&E.�(!(*¡*&65��S��(4<!�¤#�:03!:�	U

cdp
a

`Y+103�)+{032^!:M7��D8E-�VU)!(*�U)4K��%1%16)4($&08G#�VU)!:D8Q
0.0222875

�FQ/r.�.!HSW6,03*R�(47GO%1E;U5�VU,0347�.2�?
SUTWVUTNMUT10'2436587)9�362POQ:'RSGUTV>.3�7U>�WX5 Y�9ZG�36@�GF>.7[IB@LK

XZ+.!*U,65���.2)47�103��08�FM<032)�:03*{¦-4�` 4�MN!:6[� ; q 8 q Q!Q`L�@k��086\Io4708D~�VUDF¢�7�)+¢�FE1G��'!:6
M = 0.8

���.*P���
���1SWD3!k4�I|�VUJU5�7�)_¡4�I

α = 1.25◦
032O�(47GO%1E;U)!(*¡�-�72)!(*¡47�vU,+.!L�(47GO%16)!(2)2,08�1D3! = E1D3!:6K!�XnE-�VU,0347�.2�?

jt08SWE16)!O}<?A�L2)+.4�`^2�U,+.!IF��7�5+¢032)47D808�.!(2p���.*oU,+.!92RU,6)!���GOD808�.!(2p4�I U,+1032|¦-4�`p?[XZ+.!92)E1�.2)47�103��¦-4�`
032��7�(�(!:D3!:65�VU)!(*zU)4K2,E1%"!:6)2)47�103�pMN!:D34<�:0BU,03!(2^�.!���6jU,+.![2,E16\Il�7�(!p4�I_U,+.![��086\Io4708Dl?�\���U,+.![2)!(�(47�.*R+-��DiI
4�I�U,+.!hE1%1%"!:6^��086\I]4708Db2,E16\Il�7�(!cU,+.!hMN!:D34n�:0BU�Q/032Z6)!(*&E.�(!(*k2)%'47��U5���.!(47E.2,D8Q/�nQL�92,+.4<�)_"a&08�&¦.E.!:�.�:08�1S
�'4�U,+R*&65��SC���.*kD80iI U�?�XZ+1032f2,+.4n�5_C47�1U,+.!pE1%1%'!:6^2,03*1!H4�I«U,+.![��086\Io4708Dy�72Y`d!:D8Dt�72�U,+.!H2,G#��D8D3!:6f47�.!
�VU�U,+.!hD34�`m!:6�2,03*1![�����R�:D3!���6,D8QC�"!H2)!(!:�R�nQ U,+.!���SWSWD347GK!:65�VU,0347�{4�I F��7�5+R032)47D808�.!(2�?
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jt08SWE16)!�}<?A@&?�/.Xy!(2RUf���72)! q /&Mn032)�(47E.2Y¦-4�` �VU
M = 0.5

a
α = 0◦

���.*
Re = 5000

/6F��7�5+R032)47D808�.!(2
v U)47%�wY���.*R2RU,6)!���GOD808�.!(2�vT�"4�UJU)47G/w�?

XZ+.!pU5��6,SN!HU�I]E1�.�HU,0347�-��DdE1�.*1!:6��(47�.2,03*1!:65�VU,0347�¡032[U,+.!/%16)!(2)2,E16)!#08�.*&E.�(!(*¡*&65��S��(4<!�¤#�:03!:�	U
cdp
a

`Y+103�)+{032^!:M7��D8E-�VU)!(*�U)4K��%1%16)4($&08G#�VU)!:D8Q
0.0219

�FQCr.�.!HSW6,03*k�(47GO%1E;U5�VU,0347�.2�?
SUTWVUT��6T10'2436587)9�362(]Q: <8> 3 7)@�A�3 3DA��H2VY	36@�GF>.7 IB@LK

XZ+.!R2,E1%"!:6)2)47�103�LM<032)�(47E.2�Ds��GO08�-��6O¦-4�` 4�MN!:6/� ; q 8 q Q!Q`L�@P��086\I]4708D��VU F¢�7�)+ �FE1G[�"!:6
M =

1.2
a6:f!:Q<�.47D3*12��FE1G��'!:6

Re = 1000
���.* B�!:6)4P���1SWD3!k4�Ih�VUJU5�7�5_ 032O�(47GO%1E;U)!(*>�-�72)!(*¡47�9U,+.!

