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Absiract

A simple model is deduced to determine quasi analytically the mean coherent circulation within a
convective boundary layer at zero mean wind over a wavy surface with spatially variing surface heat flux.
For a lat surface with uniform heat flux Q from the surface into the boundary layer, the mean circulation
is strongest at a wavelength A = 4 H. Here, His the depth of the boundary layer. Wavy terrain with surface
amplitude & < H and a heat flux which varies at amplitude q < O around its mean cause the strongest
circulation at about the same wavelength. The mean circulation is amplified by a factor of about 1 + &
(2H) + g/(4Q). An increase in mean circulation causes a decrease in the turbulence fuctuations but
strongly enhances the effective diffusivitias, The circulation depends only weakly on the surface roughness
height. These results agree with results obtained from large eddy simulations. A variation ¢/Q has about
the samg effect as a variation in surface temperature relative to the mean temperature difference between
the surface (at roughness height) and the mixed layer. The model is used moreover to identify differences
betwcen bottom-up and top-down diffusion and to estimate the critical Rayleigh number for onset of
laminar convection and the critical Reynolds number for transition to turbulent convection.

Zusammenfassung

Ein einfaches Modcell der konvektiven Grenzschicht iiber welligem Uniergrund mit variablem
‘Winrmesirom

Fiir die mittlere, kohirente Zirkulation in der konvektiven Grenzschicht bei mittlerer Windstille wird ein
einfaches Modell abgeleitet, mit dem der EinfluB von welligem Untergrund und raumlich variierendem
Wirmestrom an der Oberfliche nahezu analytisch bestimmt werden kann. Bei ebener Oberflache mit
konstantem Wirmestrom Q von der Oberfliche in die Grenzschicht ist die mittlere Zirkulation am
stdrksten bei einer Wellenldnge A = 4 H ausgepragt, wobei H die Grenzschichtdicke ist. Welliger Unter-
grund mit Amplitude & < H oder ein mit Amplitude g < Q variierender Warmestrom verstarken die
Zirkulation amstarkstenbeietwa der gleichen Wellcnldnge und zwar umetwa den Faktor 1 + &(2H) + ¢/
(4Q). Mit zunehmender mittlerer Zirkulation nimmt die Intensitat turbule nzer Bewegungen ab. Zugleich
nimmt die efektive Diffusivitit stark zu. Der Einflud von Oberflachenrauhigkeiten auf diese Zirkulation
ist gering Diese Ergebnisse stimmen weitgehend mit Ergebnissen aus Grobstruktursimuifationen iiberein.
Die Variation von ¢/Q hat den gleichen Effekt wie eine rdumliche Variation der Oberflichentemperatur
relativ zur mittleren Temperaturdifferenz zwischen Oberfliche (in Hohe der Rauhigkeit) und Mi-
schungsschicht. Das Modell wird zudem zur Erkennung von Unterschieden zwischen aufwartsund abwarts
gerichteter Diffusion sowie zur Abschatzung der kritischen Rayleigh-Zahl fiir das Einsetzen laminarer
Konvektion sowie der kritischen Reynolds-Zahl fiir turbulente Konvektion benutzt.

1 Introduction

The effects of surface inhomogeneities on the structure
of the atmospheric boundary layer, the related surface
fluxes of heat and momentum, their parameterization
and remote sensing are subject of intensive research
within the World Climate Research Programme (Becker
et al., 1988). In this paper, we investigate the effects of
variable surface heat flux and variable terrain height on

the amplitude and scales of motion and on the related
turbulent transports in the dry convective boundary
layer (CBL), see Stull (1988). We assume zero or very
weak mean wind and assume that the CBL is capped by
a strong inversion so that vertical fluxes are vanishing at
the top of the mixed layer.

1t is well-Xnown to glider pilots (Reinhardt, 1985) that
wavy and thermally inhomogeneous terrain induces a



170 U. Schumann

Beitr. Phys. Atmosph.

regular convective flow structure with updraflts above
hills or relatively warmer surfaces. However, field ob-
servations of the structure of the atmospheric CBL, by
Kaimal et al. (1982), Druilhet etal. (1983), Jochum
(1988), and Huynh et al. (1990) found that “gently
rolling terrain” affectsthe turbulence only little, Wilczak
and Phillips (1986) found larger vertical velocity vari-
ance in particular in the upper CBL over the same
terrain investigated by Kaimal et al. (1982), presuma-
bly because of shear induced by upsiope flow and
advection (J. Wilczak, personal communication, 1991).
Hence, these experimental findings are about consist-
ent. But the experimental studies did not explain why
the effects of terrain appear to be smatl in most respect.

The case of periodic horizontal disturbances has been
investigated analytically for laminar subcritical con-
vection by Kelly and Pal (1978). Their linear analysis
shows that the case with periodic temperature variation
at flat walls is closely related to the constant tempera-
ture but undulated surface problem. Fully turbulent
convection has been investigated by means of large-
eddy simulation (LES). For example, the flow field in a
convective boundary layer at weak mean winds has
been determined forhomogeneous surfaces by Schmidt
and Schumann (1989). It was found that the lengthscale
of spectral maximum of vertical velocities inside the
mixed layer is about 1.5H, in close agreement with
experimental results by Caughey and Palmer (1979)
and Kaimalet al. (1982). Thislengthscale is determined
from horizontal spectra of vertical velocity which are
muluplied with wavenumber. As a consequence, this
scale is smaller than the mean distance between the
most energetic updrafts and downdrafts which is of
order 2 to 4 H (Schmidt and Schumann, 1989; Kret-
tenauer and Schumann, 1991; Moeng and Schumann,
1991). The average distance between all updrafts and
downdrafts is smaller and of order H (Schumann and
Moeng, 1991a). Laminar Rayleigh-Benard convection
above a surface with prescribed temperature sets in at
critical lengthscales of the order 2 H (Fiedler, 1989;
Krettenauver, 1991). (As discussed in the appendix,
larger lengthscales arise over surfaces with prescribed
heat flux.) However, Priestley (1962) and Ray (1965)
have shown that anisotropic turbulence with stronger
horizontal than vertical mixing increases the horizontal
scale of the convection. Since such anisotropies are
typical for turbulent boundary layers, turbulent con-
vection shows a little larger horizontal scale than lam-
inar cases.

The effects of inhomogeneous surface heating on the
turbulent CBL over a flatsurface has been investigated
using LESbyseveral authors. Hadfield (1988) observed
a general increase of velocity fluctuations due to an
idealized two-dimensional surface heat-flux perturba-
tion. Schmidt (1988) found considerable increase of

horizontal velocity fluctuations with increasing inho-
mogeneity but a small reduction in the vertical velocity
component. Graf and Schumann (1991) supported this
resuit from simulations in comparison with field ob-
servations including a weak mean wind. Hechtel et al.
(1990) simulated an observed case of the CBL with
weak meanwindincluding moisture elfects and random
surface properties; they found little influence of inho-
mogeneity on the turbulence statistics. Schidler (1990)
found larger effects from variations in surface moisture
variations at scales of the order 10 to 20 km using two-
dimensional simulations. On the other hand, Garratt
etal. (1990) found “barely signilicant” changes in
simulations of a sea breeze by random changes in
surface temperature and surface roughness, when us-
ing a two-dimensional model with horizontal grid
spacing of 7.5 km.

