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Abstract

We perform Discrete Element Method (DEM) simulations of granular particles (polystyrene spheres) vibrated inside a
cubic container. The study investigates the evolution of the packing fraction with and without rotational friction at different
shaking amplitudes. The mean-squared displacement (MSD) is used to analyze the particles’ diffusive, subdiffusive, and
superdiffusive behavior. By monitoring both the dynamics and density evolution, one can observe the system’s glassifica-
tion. The comparison with experiments shows that the MSDs from the simulations are significantly higher than the MSDs
measured by Diffusing Wave Spectroscopy (DWS) [1]. Following our finding that the rotational MSD is of the same order
of magnitude as the MSD measured in DWS experiments, we propose that the experimental signal is not dominated by
translational motion but rather by rotational particle dynamics. This provides access to a relevant particle property that
has previously been difficult to measure directly. Finally, we conclude that the system reaches a dynamically constrained

state well before random close packing, with particle displacements already below the Lindemann length.

Keywords DEM - Vibrofluidization - Densification - Dynamic light scattering - Rotational dynamics

1 Introduction

Granular matter is ubiquitous in nature and industry; exam-
ples include snow, nuts, coal, and rice [2-5]. It also plays a
central role in applications such as powder-based additive
manufacturing, where the flow properties of the filament,
a granular matter, are of high importance for the resulting
printing quality [6—8]. Earlier studies have shown that dense
granular matter exhibits behavior comparable to that of
dense liquids and glass-forming systems [9—14]. Similar to
glassy systems, even small changes in packing fraction can
lead to significant changes in the dynamics of the system.
In contrast to molecular and colloidal fluids, where thermal
fluctuations provide a natural source of energy, granular sys-
tems are athermal. Hence, energy must be supplied exter-
nally. A common method for inducing granular dynamics
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is mechanical vibration. Vibrated granular systems have
been extensively investigated experimentally [1, 15-24].
Although several simulation studies of such systems have
been reported [25-28], they do not permit a direct compari-
son with our experiments. In particular, these studies did
not simultaneously quantify the compaction, translational
mean-squared displacement (MSD), and rotational MSD.
In this work, we address this gap by performing Discrete
Element Method (DEM) simulations of a vibrated granular
system inspired by a light-scattering experiment using Dif-
fusing Wave Spectroscopy (DWS) on 140 pm polystyrene
spheres shaken at 100 Hz inside a cubic container (4 mm?
) [1]. A puzzling observation in the experiment is that the
extracted mean squared displacements (MSDs) suggest
caging lengths of only 0.07% of the particle diameter [1].
Similar results are found in densification experiments on
140 pm polystyrene spheres under low gravity on board
the ISS [15]. The densification process is monitored by the
MSD extracted by DWS and implies earlier glassification
and jamming under low gravity. The low caging lengths are
not in line with Mode-Coupling Theory (MCT) predicted
caging at approximately 10% of the particle diameter [29,
30] following the melting concept related to the Lindemann
length [31]. This opens the question, also relevant to other
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Table 1 Parameters used in the simulations

Quantity Value
Particle diameter d [m] 140x10~°
Density p [kg/m?3] 1600
Number of particles N [-] 20000

Box lengths Ly, Ly, L, [m] 0.004, 0.004, 0.004

Gravitational acceleration g [m/s?] 9.81

Elastic stiffness k,,, k; [N/m] 33.81, 4.52
Damping constant y,,, y; [kg/s] 1.01x10%, 9.08x103
Wall stiffness kWi, kel [N/m] 90.55, 1.22x10*

Wall damping y2el, yall [1/s] 1.97x10%, 1.77x10*
Shaking frequency f[Hz] 100

Shaking amplitude 4 [m] 1x10~5 to 3x10~>

0; 0.1

With the given units, the values are comparable with those of poly-
styrene [52]

Dynamic yield criterion [-]

o]

Fig. 1 Schematic representation of the simulation setup after sedimen-
tation. The gravitational force F acts downward, while the container
walls oscillate vertically with amplitude 4 and angular frequency w

DWS experiments [32—40], if the DWS Method is truly
measuring the translational dynamics in these cases.

To resolve this discrepancy, we monitor the packing frac-
tion as well as the translational and rotational MSDs during
the shaking process. While translational MSDs are com-
monly studied, rotational MSDs are less frequently reported;
examples can be found in Refs. [17, 24, 41] and references
therein. We discuss the role of rotational friction in deter-
mining the rotational MSD and address the challenges asso-
ciated with densifying the system when rotational friction is
included in the simulations. In the experiment, the particles
densify up to packing fractions of 62% [1], consistent with
reported values for random close packing in systems with
friction [42—44]. We analyze the diffusive, subdiffusive, and
superdiffusive regimes observed in the calculated MSDs
and discuss their relation to the MSDs extracted from DWS
measurements [1] and there experimental implications for
other DWS experiments like the densification experiment
under low gravity on board the ISS [15].