�(47GO%16)!(2)2,08�1D3! ;|��Mn03!:6 z ;�U)47_N!(2L!�XnE-�VU,0347�.2�? q *1!HU5�VU)�5+.!(* �"4�` 2,+.4<�)_>08� IT6)47��UC4�IZU,+.!���086\I]4708D*1!(�(!:D3!:65�VU)!(2�U,+.!�¦-4�` U)4O2)E1�.2)47�103�|MN!:D34n�:0BU�Q/08��U,+.!hM<03�:08�10BU QL4�I�U,+.!H��086\I]4708Dl?J �4c`d!:MN!:6�a;U,+.!hG#��08�
¦-4�`¡�7�(�(!:D3!:65�VU)!(2£U)4Y2,E1%"!:6)2)47�103��MN!:D34<�:0BU,03!(2V��SF��08�ba
`Y+.!:6)!��72�U,+.!~¦-4�` 47�[U,+.!�2,E16\Il�7�(!�4�I(U,+.!d��086\I]4708D
���.*k08��U,+.![`m��_N![2RU5�(Q&2^2,E1�.2)47�103�W?djV08SWE16)!�}<? �#2,+.4c`^2�U,+.!EF¢�7�)+B032)47D808�.!(2����.*1U,+.!�2JU,6)!���GOD808�.!(2
I]476[U,+1032ZU)!(2JU9���72)!W?/j.6)47G U,+.!#2RU,6)!���GOD808�.!(2[0BU)2[+-��6)*�U)4R6)!(�(47SW�10CB�!pU,+.!#2,E1%"!:6)2)47�103�K�5+-��65�7�HU)!:6
4�I�U,+.!O¦-4�`pab�1E;U[08�¢IT6)47��U[4�I�U,+.!K�'4c` 2,+.4<�)_oU,+.!O2JU,6)!���GOD808�.!(29��6)!K���.2547D8E;U)!:D8Q�%-��65��D8D3!:Dla~�72H032
U Q<%103����Dy4�I~��2)E1%'!:6)2)47�103�|I]6)!(!(2JU,6)!���GRa108�k`Y+103�5+R�.4�08�&Io476,G#�VU,0347�B�����R�"!�%-�7252)!(*LE1%.2JU,6)!���G ���.*
U,+FE.2f�.4K*1!�I]476,G#�VU,0347�{4�I~2JU,6)!���GOD808�.!(2f08�kI]6)47�	Uf4�I�47�.2JU5�7�:D3!(2^�����B4<�(�:E16�?
XZ+.!1U5��6,SN!HU�I]E1�.�HU,0347�-��D^E1�.*1!:6#�(47�.2,03*1!:65�VU,0347� 032mU,+.!LMn0325�(47E.2O*&65��S �(4n!�¤#�:03!:��U

cdf
a�`Y+103�5+ 032

!:M7��D8E-�VU)!(*�U)4#��%1%16)4($&08G#�VU)!:D8Q
0.1079

�FQ/r.�.!HSW6,03*R�(47GO%1E;U5�VU,0347�.2�?

�O���O���R�65��
	�� 5����h���b�^��
���� � � �f���T���Y�.�h�
XZ+.!H!:M7��D8E-�VU,0347�R4�I6U,+.!d� E1GO%k08�.*&03���VU)476Y08�.�:D8E.*1!(2^47�.!H!:GO%1086,03����D�U,+16)!(2)+.47D3*kM7��D8E.!

θ
a&2)!(!Ovo=&?A@Nw�a

`Y+103�)+¡*1!(2)�:6,08�"!(2[U,+.!C*1!(2,086)!(*u65�VU,034�4�I�U,+.!#Ds��6,SN!(2RU9�(MN!:65��SN!��\E1GO% 08��47�.!#*&086)!(�HU,0347�����.*�U,+.!
�(MN!:65��SN!h�\E1GO%.2h08��U,+.!96)!:G#��08�108�1SB*&086)!(�HU,0347�yv]2¥w�? q 2)G#��D8DtMW��D8E.!O4�I.U,+1032�U,+16)!(2)+.47D3*¢M7��D8E.!�`Y08D8D

� L



���������
	���
���������	����������

jt08SWE16)!�}<?A�&?�/.Xy!(2RU����72)!�� /e08�nMn0325�:03*P¦-4�`��VU
M = 0.8

���.*
α = 1.25◦

/EF¢�7�)+ 032547D808�.!(2Cv U)47%�w
���.*R2JU,6)!���GOD808�.!(29vT�'4�UJU)47G/w�?

jt08SWE16)!�}<? �.?�/.Xy!(2RUf���72)!E8 /1M<032)�(47E.2Z¦-4c` �VU
M = 1.2

a
α = 0◦

���.*
Re = 1000

/6F��7�5+R032)47D808�.!(2
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6)!(2,E1DBU908�>�BD34�U�4�I�!:D3!:GK!:�	U)29¦���SWSN!(*�Io476����1032)4�U,6)47%103�C6)!�r.�.!:GK!:��U#���.* U,+nE.2�2JU,6)47�1SWD8Qu6)!(*&E.�(!
U,+.!H�FE1G��'!:6|4�I~!:D3!:GK!:��U)2�47�WU,+.!H�.!�$(UY6)!�r.�.!:GK!:��U�D3!:MN!:Dl?J �4c`d!:MN!:6�a�0iI6U,+.!HMW��D8E.!H032�U)4<4O2,G#��D8Dla
2)!:MN!:65��DZ!:D3!:GK!:�	U)2�`Y08D8DJ�"!K6)!�r.�.!(*>���1032)4�U,6)47%103����D8D8Q¡��DBU,+.47E1SW+�03254�U,6)47%103�#6)!�r.�.!:GK!:��UOGO08SW+	U��'!
GK476)!/��%1%16)47%16,0s�VU)!W?RXZ+1032[D3!��7*12[U)4{�L6)!(*&E.�(!(*���%1%16)4�$<08G#�VU,0347���7�(�:E165�7�:QN? � ��476)*1!:6[U)4{�(MN4703*
U,+1032h!�g"!(�HU�a

θ
G[E.2JU|�'!9�)+.4W25!:�¢2)E&¤#�:03!:�	U,D8Q�+108SW+b? \���U,+.!94�U,+.!:6h+-���.*ea�U)4n4/Ds��6,SN!9M7��D8E.!(2|`Y08D8D