As a demonstrative example of the effect of inhomoge-
neous surface heating, Figure 1 shows results of a LES
of a CBL with zero mean wind and with periodically
varying surface heating. The simulation parameters are
as given in Schmidt and Schumann (1989) except that
the surface heat flux varies in a step-wise manner. It
amounts to (2/3) Q for 0 <x <2.5 H, but to (4/3) Q for
2.5 H<x <5 H.Here Qisthe mean heat flux and Hthe

Figure 1 Mean flow field in a vertical cross-section ol a CBL over
aflat surface with step-wise varying surface heat flux. The panels
show, from bottom totop: velocity vector field, horizontal veloci-
ty (contourincrement 0.1 w,), vertical velocity (0.1 w.), potential
temperature (8 T.), vertical heat flux (0.2 Q). Here Q = w. T. is
the horizontal mean of the surface heat flux; g/Q = 2/3.
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depth of the CBL. The resultant mean fields shown in
Figure 1 represent averages over all grid points along
the y coordinate. We observe astrong coherent circula-
tion pattern. In terms of the convective velocity scale
w,, the maximumupdraft/downdraft velocitiesare 1.02/
— 0.4 w,, respectively, the maximum horizontal veloci-
tyis1.32 w.. The updraftdeforms the stable layer above
the mixed layer only slightly. The resultant heat flux is
strongly concentrated and reaches a local maximum of
4.44 Q. In spite of the strong local updralt, the mean
vertical velocity variance w’< averaged over the x co-
ordinate, is slightly smaller than for the corresponding
homogeneous case with constant surface heating; the
maximum value of w2/ w2 is 0.40/0.43 in the inhomio-
geneous/homogeneous cases, respectively. However,
the horizontal velocity variance increases over the in-
h_omo§eneous surface; the maximum mean values ol
u"? w2 oceur near the bottom surface and amount to
0.57/0.32 in the two cases, respectively.

Turbulent convection over wavy terrain has been in-
vestigated by Krettenauer and Schumann (1989b),
Walko et al. (1990), and Krettenauer and Schumann
(1991). The latter have presented [igures similar io
Figure 1. It was shown that the motion structure reacts
most strongly to surface inhomogeneities at the wave-
length of the most dominant coherent structure which
exists also over homogeneous surfaces. This suggests
the existence of “resonant” convection (Kelly and Pal,
1978). However, a simple explanation of this scale
selection is not yet known.

As demonstrated by Egger (1987), very simple models
may be helpful to explain the basic properties of buoy-
ancy driven flows in rather complex cases like valley-
plain circulations. In this paper, an even simpler model
is deduced which, as we will see, explains quasi ana-
lytically many of the previous findings on the scale and
motion amplitudes of convection over inhomogeneous
terrain. The model is described in Section 2. In that
section it is assumed for simplicity that the turbulent
diffusivities can be prescribed. Section 3 deduces the
solutions, and Section 4 discusses the results of this
model. For comparisons, the same modelisalso applied
to laminar flow cases for which the solutions are given
in the Appendix. In Section 5, we refine the turbulence
model in that we deduce the amplitude of turbulent
motions (in contrast to the coherent motion part of the
mean circulation) from the budget of kinetic energy.
This will also explain variations of turbulent fluctua-
tions as a function of the forcing and of the scales of the
coherent motion part. Section 6 investigates the equiv-
alence of variations in surface heat flux and tempera-
ture variations. The effective diffusivities for mixing
within the CBL in vertical and horizontal directions
and for bottom-up and top-down diffusion are deduced
inSection 7. Finally,Section 8 summarizes and discusses
the results.

2 The Model

We consider the turbulent convection in a boundary
layer of mean depth H driven by a mean surface tem-
perature flux Q at zero mean wind. The surface is
assumed to have a regular wavy form with wavelength
A and amplitude 8 < H. The surface heat flux varies
also periodically with the same wavelength and ampli-
tude q < Q around the positive mean value Q. We
assume that all properties vary piecewise linearly. The
resultant mean deviations in the heat fluxes are * g/2.
In the case of Figure 1, ¢/Q = 2/3. The surface is as-
sumed to be rough with roughness height z; (we take
equal values for momentum and heat transfer, for
simplicity). The top of the boundary tayer is assumed to
be represented by a very stable inversion such that it
can be approximated by a rigid free-slip adiabatic
boundary. The fluid is exposed to gravity g. We assume
the Boussinesq approximation for a fluid with uniform
density p, and constant volumetric expansion coeffi-
cient B =— (@p/oT)/p; B = /T in air. Because of con-
stant mean surface heating, the volume averaged tem-

' petature T increases at constant rate

dT/dt=Q/H. '6))
In order to obtain an estimate of the resultant convec-
tive (coherent) motions we approximate the flow do-
main, as sketched in Figure 2, by four subdomains, 1 to
4, each of width b =A/4. On average the depth of the
subdomains is h = H/2. Between the subdomains, we
assume a flow with surface averaged velocities u from
domain 1 to domain 2, and, for continuity, at the same
rate from domain 3 to 4. In the vertical directions the
corresponding flow velocities from 2 to 3 and [rom 4 to
1 have the mean value w. Flow across other boundaries
of the subdomains are zero because of symmetry, pe-
riodicity and because of top and bottom boundary
conditions. Because of continuity,

uh=wb, )
This equation applies [or arbitrary values of 8 < H be-
cause the velocities are the Cartesian components and
because the domain height is 2 h at the mid-interface

Vool
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x

Figure 2 Sketch of a half-wave (wavelength A = 4b) of a vertical
cross-section of the periodic flow domain of mean height H = Zh
with surface height amplitude 8 and mean variations in surface
temperature flux Q + q/2,showing the four control voluminal to
4, and characteristic horizontal and vertical velocities u and w.
The domain extends infinitely in the homogeneous direction y
normal to the depicted cross-section,
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for symmetry. The volumessizes of the four subdomains,
per unit length in y direction, are

V,=V,=b(h+38/4), V,=V,=b(h-5/4). (3)

LetT,,i=1,2, 3,4,denote the mean local temperature
deviations from the (arbitrary) mean temperature T.
We approximate advective fluxes by “upstream” val-
ues, e.g. the flux from volume 1 to volume 2 equals
hu T;. Incontrast to central differences this introduces
some [inite mixing even for zero diffusive fluxes but
guarantees meaningful solutions for arbitrary magni-
tude of the velocities (Spalding, 1972). Without loss of
generality, this requires u 0. Moreover, we apply
Eq. (2). Then, the heat balance [or each of the sub-
domains results in

dT, )
1 == (Wh+ WD) (T, =T —w'h (T,-Tp) +
+(Q—q/2)b7V]CETT, )

dT
Vzd_tz =—(uh + u'h) (Ty=T}) - w'b (T, Ty) +

+(@+q2b-V, 5L, )
dT
V3Ft3:~(uh+w'b)(TsuTg—u'h(TS—m-
dT
-v, S 6
L (©
4d—[“ =—(uh +uh) (T, T,) - w’b (T,~T}) -
dT
VG Q)

Here, v and w” are eflective turbulence velocities
such that, e.g., w (T; - Ty) = - K, (T4- Ty )h, de-
scribes the turbulent flux density between volumes, e.g.
from1into 4. They are related to horizontal and vertical
diffusivities,

K,=v'b and K,=w'h, (8)

respectively. Below, the same diffusivities are used for
momentum transport, i.e. the turbulent Prandtl number
1s assumed to be equal to one.
The horizontal momentum balance is set up for a
control volume of size V, =bh enclosing either the
lower or the upper lateral interfaces between volumes
1 and 2 and between 3 and 4. The shear stress at the
bottom surface is denoted by — uZ as a function of the
friction velocity u.. To first order in geometrical terms,
the balances are

vu%‘tl =(p, + u¥4) (h + 5/4) -
- (p,+u¥4) (h - 8/4) +

+(py+ P+ Py+ Py 88—
~ped - 2w'ub-ulb, 9)

for the lower of the two volumes V , and
v, % =(py+u%4) (h— 8/4)

~(py+u¥4) (h + 8/4) +
+(p1+py+P3+ Py 8/8-2wub.  (10)

for the upper volume. Here p; is the mean pressure (per
unit mass) in the i-th control volume; p, is the pressure
at the bottom surface of the Jower domain V . The first
two terms on the right of the equations measure the
pressure force and the advection at the lateral bound-
aries of the control volume. The next terms describe
horizontal acceleration due to pressure forces on the
inclined -upper and lower surfaces of the subdomain.
The last terms account for vertical diffusive fluxes.
Horizontal diffusion of horizontal momentum is as-
sumed to be small in comparison to the advective parts
and neglected therefore. By hydrostatic approxima-
tion, to first order in geometrical terms,

ps=(p1+Py)/2- B (T,+T,)h/4. (11)

Similarly, the vertical momentum balance is formulat-
ed for the two control volumina enclosing the interface
between subdomains 2 and 3 and 4 and 1. The left of
these has the size V,, the right one has the size V,:

dw .

v, P (ps-p)b-PBe(T,+TpV/2-2u"hw, (12)

dw
Zdt
Here, the last term describes lateral mixing of vertical
momentum, which is a non-hydrostatic effect. The
vertical advection bw?/4 isequal onthe upperand lower
boundary of the control volume and drops out, there-
fore. Again, diffusion in the direction of the flow is
neglected.

