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1 Introduction

The structured singular value (called also 1) was introduced to study linear
models with structured parametric uncertainties [1] and later extended to
cope with parametric uncertainties described by linear fractional transfor-
mations {L¥Ts) [2, 3]. The evolving u-analysis and synthesis methodology
represents a powerful tool for robust control design of systems with struc-
tured real parametric uncertainties described by LFTs (see for instance [4]
for a complex synthesis example). In order to use such a methodoly, LFTs
based uncertainty model are necessary to be developed.

In this working note we discuss the general aspects of the automatic ge-
neration of LFTs based parametric uncertainty models from a generic non-
linear aircraft-dynamics model. As it will be apparent, a computer assisted
modelling methodology for the generation of linear models with LFTs ba-
sed parametric uncertainty descriptions integrates many specialized software
tools as for instance tools for object-oriented modeling to generate parti-
cular aircraft models, tools for simulation and numerical computations to
determine equilibrium points and to reduce the order of L¥FT systems, and
symbolic computations tools to perform linearization and to generate LEFTSs
based uncertainty descriptions.



2 Development of Generic Models

The dynamical behaviour of many lumped-parameter processes, and in par-
ticular of a flying aircraft, can be described by non-linear dynamic system
models of the form

Bla(t). p)ilt) = Fla(t), u(t), p) 0

y(t) = Glz(t), u(i), p)

where z, u, y are the state-, input- and output—vectors respectively, and p is
the vector of model parameters. The matrix E(z(#), p) is structurally non-
singular and thus can be inverted if necessary. A generic aircraft model can
be seen as the interconnection of several dvnamical and static subsystems
describing different parts of the aircraft dynamics and of the interactions of
aircraft with its flying environment. Generic models are useful for obtai-
ning dynamical models of particular aircrafts by appropriately choosing the
various component subsystems and the corresponding parameter sets.

A generic model based approach for aircraft-dynamics modelling has been
recently proposed in {3]. This approach is based on the object-oriented mo-
delling environment Dymola [6, 7] and is a versatile methodology to generate
particular aircraft models for simulation purposes. Dymola provides facilities
for the generation of simulation codes for several simulation environments.
For instance, the Fortran simulation code generated for the DSSIM simula-
tion module of ANDECS can be used not only for simulation purposes, but
also to compute equilibrium points for the nonlinear model (1). The MAT-
LAB code generated for simulation with SIMULINK can be easily simplified
and translated into a MAPLE-readable format to obtain symbolic description
of the non-linear aircraft model.

3 Computation of Equilibrium Points

A prerequisite for linearization is the availability of equilibrium points cor-
responding to specific flight conditions. The generic nonlinear model im-
plemented in Dymola can be used to automatically generate the Fortran
subprograms to be used by DSSTAT module of ANDECS to compute equili-
brium points for nonlinear systems. The computation of equilibrium points
can be done either by specifying the constant inputs u{t) = @ and computing
z and ¢, the corresponding equilibrium values of the state and output vectors
respectively, or by specifying a desired stationary output % and looking for T
and u. In both cases the resulting equilibrium points set {Z, @, g} satisfies,
for the nominal values of parameters, the system of nonlinear of equations
0 = F(z, a,p
g = Gz, u,p) @)
Depending on user’s option, it is possible to enlarge the parameter set p
with the computed equilibrium points set values in order to account for the
uncertainties produced by neglecting higher order terms during liniarizations.
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4 Development of Generic Symbolic Models

With the computed equilibrium points it is possible to generate from a generic
aircraft model implemented in Dymola a generic symbolic model suitable for
linearization. The approach which we propose relies on the MATLAB code
which can be generated for SIMULINK with the help of Dymola [7]. The
resulting .m file is an ordinary text file devised to evaluate “the right hand
sides “ B

F(dz, bu, p) = [E(Z+ 4z, p)] 'Flz, u+du, p)

= f
G(dz, du, p) = G(T+dz, u+du,p) (3)

corresponding to the ordinary differential equations arising from (1). This
text file can be easily modified to conform with the syntax of MAPLE, a
powerful symbolic computations tool. Because of the well structured layout
of the MATLAB interface, most of necessary modifications can be done au-
tomatically by using standard stream editing tools (for instance the UNIX
programs sed or awk)}. The only difficulty is caused by the presence of if-
then-else constructs in the generated MATLAB code. These constructs can
be eliminated by implementing a specialized conversion program which can
use the MATLAB file itself to check the various if-conditions in the com-
puted equilibrium points and to select from the alternative expression that
one which corresponds to the true or false value of the if-condition. This
approach relies on the eval function provided in MATLAB to interpret and
evaluate strings containing MATLAB expressions. In this way, the conver-
sion program produces explicit symbolic expressions, readable from MAPLE,
for {0z, Su, p) and G(bx, du, p) to serve further for symbolic evaluation of
the matrices of the linearized model.

9 Symbolic Linearization

By linearization of the non-linear model (1) in the neighborhood of an equi-
librium points set {z,%,%} we obtain a linear-time invariant model of the
form
bz = A(p)éx + Blp)ou (4
dy = Cip)dx+ D{p)du (4)

where the system matrices can be computed symbolically from the expressi-
ons of F(dx, du, p) and G {6z, du, p) in (3) as follows

_ 8F{8z,8u,p) v 8F {8z, du,
Alp) = Jmi smp ¢+ BO) = %&) dr=0 °
su=0 §u=0
(5)
_ 8G(éz, fu.p _ 3@!53:,611, }
Clp) = o6e)  |s==t Dip) = ET E dr=0

The computation of these matrices can be easily performed by using the
differentiation and partial evaluation functions provided in MAPLE.



