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Abstract. Horizontal and vertical plume scales and respective diffusivities for dispersion
of exhaust plumes from airliners at cruising altitudes are determined from nitric oxide
(NO) and turbulence data measured with the DLR Falcon research aircraft flying through
the plumes. Ten plumes of known source aircraft were encountered about 5 to 100 min
after emission at about 9.4 to 11.3 km altitude near the tropopause in the North Atlantic
flight corridor at 8°W. on three days in October 1993. The ambient atmosphere was stably
stratified with bulk Richardson numbers greater than 10. The measured NO peaks had
half widths of 500 to 2000 m with maximum concentrations up to 2.4 parts per billion by

volume (ppbv), clearly exceeding the background values between 0.13 and 0.5 ppbv. For
analysis the measured plumes are approximated by an analytical Gaussian plume model
which accounts for anisotropic diffusion in the stably stratified atmosphere and for shear.
Two methods are given to obtain diffusivity parameters from either the individual plume
data or the set of all plume measurements. Using estimates of the emitted mass of NO
per unit length the vertical plume width is found to be 140 m on average. This width is
related to mixing in the initial trailing vortex pair of the aircraft. The range of the plume
data suggests vertical diffusivity values between 0 and 0.6 m* s~*. The turbulence data
exhibit strong anisotropic air motions with practically zero turbulent dissipation and weak
vertical velocity fluctuations. This implies very small vertical diffusivities. The horizontal

diffusivity is estimated as between 5 and 20 m? s~

! from the increase of horizontal plume

scales with time. For constant diffusivities, shear dominates the lateral dlspersmn after a
time of about 1 hour even for the cases with only a weak mean shear of 0.002 s

1. Introduction

Emissions from subsonic aircraft at cruising altitude may
affect the ozone distribution and be of climatological relevance
and have therefore become the subject of several research
projects [Schumann, 1994]. Because of nonlinearity of air
chemistry and physics the effects of the emissions depend on
how quickly the emissions get mixed with the ambient air
[Danilin et al., 1992; Miake-Lye et al., 1993; Karol and Ozolin,
1994]. Behind each aircraft a wake is formed which passes
through the jet, vortex, and dispersion regimes [Hoshizaki et
al., 1975]. The dispersion regime begins when the organized
motion of the trailing vortex pair breaks up into turbulent
motions and ends when this turbulence has decayed. Thereaf-
ter, a so-called diffusion regime follows in which atmospheric
motions control further dispersion. In the dispersion and dif-
fusion regimes at timescales of minutes to several hours, the
resultant plume of exhaust emissions spreads laterally from a
few hectometers to a few kilometers mainly by atmospheric
turbulence and shear in the ambient air. It can take time, of an
order of a day, before all the plumes resulting from typical air
traffic get homogeneously mixed within a flight corridor [Schu-
mann and Konopka, 1994]. To compute the plume dispersion
and the resultant chemical and physical effects on the atmo-
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sphere, one needs to know the effective diffusivities or equiv-
alent dispersion model parameters.

Subsonic jet aircraft usually cruise at altitudes near the
tropopause [Hoinka et al., 1993] where the atmosphere is usu-
ally stably stratified with large bulk Richardson numbers. Ex-
cept near jet streams, frontal, and convective events, turbu-
lence at those altitudes over ocean surfaces is often weak [Fritts
and Nastrom, 1992]. Clear air turbulence may occur intermit-
tently in regions of strong shear and breaking gravity waves
[Lilly et al., 1974; Nastrom and Gage, 1985; Dewan, 1985].
Turbulence may also originate from the aircraft or from pro-
cesses in the plume itself, e.g., when contrails are being formed
[Knollenberg, 1972]. Stable stratification counteracts vertical
motions so that mixing is much slower in the vertical than in
the horizontal directions. Stratification and shear cause aniso-
tropic turbulent diffusion to a degree depending on the Rich-
ardson number [Hunt, 1985; Kaltenbach et al., 1994; Schumann
and Gerz, 1995]. Turbulent plume mixing is caused by motion
scales smaller or comparable to the plume diameter [Gelinas
and Walton, 1974]. Motions can be classified as turbulent only
when the Ozmidov scale, also known as outer scale or buoy-
ancy scale, is much larger than the Kolmogorov scale [Stillinger
et al., 1983; Weinstock, 1992]. For a strongly, stably stratified
environment, the wakes tend to shrink vertically and stretch
horizontally, part of the wake energy propagates away by grav-
ity waves, and wakes show meandering motions [Lilly, 1983].
Hence the mixing of aircraft plumes follows classical turbulent
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diffusion concepts only approximately. Nevertheless, practical
plume models, as in the works of Danilin et al. [1992] and
Rodriguez et al. [1994], usually rely on the existence of effective
diffusivities and require corresponding data.

Observations are rare from which the effective diffusivities
near the tropopause can be determined [Lilly, 1983; Tank,
1994]. Turbulent diffusion is-usually estimated from either dis-
sipation rates deduced from measured inertial-range spectra or
structure functions or from, vertical velocity variance [Hunt,
1985; Schumann and Gerz, 1995] measured with aircraft, bal-
loon or radar systems [Lilly et al., 1974; Cadet, 1977; Barat,
1982; Woodman and Rastogi, 1984]. A —5/3 power law of tur-
bulence variances is often observed but may reflect other than
inertial-range turbulence regimes [Lilly, 1983]. Turbulence in-
tensities and dissipation rates vary intermittently in space and
time and their mean values are strongly dependent on altitude,
season, and the type of the underlying terrain. When nonzero,
the measured dissipation values vary typically between 107°
and 10™* m? s~>. The stratosphere over the North Atlantic
shows relatively little turbulence on average [Nastrom and
Gage, 1985; Tank, 1994]. Estimates of vertical diffusivities due
to stratospheric turbulence over oceans vary from 0.012 to 0.3
m? s~ [Lilly et al., 1974]. Taking contrails in the upper tropo-
sphere as tracers for plumes, Knollenberg [1972] and Joseph et
al. [1975] deduced effective horizontal diffusivities between 15
and 100 m? s ™%, respectively, but could not distinguish between
broadening of the plumes by turbulence and by shear. Knol-
lenberg [1972] reported a shear value of 0.012 s~*, while that
value is unknown in the case of Joseph’s analysis of satellite
data. The strong impact of mean [Monin and Yaglom, 1971;
Smith, 1982] or fluctuating [Young et al., 1982] shear on plume
dispersion is well known, but corresponding data are missing
for the tropopause region. Whereas shear might be comput-
able from models, the small-scale shear fluctuations are usually
unknown. In situ observations of various aircraft exhaust gases
have been reported by Armold et al. [1992] and Fahey et-al.
[1995]; but these studies did not investigate plume dispersion.

Recently, we obtained aircraft-borne nitric oxide (NO) mea-
surements simultaneously with turbulence data during flights
performed near the tropopause in the North Atlantic air traffic
corridor in October 1993 [Schlager et al., 1994]. The data
clearly show encounters with exhaust plumes of several com-
mercial jet airliners. In this paper the data are analyzed to
determine the properties of the plumes and to learn about the
mixing in the atmosphere under such conditions. For this pur-
pose we approximate the mixing process by a Gaussian plume
model with a constant but anisotropic diffusivity tensor and
uniform vertical shear of the wind component perpendicular to
the plume axis. An analytical solution is known for this process
[Konopka, 1995] which generalizes special solutions, as given
by Novikov [1958], Monin and Yaglom [1971], and Smith [1982].
It allows for arbitrary Gaussian initial plume shapes, anisotro-
pic diffusion tensors, and shear. The theory also applies to
time-dependent shear and diffusivities as well as to sediment-
ing and linearly, chemically reacting species, but these proper-
ties are not used in this paper.

