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Abstract

Photonic crystals (PhCs) are natural or synthetic dielectric structures that ex-
hibit periodic variations of the refractive index on the scale of the wavelength of
light. Analogous to the electronic band structure in crystalline solids, photonic
crystals can possess “energy” bands. Moreover, they can contain frequency
regions where electromagnetic wave propagation is prohibited; these are the
photonic band gaps (PBGs). In this manuscript, an introduction to the funda-
mental concepts of photonic crystals is presented.

Although the initial description is focused on crystals, which emerged from
the foundational work of Sajeev John and Eli Yablonovitch, photonic band gaps
can also be obtained from disordered dielectric materials. The presence of pho-
tonic band gaps for both crystal lattices and disordered structures is here exam-
ined. Disordered band gap materials lack long-range order, which might call the
appearance of photonic band gaps into question. For this enigmatic connection
between crystals, disordered materials and photonic band gaps, hyperunifor-
mity is used as a deus ex machina. More specifically, stealthy hyperuniformity
offers a kind of “hidden order” for disordered structures, which appears to be
necessary to open a PBG while preserving isotropy. In addition, the appearance
of PBGs on both types of structures triggers a scientific remark, around which
this thesis is focused: is there a common, universal behavior of the “gap” for
crystal and disordered structures?

The missing link is universal gap sensitivity, S(«), which describes the rela-
tion between the optimal gap-to-midgap ratio and dielectric contrast. A univer-
sality concept has been observed for three-dimensional (3D) systems by exam-
ining different kinds of photonic networks, for which the gap sensitivity tends
for high dielectric contrast to the same result as for the one-dimensional (1D)
quarter-wave stack (QWS). However, the two-dimensional (2D) case remains
an open question. The purpose of this manuscript is to examine whether gap
sensitivity appears to have the same universal behavior for 2D, optimized sys-
tems, specifically accounting for the complexity of transverse electric (TE) and
transverse magnetic (TM) polarizations, that favor competing geometric fea-
tures. We, therefore, study both complete PBGs for lattices composed of 2D
networks and for TM band gaps in 2D structures composed of dielectric discs.
Specifically, we present the universal behavior of gap sensitivity for TM gaps for
disc packings in that we find that the numerical data approaches the universal
curve for the QWS, but a small deviation persists up to the largest dielectric
contrasts studied. Moreover, for network structures, we identify the challenges
and limitations of the optimization procedure for 2D networks and provide a
resource-efficient optimization technique, with an outlook to future research
with larger computational resources. Moreover, we address the challenge of
designing 2D hyperuniform systems by a rigorous theoretical analysis of the
“slicing hypothesis”, i.e., we raise the question whether hyperuniformity can
be inherited by 2D slices from a 3D material. We answer the question in the
negative by a “no-go theorem”. Together, these results contribute to refining
the design principles for next-generation isotropic photonic materials.
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1 Introduction

“Where there is matter, there is
geometry.”

Johannes Kepler

A wealth of physical examples, like rugged energy landscapes, percolation,
self-assembly structures and systems with quenched disorder, provide a “play-
ground” where statistical physics and geometry are interwoven [1]. Many parti-
cles, atoms, hard spheres, veins and dielectric networks interact and self-organize
in spatial structures which are characterized by symmetry, topology and connec-
tivity. These three parameters, related to geometry, can determine the physical
properties of the materials. A major example is the appearance of photonic
band gaps (PBGs) of photonic crystals (PhCs). The complex phenomenon of
PBGs is determined primarily by the geometry of the dielectric medium, and
this dependence is highly non-trivial and non-linear. For instance, by adjusting
the thickness of two-dimensional PhC slabs, we affect the electromagnetic (EM)
modes that propagate through them, and so we can “control” the gap values
[2]. Moreover, PhCs made with defects or constructed by specific compounds
can allow more complex behavior; localization phenomena [3], nonlinear effects
(Kerr nonlinearity) [4], etc. So, manipulating the geometry of structures can
provide rich physics phenomena for PhCs. Modifying microscopic parameters
that define crystal lattices can suppress or amplify the opening of PBGs, paving
the way for new technological applications (e.g., waveguides, lasers, optical com-
puting).

We can construct PhCs from crystals with ordinary lattice geometry, e.g.
with simple cubic, triangular, or hexagonal symmetries. In two dimensions,
“simple cubic” refers to the square lattice, and “hexagonal” to the honeycomb
structure. These structures can be composed by dielectric discs (embedded in
air or vacuum) or by combinations of discs and rods that create complex di-
electric networks, which we characterize by their connectivity and symmetry.
While crystals provide many PBGs and allow for the study of transversal elec-
tric (TE) and transversal magnetic (TM) modes, they lack isotropy, a concept
important for the manipulation of light propagation in any possible direction.
The key to create materials that block light in the same way in all directions
(isotropic PBGs) requires a different kind of order: stealthy hyperuniformity
[5, 6, 7]. Systems of particles that interact via isotropic “stealthy” bounded
long-ranged pair potentials are remarked to have classical ground states that
are hyperuniform and that can be disordered and highly degenerate. Disor-
dered hyperuniform systems are exotic states of matter that behave isotropic
like a liquid and homogeneous as a crystal. Their novel physical properties are
connected with the appearance of large photonic band gaps [6]. In other words,
a disordered structure apparently needs to be stealthy hyperuniform for opening
a PBG [7]. “Stealthy” implies that the hyperuniform patterns are transparent,
ie. S(k) = 0, for a range of certain wavenumbers 0 < k < K. In other
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Figure 1: Two stealthy hyperuniform 2D point patterns, a crystal (left) and a disordered
sample (right), both are produced by converting an h5 file into a png file. Each file is produced
by MPB for disc packings arranged according to the original point pattern.

words, the structure factor of stealthy point patterns is continuous and equal to
zero for a finite range of wavenumbers. For sufficiently small values of K, the
stealthy patterns can be disordered and isotropic, but (perfect) crystals are also
stealthy hyperuniform. Two stealthy point patterns are presented in Figure 1
for a crystal and a disordered sample, respectively.

PBGs can occur in heterostructures composed of two, three, or more ma-
terials with different dielectric constants (e.g., Si and air, GaAs, glass rods in
air, polymers). In disc structures (dielectric discs embedded in air), only gaps
from TM modes are obtained; TE gaps are absent or negligible. Moreover,
complete photonic band gaps (CPBGs) that prohibit the propagation of light
in all in-plane directions and for both polarizations occur on dielectric network
structures, where both TE and TM mode gaps are allowed. Taking into account
these structures and the notion of PBGs, we immediately come up with the fol-
lowing questions: can we construct optimal lattices for photonic crystals, where
maximum gap values occur? Is there any underlying universal behavior between
different heterostructures that will allow to understand deeply the formation of
PBGs and provide new tools for designing novel materials? Recent discoveries
[8] have noted the existence of a hidden, universal behavior in how the band gap
responds to dielectric contrast (the ratio of the dielectric constants between two
compounds); this refers to universal gap sensitivity. Gap sensitivity is the
first derivative of the optimal gap-to-midgap ratio, S(«) and A(«) respectively.
Research conducted on 3D lattices states that S(a) appears to take a universal
form that is well approximated by the analytical formula of a 1D quarter-wave
stack, for large values of dielectric contrast and a variety of heterostructures
and crystals. Although research has been conducted for 1D and 3D structures,
there is a missing link in our understanding of the universal gap sensitivity con-
cept for 2D materials. This thesis aims to explore this notion in 2D structures
and discuss the difficulties in achieving a CPBG in two-dimensions, because
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of the competition between TE and TM polarizations, both of which must be
suppressed to achieve a complete gap. Because of the high computational cost
of determining PBGs, we devise an efficient optimization procedure that bal-
ances accuracy and computational resources. We thus find gap sensitivities for
the TM PBGs of our disc packings that almost converge to the universal curve
found in one and three dimensions. However, we observe a small offset that does
not vanish for our largest dielectric contrasts of about 20. Not all systems are
available for our analysis of complete PBGs, either because of numerical limita-
tions (like computational cost excluding the disordered networks) or because of
the lack of a sizable complete PBG (like in our triangular network). For our two
available networks (simple cubic and hexagonal) with complete PBGs, we ob-
serve an even stronger difference. For the hexagonal network, the gap sensitivity
shows a qualitatively similar behavior, but it the curve is substantially above
that for the universal curve of the QWS. The three reliable data points for the
simple cubic network lie below that of the QWS; they approach the QWS curve,
but there is too few data to decide or reject an agreement for larger dielectric
contrasts. Whether this offset is due to numerical limitations or a real physical
effect arising from the competing geometries for TE and TM PBGs remains an
interesting question for further research.

Moreover, we “dig” deep into the construction principles of 2D hyperuniform
systems and with the help of stereology and statistical mechanics, we expand
the theoretical framework of the “slicing hypothesis”, which discusses the fol-
lowing intuitive idea: If we had a 3D hyperuniform material, can we simply take
a 2D slice of it to obtain a 2D hyperuniform material? This manuscript presents
the work around this hypothesis by employing knowledge from random fields
and stereology. We propose and prove a “no-go theorem” which mathemati-
cally rules out the “slicing” method of materials, proving that hyperuniformity
is not inherited under dimensional reduction for isotropic fields.

The structure of the thesis is as follows: Firstly, we briefly introduce the
basic notions of photonic band theory, gap-to-midgap ratio, gap sensitivity, and
how to solve Maxwell equations as an eigenvalue problem. Next, we discuss
the appearance of PBGs on photonic heterostructures and explain the numer-
ical procedures used (MPB software, data analysis of the eigenfrequencies via
Python codes, and the development of optimization algorithms). Special em-
phasis is placed on photonic band gaps in systems composed of discs and net-
work structures, as well as on the emergence of complete photonic band gaps.
In addition, we summarize our numerical results for two-dimensional lattices
composed exclusively of dielectric discs, for which we identify a universal gap-
sensitivity law across four different lattice geometries. The results exhibit a
small deviation from the asymptotic behavior predicted by the theoretical curve
for the quarter-wave stack crystal; we discuss possible reasons, both numerical
and physical. We then analyze our findings for complete photonic band gaps
(CPBGs) in network structures, discussing the challenges in validating the gap
sensitivity law due to limited numerical resolution, as well as the influence of
TE and TM polarizations on the optimal lattice geometry, in a way that both
the numerical and physical explanations for the deviations become more rele-
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vant. Furthermore, we introduce the mathematical framework of random fields
and hyperuniformity and investigate the slicing hypothesis using stereological
assumptions, culminating in the proof of a no-go theorem. Finally, we synthe-
size our numerical and theoretical findings and discuss their implications for the
design of photonic band-gap materials.

1.1 An overview of PhCs

The understanding of electronic properties of materials has led to a break-
through in our technology. Semiconductors, alloys and many ceramics are crys-
tal structures; periodic arrangement of atoms or molecules.

Electrons in crystals are arranged in energy bands. Bands can be separated
by energy regions where no wave-like electron orbitals exist. Such prohibited
regions are called band gaps or energy gaps, an outcome from the interaction
of electron waves with the ion cores (potentials) of the crystal ([9], Chapter 7:
Band Structure). From the above, a new kind of question emerges: can we
take advantage of the periodicity of a crystal and create new materials that will
manipulate light (electromagnetic waves) instead of electrons?

The answer is yes! The optical analogue of a semiconductor is the photonic
crystal (PhC). Unlike lattices of atoms, which can be found in nature in many
crystalline compounds, most photonic crystals have to be designed in the lab
with a vast constraint: “human imagination”. The atoms or molecules are re-
placed by macroscopic media with differing dielectric constants and periodic
dielectric functions earn the place of the periodic potential that is used in crys-
tals. This implies that the nomenclature of solid state physics: Brillouin zone,
reciprocal lattice, band gaps, Van Hove singularities, and defects, is inherited
by photonic crystals. PhC’s are low-loss periodic mediums, designed with high
dielectric contrast a, which is associated with a strong contrast of the refrac-
tive index n. In particular, we can design PhC’s with photonic band gaps,
frequency regions (spectrum) in which light propagation is prohibited in certain
directions. Taking this analysis further, we can construct mirrors, waveguides
and materials, which manipulate light not only in the microwave spectrum, but
even further; like optical frequencies and infrared.

