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1. Introduction

A body immersed in a moving fluid is exposed to forces and torques resulting from the
flow. For some applications these loads have to be considered as external perturbations,
important examples are bridges or high buildings. In other applications, however, the
loads resulting from the flow field are an important part of the functionality of an object,
consider for example turbines or aircraft.

In both cases, a good knowledge of the flow field and the resulting forces and torques is
required to ensure the functionality of the technical objects under consideration. This
knowledge cannot be acquired by practical tests and measurements alone, as such expe-
riments are expensive, require a lot of preparation time and often include scaled models,
which cannot always give appropriate results. Therefore, it is important to gain know-
ledge of flow features without experiments. One way to achieve this is by using numerical
methods to solve the equations describing flow phenomena. These governing equations
are given in Chapter 2 for the case of aerodynamic applications, i.e. compressible gas
flows.

Numerical methods can help saving considerable cost and time, especially in the de-
velopment process. However, numerical methods need resources of their own, mainly a
combination of computing hardware and the time needed for solving the problem with
this hardware'. It is, therefore, desirable to develop numerical methods, which do not
only lead to detailed and precise approximations of the flow but do so with minimized
effort.

One way of achieving efficient calculations is to use methods with a high order of con-
vergence. Among these, Discontinuous Galerkin methods (DG methods for short) have
become very popular recently, as they offer some considerable advantages over classical
Finite Volume methods, for example. The general idea of these methods will be described
in Chapter 3. Along with that, the discretization of the governing equations will be given.
The concept of adaptivity offers an additional approach of gaining high efficiency. The
flow problem is solved using an initial discretization which in general is too coarse. How-
ever, after the solution is obtained, the discretization is refined in those regions, where
large errors are produced. The obtained discrete problem is solved, starting a new it-
eration of the adaptive algorithm. This procedure is described in Chapter 4. For such
algorithms it is necessary to evaluate the solution in order to obtain estimations of the
local error. Appropriate error indicators are presented in Chapter 5.

Generally, refinement of the mesh elements representing the geometrical discretization
is done in an isotropic way, by which a two—dimensional quadrilateral is split in half in
both dimensions, resulting in four new quadrilaterals. However, flow phenomena exhibit
strong directional behavior. In boundary layers or interior layers like shocks, the flow
variables change rapidly in the direction orthogonal to the layer, whereas the change in
direction of the layer is much smaller. In such cases almost the same accuracy can be
achieved by splitting the elements in only one direction, thereby reducing the number of

'Of course, this includes costs as well, as the use of hardware for a certain time is generally associated
with costs.
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elements and accordingly the number of unknowns of the discrete problem. It is the main
task of this work to implement an anisotropic refinement capability and to derive and
implement appropriate indicators for such an anisotropic refinement. The anisotropic
indicators are described in Chapter 6 along with the resulting adaptive mesh refinement
strategy. Numerical results for several testcases and a comparison of the performance of
different indicators are presented in Chapter 7.

The appendix Chapter A includes some implementational issues associated with aniso-
tropic refinement. This chapter can also be seen as a short reference to the changes
implemented in the DG flow solver PADGE (Parallel Adaptive Discontinuous Galerkin En-
vironment) currently developed at the DLR Braunschweig and in the C++ Finite Element
library deal.II [2] the flow solver is based on.



2. Governing Equations of
Computational Fluid Dynamics

Fluid flows can be described by a system of partial differential conservation equations,
namely the conservation of mass, momentum and energy. In the case of inviscid flows,
the conservation of momentum is given by the compressible Euler equations, whereas in
the more general case of a viscous flow it is described by the compressible Navier—Stokes
equations. The equation describing the conservation of energy includes viscous terms as
well, whereas the continuity equation decribing the conservation of mass is the same for
inviscid and viscous flows.

Often the whole set of conservation equations is referred to as the compressible Euler
equations and compressible Navier—Stokes equations, respectively. This naming conven-
tion is adopted in the following.

In case of the Euler equations, the system of partial differential equations is of hyper-
bolic type, therefore this type of system is briefly characterized in the following section.
Following these general remarks the actual systems considered here, namely the Fuler
and Navier—Stokes equations, are given in Sections 2.2 and 2.3, respectively.

2.1. Hyperbolic conservation equations

Given a final time 7" > 0, the following system of conservation equations,

A,
— i =0 in (0,7] x
o 2 g in (0,7] x 9, o
u(0,) =uo() in Q.
is considered, where Q is a bounded connected domain in R%, d > 1, u = (uy,...,umn)’,

Fé(u) = (ff(u),...,£j(u)) and £ : R™ — R™, i = 1,...,d, are continuously differ-
entiable. In particular, this work will be concerned with the solution of the stationary
system of conservation equations,

V-Fu)=0 inQ, (2.2)

subject to appropriate boundary conditions described below. (2.1) is called hyperbolic,
if the matrix

d
B(u,v) =Y vidi(n) (2.3)
i=1

has m real eigenvalues and a complete set of linearly independent eigenvectors for all
vectors v = (v1,...,v4) € RL Here, A;(u) € R™*™ denotes the Jacobi matrix of the
flux £f(u), i.e.

Ai(u) := —f£{(u), i=1,...,d. (2.4)
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In order to describe a unique problem, the system of conservation equations (2.1) must
be supplemented with appropriate boundary conditions; for example at inflow /outflow
boundaries, it is required that

B (u,n)(u—g)=0, onl (2.5)

where n denotes the unit outward normal vector to the boundary I' = 002 and g is a
(given) vector function. Here, B¥(u,n) denotes the positive/negative part of B(u,n),

B*(u,n) = PATP1 (2.6)

where P = [ry,...,r,,] denotes the m X m matrix of eigenvectors r; of B(u,n) and
AT = diag(max(\;,0)) and A~ = diag(min();,0)) the m x m diagonal matrix of the
positive/negative eigenvalues \; of B(u,n) with Br; = \ir;, i =1,...,d.

2.2. Euler equations

The Euler equations of compressible gas dynamics describing an inviscid fluid flow rep-
resent an important example of the hyperbolic problem (2.1). In two space—dimensions,
the vector of conservative variables u and the convective fluxes f, i = 1,2, are defined
by

P pU1 pU2
2
pU1 c pUvy +p c pUIV2
u= , fi(u)= and f5(u) = , 2.7
pU2 i(w pUIV2 2(u) pv3 +p 27)
pE pHwvy pHuvo

where p, v = (v1,v2)”, p and E denote the density, velocity vector, pressure and specific
total energy, respectively. Additionally, H is the total enthalpy given by

where e is the specific static internal energy, and the pressure is determined by the
equation of state of an ideal gas

p=(v—1pe, (2.9)

where v = ¢,/c, is the ratio of specific heat capacities at constant pressure, c,, and
constant volume, c¢,; for dry air at moderate temperatures, v = 1.4, the theoretical value
for duatomic gases from the kinetic theory of gases, is a good approximation to values
obtained by measurements. The flux Jacobians A;(u) defined in (2.4) are given by

0 1 0 0
A — | itz =DV Bem —(v =Dy -1
1(u) 0 0 ’
1V2 V2 U1

U1 (%(7 —1v? - H) H—(y=1v} —(v—Dviva 01

B 0
4 _ V109 V2 U1
2(u) “B (=D (=D B -1

0 (G =1v? = H) —(r= o H—(y=10f
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Finally, the eigenvalues of the matrix B(u,n) = Z?:l n;A;(u) are
AM=v-n—c¢, d=A3=v-n, Mp=v-n+c (2.10)

where ¢ = \/vp/p denotes the speed of sound. Considering the signs of A\;, i = 1,...,4,
we distinguish four cases of boundary conditions (2.5):

e supersonic inflow: \; <0,i=1,...,4,

subsonic inflow: A\; < 0,47 =1,2,3, Ay > 0,
e subsonic outflow: Ay <0, \; >0, 7= 2,3,4, and
e supersonic outflow: \; > 0,i=1,...,4.

A fifth case of boundary conditions can be found at walls, where (at least) the normal
component of the flow vanishes: v - n = 0, resulting in the following eigenvalues:

e wall: \{ =—c<0,A=X3=0,\4=c>0.

Each eigenvalue smaller than zero corresponds to an inflow characteristic. The number
of variables to be prescribed on the boundary depends on the number of inflow charac-
teristics.

2.3. Navier—Stokes equations

The compressible Euler equations can be extended to viscous flows by considering addi-
tional viscous fluxes. This leads to the compressible Navier—Stokes equations, which will
be given for the two—dimensional steady state case below.

Like in Section 2.2, p, v = (v1,v2)”, p and F denote the density, velocity vector, pressure
and specific total energy, respectively. Furthermore, 7' denotes the temperature. The
equations of motion are given by

o .. o
axi fi (u) B axz

V- (F(u) — F’(u,Vu)) = f'(u,Vu) =0 in Q. (2.11)

The vector of conservative variables u and the convective fluxes f, : = 1,2, are given by
(2.7). Furthermore, the viscous fluxes f, ¢ = 1,2, are defined by

0 0
f/'(u,Vu) = i and fJ(u,Vu) = T2 , (2.12)
T21 T22
TV + ’CTml TV + ICT:BQ

respectively, where K is the thermal conductivity coefficient. It is obvious, that the
conservation of mass, which is described by the first component of the system, is not
influenced by viscous terms.

Finally, for a Newtonian fluid the viscous stress tensor is defined by

T=p(Vv+(Vv) = 4(V-v)I), (2.13)
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where p is the dynamic viscosity coefficient, and the temperature 7' is given by e = ¢, T
thus
1,2

KT = L (E = 3v7),
where Pr = “Kﬂ is the Prandtl number and Pr = 0.72 should be chosen for dry air at
moderate temperatures.
For the purpose of discretization, the compressible Navier-Stokes equations (2.11) can
be rewritten in the following (equivalent) form:

0 (o ouy .
o7, (fi (u) — G”(u)(?Tj) =0 in Q. (2.14)

Here, the matrices Gy;(u) = Off(u, Vu)/0uy,, for i,j = 1,2 are the Jacobian matri-
ces of the viscous fluxes with respect to the conservation variables, i.e., f’(u,Vu) =
Gij(u)ou/0xj, i = 1,2, where

0 0 0
4
_H —301 3 0 0
G = P — vy 0 1 o |’
S g (E) G-d)u (-F)n &
0 0 0 0 0 0 0 0
o ﬁ 302 0 *% 0 o —V2 0 1 0
Gz = P o 1 0 0 |0On7 %vl -2 0 0|
7%’01’02 (%] 7%’01 0 75’01’[}2 7%’02 V1 0
0 0 0 0
—0 1 0 0
G = —ég 0 4 0
p 2 4,2 3 '2Y 2 0l 4 3’Y 9l
—(iHgutE(E-vY)) I-F)u (5-7)ve &

Given that  C R? is a bounded region, with boundary I', the system of conservation
equations (2.14) must be supplemented by appropriate boundary conditions. It must be
distinguished between supersonic inflow (Dirichlet), subsonic inflow, subsonic outflow,
supersonic outflow (Neumann) and solid wall boundaries, denoted by I'p upy ' suboin
I'b sub-out, I'n and I'yy, respectively. Additional information on these boundary conditions
can be found in Section 3.5.

For solid wall boundaries and wiscous flows, isothermal and adiabatic conditions can be
distinguished. To this end, decomposing 'y = I'w 5o U I'w aaia, the boundary conditions
read

VvV = 0 on Fw, T - Twau on FW,iSO? n- VT - 0 on FW,adiaa (2.15)

where T, is a given wall temperature.
For solid wall boundaries and inviscid flows, governed by the compressible Euler equa-
tions, see Section 2.2 or equation (2.11) with pu = 0, reflective (or slip wall) boundary

conditions given by
v-n=0 on Iy =T4 (2.16)

are considered.
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3.1. Discontinuous function spaces

Numerical methods are based on discretizations of continuous problems. Only after
these discretizations have been applied to the problem, the approximate solution can
be obtained. Concerning the process of discretization, two general concepts have to be
distinguished: geometrical discretization and discretization of the function space.
Geometrical discretization has to be applied to the domain €2 on which the problem is
defined. For Finite Difference methods this discretization is based on distributing nodes
in the domain, for Finite Volume and Finite Element methods the domain is decomposed
into elements?. As Discontinous Galerkin Methods are a special type of Finite Element
methods (FE methods for short), only those will be considered further. In general, the
elements have simple geometric shape, for example triangles or quadrilaterals in two
dimensions and tetrahedra, pyramids, prisms or hexahedra in three dimensions. These
elements cover the whole domain and should be non—overlapping.

Based on this geometrical discretization, the solution is approximated piecewise on each
element. In order to express the continuous solution with a finite number of unknowns
(degrees of freedom), the approximation is restricted to a certain function space, usually
the space of polynomials up to a certain maximum degree. Varying the geometrical
discretization and the discrete function space, the solution can be approximated with
varying accuracy.

“Standard” (or continuous) FE methods demand, that the discrete solution is continuous
over the edges and faces of all elements. This convention effectively reduces the total
number of degrees of freedom, as the degrees of freedom of neighboring elements are
directly coupled. Clearly, the nature of this coupling depends on the polynomials chosen
as a basis.

The basic idea of Discontinuous Galerkin methods is to avoid the restriction of continuity.
Allowing the discrete solution to jump over the edges and faces of elements, the local
approximation can be improved. Furthermore it is easier to construct locally refined
geometrical discretizations (meshes), as there is theoretically no restriction on the number
of hanging nodes, where the face of one element can be neighbored by several other
elements. Whereas hanging nodes require no special treatment in DG methods, they do
so in continuous FE methods. There, the discrete solution on the finer side has to be
restricted to the coarser discretization along the edge or face. This results in the need of
restrictive modifications in the assembled global matrices.

The degrees of freedom have to be coupled between neighboring elements for DG methods
as well. However, this is not a direct coupling like in continuous FE methods. Instead,
DG methods use an indirect coupling realized by inter—element face terms including
numerical flur functions and interior penalty terms. These concepts will be explained
in the following sections. Before these details are given, some general remarks about

*Here and in the following the term element refers to the entities of the geometrical subdivision of a
domain as well as to these entities associated with a piecewise function space.
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the advantages of Discontinuous Galerkin methods will be presented. This summary of
important aspects is inspired by Houston et al. [17]:

e DG methods for flow calculations are, by construction, locally conservative. As the
governing equations are conservation equations, namely the conservation of mass,
energy and momentum, the numerical method ensures an important characteristic
of the problem in a natural way.

e DG methods exhibit enhanced stability properties in the vicinity of interior or
boundary layers. Oscillations near discontinuities, for example, are limited to the
elements in the direct vicinity of these phenomena.

e The indirect coupling between degrees of freedom from neighboring elements allows
to use irregular grids. Restrictions on the mesh regularity are based on implemen-
tational aspects only, not on numerical reasons.

e Furthermore, in the context of hp-refinement (see Section 4.1.3) the polynomial
degree on a single element can be chosen without restrictions induced by the neigh-
boring elements.

However, there are also some disadvantages. The most important one is the increased
number of degrees of freedom: on a structured mesh using quadrilateral elements with a
continuous piecewise bilinear approximation, the number of elements is almost identical
to the number of degrees of freedom, the latter being only slightly higher due to boundary
effects. For a discontinuous bilinear approximation on the same mesh the number of
degrees of freedom is four times the number of elements and thereby almost four times
as high as in the continuous case. This ratio reduces for higher polynomial degrees, but
nevertheless it represents the major drawback of applying DG methods. There are some
first attempts in literature of combining DG and continuous FE methods, combining
the advantage of enhanced stability of DG methods in those regions of the flow, which
might need this property, with the reduced number of degrees of freedom in the case of
continuous FE methods in other parts of the domain. However, the following part of this
work will only be concerned with “pure” DG methods.

3.2. Discretization and notation

Before the discretization of flow equations can be given, some notation has to be in-
troduced. In the following it is assumed, that  can be subdivided into shape-regular
meshes 7, = {k} consisting of quadrilateral elements . Here, h denotes the piecewise
constant mesh function defined by h|, = h, = diam(k) for all k € 7;,. It can further be
assumed, that each x € 7}, is an image of a fixed reference element &, that is, k = o,(k)
for all k € Ty,. In the following, only the case when & is the open unit square in R? and
the open unit cube in R3, respectively, will be considered. Furthermore the mapping
oy of the reference element & to the element x in real space is assumed to be bijective
and smooth, with the eigenvalues of its Jacobian matrix being bounded from below and
above. For elements in the interior of the domain, 9x N T = (), the mapping o, is given
by a d-linear function. In order to represent curved boundaries, see Figure 3.1, mappings
can be used that include polynomials of higher degree on boundary elements. In both
cases the mapping o, can be decomposed into a linear part 7, and a higher order part
Gk, such that kK = 0, (k) = 0 (5.(R)).
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T2 Z2

Figure 3.1.: Mapping o, of reference element % to the element x in real space.