The difficulty in analyzing the mixing properties of plumes
from the few airborne measurements comes from the fact that
only the horizontal concentration profiles in the plumes are
measured directly. To determine the vertical scale of plumes,
the source strength of the plume and the initial mixing in the
wake of the emitting aircraft have to be estimated. Further-
more, the horizontal plume width depends on the plume dis-
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Figure 1. Sketch of an exhaust-emission plume of an aircraft
flying along the x, axis in (a) the horizontal plane x,-x,, (b) in
the vertical plane x,-x;, and (c) in the cross-section x,-x3; oy,
and o, are the horizontal and vertical standard deviations of
the plume at ¢t = ¢,; o, and o, denote these values at ¢ > ¢,.
Plume half widths are 2.2 times the corresponding standard
deviations. Angle « denotes the plume tilt by vertical shear of
the wind component v perpendicular to x, and by anisotropic
turbulent diffusion. The track f of the measuring aircraft (Fal-
con) possesses the angle y and altitude difference 4 relative to
the x, axis; o, refers to the projection of the measured plume
width o, onto the x,-x; plane; ¢ is the wind direction related
to the flight track (which is in the northern direction).

tortion caused by shear, the values of which are strongly scale
dependent.

The paper is organized as follows: Section 2 describes the
Gaussian plume model, simplified as required for this study;
section 3 explains the concept. by which the diffusion coeffi-
cients are related to the measurements; and section 4 describes
how the various model parameters are determined. The results
are given in section 5. Section 6 compares the measured tur-
bulence with models and climatologies. The conclusions are
collected in section 7.

2. Gaussian Plume Model

We consider the concentration p(x;, x,, X3, t) = p(x4, X,
t) above a uniform background level as caused by emissions
from a particular aircraft flying along the x; coordinate as a
function of time ¢. The vector x = (x,, x3) measures the
coordinates within the plume’s cross sections; x is the vertical
coordinate; see Figure 1. The total mass of the emitted species
per unit length along the flight path is ¢ (in kilograms per
meter). We assume that the emitted species (we will consider
NO for this purpose and assume a constant NO/NO, ratio for
each plume) are chemically, sufficiently inert so that ¢ = const.
The initial mixing in the vortex regime is not modeled. Instead,
we begin our considerations at the end of the vortex regime
and assume that for # = 0, the concentration field in the plane



SCHUMANN ET AL.: DIFFUSION OF AIRCRAFT EXHAUST PLUMES NEAR TROPOPAUSE

perpendicular to the flight path can be approximated by a
Gaussian distribution

€3]

Here ¢ denotes the Gaussian function, generally defined by

p(xb X, 0) = C(P(X, 07 6.0)-

o(x, X, &) := (2m) ¥ detd) V2

(2

where X is a n-dimensional vector denoting the centroid of ¢
and & abbreviates the symmetric and positive-definite n X n
variance matrix of ¢. For the two-dimensional concentration
field in the plume’s cross section, » = 2. Furthermore, the
initial plume variance matrix &, is assumed to be diagonal,

N O%h 0
)= 0 0_(2]" .

Here o, and o, are given horizontal and vertical standard
deviations of the initial plume concentration profile related to
half widths by approximately 2.2, and 2.20,, respectively.
The centroid X is assumed to be zero for this initial field.

During the plume dispersion we assume a time-independent
horizontal wind which changes linearly with x;. Mixing and
shear distortion along the plume’s axis are neglected because
of the much smaller gradients in that direction. In the x,-x5-
plane the plume gets advected and distorted by the horizontal
mean wind component v(x3) = v, + sx; perpendicular to the
plume, where v, and s denote the mean value at flight level
and the constant wind shear, respectively. Further, we consider
turbulent diffusion with an assumed constant but anisotropic
diffusivity tensor D,;, with horizontal, vertical, and skewed
components D, = D,,, D, = D5, and D, = (D,; +
D;,)/2. The diffusivity tensor is anisotropic and nonsymmetric
because of anisotropic turbulence in sheared and stratified
flows [Kaltenbach et al., 1994]. To describe mixing, the diffu-
sivity tensor has to be positive definite,

D?< D,D.,.

cexp [~ 1x - %) 671 (x - D),

€)

Dln Dv>0’ (4)

For a frame of reference moving with the mean flow velocity at
the plume’s axis the concentration field p for ¢ > 0 satisfies the

two-dimensional diffusion equation
[0, + sx39,, — Dyd5, — D05, — 2D,d,9,]p(x, 1) = 0, (3)

with the initial condition (1). According to Konopka [1995] the
solution of (5) is

p(xb X, t) = P(X, t) = C(P(X, 01 &(t)), (6)
with a positive-definite and symmetric variance matrix
G4(2) f”rs(t))
6(t) = 7
2= (50 o) @

ont) 1= 6,(t) = 25?D £ + (2D, + s03,)s1? + 2Dyt + 0,

(8)
G,(t) = sDg*+ (2D, + sai )t, 9)
ayt) := 6,(t) =2Dt + o3, (10)

The inverse matrix &%, as required in (2), exists because & is
a positive-definite matrix.
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Figure 2. Plume tilt angle «a versus parameter k; see equa-
tion (11).

The solution (6) satisfies the normalization condition

f J p(x, t) dx, dx; = c.

One-dimensional averages are

J P(X, t) de = C(P(X3, 0, &v(t))’

f p(X, t) dx; = cp(x,, 0, 6,(2)).

Consequently, o, and o, can be understood as horizontal and
vertical standard deviations of the plume projections onto the
horizontal and vertical planes, respectively.

The lines of constant density in the x,-x; plane are ellipses,
with the (larger) principal axis inclined by the tilt angle «
relative to the horizontal with

k
sin o = f [1+ k% =+ 1+ k2)1/2]—1/2,
(11)
ki=——
|

where the signs * correspond to o, > o, and 0, < 0o,
respectively. For o, = o, the tilt angle « amounts to #/4. The
possible values of « are shown in Figure 2. For 6, = 0 and o,
> o,, one obtains k = 0 and 0 =< a < 7/4. The range s = 0
corresponds to 0 < a < 7/4, and s and D, are of the same sign.

The relations (8) to (10) can be simplified for certain time
intervals. The cubic term dominates after a critical time 7,

3 2 12 4 .
Eeubic * = 2DJs| D;+ | D&+ §DhDu )
(12)

D;:= D, + 3 atlsl,

after which the dispersion depends mainly on the vertical dif-
fusivity D, the wind shear s, and the initial standard devia-
tions o, and oy,, so that

ol t) ~2s’D, P+ b, 6,(t) ~sD,2

(13)
oXt) = 2Dt + o2,
Fort <t with

quadr?
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t quadr °= 0-—(2)'-' - g—D—s (14)
wadr* D, sD,’
the following approximation can be used:
o) = s, 1> + 2Dyt + of,,  6,(t) = s05,t,
(15)

o{t) = o3, + 2D, t.

In particular, ¢t << t,,q4, is valid for D, ~ D, << D,,. In this
case, shear dominates the horizontal dispersion after

tshear = 2Dh/(ggv92) (16)

The vertical plume scale stays constant, o2(f) ~ oga,, if, in
addition, ¢t << t,,,, With

2
0oy

Loert = D (17

3. Method for Determination of Diffusion
Coefficients

The explicit solution (6) determines the spatial and temporal
field of the concentration above background due to emission of
an individual aircraft, provided that the initial parameters o,
04, ¢ and the model parameters s, D,, D, and D are
known. Here we are interested in the inverse problem, i.e., in
determining the diffusion coefficients from observed concen-
tration profiles.