Figure 2, represents an analogue between an electronic band gap (on the
left) and a photonic band gap (on the right). The energy bands (band struc-
ture) theory, described first for the movement of electrons in a landscape of ionic
potentials, on a crystal, was proved to be applicable also in the case of Photonic
crystals [10]. More specifically, in the last case, photons do not interact with
each other, in contrast with electrons, making the theory more profound. In
addition to the application of band structure theory, the independent discover-
ies of Sajeev John, for an optical analogue of Anderson localization in carefully
constructed, disordered photonic superlattices [3] and Eli Yablonovich, for the
inhibition of spontaneous emission of light, in solid state structures [11], have
paved the way for the development of the field of photonic crystals and photonic
band-gap materials. The above research has shed light first to the three dimen-
sional photonic structures. Later research focused on one- and two-dimensional
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Figure 2: On the left, there is an electron wave dispersion, of a direct gap semiconductor
and on the right there is a forbidden gap for photonic crystals, with an electromagnetic
wave dispersion relation. The “dots” on the left represent electrons and holes, positioned on
the highest band before the gap (valence band) and the lowest band above the gap, called
conduction band, respectively. Each band is characterized by a number, n (=1,2,3,...). In
photonic crystals, the band above the gap is called air band and the band below the gap
is called dielectric band. Each band is characterized by a dielectric constant, €. For an
air band, € = 1. The ratio of the dielectric constants of dielectric and air band gives the
dielectric contrast, o which we will use later in our study of gap-sensitivity. (Reproduced
with permission from Yablonovitch 1993 [10], https://doi.org/10.1088,/0953-8984/5/16/004.
© IOP Publishing Ltd)

photonic structures, demonstrating that these systems could exhibit complete
photonic band gaps for in-plane propagation, leading the way to new techno-
logical applications. Lastly, it should be mentioned that, despite the challenges
involved in designing photonic heterostructures, nature has already achieved
remarkably sophisticated optical architectures through evolutionary processes.
Biological systems provide striking examples of naturally occurring photonic
structures that manipulate light in ways comparable to engineered photonic
crystals.

One notable example is butterfly wings, whose vivid coloration often does
not originate from pigments but from periodic micro- and nanostructures act-
ing as natural photonic crystals. These structures selectively reflect specific
wavelengths of light through photonic band-gap effects and structural interfer-
ence, giving rise to their characteristic iridescent colors. Such naturally evolved
photonic architectures have become an inspiration for the design of artificial

14



Figure 3: (a) Photograph of wings from the butterfly Morpho rhetenor. In picture (b) we can
observe TEM (transmission electron microscopy) images of cross-section of its wing scales.
In (c) we have one more TEM image from another butterfly species. The scale bars are
1.8 um and 1.3 um, respectively. nature uses photonic crystal structures to a wide extent.
The characteristic color of beetles and butterflies, is due to the amorphous structure that
their wings are made from, allowing them to use it as a survival and adaptation technique to
environments. (Reproduced with permission from Fenzl et al. 2014 [12]. © 2014 Wiley-VCH
GmbH.)

photonic materials.

1.2 The master equation and the frequency modes

In this subsection, we use Maxwell equations in dielectric media and the eigen-
value problem approach from mathematical physics, to develop a master equa-
tion describing the electromagnetic (EM) waves propagation in Photonic crys-
tals environments. The solution of the eigenvalue problem, provide the eigenval-
ues (frequencies, w) and the EM modes for the electric and the magnetic field,
E and H respectively.

1.2.1 Revisiting Maxwells equations

The propagation of light in a Photonic crystal is governed by the well known,
four, macroscopic Maxwell equations (in a medium), in ST units:

oD
'D: H——:
\Y% p V x 5 J
B (1)
E - = ~B:
V x +8t 0 v 0
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where E and H, are the Electric and magnetic field respectively (as mentioned
above), D and B are the electric displacement and magnetic induction fields,
and p and J are the free charge and current densities (the vector quantities are
written with a bold black color, for distinction from scalar quantities). The prop-
agation of EM waves, for our case, is restricted in a mixed dielectric medium (or
multiphase medium), composed from different components each characterized
by a specific dielectric constant, £(r). The material is composed of homoge-
neous regions, there are no time variations in the structure, and we assume
there are no free charges or density currents (p = 0 and J = 0). This het-
erostructure is periodic. In addition, we assume, for our calculations, that the
material is macroscopic and isotropic (off-diagonal terms in the dielectric per-
mittivity tensor vanish and diagonal terms are equal), so that the electric field
and the displacement, E and D respectively, can be related by the vacuum per-
mittivity, €9, multiplied by a scalar dielectric function e(r,w), also known as
relative permittivity. Moreover, we ignore any material dispersion of the dielec-
tric constant (¢(r)). Lastly, we take into account only positive and real values
of e(r) (transparent materials). Taking into account the above approximations,
we have D = gpe(r)E(r) [13]. For the magnetic induction, we have a similar
equation: B = poH(r), by setting the relative magnetic permeability equal to
one (true for most dielectric materials). With j, = 47 x 10~ Henry/m, we de-
fine the vacuum permeability. With all the assumptions, the Maxwell equations
become:

V- [e(x)E(r,t)] =0 VxH-— eoe(r)% =0
(2)
V><E+uo%:0 V- H(r,t) = 0.

Our next step is to use the linearity of Maxwells equations, to separate the
time from the spatial dependence of both fields, E and H, by expanding them
into a set of harmonic modes. By Fourier analysis, we know that we can
develop any solution as a linear superposition of the harmonic modes. Fourier
and mathematical convenience, allows us to write the modes in the following
form:

H(r,t) = H(r)e ™! (3)
E(r,t) = E(r)e ™", (4)

By applying Eq. (3) and Eq. (4) into Maxwell equations, we derive two curl-
and two divergence equations. If we divide the curl-equations by e(r) and then
apply again the curl (Vx), we derive a master equation:

V x (1v x H(r)) = <w>2H(r), (5)

(r) c
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where we have used the vacuum speed of light, ¢ = 1/, /eo1p. Moreover, the two
divergence equations, tell us that there are no sinks or point sources of magnetic
field and displacement in the medium:

V-H(r) =0, V- [¢(r)E(r)] = 0. (6)

Equations (5) and (6), provide the information that we need to know about
the magnetic field, H(r). Due to the transversality requirement, we can find a
similar equation for the electric field, E(r). Here for mathematical simplicity
we use the magnetic field for our master equation.

In addition, by identifying the left hand side of the master equation as an
operator: 0 =V x (?ﬁ)v X ), we can redefine the master equation as an
eigenvalue problem, exactly as in quantum mechanics. The operator is applied
in the magnetic field, H(r), and we receive the function itself (eigenfunction)
multiplied by a constant (eigenvalue):

OH(r) = (*)*H(r). (7)

Cc

The eigenfunctions, H(r), are the spatial patterns of the harmonic modes

(fields), and the eigenvalues are (%)2, which are proportional to the frequencies

of the modes, w. The operator, described earlier, é, is Hermitian and positive
semi-definite (explaining the non-negativity of the eigenfrequencies, w?). Thus
w is real.

1.2.2 Symmetries

We already know from classical and quantum mechanics, that by specifying the
symmetries of a system, we can deduce general properties of the system’s behav-
ior. Imagine that we need to compute the modes of EM waves in an infinite glass
plane. This system exhibits continuous translational symmetry in two dimen-
sions (x,y), and the dielectric constant varies only in the z-direction, e(z). We
can distinguish the modes by a set of two parameters, (k,n), where k represent
the values of the wavevector and n is the band number (a particular mode’s
place in line of increasing frequency). As n increases, so does the frequency.
The band number can be represented by integers, if the frequency spectrum is
discrete, or by a continuous set of numbers. If we plot the wave vector versus
the mode frequency, we get the band structure (band diagram or dispersion
relation). From that a new question is raised: what kind of symmetry describes
the photonic crystals?

We know that photonic crystals are periodic structures, and their periodicity
can expand in one-, two-, or three-dimensions. So, due to their restrictive
geometries, they do not exhibit continuous translational symmetry. Although,
they have discrete translational symmetry, not invariant under translations of
any distance. Only distances that are multiple of a fixed length (e.g. lattice
constant, ag). For our analysis, we will focus on the mathematical formalism
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Figure 4: A two dimensional Photonic crystal. Picture is borrowed from the book: Photonic
crystals: Molding the flow of light: Joannopoulos et. all [2]. This PhC has a square lattice
geometry, this material is homogeneous along the z-direction and we can imagine the cylinders
(rods) to be very tall. The periodicity extends to the zy plane and the lattice constant is ay.
The “small” image of the lattice, on the left, indicates the unit cell with a red color, as we
can see the photonic crystal from above. (Reproduced with permission from Joannopoulos et
al. 2008, Photonic Crystals: Molding the Flow of Light [2]. (©) Princeton University Press.)

in the case of two-dimensional structures. An example of a two-dimensional
photonic crystal, with a simple-cubic symmetry is given in Figure 4 .

A two-dimensional photonic crystal is periodic along two of its axes (x,y)
and homogeneous along its third axis (z). The system is homogeneous in the
z-direction, so the modes should be oscillatory in that direction, with no restric-
tions on the wave vector, k,. In addition, the system has discrete translational
symmetry in the xy plane, with ¢(r) = e(r + R), where R is a linear integer
combination of the primitive lattice vectors, ay,x and ayy respectively. The
discrete periodicity of the crystal, allow us to use the Bloch’s theorem for the
modes, that their k| values (wave vector values on the xy plane) lie on the
Brillouin zone. Specifying the modes of the crystal by k)|, k. and n (the band
number), we derive the following form for the Bloch states:

H(n, k., k))(r) = eMPe™**u(n, k., k) (p), (8)

where p is the projection of the coordinate vector, r, in the zy plane and u(p)
is a periodic function, u(p) = u(p + R), for all lattice vectors, R.

If we plug the Bloch state (Eq. (8)) into the eigenvalue problem (Eq. (7)),
we derive a new Hermitian operator that depends on the Bloch wave vector, k:

O = (ik + V) x %(ik—i—V)x, )

and a new eigenvalue problem of the form:
Orui(r) = (w(k)/c) ui(r). (10)
The modes are subject to transversality and the periodic profile of the func-

tion u. Because of the periodic boundary condition we restrict the eigenvalue
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problem on a single unit cell of the photonic crystal. This restriction gives a dis-
crete spectrum, as exactly is happening when someone is solving the Schrodinger
equation for a particle in a box [14].

Although the spectrum is discrete, Joannopoulos et al. [2], mention that
the wave vector, kj; which lies inside the Brillouin zone, enters as a continu-

ous parameter in the © operator. So every time you change k, you solve a
different eigenvalue problem, e.g. for one value k; you derive many w values:
w1, ws,ws,... . For a nearby wave vector, Ko, you derive again a set of fre-
quencies: wj,wh,ws, ... . So we expect the frequency of each band, for a given
number, n, to vary continuously as k varies. Thus, the frequency modes, of a
photonic crystal is a family of continuous functions w,, (k), indexed in order of
increasing frequency, by the band number, n. A mathematical equivalence is
coming from classical mechanics and the frequencies of a guitar. The modes are
discrete but if we apply a smooth tension, T', the index n is still discrete but the
function, f,,(T"), becomes continuous. All the important information contained
in this functions, is accumulated in the band structure of the photonic crystal.

Taking into account what has been mentioned above, a new question is
raised: for a given photonic crystal, with dielectric constant, £(r), how can we
calculate these band structure functions, wy,(k)?

The answer of this task is that we, actually have to apply computational
effort in order to solve the standard eigenvalue equation (master equation). A
common way is via the iterative minimization technique. More information
about the available numerical methods and the computational tools that are
used, is given in the following section: Numerics.