On the reference element % spaces of tensor product polynomials of degree p > 0 are
defined as follows:

Qp(k) =span{z®:0<a; <p, 0<i<d}, (3.1)
where « denotes a multi-index and 2% = Hle z7". Finally, the finite element space Vfl
consisting of discontinuous vector—valued piecewise polynomial functions of degree p > 0
is defined by

V2 = {vy € [La(Q)]" : Vilx 0 0 € [Qp(R)]™}. (3.2)

Suppose that v|, € [Hl(m)]m for each k € 7;. Let k and ' be two adjacent elements
of T, and x be an arbitrary point on the interior edge e = dx N Ix'. v denote the
traces of v taken from within the interior of x and x’, respectively, see Figure 3.2. For
x € OxNT the outer trace is set to be v, := g where g denotes an appropriate boundary
function.

+

— wrt. element .

Figure 3.2.: Definition of the interior and outer traces v

In the following it will always be clear from the context which element « in the subdivision
75, the quantities v;" and v, correspond to, therefore the letter x in the subscript will
be suppressed for the sake of notational simplicity, leading to the notation v and v—.

3.3. Discretization of the compressible Euler equations

To formulate the discontinuous Galerkin method, as first step the weak formulation of
(2.2) is introduced. To this end, Equation (2.2) is multiplied by an arbitrary smooth
(vector-)function v and integrated by parts over each element x in the mesh 7j. After
summation over all elements x € 7}, this leads to

3 {—/H}'C(u)  Vvdx + aﬁfc(u) -nvds} =0. (3.3)

k€T
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To discretize (3.3), the analytical solution u is replaced by the Galerkin Finite Element
approximation uy and the test function v by vy, where u; and vj, both belong to the
finite element space V. In addition, since the numerical solution uy, is discontinuous
between element interfaces, the flux F°(u) - n must be replaced by a numerical fluz
function H(u;{, u, ,n), which depends on both the interior— and outer—trace of uy; on
Ok, k € Ty, and the unit outward normal n to dx. Thereby the Discontinuous Galerkin
Finite Element discretization of (2.2) is given as follows: find u;, € V}, such that

> {—/ch(uh) : Vv dx +

k€T,

H(uz,ug,n) V; ds} =0 Vv, e Vb (3.4)
0K

This scheme is called discontinuous Galerkin method of degree p, or in short, “DG(p)
method”.

For elements x € 7;, whose boundaries intersect that of the computational domain €, u,’
has to be replaced by appropriate boundary conditions on the portion of dx for which
Ok NT # (). For more details about boundary conditions for the compressible Euler and
Navier-Stokes equations, see Section 3.4.

The replacement of the flux F¢(u) - n by the numerical flux function H(u},u, ,n) on
the boundary of element k, x in 7}, corresponds to the weak imposition of the boundary
data.

It should be noted, that the choice of a numerical flux function is independent of the
finite element space employed. Indeed, the numerical flux H(-,-,-) may be chosen to be
any two—point monotone Lipschitz function which satisfies the following two conditions:

(1) H(-,-,-)|ox is consistent with the flux F¢(-) - n for each x in 7p; i.e.

H(v,v,n)|ss = F°(v) -n Vi e Ty

(i) H(-,-,-) is conservative, i.e. given any two neighbouring elements x and «’ from the
finite element partition 7}, at each point z € 9k N Ok’ # (), noting that n,, = —n,
it holds that

H(v,w,n) = —H(w,v,—n).

There are several numerical flux functions satisfying these conditions, such as the Go-
dunov, Engquist—Osher, Lax—Friedrichs, Roe or the Vijayasundaram flux, for exam-
ple. As examples, two different numerical fluxes are considered here: the (local) Lax—
Friedrichs flux and the Vijayasundaram flux.

The (local) Lax—Friedrichs flux Hyr(-,-,-), is defined by

Hur(ut um,n)lo, =  (Fuh)-n+ 7o) mta(at—u)), (35
for k € 73, where « is the maximum over u™ and u~,

a=a(ut,u’)= max {|A(B(v,n))}, (3.6)

v=ut,u—

of the largest eigenvalue (in absolute value) |\(B)| of the matrix B(v,n) = Zfzo n;A;(u)
defined in (2.3).

10



3. Discontinuous Galerkin methods

The Vijayasundaram flux Hy (-, -, ), is defined by
Hy(ut,u",n)|p, = BT (w,n)u” + B~ (w,n)u”  for k € Ty, (3.7)

where B*(u,n) and B~ (u,n) denote the positive and negative parts, cf. (2.6), of the
matrix B(,n), respectively, evaluated at an average state i between ut and u™.

3.4. Discretization of the compressible Navier—Stokes
equations

In the following, the interior penalty (IP) discontinuous Galerkin discretization of the
compressible Navier-Stokes equations according to Hartmann and Houston [14, 15] is
introduced. In addition to the notation introduced in the previous sections, average and
jump operators for vector- and matrix-valued functions have to be defined. To this end,
let k™ and k™ be two adjacent elements of 7;, and x be an arbitrary point on the interior
edge e = Ok MOk~ C I'z. Moreover, let v and T be vector- and matrix-valued functions,
respectively, that are smooth inside each element x € 7},. Superscripts + in v* :
and 7% := 7|, denote the traces of, respectively, v and 7 on e taken from within the
interior of k. Then, the averages at x € e are defined by

= V’ani

vi=rt+v7)/2 and {r}=("+17)/2. (3.8)
Similarly, the jump at x € e is given by

[Vl=v ®n.+v @n,-. (3.9)
On a boundary edge e C T', the operators are set to {v} =v, {7} =7 and [v] =v@n.
Note, that for the jump and average operators the boundary function g is not involved.
For matrices o,7 € R™*", m,n > 1, the standard notation o : 7 =3 ;" | > /" | og7h is
used; additionally, for vectors v € R™ w € R", the matrix v @ w € R™*" ig defined by
(VR W), = vpw.
According to [14] the interior penalty discontinuous Galerkin discretization of the com-
pressible Navier-Stokes equations (2.11) is given by: find uj, € V} such that

N(uy,v) = —/fc(uh) :Vpvdx + Z H(u),u, ,n%)-vtds
Q weTh, Or\I'

—i—/ﬂ]—""(uh,vhuh) : VthX— {f”(uh,vhuh)} : [[V]] ds (3.10)

Iz

+ [ 0{GT(wp)Viv}: [uy]ds + 6[up] : [v]ds+ Nr(up,v) =0

FI FI

for all v in V7, where ¢ denotes the discontinuity penalization matrix. One possible
choice is setting § = diag{d;,i = 1,...,4}, where

2
Sile = CIP% for e C T UT, (3.11)

h = min(meas(x), meas(x’))/meas(e) represents the element dimension orthogonal to

11



3. Discontinuous Galerkin methods

the edge e of elements x and x’ adjacent to e, and Cjp is a positive constant, which, for
reasons of stability, must be chosen sufficiently large®.
Finally, the boundary terms included in Np(uy,v) are given by

Nr(up,v) :/ Hr(u!,ur(u;f),n™) - v ds+ / § (uf —ur(uf)) - v*hds,
r r
—/n-}"ﬁ(u;,vhu;{)v‘L ds (3.12)
r
—1—(9/ (G;r(u;)vhv;:> : (uf —ur(u;)) ®nds.
r

Here, the viscous boundary flux 7 and the corresponding homogeneity tensor Gr are
defined by

]:fﬁ(uh, Vuh) == F”(ur(uh), Vuh) == Gp(uh)Vuh = G(up(uh))Vuh. (3.13)

Furthermore, on adiabatic boundaries I',4;,, C 'y, F1» and Gr are modified such that
n- VT = 0. For an adjoint consistent discretization of boundary terms, see [11, 12], a
numerical boundary flux function Hr is defined by

Hr(u;, up(u;{), n)=n- ff(uﬁ) =n- F(ur(u}))), (3.14)

where the boundary function up(-) will be defined in Section 3.5.

3.5. Boundary conditions

The boundary function ur(u) is given according to the type of boundary condition
imposed. In detail:

ur(u) =gp on I'pyp, ur(u) =u on Iy,
u 24 o\ T
uF(u) = <(gD)17 (gD)27 (gD)37 p( ) + (gD)2 (gD)3> on PD,sub—ina (315)
y—-1 2(gp)
and .
o w2 + u2
uF(u) = <’LL17 U2, us, fyp_tl + 22u1 3) on PD,sub—out' (316)

Here, p = p(u) denotes the pressure evaluated using the equation of state (2.9). For
viscous flows, set
uF(u) = (u1707 07ulcUTwa11)T on I_wW,isoa

and
U.F(U.) = (u1707 07u4)T on FW,adia'

3For a wide range of problems Cip = 10 is a good choice.
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3. Discontinuous Galerkin methods

Finally, for inviscid flows, set

0 0

1— n% —n1ing

—ning 1 — n%

0 0

ur(u) = u on I'y, (3.17)

o o o
— o O O

which originates from u by subtracting the normal velocity component of u, i.e. v =
(v1,v2) is replaced by vr = v—(v-n)n which ensures that the normal velocity component
vanishes, vr - n = 0.
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4. Mesh refinement

4.1. Mesh refinement techniques

Numerical methods yield approximate solutions to complex problems. Compared to the
exact solution u of the problem, the approximated one uy, contains an error e”) = u—uy,.
This error depends on the numerical method used to gain the approximate solution, but
also on characteristics of the problem, the triangulation 7}, and in particular its local
mesh size h. Uniformly reducing the mesh size of the whole triangulation reduces the
error. The asymptotic rate, at which the error is reduced depends on the chosen method.
Applications of CFD to real world tasks often ask for a certain accuracy in the obtained
results*. In order to minimize the error, the mesh has to be sufficiently fine, at least in
those regions which would otherwise create large errors. It is not an easy task, however,
to design an optimal mesh a priori, i.e. without knowledge of the solution. Even if certain
characteristics of the solution were known, or else it could be guessed, where the elements
should be small and where they can be larger, it is almost never possible to decide, prior
to the solution process, how many elements to use to achieve a certain accuracy. Using
a fixed mesh will therefore most likely result in either an overusage of resources, if the
selected mesh is too fine, or otherwise in an inaccurate solution, if the selected mesh is
too coarse. Because of these shortcomings of using a fixed mesh, most applications rely
on an iterative procedure, which uses several discretizations with increasing complexity
until the desired accuray is achieved. There are several general techniques, which can
be used to modify the dicretization and which will be described shortly in the following
sections.

4.1.1. h—-refinement

Probably the easiest way of obtaining a discretization of a higher complexity is to increase
the number of elements and thereby unknowns by splitting each edge in half and forming
new elements. Several new child elements replace one mother element, the ratio of
children to mother elements depends on the dimension d of the domain and is given by
24 for the reference elements under consideration. Along with the elements, the number
of unknowns will increase in a very similar way, for DG methods the factor is exactly the
same. As this procedure reduces the mesh size h, it is called h-refinement.

The function space of the old discretization is completely embedded in the newly created
one, thus an interpolation of the approximate solution from the old to the new disretiza-
tion is an easy task and can be done without loss of information. This ensures optimal
initial conditions for the approximate solution, if an iterative scheme is used to solve the
discretized equations.

“In contrast to that, scientific tasks often ask for the maximum accuracy that can be obtained using
given resources. The problems and corresponding approaches described below remain mainly the
same, however.
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4.1.2. p-refinement

If the numerical method employed allows to use different orders of the piecewise poly-
nomial approximation, which is the case for spectral methods or DG methods, a richer
function space for the solution can be obtained using the same triangulation 73, but a
higher polynomial degree. As this polynomial degree is generally abbreviated by p, the
procedure is known as p-refinement.

In common with A-refinement it has the positive property of using embedded function
spaces, so that the interpolation from the coarser to the refined discretization is lossless
except for numerical inaccuracies. As a higher polynomial degree increases the conver-
gence order of the numerical scheme, a p—refinement can reduce the error more effectively,
at least in the asymptotic range.

4.1.3. hp—refinement

While h-refinement improves the geometrical solution of the discretization and is thus
well suited to capture local characteristics like discontinuities of the solution, p-refinement
leads to a higher order of convergence and is accordingly more effective in smooth parts
of the solution, if high accuracy is needed. Combining the two procedures using h—
refinement in non—smooth parts of the solution and p-refinement in smooth parts, both
advantages can be achieved. Applying an adaptive refinement strategy as described in
Section 4.2, the decision on one of the basic refinement strategies can be made for each
individual element, resulting in an optimal convergence of the overall scheme.

4.1.4. Node movement, r—refinement

The refinement strategies described so far have in common, that they do not change the
mesh regularity. The old discretization can always be found as a subset of the new one.
It might be useful, however, to change the mesh in a more drastical way. Using a fixed
number of elements and a fixed polynomial degree, the error of the approximated solution
is still dependent on the position of nodes, which determine the size, position and shape
of the mesh elements. Concentrating nodes in regions with higher error and using less
elements in regions with less significant flow features the error can be reduced. Note, that
this does not increase the asymptotic order of convergence. It is possible, however, to
reduce the constant involved in the error estimation and to reach the asymptotic behavior
earlier. The name r-refinement is related to the relocation of nodes.

In order to decide upon a desirable node distribution it is necessary to evaluate the
approximate solution and obtain information on the error distribution. A different ap-
proach is to solve an optimization problem, in which the node positions are optimized
with respect to the global error. As the actual problem has to be solved in each step
of this optimization, this procedure is quite expensive. It could be useful, however, to
apply such an r—-refinement step to a coarse mesh. Having obtained a better distribution
of nodes to start with, the improved mesh can be used for subsequent refinements using
h—, p— or hp-refinement strategies.

As node movement completely changes the geometrical discretization of the domain,
it is not possible to perform a lossless interpolation of the solution from the old to
the new discretization, furthermore the interpolation is more complicated and probably
more expensive. This will generally result in a higher number of iterations to converge
the solution of the discretized equations. Furthermore, it is very difficult to avoid the
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occurrence of irregular elements after moving the nodes, which additionally limits the
applicability of such a refinement strategy.

4.1.5. Remeshing

Node movement can be done globally or locally. In both cases the number of nodes
and elements is not changed. Using information from the old approximated solution to
create a new mesh with an improved distribution of nodes and an increased number of
elements results in a complete remeshing. As there are no artificial restrictions on the
new mesh, this method offers the best chance of creating an optimal quality mesh for
the new discretization. It is, however, not a trivial task to generate the information from
which the geometry of this optimal mesh can be created. Several authors use metrics
constucted from approximate second derivatives of the approximate solution for this pur-
pose, cf. [6, 7, 18, 19]. Only triangular meshes have been used so far. The newly created
mesh is required to have edge lengths of unity with respect to the constructed mesh met-
ric field. Remeshing is an expensive procedure, however, and the construction of meshes
based on metric fields using publicly available codes is only possible for two—dimensional
domains so far. Concerning an interpolation of the solution, the same restrictions apply
as for r—refinement.

Considering implementational issues it is necessary or at least helpful to decide on one
type of refinement strategies. The “embedded refinement strategies” h—, p— and hp—
refinement allow an optimal interpolation of the solution and can thus accelerate the
solution process. Furthermore it is possible to reuse the embedded structure of the re-
fined discretizations for multigrid algorithms. Because of these advantages, the following
part of this work will only be concerned with the first type of refinement strategies. In
particular, only h-refinement will be used for the numerical examples. However, most
of the following techniques can be applied to p-—refinement as well. In order to use hp-
refinement, an additional criterion to decide upon one of the strategies would be required.

4.2. Adaptive mesh refinement

While a global refinement, in which each element is refined, ensures convergence of the
approximated solution, it considerably increases the computational effort. If each edge
of the triangulation is split into two new edges, the number of elements will increase by
a factor of 2¢. Limited resources will generally allow only few global refinement steps,
if any at all. However, in many cases it is sufficient to refine only those parts of the
triangulation, where large errors occur. The location of these elements depends on the
characteristic features of the actual problem and its solution as well as on the triangula-
tion. As the exact solution is unknown®, the location of errors has to be evaluated based
on the approximate solution uy, before refinement can take place. As such a refinement
locally adapts the triangulation to the actual problem and its solution, the process is
known as adaptive mesh refinement.

SIf the solution was known, there would be no need to use a numerical method. Clearly, problems with
known solutions are often exploited in order to evaluate the effectiveness of a numerical method, but
algorithms for adaptive mesh refinement may not rely on the knowledge of the exact solution.
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Having obtained an indication on the location of errors (see the next chapter for de-
tails), the elements with the largest error can be flagged for refinement, whereas those
with the smallest contribution to the global error can be coarsened in order to save
computational resources. In general, this flagging is done according to certain threshold
values 6, for refinement and 6. for coarsening. An element is flagged for refinement, if
the local error estimate 7, is large enough (n, > 6,.), flagged for coarsening if it is small
enough (1, < 6.) and left unchanged otherwise. Of course the condition 6. < 6, has
to be fulfilled in order to make the decision unique. There exist different strategies to
choose the threshold values. Three distinct possibilities will be presented and discussed

briefly.