For this purpose we now derive several relations from which
the diffusion coefficients can be calculated in terms of measur-
able properties of the observed concentration peaks. To sim-
ulate the observed concentration data, we determine the cross
section spanned by solution (6) and a straight line f represent-
ing the flight path of the measuring aircraft (see Figure 1),

y cos y
f(y)=|ysiny|,
h

where y is the space coordinate along the track of the measur-
ing aircraft and y denotes the angle and  the distance between
the main axis of the plume given by the x; axis and the flight
track. The measurable concentration p; along line (18) follows
from

(18)

pr(y, 1) == p(f1(y), f2(¥), f5(¥), 1) (19)

Inserting (18) into (6), one obtains p, as a one-dimensional
Gaussian function (equation (2) with n = 1),

pr(y, 1) = A@t)o(y, §41), 64(1)), (20)
with
A = ” e(h, 0, 6,(1)), (21)
_ h 6,1
yf(t) = m m, (22)
A A _ A2
0‘]%(1‘) c= é'f(t) -= M (23)

&,(t) sin® vy

Here A, y;, and oy denote the integrated concentration, the
centroid, and the standard deviation of the concentration peak
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profile p;, respectively. Note that A and j, depend on &, while
oy is independent of the vertical displacement. The standard
deviation normal to the plume axis at the altitude of the flight
track f is

o, := ofsin y|. (24)

We emphasize the difference between o, and o,; in general,
o, = o, (see Figure 1c). Because of the normalization prop-

erty,

A@) = f pr(y, 1) dy, (25)

where A is the integral area under the function p,. Hence the
vertical plume variance &, can be estimated from (21) in terms
of the measured area 4, provided also ¢, vy, and & are known.
On the other hand, (23) gives only an implicit relation between
oy and the remaining plume variance components 6, and &,
which cannot be determined uniquely therefore.

To estimate the diffusion coefficients D ,, D,,, and D, from
the measured parameters, we start from (24), (23), and (8) to
(10), giving o, as a rational function of time,

ok (1) 1= 2s°D 1> + (2D, + sof)st> + 2Dyt + o,

— (2Dt + o3) [sD, t*+ (2D, + sai)t]>.  (26)
This expression can be approximated as a ¢ polynomial,
A)y=oh+at+agi+at’+,---,+. (27)

A cubic approximation is sufficient for t << ¢, and t >> ¢,
see (17). In the first case for t << t,.,,, the coefficients a, a,,
and a5 are

2D,
al=2Dh, a2:—2SD$ 1+S 7 |

Ty
(28)
a;=— %s2Du( 1+ 535(2;) .
If also t << ty;,, with
tin := (2a5)'[—a, — (a) — 4a,a3)""], (29)
then a linear approximation
o2 (t) = a2, + 2Dt (30)

holds. In the second case for ¢t > ¢ the coefficients are

vert?

(so3,+ 2D,)?

a1=2Dh_ 2D ’

a,=0, as;=’D, (31)
On the basis of these relations the diffusion coefficients D,

D,,, and D, can be determined by the two following methods:

Method A

For given values of 4, v, ¢, and o, we calculate o, from
the implicit equation (21) by determining the roots of the
function

r

f(x) :=x —exp (— gl) =0, (32)

with
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o, h c
X:i=—, ri=—, a:=—fF=———.
\2mA sin y

There are two roots (in addition tox = 0) of (32), as plotted
in Figure 3 for different values of . For r — 0 (i.e., A — 0),
only the solutionx = 1 (i.., o0, = a) is valid. Therefore the
lower branch of the two solutions x(r) (dotted curve in Figure
3) has to be ignored. Because of

1

rmaxzxmin:$z0-61? (33)

both the distance /2 and the standard deviation o, for given
values of ¢, A, and v, have to stay in the limits

(34)

min
v

-—_ max
= =0,=0,

e

o =a. (35)
Hence even when /4 is unknown, lower and upper bounds for A
are given from which one obtains bounds o™ and o™ which
embrace the best estimate mean value o, with 20% uncer-
tainty. Note that o™ = h__ . If the analysis is repeated for
the same or for similar plumes at various times, a fit of (10) to
the data determines the vertical diffusivity D . The remaining
diffusion coefficients D, and D, cannot be determined by this
method.

Method B

Here the starting point of our discussion is the cubic approx-
imation (27) which is valid for ¢ << ¢, and for ¢ >> ¢,,,. The
method requires that measured values o, are available at
various ages of one or a set of similar plumes within the proper
time period. Furthermore, we have to assume that the wind
shear s stays about constant during this period. Then, these
data form the base to fit polynomial (27) giving best estimate
values for the coefficients a,, a,, and a5. Once these coeffi-
cients are known, some or all of the requested diffusivity pa-
rameters can be estimated depending on when the measure-
ments are made. In principle, all diffusivity components can be
determined if ¢ << ¢, In this case, the coefficients D, D,
and D, can be expressed in terms of the parameters a,, a,,
and a5 from (28) and can all be evaluated, provided the shear
value s and the initial plume variances o3, and o3, are known.
If, however, t << t,;,,, only the horizontal diffusivity D,, can be

o

N
e
1

0.4 0.6
r

0.2

Figure 3. Solutions of equation (32) for different values of
the parameter 7. Only the top branch of the curve (solid) is
physically valid.
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Figure 4. Flight track of the Falcon along 8°W, west of Scot-
land in a weather map for 300 hPa of 1200 UTC, October 16,
1993, adopted from routine analysis of U.K. Meteorological
Office. Geopotential heights in dam (solid curves), isotachs in

knots (dashed curves), 1 knot ~ 0.5 m s~ *. Symbols denote the
stations LK, Long Kesh, ST, Stornoway, and LE, Lerwick.

determined from (30). In the other time range, ¢ >> ¢,.,,, one
obtains the vertical diffusivity D , from the cubic coefficient a 5,
(see (31)), but the remaining diffusion coefficients cannot be
determined uniquely since a, = 0 and a, is a function of both
D,, and D,. Note that method B is independent of ¢ and & as
long as the measured concentration increase is large enough to
discriminate the peaks from the background level.

4. Evaluation of Experimental Data

The analysis methods described above are applied to data
measured on October 16, 17, and 20, 1993, on board the Falcon
research aircraft of the DLR (Deutsche Forschungsanstalt fiir
Luft- und Raumfahrt, the German air and space research es-
tablishment) equipped with a fast response NO chemilumines-
cence detector and a turbulence-measuring system together
with other scientific instruments. Several NO peaks were de-
tected which can be related to exhaust plumes of individual
source aircraft. The Falcon crossed the North Atlantic air
traffic corridor west of the Scottish coastline along 8°W (see
Figure 4) covering the latitudes between about 56° and 60°N, at
four different flight levels of 310, 330, 350, and 370 hft (hec-
tofeet) corresponding to pressure levels of 287, 261, 238, and
216 hPa and nominal altitudes of 9.4, 10.1, 10.7, and 11.3 km,
respectively. Along each flight leg the flight level of the Falcon
was kept constant to about *+5 m.

The meteorological situation in the upper troposphere near
the flight tracks was similar for all three observation periods.
Between October 16 and 20, 1993, the circumpolar flow at the
200-hPa level was characterized by three wide quasi-stationary
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Table 1. Tropopause Observations at 1200 UTC at
Stations LK, Long Kesh (6°06'W, 54°29'N), ST, Stornoway
(6°19'W, 58°13'N), and LE, Lerwick (1°11'W, 60°08'N)

Pip> htp? Ttp7 Vtps ¢, |Vh 'UI:
Station hPa km K ms™! deg 1073571
October 16
LK 203 11.7 212 21 315
ST 231 10.8 214 31 320 3.5
LE 379 7.60 223 24 340
October 17
LK 210 11.5 210 11 310
ST 227 11.0 208 20 315 4.9
LE 259 10.1 213 20 310
October 20
LK 225 11.0 213 43 340
ST 235 10.8 216 50 335 5.6
LE 280 9.60 216 29 255

Here p,,, h,,, and T,, are the pressure, the standard atmosphere
altitude, and the temperature of the tropopause, respectively. The
horizontal wind speed and its direction are denoted by v,, and ¢.
Furthermore, |V, v| is the horizontal gradient of wind speed at synoptic
scales of 300 hPa.
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troughs separated by ridges. All our measurements were ob-
tained at the rearward side of the European trough (trough
line roughly from Norway to France) with northwesterly winds
between 20 and 50 m s ' and just ahead of a well-developed
ridge over the Atlantic. Tropopause heights, temperatures, and
winds are given in Table 1 for radio stations Long Kesh and
Stornoway in the vicinity of the flight tracks and for Lerwick
farther to the east (see Figure 4). The tropopause was always
lower over Lerwick than at the two other stations because of
the ridge-trough pattern. The horizontal wind speed at the
tropopause was moderate, the tropopause temperature varied
between 210 and 216 K, and the horizontal wind gradient at
300 hPa inferred from a synoptic analysis was relatively weak.

