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ABSTRACT

Sparse signal recovery is an important problem in compressed sens-
ing, signal/image processing, computational imaging and machine
learning. The design of the sensing matrix is crucial in compressed
sensing. While random Gaussian sensing matrices are relatively
easier to construct, it is known that matrices constituting a tight
frame provide superior reconstruction performance. We formulate
the problem of sparse signal recovery using a new data-fidelity term
that effectively “tightens” the sensing matrix, and incorporate the
minimax concave penalty (MCP) instead of the ℓ1-norm for promot-
ing sparsity. We carry out the optimization using a proximal gradient
method and its Nesterov accelerated counterpart. Simulation results
demonstrate that the proposed algorithms result in up to three times
faster convergence and superior reconstruction accuracy over bench-
mark methods.

Index Terms— Sparse recovery, tight frames, back-projection
loss, minimax concave penalty, nonconvex optimization

1. INTRODUCTION

Recovering sparse signals from compressed measurements is of sig-
nificant interest in various signal and image processing problems [1]
and several computational imaging applications such as compressed
sensing image recovery [2], optical-coherence tomography [3], seis-
mic imaging [4], magnetic resonance imaging [5], single-pixel cam-
era [6], radar imaging [7], etc. In compressed sensing [8], the signal
of interest x∗ ∈ Rn is assumed to have a sparse representation in a
suitable basis. The compressed measurements take the form

y = Ax∗ + w, (1)

where A ∈ Rm×n, m ≪ n denotes the sensing matrix, and w ∈
Rm denotes the measurement noise. By exploiting sparsity, one can
recover x∗ from compressed linear measurements y ideally by solv-
ing the ℓ0-minimization problem

minimize
x∈Rn

∥x∥0, subject to ∥Ax − y∥2 ≤ ϵ, (2)

where ∥·∥0-pseudonorm is the count of the number of nonzero en-
tries in its argument. Since the optimization problem is combinatori-
ally complex, greedy methods such as matching pursuit and its vari-
ants [9–11] or iterative-thresholding-based methods [12] arrive at ap-
proximate solutions to (2). However, they are susceptible to noise. A
computationally viable alternative is to replace the objective function
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in (2) by the ℓ1-norm. If the sensing matrix satisfies the restricted
isometry property (RIP) [13], then the solutions to both problems are
equivalent with a very high probability. The unconstrained version
of the ℓ1-minimization (ℓ1-regularized least-squares) problem takes
the following form:

minimize
x∈Rn

1
2
∥Ax − y∥2

2 + λ ∥x∥1, (3)

where λ > 0 is a regularization parameter that trades-off between
data-fidelity and sparsity. The optimization problem in (3) can be
solved using proximal gradient methods such as iterative shrinkage
thresholding algorithm (ISTA) [14], its fast variant (FISTA) [15],
approximate message passing (AMP) algorithms [16], and deep-
unfolding based neural network methods [17–19].

While the ℓ1-regularized least-squares problem has been widely
used for applications in sparse recovery owing to convexity, noncon-
vex approximations to the ℓ0-pseudonorm have been shown to pro-
vide superior estimates [19–27]. In particular, the amplitude estima-
tion accuracy can be improved using the minimax concave penalty
(MCP) [23] as suggested in [26, 28]. It was shown in [23] that the
MCP provides nearly unbiased amplitude estimates in comparison
to ℓ1-minimization. As the name suggests, the MCP is obtained
as the minimizer of a certain measure of maximum concavity. The
MCP itself is nonconvex, but it lends itself to efficient computation
of the proximal operator thereby enabling the development of prox-
imal gradient methods. More precisely, the proximal operator of the
MCP turns out to be piecewise linear and provides unbiased esti-
mates particularly for large amplitude coefficients.

The design of the sensing matrix is crucial in compressed sens-
ing. Sensing matrices that constitute a Parseval tight frame have
been shown to minimize the recovery error [29]. On the other hand,
the construction of Gaussian sensing matrices is relatively simple.
In this paper, we use a generalized data-fidelity term that effectively
tightens the sensing matrix, given non-tight Gaussian sensing ma-
trix. We consider the MCP as the sparsity-promoting regularizer for
solving the sparse signal recovery problem.