1. The threshold values can be chosen as fixed values. This is easy from an imple-
mentational point of view and enables to flag an element without knowledge of the
estimates on other elements. However, it is difficult to choose appropriate values,
as the general magnitude of errors has to be known before the approximate solu-
tion is obtained, otherwise the adapted mesh would be inadequate for the specific
problem. Furthermore, the magnitude of errors decreases in the course of repeated
refinements, as the global error tends to zero and this error is distributed to an
increasing number of elements. Therefore, this strategy is very difficult and cannot
be applied in pratice.

2. The threshold values can be chosen based on an analysis of all local error indica-
tors. Specified fractions f. and f. of the elements with the largest and smallest
error indicators are to be refined or coarsened, respectively. Having obtained the
indicators on all elements, these values have to be ordered by size. The threshold
values are then chosen at the appropriate positions of the ordered vector of indica-
tors to ensure, that for f,. - ne elements the indicator is greater or equal than the
threshold value for refinement, whereas it is smaller than the threshold value for
coarsening for f. - ne elements, where ng is the total number of (active) elements.
Of course, the condition f.+ f < 1 has to be fulfilled for uniqueness. This strategy
allows the best control over the number of elements after the refinement step®. As
this number directly determines the resources needed for obtaining the solution on
the refined triangulation, this control makes the presented strategy the best choice
in most cases.

3. Based on the idea of local error indicators that are ordered by size, the threshold
values can be calculated in a way which ensures that the elements flagged for
refinement contribute a certain fraction g, to the global error. Adding the elements
with largest error first, the number of elements to be refined can be minimized.
The same principle can be applied to the coarsening of elements using a respective
fraction g. < 1— g,. Elements to be coarsened are added starting with the smallest
local errors in order to coarsen a maximum number of elements. While this strategy
offers the best adaption to the characteristics of the actual solution, it gives only
limited control of the number of elements after the refinement. In some cases,

5Most numerical codes require the number of hanging nodes to be limited, i.e. a face of an element
may only be refined a certain number of times. This condition gives rise to the need of refining
not only the flagged elements, but additional ones in the vicinity in order to yield a valid mesh
after the refinement step. Furthermore, additional elements might be flagged due to mesh smoothing
algorithms, see Section A.4 in the appendix. Because of these reasons, the number of elements on
the next refinement level cannot be determined directly from the number of flagged elements.
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4. Mesh refinement

only very little elements contribute largely to the global error and are, accordingly,
flagged for refinement. Such a low increase in the number of elements might slow
down the overall convergence as measured in refinement steps needed to obtain a
certain accuracy of the approximated solution.

In general, only the approximate solution obtained on the finest mesh is of importance,
all the coarser calculations are just needed in order to obtain the final triangulation.
Refining only very few elements in each refinement step, the number of elements on
the final triangulation can be minimized, but the number of cycles needed to obtain
that triangulation increases. In order to reduce the overall effort, each refinement step
should increase the number of elements considerably. Using the strategy of refining and
coarsening a fixed fraction of elements, see 2. above, values of f., = 0.2 and f. = 0.1 are
good choices for many problems.

However, choosing the appropriate threshold values is only of minor importance as com-
pared to the problem of obtaining accurate estimates of the local error. This problem
will be treated in Chapter 5.
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5. Error estimation

In order to drive an adaptive refinement strategy, two aspects of the error have to be esti-
mated. As a first aspect, information on the global error is needed in order to determine
the overall accuracy of the approximated solution. This information is needed to evaluate
a stopping criterion. Alternatively, the adaptive process could also be stopped after a
fixed number of refinement steps or when a certain number of elements is reached. How-
ever, in general the calculation is needed for a certain purpose, and this purpose requires
a specific accuracy. Only an evaluation of the global error can ensure, that this accuray is
(approximately) achieved and that the refinement cycle is stopped at that point in order
not to waste computational resources on improving the solution to unneeded accuracy.
The second and equally important aspect is the estimation of local errors, as these are the
key component driving an individual local refinement step. Concerning local estimates
it is generally not important to achieve a very good estimate on the exact error. It is
more important, that all the estimates are of equal quality. If a larger estimated error
corresponds to a larger exact error, the adaptive refinement process will refine the cells,
that would be refined using the exact error for evaluation and thus be effective.

There are two general classes of local error indicators. One class is based on general
features of the approximated solution. These features can include gradients or higher
order derivatives. They give indications, where large errors can occur, but they do
not tend to zero if the exact error does due to mesh refinement. Furthermore, the
correlation between the exact error and these indicators can be poor, depending on the
actual problem to be solved. The indicators belonging to the second class are usually
more involved, but they deliver estimates of the magnitude of the error. If these estimates
are appropriate, they tend to zero in the same way as the exact error does. In addition to
a better representation of local errors, these indicators allow to sum up local contributions
in order to obtain an estimate on the global error. Though such indicators are generally
more costly than simple feature-based ones, the additional effort is balanced in most
cases by more accurately refined triangulations. Therefore, only the second class of error
indicators will be considered here.

5.1. Hierarchical error estimation

A very simple way of estimating the error is based on hierarchical approximations. In
the case of h-refinement a second approximation uy /s to the solution is obtained on a
globally refined triangulation. Using the fact, that the error tends to zero in the case of
global refinement it can be assumed, that the error e("/2) on the refined triangulation,
measured in an appropriate norm, is small compared to the error e) on the original
triangulation: ||e(*/?)|| <« |le®||. This way the error can be approximated by

w0 —up = <u - e(h/2)> - (u - e(h)> =e — M2 x e, (5.1)
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This procedure allows to evaluate the global error as well as local contributions. However,
solving the problem on a globally refined mesh is too expensive in most cases. The
adaptive refinement process is introduced in order to avoid using global refinements.
The effort of solving the problem on a globally refined triangulation only to evaluate
the elements with large errors seems disproportionate. The solution obtained in this
intermediate global refinement is more accurate than that on the next adaptively refined
triangulation. Though this procedure can still help saving cells in the course of several
refinement steps it should not be considered a useful option?. Other error indicators can
achieve reasonable estimates with much less effort.

5.2. Adjoint based indicators

Obtaining the solution of a flow field is in many applications only the necessary step on
the way to evaluate certain target functionals J(u), which depend on the solution. In
aerodynamic applications important target functionals are force and momentum coeffi-
cients. An accurate solution of the flow is only needed in order to achieve high accuracy
in these quantities. An error indicator that measures the error of these quantities instead
of the flow error itself is desirable. Such indicators can drive a goal oriented adaptive
refinement, in which the triangulation is only refined in those regions that have errors in
the flow variables which contribute largely to the error of the selected target functional.
Consider, for example, an airfoil in a supersonic flow. Whereas it is necessary to resolve
the whole bow shock in front of the leading edge in order to obtain an accurate solution
of the flow field, it has been shown in [13, 10] that it is sufficient to resolve this shock
in the vicinity of the airfoil, if only the force coefficients are to be evaluated. To be
more precise, refining some regions with smaller changes in the flow, which are in the
vicinity and upstream of the airfoil, might prove more effective than resolving the bow
shock far from the leading edge. While such general considerations help understanding
the principle of goal oriented adaptive refinement, an accurate method to identify the
importance of certain flow regions for the evaluation of target functionals is needed to
enable such a procedure to work in general. The solution of an adjoint problem or dual
problem provides this information. Dual-weighted residuals represent reliable indicators
of the error in terms of target functionals.

Target functionals
The following target functionals are useful for aerodynamic applications:

e Pressure induced drag and lift coefficients: cq, and ¢

Jw) = —— [ pn-vds, (5.2)

qOO FW

"The additional effort of solving the problem on a globally refined triangulation may be affordable, if
the obtained refined mesh is used for several flow calculations afterwards. This can be the case in the
numerical approximation of transient problems, if the obtained mesh is used for several time steps.
A similar strategy is described by Sun and Wheeler [20], who use global anisotropic refinement in
order to decide upon anisotropic features of the solution.
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e Viscous drag and lift coefficients: cqf and ¢y

J<u>:_$ [ (o) (5.3)

e Total drag and lift coefficients: cq = cqp + cqr and ¢ = ¢ + ¢

J(u) = 1 (pn—7n)-ds, (5.4)
QOol T'w

‘V<><>|2
C

where ¢ = %ypooMgo = %7 Doo = %poo|voo|2 is the freestream dynamic pressure,

2
M denotes the Mach number, ¢ the speed of sound defined by ¢ = yp/p and [ denotes
a reference length. The subscripts o, indicate freestream quantities. v is given by

Yg = (cos(a),sin(a)) " (5.5)

or
Y = (—sin(a), cos(a)) " (5.6)
for the drag and lift coefficient, respectively.

The adjoint problem

In order to obtain weighted error indicators, the adjoint problem has to be solved. This
procedure will be briefly introduced here, following the description of Hartmann [9].

If the target functional J(-) is differentiable, which will be assumed in the following, the
mean-value linearization J(-,-;-) of J(-) is defined by

1
J(u,up;u—uy) = J(u) — J(u,) = /0 J'[u+ (1 - 0up)(u —uy)db, (5.7)

where J'[w](-) denotes the Fréchet derivative of J(-) evaluated at w. Obviously, the term
J(u) — J(uy) represents the error in the target functional, if this funtional is evaluated
using the approximate solution uy instead of the exact solution u.

Similarly, the mean-value linearization M(-, -; -, -) of a nonlinear operator N(-,-) & is given
by

1
M(u,up;u—up,v) = N(u,v) —N(up,v) :/0 N [fu+ (1—0)uy]l(u—uyp,v)do (5.8)

for all v in V, where NV, [w](-,v) denotes the Fréchet derivative of u+— N (u,v).
Using this notation, the dual or adjoint problem is given by: find z € V such that

M(u,up;w,z) = J(u,uy;w) Ywe V., (5.9)

In the following it is assumed, that problem (5.9) is well-posed, i.e. that is has a unique
solution. Generally this depends on both the target functional and the definition of M.
The specific target functionals given above result in well-posed problems.

8See Equation (3.10) in Section 3.4 for the definition of the nonlinear operator A for the Navier-Stokes
equations.
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The exact solution z is generally unknown and has to be approximated numerically.
However, as Equation (5.9) involves the unknown solution u to the primal problem,
the exact adjoint problem cannot be treated numerically. Therefore, problem (5.9) is
linearized, the linearizations involved in equations (5.7) and (5.8) are performed about
the approximated solution uy. This leads to the linearized adjoint problem: find z € V
such that

N up)(w,2) = J'[up](w) Vw eV, (5.10)

In order to approximate (5.10) numerically, zZ and w € V are replaced by discrete func-
tions z; and W, € V7., respectively. Thereby the approximate adjoint problem is given
by: find 2z, € V} such that

Nfl[uh](wh,ih) = J'[uh](wh) VWh S Vp]i (5.11)

As p might be different from p, the derivative N, of the nonlinear operator has to be
assembled with respect to Vz rather than Vﬁ.

The above outline represents the discrete adjoint approach, as it is based on the lineariza-
tion of the discrete primal equations. Obtaining the adjoint equations of the continuous
primal problem and performing an discretization afterwards represents the continuous
adjoint approach instead.

Error estimation based on the adjoint problem

Assuming the knowledge of the exact solution z to the dual problem (5.9), using the
consistency

Nu,v)=0 WwevV, (5.12)

as well as the Galerkin orthogonality of the discretization
N(u,vy) = N(up,vi) =0 Vv, € VY, (5.13)

and choosing w = u — uy, the error in the target functional can be written as

J(u) — J(up) = J(u,up;u —up) = M(u,up;u—up, z)
= N(u,z) — N(up,z)

=N(u,z) —N(up,z) — [N(u,z,) — N(up, z1,)] (5.14)
=N(u,z—2z,) —N(up,z—zp)
= —N(up,z — zp)

for all z;, in V¥ . This way the exact error in the target functional can be evaluated without
knowledge of the exact solution u of the primal problem. Equation (5.14) involves the
exact solution z to the dual problem however, which is also unknown in general. Therefore
z has to be approximated, resulting in an approximate error representation:

J(u) — J(up) ~ =N (up, 2, — z), (5.15)

where Zj, is the approximate solution to the linearized adjoint problem (5.10) according
to Equation (5.11) and z; = 0 can be chosen for convenience. It has to be noted, that
any zj in Vfl can be chosen in Equation (5.14), this includes choosing z;, = 0 as above.
However, it also allows to choose z, = 2, if z;, € VZ, ie. if p = p. As this leads to
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zp, — zp, = 0, the approximate error representation according to Equation (5.15) would
evaluate to zero:

J(u) — J(up) = N(up, 2, — z1) = N(up,0) =0 Vz, € V. (5.16)

In order to obtain useful results, the linearized adjoint problem has to be solved on the
same mesh 7j, but with a higher polynomial degree p > p, usually p = p + 1 gives good
results.

Equation (5.14) can be rewritten to include local information in form of a sum of local
errors over all cells &:

J(u) — J(up) = —N(up,z — zp) = an (5.17)

KETH

where the local errors 7, are the local cell-wise contributions to the error measured
in terms of the target functional J(-). An explicit expression of the weighted residual
indicators 7, is given in [15].

Applying the triangle inequality to Equation (5.17) yields the following upper bound on
the target functional error:

[(w) = J(ap)l < D I, (5.18)

KETy

The same decomposition into local, cell-wise terms can be used when z is replaced by an
approximate zj,. This results in error representations and bounds which are approximate
only. Numerical experiments show, however, that they are still reliable and useful for
practical computations, cf. [15].

5.3. Residual based indicators

The error indicators presented in Section 5.2 are based on weighted residuals of the
approximate solution. The weighting is done using the (approximate) solution of an
adjoint problem and has the physical meaning of choosing those flow regions with large
contributions to the error of a certain target functional. Obtaining the solution of this
adjoint problem requires an additional computational effort, therefore it might be de-
sirable to derive indicators, which do not depend on the adjoint solution. Assuming
that z € [H*(Q)]*,2 < s < p+ 1 and that a constant C, can be found, such that
2]l g7+ () < C-, according to Hartmann and Houston [15] an upper bound of the target
functional error is given by

N[

() = J(up)[ < C | Y () (5.19)

k€T

with a constant C' that is independent of the mesh size h.
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The local residual-based indicators n**® are given by

e = [ RER) | Loy + 1252 (FO(an) - me — H(ul w00 o)
+ |82 (F(up) - — He(w)f, up (w)h), 00)) | 2, (aenr)
+ ||h273/2G-ijHL2(an\r) + 1R 2L (g, V)l s omry
+IRETY26 (0 —up) paomry + 1R 26 (0 — ur(w))) |2, @snr)
+ B2 (F (), Vul) = FR (!, Vwgh) -0l sen)

26w [(wf —ur(a))) @ n), [y

(5.20)

where R(up)|. = =V - F(up) + V - F(up, Vuy,), £ € Tj. This indicator has been
derived in [15], where here the indicators are adjusted according to the adjoint consistent
boundary discretization, see [11, 12|. The adjusted form is taken from [16].
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6. Anisotropic refinement

6.1. Definition of isotropic and anisotropic refinement

Isotropic refinement Using an isotropic refinement strategy, the edges of the reference
element (unit square for d = 2, unit cube for d = 3) are split exactly in half, resulting in
2¢ new elements. Considering the unit square in two dimensions, Figure 6.1(a) gives a
graphical representation of that process. For elements bounded only by straight edges,
the same applies for the element in real space coordinates, as shown in Figure 6.1(b). For
elements on the boundary with a curved boundary edge, the new vertex on the boundary
edge may not be exactly in the middle of the edge. Furthermore, the position of the
middle vertex is not obvious and has to be defined, usually by means of a weighted mean
value of both the old corner vertices and the new vertices on the edges. Applying a
large enough weight on the new vertices helps to avoid badly shaped quadrilaterals on
the boundary. Figure 6.1(c) shows an example of the refinement of an element with
curved edges. It has to be noted, that generally the curved boundary is approximated
by a piecewise polynomial of fixed degree. Using more pieces after the refinement, the
boundary representation can change slightly. However, for the sake of simplicity this
effect is not shown in Figure 6.1(c).

T T2 T2
A A A
> I1 » I] » L1
(a) reference element (b) element in real space (c) element in real space
with straight boundaries with a curved boundary

Figure 6.1.: Isotropic refinement for quadrilateral elements.

Considering three dimensions, the extension from the two-dimensional case is quite
straight-forward. In addition to new vertices on edges and in the middle of the ele-
ment there are now also new vertices on the middle of the faces bounding the element.
This has to be considered on curved boundaries. For simplicity, Figure 6.2 visualizes the
isotropic refinement process in three dimensions only on the reference element.