In this paragraph, we will emphasize that for the computation of the fre-
quency bands, of a photonic crystal with a simple cubic symmetry (and for any
other crystal structure), we choose to work on the irreducible Brillouin zone.
Because w, (k) inherits the symmetry of the lattice, we do not want to solve the
problem in an “extended” region at every k-point. We can derive enough infor-
mation of the system by solving the eigenvalue problem on the one-eighth of the
first Brillouin zone. The reader can grasp an idea of the irreducible Brillouin
zone, with Figure 5.

All the formalism of the Bloch states and the ideas developed above, can
be expanded for three-dimensional photonic crystals, like the Yablonite, or be
reduced in one-dimension, in order to describe the quarter-wave stack, a mul-
tilayer film, with each layer having a quarter wavelength width and an optimal
volume fraction (for more information, take a look at [2]).

In the last paragraph, we will present another important symmetry, the mir-
ror symmetry (reflection symmetry), with respect to the plane of periodicity.
It is one of the point symmetries, encountered in the two-dimensional materials,
slabs etc. For a reflection about the zy plane we get (z,vy, z) = (z,y, —z). This
transformation is called a mirror reflection.

For the case of photonic crystals, suppose now that you have a dielectric
function that satisfies:

5(.’E, y,Z) = 5(1'7:% _Z)’
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Figure 5: The Brillouin zone, of the squared lattice, centered at the origin (I'). An arbitrary
wave vector k is indicated in the picture with blue color. The irreducible Brillouin zone, is the
yellow triangular wedge. The spatial points at the center, corner and face are known as I', M
and X respectively. (Adapted from Joannopoulos et al. 2008, Photonic Crystals: Molding
the Flow of Light [2]. (©) Princeton University Press.)

This mean that the structure is invariant under the mid-plane. Then the
Maxwell operator commutes with the mirror operator, [@, MZ] = 0. Therefore
the modes can be chosen to have definite mirror parity: even (symmetric) or
odd (antisymmetric). For an ideal photonic crystal with infinite rods and invari-
ant along z, Maxwell equations separate into two independent scalar problems.
These modes (with k, = 0) propagate parallel to the zy plane. Then the even
and odd symmetry, classify the modes by separating them into two distinct po-
larizations: the TE-polarization, where the magnetic field (H) is normal to the
plane and the electric field (E) is confined to the zy plane (E(p)- 2 =0). And
the TM-polarization, where the electric field is normal to the xy plane and the
magnetic field lies on the plane (H(p) - £ = 0).

The band structure of TE and TM modes can be different. This means that
we can observe a band gap for a TE mode and not for a TM mode and vice
versa. According of course to the symmetry of the system that we have to deal
with every time.

1.2.3 Computational photonics

This paragraph, can actually be associated with a very basic question: why
we need numerics to solve Maxwell’s equations for EM-wave propagation in a
specific material?

This is actually one of the central questions behind computational physics.
A short answer is that we use numerics, because Maxwell’s equations become
analytically unsolvable once the dielectric function has a complicated spatial
dependence. So, the problem does not lie on the mathematical form of the
equations, but on the different type of geometries for the photonic crystals that
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we investigate. As we can observe from Eq. (5), the dielectric constant, (r), is
inside the differential operator, because it changes from point to point. If we had
the privilege to talk about a homogeneous medium, then we could drop out the
dielectric constant, and then we would obtain a Helmholtz equation, describing a
homogeneous solution, VZu+Au = 0, where ) are the corresponding eigenvalues.

In this manuscript, the geometries that we will investigate are complex.
We have lattices constructed from rods, cylinders or discs, that they are eas-
ier to investigate and network structures, that combine the geometric elements
mentioned above to create a lattice of a dielectric network. Moreover we have
hyperuniform structures and disordered materials, which increase the amount
of complexity. Every interface in the photonic crystal, changes the boundary
conditions. The field can be bended, reflected or be coupled everywhere. We
can not find a magic way to reduce the complexity and solve the problem ana-
lytically. So, we need to follow a numerical approach to decrease this eigenvalue
problem with infinite degrees of freedom into a finite dimensional one and solve
it.

For the computation of the band structures, we will use MPB-software
(MIT Photonic Bands, [15]). MPB is a free and open software package, de-
veloped for computing band structures, EM-modes and dispersion relations of
periodic dielectric structures. It computes definite-frequency eigenstates, or har-
monic modes, of Maxwell’s equations for periodic dielectric structures of lossless,
wavelength-independent, anisotropic € and p, for arbitrary wavevectors, using
fully-vectorial and three-dimensional methods, making it highly applicable for
the case of photonic crystals.

MIT team, has also developed, a time-domain analysis method (MEEP),
but it will not be appropriate for our case. Our work is to find the band
structures. This means that we have to solve the Maxwell eigenproblem for the
frequencies of a periodic system, as given from the master equation (for this
periodic dielectric structure, what electromagnetic modes are allowed, and at
which frequencies?). MPB directly solves the eigenvalue problem on the finite
unit cell of the structure. In addition to the eigenequation, the Bloch-envelope
function, uk(r), must fulfill the transversality equation: (ik + V) - uk(r) = 0.

For each Bloch wavevector k, MPB expands the electromagnetic fields in a
finite plane-wave basis, transforming Maxwell’s master equation into a matrix
eigenvalue problem. Solving this problem yields the eigenfrequencies wy,(k),
and the corresponding Bloch modes, from which the photonic band structure is
constructed.

More precisely, suppose that we move in path, inside the reduced Brillouin
zone, ' - X — M — I, then MPB performs at ki: computes wi,ws, ..., Wm-
Then at ko: computes wi,wa, ..., wm, etc. Until it reaches the last k-point. Also,
it computes the corresponding eigenmodes (the fields distribution).

For these computations, we use Scheme-based scripts developed for the MPB
(MIT Photonic Bands) software. Simulations are performed for different geome-
tries, including simple cubic (sc), triangular, and hexagonal lattices, for both
photonic crystals consisting of dielectric discs embedded in air and network
structures. The simulations provide the eigenfrequencies and electromagnetic
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modes, from which Python scripts are used to generate the corresponding band
structures and analyze their dependence on the system parameters, such as the
cylinder radius and dielectric constant. Finally, the computed modes are used to
identify and characterize the occurrence of photonic band gaps for the different
geometries.

1.3 Complete band gaps and gap sensitivity

We have already mentioned in paragraph “An overview of photonic crystals”
what is a photonic band gap and its importance. A photonic band gap corre-
sponds to a frequency interval in the spectrum, in which electromagnetic waves
can not propagate through certain directions in the photonic crystal.

In two-dimensional photonic crystals, that we will focus in this manuscript,
band gaps are commonly polarization dependent, with separate gaps arising for
transverse electric (TE) and transverse magnetic (TM) modes. Isolated patches
of high-dielectric constant regions (high-¢) lead to TM-like polarization gaps
(isolated dielectric discs or rods of a specific type of geometry, embedded in
air). Whereas, connectivity of high-¢ regions (dielectric veins), lead most likely
into TE-polarization gaps. A two-dimensional (or a three-dimensional) crystal
has different periodicity in different directions. The gaps in each direction tend
not to overlap unless they are large enough, which requires a minimum dielec-
tric contrast value (o = 22" where the numerator corresponds to a medium
with a high dielectric consggnt, and the denominator, to a lower one. In our
case, €oy = 1). The more equal we can make the periodicity in each of the
different directions, the more “circular” the Brillouin zone becomes, facilitating
the overlap of gaps for different directions, so we tend to a complete band gap
[9, 2]. This means that the more isotropic is a Brillouin zone, for a crystal, in the
reciprocal space, the more probable is to have a complete band gap (suppression
of light propagation in every direction).

A complete photonic band gap (CPBG) is obtained when the forbidden
frequency interval overlaps for both polarizations, preventing electromagnetic
propagation regardless of polarization or propagation direction in the plane.

Complete photonic band gaps, are essential because they enable full electro-
magnetic confinement and are important for applications such as waveguides,
optical cavities, low-loss photonic integrated circuits, nanoscopic lasers and more
[16].

Next we will analyze how do we measure a band gap. The size of a band
gap (it’s extension) can be characterized by its frequency width, Aw. However,
Maxwell equations are scale-free. So we can find a more appropriate measure,
which is independent of the scale, to describe the gap. This measure is called
gap-to-midgap ratio and is defined as the ratio of the frequency width over
the frequency at the middle of the gap. The mathematical form is given below
and is expressed as a percentage (e.g. 20 percent gap refers to a gap-to-midgap
ratio of 0.2): gap-to-midgap ratio := Aw/wy,.

Thus, when we mention the size of the gap, we refer to the gap-to-midgap
ratio, which does not variate even if the scale of the system changes. Moreover,
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Frequency (wa/2nc)

Wavevector (ka/2nc)

Figure 6: A band structure of a photonic crystal with a hexagonal lattice geometry. The
microscopic parameters that describe this network structure (which will be analyzed in section
2), are given by: 7gisc = 0.2, 7.0 = 0.05 and dielectric contrast, « = 13.0. The red color
represents TE-polarization bands, whereas the blue color bands represent the TM-polarization
solutions. For the observation of complete band gaps, we have constructed a python script
that compares the TE and TM values and finds frequency regions that overlap for both
polarizations. In the figure we represent with yellow color the region where a possible complete
band gap may occur. An observation of the band structure can tell that in this region there
are k-values for which the gaps of TE- and TM-polarization overlap.

all the graphs and band structures, that involve the frequency and the wavevec-
tor, will be written as dimensionless parameters (way/2mc and kag/2mw, where
ay is the lattice constant).

In this work, TE and TM bands are computed independently via the use of
MPB-software. So, we identify a complete band gap if we compare the frequency
intervals of both polarizations and determine whether a common forbidden in-
terval exists.

At this moment, we will introduce the second concept of this paragraph; gap
sensitivity. While maximizing the photonic band gap is an important objective
in the design of photonic crystals, the maximum value alone does not provide
a complete description of the system. In practical applications, material prop-
erties and geometrical parameters are often subject to fabrication tolerances,
making it important to assess how the band gap changes under variations of
these parameters. Moreover, there are materials characterized by a disorder
network structure, which typically consists many localized defects, causing the
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break up of large PBG into smaller ones [3]. This motivates the introduction
of the gap sensitivity, which quantifies the dependence of the band-gap width
on a selected design parameter (e.g. Trod, Tdisc, €tc.); for more details, see [8].

Michael A. Klatt, Paul Steinhardt and Salvatore Torquato [8] have exam-
ined via numerical computations, different candidate classes of networks and
heterostructures that could probably pursue a complete photonic band gap. For
each candidate class, they optimized the microscopic properties of the selected
networks, that are composed by spheres and circular rods with radius R each
and with dielectric constant €5 embedded in a bulk with smaller dielectric con-
stant £1. Then, for a fixed dielectric contrast, « (the ratio, £2/¢1), they varied
the values of the radius R (for spheres and rods), so they can compute the max-
imal value of the photonic band gap-to-midgap ratio A(«), via an optimization
algorithm. The optimal gap-to-midgap ratio has the form:

Ala) = max{Aw(R,a)} (11)

R>0 | wm,

By plotting the maximal gap-to-midgap ratio A(«), versus the different di-
electric contrast values «, for each candidate three-dimensional (3D) network, in
the same plot, Klatt et al., found out that there is a hidden universal behavior
unraveling between the different network classes (disordered and classical ones,
e.g. the diamond lattice). The comparison between the different networks was
made with the plot that corresponds to the quarter-wave stack coating, men-
tioned earlier (a structure composed from parallel alternating planes/layers with
dielectric constants €1 and &5, each with a thickness equivalent to a quarter of
a wavelength, A\/4. This structure is characterized by an optimal volume frac-
tion, ¢). The key for revealing these universal behaviors is the gap sensitivity,
denoted with S(«) and defined as:

_dA(a)
S(a) = —- (12)

Moreover the equation describing the gap-sensitivity for a one-dimensional
quarter-wave stack is denoted by Sqws and is given by:

S 2 1
QWS -— ;a3/4(1 + \/a)a
the propagation of EM waves in the quarter-wave stack is perpendicular to
the alternating dielectric layers.

