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Abstract

The effect of frictionally induced wind shift and speed reduction on the cross-front wind
component is studied for a moving system of two homogeneous air masses. With the aid of a
simple geometric conceplion it is shown that friction tends to intensify the cross-front wind
component at the rear side ol the [ront and thus accelerates the [rontal progress unless the
temperature jump at the frontal surface is small or the angle between the geostrophic flow in the
warm air and the surface front line is very acute. The findings from the geometric consideration
turned out to be in qualitative agreement with the results of two-dimensional numerical
simulations.

Zusammenlassung
Reibungseffekte an Kaltfronten: geometrische Betrachtungen

Der Effekt der reibungsbedingten Winddrehung und Geschwindigkeitsreduktion aul die
frontnormale Windkomponente wird fiir ein bewegtes, aus zwei homogenen Luftmassen
bestehendes System betrachtet. Anhand cines einfachen geometrischen Konzepts wird gezeigt,
daB die front-normale Windkomponente auf der Riickseite der Front im Vergleich zur
geostrophischen Komponente durch die Reibung verstirkt wird, es sci denn, dafl der Temperatur-
sprung an der Frontfliche klein oder der Winkel zwischen dem geostrophischen Wind in der
Warmiult und der Bodenfrontlinie sehr spitz ist. Dic Erkenntnisse der gcometrischen Betrachtun-
gen erwiesen sich in qualitativer Ubereinstimmung mit den Ergebnissen zweidimensionaler

numerischer Simulationen.

1 The Problem

The cross-isobaric flow component in the Ekman-
layer leads to convergent flow in regimes of cyclonic
geostrophic vorticity, i.e. Ekman-pumping. Since
the pressure ficld at moving cold fronts shows
almost a first order discontinuity at fronts with a
cyclonic kink of the isobars, the convergence is well
pronounced immediately at the front line. It is
therefore expected that frictional effects contribute
significantly to the low-level vertical circulation at
surface fronts.

Ekman boundary-layer considerations would also
suggest that, depending upon the direction of the
postfrontal geostrophic flow, the frictionally in-
duced wind shift and speed reduction may either
weaken or intensify the postfrontal cross-front wind
component. Hence, it is also expected that the speed

of the front might be modified by frictional effects.
This was addressed, for instance, by Heimann
(1992) in the discussion of numerically simulated
fronts that were found to travel at different speed if
the cross-front temperature contrast or the large-
scale pressure field were altered.

Egpger (1988) investigated the frictionally induced
circulation in a stationary front of the Margules
type. In this spacial case the isobars are parallel to
the front so that the cross-front component of the
geostrophic wind is zero.

In the following an estimate is derived for the above
mentioned frictional effects under large-scale condi-
tions that are similar to those of the numerical
experiments of Heimann (1992}. In effect there are
sufficient degrees of freedom for the front to move
and for the pressure to vary along the front.



98 D. Heimann

Beitr. Phys. Atmosph.

2 Conceptual Model

We consider a simple system of two air masses with

constant potential temperatures 6; and 6, (6, > 6,),

which are separated by an inclined frontal surface at

a height Hg (x). We choose the coordinate system

such that the x-axis is perpendicular to the surface

front with the surface front at x = 0. At a given time
to the flow is defined to be in geostrophic balance
except for the surface-based layer below Hg, i.e. the
boundary layer, where a geostrophic-antitriptic
equilibrium is assumed. The air below Hg is
considered to be vertically well mixed such that the
air-mass boundary, i.e. the frontal surface, is upright

(see upper part of Figure 1).

Hence, the system at time tg is described by
—f("gi*Vi)—Rui =0 (la)
+f(ugy—u) -R,;=0 (1b)

with Ry;; = R,; =0 for z 2 Hg and i denoting warm

air (i =1) and cold air (i = 2), respectively. Above

Hg the equations (la, 1b) reduce to u; =ug and

v = Vgi, Where uy;, v,; are the respective geostrophic

wind components.

Figure 1 Schematic representation of the cold front in the
vertical x-z-plane {upper part) and definition of wind
components and angles in a horizontal x-y-plane below Hg
(lower part).