%16)!:MN!:�	UY���1032)4�U,6)47%103��6)!�r.�.!:GK!:�	UY47�/!:D3!:GK!:��U)2JIo476�`Y+103�5+ U,+1032m2JU,65�VU)!:SWQOGO08SW+	Um�"!f��%1%16)47%16,0s�VU)!Wa
U,+FE.2[08�.�:6)!��72,08�1S�U,+.!��FE1G��'!:694�Im!:D3!:GK!:��U)2[6)!�XnE1086)!(*¢Io476h47�;U5��08�108�1S¢�L�(!:6JU5��08���7�(�:E165�7�:QN?KXZ+.!
47%;U,08G#��D^�)+.4703�(!k4�I-U,+.!<U,+16)!(2,+.47D3*�MW��D8E.!CM7��6,03!(2�2,D808SW+�U,D8Q Io4769*&0ige!:6)!:�	UmU)!(2RU9���72)!(2O���.*�08�10BU,0s��D
GK!(2,+.!(2�?� �4c`d!:MN!:6�a U,+.!KIo47D8D34�`Y08�1SP47�.2)!:6,MW�VU,0347�.2�`d!:6)!C2,08GO08Ds��69I]476�4�U,+.!:6*U)!(2JU9���725!(2�?{jt08SWE16)!
}<?A�B2)+.4�`^2*U,+.!L�(47�FMN!:6,SN!:�.�(!k4�I�U,+.!C!:6,6)476908�%U,+.! U5��6,SN!HU�I]E1�.�HU,0347�-��DZM7��D8E.!(2[Io476¤U)!(2JU����72)! q a
E.2,08�1SC�7*��,4708�	U��-�72)!(*B!:6,6)476�08�.*&03���VU)476)2�?YXZ+.!p08�.*&08M<03*&E-��D~�:E16,MN!(2|��6)!�47�;U5��08�.!(*BE.2,08�1S#M7��D8E.!(2|4�I
θ
65���1SW08�1SpI]6)47G

2.0
U)4

4.0
?�j.476d�(47GO%-��6,032547�ba&��D3254OU,+.!^MW��D8E.!(2�Io476d�p%1E16)!^032)4�U,6)47%103�f6)!�r.�.!:GK!:�	U

��6)!HSW08MN!:�b?
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jt08SWE16)!�}<?A�&?�/.Xy!(2RU����725! q / 8m47�nMN!:6,SN!:�.�(!k4�I-U,+.!C!:6,6)476908�
cdp
Io476¤U,+.!
>A@Ov

1
wHGK!HU,+.4<*�E.2,08�1S

�7*��,4708�	U^�-�72)!(*B!:6,6)476^08�.*&03���VU)476)2f�(47G��108�.!(*B`Y0BU,+{���103254�U,6)47%103�Z� E1GO%B08�.*&03���VU)476)2�?
8dD3!���6,D8QNa U,+.!k�5+.47032)!

θ = 2.0
032 U)4n4¢2,G#��D8Dlam�72�0BUOD3!��7*12 U)4¢�.4P2,08SW�10ir-�����	U#6)!(*&E.�HU,0347�>08�vU,+.!

�FE1G��'!:694�IZ!:D3!:GK!:��U)2[�.!(!(*1!(*uI]476[�k�(!:6JU5��08���7�(�:E165�7�:Q ���.*u!:MN!:� �:6)4W2)2)!(2ZU,+.!K�:E16,MN!OSW08MN!:�u�nQ
032)4�U,6)47%103�k6)!�r.�.!:GK!:��U#08��47�.!k%"4708�	U�? q %-��6JU�IT6)47G U,+-�VU�a�U,+.!k*&0ige!:6)!:�.�(!(2OIo476�M7��6,0347E.2OMW��D8E.!(2
4�I
θ
��6)!R2,G#��D8Dlam08� U,+.!RSW08MN!:� ���72)!B�¢MW��D8E.!R4�I

θ = 3.0
476

θ = 3.5
2)!(!:GK2#47%;U,08G#��Dl? XZ+.!

�7�(�:E165�7�:Q �7�)+103!:MN!(* �
IuU)!:6C�PSW08MN!:� �FE1G��'!:6L4�Ip6)!�r.�.!:GK!:�	Uk2JU)!:%.2/032/��D8`Z�(Q&2CMN!:6,Q�2,08GO08Ds��6pU)4
U,+-�VUO4�If032)4�U,6)47%103�C6)!�r.�.!:GK!:�	U#�
IuU)!:6 U,+.!/25��GK!/�FE1G��'!:6K4�Ih�7*.��%;U,08MN!k2JU)!:%.2�a«U,+FE.2*U,+.!k��08G 4�I
6)!(*&E.�:08�1SpU,+.!H�nE1G[�"!:6�4�I�!:D3!:GK!:�	U)2�`Y+108D3!p47�;U5��08�108�1SC2,08GO08Ds��6|�7�(�:E165�7�:QL032Y6)!��7�5+.!(*e? � 2,08�1SmU,+.!
� E1GO%P08�.*&03���VU)476OU,+.!��nE1G[�"!:6[4�Im!:D3!:GK!:��U)2[47��U,+.!�r.�.!(2JUHD3!:MN!:D��(47�.2,03*1!:6)!(*u08�¢jt08SWE16)!#}<?A�L�����
�'!h6)!(*&E.�(!(*B�FQk��%1%16)4($&08G#�VU)!:D8Q
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U,+.!\>A@Ovo@Nwf2)�5+.!:GK![Io476cU)!(2JU|���725! q ? q 2-U,+.!��FE1G��'!:6p4�IJ*1!:SW6)!(!(2H4�I�I]6)!(!(*147G %'!:6|!:D3!:GK!:�	UH032
+108SW+.!:6��nQ �CIl�7�HU)476�4�I 9