A% =(py—py) b + B (T,+ T} V,/2-2u'h w. (13)

To close the set of equations, we have to specify the
turbulent diffusivities K, K,, and the surface friction
velocity u.. The latter is related to the horizontal flow
velocity u according to the Monin-Obukhov relation-
ships, following Paulson (1970) and Dyer (1974):

U=l () v (L) + v (L)), (14)

Vo (0 =2In [(1 + o )/2] +1n [(1 + ¢_2)/2) -

T

5

(D) =(1-165) M L= —ud (xBgQ), x = 0.41. (16)

These equations apply to the unstable case, i.e. for
Q = 0, where the Obukhov-length L is negative. They
are evaluated for z = h/2. Although strictly justified for
homogeneousboundarylayers only, Tsvanget al. (1991)

1s)

-2 arctan (q)r‘nl) +
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haveshown that theserelationships pertain also to non-
homogenecus surfaces.

The turbulent diffusivities are roughly approximated
by

K,=3avh, K ,=avh, 17
so that, see Eq. (8),

v =3av'hb, w=av. (18)
Here, 0. =0.1 and K, /K, = 3 are empirical parameters,
The impact of these assumptions will be discussed
below. In this section, we approximate the controlling
turbulence velocity by

vi=(witdud)'? w. = (BgHO)™, (19)

where w, is Deardorff’s convective velocity scale and v*
one possible form of a scaling velocity for sheared
convection, proposed by Pencand Albrecht (1987). An
alternative method to determine v* will be described in
Section 5.

3 Solutions

For steady state, i.e. dw/dt =0, Egs. (12), (13) with
Eq. (2), determine the pressure differences

Py~ Py =BE(T,+ T (h+8/4)2+2vubh¥b?  (20)
ps—p,=Be(T,+ Ty (h-8/4)2 -2vuh¥b: (21}
The sum of Egs. (9) and (10) gives

d
2V, d—‘i =(p,+P3—P,- PPN +

22
+(p1+p2— 2ps) 8/2—4w’ub—u5b. ( )

Using Eqgs. (11), (20), and (21) results in

2V, ‘3—‘: =— (4uw'h¥b%+ 4w'b) u—u?b +
+Pg[(T,+ Ty-T,-T)h%¥2- = (23}
—(Ty- T+ T, T,) h&/8].
For steady state, i.e. dTi/(dt) = 0, Egs. (4)«7) together
with (1) result in
T,-T,=-p(T,-T)) +W;

_b{1-8/(4h)-¢/Q} Q

Wi 2 (uh +w’b) ’ @4
Ty~ Ty=—v(T,- Ty + W,

b1 +38/4h) + g/Q} Q
Wy = 2h(u+u’) ’ (25)
To— Ty=n (T3~ T,) + Wy;

b {l-8/(4n)} Q 26)

T 2(h+wb)

Ty-Ty=v(T;-T)) + Wy,
W, = b {1 +6/(4h)} Q

27
4 2h(u+u’) 27)
where
Lhow bW
“bwaw’ V_h u+u’ (28)

This set of linear equations can be solved to obtain the
temperature differences

T,-Ty=D (- W,-uW,+uv W+ p?vW,),  (29)
T,-T,=D '~ W+ vWy+puv W,—uv?W), (30)
T,-T;=D (Wi p Wy W —uv W), G1)
To-T,=D {(W,-vW,—pv W, pv2W,).  (32)
The solutions exist since the determinant

D=1-p?v?=(1-pv) (1 +pv), (33)
stays positive, because of the usage of upstream differ-
ences, even for u” = w’ = 0if u > 0. Hence, the required
vertical and horizontal temperature differences are

Qu2-3H-¢/Q)+4u’]

T T T Ty= w(u+u)+w (u+20) 7 @4
and

T,+ T,-T,-T,=

_2O[w (2 +8/H +q/Q) +2w’(3/H + q/Q)] (35)

4H[w(u +u”) +w (u +2u)] o

Finally, inserting the temperature differences into
Eq. (23) and normalizing with w., Eq. (19), gives

Ed_u=_4(§u_’H3/l3+y_’J o ulrwls

w2 dt W We | Wa

w, [2w + (w + 2w") (8/H + ¢/Q)]
Swu+u)+w (u+2uf]

w.[4u" +u(2-8/H-g/Q)] 8/A

S[wu+u)y+w (u+2u)]

+(36)

For steady state (du/dt = 0), the solution w/w, of this
equation for given values of AH = 2b/h, 8/H = &/(2h),
q/Q, and for given zyH can be determined iteratively
by solving

u

Y w4+X%i1, where x'=2“ , @37)

We Wa

with
(u+u”) 2w + (w +2w") (8/H + ¢/Q)]
T B{4[8(uw.) HYA + ww.] + Cyudwd m
(u+u)[du +u(2-8/H-gQ)] 8/r
8{4[8 (u'iwa) HYA + wiw.] + Cyuawa) m

with m = [w (u +u’) + w' (u + 2u’)].

(38)
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Here w = 2uH/A and C, = u./u is the drag coefficient
given by the solution using Eq. (14). In the iteration
which is used to evaluate the above solution, one has to
make sure that the solutions get nonnegative. This is
important in particular for homogeneous surfaces with
& = q =0, because in this case a positive solution exists

only for & > A, see below.

4 Discussion

4.1 Limiting Analytical Results

The model equations show that the normalized surface
undulation amplitude 8/H and the relative change in
heat flux g/Q control the response to surface inhomo-
geneities. The importance of surface inhomogeneities
depends on the wavelength A/H. In order to get some
insight in the model’s solutions we first consider the
cases of very large or very small wavelengths. For the
limiting case of /H — oo, u’fw, — 0, compare Eq. (18),
and therefore

u 1 / ¢/Q+8/H W
w. 2 dwlw.+ Cqudw,  wy —0. (39)

In this limit, variations by 8/H and 4/Q have equivalent
elfects. One obtains a finite coherent circulation which
magnitude depends strongly on the vertical turbulence
velocity w’ and also on the [riction velocity u.. Obvi-
ously, the smaller the turbulence velocity scales are the
stronger is the large-scale convection. Since C; <1,
surface friction will in general be less important than
the convective turbulence in limiting the coherent
motions.

In. the other extreme, for very short wavelengths,
AMH <« 1, weobtainu << 0, w << w’,C; =0, and

u 11w H3
w. 18432 2 H°

6/H / 24 ——1|. (4
+q/Q + kkj (40}

Here, the terms containing & vanish over smooth
terrain where 8/H goes to zero faster than (MH)?. The
result suggests zero motions over homogeneous terrain
and a strong dependence on «, i.e. on turbulent diffu-
sion.

However, this solution is valid only for very small
motion amplitudes. Since, as we will see below, u gets
quickly larger than v’, in particular for finite inhomoge-
neity, we also have arange where w” << u, u” < u, and
A/H ol order unity, for which we find

u \/ 1+3/H+ ¢/(2Q) - (3/H + ¢/Q) 8/(4H)
16 (48HY A%+ 1) & + 4C uw.