@ Springer

2 Method

Discrete Element Method (DEM) simulations were per-
formed using the open-source molecular dynamics soft-
ware LAMMPS [45]. The interactions between particles
were modeled using a Hookean contact law, where particles
experience a force only when they overlap. The correspond-
ing pairwise force between particles i and j is given by [10,
42, 46]:

Fij,Hooke :(kn anij —myy Vn)_(kt As; + my; Vt)’ (1)

where & is the overlap between two particles, k,, and k;
denote the elastic constants in the normal and tangential
directions, respectively, and y,, and y; are the corresponding
damping coefficients. The variable m represents the effec-

tive particle mass defined by m = il

, while v, and v;
mi+m;j
are the normal and tangential components of the relative
velocity. The vector As, = [ dtv, accounts for the tangen-
tial displacement between two particles and includes the
history of tangential contacts. We applied the static yield
criterion x,,, which limits the tangential force by F; < x,F,
. Here, F,, is the normal force of the interaction. If not men-
tioned otherwise, it is set to 0. The case of x,, = 0 is called
the frictionless case, while the case of x, # 0 is called the
frictional case.

Initially, N monodisperse particles were placed randomly
within a rectangular box of dimensions Ly XLy, XL,. A
gravitational acceleration of magnitude g was applied in
the negative z-direction to induce particle settling and seg-
regation. The boundaries of the simulation box were mod-
eled as walls interacting with the particles through the same
Hookean potential, but with different interaction parameters
(see Table 1). The setup after the sedimentation is illustrated
in Fig. 1.

Subsequently, a sinusoidal excitation was imposed by
oscillating all walls with amplitude 4 and angular frequency
w = 27 f, such that the z-position of the walls w, at time ¢
was given by

w,(t) = w,(0) + A - sin (wt) 2)

Similar to [1], we make use of the non-dimensional gravita-
tional acceleration

r=22 3)

During the shaking process, we monitored the evolution
of the packing fraction and the mean-squared displace-
ment (MSD). For the system with non-vanishing tangential
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forces, we also tracked the rotational mean-squared dis-
placement (tMSD).

The packing fraction ¢ was determined as the ratio of the
volume occupied by the particles and the “effective" vol-
ume, defined by the minimal and maximal particle coordi-
nates in each direction:

Vparticles

p = e @

Vtotal

We checked that the results we obtain from this method are
consistent with an alternative approach, which calculates
the density of the system in dependence on the z-coordinate.

The translational mean-squared displacement was calcu-
lated as
MSD(t + At) = {|r(t + Ar) — 1(2)]? ), ®)
where 1(t) denotes the particle position at time ¢, and the
brackets (-) indicate an ensemble average over all particles.
For the calculation of this quantity, we used the built-in
methods of LAMMPS, which calculates the MSD [47].

The rotational mean-squared displacement was obtained
from the time-integrated angular velocity w(t) of each par-
ticle, scaled by the particle diameter d:

2

rMSD(¢) = <(§ /t w(t’)dt’) >
0

This quantity provides a measure of the particle’s reorien-
tation o due to rotational motion. Note that the prefactor
d/2 converts the angular displacement into the correspond-
ing arc length travelled by a point at the particle surface.
The rMSD does not saturate at a specific value because it
is based on the time-integrated magnitude of the angular
velocity, which accumulates the total rotational displace-
ment. In contrast, a quantity based only on the particle ori-
entation angle would be periodic and would saturate after a
full rotation at 27.Note that the shapes of formula (5) and
(6) differ from each other. The reason for this is that with
our simulations, we cannot directly access the particles’ ori-
entations, but only their angular velocities. By integrating
the angular velocities, we get the rMSD, which is in terms

of the orientation given by rMSD(t) = g (a(t + At) — a(t)).

(6)

Note that with this definition, the rMSD can take values
larger than 27r.Consequently, it does not trivially saturate at
one specific angle.

The simulation parameters are summarized in Table 1.
The material properties were chosen to resemble those of
polystyrene particles (Dynoseeds 140), adopting parameter

values consistent with previous studies [48—51]. Note that
despite decades of research, the exact parameters that should
be used in the Hookean spring model are still unknown [52].
7 different initial configurations.

