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evaluation of a link feasibility often requires the quantiﬁcation of the scintillation penalty in terms of power loss. To ﬁnd how much additional optical power is needed to reach the bit-error-rate 共BER兲 requirements, the
optical-power ﬂuctuations must be characterized as well as the response
of the receiver to those ﬂuctuations. In the present analysis, the directdetected optical power is assumed to be either lognormal or gammagamma distributed. To account for the dynamics of the atmospheric
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1

Introduction

Free-space optical communications suffer from drawbacks
in the atmosphere. One of these drawbacks is scintillation.
Scintillation refers to the random optical-power ﬂuctuations
caused by atmospheric turbulence.
In the assessment of a link budget, it is of great interest
to quantify in terms of power loss the penalty caused by
scintillation. This amounts to calculating how much additional power is needed to overcome scintillation effects and
thus to reach the required performance. This additional
power is referred to as the scintillation loss. To evaluate the
scintillation loss, it is necessary to deﬁne the performance
that must be reached. The system performance is usually
evaluated in terms of bit error rate 共BER兲 after the bitdecision process. Several authors have analyzed the system
performance under turbulence effects by providing the
mean BER, which corresponds to a BER evaluated over a
long term 共practically, over several minutes兲.1–3 This is one
possibility among others. When evaluating the quality of
the communication in a dynamic channel, one may also
look at the BER over a shorter duration and set some requirements on it. The BER requirements may depend on
the channel coding, on the synchronization system, or on
the possible higher communication protocols.
For systems with intensity modulation and direct detection 共IM/DD兲, the signal is proportional to the received
optical power. To study the impact of optical power ﬂuctuations on the BER of an IM/DD link, a receiver model
0091-3286/2007/$25.00 © 2007 SPIE
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including the noise sources is required in addition to a
channel model. Power ﬂuctuations can then be transposed
into a power penalty for link budget calculations.
This paper provides an overview of the different possible derivations of scintillation losses. First, a methodology section enumerates the general assumptions that are
made. After deﬁning a short-term BER and a long-term
BER that characterize the atmospheric optical channel, we
express the scintillation loss to be determined. Based on the
short-term and long-term BERs, several target performances are possible. Three types of losses are considered,
with a section devoted to each type. These loss types correspond to setting an upper bound on the three following
quantities: the long-term BER, the probability that the
short-term BER exceeds a given value, and the mean time
during which the short-term BER exceeds a given value.
Finally, channel coding is considered with a distinction between ﬂuctuations that are slow or fast compared to the
span of a code word.

2 Methodology
2.1 General Assumptions
We consider the optically transmitted data as a chain of
bits. We assume that the characteristics of the ﬂuctuating
received optical power are known. Assuming further that
the beam wave was coherent at the transmitter 共e.g., TEM00
Gaussian beam兲, two different stationary stochastic processes for the received optical power are considered: a lognormal process and a gamma-gamma process.1 Note that
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the optical power may depart from these distributions when
jitter or wander of the beam axis on the receiver becomes
signiﬁcant.4,5
A lognormal variable normalized to its mean 共i.e., of
mean equal to one兲 is characterized by its variance, which
in our case will be referred to as the power scintillation
index 2P. A gamma-gamma variable normalized to its mean
is characterized by two parameters ␣ and ␤ 共refer to the
appendix兲. We use hereafter the power scintillation index
2P and the parameters ␣ and ␤ to quantify scintillation.
Their values actually depend on many factors such as the
link distance, the turbulence strength, the emitted wave, the
wavelength, and the size of the receiving aperture. In the
computed and displayed results, we restrict ourselves to the
case 2P ⬍ 1, considering that a power scintillation index
larger than one sets the communication link into a too low
quality level. 共This restriction does not hold, however,
when channel coding is considered.兲
2.2 Short-Term and Long-Term BERs
The scintillation time scale is highly dependent on the
speed of the turbulence eddies crossing the beam. Typically
on the order of 10 ms, it is usually much larger than a bit
duration.6,7 Thus, the level of optical power coding for a
symbol 共e.g., the symbol 1兲 can be viewed as constant over
a large number of bits, and a BER for this large number of
bits can be estimated. This BER calculated on a short term
is conditioned on the level of the received optical power.
Let P be the highest optical power coding for a symbol
and subject to scintillation 关e.g., for an On-Off Keying
共OOK兲 modulation, P will code for the symbol 1兴. We deﬁne g0 as the function giving the short-term BER noted
BERST for a particular received power P:
BERST = g0共P兲.