Anisotropic refinement The anisotropic refinement considered in this work is based on
splitting only a part of the edges in half. In order to result in quadrilaterals or hexahedra,
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6. Anisotropic refinement

. T
1

Figure 6.2.: Isotropic refinement for the hexahedral reference element.

respectively, for the children as well, whole sets of parallel edges on the reference element
have to be either split or stay unchanged. Out of the d distinct sets of parallel edges,
t < d sets are split, resulting in 2! new elements, i.e. two children elements in two
dimensions and two or four children in three dimensions. Additionally allowing ¢ = d as
limit value, anisotropic refinement can be considered to be a generalization of isotropic
refinement. Formally it is also possible, to consider isotropic refinement as a special case
of anisotropic refinement. The naming of anisotropic refinement cases follows this formal
notion.

As a convention, anisotropic refinement cases are named acoording to the axes, along
which the edges are split in half. Table 6.1 gives an overview of the possible refinement
cases.

refinement || refined along | number of || relevant for

case &1 | &2 | @3 | children | 2D | 3D
cut_x U 2 U 0
cut_y U 2 U 0
cut_xy U g 4 g g
cut_z g 2 U
cut_xz U U 4 U
cut_yz U U 4 O
cut_xyz U U U 8 U

Table 6.1.: Anisotropic refinement cases (on the reference element).

Clearly, only the first three cases are relevant for two—dimensional domains, as in these
there is no third coordinate axis. Furthermore, the refinement case cut_xy recovers
isotropic refinement in two dimensions, whereas cut_xyz is a synonym for isotropic re-
finement in three dimensions. As indicated in Section 3.2, curved edges are only con-
sidered at the boundary of the domain. Therefore, in the case of anisotropic refinement
with ¢ < d no vertex in the middle of the element has to be calculated, eliminating the
need to define a weighting rule. The new vertices in the middle of split edges are always
connected by straight lines?. Figure 6.3 visualizes the anisotropic refinement cases cut_x
and cut_y for the two dimensional case for the reference element as well as for elements
in real space. The isotropic refinement case cut_xy has been shown in Figure 6.1. It has

9In the case of strongly curved boundaries this may lead to strangely shaped elements. If the curvature
is strong enough, it is even possible, that the edge on the boundary intersects the opposite edge. In
order to avoid such cases, isotropic refinement has to be enforced, if the boundary is too far inside
the element.
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> 11
(a) cut_x: reference ele-
ment
Tg
A

> 21
(d) cut_y: reference ele-
ment

6. Anisotropic refinement

(b) cut_x: element in real
space with straight bound-
aries

T2
A

» T1

(e) cut_y: element in real
space with straight bound-
aries

(c) cut_x: element in real
space with a curved bound-
ariy

T2
A

» T1

(f) cut_y: element in real
space with a curved bound-
ary

Figure 6.3.: Anisotropic refinement for quadrilateral elements, refinement cases cut_x

and cut_y.
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6. Anisotropic refinement

to be noted, that the mapping between reference element and real space element depends
on the ordering of corner vertices. Thus it is possible, that the refinement case cut_x
on the reference element corresponds to the case shown in Figure 6.3(b) or that shown
in Figure 6.3(e), depending on the mapping. Because of that, any decision concerning a
refinement case has to consider the mapping, as the actual refinement is done using the
reference element.

The extension to three dimensions is once again obvious. Like above, only the refinement
cases for the reference element will be shown here. Figure 6.4 visualizes the truely
anisotropic refinement cases cut_x, cut_y, cut_z, cut_xy, cut_xz and cut_yz, whereas
the isotropic case cut_xyz can be seen in Figure 6.2.

~ ~ ~

x3 x3 x3
R T R T R
I 2 I 2 I
(a) cut_x (b) cut_y (c) cut_z
T3 Z3 T3
R z R T R
I 2 I 2 I
(d) cut_xy (e) cut_xz (f) cut_yz

Figure 6.4.: Anisotropic refinement cases for the hexahedral reference element.

6.2. Anisotropic refinement indicators

The error indicators described in Chapter 5 are well suited for controlling the adaptive
refinement process in case of isotropic refinement, as they deliver information about
where large errors occur, i.e. which elements should be refined. They do not deliver
any information about the direction connected with these errors, which would be needed
for information on anisotropic behavior. Unfortunately, the indicators described so far
cannot easily be extended to deliver directional information.

There are error indicators however, which include directional information or can be ex-
tended by simple means to do this. Such indicators are based on features of the solution
like gradients or higher order derivatives. Generally, such feature-based indicators are
not very reliable in predicting the elements with the largest error, which makes them a
poor choice in most cases. On the other hand, the information about which elements
ought to be refined can be obtained by an elaborate error indicator. In a second step,
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6. Anisotropic refinement

these elements can be analyzed in order to obtain information on directional behavior.
This second aspect can be done using feature-based indicators.

The indicators presented in this work are based on this combined approach of using
feature-based directional information on elements which are pre-selected using a highly
reliable error estimation technique.

The indicators described in the following sections use two distinct ideas. On the one
hand, jumps of the discontinuous solution can be analyzed in order to obtain knowledge
of the anisotropic features of the solution, on the other hand this information can be
derived using approximations of derivatives of the solution.

6.2.1. Jump indicator

The most characteristic feature of DG methods is the ability to obtain discontinuous
approximations. The solution can have jumps over the faces of the triangulation, whereas
it is smooth inside each element. These jumps allow some flexibility in approximating
the local properties of the solution. With successive mesh refinement these jumps tend
to zero, as the real solution is approximated with less error.

Based on this observation it seems justified to assume, that a large jump indicates a
larger error as compared to a smaller jump. In fact, integrating the jump over all faces
of an element results in an error indicator that can be quite useful for DG(0) methods.
In view of an anisotropic evaluation a large jump over one face indicates, that the mesh
size perpendicular to this face is too coarse to sufficiently resolve the solution. In this
sense jumps can be used to derive an anisotropic indicator, that uses information which
is specific to the numerical method used to solve the problem.

In order to obtain directional information, the average jump K; of a function ¢ over the
two opposite faces f/, j = 1,...,d, perpendicular to one coordinate direction i on the
reference element can be evaluated as

ﬂ&@wm
t ijeas(ff)

where |¢| = ¢ — ¢~ denotes the jump of a scalar function ¢ and [ -ds indicates a line
integral in two dimensions and a surface integral in three dimensions.

For two dimensions, Equation (6.1) provides two distinct values for each element. If there
isa k, 1 <k <d, such that the average jump in the direction k is larger than the other
one in direction [ (or larger than all the other ones in case of higher dimensions) by a
certain threshold factor 6,

. i j=1,...,d, (6.1)

K, >0 I}lj}g{ K, (6.2)
1<i<d

then the element can be marked for anisotropic refinement in the corresponding direction
k. If the solution function is vector valued, as is the case for the flow equations, the jump
of a scalar function ¢ in Equation (6.1) has to be replaced by an appropriate norm of
the vector of jumps, for example the lo-norm.

The empirical threshold factor 6 has to be chosen large enough to ensure that only
those elements are flagged for anisotropic refinement, which are located near to strong
anisotropic features, otherwise the error would not be reduced sufficiently. On the other
hand, however, a smaller value of 6 allows more elements to be treated anisotropically,
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6. Anisotropic refinement

thereby leading to a decreasing number of total elements. Chapter 7 presents some
numerical examples obtained using different values of 6.

6.2.2. Derivative indicators
Interpolation error

Assuming that the numerical method used yields good approximations of the solution, an
important contribution to the error is given by the interpolation error, representing the
difference between the local solution and the local polynomial approximation obtained
by interpolating the solution on the discrete polynomial space. Generally, the solution
cannot be described exactly by any polynomial of given degree p, even if the polynomial
is an interpolation of the exact solution at the support points.

In DG methods usually the projection is considered instead of interpolation. Given
a projection operator II,, for example the L?-projector, projecting the solution to a
space of piecewise polynomials of degree p and assuming that the solution ¢ is (weakly)
differentiable at least (p 4 1) times, resulting in the tensor DP*'¢ of (p + 1)th order
derivatives, the projection error is bounded from above by

16 = Tl ) < CHPFHIDPG (6.3)

with a problem dependent constant C, that is independent of the element size h. A large
derivative can be balanced by a small mesh size to result in a small error.

The above form is generally introduced for isotropic meshes. Georgoulis [8] gives an
analogous anisotropic error estimate for rectangular, axis-parallel elements with edge
length h; and hy along the x; and zo axis, respectively:

d
16 = Tp@ll ) < C DRI 0] 1 - (6.4)

i=1

In order to reduce projection errors, the mesh size has to be small along the direction,
in which the derivative is large, whereas it can be moderately high in directions with
smaller derivatives. This fact will be used later on to decide upon the direction of a
possible anisotropic refinement. Before that can be done, some basic procedures have to
be provided, including the approximation of derivatives of discrete functions as well as
transformations of derivatives between the reference element and real space coordinates.

Finite Difference approximation of derivatives

For a one-dimensional polynomial of degree p the (p+ 1)th derivative vanishes. In case of
a tensor product polynomial of degree p this is true for the main diagonal components of
the derivative tensor. Therefore the derivative tensor cannot be calculated locally from
the piecewise polynomial approximation, but has to be approximated using additional
information from the surrounding elements. On each element the pth order derivative can
be approximated using the piecewise polynomial. Setting up a finite difference scheme on
an element and its neighbors, the (p + 1)th order derivative can be approximated. This
results in one constant approximation for the derivative tensor at the element’s midpoint,
which is assumed to be representative for the whole element. It has to be kept in mind,
however, that the described evaluation will result in directional information only, whereas
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the magnitude of the error does not have to be estimated. Therefore, using a constant
approximation seems reasonable.

The way the Finite Difference approximations can be computed on element x will be
described for the gradient, but higher order derivatives can be obtained using the same
principle. This description follows the way the derivatives are approximated in deal.II

[2]. If &' is a neighboring element and y, = X, — X, describes the distance vector
D (X )= b1 (Xx)
[yl
directional derivative V¢(x,) - ” ” Multiplying both terms by = Tl ” from the left and

between the centers of the two elements then is an approximation of the

summing over all neighbors «/, the approximation

S (Bae ) e~ S (Rt ) 69

[yl [yl [yl

is obtained, where ® denotes the outer product of two vectors as introduced in Section
3.4. If the matrix Y =, (”z—“;” ® ”z—”:”) is regular, which is the case when the vectors
¥y« to all neighbors span the whole space, the gradient can be approximated by

9 On(Xwr) — On(Xe)
VoG 2 YD (Hyn [ ) | (6:6)

[yw|

Approximations to higher derivatives can be computed in a similar way. For example,
the tensor of second derivatives is approximated by the formula

2 -1 V¢h(xﬁ’) - v¢h(xn)
Viebe) YY) (Hm u Tyl > | (6.7)

It has to be noted, that unlike the true tensor of second derivatives, its approximation is
not necessarily symmetric. This is due to the fact that in the derivation, it is not clear
whether the term V2¢y, or yg, V2¢ should be considered as projected second derivative.
Depending on this choice, one approximation of the tensor of second derivatives or its
transpose is obtained. To avoid this ambiguity, the approximation can be symmetrized
by calculating the mean value of the approximation and its transpose.

Approximations of higher derivatives can be obtained along the same line and will not
be described here.

So far, nothing has been said about the origin of the approximations to the pth order
derivative at the element centers, which are needed in order to approximate the (p+ 1)th
order derivative. As this approximation is a useful information only in case of piecewise
polynomials of degree p (or higher), these quantities can be evaluated on each element
using only the local polynomial approximation. This is a comparatively cheap evaluation
and yields local estimates of the (p + 1)th order derivative tensor, which are desired in
view of refinement information.

A different approach would be to define the derivatives recursively using the above equa-
tions. This is much more expensive and would additionally lead to an increasing patch
of elements x’ which have influence on the approximation on element x for higher order
derivative approximations. As higher order polynomial approximations generally use a
coarser geometric resolution, the effect of obtaining estimates with global instead of lo-
cal character is even aggravated. Therefore, using a recursive evaluation should not be
considered reasonable.
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Transformation to the reference element

In order to evaluate the derivative it is useful to transform it to the reference element
/. This way the length of all edges is unity, thereby making it unnecessary to consider
explicitly different mesh sizes in different directions. Furthermore, the reference element
is aligned along the coordinate axes, which makes it easier to decide on a refinement
direction, once the characteristic direction of the derivative is known.

Using general mappings o, the transformation of higher order derivatives is quite a com-
plicated procedure. Therefore, general mappings will be decomposed into a linear part
o, and a higher order part 6y, such that kK = 0. (k) = 64 (6x(k)). For the transformation
of derivatives only the linear part will be used, which leads to a simple transformation
rule.

Introducing (i as the representation of a real-space function ¢ on the reference element,
such that ¢(X) = ¢(x) = ¢ (0.(X)), the derivative on the reference element can be
obtained by applying the chain rule appropriately:

09 9¢ dxi D¢ D (0n),

= = — 6.8
a.i'j 31‘2 a.i'j 31‘2 a.i'j ’ ( )

where, according to the summation convention, it has to be summed over duplicated
indices, in this case i.
Introducing the notation conventions O (-) := &2 and 0(+) = g%l) and recognising the

oz
term % as the Jacobian matrix J;; of the transformation, (6.8) can be written in
J

short as o
8,6 = 0i Jiy. (6.9)

Denoting the nabla operator with respect to reference element coordinates X with V and
the nabla operator with respect to real space coordinates with the usual V, the gradients
on the reference element and in real space are connected through the Jacobian matrix of
the transformation via

Vo =JTVe. (6.10)

The transformation of higher order derivatives can be obtained by successive application
of the chain rule. Already for the second order derivative, this will include derivatives of
the Jacobian matrix. The second order derivative is given by

HhDp = 0;0;¢ O (04); Oy (0x); +0idp WOy (0); = 0050 Jur, Ty + 05 Dy T (6.11)

Using the above mentioned decomposition of the mapping and assuming, that the non-
linear part performs only small variations, but no change in the dimension of the element,
i.e. 5,(X) ~ X, the terms containing derivatives of the Jacobian matrix, i.e. derivatives of
the mapping of order 2 and higher, can be neglected, leading to a simple transformation
equation for the second derivative:

ékélng = aiajgb Jik Jji.- (6.12)

Higher order derivatives can be obtained using the same scheme. Using only the linear
part of the mapping, the transformation follows the same structure for all derivative
orders: each index of the derivative tensor has to be contracted with the first index of
the Jacobian matrix of the mapping. As a last example the transformation for the third
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order derivative reads: o
010mOn ¢ = 0;0;0k® Jit Jjm Jin- (6.13)

Anisotropic projection error estimates

Having transformed the approximated derivative at the center of an element s to the
reference element 4 it remains to evaluate this tensor in order to decide, whether an
anisotropic refinement should take place.

At this point it is necessary to come back to the basic projection error estimate. Equation
(6.3) represents the general projection error, using a single value h to represent the mesh
size. In an anisotropic environment it is necessary to find estimates, which employ the
different mesh sizes of elements in order to improve the estimate and to make it useful
for a decision on a refinement direction. Formaggia and Perotto [5] have developed
anisotropic a priori error estimates and present anisotropic estimates of the interpolation
error, however, their results are limited to linear polynomial approximations. Houston
et al. [17] give a summary of the work done on generalizing these results for arbitrary
order polynomial degrees. The most important result for the current context is given by
the estimate

1/2
~ 2 .
16~ T6ll ) < C [ / HDS(x)anx} . 0<s<min(p+1k) (6.14)

where D is the sth order derivative tensor transformed to the reference element as
decribed above, C'is a constant which depends only on the dimension and the polynomial
degree, k is the highest order of existing (weak) derivative of ¢, i.e. ¢ € H*(x), and |||
denotes the Frobenius norm, which for a tensor A € RI1>*2X-xIN ig defined by

I I

Al =D - Z ininin ) (6.15)

i1=1142=1 iN

If a tensor has a dominant component, its Frobenius norm can be efficiently reduced if
only this component is reduced in size. The transformation of the derivative tensor from
real space coordinates to the reference element reduces the derivative component(s) in
the direction, which has a small mesh size. Consider, for example, a rectangular element
aligned with the coordinate axes, having the lengths h; and hy along the x; and x5 axis,
respectively. For this case the Jacobian matrix reduces to the diagonal matrix

hi 0
= n):
Considering the Hessian matrix H which represents the second order derivative tensor
Hyy Hi )
H - )
< Hy  Hy
the transformed derivative reads

Y= JTH ] — < hiHy1  hihoHys >

hihoHz  h3Ha
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Assuming, that the component Hi; is the dominant component of the Hessian matrix,
the Frobenius norm of H will be dominated by this component: ||H||, 2 |Hi1|. The same
holds for the transformed matrix, if the mesh sizes hy ~ hy are of similar magnitude. In
order to reduce the projection error, the Frobenius norm of the transformed derivative
has to be reduced, which can be done by reducing the mesh sizes. It is obvious that
for the case of one dominant component it is most efficient to reduce the corresponding
mesh size, in the stated example reducing only h; would have almost the same effect on
reducing the error than reducing both h; and he.