Figure 5 shows the wind and temperature profiles measured
during the ascents and descents of the Falcon before or after
flying along the flight legs. We see strong vertical variations
with many thin sheets of different stability and shear. Similar
temperature sheets have been found in the stratosphere by
Dalaudier et al. [1994]. The various Falcon profiles differ due to
spatial and temporal variations of the meteorological fields.
Any model of plume dispersion has to be based on suitable
mean values of these profiles. Therefore we use the linear fits
as indicated between neighboring flight levels to characterize
mean stratification and shear. Table 2 lists the corresponding
values for the Brunt-Viisila frequency N, the vertical gradient
of the horizontal wind direction, the vertical shear of total wind
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Figure 5. Potential temperature and wind speed versus altitude, measured in (a) October 16, (b) 17, and (c)
20, during ascents and descents of the Falcon. The dotted, dashed, dashed-dotted, and dashed with triple-dot
curves denote the profiles obtained during the first ascent (=56°N), second ascent (~60°N), and first and
second part of the descent (=56°N), respectively. Linear approximations to the profiles (solid curves) were

calculated over scales of about 1 km.
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Table 2. Data of Falcon Flights Together With
Meteorological Parameters

FL N IV, él, s, Az, NO,

hft 1072s™' degkm™' 1073s™' Ri km pptv
October 16

310 1.7+02 4+2 2*+2 72 -14 130-250

350 19=*0.1 4*+2 2+2 90 —-03 150-280
October 17

330 1.4=+03 1+1 1+x1 200 -14 150-220

370 1.7+02 3+1 1+x1 290 +0.3 200-500
October 20

370 19+04 10 = 2‘ 62 10 0.3 380-500

FL, flight level; N, Brunt Viisili frequency; |V ,¢|, vertical gradient
of the horizontal wind direction; S, (total) wind shear; Ri, bulk Rich-
ardson number; Az, altitude difference between flight level and tropo-
pause. Also listed is the range of mean background NO mixing ratios
when averaged over about 100-km sections along the flight legs.

speed §, and the corresponding (bulk) Richardson number
Ri = N?/§2, for the different flight levels and for all three
days. The wind direction ¢ varied only very little with altitude
and time. For vertically constant wind direction the effective
shear perpendicular to the plumes could be computed for
given ¢ and given angle vy of the flight tracks with respect to the
northern direction from s = § sin (¢ — ) but, obviously, with
large uncertainties. However, as we will see, the shear or strat-
ification data are not needed for diffusion analysis, except for
estimating critical time limits. On the basis of the synoptic
observations and the temperature soundings of the Falcon,
most flight legs were in the upper troposphere (see Table 2)
except for flights at FL 370 which exceeded the tropopause by
about 300 m, at least in the northern parts.

The NO measurements were made with a chemilumines-
cence analyzer similar to that described by Drummond et al.
[1985] with a detection limit of approximately 30 and 5 parts
per trillion by volume (pptv) for an integration time of 1 s and
1 min, respectively. The instrument measures inn cycles of 5-s
period, consisting of two consecutive measurement modes with
1-s integration time, respectively, a zero-signal measuring
mode of 1-s duration, and a total of 2 s for flushing of the
reaction chamber between measuring and zero mode. The
accuracy of the measurement depends mainly on calibration
and count statistics. The calibration is performed by using a
standard gas mixture and a dynamical dilution system with an
uricertainty of about 5%. The statistical error depends on the
number of photon counts detected during the integration pe-
riod. For volume mixing ratios higher than 0.5 ppbv, the errors
are smaller than 10% for 1-s integration time.

The observed NO volume mixing ratios for each flight leg
measured with 1-s integration times are shown in Figure 6. The
background values, when averaged over 100-km flight leg sec-
tions, vary between 130 and 500 pptv considering all flights (see
Table 2) with variances of typically 50 pptv within each section.
Generally, the mean values increase with altitude relative to
the tropopause. Several NO peaks can be seen reaching be-
tween 0.6 and 2.4 ppbv. The 10 peaks with maxima exceeding
the background mixing ratios by more than 0.4 ppbv, clearly
above the variance of these values, are listed in Table 3. The
NO signals for these peaks are plotted at a higher resolution in
Figure 7. Most peaks include only 2 to 4 NO data points. Two
peaks (numbers 1 and 10) are wider and show some asymmetry
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but a clear maximum. Hence a Gaussian fit can only give an
approximation for the peak area and width. Contrails were
visible for three of the ten plume events (numbers 2, 4, and 5).
Similar peaks were found in simultaneous condensation nuclei
measurements of Hagen et al. [1994]. The peak data are pro-
cessed to estimate the diffusion coefficients in the following
four steps.

Identification of the Source Aircraft

The call signs and the geographical positions versus time of
all relevant airplanes passing the measuring area of the Falcon
were documented by video records taken from the air traffic
control radar display in Prestwick. Most airplanes flew in the
so-called Shanwick airspace (Shannon and Prestwick radio-
controlled airspace) and all flights were registered by the Civil
Aviation Authority in London. The measured peaks are traced
back to individual airliners by matching the time of peak mea-
surements with the time when an airliner plume, as observed
by radar and advected with the mean-wind (based on Falcon
data), crossed the Falcon track. For the oldest plume the time
difference reaches 80 s, which is small enough to identify the
source aircraft without doubts. For each plume the geographical
position, the time of measurement ¢,,, the age ¢ (corrected for
displacement with the wind), and the angle y between the plume
axis and the Falcon track are listed in Table 3. On the basis of the
call signs and the date of the day of the flight it was possible to
identify the various aircraft and engine types (see Table 4).

Peak Parameters

© After subtraction of the measured background levels in the

peak environment and tranisformation of time into space co-
ordinates .according to the airspeed of the Falcon (v, =~ 185
m s~ '), the data were used to determine the quantities 4 and
o by means of a Gaussian fit (see Figure 7) with an accuracy
of about 20%, and &, is calculated from o and y according to
(24). The results are listed in Table 3.

Source Intensity

For method A we need the source intensity. The source ¢ of
NO depends on the source of NO, and the relative fraction of
NO with respect to the NO, abundances. Amold et al. [1992]
and Fahey et al. [1995] found that only a small fraction of NO,
is converted to other odd nitrogen species such as nitric acid.
The model study of Karol and Ozolin [1994] suggests that in the
case of intensive ambient air entrainment into the plume the
NO, oxidation may not be fully negligible during the first
hours. Here we assume NO, to be a conservative tracer.

To estimate the NO/NO, concentration ratio without having
measured NO, values, we assume that a photochemical equi-
librium between NO and NO, is reached in the plumes with
ages larger than 4 min. For known background ozone number
density n[O5] (per cubic centimeters) the equilibrium ratio of
the NO and NO, number densities is

n[NO] B k, ’
n[NO,]  kpn[Os] + k,’

(36)

where k, and k, denote the rate coefficient for the conversion
of NO to NO, by the reaction with ozone and for the inverse
conversion due to photolysis, respectively. The rate coefficient

T
ki=c;exp (— 7}) , T,=1370K, ¢;=2X10""2cm’s™’
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Figure 6. Measured NO volume mixing ratio versus latitude at different flight levels (in hectofoot) and
dates: (a) FL = 350, October 16; (b) FL = 310, October 16; (c) FL = 330, October 17; (d) FL = 370, October
17; and (e) FL = 370, October 20. Peaks are numbered from 1 to 10 as in Table 3.