1.1. Contributions of This Paper

We employ the recently proposed tight-frame data-fidelity loss [30]
or the backprojection loss [31] coupled with the MCP (Section 3).
We solve the sparse recovery problem using an iterative proximal
gradient method and its accelerated counterpart. Experimental re-
sults showing faster convergence and superior reconstruction accu-
racy over the benchmark methods are reported in Section 4. Before
proceeding further, we recall essential mathematical preliminaries
pertaining to tight frames and the minimax concave penalty (Sec-
tion 2).
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2. MATHEMATICAL PRELIMINARIES

2.1. Tight Frames and Compressed Sensing

A set of n vectors {vi ∈ Rm}n
i=1, n ≥ m, is said to constitute a

frame [32, 33] for Rm if there exist constants α and β, 0 < α ≤
β < ∞ such that ∀x ∈ Rn, the following partial-energy equivalence
holds:

α ∥x∥2
2 ≤

n

∑
i=1

|⟨x, vi⟩|2 ≤ β ∥x∥2
2 . (4)

We have a tight frame if α = β, and a Parseval tight frame if
α = β = 1. Stacking the vectors in the form of a matrix V =
[v1 v2 · · · vn] ∈ Rm×n, the Parseval tight-frame property can be
expressed as a matrix property: VVT = I, where I denotes the iden-
tity matrix. Effectively, V is the left-inverse of VT, and we refer to
V as a tight-frame matrix.

Let A = [a1 a2 · · · an] ∈ Rm×n denote the sensing matrix.
Incoherence between the columns of A and a smaller spread in its
singular values result in accurate sparse recovery. More precisely,
it has been shown that equiangular tight frames (ETFs) achieve the
lowest coherence, i.e., the Welch bound [13], in which case, any
pair of columns in A have the same coherence. A hurdle, however,
is that the existence of ETFs for arbitrary choices of m and n is
not guaranteed. Moreover, construction of an ETF is a challeng-
ing problem [34, 35]. In comparison, Gaussian sensing matrices are
relatively easier to construct and satisfy the RIP with a high proba-
bility [13]. Therefore, Gaussian sensing matrices are typically pre-
ferred to ETFs in compressed sensing applications. Our endeavour
is to bridge Gaussian sensing matrices and tight frames.

2.2. Minimax Concave Penalty

The measure of maximum concavity of a differentiable function h :
[0,+∞) → R is defined as

κ(h) = sup
0<x1<x2

h′(x1)− h′(x2)

x2 − x1
, (5)

where h′ denotes the derivative of h. It can be shown that κ(h) is
bounded below by 0 when h is concave. A concave function h satis-
fies

h(x2) ≤ h(x1) + h′(x1)(x2 − x1), and

h(x1) ≤ h(x2) + h′(x2)(x1 − x2),

for all x1, x2 ∈ R. Summing the two inequalities, we get
(h′(x1)− h′(x2)) (x2 − x1) ≥ 0, for all x1, x2 ∈ R. Therefore,
x2 > x1 > 0 =⇒ h′(x2)− h′(x1) ≤ 0 =⇒ κ(h) ≥ 0. The
minimax concave penalty is obtained by minimizing κ(h) subject to
certain boundary conditions, as recalled next.

Theorem 1 (Minimax concave penalty [28]). A differentiable, con-
cave function h : [0,+∞) → R that satisfies the boundary condi-
tions h(0) = h(0+) = 0, h′(x) = 0, ∀x ≥ γλ, h′(0+) = λ, γ >
1, λ > 0, and minimizes the measure of maximum concavity κ(h) is
given by

h(x) =


λx − x2

2γ
, x < λγ,

λ2γ

2
, x ≥ λγ.

(6)

The MCP g : R → R is constructed by symmetrizing h as

−γλ −λ +λ +γλ
x

0

λ2γ
2

λ|x|
g(x)

((a))

−γλ −λ +λ +γλ
x

−λγ

0

+λγ

proxλ|·|(x)

proxg(x)

((b))

Fig. 1: Comparison of (a) sparsity promoting penalties and (b) the
corresponding proximal operators.

g(x) = h(|x|). The proximal operator of g is given by [28]

proxg(x) = arg min
y∈R

1
2
(x − y)2 + g(y),

= min
{
|x|, max

{
γ

γ−1
(|x|−λ), 0

}}
sgn(x), (7)

where sgn denotes the signum function. Fig. 1 compares MCP and
the ℓ1-norm and their proximal operators.