4

�729�(47GO%-��6)!(*®U)4WU,+.! >A@Ov
1
whGK!HU,+.4<*ea6U,+.!#�(4N��6)2)!:6�08�10BU,0s��DdGK!(2)+ 032

E.2)!(*�Io476OU,+1032p2,E1�"���72)!W?�jt08SWE16)!/}<?A=L�(47GO%-��6)!(2[U,+.! U5��6,SN!HUHI]E1�.�HU,0347�-��DJ!:6,6)476[47�;U5��08�.!(*P`Y0BU,+ �
M7��D8E.![4�I

θ = 3.0
`Y0BU,+�U,+.!H6)!(2)%'!(�HU,08MN!p!:6,6)476)2f4�I����R03254�U,6)47%103�H6)!�r.�.!:GK!:�	U�?
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%1D803�����108D80BU QB4�I_U,+.!^� E1GO%{08�.*&03���VU)476jU)4pU,+.!(2)!H+108SW+.!:6h476)*1!:6|��%1%16)4($&08G#�VU,0347�.2�?^XZ+.!��(47GO%-��6,032)47�
�'!HU�`d!(!:�9032)4�U,6)47%103�J���.*9���1032)4�U,6)47%103��6)!�r.�.!:GK!:��UV032yMN!:6,Q|2,08GO08Ds��6�U)4�U,+-�VUeIo476 U,+.!U>A@Ov LcweGK!HU,+.4n*ea
08�1U,+1032Y���72)!|GK476)!�U,+-���

40%
4�I�U,+.!H!:D3!:GK!:�	U)2f�����k�'!h25��MN!(*k47�1U,+.!fr.�.!(2RUYGK!(2,+b? � UZ032Z`m476JU,+
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jt08SWE16)!�}<?A=&?�/.Xy!(2RU����725! q / 8m47�nMN!:6,SN!:�.�(!k4�I-U,+.!C!:6,6)476908�
cdp
Io476¤U,+.!
>A@Ov

2
wHGK!HU,+.4<*�E.2,08�1S

�7*��,4708�	UY�-�72)!(*L!:6,6)476Y08�.*&03���VU)476)2Y�(47G[�108�.!(*R`Y0BU,+B���k���103254�U,6)47%103�m� E1GO%L08�.*&03���VU)476�?

GK!:�	U,0347�108�1S¢47�.!#�7*1*&0BU,0347�-��DY�72,%'!(�HU#/ q 2OU,+.!K08�10BU,0s��DJGK!(2,+u032[XFE10BU)!K�(4N��6)25!Wa£U,+.!K�(47�nMN!:6,SN!:�.�(!
08��U,+.!p�"!:SW08�1�108�1S/*14<!(2^�.4�U^r�Uf08��U,+.![SN!:�.!:65��DV�:E16,MN!p0BU^I]47D8D34c`^2|�
IuU)!:6,`m��6)*12�?Zj16)47G¥U,+.!H08�10BU,0s��D
GK!(2,+1U)4*U,+.!|r.6)2JUZ6)!�r.�.!(*R47�.!cU,+.!:6)!H032Y��2,08SW�10ir-�����	U�*&6)47%k08�<U,+.!�U5��6,SN!HUZI]E1�.�HU,0347�-��Dy!:6,6)476�a&08�&U
*&03���VU,08�1S U,+-�VUjU,+.!H08GO%16)4�MN!:GK!:��Up4�I_U,+.!pGK!(2,+R032��(47�.2,03*1!:65���1D3!W? q I U)!:6jU,+1032^08�10BU,0s��Dy6)!�r.�.!:GK!:��U
2JU)!:%vU,+.!LIo47D8D34�`Y08�1S 47�.!(2/��6)!L`d!:D8D^`Y0BU,+108� U,+.!B!�$<%"!(�HU)!(*>�(47�FMN!:6,SN!:�.�(!B�'!:+-��Mn03476�am08�.*&03���VU,08�1S
U,+-�VU.U,+.!|�72,Q<GO%;U)4�U,03�^65���1SN!�032J6)!��7�5+.!(*C��D86)!��7*&QNa1��D8D-08�.*&08M<03*&E-��D'%'4708��U)2�Io476m�7�HU,E-��D"����D3�:E1Ds�VU,0347�.2
D803!p47�B�O2,GK4<4�U,+R�:E16,MN!W?
jt08SWE16)!P}<? } 2,+.4c`^2L� �(47GO%-��6,032)47� 4�I[U,+.!�!�¤#�:03!:�.�:Q 4�IZU,+.!{6)!(2,03*&E-��Dh�-�72)!(* !:6,6)476C08�.*&03���VU)476
�(47GO%-��6)!(*¨U)4®U,+.!P�7*��,4708�	UL�-�72)!(* 08�.*&03���VU)476�ah��SF��08� Io476<U,+.! >A@Ov LcwKGK!HU,+.4<*e? 8dD3!���6,D8QNa-U,+.!
�(47�FMN!:6,SN!:�.�(!�4�I6U,+.!�U5��6,SN!HUZI]E1�.�HU,0347�-��Db032Z08GO%16)4�MN!(*{2,08SW�10ir-�����	U,D8QL0iI��7*��\4708��UY�-�72)!(*k!:6,6)476^08�.*&0iU
���VU)476)2���6)!OE.25!(*�U)4R2)!:D3!(�HUZU,+.!#!:D3!:GK!:�	U)2[I]476p6)!�r.�.!:GK!:��U�?LXZ+1032hIo�7�HU^� E.2JU,0ir-!(2[U,+.!#�7*1*&0BU,0347�-��D
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residual based, jumps
adjoint based, isotropic
adjoint based, jumps
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jt08SWE16)!�}<? }<?�/.Xy!(2RU����725! q / 8m47�nMN!:6,SN!:�.�(!k4�I-U,+.!C!:6,6)476908�
cdp
Io476¤U,+.!
>A@Ov