共1兲

The transformation g0 depends on the intensity modulation,
on the receiver noises, and on the decision threshold. The
long-term BER is deﬁned as the short-term BER averaged
over the possible values of the received power P. With f P
the probability density function of P, we thus have
BERLT = 具BERST典 =
=

冕

冕

⬁

BERST f P共p兲 dp,

⬁

共2兲

0

where angular brackets denote ensemble averaging.
2.3 Scintillation Loss ᐉsc
In general, a rough estimation of the quality of an IM/DD
communication link can easily be done. In Fig. 1, typical
curves of the g0 function and of the cumulative density
function 共CDF兲 F P of P are drawn. The quality of the link
is determined by the overlap region of the curves g0 and
F P. Two different distributions of the received power P are
shown in Fig. 1: a problematic distribution and the distribution of a compensated power.
However, for a given link, the value of a scintillation
loss may vary greatly depending on its deﬁnition. Also depending on the deﬁnition of the scintillation loss, the difﬁOptical Engineering

culty of its determination can vary greatly. In the expressions of scintillation loss 共noted ᐉsc兲 provided in this paper,
the performance to be reached depends on a reference BER,
i.e., the BER on which the required performance is based.
In Secs. 3–5, this reference BER, noted BER0, is chosen as
the BER achieved without scintillation. It thus equals
BER0 = g0共具P典兲.

共3兲

The loss ᐉsc corresponds to the factor by which P must be
multiplied in order to fulﬁll the desired condition. The compensated signal is thus given by
Pcomp = ᐉsc P.

共4兲

3 Loss Conditioned on the Long-Term BER
In this ﬁrst case, the transmitted signal must be compensated so that the long-term BER reaches the reference value
BER0:
共5兲

BERLT = BER0 .

0

g0共p兲f P共p兲 dp,

Fig. 1 Estimation of the link quality from the location of the curves
g0 共P兲 and FP 共P兲. Increasing the transmitted power makes FP 共P兲
shift to the right. Curves here are typical but arbitrary.

This type of loss was considered in Ref. 8 with some restrictions, namely, a particular receiver model, a particular
BER0, and the assumption of weak scintillation. Here we
want to formulate this loss in a more general form. Using
the deﬁnition of Eq. 共2兲, we express the long-term BER of
the compensated power as
BERLT =

冕

⬁

g0共p兲f P,comp共p兲 dp,

共6兲

0

where f P,comp is the PDF of the compensated power Pcomp.
Using Eq. 共4兲, Eq. 共6兲 yields
BERLT =

冕

⬁

0

g0共p兲

冉 冊

1
p
fP
dp.
ᐉsc
ᐉsc

共7兲

The condition formulated in Eq. 共5兲 imposes
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冕

⬁

g0共p兲

0

冉 冊

1
p
fP
dp = g0共具P典兲.
ᐉsc
ᐉsc

共8兲

We could have expected a scintillation loss to be independent of the amplitude of the transmitted power, i.e., independent of 具P典. But deﬁning the scintillation loss by Eq.
共8兲, this is not the case. To better see the dependence on the
amplitude of the signal, we introduce the mean-normalized
received optical power Pnorm:
Pnorm =