Whereas the above reasoning was limited to rectangular, axis—parallel elements, the
observations are true for general elements as well: If the derivative is exceptionally large
in one direction, reducing the mesh size in that direction is an effective strategy, while
reductions in the other directions are only of minor effect regarding the projection error.
This offers a possibility of evaluating an element’s aspect ratio. If the transformed deriva-
tive has components of similar magnitude in all directions, the element’s aspect ratio is
already optimal, further refinement should take place isotropically. If one component is
dominant, however, the aspect ratio is not yet optimal and anisotropic refinement should
be used in order to improve the aspect ratio. The evaluation process includes determi-
nation of possible dominant directions and comparison with threshold values before a
decision on a possible anisotropic refinement can be made.

Evaluation for anisotropic indicators

For a second order derivative, i.e. the Hessian matrix, it is obvious to calculate the
eigenvalues \; and the corresponding eigenvectors v; of the tensor. Especially for the
two-dimensional case this can be done explicitly with little effort. As a result, the ratio
of the absolute values of the eigenvalues,

s
= M, with 4, @ [N, | = max |\, (6.16)
max |\;] 1<i<d
J#im
1<j<d

can be used as a measure of the magnitude of anisotropic properties of the solution.
A value of unity describes isotropic behavior, whereas with increasing r the anisotropic
characteristics get stronger. Anisotropic refinement should only be considered for an
element, if the anisotropic ratio r is larger than an empirical threshold value 6,.

The second important information gained from the calculation of eigenvectors is the
direction, in which the derivative takes its maximum absolute value. If this direction is
sufficiently aligned with one of the coordinate axes on the reference element, anisotropic
refinement along this axis might be effective. In order to decide upon the refinement,
the angle «; between the eigenvector and the coordinate axis ¢ has to be compared to a
second threshold value 6,. If the two conditions

r >0, and || < 04 (6.17)

are simultanously fulfilled the element should be flagged for anisotropic refinement along
direction .

For higher order derivatives the calculation of eigenvectors and eigenvalues is not pos-
sible. However, there still exist directions, in which the projected derivative takes on a
maximum value. These could be found using an iterative scheme. The numerical evalu-
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ation of the maximum could be quite expensive, however, so it seems reasonable to look
for a simpler criterion. Concerning the refinement, there are very limited options, namely
the refinement can be done along the coordinate axes only. Thus the exact knowledge of
the characteristic direction is not necessary. It should suffice to calculate the ratio of the
projected derivatives in the coordinate directions on the reference element. As these are
found to be the terms on the main diagonal, this is a trivial evaluation. This leads to a
simple criterion, which is based on only one empirical threshold factor 6,. If there is an
i, 1 <4 < d, such that the condition

9761 > 0 max 07 9] (6.18)
1;j§d

is satisfied, the refinement should take place anisotropically along the #;-axis!?.

Apart from this very simple criterion there are, of course, other possibilities to evaluate
higher order derivatives. As mentioned above, a numerical algorithm to search for the
direction with maximal derivative value could be used. To make such an algorithm more
efficient, it could be limited to a subset of directions with only small deviation from the
coordinate axes, this can be compared to the second condition in (6.17).

A further approach is based on interpreting the third order derivative as d second or-
der derivatives of the individual components of the gradient. “Blending” these Hessian
matrices would result in a single matrix that can be evaluated using the above men-
tioned algorithm for second order derivatives. A description of how Hessian matrices
can be blended is given in Chapter B in the appendix. Alternatively the second order
derivatives could be evaluated separately. Subsequently the element would be flagged for
anisotropic refinement if all or “most” of the individually evaluated indicators coincide.
Such ideas can be extended to even higher order derivatives. The more natural way,
however, seems to be using only the term on the main diagonal of the tensor, which is
a very cheap operation. It has to be kept in mind that anisotropic refinement will only
be a useful addition to adaptive algorithms, if the evaluation of anisotropic indicators is
inexpensive.

Application to vector valued solution functions

So far only scalar valued solution functions ¢ have been considered. Fluid flow calcu-
lations include vector valued solution functions u which are composed, for example, of
the density, the momentum components and the internal energy. Based on the described
algorithm, three different treatments of multi-component functions are possible.

a) The refinement indicator is evaluated separately for each component. If a sufficient
number of the individual indicators suggest the same refinement strategy, and the
other indicators do not contradict this suggesetion (i.e. the other indicators sug-
gest isotropic refinement), this strategy is chosen, otherwise the element is refined
isotropically.

b) The information coming from the derivatives of the individual vector components
is “blended” before it is evaluated. In case of second order derivatives a procedure

10A similar criterion is used by Aftosmis and Kroll [1], who use an indicator based on undivided dif-
ferences, which correspond to the transformed derivatives in the main directions of the reference
element. Using the ratio of the values for individual coordinate directions, they achieve promising
results.
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called metric intersection can be applied to the Hessian matrices, which would
have to be appropriately scaled in order to represent relative changes instead of
absolute ones, see Chapter B in the appendix. A simpler alternative would be to
add in a vectorial sense the characteristic directions resulting from the individual
components. In order to use information on the magnitude of anisotropic effects,
the characteristic directions, i.e. eigenvectors in case of second order derivatives,
could be scaled by the anisotropic ratio r defined in Equation (6.16).

c) Instead of several independent components, one key variable is used to determine
the properties. It is possible to choose one of the conservative variables p, pv; or
pe. However, in order to deliver good estimates of the anisotropic features, the key
variable should be characteristic of the whole flow field. Therefore derived variables
like the total velocity scalar v or the Mach number M could be better choices. This
technique overcomes the need to decide upon an empirical combination of several
indicators or derivative tensors. It is, therefore, easier and in particular cheaper to
evaluate.

Of course it is also possible to use a combination of the presented approaches. It might
be useful, for example, to use not only one, but several key variables to decide upon the
anisotropic features. In that case, the ideas presented under a) and b) will have to be
applied to the chosen key variables instead of the conservation variables.

Review of assumptions

The most restrictive assumption in using the described derivative indicators is the smooth-
ness of the solution ¢. For the application of the (p + 1)th order derivative it has to be
assumed, that ¢ € H*, with k > p+1. While this is a reasonable assumption in boundary
layers, it will generally not be fulfilled in other regions of the flow, especially in interior
layers like shocks. It has to be noted, however, that the described anisotropic refinement
will be most effective in boundary layers, anyway. This is caused by the alignment of the
mesh with the characteristic directions of the boundary layer. Concerning shocks, the
mesh will generally not be well aligned with these directions, resulting in an isotropically
dominated refinement. Therefore, the described indicators should yield good results for
the Navier—Stokes equations. For problems dominated by shocks, especially for the Euler
equations which do not result in strong boundary layers, it might be considered, however,
to use the first order derivative, independent of the polynomial degree.

Concerning a possible extension to hp-refinement it has to be assumed that the polyno-
mial degree p will be small in the vicinity of shocks. Thus the applicability of derivative
indicators will not be as problematic as it might seem, even near interior layers.

6.2.3. Other sources of information on anisotropic features

Apart from the described indicators, other sources of information on anisotropic features
are used by several authors. Concerning triangular, linear Finite Elements considerable
work has been done using the information of approximated second order derivatives and
the resulting mesh metric field directly in remeshing algorithms, see for example the
work by Formaggia et al. [4], Frey and Alauzet [6, 7|, Huang [18] or Sahni et al. [19].
This approach has the advantage, that no additional step is needed for the evaluation
of anisotropic features after the error estimation, as the metric field combines both in-
formations. However, the error estimation is limited to the feature based approach of
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considering only the interpolation error. In order to incorporate more appropriate error
estimation techniques, Venditti and Darmofal [21] have combined the metric approach
with adjoint based error indicators, resulting in an approach of using weighted metrics.
Still, this technique requires a complete remeshing and is therefore not applicable in the
framework of the application considered in this work, which is based on a hierarchic
structure of triangulations.

Sun and Wheeler [20] suggest several global refinements, each using anisotropic refine-
ment in a fixed direction for all elements. Obtaining the solution on all these discretiza-
tions, error indicators can be calculated for the refined elements. Choosing, individually
for each element, the refinement strategy which results in a higher reduction of the es-
timated error yields quite optimal refined meshes. However, the effort of solving the
problem several times (normally d times) on globally refined meshes is considerable. Sun
and Wheeler use the obtained meshes for several time steps in the calculation of transient
problems. In that case, the effort might be affordable, whereas ist does not seem to be
justified for the numerical approximation of stationary flow problems.

Trying to reduce the computational effort of this approach, Houston et al. [17] suggest
to solve local problems. Only the element under consideration is refined according to
the different anisotropic refinement options. Afterwards, for each of these alternatives an
improved numerial solution is obtained only locally on this element, assuming, that the
solution on the surrounding elements does not change much. Comparing the reduction
in the estimated error of the different alternatives the best strategy can be chosen. This
technique offers the great advantage that it does not depend on any a priori information
on the error. Furthermore, it is possible to use goal oriented error indicators, not only for
flagging the elements to be refined, but also in the evaluation of an anisotropic refinement
direction. These advantages might balance the fact, that the evaluation of this indicator
— including the solution of local problems on each element considered for refinement — is
still quite expensive.
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It can be expected that the anisotropic indicators described in Section 6.2 are able to
reduce the number of elements needed to achieve a certain accuracy in the target func-
tional values. The practical performance is unknown, however, as is the effectiveness of
the different concepts. Furthermore, the best choice of the empirical threshold factors
introduced into the indicator evaluation is unknown as well. Therefore, this chapter will
provide some numerical examples in order to evaluate the effectiveness of the individual
indicators.

As the mesh is aligned with the boundary, it can be expected that anisotropic refinement
is quite effective in boundary layers, but perhaps less so in interior layers (shocks), as
those are, in general, not aligned with the elements, leading to characteristic anisotropic
directions which do not coincide with the elements’ orientation. As the node positions
are not changed by an h-refinement, interior layers will probably exhibit a high fraction
of isotropically refined elements.

After a brief description of the different test cases in Section 7.2, the individual results
will be given in Sections 7.3 and 7.4 for the jump and derivative indicators, respectively.
Finally, a comparison between the indicators and recommendations based on the numer-
ical examples are given in Section 7.5. Prior to these aspects, some general remarks on
the expected convergence behavior will be given in the following section.

7.1. Expected convergence behavior

Using a numerical method with fixed degree of the local piecewise polynomial approxi-
mation, which is the case for pure h-refinement, the asymptotic rate of convergence is
determinded by the method itself, not by a refinement strategy. This means, that neither
adaptive refinement nor anisotropic refinement can improve this rate. However, start-
ing with quite coarse meshes, the solution does not behave according to this asymptotic
rate in the first refinement steps. For many problems arising from engineering tasks,
the required accuracy is gained before the asymptotic range is reached. Using elabo-
rate refinement techniques it might be possible to improve the constant involved in the
expression of the asymptotic error estimate as well as to reach the asymptotic region
earlier.

The anisotropic indicators developed in this work are intended to be used in combina-
tion with an adaptive refinement strategy. Thus, the only reasonable reference values
for evaluating the efficiency of anisotropic refinement are the values obtained with an
according isotropic adaptive refinement.

Starting from the same initial mesh and solution on this mesh, the anisotropic indicator
evaluation leads to a reduced number of elements in the next refinement step, as some
refinement flags are changed from isotropic to anisotropic refinement. However, no addi-
tional elements are flagged for refinement if the same refinement and coarsening fractions
fr and f. as introduced in Section 4.2 are used. This behavior is intended, as it reduces
the number of elements on the next level, hopefully without influencing the accuracy too
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much. This technique yields a discrete function space, that is embedded in the isotropic
one. This means, that any function on the anisotropic mesh can also be represented on
the isotropic one, but not vice versa. Assuming, that a richer function space yields a
better approximation, at least not a worse one (the saturation assumption), the accu-
racy of the approximated solution on the anisotropically refined mesh will generally be
worse than that on the isotropically refined reference mesh. If the indicators are selected
according to physical features, however, the difference will be small, leading to an only
slightly worse approximation on a mesh with considerably less elements.

Following the adaptive process for more than one refinement step, the two methods do
not start from the same mesh, but from the individually obtained refined meshes for the
second refinement step. In case of the anisotropically refined mesh, a smaller fraction
of the elements will be located in layers as compared to the isotropically refined mesh.
It is quite likely that elements in the layers have large errors in the second refinement
step. If these elements form a smaller fraction, additional elements outside the layer may
also be flagged, leading to a better overall approximation. In summary, as the adaptive
refinement process does not start from the same mesh in each step for isotropic and
anisotropic refinement, the anisotropic refinement may, in the course of several adaptive
refinement steps, eventually lead to approximations with higher accuracy as compared
to the isotropically refined version using the same number of refinement steps.

7.2. Test cases

In order to test the anisotropic refinement process and the developed indicators for dif-
ferent typical aerodynamic flow situations, several test cases are used, ranging from sub-
to supersonic flow fields. As the code used to perform the calculations (see Chapter A in
the appendix) is currently only capable of laminar flow calculations, only low Reynolds
number flows can be computed based on the compressible Navier—Stokes equations, which
include viscous terms. The transonic test case is computed based on the compressible
Euler equations which do not exhibit viscous effects.

The following test cases are evaluated using the DG(1) method which is second order
accurate. In order to evaluate the applicability of the developed indicators to higher
order discretizations as well as the influence of the order of the numerical scheme on the
performance of anisotropic mesh refinement some computations have been performed
also for the DG(2) method which is third order accurate.

The discrete equations are solved using a Newton algorithm for the nonlinear problem
with a restarted version of the GMRES algorithm for the linear subproblems, see [9, 14,
16]. GMRES is also used for the linear dual problem. The trans- and supersonic test
cases use a shock capturing based on an artificial viscosity term, which is consistent as
it vanishes for the exact solution, for details see [9, 10].

7.2.1. NACAO0012

All test cases presented in the following sections are based on the NACA0012 airfoil,
which is given by the equation

y(z) = £0.6 (0.2969y/z — 0.1260z — 0.35162% + 0.2843z> — 0.10152") . (7.1)
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7. Numerical results

As this equation yields an airfoil with slightly more than unit length, a rescaling is used
to ensure that y(0) = y(1) = 0.

The starting mesh for the adaptive process is a C—type mesh containing 3072 elements.
This mesh as well as a zoom of the mesh in the vicinity of the airfoil is shown in Figure
7.1.
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Figure 7.1.: Initial mesh around a NACAQ012 airfoil of unit length, 3072 elements.

For some test cases a coarser version of this mesh is used, which is obtained by a global
coarsening procedure combining four elements of the fine mesh to one on the coarse mesh.
This results in a total number of 768 elements.

7.2.2. Test case A: Viscous subsonic flow

The subsonic viscous laminar flow over a NACAQ012 airfoil at Mach number M = 0.5,
Reynolds number Re = 5000 and zero angle of attack is computed based on the com-
pressible Navier-Stokes equations. As the airfoil is symmetric, the lift coefficients vanish
for zero angle of attack. Figure 7.2 shows the Mach isolines and the streamlines of the
resulting symmetric flow.

The target functional under consideration is the pressure induced drag coefficient cqp,
which is evaluated to approximately 0.0222875 by fine grid computations.

7.2.3. Test case B: Inviscid transonic flow

The transonic inviscid flow over a NACAQ012 airfoil at Mach number M = 0.8 and an
angle of attack of o = 1.25° is computed based on the compressible Euler equations.
Figure 7.3 shows the Mach isolines and the streamlines of this flow. The subsonic flow
is accelerated to supersonic velocities near the surface of the airfoil. On the second half
of the upper airfoil surface the velocity is reduced spontaneously by a shock, influencing
both drag and lift. This shock on the upper side of the airfoil as well as the smaller one
at the lower side can clearly be seen by the agglomeration of Mach isolines.
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Figure 7.2.: Test case A: viscous flow at M = 0.5, & = 0° and Re = 5000: Mach isolines
(top) and streamlines (bottom).

The target functional under consideration is the pressure induced drag coefficient cqp,
which is evaluated to approximately 0.0219 by fine grid computations.

7.2.4. Test case C: Viscous supersonic flow

The supersonic viscous laminar flow over a NACAQ0012 airfoil at Mach number M =
1.2, Reynolds number Re = 1000 and zero angle of attack is computed based on the
compressible Navier—Stokes equations. A detatched bow shock in front of the airfoil
decelerates the flow to subsonic velocity in the vicinity of the airfoil. However, the main
flow accelerates to supersonic velocities again, whereas the flow on the surface of the airfoil
and in the wake stays subsonic. Figure 7.4 shows the Mach isolines and the streamlines
for this test case. From the streamlines its hard to recognize the supersonic character
of the flow, but in front of the bow shock the streamlines are absolutely parallel, as is
typical of a supersonic freestream, in which no information can be passed upstream and
thus no deformation of streamlines in front of obstacles can occur.

The target functional under consideration is the viscous drag coefficient cq¢, which is
evaluated to approximately 0.1079 by fine grid computations.

7.3. Results for the jump indicator
The evaluation of the jump indicator includes one empirical threshold value 6, see (6.2),

which describes the desired ratio of the largest average jump in one direction and the
average jumps in the remaining direction(s). A small value of this threshold value will
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Figure 7.3.: Test case B: inviscid flow at M = 0.8 and a = 1.25°: Mach isolines (top)

and streamlines (bottom).