W

ZH
—u=> 41
w=uss, (41)

i.e. larger values for small A/H and a weaker depend-
ence on ¢. The weaker dependence on « for large mo-
tion amplitudes rcveals the fact that the convective
circulation is only partly limited by turbulent mixing. In
fact itis limitcd mainly by the amount of heat available
todrive the circulation, i.e. by we. This result shows also
that the surface friction plays the smaller rcle in com-
parison to the convective turbulence in limiting the
coherent motions. Moreover, we note the nonlinear
interaction of undulation and variable heat flux. If both
types of inhomogeneity are present, the coherent cir-
culation induced by variable surface heating gets re-
duced over wavy terrain. The resulls for the limiting
cases of large and small wavelengths together show the
existence of a wavelength &, with maximum coher-
ent motion.

For a wavelength of order 4 H, for Cy « 1, and for
small inhomogeneities, Eq. (41) reduces to the simple
result

1+i+i} w=1. (42)

Here, A=10fora=0.05,and A =0.7 for a=0.1.

The limiting results for a homogeneous surface, i.e.
8 = q =0, arc casily derived from the above equations.
We see that u/w, — 0 both for very small and very
large wavelengths. Asdiscussed in the Appendix, thisis
a noteworthy result because it deviates from the linear
theory of convection which predicts onsct of laminar
convection over a uniformly heated surface at infinite
wavclengths, Also the zero solution for homogeneous
surface given by Eq. (40) is surprising. One may ask,
when the solution gets positive. In fact, if we deter-
mine the general solution for §=q =0, and (or
u << u’, w << w’, for which C; «< 1, we find

u W
w. 8(2u +wMH)
’ H3 W’ -1 x wlur
LI B TR 43
[ W, 7L3+w,] H w? (43)

Obviously, a positive solution exists only if the last
bracketed term is positive. This is the case il A exceeds

a critical wavelength A_.... where
A | S12w2a® (vrw)®
S —_— ], (44)
H |1-32yed(viw)?

with w =K, /K,. For y =3, as assumed in this paper,
and for v’ =w., we get A, /H=1.503 il @ =0.1, and
Aon/H =0.874 if & =0.05. To first order, A_; Brows
as w2, Formally this kind of condition is similar to a
critical Rayleigh number [or the onset of laminar con-
vection, see Appendix. However the present condition
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means that narrow convection cells which span verti-
cally over the whole layer depth get dissipated by
lateral turbulent mixing, It does not mean that there is
no turbulence at smaller scales.

4.2 Numerical Results for the General Cases

Figures 3 and 4 show the numerical solutions of Eg.
(37) for cases with zero heat flux variations (full curves)
and for cases with plane surfaces (dashed curves) and
for various values of the inhomogeneity parameters,
&/H and g/Q, as a [unction of wavelength A/H., The
ligures contain twosetsof solutions, one foro = 0.1,and
one for 0.05. The numerical solutions clearly show the
existence of a critical wavelength A, below which the
motion amplitude iszerofor & = q = (). The value of this
wavelength is as predicted by Eq. (44). The sudden
transition does not arise [or finite inhomogeneity; here
the motion amplitude is finite even for subcritical wave-
lengths, see Eq. (40). As expected from Eq. (41}, u
increases strongly with decreasing a. Moreover,
smaller values of o shift the wavelength A_;, to larger
values, whereas the wavelength A .. is less sensitive to
this parameter. Alsoanincreasein the ratioy = K /K,
which we assumed to be y = 3, causes an increase in
these wavelengths with \pm, as suggested by Eq. (44).
The same trend in the wavelength of maximum re-
sponse was predicted before by Priestley (1962) and
shown analytically by Ray (1965). From LES, we ex-
pect a coherent motion amplitude of order unity and a
wavelength of order 4 H, Therelore, the selected ratio
ol diffusivity values and the values of in between 0.05
and 0.1 appear to be realistic. Tests with other models
for v', including v =w,, and v’ = w, + 0.1u (1 + /b),
showed that such variations are unimportant.

Figure 3 shows that the coherent flow part achieves a
broad maximum at a A, in between 4 and 7 H with
respect to the horizontal component. The vertical one,
see Figure 4, exhibits a more pronounced maximum
between 2 and 3 H. We see that both inhomogeneity
parameters increase the coherent circulation, but the
circulation is quite large already for 6 =q=0. The
wavelength of maximum response increases slightly
for increasing inhomogeneity parameters. The numer-
ical results show the strong increase proportional to (A/
H)’ [or MH < 0.1, see Eq. (40), but proporticnal to (A
H)2 for larger values with A/H < 1, as can be seen from
Eq. (41). The results also show the tendency towards a
finite asymptotic value at large wavelengths. This re-
ductionbecomes effective atlarge A for whichw = 2uH/
A < w’, so that w’ dominates the vertical exchange, see
Eq. (39). For small wavelengths we get similar respons-
estor&/Hasforq/(2Q). However [or large wavelengths,
equivalent responses are obtained for &/H = q/Q. The
asymptoticvalueiszero for 8 = q = 0,compare Eq. (39).
Further parameter studies have shown a very weak

L A T S Bt
AH

Figure 3 Horizontal convection velocity ww. versus wavelength
A/H for various values of terrain amplitude &H = 0,0.1, and 0.5,
with q/Q =0 (full curves), and for various valucs ol surface
heating ¢/Q = 0,0.1,and 0.5, with &H = ) (dashed curves). Thick
curves for o = 0.1, thin curves for a = 0.05, see Eq. (17). Asym-
ptotic solutions for A/H = 1000 = oo (o = 0.1) are indicated at the
right vertical axis. The crosses denote the LES results from
Krettenaver and Schumann (1991) for 8/H = 0.1 and ¢/Q = 0, the
triangle represents the LES shown in Figure 1 with &H =0,
@/Q = 2/3. In all cases, z/H = 107%,

1
We

L 6
A
Figure 4 Same as Figure 3 for the vertical convection velocity
wiw. versus wavelength A/H.

sensitivity to the surlace roughness height; its effect is
less than 4 % for 0 < zyH < 1074,

4.3 Comparisons with Numerical Results

Asdiscussed in the introduction, LES results show that
the characteristic distance between updrafts and the
wavelength of maximum w-spectrum is of order 1.5 to
4 H for homogeneous surfaces. Also, the maximum
root-mean-square value of the horizontal velocity fluc-
tuations and the maximum value of u in conditional
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plume averages is of order 0.7 w.. Moreover, Kret-
tenauer and Schumann (1989) found a maximum re-
sponse to wavy terrainforA = 4 H. These findings are in
rough agreement with the prediction of the model for
o =0.1 as shown in Figures 3 and 4. However, the
fipures show that the simple model underestimates the
maximum response in motion amplitude for wavy ter-
rain of amplitude &H = 0.1, in comparison to the LES
results. In this respect, the results for « = 0.05 agree
slightly better. The smallness of o indicates that tur-
bulent mixing between updrafts and downdrafts is rath-
er weak in comparison to the transports by coherent
motions and this is consistent with the analysis of
Schumann and Moeng (1991b). The rather strong sen-
sitivity to o suggests that the false diffusion introduced
in this model by upstream differences (Spalding, 1972)
is relatively unimportant. On the other hand, as noted
in Section 2, we have neglected turbulent diffusion in
flow direction. Further analysis has shown that inclu-
sion of this diffusivity causes a slower increase of u/wx
withA/H and larger wavelengths of maximum response
so that the results agree less with the LES results. The
present model predicts about the same magnitude as
the LES over wavy terrain and over flat terrain with
variable heat flux. The model even explains approxi-
mately the appearance of a sudden transition from
small to large circutation amplitudes in the LES. How-
ever, the maximum of response near A/H = 4 is more
pronounced in the LES than in the model. We note that
the LES results refer to the maximum values of w/w.,,
where u denotes the local maximum of the mean hori-
zontal circulation velocity, whereas the present theory
predicts an average velocity u within a volume of size
(H/2) - (\/4). The LES results shown by the symbols in
Figure 4 represent the average of the updraft and the
downdraft velocity magnitudes. The triangle rellects a
ratherstrongreaction which isreasonable in view of the
large value of the inhomogeneity parameter, q/Q = 2/3,
of this case, whereas the crosses apply to &¥H = 0.1. The
simple model predicts equal velocities for updrafts and
downdrafts which, in reality, are quite different. More-
over, the simple model excludes variations on smaller
scales which may react more strongly. Figure 1 shows
that the updraft is quite narrow while the downdraft is
much wider. Hence we cannot expect complete agree-
ment. However, both the LES and the present model
agree in predicting approximately the same trends in
velocity magnitude. In view of the differences between
the LES and the model, the agreement appears to be
satisfactory. The present model predicts the mean cir-
culation magnitude up to a factor of about two.