P
.
具P典

共9兲

With f Pnorm the PDF of Pnorm, we can rewrite Eq. 共8兲 as

冕

⬁

0

冉 冊

g0共具P典p兲 1
p
f Pnorm
dp = 1.
g0共具P典兲 ᐉsc
ᐉsc

共10兲

Therefore, the dependence of the loss ᐉsc on 具P典 is given by
the function g0 and more precisely on the ratio
g0共具P典p兲 / g0共具P典兲. The loss ᐉsc should then be found numerically.
Assuming the common OOK modulation, the equivalent
of the g0 function has been expressed in several publications 共See, for example, Refs. 2, 3, and 8, and Sec. 7.5.1 of
Ref. 1兲. The receiver noises are generally assumed to have
a Gaussian distribution. Nevertheless, the receiver models
deﬁning g0 differ in some additional assumptions that are
made. Among these assumptions, the main differences consist of whether shot noise is negligible, whether the modulator extinction ratio is perfect, or whether the decision
threshold is ﬁxed or adaptive. Regarding the decision
threshold, the value of a ﬁxed threshold should minimize
the long-term BER, whereas the values taken by an adaptive threshold should minimize the short-term BER at any
time. The adaptive threshold, which offers better BER performance, can be implemented when bits are coded as a
return-to-zero 共RZ兲 signal or alternatively when the low
frequencies including the slow turbulence-induced ﬂuctuations are ﬁltered from the received signal. Note, however,
that there will be no large difference in the long-term BER
whether one uses an optimal ﬁxed threshold or an optimal
adaptive threshold; this is because the long-term BER is
mostly determined by high short-term BER values that a
ﬁxed threshold could minimize almost as well as an adaptive threshold.
ᐉsc has been evaluated numerically assuming the OOK
modulation and the following relatively simple expression
for the g0 function
g0共P兲 = Q

冋

册

P/P0
,
1 + 共1 + 0 P/P0兲1/2

共11兲

which was introduced in Ref. 8. In Eq. 共11兲, Q is the standard Gaussian tail integral deﬁned by
Q共x兲 =

1

冑2

冕

⬁

exp关− 共t2/2兲兴 dt.

共12兲

x

The characteristic power P0 is related to the receiver ﬂoor
noise 共i.e., to the noise present in the receiver when no
Optical Engineering

Fig. 2 Power loss ᐉsc deﬁned for a given long-term bit error rate
BER0. Two different BER0 values and three different power distributions are considered: lognormal 共solid line兲, gamma-gamma with ␣
= ␤ 共dashed line兲, and gamma-gamma with ␣ = 0.2␤ 共dotted line兲.

signal power is received兲, whereas the factor 0 is related to
the shot noise. To obtain Eq. 共11兲, the optimal decision
threshold is assumed adaptive and results from an approximation that forces the probability of missed detection and
the probability of false alarm to be equal. 共See Refs. 9 and
10 for more details on this approximation.兲 In addition, the
modulator extinction ratio is assumed inﬁnite. The parameters P0 and 0 of Eq. 共11兲 have been adjusted so that g0 ﬁts
the performance curve of the Fujitsu FRM5W621KT/LT
Module consisting of an Avalanche photodiode, operating
at a wavelength of 1550 nm and for a bit rate of
622 Mbit/ s. For this receiver, we found P0 = 1.35 nW and
0 = 0.8.
Figure 2 shows the losses conditioned on a long-term
BER as a function of the power scintillation index. Because
the lognormal distribution 共solid line in the ﬁgure兲 is valid
only under weak ﬂuctuations where 2P Ⰶ 1, the corresponding losses are shown only up to a scintillation index of
2P = 0.6. We consider two types of gamma-gamma distributions: the case ␣ = ␤ 共dashed line兲 and the case ␣ = 0.2␤
共dotted line兲. According to the modiﬁed Rytov theory, the
ﬁrst case would be approximately obtained for the intensity
of a spherical wave propagating through turbulence but remaining in the weak-ﬂuctuation regime,1 whereas the case
␣ = 0.2␤ would instead arise in the saturation regime. In the
gamma-gamma distribution, ␣ and ␤ have symmetric roles,
and the scintillation index 2P is related to ␣ and ␤ by

2P =

1 1
1
+ +
.
␣ ␤ ␣␤

共13兲

Looking at the receiver performance for a particular
value of the power scintillation index 2P = 0.5, Fig. 3 shows
the long-term BER as a function of the mean received
power 具P典. In addition to the three distributions of Fig. 2,
the performance curve without scintillation is plotted. The
lognormal case at 2P = 0.5 may represent a near-ground link
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Fig. 3 Long-term BER with respect to the mean received power 具P典
under different scintillation conditions. Three different power distributions 共the same as in Fig. 2兲 are considered with a scintillation
index ﬁxed at 2P = 0.5. A receiver model deﬁned by Eq. 共11兲 has
been used. Losses can be viewed as the deviation of the obtained
BER curves with respect to the “No Scintillation” curve.