The gap sensitivity plot (S(«) versus «, as can be observed in Figure 7)
imposes that for sufficiently large values of dielectric contrast, «, for all the
optimized crystals and heterostructures, the gap sensitivity converges to the
quarter-wave stack value, S(a) = Sowsg(c). This convergence exists, despite
the topological differences, the absence or presence of long-range order and
the symmetry of the different crystals and networks analyzed. Implementing a
universal behavior across different structures, which could allow us, to reduce
the complexity and construct materials with large photonic band gaps, in the
foreseeable future.

(13)

24



stack

I\ T T T T T
\LD quarter-wave
% Di d
0.06F% " ]
. @ Laves
AN
o\
~ & O,
—~ * @
S oooal B8 ]
<] ‘o ON
= 0.8,
I 659
. NHN ®
= 0.02
“ = MD quench
QBN
0 1 1 1 1
4 10 16 22

«

Figure 7: The gap-sensitivity plot shows the slope of S(«a) (the derivative of the gap-midgap
ratio) for each of the curves that correspond to the different lattice structures (e.g. crystals:
diamond, Laves, hexagonal and disorder networks: NHN, QBNs (quantizer-based networks)
MD quench (made with the use of molecular dynamics) etc.). All of the networks are 3D and
the gap-sensitivity for the crystal-ones is well approximated by the equation describing the
quarter-wave stack structure at every value of a. Whereas, for the disordered networks, S(a)
has a maximum at low « values and converges to the quarter-wave stack law, only for larger
a values. (Reproduced from Klatt et al. 2021 [8] with permission from the American Physical
Society. (© American Physical Society.)

1.4 Our goal

The goal of this thesis is to investigate two-dimensional (2D) photonic het-
erostructures made from disc-packing geometries characterized by simple cubic,
triangular and hexagonal lattice symmetries. We present their band structures
and we observe substantial photonic band gaps only for TM polarization. In
addition to these periodic lattices, we investigate a disc-based structure gen-
erated from a stealthy hyperuniform point pattern, extending our analysis be-
yond periodic geometries to disordered systems. For these structures, we plot
the gap-sensitivity curves alongside the analytical quarter-wave stack curve to
assess whether the predicted universal behavior holds across different dielectric
contrast values.

Then, we extend our research to 2D network structures, composed by discs
and rods, which are described by microscopic parameters such as the disc- and
rod-radii, rg;sc and r,..q respectively. Subsequently, we look for the existence of
a complete band gap and we try to validate the universality of gap-sensitivity
in two-dimensions for a hexagonal and sc lattice structure. This case is not so
straightforward as in three dimensions, due to the existence of TE- and TM-
polarization modes. Each mode has its own band structure and we have to
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check for an overlap in between these values. Moreover, each of these modes
is favored by a specific geometry as we described in the previous paragraphs,
and these geometrical features are competing for TE and TM PBGs. As a
consequence, the topology of the dielectric network and the packing fraction
may deform the heterostructure and destroy the allowance of a complete PBG.
We need to come up with a better optimization algorithm, since the number of
parameters that we need to optimize now is increased to two: rg;sc and 7,.04.
Even more importantly, small changes in the radius 7,4 of the slender rods may
have strong effects on the complete PBG at high-dielectric contrasts. Therefore,
we aim to provide and improve a resource-efficient optimization procedure and
investigate whether the universal gap sensitivity also holds in two dimensions.

Furthermore, we like to combine our numerical results with analytical work
to strengthen the theoretical basis for the design principles of 2D photonic ma-
terials. However, rigorous results for PBGs are beyond the scope of a master
thesis. Therefore, we here focus on hyperuniformity of 2D materials and pose
the question whether we can obtain them from a slice of a 3D material.
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2 Photonic band gaps in discs and networks,
heatmaps & more

On this section, we will describe photonic crystals made from dielectric discs or
networks that obey a variety of symmetries. In our case, we will employ three
types of symmetries characterizing the crystals: simple cubic (sc), triangular
and hexagonal lattice symmetries. For each case (discs and networks) we will
explore when a band gap occurs and why we do not have a complete band
gap for the dielectric disc structures. Moreover, we will explore the connection
between the microscopic parameters (radius and dielectric contrast) and we will
present when a complete band gap occurs in the network structures with the
assistance of heatmap plots.

2.1 Disc packings

In this paragraph, we will use the MPB-software to solve the Maxwell equations,
for disc-like photonic structures, for the characteristic geometries mentioned in
Figure 8. Although it is possible to construct photonic materials with non-
crystallographic symmetries, like photonic quasicrystals [17], for this work we
will focus only on basic crystallographic structures with hexagonal, triangular
and simple cubic lattice symmetries.

Let us now analyze our methodology: how we extract data (only TM-
polarization modes and frequencies are important for the discs), from MPB-
software and we use them to create band structures and gap-to-midgap ratio as
a function of 74, plots.

We use the Scheme language environment of the MPB-software in order to
solve the Maxwell equations. So, we employ already written scheme-codes that
define the mesh size, and specifies that master equation can be broken down
into two type of solutions, TM and TE polarization (or run-TM and run-TE in
the MPB language). Then we construct a bash-file (a code that works under
bash command language), that is basically the “core file” which produces the
modes (expected solutions), for each specified geometry.

The bash-file contains the most important information that defines the solu-
tions we will receive: the dielectric contrast values, the geometry, the symmetry
and the number of bands (which specifies how many eigenmodes/frequencies
you need to compute at each k-point, so in a band structure plot, the n=1
band is the w; ; function, computed for example at 100 k-points. If you “con-
nect” the dots corresponded to each k-value, you derive one band). Moreover
in the bash-file we define the mpb-tolerance, the resolution, the lattice constant
(ap = 1.41421356237 for the hexagonal lattice and a, = 1.0 for the triangular
and simple cubic lattices) and the number of k-values that we need to interpolate
for our solution. Everything is saved in output files of two forms: “.out”, which
contain more information of how equations are solved for specified parameters
and “.dat” files that correspond to the mode values for each k-point. Because
we need to make use of the bash-file each time for a different geometry, we em-
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Figure 8: MPB representations of the packing geometries used for two-dimensional photonic
crystals composed of dielectric discs (black). The geometries were extracted from the HDF5
files generated by MPB.

ploy the use of configuration files (and specifically JSON-files), which include all
the values and specified geometries for the parameters that we have mentioned
above (three configuration files, each for one of the Figure 8 geometries and only
for TM-polarization).

2.1.1 Why we do not observe complete PBGs in disc packings?

As we have discussed above, disc-packing geometries favor the creation of TM-
polarization band-gaps only. So we cannot observe a complete band gap, since
TE-polarization band gaps are practically absent. In a 2D crystal, “TM” and
“TE” modes behave in the structure differently. In the TM-polarization, the
electric field has the form (0,0, E), so it moves across the dielectric rods, or in
our case, it is concentrated along the dielectric discs. Therefore we experience
a strong modulations of the dielectric constant around the discs and therefore
strong Bragg scattering and a large band gap. Whereas, in the TE-polarization
case, the electric field is confined in the plane, so while it propagates it has to
satisfy continuity conditions on the boundaries of the discs, making it in that
way much harder for the field to concentrate inside the dielectric discs. The
TE-field is concentrated around the discs and so we have less confinement and
weaker interactions with the dielectric part of the structure. So, in the band
zone, where a band gap occurs for TM-polarization, there is propagation of light
for the TE-polarization modes. Thus, we cannot observe a CPBG [2].

2.1.2 Computing TM gap-to-midgap ratios

Let us now unveil the methodology of how we computed the gap-midgap ratio
values for different microscopic parameters (o and rg;s.). First we used the
data (“.dat” files) where we have collected the modes (solutions of the Maxwell
equations for the different k-values). These data are imported into a python
script which contains a function that collects the frequencies from the “.dat”
files and computes the gap-to-midgap ratio for a dual set of parameters (o, 7gisc).
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Figure 9: A band structure for TM-polarization for the simple cubic lattice symmetry. The
calculation has been done for r4;s. = 0.2 and o = 13.0. We can clearly notice the band gap
between bands 1-2, in this specific plot.

The function reads the (k, wy,) and computes the difference (Aw) by finding the
maximum value of the band below the gap and the minimum value of the band
above the gap and subtracting them. Then it computes the w,, and it repeats
the process for all the data. If the number of bands is four (num_bands = 4)
then we derive three gap-midgap ratios and the code peaks up the highest one:
it finds the maximum gap-to-midgap ratio for each set of values and assigns it
to a new Python matrix. All of the data are saved in csv-files (printed in a table
form), with a name corresponded to the geometry used for the chosen lattice.
One example of these tables and the gap-to-midgap ratio values computed for
both TE- and TM-polarization, for a triangular lattice made of dielectric discs,
can be seen on Table 1. The negative values, are due to the way the Python code
is made. We could have substituted them with zero for convenience. Although
it is clear that a negative value for a gap-to-midgap ratio (or a band gap) means
that no band gap exists and the bands overlap, since Aw < 0.

Moreover, Table 1 imposes absent or very small values of TE band-gap in the
dielectric disc structures. Especially in high dielectric contrast values (o = 13.0)
we can observe the high difference between the gap-to-midgap ratio value that
corresponds to TM-polarization modes (around 40% gap) in comparison to the
TE-polarization modes (mostly around 1% and only 9.6% gap for r4;s. = 0.25).
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o  Tgise Aw/wn, (TE)  Aw/w, (TM)

4.0 0.10 -9.03 % 3.05 %
4.0 0.25 1.8 % 21.5 %
7.0 0.10 -8.8% 17.8 %
7.0 0.25 -4.0 % 32.0 %
10.0 0.10 -10.02 % 29.3 %
10.0 0.25 0.9 % 36.5 %
13.0 0.10 -10.3 % 38.4 %
13.0 0.20 0.83 % 46.9 %
13.0 0.25 9.6 % 38.9 %

Table 1: Gap-to-midgap ratio Aw/wm, for selected values of the dielectric contrast « and disc
radius 7g4;sc, for TE and TM polarizations in a triangular lattice of dielectric discs.

Next we will employ the data of the csv-files, and use them to construct plots
of the gap-to-midgap ratio values versus the disc radius parameter. Figures 10—
12 show the dependence of the gap-to-midgap ratio on the disc radius for the
three considered lattice geometries. From these plots we can extract information
about the dependence of the size of the gap with the microscopic parameters
that constitute the dielectric lattice (74;sc and ). What we can actually observe
is that the highest gaps occur in the case of the triangular lattice. Moreover, we
realize that as we increase the dielectric contrast, we derive higher values for the
gap-to-midgap ratio. So, as the dielectric contrast increases, the gap increases,
or as the dielectric contrast decreases, the gap closes.

Another important information is that, in all the graphs, we can observe that
the maximum value for the disc-radius, depends on the dielectric contrast. For
higher dielectric contrast the maximum rg4;s. occurs around 0.2 in comparison
with lower « values, in which we observe the maximum around 0.25.
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Figure 10: Gap-to-midgap ratio versus disc radius r for the simple-cubic lattice. The different
curves correspond to the considered values of the dielectric contrast a.
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Figure 11: Gap-to-midgap ratio versus disc radius r for the triangular lattice. The different
curves correspond to the considered values of the dielectric contrast a.
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Figure 12: Gap-to-midgap ratio versus disc radius r for the hexagonal lattice. The different
curves correspond to the considered values of the dielectric contrast a.
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Figure 13: MPB-representation of the packing geometries that we use for two-dimensional
photonic crystals made from dielectric networks (black color). The white color phase
represents air with dielectric contrast, ¢ = 1. The EM-field can propagate through the
dielectric channels (black color phase). The pictures were produced by creating, via specific
commands, h5-files of MPB to png-files (images). Together with the modes and frequencies
(solutions of Maxwell equation saved at .out and .dat files), we also receive an h5-file which
encapsulates the geometry of the structure in which we solved the Maxwell equations.