1
wHGK!HU,+.4<*�E.2,08�1S

6)!(2,03*&E-��Dp���.* �7*��\4708��UC�-�725!(* !:6,6)476C08�.*&03���VU)476)2k�(47G[�108�.!(* `Y0BU,+ ��� ���1032)4�U,6)47%103�
�\E1GO%R08�.*&03���VU)476�?

j.476R�"4�U,+ !:6,6)476R08�.*&03���VU)476)2zU,+.!u���1032)4�U,6)47%103�u6)!�r.�.!:GK!:��UB�-�72)!(* 47�¡�\E1GO%.2R4�I U,+.!u2)47D8E;U,0347�
!�g"!(�HU,08MN!:D8Q 6)!(*&E.�(!(2�U,+.!B�nE1G[�"!:6R4�I�!:D3!:GK!:�	U)2L�.!(!(*1!(* Io476L� SW08MN!:� �7�(�:E165�7�:Q �72L�(47GO%-��6)!(*

�W�
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U)4�U,+.!R6)!(2)%'!(�HU,08MN!B032)4�U,6)47%103�R6)!�r.�.!:GK!:��UC���72)!W? � 2,08�1Su6)!(2,03*&E-��D��-�72)!(* !:6,6)476/08�.*&03���VU)476)2pU,+.!
�7�)+103!:MN!(*�25�(M<08�1SB4�IY!:D3!:GK!:�	U)2���GK47E1��U)2[U)4R���"47E;U

40%
���.*P032OU,+nE.2p2,D808SW+�U,D8Q�+108SW+.!:6[U,+-���u08�

U,+.![�7*��,4708�	U^�-�72)!(*B���72)!W?

�O���/���R�65��
	�� 5����h�¡�H���F���m�^�e�s�Z� �������T���^�.�h��5
XZ+.!H!:M7��D8E-�VU,0347�R4�I�U,+.!H*1!:6,08M7�VU,08MN!h08�.*&03���VU)476)2^*1!(25�:6,08�'!(*C08�B;<!(�HU,0347�{=&?A@&?A@94�g"!:6)2^��`Y03*1!h65���1SN!
4�I|��DBU)!:6,�-�VU,08MN!(2�? � �¡476)*1!:6*U)4¢2,+.4c`�47�1D8Q�U,+.!C6)!:D3!:M7����U96)!(2)E1DBU)2�a��.4��(47GO%-��6,032)47��4�I�*&0ige!:6)!:�	U
U,+16)!(2,+.47D3*CM7��D8E.!(2Z`Y08D8D'�"!|2)+.4�`Y�b?�XZ+.!|G#��08�L6)!(2,E1DBU)2m`Y08D8D'�"!|2,+.4�`Y�LIo476.U)!(2RUm���72)! q E.2,08�1S U,+.!
>A@Ov LcwmGK!HU,+.4<*B���.*�U,+.![�7*��,4708�	U^�-�72)!(*B!:6,6)476^08�.*&03���VU)476)2�?

1e-05

0.0001

0.001

3000 10000 30000
Number of elements

isotropic
derivative
derivative, blending
derivative, exact transf.
derivative, primal comp.

|c d
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−
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02
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5|

jt08SWE16)!�}<?A§&?�/.Xy!(2RUd���72)! q /,8m47�nMN!:6,SN!:�.�(!h4�I�U,+.!f!:6,6)476d08�
cdp
Io476 U,+.!7>A@Ov

1
w~GK!HU,+.4<*KE.2)08�1S9�7*<U

�,4708�	UY�-�72)!(*L!:6,6)476Y08�.*&03���VU)476)2f�(47G��108�.!(*k`Y0BU,+R���1032)4�U,6)47%103�p*1!:6,08MW�VU,08MN!h08�.*&03���VU)476)2�?
jt08SWE16)!#}<?A§k2,+.4�`^2[2)!:MN!:65��D�!�$1��GO%1D3!(2HI]476�U,+.!mU5��6,SN!HUhI]E1�.�HU,0347�-��DJ�(47�FMN!:6,SN!:�.�(!#E.2,08�1SR*&0ige!:6)!:�	U
*1!:6,08M7�VU,08MN!R08�.*&03���VU)476)2�? XZ+.!k6)!�Io!:6)!:�.�(!R���72)!L032K�-�72)!(*�47��!:MW��D8E-�VU,08�1S®U,+.!R�5+-��65�7�HU)!:6,032JU,03�B*&0iU
6)!(�HU,0347��4�I-U,+.!L*1!:6,08M7�VU,08MN!PvT08�9U,+1032����72)!<U,+.!L!:08SN!:�FMN!(�HU)476O�"!:D347�1SW08�1S�U)4WU,+.!CDs��6,SN!:6#���.2)47D8E;U)!
!:08SN!:�FMW��D8E.!#4�I�U,+.!O �!(252,0s���PG#�VU,6,0i$.wp���.*P�(47GO%-��6,08�1SB0BUZU)4R�<U,+16)!(2,+.47D3*����1SWD3!

θα = 15◦
ay2)!(!

vo=&?CLc}Ww:a&�72d`m!:D8D"�72Z�(47GO%-��6,08�1S U,+.!h���1032)4�U,6)47%103�|65�VU,0349�72Z*1!�r.�.!(*C08��vo=&?CL�=Nw U)4��[2)!(�(47�.* U,+16)!(2,+&U
47D3*uMW��D8E.!