Figure 7.4.: Test case C: viscous flow at M = 1.2, a = 0° and Re = 1000: Mach isolines
(top), and streamlines (bottom).
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result in a lot of elements flagged for anisotropic refinement and thus strongly reduce
the number of elements on the next refinement level. However, if the value is too small,
several elements will be refined anisotropically although isotropic refinement might be
more appropriate. This leads to a reduced approximation accuracy. In order to avoid
this effect, 8 must be chosen sufficiently high. On the other hand, too large values will
prevent anisotropic refinement on elements for which this strategy might be appropriate,
thus increasing the number of elements required for obtaining a certain accuracy. The
optimal choice of the threshold value varies slightly for different test cases and initial
meshes. However, the following observations were similar for other test cases. Figure
7.5 shows the convergence of the error in the target functional values for test case A,
using adjoint based error indicators. The individual curves are obtained using values of
0 ranging from 2.0 to 4.0. For comparison, also the values for a pure isotropic refinement
are given.
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Figure 7.5.: Test case A: Convergence of the error in cqp for the DG(1) method using
adjoint based error indicators combined with anisotropic jump indicators.

Clearly, the choise 8 = 2.0 is too small, as it leads to no significant reduction in the
number of elements needed for a certain accuracy and even crosses the curve given by
isotropic refinement in one point. Apart from that, the differences for various values
of 0 are small, in the given case a value of § = 3.0 or § = 3.5 seems optimal. The
accuracy achieved after a given number of refinement steps is always very similar to
that of isotropic refinement after the same number of adaptive steps, thus the aim of
reducing the number of elements while obtaining similar accuracy is reached. Using the
jump indicator the number of elements on the finest level considered in Figure 7.5 can
be reduced by approximately 30 %.

The applicability of the jump indicator to higher order DG methods is evaluated using
the DG(2) scheme for test case A. As the number of degrees of freedom per element is
higher by a factor of 2 as compared to the DG(1) method, the coarser initial mesh is
used for this subcase. Figure 7.6 compares the target functional error obtained with a
value of § = 3.0 with the respective errors of an isotropic refinement.

The graph shows both the improved convergence of higher order methods and the ap-
plicability of the jump indicator to these higher order approximations. The comparison
between isotropic and anisotropic refinement is very similar to that for the DG(1) method,
in this case more than 40 % of the elements can be saved on the finest mesh. It is worth
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Figure 7.6.: Test case A: Convergence of the error in cqp for the DG(2) method using
adjoint based error indicators combined with an anisotropic jump indicator.

mentioning one additional aspect: As the initial mesh is quite coarse, the convergence
in the beginning does not fit in the general curve it follows afterwards. From the initial
mesh to the first refined one there is a significant drop in the target functional error, in-
dicating that the improvement of the mesh is considerable. After this initial refinement
step the following ones are well within the expected convergence behavior, indicating
that the asymptotic range is reached already, all individual points for actual calculations
lie on a smooth curve.

Figure 7.7 shows a comparison of the efficiency of the residual based error indicator
compared to the adjoint based indicator, again for the DG(1) method. Clearly, the
convergence of the target functional is improved significantly if adjoint based error indi-
cators are used to select the elements for refinement. This fact justifies the additional
cost associated with the solution of the adjoint problem.
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Figure 7.7.: Test case A: Convergence of the error in cqp for the DG(1) method using
residual and adjoint based error indicators combined with an anisotropic
jump indicator.

For both error indicators the anisotropic refinement based on jumps of the solution
effectively reduces the number of elements needed for a given accuracy as compared
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to the respective isotropic refinement case. Using residual based error indicators the
achieved saving of elements amounts to about 40 % and is thus slightly higher than in
the adjoint based case.

7.4. Results for derivative indicators

The evaluation of the derivative indicators described in Section 6.2.2 offers a wide range
of alternatives. In order to show only the relevant results, no comparison of different
threshold values will be shown. The main results will be shown for test case A using the
DG(1) method and the adjoint based error indicators.
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Figure 7.8.: Test case A: Convergence of the error in cqp, for the DG(1) method using ad-
joint based error indicators combined with anisotropic derivative indicators.

Figure 7.8 shows several examples for the target functional convergence using different
derivative indicators. The reference case is based on evaluating the characteristic di-
rection of the derivative (in this case the eigenvector belonging to the larger absolute
eigenvalue of the Hessian matrix) and comparing it to a threshold angle 6, = 15°, see
(6.17), as well as comparing the anisotropic ratio as defined in (6.16) to a second thresh-
old value 0, = 3.0. This is done individually for all conservative variables. If at least
two of these evaluations suggest the same anisotropic refinement and the others do not
suggest a different direction, i.e. they suggest isotropic refinement, an element is flagged
for anisotropic refinement in this particular direction. The resulting convergence curve
clearly shows, that the accuracy reached after a given number of refinement steps is very
similar to that of the corresponding isotropic refinement, but uses a reduced number of
elements, in the example this reduction rises to about 40 % after the last refinement step.
As described in Section 6.2.2, the derivative indicator uses a linearized transformation
from real space coordinates to the reference element. The assumption, that higher order
terms including derivatives of the Jacobian matrix of the transformation can be neglected
seems justified. Using the exact transformation given by (6.11), the overall convergence
changes only slightly, as shown in Figure 7.8. This justifies the use of the linearized
transformation, which enables a simple and unified approach for all derivative orders.

The concept of blending is introduced in Section 6.2.2 as a possible means of dealing
with vector valued solution functions. The general idea is to use a combination of the in-
dividual derivative components which is dominated by the strongest anisotropic features
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and thus allows to refine an element, if one variable shows strong anisotropic features
whereas the others do not. However, as Figure 7.8 indicates, the expected additional
gain concerning the number of elements cannot be observed in the numerical examples,
in contrast the blended derivatives lead to a slightly worse convergence behavior. This
effect might be due to the fact, that the approximate metric intersection described in the
appendix is too inaccurate. The approximation tends to give results with a too small
anisotropic ratio. However, simply lowering the corresponding threshold value does not
solve the problem. Therefore, until higher quality approximations of metric intersections
are available, the use of blending does not seem to be useful and the additional effort for
the intersection procedure can be saved.
The last indicator used in Figure 7.8 is based on evaluating the derivative only in the
direction of the coordinate axes on the reference element (primal directions) and com-
paring the resulting ratio to a threshold value 0., see (6.18). No threshold angle 6, is
used. Using both threshold values 6, and 6, from above, a corresponding threshold value
can be calculated for the primal directions, if the derivative described by these threshold
values is projected to the coordinate axes of the reference element. For a second order
derivative this results in

= 0, cos? (0,) + sin? (6,)

" cos?(B) + 0, sin? (6,)

However, this value is not unique to the combination of threshold ratio and threshold
angle. Using 6, = 3.0 and 6, = 15° as above, 6, = 2.53 is obtained. This value can
also be produced by a lower threshold ratio for lower threshold angles and by a higher

threshold ratio for higher threshold angles, as can be seen in Figure 7.9.

(7.2)

8
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Figure 7.9.: Combinations of threshold ratio #, and threshold angle 0, resulting in the
modified threshold ratio 6, = 2.53.

This effect leads to a number of elements being flagged for anisotropic refinement, which
were not flagged using the more involved indicator based on both threshold ratio and
angle. Obviously, this results in a slightly improved convergence behavior. However, on
the finest mesh the achieved accuracy is slightly worse than for all other methods. Still,
the differences are small and thus justify the use of this simplified criterion, which is
directly applicable to higher order derivatives as well.

Using different threshold values the results vary, as can be expected. Increasing the
threshold angle 6, from 15° to 20° results in a steeper descent of the convergence curve
after the first refinement steps. However, in the later refinement steps the error changes
the sign, afterwards the absolute value of the error starts growing again. This behavior
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indicates, that the refinement is not really appropriate for the problem, i.e. that the
threshold values are not strict enough. Similar results are obtained using a key variable
like the Mach number M or the velocity scalar v. In early refinement steps the error is
reduced more quickly than with the indicators using all conservative variables, but later
on the convergence behavior gets worse, the error changes its sign and grows in absolute
values. Again, this indicates, that the chosen indicator does not catch all aspects of the
physical behavior of the flow under consideration, i.e. the flow field and its anisotropic
features cannot be represented with sufficient accuracy by a single key variable.

Similar as in the case of the jump indicator, two further comparisons are presented using
test case A. Figure 7.10 shows the application of derivative indicators to a higher order
method.
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Figure 7.10.: Test case A: Convergence of the error in cqp for the DG(2) method us-
ing adjoint based error indicators combined with an anisotropic derivative
indicator.

For the DG(2) method the tensor of third order derivatives is evaluated instead of the
Hessian matrix, which is used for the deriavtive indicator applied to the DG(1) method.
As described above, the application to higher order methods implies the use of a linearized
transformation and evaluating only the projected derivative in the primal directions of the
reference element. The convergence curve shown in Figure 7.10 is obtained using 6, = 3.0,
but other values show only minor variations of the behavior. On the final mesh, about
50 % of the elements can be saved using a derivative indicator for anisotropic refinement.
Finally, a comparison between residual based and adjoint based error indicators is shown
in Figure 7.11, using the DG(1) method, an anisotropic derivative indicator with 6, = 3.0,
0, = 15° and a linearized transformation.

The resulting behavior can be clearly seen. In both cases anisotropic refinement based
on the derivative indicator saves a significant number of elements while obtaining similar
accuracy as compared to the respective isotropic refinement. In the case of residual based
error indicators the accuracy is even improved noticably. The last refinement step for the
isotropic case results in an error comparable to the error of the last but one anisotropic
refinement step. The saving of elements amounts to over 60 % in this case and is thus
higher than in the case of adjoint based error indicators. However, employing adjoint
based error indicators yields a significantly improved convergence of the target functional
values and thus proves to be advantageous.
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Figure 7.11.: Test case A: Convergence of the error in cqp for the DG(1) method using
residual and adjoint based error indicators combined with an anisotropic

derivative indicator.

7.5. Comparison and indicator recommendation

In order to compare the efficiency of jump indicators and derivative indicators, some of
the above examples for test case A will be shown in a common plot. Additionally, some
results will be shown for the other test cases as well.

7.5.1. Comparison for test case A

As the above examples show that the use of adjoint based error indicators is clearly
advantageous, only the corresponding results will be repeated here. Concerning results
obtained with residual based error indicators, Figure 7.7 can be compared to Figure 7.11.
Figure 7.12 shows the convergence behavior for test case A, using the DG(1) method,
where a jump indicator with § = 3.0 and a derivative indicator based on the conservative
variables with 6, = 3.0 and 6, = 15° is used.
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Figure 7.12.: Test case A: Convergence of the error in cqp, for the DG(1) method using ad-
joint based error indicators combined with anisotropic jump and derivative
indicators.
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Whereas the accuracy reached after a given number of refinement steps is very similar
for both versions of anisotropic refinement, the number of elements is smaller for the
derivative indicator, i.e. the jump indicator reduces the use of resources less effectively.
However, both versions demonstrate an improved behavior as compared to isotropic
refinement. As the time needed for the evaluation of the indicators can be neglected in
comparison with the time spent on the solution process, the saving of elements directly
translates to a gain in computational time. Furthermore, a smaller number of elements
also reduces the memory consumption.

Figure 7.13 shows the corresponding comparison for the DG(2) method. Here, the jump
indicator is evaluated using # = 3.0, whereas 6, = 3.0 is used for the derivative indicator.
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Figure 7.13.: Test case A: Convergence of the error in cqp, for the DG(2) method using ad-
joint based error indicators combined with anisotropic jump and derivative
indicators.

Both indicators perform similarly well, the convergence of the derivative indicator is
again slightly better than that of the jump indicator. Compared to the DG(1) method,
a similar or even larger fraction of elements can be saved on the finest mesh.

Examples of the adapted meshes are shown in Figure 7.14. It shows meshes in the
vicinity of the airfoil after three adjoint based refinement steps for the DG(2) method.
The comparison demonstrates the good resolution of the boundary layer in all cases. Near
the leading edge, isotropic refinement is used even if anisotropic refinement is enabled.
Due to the strong curvature of the airfoil, the flow changes rapidly along the airfoil as
well as in the orthogonal direction. However, further downstream the curvature reduces
and anisotropic refinement is appropriate. In this region isotropic refinement produces
an unnecessary amount of elements as the element size orthogonal to the airfoil surface
is reduced. The comparison between the adapted meshes based on the jump and the
derivative indicator shows that the resulting refinement strategy is quite similar in both
cases.

7.5.2. Comparison for test case B

As inviscid flows do not exhibit strong boundary layer effects, the occurance of anisotropic
effects is mainly limited to shocks. The solution for the transonic test case B has a large
shock on the upper side of the airfoil and a smaller one at the lower side. In the region of
this shock anisotropic refinement is advantageous. The shock represents a discontinuity
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Figure 7.14.: Test case A: Adapted mesh after three refinement steps using adjoint based
error indicators for the DG(2) method.
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however, thus the assumption that the solution is sufficiently smooth no longer holds in
this region. As the derivative indicator is based on this assumption, its performance is
likely to deteriorate. In fact, the derivative indicator based on the conservative variables
used for test case A does not lead to any improvement of the convergence behavior.
However, using the Mach number M as key variable, anisotropic refinement governed by
a derivative indicator can be used effectively. Whereas the jump indicator does not suffer
from unsatisfied assumptions, anisotropic refinement is still restricted to those parts of
the domain, where the anisotropic features are sufficiently aligned with the mesh.
Figure 7.15 shows a comparison of the convergence behavior for this derivative indicator
based on the Mach number and isotropic refinement, as well as the jump indicator. The
DG(1) method was used in all cases.
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Figure 7.15.: Test case B: Convergence of the error in cq, for the DG(1) method using
residual and adjoint based error indicators combined with anisotropic jump
and derivative indicators.

The computations have been started on the coarser initial mesh, thus more refinement
steps are used compared to test case A. Given the drawbacks of the applicability to
inviscid and transonic flows, both indicators perform quite well and lead to a reduction
of about 40 % in the number of elements on the finest mesh in case of adjoint based error
indicators. Although this is a surprisingly high number, it has to be kept in mind, that
the number of refinement steps is higher for this test case. The accuracy reached after
a given refinement step is very similar for all presented methods and the jump indicator
performs slightly better. The only exception to these two observations is the finest mesh,
on which the jump indicator leads to a reduced accuracy.

Concerning residual based error indicators the convergence of the target functional error
is slightly worse, as might be expected from the results of test case A. For test case B,
anisotropic refinement is not as effective for residual based indicators as for adjoint based
indicators, although an improvement can still be achieved. Again, the jump indicator
performs slightly better than the derivative indicator.

Examples of adapted meshes are given in Figure 7.16, which shows the anisotropic meshes
obtained after six adaptive refinement steps using the derivative indicator.

The comparison between the meshes obtained with residual based and adjoint based error
indicators is impressive. Whereas the first strategy refines mainly the shock on the upper
airfoil surface and the leading edge, the latter reduces the refinement of the shock in favor
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Figure 7.16.: Test case B: Adapted anisotropic meshes after six refinement steps for the
DG(1) method using a derivative indicator based on the Mach number.

of a stronger refinement of the leading and trailing edge and an additional refinement
along a line starting from the point, where the shock touches the airfoil. This line repre-
sents a characteristic of the solution to the adjoint problem. This refinement underlines
the importance of the exact position of the shock. Clearly, this is more important than
a better refinement of the shock, as the mesh obtained with this error indicator yields a
target functional error, that is reduced by a factor of approximately 2.5 compared to the
corresponding mesh using residual based error indicators and a comparable number of
elements. As the shock is reasonably aligned with the mesh, at least in the upper part,
anisotropic elements can be used effectively in both cases.

7.5.3. Comparison for test case C

The supersonic viscous flow considered in test case C features both a detached bow shock
in front of the airfoil and boundary layers at the surface of the airfoil. Because of these
strong anisotropic features a considerable reduction of elements could be expected for
anisotropic refinement. However, as the shock is poorly aligned with the mesh in most
parts of the domain, these expectations have to be reduced.

Examples of the adapted meshes are given in Figure 7.17, which shows the meshes after
five anisotropic refinement steps with the derivative indicator, both for residual based
and adjoint based error indicators. Like in test case A, an anisotropic derivative indicator
based on the conservative variables is used.