of several hundreds of meters with a receiver having a point
共i.e., non-extended兲 aperture. The gamma-gamma cases
may describe longer links with signiﬁcant aperture averaging at the receiver.1
4

Loss Conditioned on a Maximum Probability
for a Short-Term BER
Here, the condition is to keep the probability of having a
too-high short-term BER under a certain value. That is, we
want to have, after compensation,
Prob共BERST ⬎ BER0兲 = 0 ,

Fig. 4 PDFs of P and Pcomp. In order to make the probability of
having a power less than 具P典 equal to 0, the power must be compensated by a factor ᐉsc.

of loss can be seen in Fig. 4 with the PDFs of P and Pcomp.
With a received optical power that is lognormally distributed, we have
ᐉsc = exp关− erfinv共20 − 1兲 P冑2 + 2P/2兴.

共19兲

Equation 共19兲 is an easy way to estimate the scintillation
loss and was already used with  = 10−2 in the link budget
of a successful transmission to a satellite.5,11 For a power
that is gamma-gamma distributed, no tractable expression
for the loss could be found. Figure 5 shows the computed
power loss for 0 = 10−2 and 0 = 10−4.

共14兲

with 0 the upper-bound probability. Equivalently, we write
Prob共Pcomp ⬍ 具P典兲 = 0 ,

共15兲

and

冉

Prob

冊

1
P
= 0 .
⬍
具P典 ᐉsc

共16兲

Let F Pnorm be the CDF of Pnorm. Using the deﬁnition of
Pnorm given by Eq. 共9兲, Eq. 共16兲 becomes
F Pnorm

冉 冊

1
= 0 .
ᐉsc

共17兲

We ﬁnally ﬁnd ᐉsc as
ᐉsc =

1
F−1
P

norm

共  0兲

.

共18兲

The scintillation loss ᐉsc as expressed in Eq. 共18兲 is thus
independent of 具P典. A graphical interpretation of this type
Optical Engineering

Fig. 5 Power loss ᐉsc deﬁned for a given probability 0 that the
short-term BER exceeds BER0. Two different 0 values and three
different power distributions are considered: lognormal 共solid line兲,
gamma-gamma with ␣ = ␤ 共dashed line兲, and gamma-gamma with
␣ = 0.2␤ 共dotted line兲.
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5

Loss Conditioned on a Maximum Mean
Duration for a Short-Term BER
The temporal ﬂuctuations play an important role in the
maintenance of a communication link and in the choice of a
possible channel-coding scheme. We now want the mean
time during which the short-term BER is higher than a
given value BER0 to be lower than a given time 0. So
noting MeanTime共BERST ⬎ BER0兲, the mean time during
which BERST is higher than BER0, the desired condition is:
MeanTime共BERST ⬎ BER0兲 = 0 ,

共20兲

which amounts to
MeanTime共Pcomp ⬍ 具P典兲 = 0 ,

共21兲

or
MeanTime共ᐉsc P ⬍ 具P典兲 = 0 .

共22兲

We introduce the function T Pnorm, which gives the mean
fade time for the normalized power Pnorm, that is
T Pnorm共p兲 ⬅ MeanTime共Pnorm ⬍ p兲,

共23兲

and then Eq. 共22兲 becomes
T Pnorm

冉 冊

1
= 0 .
ᐉsc

共24兲

We ﬁnally ﬁnd ᐉsc as
ᐉsc =

1

共25兲

.
T−1
Pnorm共0兲

The expression of the function T Pnorm can be found from
the relation12:
T Pnorm共p兲 =

F Pnorm共p兲
具n Pnorm共p兲典

,

Fig. 6 Example of temporal realization for P and Pcomp with fadetime reduction.

tive when a too-long series of bits is affected.7 Forwarderror-correction 共FEC兲 codes are ineffective for deep fades
of 10 ms when the bit rate is 1 Gbit/ s or more. By increasing the level of transmitted power, we can attempt to reduce
the mean fade duration and make the channel coding more
effective. However, results displayed in Fig. 7 reveal that a
power increase is an inefﬁcient way of reducing the fade
time and indicate that, for many scenarios, such a fade time
reduction will not be strong enough to make a coding
scheme more effective.
6 Scintillation Loss with Channel Coding
When channel coding is used to counteract scintillation, the
requirements on the BER after the bit-decision stage are
less restraining, and the scintillation loss can be greatly