For Hg we adapt the solution obtained by Davies
(1984) for a steadily moving cold front with constant
potential vorticity PV = f/Hg__ in the cold-air layer:

He(x) = AHg_ [ 1-exp ;mx +Hg
(¢'AHE..)

for x<0 (2)

with g" =gA0/0,,A0=6,-8, and AHf, = Hg,_ -
Hg.

Hp_. is the maximum thickness of the cold air layer
that is reached asymptotically for x - —c. A
vertical section through this system is presented in
the upper part of Figure 1.

The geostrophic wind components in the warm air
(ug; and v,q) are prescribed. The geostrophic wind
components in the post-frontal cold air, i.e. beneath
Hp, are then given by u,; =€euy and vy = evy +
g’ /foHg/ox withe = 8,/6, < 1.

Smith (1990) peints to the fact that Ugy > Ugo implies
an infinite divergence at the frontal surface, which,
in turn, has the consequence that the warm air,
which overlies the cold air (for x < 0), must subside.
In our considerations we simplify the problem and
substitute 6; and 6, by a mean potential tempera-
ture in the determination of £ so that ¢ becomes
unity. In the calculation of g’, however, 8; and 6,
remain unchanged. This accords with the commeon
Boussinesq approximation where a mean density is
used in the horizontal pressure terms and deviations
from that mean are considered in the buoyancy term
only. We put up with the dynamic inconsistency of
this approximation since the implied inaccuracy of
geostrophic wind components is small compared
with the frictionally induced deviation from geos-
trophy. With e =1 the expressions for u; and v,
reduce to

Uy = Uy = Up (3)
and
* dHg
ng = Vg] + gf axr- (4)

In the frictionless case the speed of the front c is
determined by the speed of the cross-front wind
component in the cold air u,, which then equals the
cross-front geostrophic wind component u,. In this
case the above defined system keeps its geostrophic
balance and moves with a steady speed cg = u, for
all times t > t,

Frictional effects on the movement of the front are
assessed by the bulk cross-front wind components
u; and u, in the boundary layer on both sides of the
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front. From Figure 1 it is obvious that uj and u, are
given by

;= R{u,cosB—vysinB) i=12 (5)

where R and ] represent the fraction by which
friction reduces the speed and the angle by which
friction turns the wind out of the geostrophic
direction, respectively. In order to obtain appropri-
ate values for R and B we assume that the bulk
boundary-layer wind components correspond with
the vertically averaged Ekman solution. The verti-
cal integration of the Ekman equation over the full
extent of the Ekman layer 0<z<Hg leads to
expressions that are independent of the Ekman-
layer thickness Hp, itself:

: 250.5
R =l1 _lt+exp(-m)  1+exp(-m) J ~0.848
i 27°

B= tan

o 1- ex.E_(f_?s_)_________J: 10.35°
2n—exp(-n) -1

Since u, and vy are prescribed, the solution of (5)
still requires an expression for v;.
From simple trigonometry (see x-y - plane in
Figure 1) follows that

Vg1 = Ugtand, (6)
and

Vg2 = Ugtand, (7)
where a = §; - §, is the angle by which the isobars
are bent at the front.

With Eq. (7) and trigonometric manipulations we
obtain the following expression for the angle o.:

v
tand, - -
. u
o = tan" . 5 (8)
1+ tan$,
u

g

where the geostrophic component vy, will be
eliminated by

*+ dH
Vg2 = Ugtand, +5f— axf (9)

which follows from Eq. (4) and (6).

The spatial derivation of (2) at the surface front
position x = O yields
oHg _

L gaH ) (10)
X g

After substituting (10) in (9) the along-front compo-
nent of the geostrophic wind on the cold-air side of
the surface front is expressed by

vg = ugtand; — (g’ A Hg )'? (11)

Finally, we substitute the geostrophic components
in Eq.(5) by (6) and (11) and arrive with the
following equations for the vertically averaged
Ekman-layer cross-front wind components on both
sides of the surface front:

u; = R [u,(cos B - tand, sin )] (12)
uz = R {uy(cos B - tand, sin B)) +
+ Rsinp(g'AHp )" (13)
3 Results

In the following we choose ug =10 m/s and
AHp, =9000m as a standard parameter setting.
The behaviour of o, 8, and uy/u, is visualized in
Figures 2 and 3 in the range 0 <A0<10K and
0 <61 <907