4.4 Vertical and Horizontal Temperature
Differences

The temperature differences are given in Egs. (34) and
(35). We note that the differences are finite even for
u=w =0,

T-TorTi-Ty Q-8/H-9/Q) _

iT‘(l_E_iﬂ_), (45)

2T, [1 + -‘—L] , (46)

where the latter relations apply for A = 4 H, T+ = Q/w..
The temperature differences are finite because the
essential mixing is implicit in the model which assumes
a given flux of heat from the surface without consider-
ing the details of the heat transfer process. The heat
input causes the increase in mean temperature within
the layer. Both processes are independent of the turbu-
lent mixing inside the mixed layer. This explains also
why false diffusion by finite difference errors in the
model is relatively unimportant.

Eq. (46) predicts a mean temperature difference of
about 2 to 3 T.. From LES and measurements {Schu-
mann and Moeng, 1991a), this value varies between
3.2 T, near the surface and zero at the top of the mixed
layer. Hence, the simple model gives about the correct
magnitude.

5 Energetics of Coherent and Furbulent
Motion Parts

In the previous section the turbulent velocity scale v
was assumed to be a given function of w, and u., see
Eq. (19). In this section, v’ will be estimated from the
budget of turbulent kinetic energy. The total kinetic
energy E,, = E + ¢, averaged over the whole domain,
is composed of the energy E =y (u? + wz)/2 of the co-
herent motion part plus e = 3 v'%/2, the turbulent mo-
tion part. The factor y measures the ratio between the
averaged energy of the coherent motion and its maxi-
mum value. For a linear variation of the velocities
within the four subdomains, as it is consistent with the
present model concept, we have y = 1/3. The total en-
ergy satisfies

S (E+e)=1p0-e, (47)

where the source term describes the energy production
due to buoyancy and ¢ is the viscous dissipation rate.
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The factor 1/2 enters the buoyant part because the
mean heat flux decreases from its surface value to zero
at the top and equals Q/2 on average. Shear contribu-
tions from the coherent motions are irrelevant in this
sum, because shear production of turbulent moticns
equals shear energy loss of coherent motions. Also
diffusion and pressure contributions vanish because
they are zero in the volume mean for the given bound-
ary conditions, The energy of the coherent motion part
satisfies

iE=*y(1.1——+w——]=*yuc‘1j—1:(l+h;"/b2), (48)

where the last relation comes from continuity. The
difference of Egs. (47) and (48), normalized by w., see
Eq. (19), gives

H d 1 He u H du 2,8 2
———e=_——""T—-y ————(1+4HYAY). 49
The acceleration term du/dt is given by Eq. (36). The
dissipation rate eis commonly related to the turbulence
velocities by

e _ (v
L L,

E E

(50)

where L, is the dissipation lengthscale. For the homo-
genecus case and vanishing coherent motions, e com-
prises the total kinetic energy. For this case, Krettenau-
er and Schumann (1991) show that L_ = (.93 H. For a
CBL topped by a [inite inversion this value is little
smaller and about 0.8 H (Schumann, 1991a). If the
coherent motions are non-zero, the lengthscale issmaller
because it measures the size of the turbulent parts only.
Hunt et al. (1989) proposed to relate L, to the mean
shear. In rough agreement with their proposal, we set

UV w212 -1
DRGNS
Here, 2u/h and 2w/b are the effective shear rates in the
hoerizontal and vertical directions. The coefficient o is
to be adjusted empirically. Here we will present results
for 6 = 1. The results don’t change significantly if we
vary ¢ between 0.5 and 2. These approximations allow
us to compute v* from Eq. (49) for steady state, i.e. for
de/dt =0,

Ls—0.93[H-1+03m

W

V’37 3/2LE 1 u H du Zrn 2

pe RGOS [2 Yoz g (AN ()
From the solution v’, we can now determine the diffu-
sivities as a function ol the turbulence intensity, using
Eq. (17). Foru = 0, Eq. (52) predicts realistically a rms
value v/ = [(2/3)¥2 0.93/2]"* w, = 0.633 w,. The corre-
sponding total energy is E, , = 0.6 w2, In order to com-

pare the results obtained in this section with those
obtained in Section 4 for o =0.05, we use o = 0.05/
0.633 = 0.079. By this selection of & we obtain the same
solutions for u — 0. For increasing u, the turbulent part
diminuishes because part of the heat flux is now carried
by the coherent motion part. For larger values ol u, v/
reaches a minimum and then increases because of
increasing contributions by shear, both internally and
by surface [riction. This becomes more obvious if one
inserts Eq. (36), which shows that for small u/w., the
buoyancy part reduces about linearly with u, because
part of the heat flux is transported by the coherent
motion part. For larger velocity u, the shear part grows
about quadratically with u. Hence, we expect that v’
decreases from 0.633 w, for A¥VH =0 down to a mini-
mum value near A and increases again for very large
wavelengths. For § = g = 0, its value returns to that for
zero wavelength, because, in such homogeneous cases,
u — 0 for WVH — <.

Iterative solutions of these equations require some
underrelaxation which indicates that the steady state
solution is prone to at least weak instabilities. Figure 5
shows the resultant turbulence intensities in terms of
total kinetic energy and in terms of the individual
components, for &H =0.1, q=0. It should be noted
that these results depend quite strongly on the mode}
parameters, in particular on o and y, Nevertheless, the
numerical results are in agreement with the theoretical
expectation. We see that v’ which approximates the
total variance in the y direction, decreases with &H up
to a brocad minimum near 8/H of order five. The vertical
velocity variance, computed as the sum of coherent and
turbulent motions, shows a non-monotonic behaviour
but decreases and reaches v’ for large wavelengths. Only
the horizontal velocity variance shows a significant
increase at A/H > 2. However, thisincrease isnot strong
enough to prevent a slight reduction in total kinetic
energy. The coherent motion amplitude stays finite for
very large wavelengths because of the finite terrain
undulation in this example. Therefore, for MVH — o0, all
energy components are smaller than for A = 0.

Figures6and 7 show resultsfora = 0.079similar tothose
in Figures 3 and 4 for o = 0.05, but now with variable
turbulence intensity. Because of smaller v"and, hence,
reduced diffusivities, the peak amplitude of the coher-
ent motions is larger than for fixed diffusivities. In
comparison to the LES results, the curvesdo agree only
slightly better. Hence, the model of Section 4 is about
equally valid with respect to the mean coherent mo-
tions, but we cannot support the increase of the turbu-
lence velocity scale as a function of friction velocity, see
Eq. (19), which we adopted from Penc and Albrecht
(1987). In contrary, our analysis suggests that the rele-
vant turbulent scale decreases with increasing u./w., at
least for small values of this ratio.
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Figure 5 Total energy E,,,, and energies of the three velocity
components. Lateral: v%/2, vertical: v4/2 + yw?/2, and horizontal:
22 + 2, versus wavelength AH, for ¢/Q =0, &H =0.1,
7/H = 107*,a = 0.079.

Finally, Figure 8 shows the motion amplitudes versus
the inhomogeneity parameters for fixed wavelength
and surface roughness values. The velocity u increases
about linearly, compare Eq. (42). Again, we see that
the undulated surface has stronger effects than an
equivalent variation in the surface heating. The vertical
velocity increases also but more slowly, The totat kinet-
ic energy stays close to constant but the turbulence
velocity decreases slightly, as explained above. The
friction velocity stays close to constant. The vertical
velocity variance v + yw2 (not plotted) increases but
slightly (by about 10% in the parameter range of
Figure 8).