θr = 3.0
?kXZ+1032�032[*147�.!/08�.*&08M<03*&E-��D8D8Q¢I]476���D8Dm�(47�.2)!:6,MW�VU,08MN!#MW��6,0s���1D3!(2�? � IY�VU�D3!��72JU

U `m4C4�I.U,+.!(2)!�!:MW��D8E-�VU,0347�.2h2,E1SWSN!(2JUcU,+.!�2¥��GK!9���1032)4�U,6)47%103�96)!�r.�.!:GK!:��U[���.*WU,+.!94�U,+.!:6)2h*14#�.4�U
2,E1SWSN!(2JUf�9*&0ige!:6)!:�	Uf*&086)!(�HU,0347�ba10l? !W?�U,+.!:QL2,E1SWSN!(2JUY03254�U,6)47%103�h6)!�r.�.!:GK!:�	U�a����R!:D3!:GK!:��U^032m¦���SWSN!(*
I]476p���1032)4�U,6)47%103�K6)!�r.�.!:GK!:�	Up08��U,+1032h%-��6JU,03�:E1Ds��6[*&086)!(�HU,0347�b?�XZ+.!�6)!(2,E1DBU,08�1SR�(47�nMN!:6,SN!:�.�(!#�:E16,MN!
�:D3!���6,D8Q#2,+.4c`^2�a	U,+-�VU�U,+.!��7�(�:E165�7�:Q#6)!��7�)+.!(*k�
I U)!:6Y�HSW08MN!:�C�FE1G��'!:6Z4�Ib6)!�r.�.!:GK!:�	U^2RU)!:%.2J032JMN!:6,Q
2,08GO08Ds��6cU)4�U,+-�VU�4�I U,+.!��(476,6)!(2,%"47�.*&08�1SC03254�U,6)47%103�p6)!�r.�.!:GK!:�	U�a"�1E;U�E.2)!(2h�O6)!(*&E.�(!(*{�FE1G[�"!:6H4�I
!:D3!:GK!:�	U)2�an08�mU,+.!^!�$.��GO%1D3!�U,+1032�6)!(*&E.�HU,0347�/6,032)!(2_U)4p���"47E;U

40%
�
I U)!:6_U,+.!^Ds�72JU�6)!�r.�.!:GK!:�	Um2JU)!:%b?

q 2[*1!(2)�:6,08�'!(* 08��;<!(�HU,0347��=&?A@&?A@&a6U,+.!K*1!:6,08MW�VU,08MN!K08�.*&03���VU)4769E.2)!(2[�kD808�.!���6,0CB�!(*®U,65���.2\Io476,G#�VU,0347�
IT6)47G�6)!���De2,%-�7�(!|�(4n476)*&08�-�VU)!(2�U)4¤U,+.!�6)!�Io!:6)!:�.�(!H!:D3!:GK!:�	U�?�XZ+.!H�72)2,E1GO%;U,0347�ba�U,+-�VUZ+108SW+.!:6^476)*1!:6
U)!:6,GK2~08�.�:D8E.*&08�1Sp*1!:6,08M7�VU,08MN!(2�4�I�U,+.!��n�7�(47�10s���OG#�VU,6,0i$�4�I4U,+.!�U,65���.2\Io476,G#�VU,0347�K�������'!d�.!:SWD3!(�HU)!(*
2)!(!:GK2��\E.2JU,0ir-!(*e? � 2,08�1SpU,+.!p!�$1�7�HUjU,65���.2\Io476,G#�VU,0347�BSW08MN!:�B�nQ vo=&?CL!Lcw:a;U,+.!�4�MN!:65��D8DV�(47�nMN!:6,SN!:�.�(!
�)+-���1SN!(2C47�1D8Q�2)D808SW+	U,D8QNaY�72#2,+.4c`Y��08� jt08SWE16)!{}<?A§&?�XZ+1032p� E.2RU,0ir-!(2mU,+.!kE.2)!k4�I�U,+.!kD808�.!���6,0CB�!(*
U,65���.2\Io476,G#�VU,0347�ba.`Y+103�)+�!:�-���1D3!(2f�O2,08GO%1D3!����.*LE1�10ir-!(*{��%1%16)4N�7�)+BI]476f��D8DV*1!:6,08M7�VU,08MN!p476)*1!:6)2c?
XZ+.!L�(47�.�(!:%;UK4�I��1D3!:�.*&08�1SP032908�	U,6)4<*&E.�(!(*¡08� ;<!(�HU,0347� =&?A@&?A@��72K�B%"4W2)2,08�1D3!CGK!����.2O4�I�*1!���D808�1S
`Y0BU,+#MN!(�HU)476mM7��D8E.!(*#2)47D8E;U,0347�#I]E1�.�HU,0347�.2�?~XZ+.!^SN!:�.!:65��D'03*1!��H032 U)4HE.2)!|�H�(47G[�108�-�VU,0347�k4�I�U,+.!^08�&U
*&08Mn03*&E-��De*1!:6,08MW�VU,08MN!��(47GO%"47�.!:�	U)2Z`Y+103�5+L032m*147GO08�-�VU)!(*C�nQ�U,+.!�2RU,6)47�1SN!(2JUZ���103254�U,6)47%103�fIo!��VU,E16)!(2