2.2 Photonic networks

As we have discussed analytically in the previous paragraphs, in 2D systems, the
structures favorable of TE-mode PBG and those for TM-mode PBG formation
are different. This difference lies on the nature of the electric field (F) in both
cases. In the TM-mode we have to deal with a scalar electric field (0,0, E,),
whereas in the TE-mode we have a vector field (E,, E,,0). So, in order to
receive a complete photonic band gap, we need to create lattices that combine
characteristics of both structures (TM-modes and TE-modes) [18].

Vein-dielectric structures (made from dielectric rods), are ideal for the cre-
ation of a TE-mode gap. In this case the continuous field lines of the transverse
electric field, can extend to neighboring lattice cites without leaving the high-¢
region of the lattice. For example, in the n = 1 band, the field could be local-
ized in the high-¢ and in the n = 2 band, the field “jumps outside”, so energy
is concentrated on a low-¢ region. This “jump” in the frequency creates a band
gap.

The difference with the isolated dielectric disc structures, is connectivity.
The question remains, what are these network structures and why do we call
them like that?

The combination of continuously connected dielectric rods with dielectric
discs, create an interconnected structure characterized by bonds and connectiv-
ity as exactly it is happening with a mathematical graph. Although, here we do
not have abstract nodes and edges, but dielectric rods and discs that constitute
our dielectric network. Network structures, allow the construction of pho-
tonic crystals with enriched physical properties like light localization in a specific
line, complex band structures and the most important: complete photonic band
gaps (CPBGs). Moreover in order to observe light localization phenomena, we
can construct 2D disordered network lattices. Extensive research in this subject
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has been conducted by Florescu et al. [6], who has designed, with numeri-
cal computations, disordered lattices with large band gap values, by employing
the notion of stealthy hyperuniformity and noting that the latter together with
short range geometric order and local topology can form band gaps without the
appearance of long-range order in the system.

In this paragraph, we will focus on the same geometric packing structures
that we discussed for the discs and we will present our methodology for the
computation of the gap-to-midgap ratios and the complete band gaps (see Fig-
ure 13).

2.3 Computing TE and TM gap-to-midgap ratios

The approach that we had to follow for the computation of the gap-to-midgap
ratio for photonic network structures, is actually based on the same methodology
used for disc-structures.

We save (from MPB-software calculations the corresponding bash-file that
we have created for network-lattice geometries) and extract data (eigenfrequen-
cies) computed for three types of dielectric networks (as we can observe in Figure
13). The bash-script is similar to the one used in the discs-case and extracts pa-
rameters such as the number of bands, the dielectric contrast and the radii from
configuration files made for each lattice. We use the same algorithmic “core” for
the python code that we have used for discs. However, we implement a new pa-
rameter, 7,.,q4, which defines the radius of the rods that represent the connectivity
of the network. A distinction between the polarization of the modes is defined
through an if-else command. The output (data for the frequencies) is saved in
“out” and “.dat” files. The “.out” files contain all the information during the
mpb-running procedure for specific values of the parameters (radii, dielectric
contrast), e.g. solving for bands 2 to 4, and in (cylinder, center) = (..,..) with
te/tm frequencies = (...), for k-points. Moreover, they contain the gap values
(in %) computed between different bands (e.g. Gap from band 2 to band 3).
However, we are not going to use these values for our analysis and we will com-
pute the gap-midgap ratio via a python code, as we have exactly obtained in the
disc-structure crystals. Our next step is to load the “.dat” files in the python
code (compute-gap-table-networks.py), which computes the gap-midgap ratios
for each dielectric contrast and for specific radii (rg;s. and r,.,4) defined in the
configuration file (JSON-file) which is about to be used. The output is saved
on “csv-files”, each associated with a name that corresponds to the existing
lattice structure and polarization (“gap-results-networks-hex-te/tm.csv”). Se-
lected values of the gap-midgap ratio are presented in the following tables, for
a hexagonal, simple cubic and triangular lattice respectively.

The values presented on the tables are taken from tables with 197 gap-
to-midgap ratio values for each lattice. For the first two dielectric contrasts
(o = 4.0, 7.0), we picked up the highest gaps that occur for TE-polarization
and for the equivalent radii, we check the value for TM-polarization. Whereas,
for dielectric contrasts, & = 10 and a = 13 we picked up the highest gap values
for both polarizations and we compared them (this is why we chose to have 2
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« Trod Tdise Aw/wy (TE) Aw/w, (TM)

40 0.15 0.25 20.05% 0.019%
7.0 0.15 0.15 37.17% 0.059%
10.0 0.15 0.15 47.26% 0.063 %
0.01 0.20 1.46% 22.35%
13.0 0.10 0.15 55.25% 2.40%
0.01 0.20 28.24% 7.98%

Table 2: Gap-to-midgap ratio for selected values of the dielectric contrast a and the radii 7,4
and rg;sc in a network structure with hexagonal packing geometry. The gap-to-midgap ratios
are given for both TE and TM polarizations.

« Trod Tdise Aw/wny (TE) Aw/w, (TM)

4.0 0.01 0.30 0.0% 6.6%
7.0 0.10 0.15 12.2% 3.1%
10.0 0.10 0.15 23.6% 2.95%
0.01 0.20 0.0% 30.24%
13.0 0.15 0.10 21.92% 0.02%
0.01 0.20 0.15% 35.96%

Table 3: Gap-to-midgap ratio for selected values of the dielectric contrast a and the radii 7,4
and rg;sc in a network structure with simple-cubic packing geometry. The values correspond-
ing to o = 4.0 are originally negative; since a negative gap has no physical meaning, these
values are reported as zero.

a Trod Vdisc A“-’/wm (TE) AW/Wm (TM)

4.0 0.10 0.30 4.68% 0.98%
7.0 0.10 0.30 12.53% 3.62%
10.0 0.05 0.20 19.19% 16.42%
0.01 0.20 0.0% 36.13%
13.0 0.05 0.20 24.27% 17.88%
0.01 0.20 0.0% 39.53%

Table 4: Gap-to-midgap ratio for selected values of the dielectric contrast a and the radii 7,4
and rg;sc in a network structure with triangular lattice geometry. The gap-to-midgap ratios
are given for both TE and TM polarizations.
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Figure 14: Heatmap of the gap-to-midgap ratio for the hexagonal lattice in TE polarization
at dielectric contrast a@ = 13.0. The red regions correspond to higher gap-to-midgap ratios,
whereas the blue regions correspond to smaller values.

gap-values for the highest dielectric contrasts).

Given those tables, we can observe that smaller dielectric contrasts require
larger radii values. Moreover, as « increases, the gap-values also increase. From
the data, we can also understand that the gap-values for TE-polarization are
not relevant with the values of TM-polarization for the same parameters (radii
and «). The absence of a gap for TE could mean a large gap for TM (as we
can deduce from the last row of table 4). The reason is the geometry of the
lattice and the adjustment of the radii values. Increasing the r,.,q favors TE-
polarization, since it creates more “routes” where light can propagate inside
the network. Whereas, higher 74;s. values allow TM-modes to increase their
gap, since the “routes” are closing and the packing becomes more rigid (more
information about packing and crystal structures can be found here: [19]). The
fact that TE-gap values differ from TM-gap values, predispose us to the idea of
complete photonic band gaps (CPBGs) which we will analyze in the next section.
Before CPBGs, we will continue our preliminary analysis by presenting some
2D heatmaps plots of the gap-midgap ratio versus 7g;sc and r..q. These plots
provide a hint for the radii at which the maximum gap occurs, an important
aspect for the optimization procedure that will follow up, for different lattice
geometries.

Here we provide 3 different heatmaps, one for each lattice geometry, cor-
responding to TE-polarization and for a = 13.0. More information about the
heatmaps produced for the different geometries and polarizations can be found
in Appendix A.
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Figure 15: Heatmap of the gap-to-midgap ratio for the triangular lattice in TE polarization
at dielectric contrast o = 13.0. The red regions correspond to higher gap-to-midgap ratios,
whereas the blue regions correspond to smaller values.
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Figure 16: Heatmap of the gap-to-midgap ratio for the simple-cubic lattice in TE polarization
at dielectric contrast o = 13.0. The red regions correspond to higher gap-to-midgap ratios,
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At a = 13.0, the hexagonal lattice exhibits substantially higher TE gap-
to-midgap ratios than the triangular and simple-cubic lattices, as shown in
Figures 14-16. The connected topology of the hexagonal structure modifies
the spatial distribution of the electromagnetic fields and the coupling between
the photonic bands, which can contribute to wider TE gaps. Moreover, we can
observe again that an absence of gap at a specific dielectric contrast for TE-
polarization, does not imply an absence of gap for TM-polarization modes (as
shown in Table 4).

2.4 Complete PBGs

Let us now focus on the complete band gaps and how we compute them. The
methodology developed for the computation of complete photonic band gaps
(CPBGs) is described in the following section.

2.4.1 Complete PBGs in networks: methodology

Our approach is based on the “.dat” files created by MPB, for the gap-midgap
ratios for TE- and TM-polarization, for each lattice geometry, and for dielectric
contrast a = 4.0, 7.0, 10.0, 13.0. We construct a python code which loads,
via configuration files, the frequencies available in the “.dat” files for TE- and
TM-modes. This python code, loops over all the parameters (radii and «) and
uses a function, that finds all the gaps for TE (te-gap 1, te-gap 2, ...) and TM
(tm-gap 1, tm-gap 2, ...) and then compares them with each other, in a for loop
and searches for overlaps in the frequency gaps between the two modes.

For this algorithm, we use a function named: get-all-gaps, which reads the
frequencies from the “.dat” files and finds the maximum value (frequency) of
the lower band and the minimum value of the upper band. Then it computes
the gap-midgap ratio for all the gaps between consecutive bands. More specifi-
cally, a variable bands is assigned the values of the columns including the band
frequencies data. Then two variables max-lower and min-upper, find the max-
imum frequency of the band below the gap and the minimum frequency of the
band above the gap, respectively. Also we define an empty array: gaps. Then
we loop over all possible values of max-lower (it would be the same if we have
looped through min-upper). Inside the loop values are assigned to two new vari-
ables lower and upper (from max-lower and min—upper, and for all i) and we
compute the gap difference (gap=upper-lower). After, if gap is a positive value,
we compute the mid-frequency (mid=upper+lower/2). Finally, all variables and
the band-index (i+1), are assigned to a list named, gaps.

2.4.2 Heatmaps for complete PBGs

The gap-to-midgap ratios produced for the complete-polarization, are saved on
three csv-files, one for each polarization. The csv-files are then loaded into the
Python code used to generate the heatmaps (seaborn library is used for the data
visualization), allowing us to obtain heatmaps of the complete band gaps. The
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Figure 17: Heatmap of the gap-to-midgap ratio for complete polarization in the hexagonal
lattice at dielectric contrast @ = 13.0.

following heatmaps represent the occurrence of complete photonic band gaps
on the three different lattice geometries, for a pair of radii (704, Tdisc) and for
dielectric contrast, o = 13.0:

The complete band-gap heatmaps for the three lattice geometries are shown
in Figures 17-19. The hexagonal lattice exhibits a broader range of gap-to-
midgap ratios across the parameter space. In contrast, the triangular and
simple-cubic lattices show gap-to-midgap ratios that are concentrated around
two distinct values. In the triangular lattice, two different gap-to-midgap ra-
tios can occur for the same rod radius, whereas in the simple-cubic lattice, two
different values can occur for the same disc radius.

More heatmaps for the complete-polarization gaps are presented in Ap-
pendix B. Nevertheless, a preliminary inspection of Figure 17, together with
the heatmaps in Appendix B, suggests that the largest gap values, and conse-
quently the optimal radii, are obtained at dielectric contrasts around o = 13.0.
This observation motivates further investigation of dielectric contrasts around
a = 13.0, which may provide additional opportunities for optimizing the band
gaps.

The heatmaps produced constitute the first step of our preliminary investi-
gation into the maximum gap-to-midgap ratios for complete polarization. They
provide an initial assessment of the optimal lattice parameters (radii) corre-
sponding to the largest gap-to-midgap ratios, and consequently, the largest
complete photonic band gaps.