Table 3. Parameters of NO Peaks

alt, lat, T, t,, (UTC) t (age), A, ay, v o.,

Number km °N K hmin~!s™! min ppbv m m deg m
1 9.4 59.09 218 1443:21 61 1305 766 117 684
2 9.4 59.50 218 1447:54 45 388 258 134 186
3 9.4 59.61 218 1449:10 73 836 340 132 254
4 10.6 59.54 215 1516:04 95 827 569 127 456
5 10.6 58.86 214 1522:33 17 2033 370 131 280
6 10.0 56.34 217 0826:17 78 551 478 106 460
7 11.2 56.54 209 0941:44 71 630 433 109 410
8 11.2 59.20 210 0916:26 25 592 310 112 288
9 11.2 56.63 209 0940:47 45 828 344 109 326
10 11.2 56.13 214 1006:57 14 1645 912 112 847

Alt, altitude; lat, latitude; 7, air temperature; ¢,,, UTC time at which Falcon crossed the plume; ¢, age
of the plume; 4, peak area of the measured NO volume mixing ratio; o, standard deviation of the plume;
v, angle between the plume axis and the Falcon track; o, horizontal standard deviation of the plume
(perpendicular to the plume axis). All flights were performed along 8°W. Plumes 1-5, 6-9, and 10 were
obtained October 16, 17, and 20, respectively.
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Figure 7. Peak NO volume mixing ratios versus flight distance of the Falcon with peak numbers as in Figure
6 and Table 3. Measured data, squares; Gaussian approximations, curves.

is taken, as in the work of Briihl and Crutzen [1988], as a
function of the measured air temperature 7' (in degrees
Kelvin). The photolysis rate coefficient k, depends on altitude
and zenith angle and is calculated for each peak as in the work
of Ruggaber et al. [1994]. The ozone number density is taken

Table 4. Data of Aircraft
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from the nearest ozonesonde at Lerwick on October 13 and 20,
1993, which reported ozone partial pressures of about 3 = 0.5
mPa in the troposphere below 7 km altitude, and about 6.5 =
1 mPa in the stratosphere above 9 km, with a gradual transition
in between. The ozone concentrations used are interpolated

v, B, w., wg, 0oy
Number Type Engine D ms™? m 10°N ms! m

1 B747 GE CF6-50E2 w 247 59.6 3.56/2.34 2.28 61.2
2 B767 RB 211-524H w 235 47.6 2.00/1.65 2.11 56.6
3 B747 PW JT9D w 247 59.6 3.56/2.34 2.28 61.2
4 B727 PW JT8D-7B w 225 329 0.75/0.55 2.06 49.2
5 B747 PW JTOD w 247 59.6 3.56/2.34 2.70 64.7
6 L1011 RR RB211-524B4 E 238 473 2.15/1.47 1.70 55.0
7 L1011 RR RB211-524B4 E 238 47.3 2.15/1.47 1.98 52.9
8 B747 GE CF6-50E2 E 247 59.6 3.56/2.34 1.92 513
9 B747-F GE CF6-50E2 E 247 59.6 3.56/2.34 1.91 51.1
10 B747 PW JT9D-7J E 247 59.6 3.56/2.34 1.95 38.6

Type, aircraft type; engine, engine type; D, flight direction (E, eastbound; W, westbound); V/, aircraft
speed; B, span width; W, weight of the aircraft (maximum takeoff weight/maximum no-fuel weight); w,,
induced downward velocity of the vortex pair; o, initial vertical standard deviation from equation (38)

with i, = 2.20,,.
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Table 5. Data Used to Determine Vertical Standard Deviations o
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min
v

and o)™

s EI[NO,], ks, n[Os], dc[NOJ, o og,
Number kg km™! 1073 107%s7t 102 cm™® NO/NO, 10°ppbvm? m m
1 13.6 133 0.49 15 0.47 1.16 241 39.8
2 5.7 18.1 0.46 1.5 0.45 0.64 55.5 91.5
3 13.2 184 0.45 1.5 0.45 1.49 58.1 95.8
4 4.5 7.70 0.37 2.1 0.34 0.19 7.0 11.7
5 13.3 19.9 0.33 2.1 0.32 1.37 21.7 35.7
6 8.4 195 0.71 1.5 0.56 1.39 63.2 104
7 8.5 19.6 0.89 22 0.59 1.70 68.8 113
8 14.0 14.8 0.81 2.2 0.55 2.01 884 146
9 14.0 14.8 0.89 2.2 0.58 2.12 653 108
10 12.8 203 0.90 22 0.55 2.57 40.7 67.1

Here c; fuel consumption; EI[NO, ], emission index of NO,; k,, NO, photolysis rate coefficient; n[ O],
ozone number density; NO/NO,, concentration ratio determined from (36); dc[NO], source intensity of
NO obtained from (37) with the dimension factor d = M /(M yopa); 02", 02, minimal and maximal
values of the vertical standard deviation calculated from (35), respectively.

ozonesonde data for the same altitude relative to the tropo-
pause level. As a result, we obtain concentration ratios of NO
and NO, between 0.3 and 0.6 (see Table 5) with an estimated
uncertainty of about 10%. (For future measurements the Fal-
con has now been equipped with NO, and ozone sensors,
making the above considerations obsolete.)

The source intensity of NO, depends on the fuel consump-
tion ¢, of the individual aircraft and on the emission index (EI)
of NO,, which depend, in turn, on the type of the aircraft, the
type of engine, and the actual power setting of the engines. The
cruising speeds, the fuel consumptions, and the EI of NO, for
each of the aircraft/engine combination, as listed in Table 4,
have been kindly computed by F. Deidewig with methods de-
scribed by Deidewig [1992] and Deidewig and Lecht [1994].
Consequently, the source intensity ¢ of NO amounts to

n [NO] MNonEI[NOX]
n[NOx] MNOz ’

¢ :=c¢[NO] = (37)
where My and M, are the respective molar masses of the
gases. The resultant source values ¢, with an estimated uncer-
tainty of about 20%, are listed in Table 5. The table lists dc
withd = M, /(Myop.;i) Since the measurements are in terms
of mixing ratios.

Initial Conditions at the Beginning
of the Dispersion Regime

The Gaussian plume model is applied only in the dispersion
and diffusion regimes, for plume ages larger than ¢,. From now
on, the time ¢ of section 2 is replaced by ¢4 := ¢t — t;,. We
need to estimate ¢, and the related initial vertical and hori-
zontal standard deviations o, and o,,. According to
Hoshizaki et al. [1975] the dispersion regime follows the vortex
regime after a time of about 100 s. In the early vortex regime,
vertical motions dominate because of the downwind caused by
the weight of the aircraft. After a time of the order of N ! the
downward motion gets limited by stratification and the plume
spreads horizontally. From such general considerations, we
assume, with unknown precision, ¢, = 100 s and o, ~ 250
m. (We will see that this gives reasonable fits for the measured
horizontal standard deviations of the young plumes.)

To determine o,, we suppose that the vertical size of an
aircraft exhaust plume is determined by the maximum vertical
displacement of the trailing vortex pair at a given stratification,
h, = w,/N, where w, is the initial downward velocity of the

s

vortex pair. Its impulse balances the weight W of the cruising
aircraft and equals the lift produced at its wings. For elliptically
loaded wings the Kutta-Joukowski law gives W = (mu/
4)p.i.BVT [Donaldson and Bilanin, 1975], where p,;, is the
density of air and B, V/, and I are span width, speed, and mean
circulation of the aircraft. For potential flow around the wing
the circulation is conserved by the wingtip vortices which de-
velop behind the aircraft, and the initial downward speed of
the vortex pair is w, = I'/(2#D), where D = wB/4 is the
distance between the two vortices. In agreement with
Hoshizaki et al. [1975] this results in

w, 8w

he= N = ToNBV

(38)
as verified on the basis of vortex observations by Schumann
[1994]. The required aircraft data are taken from Jane [1976]
and the Brunt-Viisili frequency N from Table 2. Since we do
not know the actual weight of the aircraft at the time of plume
encounter, we estimate W from either the maximum takeoff
weight W, or the maximum no-fuel weight W_ depending on
flight direction, assuming full tanks for westward and nearly
empty tanks for eastward flying aircraft, respectively. Finally,
0y, is related to &, as if it would be the vertical half width of
the plume at the beginning of the dispersion regime, h;, =~
2.20y,. Table 4 lists the aircraft data and the results for w, and
09,- The values vary little (by about +20%) among various
aircraft, so that details of the aircraft are not very important for
this analysis.