Using residual based error indicators the refinement concentrates on the complete bow
shock. As this shock is not well aligned with the initial mesh, anisotropic refinement
cannot be used efficiently, although some anisotropic elements appear, mainly induced
by mesh smoothing resulting from hanging nodes of the multiply refined elements near
the shock. Additional refinement takes place in the wake, where anisotropic refinement
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Figure 7.17.: Test case C: Adapted anisotropic meshes after five refinement steps for
the DG(1) method using a derivative indicator based on the conservative
variables: distant view (left) and zoom of the trailing edge (right).
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is quite effective. However, the boundary layer is hardly refined up to this refinement
step. This situation changes drastically, if adjoint based error indicators are used, which
leads to a refinement mainly in the boundary layer. The bow shock and the wake are
only refined in the vicinity of the airfoil, where the flow strongly influences the target
functional value. Refining the shock and wake far away from the airfoil seems not to be
as efficient as refining the boundary layer. As the latter is well aligned with the mesh,
anisotropic refinement is quite effective. The aspect ratio of the boundary layer elements
might be expected to be higher. However, the Reynolds number is low (Re = 1000)
which results in quite a weak boundary layer. Furthermore, the aspect ratio of some
elements can still increase after additional refinement steps.

Figure 7.18 shows a comparison between isotropic refinement and anisotropic refinement
based on the jump indicator as well as a derivative indicator. All computations are based
on the DG(1) method and start on the coarse initial mesh. Both, residual based and
adjoint based error indicators are used.
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=
C‘ 0.001 F e
8
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Figure 7.18.: Test case C: Convergence of the error in cqf for the DG(1) method using
residual and adjoint based error indicators combined with anisotropic jump
and derivative indicators.

The advantage of adjoint based error indicators, which can be seen from the adapted
meshes already, is reflected in the convergence plot. For the first few refinement steps,
the target functional error does not decrease, if residual based indicators are used. The
refinement of the complete bow shock does not contribute noticably to an improved
target functional value. Therefore, the error does not decrease until the vicinity of the
airfoil is refined after some additional steps of the adaptive algorithm. As anisotropic
elements are not effective in the bow shock due to little alignment with the initial mesh,
no significant improvement can be achieved using anisotropic refinement.

Considering the convergence achieved with adjoint based error indicators, using an aniso-
tropic refinement strategy a considerable number of elements can be saved on the finest
mesh, over 40 % of the elements in case of the derivative indicator and even more than
50 % in case of the jump indicator. Furthermore, the achieved accuracy is very similar
for isotropic refinement and anisotropic refinement based on the derivative indicator,
whereas the accuracy reached after a given refinement step even increases for the jump
indicator.
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7.5.4. Indicator recommendation

The adaptive anisotropic mesh refinement algorithm described in this work and used for
the test cases relies on two different types of indicators: error indicators to select the
elements to be refined and anisotropic indicators to decide upon a refinement case for
these elements.

The numerical examples presented in the previous sections show that adjoint based er-
ror indicators are clearly advantageous. The discrete approximation on the obtained
adapted meshes shows a significantly lower target functional error as compared to the
results achieved with residual based error indiactors. This behavior, which is especially
pronounced in test cases A and C, justifies the additional effort of solving the adjoint
problem. Similar results have been shown in [9, 15].

Concerning anisotropic indictors, the results show that both types of the developed in-
dicators can be used successfully to govern an anisotropic refinement process. The re-
duction in the number of elements achieved was about 40 % in most cases. Generally,
the derivative indicator seems to be slightly advantageous for subsonic flow simulations,
whereas the jump indicator proves advantageous for trans- and especially supersonic
cases. It performs only slightly worse in boundary layers but apparently considerably
better in the vicinity of shock layers. This behavior is caused by the non-smooth features
of the solution at shocks, which violate the basic assumption included in the derivative
indicator.

A derivative indicator based on the individual evaluation of the conservative variables
should be used for subsonic viscous flows, whereas the jump indicator is advantageous for
trans- and supersonic flows. For inviscid flows, anisotropic features can be found mainly in
shocks, thus the jump indicator seems advantageous. Alternatively, a derivative indicator
based on the Mach number can be applied.

In some cases, the accuracy achieved after a given number of refinement steps reduces
slightly compared to the isotropic refinement case. This might lead to an increased
number of refinement steps before the adaptive process can be stopped. However, this
effect can be reduced by an increase of the refinement fraction f,.

The threshold values have to be chosen carefully. In order to prevent anisotropic refine-
ment in inappropriate situations, 6, 6, and 6, have to be chosen large enough, whereas
0. has to be chosen small enough. On the other hand, too restrictive values reduce the
possible saving effect. The values 3.0 for all threshold ratios and 15° for the threshold
angle seem to be adequate for several test cases.
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The knowledge of flow phenomena and flow-induced forces is vital to many fields of science
and engineering. Typical aerodynamic applications ask for the value of certain target
functionals, mainly force and momentum coefficients, combined with a certain accuracy
requirement. As physical measurements and analytical solutions are not available in most
cases, efficient numerical approximations are required.

Discontinuous Galerkin methods offer stable and locally conservative approximations.
Combined with adaptive mesh refinement, efficient techniques can be created. In order
to drive the adaptive mesh refinement algorithm, error indicators have to be evaluated
in addition to the solution of the primal problem. Residual based indicators offer reliable
information on errors in the flow solution. Dual weighted residual error indicators addi-
tionally offer enhanced information about the location of elements contributing largely
to the error of a selected target functional, thereby enabling a significantly improved
refinement, resulting in meshes specifically tailored to the effective computation of the
desired target functional. A minor drawback of using such a goal oriented adaptive re-
finement is the additional effort needed to obtain the solution of the adjoint problem.
However, this solution and the evaluated error indicators allow a sharp estimation of
the target functional error, thereby enabling the adaptive refinement to stop when the
desired accuracy is reached.

The efficient numerical approximation of flow fields and derived target functionals re-
quires appropriate meshes. Adaptive refinement is only one key component to obtain
optimal meshes. An additional gain can be achieved, if the mesh refinement accounts for
anisotropic features of the solution. At interior layers like shocks and boundary layers
the flow features change rapidly in a direction orthogonal to the layer whereas the change
is much smaller parallel to the layer. Therefore, refinement orthogonal to these layers
is much more efficient than refinement in the direction of the layers. A very effective
refinement strategy can be achieved, if the selection of elements to be refined based on
an accurate error estimation is combined with a decision on an appropriate anisotropic
refinement case. This latter decision is based on an anisotropic indicator. In this work,
two distinct concepts have been presented and evaluated. The first indicator is based on
the jumps of the solution over element faces that occur in DG methods. A large average
jump in one direction indicates a large error in this direction. The second indicator is
based on the estimation of the interpolation error. In sufficiently smooth regions of the
flow the (p + 1)th derivative of the approximation can be used to approximate the inter-
polation error of a DG(p) method. If the derivative is especially large in one direction,
refinement along that direction will be more efficient than refinement in other directions.
The described anisotropic indicators have been applied to several simple test cases for
compressible flows over a NACA0012 airfoil. For viscous subsonic flows, a derivative
indicator based on the conservative variables proves advantageous, but the jump indicator
can also be applied successfully. In contrast to that, for inviscid flows and supersonic
cases the jump indicator is more effcient. For inviscid flows a derivative indicator based
on the Mach number instead of the conservative variables leads to an improved reduction
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in the number of elements needed to obtain a given accuracy. In most cases about 40 %
of the elements can be saved on the finest mesh. As the numerical effort generally rises
at least linearly with the number of unknowns in the discrete system, this constitutes
a considerable reduction in computational time as well as memory requirements. The
evaluation of both indicators is very cheap and thus the gain in performance is not
reduced by an additional effort.

The developed indicators can be applied with similar success to higher order DG methods.
The combination with an error estimation technique has been tested for residual based
and adjoint based error estimation. Whereas the reduction in the number of cells needed
is slightly higher in case of a residual based error estimation, the overall advantage of
adjoint based error estimation can clearly be seen. Even considering the additional effort
of solving the adjoint problem the convergence of target functional errors is much better
using a goal oriented refinement driven by adjoint based error indicators.

The presented results are promising and allow more efficient numerical approximations
to a certain class of flow problems. The applicability is limited, however, with respect to
the problem, as well as with respect to the numerical method. Concerning restrictions of
the physical problem, only two—dimensional laminar flows can be approximated so far.
From the numerical point of view the restrictions are given by the application of pure
h-refinement and by the use of unit square reference elements. In order to enable the
efficient evaluation of realistic, complex flow problems, several aspects have to be taken
care of. Possible future work includes:

¢ Extension to three dimensions. As the concepts described in this work are
generally independent of the space dimension, the extension to three-dimensional
problems is mainly a matter of implementational effort. It should be expected
that the possible savings increase for three-dimensional problems, as elements will
be refined only along one out of three directions near anisotropic features of the
solution.

e Extension to turbulent flows. The scope of this work has been limited to
laminar flows mainly because of the restricted abilities of the flow solver used as
basis for the calculations. The presented concepts can be applied immediately to
turbulent flows. The only aspect to be considered is the possible inclusion (or
exclusion) of the additional variables of the selected turbulence model into the
evaluation of anisotropic indicators. Some numerical examples should suffice to
make this decision. Again, the possible savings will probably increase for higher
Reynolds numbers as the boundary layer is much stronger in these cases.

o Extension to hp—refinement in order to enable optimal convergence rates. Prob-
ably the setting of refinement indicators will be extended to a third step for this
procedure. After evaluating a general error indicator and selecting the elements to
be refined, in a second step these elements are evaluated with respect to anisotropic
features. Additionally, in a third step an indicator deciding between h— and p—
refinement would have to be evaluated.

o Extension to hybrid meshes. It is very difficult to generate high quality meshes
for complex geometries consisting only of quadrilateral or hexahedral elements,
respectively. Therefore, it is desirable to use hybrid meshes, which additionally
allow triangular elements in two—dimensional domains or tetrahedra, pyramids and
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8. Conclusion and outlook

prisms in three dimensions. Solving flow problems on hybrid meshes is mainly
dependent on the implementational effort. However, adaptive refinement, especially
anisotropic refinement, presents some interesting and unanswered questions. The
indicators presented in this work rely on the fact, that there are two faces opposite
each other and d orthogonal characteristic directions of the element, at least on the
reference element. In general, this is not the case. Furthermore, refining an element
it may be possible to choose between different element types of the children. It is
possible, for example, to refine a quadrilateral into two or four triangles instead
of two or four quadrilaterals. Choosing the best refinement strategy, especially in
three dimensions, will be a major task and will require the development of elaborate
anisotropic indicators.
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A. Implementational issues

The obvious implementational effort for anisotropic refinement is limited to simple func-
tions, which are capable of splitting an element according to a given refinement case
and storing the obtained geometrical and topological data. There are, however, several
additional aspects that need to be considered. Some of these aspects and the suggested
solutions of arising difficulties are directly connected to the code used to implement the
numerical method. The following remarks will therefore be concerned with the issues
that arised in this work using a specific code. Other implementations might not have to
consider some of the aspects, whereas other difficulties might arise.

A.l. Status of deal.II and data storage structure

The practical part of this work in connected to the DG flow solver PADGE [16] currently
developed at the DLR (Deutsches Zentrum fiir Luft- und Raumfahrt) Braunschweig,
which is based on the C++ Finite Element library deal.II [2]. For general information
or details of specific aspects, the freely available documentation is recommended. Some
important aspects, however, that are directly connected to this work, will be discussed
in the following.

So far, isotropic refinement is hard-coded in deal.II. The elements, which are always
quadrilaterals in two dimensions and hexahedrals in three dimensions, can only be refined
into four or eight children, respectively. Furthermore, the number of hanging nodes is
limited to one hanging node on each mesh edge on refined meshes, whereas it must be
zero on all edges for the initial mesh. The elements are organized in levels, where the
first level represents the initial mesh. Further levels are filled with refined elements only.
An element belonging to the second level is a child of an element belonging to the initial
mesh, whereas this child’s own children would belong to the third level and so forth. The
current mesh after a refinement step consists of all elements on the highest level plus a
combination of elements from lower levels, which together cover the whole domain. All
elements without children belong to the refined mesh as well.

Along with the elements, faces and edges are stored in the same structure of levels. As the
initial mesh is free of hanging nodes, each face and edge is uniquely bounding elements of
one level only, if isotropic refinement is used. Vertices can belong to elements of different
levels, however, and are stored globally for a triangulation.

If anisotropic refinement is used, edges and faces can no longer be uniquely associated
with one level. This is obvious from the very simple example shown in Figure A.1.

This example shows two elements k1 and ko, both belonging to level n, the left of which
is refined anisotropically into the elements x;, and ki,, both belonging to level n + 1.
The line [ is the common edge and face of elements 1 and ko and thus belongs to level
n. However, [ is also an edge and face of element x;,, and, therefore, belongs to level
n—+ 1. Refining x;, anisotropically again, the number of levels line | would have to belong
to increases. One simple solution would be to duplicate line [ to line I on all levels it is
needed on.
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K1 Ko K1, K1, K2

(a) original state on level n (b) anisotropically refined state
on levels n and n + 1

Figure A.1.: Example of a refinement case with a line (edge, face) belonging to elements
of more than one level.

However, simply duplicating edges and faces imposes a strong restriction on the allowed
refinement cases of neighboring elements. Consider, for example, element k9 being refined
anisotropically as shown in Figure A.2.

L K1,

~|

/'ill /€12

ly K2,

Figure A.2.: Example of a refinement case resulting in corrupted data.

Line [ has to be split into two children /; and /o in order to bound the newly created
elements ko, and ko,. However, this only applies to the (original) line [ on level n,
whereas the duplicated line [ on level n 4 1 is unchanged. After the refinement, line [ has
children, whereas [ has none, although both correspond to the same line in real space.
Therefore this refinement case cannot be allowed in order not to corrupt data integrity.
These observations give rise to the need to detach edges and faces from the level-based
data structure of elements and store them globally like the vertices. The object oriented
structure of deal.ITI makes it necessary to modify not only the storage classes themselves
but also the accessor and iterator classes used for access to the data of any object of a
triangulation. It is not necessary, however, to modify those parts of the code actually
using edges and faces, as the access to the required data is never done directly, but only
by means of the accessors and iterators mentioned above (the data encapsulation concept
often used in object oriented programming).

As the data storage of degrees of freedom mirrors the structure used for the storage of
triangulation data, the changes described above have to be applied in an analog way to
the degrees of freedom storage and accessor classes.

A.2. Connectivity

Based on the restriction to a maximum of one hanging node on an edge, an element can
only be in four states concerning its neighbors at a given face:
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1. The element is at the boundary, thus having no neighbor element (at this face).
2. The element is neither coarser nor finer than its neighbor element.

3. The element is exactly one step finer than the neighbor element.

4. The element is exactly one step coarser than the neighbor elements.

The first case is trivial and needs no special treatment for anisotropic refinement. In the
second case, the level of the element and its neighbor coincide in the case of pure isotropic
refinement. If the element is one step finer than the neighbor, the element’s level is higher
by one as compared to the neighbor’s level, whereas it is lower by one if the element is
coarser than the neighbor. This unique relationship between the refinement situation of
neighboring elements and the levels these elements belong to has motivated the use of
level-differences as criterion for the local refinement situation. As some procedures are
dependent on this situation, the decision between different cases is made based on the
levels of the involved elements.

This cannot be done in the case of anisotropic refinement, as the situation can be different
at each face of an element and does not depend on the level anymore. Figure A.3 shows
an example refinement history, in which element k7 is coarser than elements ko and k3
along the common face. k1 is on level n + 2, however, whereas the more refined elements
ko and k3 are both on level n + 1, resulting in the more refined elements being on a
coarser level.

(a) original state on level n (b) anisotropically refined state
on levels n + 1 (left) and n

R2

R1

R3

(c) anisotropically refined state
on levels n+2 (middle) and n+1

Figure A.3.: Example of a refinement case with the coarser element being on a higher
level.

This example illustrates that any decision on the refinement situation between two neigh-
boring elements cannot be made based on the levels of the involved elements, but has
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to be done in a different way. In deal.II, the stored neighbor of an element at a given
face is never more refined. If there are refined neighboring elements at this face, then
they are the children of the stored neighbor. This makes it easy to identify case 4 of the
above mentioned four cases: if the stored neighbor has children, than the real neighbors
are more refined than the element under consideration. As case 1 is obvious as well, it
remains to decide between cases 2 and 3. In order to make this decision, the faces of the
involved elements can be considered. If the two elements share one face, neither one is
more refined or coarser than the other, resulting in case 2. In all remaining situations
the neighbor is coarser than the current element and case 3 is recovered.

It has to be noted, that there are further, less obvious changes concerning the neighbor-
ship situation of a given element, especially in the case of an element with more refined
neighbors. It is possible in the case of anisotropic refinement, that the element really
neighboring the element under consideration is not a direct child of the stored neighbor,
but a grandchild, grand-grandchild etc. An example of this situation is given in Figure
A4, in which element x is neighbored by elements k3 and k4, where k3 is a grandchild
of the original element k9, the stored neighbor of element ;.

R1 R2 R1

R4

a) original state b) state after one refinement
g
step

R3

R1

R4

(c) state after two refinement
steps

Figure A.4.: Example of a refinement case with a refined neighbor, which is not the stored
neighbor’s (direct) child.