The optimization procedure for the network structures is presented in the
following section. Before that, a separate section on the optimization of the
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Figure 18: Heatmap of the gap-to-midgap ratio for complete polarization in the triangular
lattice at dielectric contrast a = 13.0.
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Figure 19: Heatmap of the gap-to-midgap ratio for complete polarization in the simple-cubic
lattice at dielectric contrast a = 13.0.



disc structures is analyzed. The latter methodology, which concerns lattice
structures composed of dielectric discs, involves one fewer parameter and is
based on “refined grid search” optimization method [20].

3 Optimization

The scope of this section is to describe the optimization techniques that have
been used for photonic structures composed of, (1) dielectric discs and (2) di-
electric networks. We first describe the refined grid search procedure used to
optimize the disc-based structures, followed by the optimization of the network
structures, which combines a refined grid search with Gaussian fitting to es-
timate the optimal radii and the corresponding maximum gap values. These
optimization procedures are computational expensive, so our task is to develop
simple optimization techniques that require limited computational resources
while yielding valuable physical insights.

3.1 Optimizing 2D disc packings

For the optimization of lattices composed of dielectric discs, we will follow a
process containing three steps. The first step of our optimization analysis is
a rough grid search, and it has been obtained in the section “Discs”, where
we have computed the gap-to-midgap ratio and produced the gap versus rg;s.
curves. The curves presented on Figures 10 — 12, imply a first guess of the
optimal discs radii. So, we collect 4 values for each lattice (one for each dielectric
contrast) that represent the radius at which the maximum gap-value occurs. So,
we create four tables of («, rg;sc) for the sc, triangular, hexagonal lattice, and
the stealthy hyperuniform point pattern. These tables are used in a Python
code, which fits a model to our existing data. The fitting model is the second
step of our optimization procedure. It is described by an equation of the form:
r =b/a+ c. Where « is the dielectric contrast and r is the disc radius. With
b and ¢ we define the fitting parameters. The fitting procedure is performed
with curve_fit, from scipy.optimize library of python, which uses nonlinear least
squares to fit a function (f = b/a + ¢) on the (x,y) = (a, Taisc) data that are
represented by arrays including four values. An example of this fitting is given
in Figure 20. We apply the same procedure to each of the lattices.

The last step involves, plugging the fitting parameters, b and ¢, into JSON
files which include all the important information for each lattice: the resolution,
the MPB-tolerance, the number of k-values interpolated, the number of bands
and the band where the maximum gap is computed and the fitting parameters, b
and c respectively. Then we use the information included in the JSON files, in a
SLURM script which includes our optimization algorithm (a refined grid search
method). With this method, we start from our initial guess and we compute
maximum gap values and optimal radii. If the guess is not good enough, we
refine a new grid around the produced set of parameters («, rggfz)), instead of
searching the whole grid from the beginning. This method is computational
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Figure 20: Fitting curve, regarding the model b/a + c¢. The fitting parameters, b and ¢ are
represented on the upper right corner of the plot. The y-axis represents the radii, whereas
the x-axis corresponds to the dielectric contrast values, a.

efficient. Later for the complete PBG, instead of “scanning” a lattice with 100
points in each direction (100 x 100=10000 points), we only have to search for
a smaller region, e.g. 20 x 20. So, we “coarse-grain” our mesh. Moreover, the
optimization algorithm, ran on cip-pool, at an LMU-cluster. Where, 16-nodes
and 4-tasks-per-node are asked to be used. Each calculation lasted 16 to 18
minutes in total. However, the calculation corresponding to the stealthy lattice,
lasted around 36 to 48 minutes, according to the number of dielectric contrasts
and fitting parameters specified. For the hexagonal, simple cubic and triangular
lattices, a resolution of 80 (res = 80) and 30 k-values were interpolated. In
contrast, for the stealthy point pattern, k-interpolate was equal to zero and the
resolution used, was equal to 30 (res = 30). Figure 21, provides a rough sketch
of the refined grid-search optimization method.

After completing our optimization procedure, we collect the corresponding
data for each lattice and we create two graphs: (1) the maximum gap-values as
a function of the dielectric contrast, A(«) and « respectively. And (2) the gap-
sensitivity plot, S(a) as a function of «, where S(«) is the numerical derivative
of A(a). The key results for the gaps of three crystal lattices and one disorder
structure (stealthy hyperuniform point pattern), are shown in Figure 22. In
addition, Figure 23 represents the slope for the same lattices (gap-sensitivity
plot).
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Figure 21: A rough sketch, that describes refined grid search. This is coarse grid, and the
red z represents the point around we refine (which could be our initial guess for the optimal
radii), for a region of high « values. The yellow mark is for intermediate values, whereas the
blue mark corresponds to regions of low « values. The a and r —disc on the axis, correspond to
the dielectric contrast and disc-radii. A problem with this method is that if there is a narrow
peak between two points, the coarse search may miss it completely. For a more extensive
research, we can probably use a local optimizer, via Brent’s method [21].

Figure 22 indicates that, the triangular lattice, appears to have the largest
PBG. Moreover, for small dielectric contrasts, the stealthy pattern, has a larger
PBG than the simple cubic (sc) lattice. Although, as we increase the dielectric
contrast, the latter obtains larger PBGs. Both sc and stealthy lattices have dif-
ferent geometries, with the second one characterized by disorder. However, the
symmetry that we use to obtain our calculations for the PBG values, acquires the
use of simple-cubic structure. So, for both systems we use “a cubic box”, where
our calculations are obtained (same underlying periodic cubic cell). Although,
the arrangement of points is different for both lattices. For the sc-lattice, the
arrangement is crystal ordered and periodic, whereas for the stealthy-pattern,
the points are generated according to a stealthy disordered point process and
they do not form a simple cubic lattice. Moreover, the points on the stealthy
pattern, are characterized by correlations, such that density fluctuations are
suppressed in a region around k = 0 (S(k) = 0, for 0 < K < k). This defines
the hyperuniform identity of the structure and implies a hidden long-range order
on the system. Thus, even though the system is characterized by disorder, the
positions of points are not randomly independent. Furthermore, we can deduce
from Figure 22, that geometry specifies the PBG values. Each lattice, has
different gap values, with the hexagonal-lattice, having the lowest values. Even
if its geometry is composed of two triangular shifted lattices, this shift is enough
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for opening a lower PBG in comparison with the triangular lattice.

Next, we will focus our attention on the gap-sensitivity plots of these op-
timized disc-lattices. All simulations were performed for dielectric contrasts
a = 4.0 — 21.0, with a 0.5 step. Turning to Figure 23, we note that, for all our
crystal lattices and the disordered structures considered, S(«) is well approxi-
mated by the gap sensitivity of the quarter-wave stack (QWS), Sows(a), for
large values of a.. Overall, it is a very nice fit, with a small deviation appearing on
larger «, in the tail of the Sgws(a) curve. However, it is not yet clear whether
this deviation is due to the optimization tolerance or the numerical tolerance
of the MPB eigensolver. Furthermore, the resolution used for the simulations
is limited by the computational resources available on the cluster. Increasing
the resolution, could probably offer better results and remove the deviation ap-
pearing on large dielectric contrasts. Moreover, our cross-checks suggest that
the observed deviation could reflect a genuine physical effect. Nevertheless, we
remain cautious in our interpretation, as the computational resources available
to us do not allow us to extend our analysis further and establish this conclusion
more firmly.

Furthermore, to extend our analysis, we compute the difference between
the gap-sensitivity of the quarter-wave stack and the gap-sensitivity data for
each lattice (crystals and the stealthy pattern) and plot the results together in
Figure 24, where we observe that all curves approach the same positive offset
for the largest values of « studied here. This finding suggests that, only at
very large dielectric contrasts, beyond o = 13, we observe a convergence to the
universal curve with a small positive offset remaining even for a = 21. Whether
this offset is a real phenomenon or an optimization issue, remains an interesting
open question for future research and would require substantial computational
resources beyond the scope of this Master’s thesis.

The close similarity to the universal gap sensitivity can hardly be a coin-
cidence. Hence a similar physical law apparently applies. On the other hand,
we found no obvious numerical explanation of the small offset. Taken together,
these observations point towards a universal law that is modified in two dimen-
sions possibly because the gap size is optimized for all in-plane directions but
only for a single polarization (TM). However, we are cautious to make such a
claim because of our limited computational resources. Further high-performance
calculations are needed to verify this claim.
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as a result of low resolution or MPB-tolerance used for the simulations.
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hexagonal-lattice, it keeps increasing until it reaches the offset.
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3.2 Optimizing 2D photonic networks

The optimization procedure that we will follow for the network structures, in-
cludes four steps. The first step is a rough grid search (the same procedure as
for the TM-polarized disc structures). For the photonic networks, we turn our
attention to CPBGs because we need to optimize the geometrical parameters of
the lattice structures to obtain complete gaps that prohibit light propagation
in any direction. A quick look at the heatmaps of CPBGs presented on Section
2.4.2 and Appendix B, provide us with a first guess of the optimal radii. So, we
proceed exactly as in the discs case, by collecting the data in tables containing
sets of candidate optimal radii, rg;s. and r..q together with the corresponding
dielectric contrast values, a. The following procedure is described for three types
of network lattices: simple cubic, triangular and hexagonal. Unfortunately, the
data for the triangular lattice were insufficient, as calculations were performed
only for a dielectric contrast of @ = 13.0. Therefore, the available data were
insufficient even to obtain an initial estimate of the optimal radii. Evaluation
and MPB calculations of bands at higher dielectric contrast is probably needed.
Thus, we followed our analysis with data for the simple cubic and the hexagonal
lattice. The fitting parameters now are not only two but four, since we use the
data on a Python code that used curve_fit from Python library scipy.optimize,
and we obtain 4 values: bgiscs, Cdiscs, brod and c.oq. These parameters are writ-
ten into the corresponding JSON files, which contain the information required
by the optimization algorithms for each lattice. The next step involves refining
the grid around the initial estimates of the optimal radii. The JSON files are
read by a SLURM script that runs the optimization procedure for the network
structures. During this procedure, a Gaussian function is fitted to the gap val-
ues obtained from the refined grid search. As illustrated in Figure 25, the gap
values around the maximum exhibit an approximately Gaussian-shaped profile.
The Gaussian fit is therefore used to estimate the location of the maximum and
the corresponding optimal radii, rg;s. and r,,q, while reducing the influence of
fluctuations in the sampled data. This procedure provides an estimate of the
maximum gap and the associated optimal radii.

Furthermore, during the “refine grid” procedure, we observed that the data
of the optimal gaps, are subjected to noise. To tackle the noisy data landscape,
we plug our results for the gap values (which have been obtained by running
on the LMU-cluster, the SLURM script for the optimization of networks) into
a Python code, which uses spline-fit for smoothing (4th-step). More specif-
ically, we use the make_smoothing spline function from the Python module
scipy.interpolate, setting the smoothing parameter to A = 1. This func-
tion constructs a smoothing spline that balances agreement with the input data
against the smoothness of the resulting curve. The spline fit provides us with
smoothed estimates of the optimal radii, (7gisc, Troq). More specifically, we ob-
tain two arrays of data: one containing the disc radii and the other containing
the rod radii. These data are then written into new JSON files, which are used
by another SLURM script (mpb_run networks_hpc_2). This script uses MPB to
solve the eigenvalue problem derived from Maxwell’s equations for the hexag-
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Figure 25: Gaussian fit on the optimal values that have been obtained via a refine grid search.
Around the initial guess, a new grid is refined and then a Gaussian function is fitted around
the gap values corresponding to the optimal radii. With “x” in red color we define a random
optimal value of the grid, where we apply the Gaussian fit.

onal and simple cubic geometries and calculate the corresponding frequencies
and CPBGs. We begin our analysis with the hexagonal lattice. The JSON files,
specify the polarization setting (complete), the geometry, the symmetry of the
lattice and the dielectric contrast values («), used to solve the master equation.
The output of the MPB eigensolver also provides the gap-values as percentages
(e.g. 10% gap). We collect the gap values and the corresponding optimal radii,
for dielectric contrasts ranging from « = 7.0 to a = 13.0 (our preliminary anal-
ysis, with the heatmaps, has indicated the absence of CPBG at a = 4 for the
hexagonal lattice), in increments of 0.2.