5. Plume Scales and Diffusivity Results

The given methods are now used to derive estimates for the
diffusivities D ,, D,,, and D,. First, we apply method A. Since
the value of A is unknown, we compute maximum and mini-
mum values 0™ and o™ from (35) for 0 < k < h,,,, as
given in (34). For uncertainties in ¢ and 4 of about 20% we
obtain 0™ and o™ with an error of about 40%, respectively.
The mean values of the upper and lower bounds amount to 49
and 81 m, giving an average plume half width of about 140 m,
with no obvious dependence on time. The results are listed in
Table 5. The calculated values of o, versus ¢4 := t — f, are
shown in the top panel of Figure 8. The errors of t amount to
~5%. The squares mark the values of o, (see Table 4). With
the exception of peak 4, obtained for the oldest plume and the
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Figure 8. (top) Vertical standard deviations o, evaluated
from the NO signals versus effective age t.¢ := t — ¢, (circles
with error bars) and the initial standard deviations o,
(squares) estimated from (38). Peak numbers are identified.
(bottom) o2 — 3, as evaluated (circles) and as predicted by
the linear approximation (10) for D, = 0.3 m?* s~ ! (solid
curve), for D, = 0 (dotted) and for D, = 0.6 m* s~ !
(dashed), versus effective plume age.

10000

smallest aircraft, we see that the estimated initial plume scale
due to vortex mixing stays within the error bounds of the
deduced vertical plume scales. In the bottom panel of Figure 8
the differences 02 — o3, are shown. These data scatter around
zero with little mean trend. If one fits these data with the linear
function (10), one obtains D, = 0.3 m? s~!, but values be-
tween 0 and 0.6 m? s~ ! are equally consistent with the data.
Method B contains various alternatives depending on the
critical times ¢,.,, and ¢;;, (see (17) and (29)). For 0, =~ 50 m
andD,~ 0.3 m?s™ L, ¢, ~ 1hour. For D,, < 20 m*s™* and
D, ~ (D,D,)"?, t;, could be computed if the shear value s
would be known. The various critical times and the measured
ages t.4 of the plumes are plotted versus shear magnitude in
Figure 9. For |s| of the order of 0.002 s™%, f_,;c =~ 6 hours,
tshear =~ 50 min, and ¢, =~ 30 min. Although we do not know
the exact values of s for all peaks, we may assume that |s| < |S]|
and |S] is of the order of 0.002 s~* for most cases except for

10000 ' ' |
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Figure 9. Critical times # ;. (solid curve), ¢, (dashed), ¢,
(dashed-dotted), and tg,,, (dashed and triple dotted) for
D,=03m?>s,D, =20m?s"%,|D,| = 2.44 m*s™", and
0o, = 50 m, versus velocity shear magnitude |s|. Circles with
numbers indicate ages and shear values of the respective mea-
sured plumes.
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Figure 10. Values of o, as measured for each peak versus
effective age t.4 := t — t,, numbered crosses with error bars.
The circles identify cases which are fitted by the linear approx-
imation (30) with D,, = 12 m* s~ . Dotted and dashed curves
depict the same approximations for D, = 5 and D, = 20 m?
s~1, respectively.
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peak 10. Hence the relation ¢4 < ¢, is satisfied with sufficient
reliability for peaks 3, 5, 8, and 9. Consequently, the linear
approximation (30) can be used for these peaks. (Incidentally,
these peaks all originate from comparable aircraft types B747
and B747-F.) Figure 10 shows the measured values of o
versus ¢ . The data show large scatter and generally grow with
time. At small times the data are close to the postulated initial
value oy, ~ 250 m. The four events with ages satisfying the
criterion for the linear approximation are indicated by circles.
A least squares fit to these data gives D, ~ 12 m* s~! for the
horizontal diffusivity, but values between 5 and 20 m? s™! are
also consistent with the data. We note that these results do not
depend on the precise value of the shear magnitude. Although
the scatter is large, most data (except for peaks 1, 2, and 10) fit
the curve for D, = 12 m? s~ ! within the error bounds. Larger
horizontal plume widths are found for peaks 1 and 10, perhaps
because of stronger local shear or turbulence. In fact, peak 10
corresponds to the case with strongest shear and strongest
velocity fluctuations (see below). We cannot rule out that part
of this peak originates from an older plume. Also, the mean-
dering of plumes, the spread due to stable stratification, and
changes in the plume tilt angle o due to some horizontally
varying vertical motions may explain strong variations in the
measured plume widths.
The results may be summarized as

0=D,=<0.6 m?*s7}, 5=D,=20m?s™!, (39)

(40)

with D, = 0 for D, = 0. In section 6 it will be shown that D,
and D are probably close to the lower limits.

0=|D)=2m?s",

6. Analysis of Atmospheric Turbulence

In this section we relate the plume properties to the turbu-
lence data. The Falcon aircraft has been used for turbulence
research for over a decade. Equipment and accuracy of the
measurement system are described, e.g., by Bdgel and Bau-
mann [1991] and Hauf [1993]. Wind components are measured
using a five-hole pressure probe at the tip of a nose boom and
an inertial navigation system. Mean winds have an accuracy of
1.5 m s~* for the horizontal and 0.3 m s~ for the vertical
components. Temperature is measured with Rosemount Pt100
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Table 6. Variance (in 107> m* s~?) of Wind Velocities u (East-West), v (North-South),

and w (Vertical) Averaged Over One and Ten

1-min Time Intervals Around Peaks

(u'?), (u'?, (v'?), (v'?), (w'?), (w'?)
Number 1 min 10 min 1 min 10 min 1 min 10 min
1 6.3 7.7 1.6 8.0 14 1.1
2 10.5 9.9 1.6 8.0 1.0 1.1
3 13.2 9.9 7.9 11.8 1.2 1.1
4 8.9 6.8 20.2 11.7 0.96 1.0
5 9.3 11.1 45 145 0.51 0.94
6 34 8.7 44 8.9 0.69 1.1
7 2.8 9.1 5.7 15.7 1.1 1.2
8 10.2 272 59 18.6 0.6 0.84
9 2.5 9.1 10.1 15.7 1.2 1.25
10 9.8 53 7.7 10.6 2.6 32
7+3 103 7+3 12+3 1.1+04 12+04

In the last row, the mean values of the columns are listed.

and Pt500 sensors with an accuracy of about 0.5 K for the mean
values. Turbulence data are recorded with 100 Hz. At 11 km
altitude and a speed of vy = 185 m s~ %, the instruments and
the digitalization system resolve velocity fluctuations in flight
direction up to 0.03 m s, velocity fluctuations perpendicular
to that up to 0.01 m s~ 7, absolute temperature fluctuations up
to 0.01 K, and potential temperature fluctuations up to 0.03 K.
The nose boom of the Falcon has a beam frequency of about
18 Hz affecting the velocity measurements perpendicular to the
flight direction.