3. SPARSE RECOVERY USING TIGHT FRAMES AND THE
MINIMAX CONCAVE PENALTY

Consider the canonical sparse recovery problem with a B-norm data-
fidelity term:

minimize
x∈Rn

1
2
∥y − Ax∥2

B + g(x), (8)

where g(x) is the MCP and operates element-wise on its arguments.
The sensing matrix A ∈ Rm×n is assumed to have full row-rank

and unit ℓ2-norm columns. For the choice of B =
(
AAT

)− 1
2 , the

data-fidelity term equals

1
2
∥y − Ax∥2

B =
1
2

∥∥∥A†(y − Ax)
∥∥∥2

2
,

where A† = AT
(
AAT

)−1 denotes the right pseudoinverse of A.
Recall that A is assumed to have full row-rank, which ensures the
existence of B. It is verifiable that the effective sensing matrix BA
constitutes a Parseval tight-frame. In this paper, we employ the for-

mulation in (8) with B =
(
AAT

)− 1
2 for sparse recovery and use

proximal gradient methods to solve the optimization problem. The
benchmark methods used for comparison are ISTA [14], FISTA [15],
TF variants — TF-ISTA, TF-FISTA, RTF-ISTA, and RTF-FISTA
from [30]. RTF-ISTA and RTF-FISTA are rescaled-gradient versions
of TF-ISTA and TF-FISTA, respectively, derived by normalizing the
columns of the effective sensing matrix. For more details, the reader
is referred to [30]. We also adapt these algorithms to include MCP
instead of ℓ1 for accurate sparse recovery. The resulting algorithms
are called TF-MCP, its Nesterov accelerated variant TF-FMCP, and
their rescaled gradient versions RTF-MCP and RTF-FMCP, and their
updates are listed below.
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15% Sparsity 20% Sparsity 25% Sparsity

Fig. 2: Performance comparison of the techniques under consideration: MSE (dB) vs. iterations for measurements obtained with 50%
compression ratio at 50 dB SNR for varying sparsity levels. The plots show that the TF-FMCP and RTF-FMCP techniques converge faster
than the benchmark techniques. At 15% sparsity, RTF-FMCP converges in about 100 iterations, while FMCP converges in about 300 iterations
to provide similar performance.

• The MCP update is given by

xk+1 = proxηg

(
xk − ηAT(Axk − y)

)
, (9)

where 0 < η < 1 is the step-size parameter. The proxηg
operator is given in (7).

• The FMCP (fast MCP) updates are given by

xk+1 = proxηg

(
zk − ηAT(Azk − y)

)
,

tk+1 =
1 +

√
1 + 4t2

k

2
,

zk+1 = xk+1 +

(
tk − 1
tk+1

)
(xk+1 − xk) ,

(10)

where t0 = 1, z0 = x0 = A†y.
• The TF-MCP update is given by

xk+1 = proxηg

(
xk − ηA†(Axk − y)

)
. (11)

• The rescaled tight-frame MCP (RTF-MCP) update is given
by

xk+1 = proxηg

(
xk − ηC−1A†(Axk − y)

)
, (12)

where C =
(
A†A

)
⊙ I, ⊙ denotes the Hadamard product.

• The TF-FMCP (fast TF-MCP) updates are given by

xk+1 = proxηg

(
zk − ηA†(Azk − y)

)
,

tk+1 =
1 +

√
1 + 4t2

k

2
,

zk+1 = xk+1 +

(
tk − 1
tk+1

)
(xk+1 − xk) ,

(13)

• The RTF-FMCP (fast RTF-MCP) updates are given by

xk+1 = proxηg

(
zk − ηC−1A†(Azk − y)

)
,

tk+1 =
1 +

√
1 + 4t2

k

2
,

zk+1 = xk+1 +

(
tk − 1
tk+1

)
(xk+1 − xk) .