�F�
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���.*®U,+nE.2O��D8D34�`^2*U)4R6)!�r.�.!L����!:D3!:GK!:��U�a�0iIf47�.!#MW��6,0s���1D3!C2,+.4�`^292JU,6)47�1SP���1032)4�U,6)47%103�KIo!��VU,E16)!(2
`Y+.!:6)!��72 U,+.!L4�U,+.!:6)2O*14{�.4�U�?  �4c`d!:MN!:6�ad�72�jt08SWE16)!R}<?A§{08�.*&03���VU)!(2�a U,+.!L!�$&%'!(�HU)!(*>�7*1*&0BU,0347�-��D
SF��08�{�(47�.�(!:6,�108�1S�U,+.!p�nE1G[�"!:6|4�I�!:D3!:GK!:��U)2|�����1�.4�U|�"!p47�.2)!:6,MN!(*R08�zU,+.!p�nE1GK!:6,03����D~!�$.��GO%1D3!(2�a
08�P�(47�	U,65�72JUZU,+.!9�1D3!:�.*1!(*P*1!:6,08MW�VU,08MN!(2HD3!��7*�U)4k�C2,D808SW+	U,D8Q�`d476)2)!��(47�nMN!:6,SN!:�.�(!K�"!:+-�(M<03476�?[XZ+1032
!�g"!(�HUJGO08SW+	Um�'!Y*&E.!-U)4OU,+.!YIl�7�HU�aiU,+-�VU U,+.!���%1%16)4($&08G#�VU)!fGK!HU,6,03�f08�	U)!:6)2)!(�HU,0347�L*1!(2)�:6,08�"!(*K08��U,+.!
��%1%'!:�.*&0i$u032¤U)4<4R08�-�7�(�:E165�VU)!W?BXZ+.!L��%1%16)4($&08G#�VU,0347�9U)!:�.*12[U)4BSW08MN!#6)!(2)E1DBU)2[`Y0BU,+¡�1U)4<4B2,G#��D8D
���1032)4�U,6)47%103��65�VU,0341?f |4�`d!:MN!:6�a"2,08GO%1D8QBD34�`d!:6,08�1S�U,+.!��(476,6)!(2,%'47�.*&08�1S�U,+16)!(2,+.47D3*{MW��D8E.![*14<!(2f�.4�U
2)47D8MN!�U,+.!f%16)47�1D3!:GR?�XZ+.!:6)!�Io476)!WaFE1��U,08D�+108SW+.!:6�XFE-��D80BU�Q#��%1%16)4($&08G#�VU,0347�.2Y4�IeGK!HU,6,03�f08��U)!:6)2)!(�HU,0347�.2
��6)!|��M7��08Ds���1D3!Wa�U,+.!�E.2)!|4�Ib�1D3!:�.*&08�1SO*14n!(2m�.4�UZ2)!(!:GkU)4��"!^E.2)!�I]E1D"���.* U,+.!h�7*1*&0BU,0347�-��Db!�g"476JUdI]476
U,+.!H08�	U)!:6)25!(�HU,0347�B%16)4<�(!(*&E16)!p�����R�"!H25�(MN!(*e?
XZ+.!KDs�72JU[08�.*&03���VU)476�E.2)!(*u08� jt08SWE16)!C}<?A§k032[�-�72)!(*u47��!:M7��D8E-�VU,08�1SzU,+.!#*1!:6,08MW�VU,08MN!#47�1D8QP08��U,+.!
*&086)!(�HU,0347��4�I�U,+.!K�(4<476)*&08�-�VU)!/�
$1!(2p47��U,+.!O6)!�Io!:6)!:�.�(!#!:D3!:GK!:��UCvT%16,08G#��Dd*&086)!(�HU,0347�.2�wp���.*u�(47G�U
%-��6,08�1SWU,+.!O6)!(2)E1DBU,08�1SR65�VU,034�U)4B�<U,+16)!(2)+.47D3*uMW��D8E.!

θ̃r
ay25!(!Rvo=&?CL�§Nw:? ;|4�U,+16)!(2,+.47D3*����1SWD3!

θα
032

E.2)!(*e? � 2)08�1SH�'4�U,+mU,+16)!(2,+.47D3*KM7��D8E.!(2
θr
���.*

θα
I]6)47G ���'4cMN!Wan�h�(476,6)!(2,%"47�.*&08�1SZU,+16)!(2,+.47D3*KM7��D8E.!

�����/�"!f����D3�:E1Ds�VU)!(*/Io476 U,+.!�%16,08G#��D'*&086)!(�HU,0347�.2can0iI U,+.!|*1!:6,08MW�VU,08MN!�*1!(2)�:6,08�"!(*/�FQ�U,+.!(2)!-U,+16)!(2,+.47D3*
M7��D8E.!(2h032h%16)4��,!(�HU)!(*�U)4<U,+.!O�(4n476)*&08�-�VU)!K�
$1!(2H4�I.U,+.!96)!�Io!:6)!:�.�(!O!:D3!:GK!:�	U�?�j.476[�C2)!(�(47�.*P476)*1!:6
*1!:6,08M7�VU,08MN!ZU,+1032^6)!(2,E1DBU)2Y08�

θ̃r =
θr cos2 (θα) + sin2 (θα)

cos2 (θα) + θr sin2 (θα)
.

vl}<?A@Nw
 �4c`d!:MN!:6�a_U,+1032�MW��D8E.!K032p�.4�U9E1�10"XnE.!�U)4�U,+.!/�(47G[�108�-�VU,0347��4�I�U,+16)!(2,+.47D3*�65�VU,034����.*®U,+16)!(2,+.47D3*
���1SWD3!W? � 2,08�1S

θr = 3.0
���.*

θα = 15◦
�72O���"4�MN!Wa

θ̃r = 2.53
032947�;U5��08�.!(*e?¢XZ+1032[MW��D8E.!C�����

��D32)4C�'!9%16)4<*&E.�(!(*¢�FQP�/D34�`d!:6[U,+16)!(2,+.47D3*¢65�VU,034CI]476hD34c`d!:6ZU,+16)!(2,+.47D3*u���1SWD3!(2p���.*¢�nQ��/+108SW+.!:6
U,+16)!(2,+.47D3*k65�VU,034�Io476Y+108SW+.!:6-U,+16)!(2)+.47D3*B���1SWD3!(2�a-�72^�����B�'!H2)!(!:�k08�Rjt08SWE16)!�}<?KJ&?