To compare the intensities of turbulence inside and outside
the plumes, we consider the mean variances of the east-west,
north-south, and vertical wind components {(u'?), (v'?), and
(w'?), respectively, as determined from 1-min time intervals
(11-km flight legs) containing the peak concentrations. These
intervals are a little larger than the plume scales. The velocity
fluctuations u’, v', and w' are the deviations from the corre-
sponding 1-min mean values. Mean variances increase with the
length of the time interval for which they are defined, and the
vertical velocity variances over the whole flight legs are about
2 to 3 times larger than the velocity variances for 1-min aver-
ages. The nose boom oscillations affect these data very little.
Table 6 compares the 1-min mean values with “10-min” mean
values obtained by averaging the variances over ten “1-min”
mean values in consecutive time intervals enclosing the plume
events. The results exhibit no significant differences between
1-min and 10-min averages, indicating negligible turbulence
contributions from the aircraft wake or from contrail processes
at the time of plume encounters, consistent with the crew’s
observations.

Table 6 shows strong anisotropy of air motions with the
horizontal variance being about 10 times larger than the ver-
tical variance. If vertical and horizontal motions would have
the same turbulent timescales and if the vertical heat flux is
small, then this ratio determines D,/D, [Kaltenbach et al.,
1994]. However, the horizontal motions have usually larger
timescales than the vertical ones [Lilly, 1983], so that larger
values of D, /D, are to be expected. In fact, the results of the
previous section suggest D, /D, to be larger than 10.

We have to ask, however, whether the flow is actively tur-
bulent or in a collapsed state of wavy motions with little cas-
cading energy toward smaller scales. Active turbulence exists if
the Ozmidov scale L, = (e/N>)'/? is at least 10 times larger
than the Kolmogorov scale n = (v*/g)"* [Stillinger et al., 1983;
Gerz and Schumann, 1991]. For smaller L ,/m, turbulence col-

lapses and turbulent mixing ceases. These scales are functions
of the dissipation rate ¢, the Brunt-Viisild frequency N, and
the molecular viscosity v of air. Moreover, as a prerequisite for
an inertial subrange, the spectra should follow a —5/3 power
law and represent locally isotropic turbulence.

To check for these conditions, we compute the spectral den-
sity functions S,, and S, (in square meters per second) of
vertical and horizontal velocity fluctuations (perpendicular to
the flight direction) as a function of frequency f (in hertz),
where the integral over Sdf corresponds to the mean variance
of the respective fluctuations. The spectra are computed from
about 10-min time intervals enclosing the plume peaks. Spectra
at other times show similar results.

Figure 11 shows the ratio between S, and S, versus f for the
various plume segments. This ratio should be one for isotropic
turbulence. We see that the ratio is larger than one at low
frequencies, consistent with the variance ratio calculated in
Table 6, but decreases and approaches 1 near 10 Hz. The result
does not exclude the existence of a locally isotropic turbulence
range near 10 Hz and above, but for f < 10 Hz, the spectrum
S, decays significantly stronger than S,, with f and does not
support an inertial range assumption. Figure 12 depicts the
measured spectra M(f) = fS,,(f). Here the impact of nose
boom oscillations is obvious but limited to a very narrow spec-

S, (B /8,

f (H2)

Figure 11. Ratio S,/S,, of spectral density functions of hor-
izontal and vertical velocity fluctuations versus frequency f for
491-s-long flight segments containing the peaks. The ratio re-
sults have been smoothed by averaging over filter bands of
20% relative width. The numbers refer to the peaks within the
respective flight segments.
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tral range near 18 Hz. At frequencies higher than 1 Hz, M( f)
decays approximately as a power law of M ~ f” with exponents
n between —0.7 and —1, not significantly different from the
inertial range slope —2/3. Only for case 10, the spectrum de-
cays considerably stronger (exponent close to —1.3) but with a
trend toward —2/3 near 10 Hz.

Hence for an estimate of dissipation rates, we may tenta-
tively assume that the flow is turbulent and possesses an iner-
tial subrange. Since the spectra decay slightly stronger than
with —2/3, the actual inertial range may follow at the lowest
end of the measured range. Therefore dissipation rates de-
duced from these spectra represent upper bounds for the ac-
tual values. In the hypothetical inertial subrange the eddy
dissipation rate & (in m? s~%) is computed from

2 (M)

Ur Ck

€ (41)
where ¢, = 0.66 is the Kolmogorov constant for one-
dimensional spectra of this velocity component [Saddoughi and
Veeravalli, 1994], and v is the speed of the Falcon. For M ~
f~ 2’3 in the inertial range, & should be independent of f. A fit
of this relation to the measured spectra near 10 Hz results in
the values listed in Table 7. The fluctuations of the spectra
relative to the fitted mean inertial-range spectra suggest un-
certainties in & of about 30%. The results show that the plume
motions experience turbulent dissipation rates which are at
least 100 times smaller than the value 107> m? s~ expected
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Figure 12. Spectral density function M(f) = fS,,(f) (non-
filtered) of vertical velocity fluctuations versus frequency f.
The numbers refer to the peaks within the respective flight
segments as in Figure 11. To separate the curves, M(f) has
been reduced before plotting by a factor 1 (for 1), 10 (for 2, 3),
100 (for 4), etc.
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Table 7. Turbulence Properties

g, LO’ LK’ Dv(s)v Dv(wlz)’

Number 107¥m?s~3 m m 10" m?s™? m?s?
1 7.9 +0.7 0.12 0.02 2.5 0.08
2 57x1.4 0.10 0.03 1.8 0.06
3 5714 0.10 0.03 1.8 0.07
4 10 £ 2.0 0.12 0.03 3.2 0.05
5 16 £ 3.0 0.15 0.02 5.0 0.03
6 14+05 0.06 0.04 0.6 0.05
7 1.7+ 0.5 0.06 0.04 0.7 0.07
8 10 =20 0.14 0.03 2.8 0.03
9 10 £ 2.0 0.14 0.03 44 0.08
10 1.1 +0.2 0.04 0.05 0.4 0.16

Here ¢, upper bound for dissipation rate of turbulent kinetic energy;
L, Ozmidov scale; Lz, Kolmogorov scale; D (&) and D (w'?), up-
per bound vertical turbulent diffusivities for given ¢ and for 1-min
mean value of the vertical velocity variance (w'?), respectively.

climatologically [Tank, 1994]. The dissipation results imply
very small Ozmidov scales between 0.04 and 0.15 m, only a
little larger than the Kolmogorov scales of between 0.02 and
0.05 m (for v ~ 4 X 10> m*? s~ [Pruppacher and Klett, 1978]).
Resolution of motions at these scales would require Falcon
measurement frequencies vz/L , above 1000 Hz. Thus all the
measured motions are, in fact, heavily impacted by buoyancy,
and the flow is to be considered as collapsed turbulence. An
inertial subrange does not exist for these cases and the turbu-
lent dissipation rate is essentially zero.

Some theories relate the vertical eddy diffusivities of heat or
passive scalars to either the dissipation rate or the vertical
velocity variance and the Brunt-Vaiisila frequency N,

&
D.,,(S) = Chﬁa (42)
\ WrZ
DU(W ) = CNW. (43)

Earlier investigators assumed constant coefficients ¢, and ¢,
independent of Ri; for example, ¢, = 1/3 and 0.2 according to
Lilly et al. [1974] and Weinstock [1992], and ¢, = 0.17 ac-
cording to Hunt et al. [1985]. Schumann and Gerz [1995] ana-
lyzed mixing in homogeneous turbulence under uniform shear
and stratification for Ri < 1. They show that the above rela-
tions apply with coefficients ¢, and ¢, which are both close to
0.16 for Ri = 0.2. For Ri = 1, the coefficients are smaller
(0.01 and 0.02, respectively), and they become practically zero
for larger Ri. Hence these models give upper bounds for the
turbulent diffusivities for Ri > 1 when applied with ¢, = c,
= 0.1. These bounds are listed in Table 7. We find that the
models predict small values, as to be expected for large Rich-
ardson numbers with collapsed turbulence. The molecular dif-
fusivity of NO in 10 km altitude amounts to 5 X 107> m? s~ !
[Ghosh, 1993]. This value is greater than the dissipation-based
upper estimates. Hence the vertical mixing by (ordinary) tur-
bulence is negligibly small in this situation.