A direct comparison with experiments can be made using
scattering techniques that measure density fluctuations,
such as photon correlation spectroscopy [53]. Since the
scattering cross-section of large particles is very small for
visible light, experiments often operate in the multiple-scat-
tering regime. In this case, the diffusing wave spectroscopy
(DWS) approximation allows one to relate the electric field
autocorrelation function g;(¢) to the mean-squared displace-
ment (r?) [54]:
g1(t) oc exp (=C (r*(1))) , 7
where C is a constant that depends on the scattering geom-
etry and optical properties of the system[1, 15, 40, 54].

If the scattering centers are not the particle centers them-
selves but internal density inhomogeneities, such as air
bubbles within polystyrene particles and surface roughness,
the measured signal may predominantly reflect rotational
rather than translational motion. In this case, the accumu-
lated phase shifts [40] lead to an effective relation where the
translational mean-squared displacement is replaced by the
mean-squared angular displacement. We approximate the
effective displacement of scattering centers within a particle
of radius R as
(Ar?) ~ R*(A6?) (8)
assuming that the MSD decay is dominated by scattering
events originating near the particle surface, even when the
scattering centers are uniformly distributed throughout the
particle, since these events contribute most strongly to the
decay.

Consequently, rotational motion produces an effective
displacement signal that is interpreted as an rMSD. This
interpretation is consistent with experimental observations
for optically opaque scattering particles such as polystyrene
[1, 15], but does not apply to fully transparent or purely
reflecting particles, where scattering occurs predominantly
at the particle surface. We will find in the simulation that
the ballistic part of the MSD is approximately R? times the
rMSD.

3 Results

During the shaking process, we tracked the packing frac-
tion of the particles shown in Fig. 2. The densification
strongly depends on the shaking amplitude. For very small
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Fig. 2 Density evolution of the system for A =3.5x 107> (violet),
A =3x1075 (blue), A = 2x 107> (green), and A = 1 x 107> (orange).
All lines correspond to the average over at least 7 configurations. The
light areas correspond to the uncertainty. In the inset, the black data
points correspond to the experimental data from [1]
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Fig. 3 MSDs of the particles during the shaking process. Bright lines
correspond to earlier times, while dark ones correspond to late times.
We show the MSDs for different shaking amplitudes A = 3 x 107>
(blue), A =2 x 107> (green), and A = 1 x 10~ (orange). As indicated
in the legend, the gray lines for orientation correspond to ¢, and 2,
respectively

amplitudes, the system densifies very slowly; for interme-
diate amplitudes, it densifies more quickly; and for large
amplitudes, no densification is observed. This behavior can
be explained as follows: Shaking the system injects energy
into the system. If a large amount of energy is supplied, the
particles become fluidized; if the energy input is smaller,
the particles can use the energy to rearrange and approach a
more favorable configuration.

The densification appears to be divided into three
regimes: (I) fast densification, (II) slower densification, and
(IIT) a regime in which the system does not densify and is
prevented from exploring the full energy landscape. The
frictionless simulations exhibit significantly faster densifica-
tion, occurring on the order of seconds, whereas the experi-
mental system densifies on a timescale of approximately
100 s when approaching the transition between regimes |
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Fig. 4 Comparison of translational MSD and rotational MSD for the
case of x, = 0.1 and ' = 1.21, i.e., tangential forces play a role here.
The dashed line is the case x,, = 0 for a comparison. Solid lines cor-
respond to the case of x;, = 0.1. The dotted lines correspond to simu-
lations with x,, = 0.1, but a higher packing fraction (¢ = 0.604). For
this, we took a configuration from the case x,, as discussed in the
text, and later switched on the effect of friction. The inset shows the
evolution of the density profile, with scatter points at the times where
(r)MSDs are measured. The horizontal line corresponds to ¢ = 0.604.
The yellow-shaded area corresponds to the lengthscales which can be
measured using DWS

and II. Nevertheless, this transition is clearly observed in
both the simulations and the experiments. In regime III, the
experiment continues densifying up to the measured tim-
escale of 10 000 s, whereas simulations that use the same
number of particles as the experiments are currently compu-
tationally infeasible.

During the shaking process, the mean squared displace-
ment (MSD, see Fig. 3) exhibits the characteristic behavior
of glassy systems. Two temporal regimes are observed: at
short times, the MSD increases quadratically, indicative of
ballistic motion, while at long times it grows linearly, reflect-
ing diffusive behavior. The superimposed oscillations, which
can be seen in the long-time behavior, are a signature of
the shaking movement. As the density increases over time,
the sub-diffusive MSD evolves, and a plateau emerges, cor-
responding to particle caging. This plateau becomes more
pronounced at higher densities, reflecting a slowdown of the
dynamics and a reduction in particle mobility.