共26兲

where F Pnorm is the CDF of Pnorm and where 具n Pnorm共p兲典 is
the expected number of fades per second that go below the
threshold p. A graphical interpretation of this type of loss
can be seen in Fig. 6. The loss as expressed by Eq. 共25兲 is
plotted in Fig. 7 for two different values 共0.25 and 0.025兲 of
the parameter ␥T deﬁned as the reduction factor of the
mean time 0 compared to the mean duration of a 0-dB
fade:

0 = ␥TT Pnorm共p = 1兲,

with ␥T 艋 1.

共27兲

1 / T Pnorm共p = 1兲 is close to the quasi-frequency v0 of the
power process 共see the appendix兲 and is mostly determined
by the atmospheric wind. We see in Fig. 7 that, for example, when the received power is lognormally distributed
with a scintillation index of 2P = 0.1, the mean power must
be increased by a factor of 10 to reduce the mean fade
duration by a factor of 40 共i.e., with ␥T = 0.025兲.
This type of loss may be helpful when designing a link
that is supported by a channel-coding scheme. Indeed, one
issue with the scintillation channel is that coding is ineffecOptical Engineering

Fig. 7 Power loss ᐉsc deﬁned for a given mean time over which the
short-term BER exceeds BER0. Two different ␥T values and three
different power distributions are considered: lognormal 共solid line兲,
gamma-gamma with ␣ = ␤ 共dashed line兲, and gamma-gamma with
␣ = 0.2␤ 共dotted line兲.
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reduced or even suppressed. We consider a coding scheme
that transforms a message of k bits into a code word of n
bits with n ⬎ k. The redundancy R of the code is deﬁned by
R=

n−k
.
n

共28兲

The maximum number ne,lim of correctable errors within
this code word is given by13:
共29兲

ne,lim = a共n − k兲,

where a is a code-dependent factor that is less than 0.5
共with the value 0.5 being a theoretical limit兲. Inserting the
code redundancy R into Eq. 共29兲, we obtain
共30兲

ne,lim = aRn.

Thus, to correct all the errors within a code word, the number ne of bit errors within the word must satisfy:
ne 艋 ne,lim .

共31兲

Given the bit rate B and the channel time constant
channel, the typical number of bits over which the received
power P is constant is equal to Bchannel. For simplicity, we
do not consider any interleaving, although the role of the
interleaving/deinterleaving operation is merely to virtually
reduce the channel time constant channel. Depending on the
length n of the code word with respect to Bchannel, we
consider two cases where the number of errors ne can be
related to either the short-term or the long-term BER according to
ne =

再

nBERST , if n Ⰶ Bchannel
nBERLT , if n Ⰷ Bchannel Ⰷ 1

.

共32兲

6.1 Case n Ⰶ Bchannel
In this case, the fade is longer than a code word, and using
Eq. 共30兲, the condition of Eq. 共31兲 becomes
BERST 艋 aR.

共33兲

The short-term BER is a random variable, so Eq. 共33兲 can
be fulﬁlled only with a given probability. Let 0 be the
maximum allowed probability with which Eq. 共33兲 is not
fulﬁlled. We can then calculate a scintillation loss that is of
the type described in Sec. 4, and ᐉsc is found by solving the
following equation:
Prob关g0共ᐉsc P兲 ⬎ aR兴 = 0 .

共34兲

6.2 Case n Ⰷ Bchannel Ⰷ 1
This case provides generally better coding performance but
is rarely attained.7 The condition of Eq. 共31兲 amounts here
to
BERLT 艋 aR.

共35兲

If the transmit power needs to be compensated in order to
have Eq. 共35兲, the corresponding scintillation loss is of the
Optical Engineering

Fig. 8 Power loss ᐉsc as a function of the scintillation index when a
coding scheme is used with aR = 0.06. The solid line corresponds to
Eq. 共34兲 with 0 = 10−2, whereas the dotted line corresponds to Eq.
共36兲. The g0 function is the same as in Sec. 3. The power is assumed gamma-gamma distributed with ␣ = 0.2␤.

type described in Sec. 3, and ᐉsc is found by solving the
following equation:
具g0共ᐉsc P兲典 = aR.