If zo/H is reduced by a [actor of 100 (to 10~ 6), then we
obtain slightly (about 4 %) larger flow velocities and
an about 3¢ % smaller [riction velocity. An increase of
zH to 1072 causes larger changes (20 % reduction in
flow velocity and about 100 % increase in friction ve-
locity). However, the qualitative trends remain un-
changed.

6 Relationship between Heat Flux and
Temperature Variations

The present theory applies for a given mean tempera-
ture flux Q with mean variations * g/2. If these fluxes
are unknown butif instead we know the mean temper-
ature difference ® =T () — (T + T,)/2 between
the surface temperature at roughness height (which
still differs from the radiatively effective surface tem-
perature, see Schumann, 1988) and the temperature
within the lJower mixed layer, and know the horizontal
temperature variation, say its amplitude 9, at the sur-
face, then we may estimate the convection from the
present model if we knew the dependence of the heat

0 - ; . . T =
0 2 . 5 8 o
AH
Figure 6 Same as Figure 3 but for variable turbulence fluctuati-
ons v* and for @ = 0.079 (comparable to o = 0.05 in Figure 3).

0.0 4 4

w "~

o

J 6
AH

Figure 7 Same as Figure 4 but for variable turbulence fluctuati-
ons v and for a = 0.079 (comparable to & = 0.05 in Figure 4).

Hx

0 02 oe 07

o1
d{H, ¢lQ
Figure 8 Circulation parameters versus inhomogeneity parame-
ters 8/H (full curves) and q/Q (dashed curves) for A/H =4,
zy/H = 107", o = 0.079. The curves indicate the velocities of the
coherent motions in horizontal direction (ww.), and in vertical
dircetion (w/w,), the total kinetic energy E,/wi, turbulence
velocity v'/w., and surface friction velocity u./w..
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fluxes on the surface temperatures. It appears reason-
able to assume that %/@ = g/Q, because the heat trans-
fer, for the same [ow field, is linear in the temperature
dilferences. For zero mean wind and a coherent circu-
lation over homogeneous surfaces, the mean heat flux
isapproximately related, according to Schumann (1988},
by

Q = 0w, [zy(10H)}'?, (53)
or inversely,

w. = (Bg®)PH'P (2410)"°. )

This result allows one to evaluate u as a function of the
external parameters [rom the present model [or given
surface temperature differences. Itis an approximative
result because the relationships used do notaccount for
changesin the heat [lux from variations in the coherent
circulation.

Alternatively, we may evaluate the heat transfer as a
function of the effective velocity at the surface and the
local temperature differences using the local Monin-
Obukhov functions as in Schumann (1988). The effec-
tive velocity is estimated as u + 0.7 v’. This accounts for
the fact that even for zero coherent motions the surface
experiences fluctuating turbulent motions of ampli-
tude 0.7 v". The factor 0.7 has been justilied empirically
in Schumann (1988). Consequently, the following rela-
tionships are used to determine an effective friction
velocity U,, the related values ol the temperature dif-
ference ©, and the effective Obukhov lengthscale L:

01+0d/2

6. =%[ln (2 zg) -y, (& E) Wy (ZO'/E)] , (55)

u+07v = l:(—*[m (2/zp) -y, @L) +y,, (z41)].(56)

Qzxqg?2 ~ ﬁ?
0,=—"--+"~-, L=-—————. 57
5. NI N

Here y,, was specified in Eq. (15) and

¥ (O =21 [(1 + 93 ")2], ¢, (§) = (1 - 162) 12, (58)
see Paulson (1970) and Dyer (1974).

Numerical evaluations of these equations have shown
that the equivalence %@ = ¢/Q is valid indeed. More-
over,ithasbeenfound that the ratio of ®@(u)/@&(0) is close
to unity for all values of the flow velocity u shown in
Figure 6. Moreover, @ is closely approximated by
Eg. (53). We found that the mean temperature differ-
ence changes only very little with the wavelength, The
maximumvariationis 10 %. (Wefound aslightincrease
of ® with increasing u which is a disturbing fact; it
reflects limitationsin the validity of the Monin-Obukhov

relationships for u < w,.) The weak variation ol © is
consistent with the LES results; Krettenauer and
Schumann (1991) found an even smaller variation of
3 %. Hence, in the present case with zero mean wind,
the heat flux is mainly controlled by the turbulent
motions at the surface. The coherent motion partis less
important.

7 Effective Diffusivities

In this section, first we estimate the effective vertical
diffusivity Ky, for heat transfer between the two lower
and the two upper subdomains (not to be confound
with K,). The result will be compared to the effective
diffusivity for turbulent fluxes through the bottom
surface into the two lower subdomains, Ky. Secondly,
the elfective horizontal diffusivity Ky; is discussed. Fi-
nally, we will deduce the vertical diffusivities, Kup and
Kyown [or bottom-up and top-down diffusion for a
species emitted with a mean flux C and horizontal
variation c either upwards at the bottom surface or
downwards at the top boundary.

The mean vertical heat flux through the interface be-
tween the lower and upper subdomains equals Q/2.

This flux is related to Ky, by
T,+T,-T,-T
Q__ Ky BT e 1z (59)
2 2h

The temperature difference is given by Eq. (34). Hence,
we can evaluate K. The result is

Hlw{u+u)+w (u+2u?)]
40’ +u(2-8H-q/Q)

For ¥H — 0, or more generally foru -5 0, w - 0, we
have

Ky=K,=wHR2. (61)

Ky = (60)

On the other hand, for v << u,

K. - (w+w)H

YV 2_8H-¢Q
Hence, Ky increasesstrongly with increasing amplitude
of the coherent motions. We expect 2 maximum for
A/H = 3, where the vertical velocity achieves its maxi-
mum. For larger wavelengths, the diflusivity decreases.
This is reasonable because any heat added to the lower
subdomain is first transported with the mean circula-
tionhorizontally before it eventually is carried upwards.
The larger the horizontal circulation wavelength, the
slower will be the vertical mixing. We further observe
an increase of vertical diffusivity with increasing inho-
mogeneity. This comes from increase in vertical velocity
which enters the above expression explicitly and also
by reducing the vertical temperature differences; the

(62)
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latter causes the factorin the denominator. ForAVH = 4,
we may apply Eq. (42) to estimate w = uh/b so that

KVEW*H%[1+—+7~—). (63)
Figure 9 depicts the dependence of Ky, Eq. (60), on
MH and on the inhomogeneity parameters, As to be
expected from the above analysis, the diffusivity is
small for A/H = 0, and maximum near &/H = 3. For very
large wavelengths, it returns to the value for AVH =0
because of vanishing vertical mean velocity.

This result suggests a strong impact of inhomogeneities
on vertical mixing. This is true with respect to internal
mixing. However, the mixing from the surface into the
CBL is controlled by small-scale turbulence which is
much less affected by the coherent motions. From
Eq. (53) we find the effective diffusivity at the surface

113
Q 1 Zy
=2 - wH . 64
STem 2" (1OHJ ©4

Asisthe case for the friction velocity and for the surface
temperature difference, this diffusivityis approximatelz
independent of the coherent motion. ForzyH = 1077,
its value is Kg/(w,H) = 0.01, whereas the internal mix-
ing diffusivity Ky, is much larger. Hence, the variation
of diffusivity within the mixed layer is rather unimpor-
tant for vertical transports from the surface through the
CBL.