Figures 2 shows the variation of the angles o and §,.
They represent the bend of the isobars at the front
and the direction of the post-frontal geostrophic
flow, respectively. The angle o is greatest for
8 near 60°. It is obtuse only for small values of A8
or for fronts which are preceded by an almost
frontal-parallel warm-air flow. The angle 8, is nega-
tive for a wide range of A 8 and §,. This implies that,
in general, the post-frontal geostrophic flow has a
northerly component, provided the x-axis points to
the east. For large values of 3, (almost front-parallel
geostrophic flow in the warm air) or small values of

© D 60 g0

3

Figure 2 Variation of 8, (solid isolines) and « (broken
isolines}) displayed as a function of §; and A for ug =10 m/s
and Hp.., = 9000 m,
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A8, however, the post-frontal geostrophic flow
shows a southerly component.

The friction causes the boundary-layer wind to turn
in counter-clockwise direction (in the northern
hemisphere). Depending on the direction of the
geostrophic flow the boundary-layer wind turns
towards the front or away from it, thereby increas-
ing or decreasing its component perpendicular to
the front. Disregarding the frictional reduction of
speed, the frictional wind shift tends to increase the
cross-front wind component only if §; < - (/2 in the
warm air and 8, < — /2 in the cold air. On the other
hand, the cross-front component even reverses its
sign for §;<-m/2-p(i=12). In the warm air
friction always tends to reduce the cross-front wind
component relative to the geostrophic value and
may even lead to a boundary-layer flow towards the
front for large values of 8y, i.e. for a nearly front-
parallel geostrophic flow.

Since friction also causes a reduction of speed, the
situation becomes a little more complex. The
combined effect of speed reduction and wind shift is
illustrated in Figure 3, where the ratio uyu, is
plotted as a function of A8 and 8;. On the cold side
of the front friction intensifies the cross-front
component u; for a wide range of A8 and ;. Only if
the warm-air geostrophic wind vector does not
deviate much from the orientation of the front line
or A8 is rather small, friction tends to weaken u,. If
the geostrophic flow in the warm air is almost
parallel to the front the cross-front component even
reverses its sign $o that the post-frontal wind is
directed away from the front.

The effect of alternative sets of u,, and Hg_ on the
isoline uy/u, =1 is depicted in I‘Eigure 4. It shows
that a frictional induced intensification of the cross-
front component appears for a wider range of ug
and A 0 if the cross-front geostrophic component ug
is halved. If, on the other hand, the maximum height
of the cold-air layer Hg_ is halved, the frictional
induced intensification of u, is restricted to situa-
tions with small values of §; and high values of A®6.
It is even more restricted, if u, is doubled.

4 Relevance of the Geometric Consideration

We consider a situation as defined in Figure 1 to be
valid at a certain time t = t;. A short time later, say
at t= ty+6t, the cross-front geostrophic wind
component has moved the front by &x=u, " dt.
Within the Ekman layer, however the front is
moved by u, rather than by u, Depending on
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Figure 3 The ratio uy/u, displayed as a function of 8; and A8
for ug = 10 m/s and H., = 9000 m.
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Figure 4  Isolines of ﬁz.'u13 =1 {or different parameter
settings. A: for the standard parameter setting (ug =10 m/s,
HEp.. = 9000 m). B: as for A but with Hg,, = 4500 m, C: as for
A but with u, = 5 m/s, D: as for A but with ug = 20 m/s.

The ratio uz/u, cxceeds unity below Lhe respective isolines.

y >
Sx X
Figure 5 Schematic view of the frontal surface after a small
time step 3t = 8x/uy for wfuy > 1 (top) and wfug <1 (bot-
tom).
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whether u, exceeds u, or not the boundary-layer
front precedes the upper-air front or lags behind.
Both situations are schematically depicted in Figure
5. It is obvious that the assumptions of the geomet-
ric considerations, in particular the validity of
Eq. (6) and (11), are now no longer fulfilled. In the
case u, > u, the frontal surface formes a plateau
before it ascends according to Eq. (2). This modifi-
cation changes the cross-front pressure gradient and
therewith the along-front component of the geos-
trophic wind immediately behind the surface front.
The along-front component of the geostrophic wind
is accordingly changed in the case u, < ug, but this
time immediately ahead of the surface front. More-
over, the cold air superimposes the warm air in front
of the surface front in that case. This implies an
unstable stratification, which, in turn, causes en-
hanced turbulent mixing. Hence, it is expected that
the speed of the surface front c¢p deviates more

or less from the values of u, as obtained from
Eq. (13).