共36兲

To numerically apply Eqs. 共34兲 and 共36兲, we once more
take g0 as given by Eq. 共11兲 with the same parameters P0
and 0 that ﬁt the performance curve of the Fujitsu
FRM5W621KT/LT Module at B = 622 Mbit/ s. We set aR
= 0.06 共with, for example, a = 0.3 and R = 0.2兲, and we assume that the received power without scintillation gives a
reference BER of 10−6, which leads to 具P典 = 3.7⫻ 10−8 W.
For the ﬁrst case where fades are much longer than a code
word, we set the maximum probability of correction failure
to 0 = 10−2. Figure 8 shows the results for a gamma-gamma
distribution with ␣ = 0.2␤.
7 Conclusion
We have reviewed three different ways of determining in a
link budget the power penalty associated with scintillation.
No matter what type of loss is considered, losses are substantial for most practical scenarios 共2P ⬎ 0.1兲 and for the
common link requirements 共e.g., BERLT ⬍ 10−6兲. The distribution of the received power affects greatly the scintillation
loss. For an equal value of 2P, the lognormal distribution
leads to lower losses than the gamma-gamma distribution,
and the worst case is obtained with the gamma-gamma distribution having either ␣ or ␤ equal to zero 共which amounts
to a simple gamma distribution兲. This high sensitivity to the
power distribution can be a problem in terms of result accuracy. Because of the complex nature of atmospheric turbulence, uncertainty in the predicted power PDF cannot be
avoided 共e.g., the choice between a lognormal and a
gamma-gamma model at the beginning of the saturation
regime may be equivocal兲. In turn, this PDF uncertainty
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can lead to a large uncertainty in the scintillation loss; this
uncertainty can exceed 10 dB for large scintillation indices
共2P ⬎ 0.5兲.
Certainly, strong ﬂuctuations of the received power require the use of either techniques of scintillation mitigation
共e.g., transmitter/receiver spatial diversity兲 or channel coding possibly combined with interleavers. The case of transmission with channel coding has been considered using
simple relations from the theory of code words and providing altered expressions of the scintillation loss. These expressions predict a great reduction of the loss also under
strong ﬂuctuations, provided that fades are not too long.
8

Appendix: Characterization of a Lognormal
Process and a Gamma-Gamma Process
8.1 Lognormal Process
The probability density function of a lognormal variable P
with small variance is
f P共p兲 =

1
p共22P兲1/2

再 冋 冉 冊 册冎

exp −

1

22P

ln

1
p
+ 2P
2
具P典

2

,

p ⬎ 0,

共37兲

2P

is the mean-normalized variance and where we
where
used the approximation ln共2P + 1兲 ⬇ 2P. It has been shown
that, for lognormal processes, the mean number of fades
below pth per second takes the form14,15:

冦

冋 冉 冊 册冧
ln

具n P共pth兲典 = v0 exp −

1
pth
+ 2P
2
具P典
22P

2

共38兲

,

where
v0 =

冉

B⬙ 共0兲
1
− P,
2
B P,共0兲

冊

1/2

共39兲

,

is the so-called quasi-frequency, with B P,共0兲 and B⬙P,共0兲
being respectively the temporal covariance function of the
power P and its second time derivative evaluated at the
origin  = 0. Note that to use Eq. 共39兲, B⬙P,共0兲 must exist.
8.2 Gamma-Gamma Process
The probability density function of a gamma-gamma variable P is
f P共p兲 =

冉 冊

2共␣␤兲共␣+␤兲/2 p
⌫共␣兲⌫共␤兲具P典 具P典
p ⬎ 0.

共␣+␤兲/2−1

冋冉 冊 册

K ␣−␤ 2

␣␤ p
具P典

1/2

冉 冊
冋冉 冊 册

2共22P␣␤兲1/2
pth
␣␤
具P典
⌫共␣兲⌫共␤兲

⫻K␣−␤ 2 ␣␤

pth
具P典

共␣+␤−1兲/2

1/2

,

共41兲

where v0 is given by Eq. 共39兲.
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