Next, we determine the effective horizontal diffusivity
which controls the heat flux, induced by the differential
heating q, between the left subdomains (1 and 4) and
the right ones (2 and 3). Here the mean horizontal flux
is — gA/(8H). This flux grows infinitely with A/H. The
mean temperature gradient (T, + T; —'T; - T,)/(2b) is
given by Eq. (35). It is applied for Q =0, because the

Figure 9 Vertical effective diffusivity K/(w.H) versus wave-
length 3/H for various values of terrain amplitude /H = 0,0.1, and
0.5, with ¢/Q = 0 {full curves), and for various values of surface
heating ¢/Q =0, 0.1, and 0.5, with 8/H =0 (dashed curves).
Asymptotic solutions for A/H = 1000 = «c are indicated at the rig-
ht vertical axis; zy/H = 10~*, « = 0.079.

flux.is driven by that temperature gradient which is
induced by q only. The result is

_AwW@+u)+w(u+2u)
KH_4 W+ 2w ' 63)

Note that this diffusivity depends cn the inhomogene-
ity parameters only indirectly by virtue of u and w. For
very small wavelength or vanishing coherent motions,
it equals Ky = K, = bu’ =3av'H/2. For larger wave-
length, however, its value increases up to infinity as
Ky — Au/8. Such a large diffusivity is required to give
finite temperaturc gradients for the growing lateral
heat flux. For u” << u, w’ << w, Ky; = Au/4. The ratio of
horizontal to vertical diffusivitiesis K /Ky, = A (4H?
forsuch conditions and smallinhomogeneity. For A = 4R
we obtain Ky = 4Ky, and

Ky =w.HA [1+8/(2 H) + gi(4 Q)]. (66)

It is reasonable to expect that K;/Ky is larger than
K,/K, =3, because the small-scale turbulence is more
isotropic than the large-scale coherent motion. Note
that the same model implies Ky = K, at the lateral
sides of the domain sketched in Figure 2. Therefore, a
species which is diffused laterally over several convec-
tion cells will experience a considerably smaller hori-
zontal diffusivity. The present model would give
2 (K; '+ Ky))™! for this parameter, but this does not
account for three-dimensional flow between various
convection cells.

Finally, we compute the diffusivities for vertical trans-
port of a scalar which is emitted with mean flux C and
horizontal variability ¢, as corresponding to Q and q.
For bottom-up diffusion, i.e. for given surface fluxes
and zero fluxes at the top of the boundary layer, the
budget equations for the speciesconcentrationsc;in the
four domains are formally the same as those for the
temperatures T, Hence, the resultant concentrations
can be read from Egs. (29) to (32) with T;, Q, q replaced
by ¢;, C, ¢, respectively. We obtain
_Hw(@u+u)+w (u+2u)] (67)
R 4u'+u-8/MH-dC)
Note the formal similarity to K, Eq. (60), as expected.
However, we now see more clearly that the inhomoge-
neity q/Q affects the diffusivity only by means of the
velocities u and w. Foru” << u, w” << w, we have

Hw

K, =—"+
W 2-8/H-¢/C 68)
For /H = 4, using Eq. (42), this gives
=w,HA(149,9 , ¢
Kup_w.H4(1+H+4Q+2C). (69)

For the top-down diffusion case, we assume that the
fluxes are imposed at the top boundary, simulating
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entrainment flux from above the inversion. The flux C
istakenpositively downwards; the variation ¢ is positive
ifthe flux intosubdomain 3islarger thanintosubdomain
4, depicted in Figure 2, In this case, we have to start
fromslightly changed budgetequations, similartothose
in Egs. (4) to (7). One quickly notes that the changes
affect the source terms only. Therelore, the solutions
are formally the same as given by Eqgs. (29) to (32), with
T; replaced by c;, and changed delinitions of the W;:

_{1+8/2ZH) C

W= e (70

=Rl e ()
W= {1+ 5;((2;[1 :,?;C} C , 72)
ORTIR S

From these solutions we evaluate K, ., = Ch/
{cq + ¢4 — ¢ ~ cy), which results in

w{u+u)+w (u+2u’)

K =H . 74
dowa 4u'+u (2+ 8/H + ¢/C) 74)
For v’ << u, w” << w, and A = 4 H, one obtains
A q c
K =w,H— |1+ ——|. 75
down w 4 ( +4Q zcj ( )

We see that the bottom-up diffusivity is larger than the
top-down diffusivity over undulated terrain. This is a
consequence of the asymmetry of the flow structure.
For bottom-up diffusion the species is transported first
with the shorter updraft while for top-down diffusion
the species is transported f{irst with the longer down-
draft. The bottom-up diffusivity is also larger than its
top-down counterpartif ¢ > (. This is caused by the fact
that the extra flux cis added into the upward branch of
the circulation from below (subdomain 2) but into the
horizontal branch from above (subdomain 3). This
topological asymmetry drops if the sign of cis changed
at one of the boundaries. For 8 = ¢ = 0, i.e. for homo-
geneous surfaces, the present model gives equal values
for both kinds of diffusion. This is, as we will discuss
below, notrealistic,but a consequence of the symmetric
flow structure which is assumed in this model.

8 Conclusions

The simple model described in this paper gives quasi
analytical solutions which approximately predict the
amplitude of coherent convective circulations together
with turbulent mixing over homogeneous and over
inhomogeneous surfaces with variable surface heigth
O6/H <1 and variable surface heat flux ¢/Q <1 and
{whichhasbeenshown tobeequivalent)variablesurface

temperature. Under the condition of zero mean wind
and for a CBL capped by a strong inversion, we have
shown that the dominant scales of convection over
homogeneous surfaces are of the order 2 to 4 H. At
these wavelengths, inhomogeneities [rom variable
surface heat flux and from surface undulation have
about equivalent effects if &H = q/(2Q); for large
wavelengths, the equivalence is given for 8/H = g/Q.
Surface inhomogeneities cause a weak increase in the
mean circulation intensity, however, at the expense of
smaller turbulent fluctuations.

Certainly, the model cannot provide more than order of
magnitude estimates because of all its simplifications.
Nevertheless, it is surprising to see how well such a
model compares to the LES results and tofindings from
observations even in the quantitative sense. This re-
flects the fact that the structure of the CBL is controlled
by the most energetic large-scale circulation which can
be represented even in two dimensions and resolved
with just four grid cells. Moreover, the motion ampli-
tude adjustssuch that it carries the right amount of heat
from the surface into the fluid layer. This process is
controlled by the heatinput at the surface but otherwise
only weakly dependend on small-scale turbulent mix-
ing. For a given surface heat flux the details of the heat
transfer process get unimportant for the internal dy-
namics. Instead, the motion amplitude depends only on
the square root of the turbulent diffusivities whereas
the onset of laminar convection, as given by the critical
Rayleigh number (see the Appendix), for given heat
flux, scales with the third power of the diffusivities. This
explains why a very coarse resolution suffices. With
respect to surface friction the sensitivity is even weaker
because the surface friction velocity is much smaller
than the convective velocity scale. However, surface
roughness does control the surface temperature dif-
ference, which varies approximately with (zOIH)m.

The model shows that the coherent and the turbulent
motions compete for the given buoyancy forcing. For
increasing coherent motions, buoyant production rate
ofsmallerscales getsreduced. The shear induced by the
coherent motions does enhance small-scale turbulence
but at the same time reduces the turbulent lengthscales
and hence increases the dissipation rate of turbulent
motions. For these reasons the turbulence intensity will
most likely decrease over inhomogeneous terrain with
more pronounced coherent motion parts. The contri-
bution of coherent motion to the total vertical velocity
variance is small at large wavelengths. This explains
why Schmidt (1988} and Graf and Schumann (1991)
found aslight decrease of vertical velocity {luctuations
for variable surface heating. The results show that the
convectionresponses to inhomogeneities most strongly
near the internal scale of convection over homogene-
ous terrain. Hence the model also explains why Kret-
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tenauer and Schumann (1991) found a “resonant” re-
sponse toundulated terrain at wavelengths of the order
4 H. Moreover, the weak impact of surface undulations
on the total kinetic energy is consistent with what their
LES has given.