Our initial optimization procedure, has been obtained for k;,; = 10 and
res = 80. These parameters were used to produce the gap values with the MPB
eigensolver script. However, the resulting data exhibited substantial scattering
and deviated from smooth curves in the gap and gap-sensitivity plots. We found
that the number of interpolated k-points affected the scattering. Increasing this
number reduced the scattering in the optimized data. We therefore repeated
the procedure from Step 3 using k;; = 75 and res = 130. We then followed the
same procedure to obtain new data for our gap and gap-sensitivity plots.

On Figure 26 and Figure 27 we observe the gap (only for hexagonal-lattice)
and gap-sensitivity plot (for hexagonal- and sc-lattice), respectively. The latter,
indicates that there is no overlap between gap sensitivity of the data S(«) and
Sows(a). Moreover, we observe a “kink” in the data, for o = 12.6. The
optimal radii that correspond to the “kink” are written down on Figure 27.
Since the kink appears for both lattices close to the largest values of o that we
can consider here, it may be an artifact of our optimization procedure. Note
that gaps at non-optimal radii are smaller and can hence lead to a drop in
the gap sensitivity. The appearance of the “kink” in the gap-sensitivity plot,
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is possibly produced due to the decreasing of the slope of optimal rod radii,
as « increases. In addition, the non-convergence of our data to Sqws(a), is
connected with the wall-thickness of the rods (or equivalently 2 x r,.,4), that
constitutes the network lattice. As we increase the dielectric contrast, the wall-
thickness decreases, and the necessary change to optimize is may no longer be
represented by the pixelated image.

Furthermore, we continue our analysis, for the sc-lattice. We follow the
same procedure as in the case of the hexagonal. However, for this structure,
the optimization procedure produced data only for 12 < o < 13 with step 0.2.
The absence of data, does not allow us to extract more information for the
simple cubic lattice. We tried to create gap-values for higher values of dielectric
contrast, but the optimization procedure, ran on the HPC, stuck and did not
provide us with an output. Although, we did not smooth our data (for sc),
we plot them on the gap sensitivity plot, together with the hexagonal-lattice
data. The important thing is, the observation of the same “kink” in the simple
cubic lattice, for @ = 12.6. Figure 27 represents the gap-sensitivity plot for the
optimal data of hexagonal and sc lattices. Only three data are trustworthy for
the simple cubic lattice, the other three are not taken into account (as explained
above).

Another important reason for the substantial quantitatively deviations, is
the different geometrical requirements of the TE and TM band gaps. The
two polarizations respond differently to the dielectric geometry: TM modes
tend to favor isolated dielectric inclusions, such as dielectric discs, whereas TE
modes generally benefit from connected dielectric networks or vein-like struc-
tures. This competition between the geometrical requirements of the two polar-
izations makes the simultaneous optimization of TE and TM band gaps more
restrictive than optimizing either polarization separately. This argument, to-
gether with the limitations imposed by the finite pixel resolution of the rod
wall thickness, are a possible, rough explanation of the deviation of data from
the analytical curve, Sgws(a). These observations further motivates a more
detailed investigation of the mechanisms underlying the emergence of photonic
band gaps in optimized two-dimensional network structures.
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Figure 26: The gap plot for a hexagonal-lattice network. o = 7, is roughly the critical value
for the appearance of a CPBG. The gap shows the optimal gap-to-midgap ratio A(«) as a
function of the dielectric contrast a.
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Figure 27: The gap-sensitivity plot for the hexagonal and simple cubic lattices. It has been
obtained for res = 300 and k;,¢+ = 75. We can clearly observe that despite the high resolution,
the data do not converge towards the quarter-wave stack curve for gap-sensitivity. On o =
12.6, we have a “kink” in the hexagonal-lattice data, that corresponds to optimal values:
Trod = 0.026 and 745 = 0.199. The points appearing directly at and after the “kink” are
not trustworthy and so are “deleted”. For the sc-lattice, on a = 12.6, the “kink” appears.
This corresponds to optimal radii: r4;s = 0.327 and r,.,q = 0.028. The untrusted points are
“deleted”, with an “x” symbol, for both lattices.
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3.3 Remarks on optimization processes

The steps that have been followed for the optimization processes, for dielec-
tric disc and network structures provide us with some important remarks about
PBGs on 2D photonic heterostructures. Firstly, for the discs case, we man-
aged to obtain results that confirm a possible universal behavior of crystal and
disorder lattices on high dielectric contrasts. The gap-sensitivity plot provide
us with rich information about the “quarter-wave stack law” and highlight the
possibility of further investigations for the emergence of PBGs in dielectric-disc
structures. These structures despite their simplicity (in contrast with networks
complexity), can be beneficial for understanding TM-polarization gaps and how
changes in the geometric structure can suppress their appearance. Moreover,
all of them constitute stealthy hyperuniform patterns. The latter notion is
highly associated with the appearance of complete PBGs on photonic crystals,
enriching in that way previous research remarks and ringing a bell for further
investigation on the future.

Moreover, the optimization of network designed lattices, proved to be chal-
lenging with the available computational resources. Therefore, we devised an
efficient procedure. Within our accuracy, we did not observe convergence of
the gap-sensitivity towards the theoretical QWS-curve, complete PBGs for the
hexagonal and even more for the simple cubic networks require high dielectric
contrasts and slender rods (even more so for the triangular networks so that
we did not observe a sizable complete PBG for this symmetry). The small
changes in r.,q that are necessary for the optimization are computationally ex-
traordinarily expensive. We observe a “kink” in the gap sensitivity, which sheds
light for further future investigations about 2D network photonic crystals. It
may originate from a physical limitation, namely that TE and TM PBG over-
lap cannot be further optimized. Alternatively, it is possible that the complete
PBG becomes exceptionally sensitive to r.,q so that we can no longer resolve
the optimal value. Again this question can only be decided by further massive
high performance computing: Is there a new law that characterizes the emer-
gence of CPBGs on larger dielectric contrasts or is it about demanding more
computational resources and employing clever optimization techniques?

Overall, the aim of this thesis is to extend our knowledge for the emergence of
PBGs on 2D photonic crystals and indicate how simple optimization techniques,
such as the refine grid search and the Gaussian fit on a grid of optimal values,
with low computational resources, can give us important information about
gap-sensitivity and push the research toward novel processes for the discovery
of gaps and enrich our knowledge about the complex interplay between TM-
and TE-polarization.
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4 No-go theorem for hyperuniform slices

In the preceding section, we numerically investigated the physical properties of
optimized two-dimensional heterogeneous materials, specifically focusing on the
emergence of photonic band gaps (PBGs).

As has been established in previous literature [6, 7], hyperuniformity ap-
pears to be a necessary condition for the existence of such band gaps in these
structures. Given this requirement, some natural and critical question arises
regarding the physical realization of these materials: how can one systemati-
cally construct two-dimensional materials that exhibit hyperuniformity? Can
mathematics provide us with a solid answer?

One intuitive route toward scalable fabrication via self-assembly [22], would
be the production of multiple samples simultaneously by taking thin cross-
sectional slices of existing three-dimensional materials [23]. The motivation
behind this approach is the possibility of inheriting the structural properties of
a bulk precursor to ensure the desired 2D characteristics.

In the following section, we examine the theoretical viability of this approach.
Firstly, we offer an introductory guide in the world of hyperuniformity and ran-
dom fields, providing the analytical background needed. Moreover, we provide
a rigorous mathematical proof, demonstrating that this particular fabrication
route is not feasible. In that way, we establish a “no-go theorem” which proves
that a slice of an isotropic hyperuniform material is never hyperuniform in two
dimensions. Consequently, this option is effectively ruled out as a means of
constructing 2D hyperuniform structures, thereby necessitating the exploration
of alternative synthesis strategies.

4.1 What is a random field?

We will start the introduction by specifying first the notion of a random field.

The theoretical framework and applications of random fields emerged from
the combination of two fundamental ingredients: statistical mechanics (Boltz-
mann theory, Gibbs measures, etc.) and the mathematical development of prob-
ability theory (Kolmogorov [24], Markov, Stravskaya [25], and others). Owing
to their widespread use in numerous scientific disciplines—including physics,
mathematics, biology, and image analysis—the underlying concepts of random
fields are largely shared across fields, although their terminology and represen-
tation may differ considerably. To avoid this “Babel” of disparate notations
and viewpoints, we introduce the theory of random fields from a broad physi-
cal perspective while providing the necessary mathematical definitions, largely
following the framework presented by Albeverio and Krohn [26].

In many physical systems, the microscopic state cannot be described deter-
ministically. Instead, one observes spatially distributed quantities whose values
fluctuate from one realization to another. Random fields provide the mathe-
matical framework for describing such spatial randomness while preserving the
underlying statistical properties of the medium. They therefore constitute a
natural language for the study of heterogeneous materials, porous media, dis-
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ordered solids, biological tissues, and hyperuniform structures. The long-scale
phenomena originate from local interactions, which are stochastic. Lets now
sum up this picture of random fields with some definitions.

Definition I (Random Fields): A random field (RF) over Z™ or R™ is
a family of random variables, &(x), parametrized by x € Z™ or € R", with
values in R™. Thus £ = [{(x) : x € R"], is for each x a measurable function
from a probability space (2, Z,P), where £ is the class of measurable sets in
and P is a probability measure (usually a joint or conditional probability) such
that £(x)(w) is measurable in x and w with values in R™ (where w are possible
realizations of the random process).

Definition II (Homogeneous RF): A homogeneous random field is a
random field such that for any integer k, the joint distribution of £(x1), ...., £(Xk)
is translation invariant, i.e.,

P(E(X0)s s E(310)) = B(E(Xs + ), ey €31 + @)

(the joint probability distribution stays invariant under a translation, o € R™).

Examples: The most common example is a homogeneous Gaussian random
field. Tts joint probability distribution is characterized by its expectation (mean)
value and a correlation function, E(§;(x)) = m; and E(&;(x)&;(y)) = Gij(x —
y), respectively. Where &;(x) is the ith component in R™ of {(x). For the
analysis, that will follow on the section: hyperuniformity in random fields, we
will use m = 1 corresponding to scalar fields. The homogeneity implies that the
mean value is constant (independent of x) and the correlation function depends
only on the difference vector x — y between two spatial random points; if the
field is isotropic, the correlation function depends only on the radial distance
r:= |z — y|. We can create also non-Gaussian random fields, by perturbing a
Gaussian one. Analytically, we start with the underlying probability measure
of a Gaussian field, dPy, and we multiply it by a new exponential function,
reminiscent of a Gibbs distribution (known from Statistical mechanics). The
measure takes the form:

0Py  cap [A / f<5<x>>dx} ap, (14)

where A is a bounded domain of R™ and f(.) is any function that can be written
as a Fourier transform of a complex finite measure, decreasing at infinity. We
then expand in the thermodynamic limit and see if the new measure converges
to a non-Gaussian one for a A value smaller than a constant A\g. We call such
perturbations, “gentle”. Moreover the non-Gaussian measure dP is strongly
mixing. A property that allows us to make an analogy with a gas of particles.
In the language of statistical mechanics, the above mathematical treatment is
well known as fluctuations [27]. Later, we will analyze local volume fluctuations
to employ the notion of hyperuniformity in two-phase media (a simple and
specific category of random fields).
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Figure 28: The Boolean Model. Where x,, is the position of a specific point in the process (here
it forms a stationary Poisson process, meaning that the points are uniformly and randomly
scattered in a bounded region. The K, is a random compact set (a disc in our case, that
surrounds each point). If we define the union set of these compact sets, we derive the Boolean
model: X = J72; (Kn + n).

Another important example are the Markov random fields, where a set of
random variables obeys the Markov property. This means that the random
field is memory-less or the joint probability obeys the following rule:

P(§(xk+1) = xie 1| (xk) = X, -, E(%1) = x1) = P(E(Xne41) = xxc[€(Xk) = Xic).