6 Generation of LFTs Descriptions

The elements of the matrices of the linearized system (4) depend only on the
parameters p;, 2 = 1,...,q. {As mentioned before, the vector p optionally can
include the components of the equilibrium state-, input- and output-vectors
z. 4, and §.) Any uncertainty in a parameter p; expressed as p; € [p, D |
can transcribed in a normalized form p; = pip + sipdp; with |6p;] < 1, pip =
(p; + P:)/2 and s;p = (p; — p:)/2. This locai parameter uncertainty can be
also expressed as an elementary upper LFT

; -
i g 5i0 -
2:fu [ ,0P: | -
P \11 PMJ p)

Recall that for a partitioned matrix M

My My ‘E c R{Pi+p2ix{q1+g2}

M= [ My My |

L

and for A € R®*™, the upper LFT F,,(M, A) is defined as
fu(ﬂ’f, A) = Mys + 11/{21 (I — ;/_\Mll)_liﬁﬂ/flg.

If all elements of matrices A, B, C and D are rational functions in para-
meters p;, i = 1,...,q, then the parametric uncertainties at the components
level can be transformed to structured uncertainties at the level of system
matrices by using the properties of LFTs [2]. Thus for the system matrices,
LFT uncertainty models can be generated in the forms

Ay A } ) ( By, By -I )
A == fu 1 A i B{ = fu ? A !
(v) ( { A Ag Al (r) By Bg B

N Cn Crz / . I Dy
C(p) - fu([cﬂ CO :|7‘/—\‘C)a D\p) - fu D21 Dg ;AD ’

where A 4, Ap, A¢ and Ap are diagonal matrices having on the diagonal the
normalized uncertainty parameters ép;, op,, ..., dp,. Notice that Ay, By, Cy
and Dy are the nominal values of the respective matrices (for all dp; set to
Zero).

Procedures to generate LFTs based uncertainty descriptions have been
proposed in [8] and [9]. For the approach proposed in [8] MATLAB imple-
mentations are also available. These implementations rely on the assumption
that all elements of system matrices are rational functions in parameters.

For our purposes, an alternative approach based on using the symbolic
package MAPLE seems to be more attractive for the following reasons:

¢ The matrices of the linearized model are already generated in MAPLE
format from the previous step.



e Non-rational matrix elements can be easily handled within MAPLE, by
replacing any non-rational expression with an appropriate order Taylor
series based polynomial approximation.

e An optimization feature present in MAPLE allows to minimize the
number of multiplications in evaluating polynomials in several varia-
bles. This leads implicitly to the minimization of the ordera of all LF'T
description constructed for individual elements of the system matrices.
It is in our opinion very likely that the global LE'T descriptions obtai-
ned in this way will have smaller order than those resulted with the
procedure proposed in [8]. Moreover. the intrinsic built-in minimiza-
tion feature is also beneficial in case of using the alternative procedure
proposed in [9].

Preliminary MAPLE programs are already available for several basic opera-
tions involving LETs.

7 Further Processing

In order to obtain LFTs based parametric descriptions suitable for use in
p-analysis and synthesis several further processing are usually necessary. A
reordering of diagonal elements of the uncertainty matrices A4, Ap, Ae
and Ap is frequently necessary, in order to obtain repeated blocks. Such
grouping is also necessary if we intend to further reduce the order of resulted
LFTs descriptions. This processing step can be performed simbolically with
MAPLE.

Further computations are essentially numerical and thus it is necessary to
import the resulting LFTs description of system matrices from MAPLE into
ANDECS (or MATLAB). This can be done by using a dedicated program
to perform the conversion of MAPLE matrix data format into the ANDECS
data-base format. Such a conversion is presently problematic because of the
lack in the current version of ANDECS of appropriate control data objects
(CDOs) to handle LFT based parametric uncertainty models. Tt is intended
however to include such CDOs in the new version {Version 2.0) of ANDECS
[10%.

The resulting LFTs based parametric descriptions are generally non-
minimal. The construction minimal order descriptions is essentially a mult-
idimensional minimal realization problem, which even for the 2-D case is a
very difhicult problem to solve. Although the intrinsic minimization built
in the procedures to generate the LFTs models helps to keep the resulting
orders lower, these orders are usually still to large because of non-minimality
of the overal LF'T descriptions. An ad-hoc procedure suggested in [8] can
be used for reducing the order of individual repeated blocks. The procedure
essentially solves 1-D minimal realizations problems for each repeated block.
Although there is no guaranty for minimality, this procedure is apparently
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effective on many practical examples. A more involved approach based on
model reduction techniques for LFT systems can be also used [11]. The use
of the latter procedure involves the solution of Lyapunov-type linear matriz
inequalities (LMIs). Efficient computational procedures for this purpose are
still under development. [12]

8 Conclusions

For the automatic generation of LFTs based parametric uncertaiuty descrip-
tions from a generic aircraft-dynamics model, the following problems are to
be solved:

1. Elaboration of a generic aircraft-dynamics model which explicitly ac-
counts for parametric uncertainties

2. Implementation of a conversion module {in MATLAB, Fortran or C)
to translate a standard MATLAB-SIMULINK simulation .m file into a
MAPLE readable program

3. Implementation of MAPLE procedures for the following symbolic ma-
nipulations:
e linearization of nonlinear systems
e climination of non-rational parametric expressions

e generation of multidimensional LFT system description for a ra-
tional expression

e generation of multidimensional LFT system description for the
system matrices

» postprocessing of resulting LFTs to form repeated blocks

e outputing the resulting LFTs in a format appropriate for conver-
sion to ANDECS CDOs format

4. Tmplementation of ANDECS programs for handling CDOs with LFTs

5. Implementation of a conversion program from MAPLE to ANDECS
for LFTs

6. Implementation of numerical procedures for order reduction of LFTs
Systems
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