In order to prove the relevance of the geometric
consideration for the estimation of the frontal
propagation speed two-dimensional numerical sim-
ulations were performed under more realistic condi-
tions. The applied model is a two-dimensional
version of the three-dimensional hydrostatic model
that was already used for numerical experiments
dealing with the interaction of fronts and orography
(Heimann, 1990, 1992). The initial conditions of the
model runs were chosen such that they conform to
the situation sketched in Figure 2. Different from
the simple geometric consideration the vertical
resolution of the model (20 layers in the tropo-
sphere, nine of them employed below 3 km) allows
for realistic wind profiles in the boundary layer. The
friction is introduced by a prognostic equation for
the turbulent kinetic energy E which considers the
production of turbuience by both vertical wind
shear and buoyancy. The diffusion coefficient K is
derived using the relation

with £, u,, and k being the mixing length, the friction
velocity, and the Karman constant, respectively.
The lateral boundary condition guarantees the
inflow of cold air with a thickness that increases in
conformity with Eq. (2).

Nine simulations were performed for combinations
of 8; = 50°, 60°, 70° and A® =3 K, 6 K, 9 K. For the
other parameters the standard set was used, ie.

Hg..=9000 m and u, = 10 m/s. Figure 6 illustrates
the results of the simulations for A8 =6 K, §; = 50°
and 8; = 70° in comparison with the purely geos-
trophic, ie. frictionless, movement. The graphic
shows a vertical section of the leading edge of the
frontal layer after 6 and 12 hours of temporal
integration. The influence of friction is evident.
Compared with the geostrophic translation the
speed of the surface front is retarded in the case
with the higher value of &, while it is increased in
the other case. The shape of the frontal surface
resembles the schematic representation (Figure 5)
in either case. For 8; = 50° the frontal surface is
almost upright near the ground, but then forms a
plateau before it continuously extends to higher
altitudes. For 8; = 70° the frontal surface is even
tilted backward near the ground indicating static
instability.

a ug=10m/s | AD =6K
S 2 I — 54 = 50°
64 - .._t=12h 6¢9=70°
Ste. - -
L T J=6h e
34 \\_‘_ \t.“‘\.__’_
24 t =0 \"\"\"\ M‘\_\
1 N BTN
0 E S I
0 100 200 300 400 km
W —r

Figure 6 Vertical section showing the leading frontal
surface as simulated by the two-dimensional numerical
model after & and 12 hours. The cases with friction are
plotted with dashed (&) = 50°) and dotted (§; = 70°) lincs.
The cold front symbols indicate the respective positions of a
geostrophically translated (no [riction) front,

Table1l The speed ratio cp/uy simulated by the two-
dimensional numerical modet as a function of the cross-
frontal temperature difference (A8} and the deviation of the
prefrontal geostrophic flow direction from the front-normal
dircetion (8)). The corresponding solutions of Eq. (13) ﬁz.fug
are set in parcntheses for comparison.

-

8
AB 50° 6" 70°
1K 1.030 0.972 0.845
(1.121) (1.039) (0.884)
6K 1.134 1.076 0.972
(1.315) (1.233) (1.078)
9K 1.192 1.146 1.041
(1.464) (1.381) (1.228)
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The results of all numerical simulations are given in
Table 1. The values represent the average frontal
speeds cg in the period 0 <t <12 h. In this period
the fronts move almost steadily with different
speeds. For longer periods, however, the speeds
tend to assimilate.

The table compares the simulated speed ratios Cg/uy
with the corresponding ratios u,/u, as obtained from
Eq. (13) (in parantheses). The qualitative agree-
ment of the dependency on §; and A® is striking.
The simulated ratios, however, are much closer to
unity than those calculated by Eq. (13). This means
that dynamic and frictional forces, which belong to
the modified along-front component of the geos-
trophic wind and the enhanced turbulence, respec-
tively, couple the surface front with the cross-front
geostrophic flow.