(14)

4. EXPERIMENTAL VALIDATION

We consider experiments on simulated synthesis-sparse signals. The
support for the ground-truth sparse signal x∗ ∈ R1000 is selected
using a uniform distribution, while the amplitudes are drawn from a
normal distribution. The sparsity factor ρ is defined to be ∥x∗∥0/n.
The elements in the sensing matrix A ∈ Rm×n are i.i.d. follow-
ing the standard Gaussian distribution N (0, 1). The columns of
the sensing matrix A ∈ Rm×n are rescaled to have unit ℓ2-norm.
The measurement vector y ∈ Rm is constructed as y = Ax∗ + w,
where w is a Gaussian noise vector with entries having zero mean
and variance σ2. One hundred realizations {x∗i }100

i=1 are generated
and the corresponding reconstructions {x̂∗i }100

i=1 are obtained. Sparse
signal recovery is performed using the techniques proposed in Sec-
tion 3 and the benchmark techniques. The performance is quantified
in terms of the mean-squared error (MSE) and reconstruction signal-
to-noise-ratio (RSNR):

MSE = 20 · log10

(
∑100

i=1 ∥x̂i − x∗i ∥2

∑100
i=1 ∥x∗i ∥2

)
dB,

RSNR =
1

100

100

∑
i=1

20 · log10

( ∥x∗i ∥2

∥x̂i − x∗i ∥2

)
dB.

(15)

Fig. 2 compares the iterate convergence of the methods un-
der consideration for various sparsity levels. Notably, RTF-FMCP
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Fig. 3: RSNR comparison of various sparse recovery techniques for 50% compression ratio. The figure reveals that TF-MCP and RTF-
MCP demonstrate superior performance compared to MCP. As the sparsity factor increases (corresponding to a higher number of non-zeros
in the reconstructed signal), TF-FMCP outperforms FMCP. However, at higher noise levels (lower SNR values), FMCP exhibits superior
performance compared to TF-FMCP.

demonstrates the fastest convergence at 15% sparsity, reaching con-
vergence within 100 iterations, compared to 300 iterations of FMCP.
At 20% sparsity, TF-FMCP is the fastest with convergence achieved
in 50 iterations, followed by RTF-FMCP at 100 iterations and FMCP
at 150 iterations. In the 25% sparsity scenario, both TF-FMCP and
RTF-FMCP outperform the other methods in terms of speed of
convergence. In general, TF/RTF-MCP versions are better than
the benchmark methods. Fig. 3 compares the RSNR, as a function
of SNR and sparsity, for various sparse signal recovery methods
(for 50% compression ratio). The contours delineate RSNR levels.
The bright pixels indicate high RSNR and dark pixels indicate low
RSNR. Notably, TF-MCP and RTF-MCP demonstrate substantial
performance improvements over MCP. FMCP and RTF-FMCP ex-
hibit similar performance, with TF variants slightly outperforming
MCP at higher sparsity levels. Conversely, FMCP shows a slight
advantage over TF variants at low SNRs. A similar observation was
made in the context of analysis-sparse ℓ1 penalty in [30].

5. CONCLUSIONS

In this paper, we integrated non-convex regularization functions,
specifically the MCP, for sparse recovery with tight-frame data-
fidelity to obtain tight-frame minimax concave penalty (TF-MCP)
algorithm. Further, we accelerated the reconstruction by incorpo-
rating Nesterov’s momentum, resulting in the TF-FMCP algorithm.
Rescaled variants, namely RTF-MCP and RTF-FMCP, were derived
by normalizing the columns of the effective sensing matrix. The
experiments show that sparse recovery with a tight-frame sensing
matrix provides superior performance compared to non-tight-frame
matrices. Between MCP and ℓ1 regularizers, the former outper-
forms the latter. A combination of the tight-frame data-fidelity and
its variants improve the performance over standard least-squares.
Specifically, rescaling the gradients helps accelerate convergence
and provides the best performance. The techniques TF-FMCP and
RTF-FMCP converge the fastest and provide the best reconstruction
performance overall. In summary, sparse recovery performance im-
proves with one or more of the following — tight-frame data-fidelity,
minimax concave penalty, and rescaled gradients.
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