The model predictions are consistent with explanations
given by Hunt [1985]. For a roughly equal partition between
kinetic and potential energy of turbulent motions in a stratified
flow (without external energy sources), the fluid elements can
only be displaced through a vertical distance of the order of
w'/N. The related motion timescales are of the order of 27/N,
ie., of about 5 min for N ~ 0.02 s™*. In our cases the
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Table 8. Variance Under Spectrum at 12.5- to 25-km
Wavelength for Various Flight Legs

FL, S/T (u'?, (v'?), (6,
Date hft m?s~2 m?s™2 K?

October 16 310 T 0.025 0.028 0.009
October 16 350 T 0.051 0.041 0.010
October 17 330 T 0.032 0.045 0.004
October 17 370 T, S 0.055 0.067 0.020
October 20 370 S 0.083 0.067 0.038
T 0.100 0.110 0.042

S 0.147 0.168 0.116

In the last two rows, the mean values over ocean from Nastrom and
Gage [1985] are listed. S/T denotes stratospheric/tropospheric condi-
tions, respectively.

root-mean-square vertical velocity fluctuations w' are less than
0.3 m s~ !, even including slow wavy fluctuations along the total
flight legs. Hence the vertical motions cause a displacement of
less than 15 m and the relatively quick vertical mixing by these
motions vanishes when the plumes have spread over this range.
Ongoing vertical dispersion at later times requires small-scale
mixing, converting part of the kinetic energy into potential
energy, at a rate related to dissipation . Since the dissipation
rate is small or zero in our cases, this late-period mixing has to
be weak. In fact, the o, data are consistent with zero growth
rates at late times (see Figure 8). Hence, vertical plume mixing
in our cases is not controlled by turbulence of the ambient
atmosphere but mainly caused by the mixing in the vortex
regime. Mixing at synoptic scales will become important at
much later times.

The horizontal diffusivity can be estimated according to
Prandtl’s classical concept from the product of horizontal ve-
locity fluctuations and the plume scale. For a widening plume,
the relevant velocity fluctuations grow. Hence D, should be
time dependent in principle. For typical values, o, = 500 m,
andu’ = 0.3 ms™ %, we obtain D, = c,o,u’ = 15 m*s™ %,
for ¢, = 0.1. Kaltenbach et al. [1994] found that c,, based on
integral scales of turbulence, is about 0.8 for Ri = 0, 0.4 for
Ri = 1, and decreases with growing Ri. Hence a value ¢, =
0.1 appears to be reasonable for strongly stratified situations.

The question of how typical the situation is under which the
present measurements took place in comparison to turbulence
climatologies remains to be discussed. Lilly et al. [1974] report
statistics of vertical velocity fluctuations from 285 measure-
ment flights with aircraft between altitudes of 14 and 21 km.
Only 2% of all flight legs over oceans showed perceptible
turbulence with vertical velocity fluctuations exceeding 0.15 m
s~ ! at wavelengths larger than 610 m, which is comparable with
our measured w' values. However, our flights took place at
lower altitudes. For altitudes of subsonic air traffic, Nastrom
and Gage [1985] report turbulence statistics from 6000 com-
mercial airliner flights, for which horizontal winds were deter-
mined from the routine inertial navigation systems and con-
ventional pressure sensors. From the measured spectra of
horizontal velocity fluctuations and of temperature fluctua-
tions, they deduce the variances in the wavelength ranges from
12.5 to 25 km and from 150 to 450 km. The latter is too large
for reliable statistics from our data. However, we have evalu-
ated comparable statistics in the range 12.5-25 km from spec-
tra for each of the five flight legs averaging over six to nine
segments of 512 s each with 10-Hz resolution (see Table 8). We
find that the variances in our cases are about 2 to 4 times
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smaller than those found on average over the oceans. Further
analysis of the commercial aircraft data by Fritts and Nastrom
[1992] suggests that our results may be representative for cases
over oceans away from strong sources of mesoscale variability
(such as jet streams, convection, and fronts), but this needs to
be investigated further.

7. Conclusions

The dispersion of chemically passive species from a line
source in a stably stratified and sheared atmosphere with
anisotropic turbulent diffusivities has been described in terms
of a Gaussian plume model with an explicit analytical solution.
A theoretical framework has been given for the determination
of the horizontal and vertical diffusivity coefficients from the
concentration profiles observed by in situ measurements of
aircraft plumes in the dispersion and diffusion regimes and
from estimates of the plume sources. In addition, turbulence
data are used to estimate the magnitude of the effective diffu-
sivities.

From measurements of NO obtained in 10 plumes of airlin-
ers at cruising altitude near the tropopause over the North
Atlantic, these relations are applied to determine the apparent
lateral plume width. The Gaussian model is used first to de-
termine the vertical and horizontal scales and the tilting of the
plume by shear. Second, it is used for analysis of the eddy
diffusivities. The model is supposed to be appropriate for the
first purpose. The assumption of constant diffusivities and con-
stant shear is only made to obtain estimates of the effective
mean diffusivities from the available data. In reality, the hori-
zontal diffusivities grow with the plume scale and the related
horizontal velocity fluctuations. In contrast to previous ap-
proaches [Knollenberg, 1972; Joseph et al., 1975] we were able
to separate the effects from vertical and horizontal turbulent
diffusion and from wind shear. The present method provides a
direct measure of vertical plume scales, and the plume should
be better represented by nitrogen oxides data than by the
nonconservative contrail properties. The plume analysis results
in preliminary values D, between 0 and 0.6 m* s~%, D,, be-
tween 5 and 20 m* s~ !, and D, between 0 and about 2 m? s~ .
These results are consistent in magnitude with previous esti-
mates [Lilly et al., 1974; Knollenberg, 1972; Joseph et al., 1975].

Simultaneous turbulence data show no residuals of aircraft
or contrail-induced turbulence at the time of plume encoun-
ters, i.e., for plumes older than 5 min. The vertical velocity
variance at plume scales is 10 times smaller than the horizontal
ones. It is too small to explain the observed plume dispersion.
The spectral analysis shows that all scales up to the viscous
scales are affected by buoyancy causing practically zero turbu-
lent dissipation and vanishing vertical turbulent mixing, so that
D,~ 0, D, = 0 due to turbulence in the dispersion range.
This finding is consistent with the range of values deduced
from the plume analysis. The initial impulse of aircraft lift
causes sufficient vertical motions to explain the observed ver-
tical dispersion. Hence for plumes of ages between several
minutes and a few hours and for cases with strong stable
stratification, we recommend D, = 0, D, between 5 and 20
m?s™ %, and D, = 0.

Obviously, the small number of the measured NO peaks
does not represent a large statistical ensemble. Hence this
paper basically shows that horizontal and vertical diffusivities
can be estimated from plume data by the given methods, while
the resultant values should still be taken with care. In the
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future we intend to apply the same tools to further plume
observations, including multiple measurements in the same
plume at various ages.

The Gaussian model shows that the lateral plume width
grows with (2s2D t3/3)'/? for finite vertical diffusivity, and
with st for zero vertical diffusivity in the final period, and
not with (2D,t)"/? as in cases without shear. Hence any “ef-
fective horizontal diffusivity” will depend on time because of
the growing scale range of horizontal turbulence at early times
and because of dominating shear at late times. For typical
values of this study, s ~ 0.002s™ 1, D~ 0,D, ~ 15 m?s™?,
and o4, =~ 50 m; shear dominates the lateral dispersion after
the time 2D, /(0,,5)* of about 1 hour.

The results of this study represent flight route conditions
with strongly, stably stratified and weakly sheared atmospheric
situations. The comparison to statistics of Nastrom and Gage
[1985] suggests that we were measuring in a situation with less
than average turbulence. The frequency of and the mixing
properties in more strongly turbulent cases remain to be de-
termined.
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