The possibility of stored neighbor’s children, which are refined (several times) in an
anisotropic way that does not refine the face bounding the element presently under
consideration, has to be taken care of in the search for the real neighbors of a given
element.
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A.3. Prolongation and restriction operators

As described in Section 4.1, h-—refinement yields embedded function spaces for the discrete
solution. This enables an efficient and lossless interpolation from the coarse mesh to
the refined one. This interpolation for the whole mesh is based on interpolating the
approximated solution from the mother element to its children for all refined elements'!.
Similar to that, the solution on a refined mesh can be interpolated to a coarser mesh.
However, this process is not lossless.

The interpolation can be done separately for each element under consideration. For
elements in the interior of the domain the mapping between unit and real element is only
scaled by a factor of 2 between an element and its children, otherwise it stays the same.
That is why the interpolation rule can be defined on the unit element, enabling to use
the same rule for all elements.

Degrees of freedom are merely factors to basis functions ¢. Any discrete function u is

a linear combination of degrees of freedom u = (uq, s, ... ,ﬂn)T and basis functions
¢i,i=1,...,n, combined in the vector of basis functions ¢:
n
u=1a"¢=> e (A1)
i=1

Prolongation

In the environment of multigrid algorithms the interpolation from a mother element to
refined children is known as prolongation.
A unit square or unit cube in two or three dimensions, respectively, is considered, contain-
ing one finite element: the mother element. This one—element mesh is refined according
to the refinement case under consideration. For each child element x.,, 7 = 1, ..., Nchildren,
where Nchildren 18 the number of children an element has for the given refinement case, an
individual matrix P(® is defined, such that the mother’s degree of freedom values (™
and the degree of freedom values 01(“) of child i are connected through

@) = POGM™ i =1, nenildren- (A.2)
As only pure h-refinement is considered, P\ is a n x n square matrix, where n is the
number of basis functions per element, which is identical to the number of degrees of
freedom per element in the case of DG methods.
In order to compute the prolongation matrices P, conditions have to be imposed. As
the interpolation from coarse to fine elements can be done in a lossless way, the following
condition is obvious:

u(m) (X) = u(ci)(x) Vx € Re;s 1= 1, ..« y Nchildren » (AS)

where the superscripts (™ and (%) refer to coarse and fine mesh values of mother and
child element values, respectively. Denoting the mother element basis functions with ®
and the child’s basis functions with ¢, Equations (A.2) and (A.3) can be combined, using

1On curved boundaries the boundary description and, thereby, the mapping from reference to real
space element changes after the refinement. Thus, the interpolation is not completely lossless at the
boundary.
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the summation convention, to yield

W™ @;(x) = 4\ pr(x) = Pl pp(x) Vx € hey i=1,... nchildrens  (A4)

where j and k run from 1 to n over all basis functions of the mother and child cell,
respectively. Equation (A.4) must be valid, independent of the values of ﬁ§m). Therefore,
the equation has to be fulfilled for each individual component, resulting in the set of

equations
®;(x) = P op(x) Vx€he, j=1,...,n, i=1,... Nenidren- (A.5)

For fixed j, selecting a sufficiently high number of control points x. inside k., and de-
manding that Equation (A.5) is fulfilled for these points, an overdeterminded linear
system of equations is obtained, which can be solved in a least squares sense for the
values P,S;), k=1,...,n. The points x, have to be chosen such that they yield n linearly
independent equations in (A.5). In case of basis functions, which are based on support
points, like Lagrangian interpolation polynomials, the x. can simply be chosen to be the
support points. This way, only n control points are used, uniquely defining all desired
components P,g;). However, in order to reduce the influence of numerical errors, it is
advantageous to employ the suggested least squares problem. One such problem has to
be solved for each basis function of the mother element. This yields one interpolation
operator P for one child of a specific refinement case. In turn, one such set of least
squares problems has to be solved for each child occuring in each refinement case. These
problems have to be solved only once, if the obtained matrices are stored in order to use
them on the mesh elements in real space. There, the degrees of freedom on child ¢ can
be interpolated from the degree of freedom values on the mother element by applying
the appropriate prolongation matrix for the refinement case at hand.

Restriction

The process of interpolating a function or the corresponding degrees of freedom from
all children of an element to the mother element is known as restriction. It is used
in multigrid algorithms as well as in the coarsening of elements in adaptive refinement
processes. An expression of the type

Tchildren
am — Z R® e (A.6)
i=0
is seeked, where R®, i = 1,. .., Nchildren, represents the restriction matrix corresponding

to the child 7 of the mother element.

As this interpolation is not lossless, there are several possible definitions of this inter-
polation. One of the possibilities is given by the L?-projection, which requires that
integrating a function u over the element k., weighted by a test function v, yields the
same value for both the coarse and the fine mesh functions u(™ and u(¢:

/ u™ . vdr = / u® . vdz, i=1,..., nenildren- (A7)

Like in the case of prolongation, the functions u( and u(®) in Equation (A.7) are re-
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placed by their respective representations of degree of freedom values and basis functions.
Afterwards, the restriction operation defined in Equation (A.6) is introduced. This yields

/K (u§> ¢j)-vdx:A (ay @k).vdx:/ (R,(j} al? <I>k>-vdx, i=1,... Nechildren-

Ke;

(A.8)

Again, this Equation has to be true for all discrete functions u, resulting in n equations,
one per component of 4(¢). Choosing the coarse element basis functions ®;, [ = 1,...,n,

as test functions v and exchanging the order of summation and integration yields the
following system of linear equations:

/¢j-<1>ldx:R,§]?/ Oy Byde j,l=1,....,n, i=1,... Ncniidrens  (A.9)

which can be used to determine all components of the restriction operator R for child
1 concerning a specific refinement case. Again, this procedure has to be repeated for all
children of all possible refinement cases.

A.4. Mesh smoothing

Having evaluated all error indicators and optionally anisotropic indicators, some of the
active elements are flagged for refinement, others are flagged for coarsening. Before the
actual refinement and coarsening can take place, a mesh smoothing algorithm has to be
applied. This algorithm is based on two distinct ideas:

1. In order to end up with a valid state of the mesh after the refinement, the limitation

of the number of hanging nodes has to be enforced. In general, the condition of only
one hanging node at each edge will not be fulfilled automatically. It is, therefore,
necessary to unset refinement flags on elements already flagged for refinement,
to unset coarsening flags, or to set additional refinement flags on other elements.
As the purpose of an adaptive refinement step is to increase the approximation
accuracy, only the latter two strategies seem reasonable.
Furthermore, coarsening may only take place on elements of which all children are
flagged for coarsening. If one of the children is not flagged, the flags of all other
children are erased. This again favors finer elements over coarser ones in order to
obtain improved approximation accuracy.

2. Apart from these necessary checks of refinement and coarsening flags it might be
desirable to apply additional smoothing steps, which result in a somewhat more
regular refined mesh. Several distinct algorithms can be employed, ensuring, for
example, that an element is refined if all or most of its neighbors are refined already
or will be after the current refinement step. This avoids unrefined islands, which
might reduce the approximation accuracy not only on the element under consider-
ation, but also on the surrounding patch of elements. However, this effect is more
important for continuous Finite Elements than for DG methods. For a description
of other useful smoothing algorithms implemented in deal.II refer to [2].

Individual algorithms have to be applied to meet the different requirements arising from
the obligatory tasks as well as the additional smoothing requests. As these algorithms can

67



A. Implementational issues

interact in a very complicated and unpredictable way, the algorithms have to be applied
sequentially, with the most important ones at the end of the sequence to ensure, that
their work is not undone by following actions. If no flags have been changed in a complete
run of this sequence, the process can be terminated, otherwise the whole sequence has
to be repeated. All algorithms use loops over all elements. Several algorithms need
several passes of this loop to ensure, that the underlying requirement is fulfilled for all
elements, others can ensure this for a single run of the loop over all elements, if this
loop is performed in a special way, for example treating the finest elements first, going
to coarser elements afterwards.

Concerning anisotropic refinement, there are some important differences in the algorithms
as compared to pure isotropic refinement.

Local refinement situation

It is obvious from the reasoning in Section A.2 that any decision on the local refinement
situation, including the information, which of two neighboring elements is coarser, cannot
be based upon the levels of the involved elements in case of anisotropic refinement.
The conditions presented in Section A.2 have to be implemented in all algorithms as a
replacement of level-based decisions.

Loops over all elements

As mentioned above, it is known that some algorithms terminate after one single pass of
the loop over all elements, if they are performed running from finer to coarser elements.
This is not possible in the case of anisotropic elements. Firstly, it is not possible to
simply run backwards over the levels of the triangulation, as elements on a lower level
may be finer than neighboring elements along one face. Secondly, elements may be very
fine along two opposite faces and quite coarse along the other ones. Because of these
difficulties it is not possible to ensure that the algorithms under consideration terminate
after a single loop. Performing only one pass of the loop regardless of this fact might
slow down the convergence of the sequential run over all algorithms. Performing an inner
loop, terminated if no flags are reset during a whole pass over all elements, could be more
effective!?.

Anisotropic smoothing

Refining one element twice and not refining its neighbor would result in too many hang-
ing nodes, thus the neighboring element has to be refined, too. However, that particular
element was not flagged for refinement by the error indicators, which suggests that the
refinement would probably not be necessary in order to improve the approximation ac-
curacy, at least it does not have a high priority. It will be enough in most cases to do
this additional refinement anisotropically, only splitting those edges which are required
to be split due to the number of hanging nodes.

This technique offers another advantage. Consider, for examples, elements in a boundary
layer, which are refined anisotropically, resulting in a high aspect ratio. If one of the
elements is flagged for an additional refinement the neighboring element might also need

12 A5 information is passed over at least one level in each run over all elements, the inner loop terminates
after at most nievels Cycles, where njevels is the number of levels in the triangulation. Thus, the
algorithm does not show quadratic convergence.
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to refine itself due to the restriction of hanging nodes. However, this should clearly
be done anisotropically in the boundary layer. Perhaps this element would have been
flagged anyway, had the refinement fraction been slightly higher. Refining this element
isotropically would result in an avoidable, useless increase in the number of elements.

Refinement situation on faces

Similar to anisotropic smoothing, several optional smoothing algorithms make decisions
based on the refinement of the neighboring element. In case of isotropic refinement there
is only one refinement property of each element, but in the case of anisotropic refinement,
this property is dependent on the face under consideration. Other than in most parts
of the code, in mesh smoothing algorithms not only the current refinement situation is
important, but also the new situation after the refinement step. If an element is not
coarser than its neighbor at the moment, it is an important information, if the neighbor
will be refined after the refinement step. However, it is not sufficient to ask, whether the
neighbor’s refinement flag is set, but rather whether the neighbor will be refined along
the face common with the current element. In other words it is important to know, how
a specific refinement case will influence the refinement of a specific face of the element
under consideration. The same information is needed for edges. Appropriate functions
returning this information have to be implemented and used in the smoothing algorithms.

Undefined smoothing algorithm

For the case of isotropic refinement, one of the existing smoothing algorithms limits the
difference in refinement not only over faces and edges, but also at vertices. This might
be useful, especially for continuous Finite Element methods, in order not to reduce the
approximation accuracy. The original algorithm limits the difference of the levels of
all elements connected to a given vertex. Using a level-based decision is not possible
for anisotropic elements, as explained above. However, in this particular case there
is no obvious equivalent formulation for anisotropic elements. It is not only difficult to
perform an implementation but it is also not even clear, which local refinement situations
should be allowed and which be prevented. Because of these reasons this algorithm is
not available in the case of anisotropic refinement.

Computational effort

Basing all decisions concerning the local refinement situation on a simple comparison of
the involved element’s levels, i.e. two integer values, is a cheap solution. The somewhat
more involved comparisons necessary for anisotropic refinement are more expensive. As
the additional use of inner loops gives further rise to an increased number of operations,
the smoothing of refinement flags is associated with a higher computational effort, if
anisotropic refinement is allowed. However, comparing with the overall effort of the nu-
merical method, the time needed to perform the mesh refinement, of which the smoothing
algorithm is only one part among others, is negligible. The time needed for the whole
program run is dominated by the linear algebra part, i.e. by obtaining the solution to
discrete equations.
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The anisotropic indicators described in Section 6.2.2 are based on derivatives of the
solution. In case of d-linear polynomials as basis for the piecewise approximation of the
solution, the tensor of second derivatives, i.e. the Hessian matrix of the solution, has to
be evaluated. In order to combine information coming from several components of the
solution, these matrices have to be “blended”. This can be done using a procedure called
metric intersection. For the sake of simplicity the following explanations are restricted
to the two—dimensional case, but the extension to three dimensions is obvious.

In order to enable the intersection procedure, the Hessian matrices H are expressed by
their eigenvalues \; and eigenvectors v;:

(A 0\
Her (g )R (B.1)

where R = (v; vg) is the matrix of eigenvectors. Generally, these eigenvalues can be
negative, but as the magnitude of the interpolation error only depends on the absolute
value of the derivative, it is convenient to use these absolute values. Exchanging the
eigenvalues by their absolute values defines the metric M as

M(H) :R< |A01| onzy )R—l. (B.2)

Such a metric can be obtained for each component of the solution. The question is now,
how to create a single metric from these individual ones, which is characteristic of all
solution components.
One first step of the following approach is to identify an ellipse as representation of a
metric. By

xI Mx=1, xeR? (B.3)

all points x are defined, which have a distance of unity from the origin, if this distance
is measured with respect to the metric M. These points form the outline of an ellipse
having its major axes aligned with the eigenvectors v; and semi-axes of length 1/ \/W
and 1/ \/W , respectively. In directions along which the distance to the origin is small,
the absolute value of the derivative is large, thus the desired mesh size along this direction
is small. Several such ellipses, coming from different solution components, represent
different requirements for the mesh. If all these requirements are to be fulfilled, the
graphical interpretion is an ellipse, which lies inside all the other ones. In order not to
be overrestrictive, the required ellipse is the largest one, that lies completely inside the
other ones. Finding such an ellipse and the corresponding metric is not a trivial task.
There exist, however, approximations, that have been used with good results for the
application at hand. One such approximation is given by Castro-Diaz et al. [3] and will
be presented in the following.

The problem of finding the intersection of several ellipses is broken down to repeatedly
finding the intersection of two ellipses. For this purpose, the two metrics M; and My
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associated to the ellipses £ and & are modified to obtain the intermediate metrics Ml
and My. The general idea behind this modification is to use the same eigenvectors for
each metric, but to modify the eigenvalue, such that the modified ellipse is restricted
along its major axes to the innermost point in that direction: either the one on the
original ellipse or the point on the other ellipse, if that point is closer to the origin. In
summary, the modified metric M is defined by

- Ao .
Ml — Rl 0 j\gl) Rl 3 (B4)
)

. L1 .
where the new eigenvalues )\E are given as

N T
AW Z max <Agl>,vgl> M vgw). (B.5)

The intersection metric M is calculated as the mean value of the intermediate metrics:

M= M (B.6)

If more than two metrics are to be intersected, the following algorithm is applied:

1. Calculate the intersection of the first two metrics: M = intersection <M1, Mg)

2. For i = 3,...,n calculate the new intersection metric as intersection of metric M;
and the old intersection: M = intersection <./\;(,./\;ll) , where n is the number of
metrics to be intersected.

The approximation quality can be assessed using the two examples shown in Figure B.1.
Whereas in the first case in Figure B.1(a) the result is quite convincing, the second
example with different ellipses shows an approximate intersection, which does not seem
to be adequate. Varying the shapes and orientations of the ellipses, the quality of the
approximation changes from “nearly perfect” to “quite poor”.

While the occurance of poor approximations is a fact that would suggest not to use this
procedure as a basis for anisotropic refinement indicators, the errors will generally be
such, that the resulting approximation has an anisotropic ratio, which is too small as
compared to the optimal intersection, i.e. the resulting ellipse is too similar to a circle.
In this case it can be expected that some cells, for which anisotropic refinement would
be sufficient, are refined isotropically. In the end, this should lead to refined meshes,
that use more cells than necessary and are therefore not as efficient as they could be.
The occurance of cells, which are refined anisotropically in the wrong direction is not
too likely, however. Therefore, it seems possible to use the presented approximate metric
intersection in spite of its shortcomings.

Dimension and magnitude of metrics

The components of a vector—valued solution are generally of different dimension and
magnitude. The derivatives share these properties. It is therefore difficult to intersect
metrics of different components, as the one with the largest values in its respective
dimension will likely determine the intersection. In this case, only the anisotropic features
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(b) Example with poor approximation

Figure B.1.: Approximate intersection of two ellipses representing two metrics.

of this dominant component will be represented by the intersection metric, whereas
physically all the components could contribute to the overall anisotropic characteristics.
It seems reasonable to use a non-dimensionalized form of the derivatives as basis for the
metric construction. One possibility to yield dimension-less derivatives is to devide them
by the free-stream values of the respective variables. Another approach is to use local
values of the variables instead of constant free-stream values as reference. That way the
derivative is representative of the relative instead of the absolute error. Because of this
physical interpretation, the latter version is chosen in this work.
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