Rotational friction is necessary to calculate the rMSD.
Figure 4 shows the corresponding results for different fric-
tions. As additional friction increases the computational
demands, we are not able to study the rMSD over the entire
densification process. Nevertheless, we can use the densi-
fication reached without rotational friction to reach densi-
ties relevant to the experiment and calculate MSDs there. In
the plot, solid lines correspond to the MSDs (and rMSDs)
measured during the simulation, dotted lines correspond to
the case where we used a dense system as a starting con-
figuration (¢ = 0.604). The behavior of the rMSD strongly
depends on the parameters k; and y;, which are largely
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unknown and might be calibrated with rotational informa-
tion obtained by DWS.

Notably, a comparison with experiments [1] shows that
the order of magnitude of the MSD obtained experimentally
differs by approximately a factor of 100 from the simulated
values, although the simulation parameters were chosen to
match the expected material properties. In the simulations,
we obtain not only the particle positions and center-of-mass
velocities but also the angular velocities. From these, we
determined the rotational MSDs (rMSDs), as described
above. The rotational MSD differs from the translational
MSD by approximately four orders of magnitude. The order
of magnitude of the rMSD is comparable to the experimen-
tally measured MSD. This suggests that the method used
by Kunzner et al. [1] probes predominantly rotational rather
than translational motion, as previously speculated.

To illustrate this we follow the derivation of the DWS
technique in [40], the electric field correlation function g;(¢)
can be obtained by superposing the contributions from all
possible light propagation paths p, as illustrated in Fig. 5:

E, OE*t I,
gl(t)=z< () (D) Z<>

—i A‘bp(t))
s 0

9

where E,(t) denotes the electric field and I,,(¢) the intensity
associated with an individual scattering path p. The super-
position of all scattered spherical waves gives rise to the
accumulated phase shift A®,(¢) along path p (schematically
shown in Fig. 5). Assuming elastic scattering, all wave vec-
tors have the same magnitude, k; = 27/, while their direc-
tions vary from one scattering event to the next:

Np
Op(1) = > ki(OFipa(8) = Fi(0)] (10)

i=0

For conventional DWS, where each scattering event origi-
nates from an independent particle, the accumulated phase
fluctuations are directly related to the translational mean-
squared displacement (MSD). In the present system,

o—k>»:| PMT

YN,,—z

Fig. 5 Schematic representation of the light path through a granular
medium. The basis of the image is taken from [55]. As in this ref-
erence, Ny, is here the number of scattering centers, and PMT is the
photomultiplier tube

however, the scattering centers are distributed within the
volume and on the surface of the particles. A rigid-body
translation shifts all scattering centers by the same displace-
ment, leaving their relative positions unchanged. Conse-
quently, scattering events occurring within the same particle
do not contribute to the phase decorrelation associated with
translational motion. In contrast, a particle rotation changes
the relative positions of all internal scattering centers with
respect to the not rotated scattered wave vectors, leading to
a finite phase shift and, therefore, to a rotational contribution
to the measured MSD. Only scattering paths that connect
different particles are sensitive to the relative translational
motion between particles. Since multiple scattering contains
a combination of intra- and inter-particle scattering events,
the measured MSD represents a superposition of transla-
tional and rotational dynamics with an unknown weighting.

4 Discussion

The DWS technique relates the intensity autocorrelation of
multiply scattered light to the mean-squared displacement
of the scattering centers [54]. Following the derivation of
the DWS approximation [54], it is plausible that the mea-
sured quantity for polystyrene particles is a combination of
translational and rotational contributions (MSD and rMSD).
Since the Dynoseed particles used in the experiment are
white, they contain numerous air bubbles, which act as addi-
tional scattering centers inside the particles and likely domi-
nate the DWS signal. Therefore, the relative positions of the
air bubbles within each particle are primarily probed. The
measured MSD thus reflects not only interparticle trans-
lation but also particle rotation, which repositions the air
bubbles within the scattering volume (Dynoseed particle).
Additionally, in experiments, we expect a significant degree
of polydispersity. Since the rMSD contains the particle
diameter as a scaling factor, variations in particle size are
expected to affect the magnitude of the rotational contribu-
tion and therefore influence the measured signal.

To quantify the time evolution of the dynamics during
densification, we analyze the MSD values at approximately
0.1 s and the power-law exponent, fitted at ¢ > 5 x 1071, fol-
lowing the onset of caging (Fig. 6). The MSD value reflects,
on the one hand, the available free volume and, on the other
hand, the magnitude of the particle dynamics.