‘When the model is applied [or laminar flow, see Ap-
pendix, it predicts a critical Rayleigh number of 384
instead of the exact value 720. This is not far off in view
of the fact that the Rayleigh number depends on the
fourth power of lengthscales. Moreover, we have esti-
mated the value of the critical Reynolds number, which
is about 50 and independent of the Prandtl number, by
comparing laminar and turbulentsolutions. Krettenauer
and Schumann (1989b, 1991) found turbulent solutions
from direct numerical simulations for Re = 10{; they
did not test at smaller Reynolds numbers. Hence, this
estimate is again consistent with previous results. The
strong difference between the critical wavelength for
the onset of laminar convection and that of maximum
nonlinear convective response, both in the laminar and
turbulent model, is of theoretical interest (Fiedler,
1989). It explains the weak sensitivity of turbulent
convection to the type of thermal boundary condition
at the surface (Krettenauer and Schumann, 1989a).

Although the applicability of diffusion concepts is
questionable for flows with strong coherent motion
parts (Ebert et al., 1989}, it is nevertheless interesting
to estimate their magnitude and to analyse their de-
pendence on the coherent motions. The model reveals
the rather strong importance of surface inhomo-
geneities for vertical and horizontal mixing of species
introduced into the interiour of the CBL. For a homo-
geneous surface, the etfective vertical diffustvity is
Ky/{(w.H) =03 for mixing between the lower and
upper part of the mixed layer over a homogeneous
surface. Because of larger horizontal flow velocity and
increasing mixing lengthscale, the ratio of horizontal to
vertical diffusivities within a convection cell grows with
the square of A/H. However, it remains open how far
this result applies to lateral exchange between various
convection cells, which is poorly represented in the
present two-dimensional model. On the other hand,
the inhomogeneities have weak effect on mixing from
the surface into the CBL.

As shown by Wyngaard and Weil (1991) and others, a
species introduced through an area source at the layer
top and having zero flux through the bottom (i.e., one
undergoing “top-down” diffusion) has a well-behaved
eddy diffusivity with maximum value of about 0.2 w.H
{Schumann, 1989). But one introduced at the bottom,
with zero flux at the top (“bottom-up” diffusion) has a
much different diffusivity profile. It may show a singu-
larity with very large or negative values butis otherwise
of order 0.4 w.H (Schumann, 1989). This transport
asymmetry is caused in the CBL by the skewed turbu-

lence structure composed of strong updrafts which
shrink in mean cross-section with altitude within the
mixed layer, and are surrounded by weak and wide
downdrafts. The present model gives about the correct
magnitude of the diffusivity but, since this asymmetry is
not included, it does not predict differences between
bottom-up and top-down diffusion for homogenecus
cases. Some further analysis (the details are omitted
here for brevity, see Schumann 1991b) with a model
that assumes different widths for the updraftand down-
draft parts instead of b still does not explain this
asymmetry, whereas a model which assumes a vertical
variation in the width of the updraft and downdraft
parts does. However, the present model predicts
asymmetry between bottom-up and top-down diffusion
for a passive species when the bottom surface is un-
dulated. Hence, an asymmetry of geometrical nature
has similar effects as an asymmetry of dynamical na-
ture.

Itshould be noted that the large-scale coherent motions
require long times to reach a steady circulation. The
time scales of the present model can be read from Eqgs.
(4) to (7) and (23). The largest time scales are those to
reach thermal equilibrium (of order b/u” + h/w’)
whereas those for velocity are smaller in this model (of
order (2h)/(20'h3b3 + 4w’ + C,4 u4)) because of conti-
nuity and imposed symmetry. From LES we know that
steady state is reached after a time of about 6 H/w, for
A/H =4, which amounts to more than one hour for
typical scale values in the atmosphere. The time scale
increases with A/H. The mean circulation cannot fully
develop if the flow passes over the surface wave within
a time interval shorter than the time in which the
circulation develops. Hence, the mean wind U must be
small in comparison to w. to establish strong circula-
tions and to make the present theory applicable, Oth-
erwise, the reactions tosurface variations will be smaller
than predicted by the present model. However, the
effects ol inhomogeneities should be notable at smaller
spatial scales with shorter time scales (e.g. by triggering
local thermals or bubbles), which are not resolved by
the simple model. Such local motions have been ob-
served by Reinhardt (1985). He reported about bursts
at the edges of forest areas surrounded by cultured
acres.

The present model shows that the structure of the CBL
is mainly controlled by its mean depth and the mean
surface heat flux. With the exception of internal mixing,
variations in these parameters atscales smaller than the
depth of the boundary layer are of small importance
with respect to the motions in the CBL. The surface
roughness has little dynamical effect on the structure of
the CBL but strongly influences the relation between
heat flux and temperature at the surface. Perhaps,
future studies provide similarly simple models for cases
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with strong mean wind, including the effects of nonzero
momentumand heat exchange at the top of the boundary
layer.

Appendix
Laminar Solutions and Critical Rayleigh and
Reynolds Number

The model given in Section 2 applies to laminar [low
with viscosity v and conductivity vy if we set
u’ = v/b, w’ =v/h, and u? =2vu/h in the momentum
balances, Eqgs. (9) to (13),and setu”=y/b, w’ =v/h in
the heat balances, Eqs. (4) to (7). The resultant equa-
tions have solutions similar to those given in Sections 3
and 4, in particular

(4h%b*+ 6) vu/h =

wil2w + (w + 29/h) (8/H + ¢/Q)]

T g [w(u+yb) +(u+2y/b) yh]
w3 [4y/b + u (2 - 8/H - ¢/Q)] 8/
i [Wu+yb)+(u+2yb)y/h] -~

If onc evaluates this equation for small convective
velocities, 1.¢. foru << vhandw << v/b, for homogene-
ous surfaces, onc finds that positive velocilies develop
only if the Rayleigh number Ra exceeds a critical value
which depends on the wavelength,

(76)

4
RazEEQ§L>eM(6+64Hﬁxﬂ. 77)
vy
Hence, laminar convection sets in first at infinite
wavelength X at a critical Rayleigh number

Ra, =384, (78)

Krettenauer (1991) deduced the critical conditions frem
solving the exact laminar equations. He found also that
convection starts {irst at inlinite wavelength and com-
puted Ra_.., = 720.

Limiting solutions over inhomogeneous terrain for
laminar flow are

crit

v f1lwH Lg)
Wi 48 v H Q,°
A
for = 5 e 79
or e, (79)
2 3
i:w*Hli{£+i+45£},
w., 32vy 23lH Q A2
A
for =—-10. 80
or == (80)

Inthe latter result, the terms including 8must go to zero
for A — 0, which is the case for a sufficiently smooth

terrain. The limiting results in Egs. (78) to (80) remain
unchanged if diffusion along the flow direction is in-
cluded in the model.

For laminar flow, cvaluations of the equations show
that w achieves its maximum at about h = b (A = 2H),
with 1" << u and w’ << w. For this case, one obtains

w.H
LI A \/1+5+q 8 (£+ij,(81)

W. W, 80v H 20 4H\H Q
Tt is interesting to note that this solution is independ-
ent of the Prandtl number v/y. The amplitude of the

laminar solution exceeds that of the turbulent case, see
Eq. (42), if

w.H
Re =
Y

>80A > 56. (82)

Hence, it appears reasonable to expect that the con-
vection becomes turbulent if the Reynolds number Re
exceeds a critical value of order 50.

The analysis shows that the critical wavelength for the
onset of laminar convection (which is infinite and con-
trolled by molecular diffusivity) is much different from
the wavelength where the largest amplitude of motions
occur atsupercritical Rayleigh numbers. The latter is of
order Hand only weakly dependent on the diffusivities.
A similar conclusion has been obtained, {rom a con-
tinuum analysis, by Fiedler (1989). Tt is well known that
the critical wavelength for the onset of laminar convec-
tion is finite and of order H if the bottom boundary
condition prescribes constant temperature instead of
constant heat [lux. In this case, turbulent convection
shows maximum intensity also at about the same
wavelength. These findings explain why the scales of
turbulent motions for convection are about the same
over surfaces with prescribed heat [lux and surfaces
with prescribed temperature, as has been shown by
LES of such casesin Krettenauer and Schumann (1989a).
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