§ Conclusion

Simple geometric considerations of an idealized
cold front yielded an analytic solution for the cross-
front wind component in the Ekman-layer on the
rear side of the front. This wind component, which
transports the properties of the post-frontal cold atr,
was found to exceed the prescribed cross-front
geostrophic wind component for a great range of
the temperature difference between the involved air
masses and the angle between the prefrontal geos-
trophic wind direction and the front-normal direc-
tion, except for small temperature differences or
large angles.

The applicability of the geometric approach is, of
course, limited. First, the use of balanced air mass
model for moving fronts is questionable as Smith
(1992) pointed out. Second, the assumption on
which the Ekman solution is based, is not, if at all,
fulfilled near fronts where the air ts normally out of
geostrophic-antitriptic equilibrium. Additional cau-
tion is necessary in estimating the speed of a front
simply from the increase or decrcase of the cross-
front wind component due to friction. Nevertheless,
the results of the geometric consideration are in
qualitative agreement with two-dimensional model
simulations. They corroborate the assumption that,
for a given cross-front component of the geostroph-
ic wind, the frictionally influenced speed of a cold
front depends on the warm-air geostrophic wind
direction and the cross-front temperature contrast.
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front. From Figure 1 it is obvious that uj and u, are
given by

;= R{u,cosB—vysinB) i=12 (5)

where R and ] represent the fraction by which
friction reduces the speed and the angle by which
friction turns the wind out of the geostrophic
direction, respectively. In order to obtain appropri-
ate values for R and B we assume that the bulk
boundary-layer wind components correspond with
the vertically averaged Ekman solution. The verti-
cal integration of the Ekman equation over the full
extent of the Ekman layer 0<z<Hg leads to
expressions that are independent of the Ekman-
layer thickness Hp, itself:

: 250.5
R =l1 _lt+exp(-m)  1+exp(-m) J ~0.848
i 27°

B= tan

o 1- ex.E_(f_?s_)_________J: 10.35°
2n—exp(-n) -1

Since u, and vy are prescribed, the solution of (5)
still requires an expression for v;.
From simple trigonometry (see x-y - plane in
Figure 1) follows that

Vg1 = Ugtand, (6)
and

Vg2 = Ugtand, (7)
where a = §; - §, is the angle by which the isobars
are bent at the front.

With Eq. (7) and trigonometric manipulations we
obtain the following expression for the angle o.:

v
tand, - -
. u
o = tan" . 5 (8)
1+ tan$,
u

g

where the geostrophic component vy, will be
eliminated by

*+ dH
Vg2 = Ugtand, +5f— axf (9)

which follows from Eq. (4) and (6).

The spatial derivation of (2) at the surface front
position x = O yields
oHg _

L gaH ) (10)
X g

After substituting (10) in (9) the along-front compo-
nent of the geostrophic wind on the cold-air side of
the surface front is expressed by

vg = ugtand; — (g’ A Hg )'? (11)

Finally, we substitute the geostrophic components
in Eq.(5) by (6) and (11) and arrive with the
following equations for the vertically averaged
Ekman-layer cross-front wind components on both
sides of the surface front:

u; = R [u,(cos B - tand, sin )] (12)
uz = R {uy(cos B - tand, sin B)) +
+ Rsinp(g'AHp )" (13)
3 Results

In the following we choose ug =10 m/s and
AHp, =9000m as a standard parameter setting.
The behaviour of o, 8, and uy/u, is visualized in
Figures 2 and 3 in the range 0 <A0<10K and
0 <61 <907

Figures 2 shows the variation of the angles o and §,.
They represent the bend of the isobars at the front
and the direction of the post-frontal geostrophic
flow, respectively. The angle o is greatest for
8 near 60°. It is obtuse only for small values of A8
or for fronts which are preceded by an almost
frontal-parallel warm-air flow. The angle 8, is nega-
tive for a wide range of A 8 and §,. This implies that,
in general, the post-frontal geostrophic flow has a
northerly component, provided the x-axis points to
the east. For large values of 3, (almost front-parallel
geostrophic flow in the warm air) or small values of

© D 60 g0

3

Figure 2 Variation of 8, (solid isolines) and « (broken
isolines}) displayed as a function of §; and A for ug =10 m/s
and Hp.., = 9000 m,
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