The densification in reality takes approximately 100
times longer than in simulations without rotational fric-
tion. The time required to densify in simulations with fric-
tion is of the same order as in the experiment. Surprisingly,
the simulation with friction stops densifying earlier despite
continued shaking. Possible influences include the missing
implementation of polydispersity [56, 57], the fact that the

@ Springer
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08
simulated system is only half the size of the experimental 2000 l
system, and the simplicity of the interaction model, which = ey
may be insufficient to reproduce the full time dependence of 3, 1500 ;Z
the densification process. The real system does not follow N 04 =

. . . e . 1000
simple spring interactions, may exhibit charging effects, and
likely possesses a much more complex energy landscape 500 02
governing the time-dependent densification. . lI

The superdiffusive behavior of the rMSD is, at first <0 100 000 300 3000 3500 00
glance, surprising. It remains superdiffusive while the trans- ) x [ m]

lational MSD evolves from subdiffusive to constant during
the slowdown introduced by the densification. Superdiffu-
sive behavior has, for example, been observed in rheologi-
cal experiments by Scalliet et al. [17] and was associated
with creep. Vibrated fluidized beds are often discussed
in the context of convection rolls [58—62]. However, it is
not immediately clear how convection could explain the
observed behavior, since it is expected to influence the
translational MSD as well.

For further analysis, we show in Fig. 7 the translational
and rotational velocity fields during the last 200 s of the
densification process for the system with rotational friction.
While the translational field indicates overall densifica-
tion and minor rotational motion near the bottom, directed

@ Springer

Fig. 7 Illustration of the velocity fields in the simulations, averaged
over 200 timesteps: a shows the translational velocity field, from
which the affine motion is subtracted. b shows the velocity field of the
angular velocity in the xz-plane. ¢ shows the w,-component

motion is observed along the walls and in the center of the
rotational field. We therefore conclude that densification in
the dense state proceeds without pronounced convection
rolls, but that the walls induce directed rotational motion,
leading to superdiffusive rMSD behavior. This behavior
eventually ceases as the system approaches its highest pack-
ing fractions and evolves into diffusive rMSD and subdif-
fusive MSD.
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It is important to note that k; and y, dictate the exact scale
and slope of the rotational response. Because these tangen-
tial contact parameters are difficult to measure directly for
microscopic polystyrene spheres, the present DEM results
should be viewed as a physical mechanism for the DWS sig-
nal rather than a fitted parameter study. Conversely, match-
ing simulated rMSDs against experimental DWS curves
offers a novel path to inversely calibrate tangential contact
parameters in dense, vibrated granular media.

5 Summary

In this paper, we investigated the dynamics of granular
matter during vibration-induced densification using DEM
simulations. In agreement with experiments and theoreti-
cal expectations, we found that the packing fraction of the
system increases during the shaking process. This increase
depends on the vibration amplitude, and the final packing
fraction varies with amplitude.

We further analyzed the system dynamics during densi-
fication by studying the MSD. The simulations reproduce
the qualitative dynamical behavior observed in the experi-
ments. The origin of the discrepancy between simulated and
experimentally measured MSDs is discussed, and we find
that the order of magnitude of the rotational MSD (rMSD) is
comparable to the MSD measured experimentally. This sug-
gests that in systems with internal particle scattering centers,
experimental DWS signals are strongly sensitive to rota-
tional motion, offering a plausible physical mechanism for
the ultra-small caging lengths observed near glassification.
These findings reinterpret previously reported ultra-small
caging lengths and provide a consistent physical explana-
tion for DWS observations in vibrated granular systems.

In future work, the rotational MSD will be investigated
in more detail. In particular, the influence of gravitational
strength and wall interactions will be studied. The densifi-
cation in more complex agitation scenarios in microgravity
can also be addressed, including the interpretation of light-
scattering experiments such as those reported by Mayo et al.
[15], where the measured signal may reflect particle reori-
entation. The role of the tangential stiffness and damping
parameter on the magnitude of the rMSD will be studied
and Experiments with coated spheres reducing the friction
are already in preparation.

Furthermore, the creep conditions under which superdif-
fusive rotational motion occurs remain incompletely under-
stood and require systematic investigation. Such studies
would improve the understanding of the microscopic mech-
anisms governing granular dynamics during densification.

Finally, a more detailed calibration of the simulation
parameters is necessary to achieve a quantitative description

of the rotational dynamics and the time-dependent densifi-
cation behavior of the polystyrene system.
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