 2

 3

 4

 5

 6

 7

 8

 0  5  10  15  20  25  30

θα � ◦ �

θ r

jt08SWE16)!�}<?KJ&?�/08m47G[�108�-�VU,0347�.294�I�U,+16)!(2,+.47D3*u65�VU,034
θr
���.*�U,+16)!(2,+.47D3* ���1SWD3!

θα
6)!(2,E1DBU,08�1SB08��U,+.!

GK4<*&0ir-!(*1U,+16)!(2,+.47D3*k65�VU,034
θ̃r = 2.53

?
XZ+1032Z!�g"!(�HUmD3!��7*12 U)4��[�FE1G[�"!:6Y4�Iy!:D3!:GK!:�	U)2Z�"!:08�1S[¦���SWSN!(*#Io476Z���1032)4�U,6)47%103�|6)!�r.�.!:GK!:��U�a&`Y+103�)+
`d!:6)!C�.4�U�¦���SWSN!(* E.2,08�1SoU,+.!/GK476)!#08�nMN47D8MN!(*�08�.*&03���VU)476��-�72)!(*�47���'4�U,+ U,+16)!(2,+.47D3*�65�VU,034����.*
���1SWD3!W?�\��FM<0347E.2,D8QNa4U,+1032f6)!(2,E1DBU)2^08�¢�O2,D808SW+�U,D8Qk08GO%16)4�MN!(*��(47�FMN!:6,SN!:�.�(!9�'!:+-��Mn03476�?Z |4�`m!:MN!:6�a�47�
U,+.!hr.�.!(2JUYGK!(2,+1U,+.!��7�)+103!:MN!(*B�7�(�:E165�7�:QL032^2,D808SW+�U,D8QL`d476)2)!�U,+-���kIo476f��D8Db4�U,+.!:6^GK!HU,+.4<*12�?d;�U,08D8Dla
U,+.!k*&0ig"!:6)!:�.�(!(2/��6)!k2,G#��D8Df���.*9U,+FE.2h�\E.2JU,0iI]Q�U,+.!LE.2)!k4�IcU,+1032O2,08GO%1D80ir-!(*��:6,0BU)!:6,0347�bad`Y+103�)+�032
*&086)!(�HU,D8QR��%1%1D803�����1D3!ZU)4�+108SW+.!:6�476)*1!:6�*1!:6,08M7�VU,08MN!(2|�72Y`d!:D8Dl?
� 2)08�1S�*&0ige!:6)!:�	U<U,+16)!(2,+.47D3* MW��D8E.!(2 U,+.!R6)!(2,E1DBU)2/M7��6,QNa��72#����� �'!R!�$&%"!(�HU)!(*e? � �.�:6)!��72)08�1S U,+.!
U,+16)!(2,+.47D3*{���1SWD3!

θα
I]6)47G

15◦
U)4

20◦
6)!(2)E1DBU)2^08�{�O2RU)!(!:%'!:6^*1!(2)�(!:��U�4�I«U,+.![�(47�nMN!:6,SN!:�.�(!��:E16,MN!

�
I U)!:6�U,+.!Hr.6)2JUY6)!�r.�.!:GK!:�	U|2JU)!:%.2�?� |4�`d!:MN!:6�a-08�1U,+.!HDs�VU)!:6Y6)!�r.�.!:GK!:�	U|2JU)!:%.2�U,+.!p!:6,6)476^�5+-���1SN!(2
U,+.![2,08SW�ba"�
IuU)!:6,`m��6)*12cU,+.!����.2)47D8E;U)!�MW��D8E.![4�I_U,+.!�!:6,6)476|2JU5��6JU)2�SW6)4�`Y08�1SR��SF��08�b?^XZ+1032��'!:+-��Mn03476

�F=
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08�.*&03���VU)!(2�a�U,+-�VUpU,+.!B6)!�r.�.!:GK!:�	UC032K�.4�U/6)!���D8D8Q ��%1%16)47%16,0s�VU)!RIo476�U,+.!R%16)47�1D3!:GRaZ0l? !W? U,+-�VUpU,+.!
U,+16)!(2,+.47D3*RMW��D8E.!(2f��6)![�.4�Uf2JU,6,03�HUf!:�.47E1SW+b?Y;n08GO08Ds��6^6)!(2,E1DBU)2|��6)!p47�;U5��08�.!(*RE.2,08�1SC��_N!:QLM7��6,0s���1D3!
D808_N![U,+.!\F��7�5+{�nE1G[�"!:6

M
476jU,+.![MN!:D34<�:0BU Q{2)����Ds��6

v
? � ��!���6,D8Qk6)!�r.�.!:GK!:�	Up2JU)!:%.2-U,+.!�!:6,6)476|032
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û(m) =

n �	��
 � 
������
∑

i=0
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