An archetypical example of a Markov random field in physics was laid out in
the Ising model [28]. If the joint probability, P(&1, &2, ..., {k ), of a Markov field is
positive, then we call it Gibbs random field. The interactions of the particles
in this field are described by a pair potential.

A random field can also be constructed, by using as an initial step, a random
point process [29]. A random closed set K naturally induces a random field
&(x), x € R"™ through its indicator function:

£(x) = 1 (x), reR” (15)

Conversely, from a random field a random closed set can be obtained as an
excursion set by truncating the random field at a fixed level [30].

A particular case of a marked point process (which can be used to create
a random field), is the Boolean model. More information about the Boolean
model can be seen in Figure 28.

The general theory of random fields provides a natural mathematical frame-
work for describing heterogeneous materials. However, in many physical sys-
tems, the medium consists of only two distinct phases (e.g. binary alloys, pho-
tonic crystals etc.), such as a dielectric material embedded in air or a porous
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solid containing voids. In this case, the random field reduces to a binary or indi-
cator random field, assigning the value one to points belonging to one phase and
zero otherwise (exactly as in Eq. (15)). Each realization of the random field
therefore corresponds to a particular realization of the microstructure. The
statistical descriptors introduced for general random fields, such as ensemble
averages and correlation functions, provide a geometrical description of a het-
erogeneous medium, including the volume fraction, two-point probability func-
tion, and covariance function. These quantities form the basis for the statistical
characterization of two-phase random media and, subsequently, hyperuniform
photonic materials.

4.2 What is hyperuniformity?

Many disorder systems, crystals and periodic materials, colloids jamming, per-
fect glasses and more, are obtaining hyperuniformity (or super-homogeneity).
This exotic state of matter is characterized by long-wavelength suppression of
density fluctuations. Specifically, for some isotropic disordered materials, hype-
runiformity implies a form of “hidden order”. Hyperuniform materials can be
isotropic like a liquid and homogeneous like a crystal [31].

Defining a test window for a random sample of a material (or a random point
process, for a more mathematical description), we can compute the volume
variance (oy(R)), and extract information about the three most important
classes of hyperuniformity (I, IT and III). By observing the scaling behavior
of the volume variance, we can categorize different materials on each of these
classes.

An important property for the characterization of a system or a random
point process as hyperuniform, is the structure factor, S(k), scaling behavior
with the wave number (or the wavelength) on a large scale. For hyperuniform
systems, the structure factor tends to zero for small wavenumbers (S(k) — 0,
in the limit |k| — 0).

Hyperuniformity can also be defined thermodynamically, as an inverse crit-
ical point. The Ornstein-Zernike theory [32], used for the description of crit-
ical opalescence has provided an equation that connects the total correlation
function of a point process with the direct correlation function, h(r) and ¢(r),
respectively. By usage of this equation, we can compute around the vicinity of
a hyperuniform state, the different critical exponents for the correlation length,
the direct correlation function and the structure factor. In this text, we will
not mention more about the thermodynamical description. Our attention will
be focused on the mathematical description of hyperuniformity, especially for
random fields and two-phase media. This mathematical frame will provide the
first pieces of the puzzle that we will built together with stereology.

4.2.1 Hyperuniformity in random fields

Heterogeneous media (therefore two phase media) can be seen as a special case
of random fields. Thus, we can start exploring hyperuniformity in the language
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of random fields, construct an elegant mathematical formalism and then via
coarse graining we can present (in the next section) a “reduced” mathematical
model for two phase media.

Random Fields can be scalar or vector like. In this manuscript we will
focus our attention on the description of random scalar fields (e.g. tempera-
ture, convection and concentration fields). Other examples are pattern forma-
tions in biological and chemical systems described by famous equations such as:
Cahn-Hilliard equation for spinodal-decomposition and Swift-Hohenberg equa-
tion used in hydrodynamics [33].

For the mathematical formalism, consider a scalar random field F(x) in R¢,
that is real valued and its autocovariance function is given by:

i) = <<F<xl> (F () (Flxa) — <F<x2>>>>, (16)

where we have taken into account the statistical homogeneity of the field, since
r = Xg — X1, which is a d-dimensional vector (homogeneity has already been
mentioned in the introduction to random fields). Next, we assume that the
Fourier transform of the autocovariance exists (the spectral density). A ran-
dom scalar field is hyperuniform if the spectral density tends to zero for small
wavenumbers:

uggow(k) =0, (17)

which implies, ¥ obeys the sum rule (the integral of the autocovariance is zero).

As we have already discussed, random fields can fluctuate. So the integrated

fields 1 inside a spherical window, of radius R, will fluctuate as the window

position varies. To measure these fluctuations, we employ the local variance
described below (in the Fourier space):

1
2
NP

Torquato and Ma [33], have used Gaussian fields, that describe a variety
of physical phenomena, and specifically many heterogeneous materials. They
tested them numerically and have discovered, that the time evolution of spinodal
decomposition models (such us the Cahn-Hilliard equation) can be modeled as a
hyperuniform system in the scaling regime, where the local variance was shown
to decay like 1/R3 for a square test window of side length, R. Moreover, they
demonstrated that level-cutting a hyperuniform Gaussian random field produces
a two-phase medium that does not inherit the hyperuniformity of the original
field. The conjecture is related to the stereological assumption that will be
presented in the next paragraph for two random fields.

Although Gaussian random fields fail to reproduce hyperuniform two-phase
media through the coarse-graining (level-cutting) procedure, Torquato proposed
a method for constructing hyperuniform heterogeneous media by level-cutting
non-Gaussian random fields [34]. His approach is conceptually similar to that
discussed by Alberio and Krohn in the previous section, where a Gaussian ran-
dom field is multiplied by another random field to generate a new, non-Gaussian

(k) dy(k; R)dk. (18)
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field. Similarly, Torquato constructs a non-Gaussian random field by convolv-
ing a hyperuniform point configuration with a nonnegative, dimensionless scalar
kernel, K (x; C), that is radially symmetric and sufficiently localized, so that its
Fourier transform is well defined. Here, C, represents a set of parameters that
characterize the shape of the radial function.

4.2.2 Hyperuniformity in two phase media

In this section we will develop the equation of the volume-fraction variance, and
its asymptotic behavior for local fluctuations for a single configuration (which
describes spatial fluctuations for a density of points/particles) for two-phase
media, which is a subcategory of random fields. Hyperuniformity can be defined
on random heterogeneous media with two phases (two disjoint regions): phase
1, #1(w) with volume fraction ¢; and a phase 2, #3(w), with volume fraction
¢2. The statistical properties of each phase are characterized by an n-point
probability function S,(Zi), where i, indicates the ith-phase of the medium. For
n=1, SY) represents the one-point probability function. If the later function
is independent of the position (translational invariant), then Sfl) is equal to the
volume fraction of phase i: ¢; [35].

Although the global volume fraction is invariant (stays constant) on a homo-
geneous medium, on a spatially local scale it can still fluctuate. These fluctua-
tions, for an observation window that we define @ C ¥ (where ¥ is the whole
space/medium: ¥ = Y] U ¥3), can be described by the local volume fraction,
7(x), which has already been computed by Lu and Torquato [36]. Here we will
review [36] and present the asymptotic variance formula for two phase media.
The following equation (asymptotic variance), is important for the characteri-
zation of materials as hyposurficial, indicating the stereological features that we
will ascribe to it.

The local volume fraction, 7;(xo; R), of phase ¢, within a window of radius
R, centered at position x( is given by:

1 i ]
Ti(xo; R) = n@®) /f( )(x)w(x — x0; R)dx, (19)

where u; (R) is the window volume, .# () is the characteristic function (or indi-
cator function) for phase i (defined in [36]) and w is the window function equal
to one for values inside the window (x —xo € ) or zero otherwise. The local
volume fraction for large window sizes, R — oo, becomes equal with the volume
fraction of phase i, ¢;: 7;(x0; R) — (I) = ¢;. The variance associated with the
local volume fraction is then defined via the following equation:

op = (1) = (1) = (7} (x0; R)) — &} (20)
Following reference [35], the volume variance can be expressed in terms of
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Two-phase medium

Figure 29: An example of a two-phase medium, rigorously used in the physics and statistical
mechanics community is the Ising model (more specifically we have a random field here).
These two-phase media can be reproduced with well-known algorithms such as the Metropolis-
Hastings [37].

the autocovariance function xv (r)

1

B = / v ()as(r: B)de (21)

where as(r; R), is the scaled intersection volume [31] (the ratio of the intersec-
tion volume of two windows over the total volume of the test window, u;(R)).

We can map Eq. 21 to Fourier space, by applying Parseval’s theorem (r — k&
and we get an extra normalization term 1/(2)9):

1

~ uwi(R)(2m)d /IR v (k)ae(k; R)dk (22)

Torquato and Stillinger [38], have developed through sphere packing re-
search, an equation for the scaled intersection volume as(R), through series
expansion, for odd dimensions, for r < 2R (a more compact form is observed in
[35]):

(d—1)(d=3)---(d=2n+3) 5, 4
2n—1D2-4-6---(2n—2)] ©

ax(r; R) = 1—c(d)z+c(d) Y (—1)" , (23)

where z = r/2R and ¢(d) is a d-dimensional constant associated with gamma
functions depended on the dimension d of the process [35]. Plugging Eq. (23)
into the local volume fraction variance, we can reach (approximately) the asymp-
totic variance relation for two phase media, as exactly mentioned in [35]:
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o2(R) = ﬁ / Xy L= () + - Jdr (24)

Splitting Eq. (24) (the integral of the autocovariance function) into two
parts, we derive two terms (two dimensionless coefficients) according to Torquato
[35]:

The Volume coefficient, Ay :

Av(R) = / s (25)

and the surface coefficient, By :

By (R) = — /<2R xv (r)rdr (26)

Combining Eq. (24) — (26) and recalling that u;(R) ~ R%, we derive the
asymptotic variance:

1 By —(d+1

By applying a rescale to the system, R — R/D, where D is a characteristic
microscopic length scale of the system (e.g. the mean nearest neighbor distance
between two particles). We receive the exact equation [35]:

ot (R)

7 (R) = [Av (R ()" + By(R)(E)H 4 o(D) ] (28)

According to [35], a hyperuniform two phase medium is one in which:

lim xv (k) =0 (29)

So, from Eq. (28) and with the use of a Fourier transform, we can deduce that
hyperuniform systems are those whose volume coefficient vanishes (Ay = 0).
When By =0 (the surface-area coefficient vanishes), then the point process or
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the system that we examine (materials, porous media, etc.) is stated as a
“hyposurficial” system. Ay and By cannot be both zero [31].

For power-law spectral densities xv (k) — k%, |k| — 0, and a > 0, we can
obtain three different classes of hyperuniformity [35]:

R—(d+1)] a>1 (ClassI),
oy (R) ~{ RN InR, a=1 (ClassII), (R — 00). (30)
R—(d+a) 0<a<1 (Class II),

For a > 1, the fluctuations scale like the surface area of the window. The
exponent a is a measure of how strongly fluctuations are suppressed in the
system already at finite wavelengths. As a increases, the suppression increases
already at shorter wavelength. In the limit of a — oo, we “find” the regime of
“stealthy” hyperuniformity, which means there is no scattering in an exclusion
region around the origin in k-space, i.e., S(k) =0 for 0 < |k| < K.

4.3 Stereology for hyperuniform random fields

Stereology is the science of inferring information for a d-dimensional object (e.g.
three dimensional object), through an observation of (d—1)-dimensional samples
of the same object (e.g. two dimensional cross sections). We have two types of
stereology: (1) the target is an inhomogeneous deterministic “body” (a tissue,
an organ etc.) and the planar sections (the samples that we need to take in
order to perform our statistical methods) are random (random samplings), this
is the so called design approach. Whereas, (2) if the target is random. Often
its is assumed that it is a sample of homogeneous and isotropic random process.
Then the geometrical probes (samples/sections) or windows, are deterministic
and closed. This is called the model approach and is very common on material
science. Both of these two approaches are important for what will follow on the
next paragraph, but we will focus on the model approach, since our application
is a two-phase homogeneous and isotropic medium, which can be derived, as
known from boolean or germ-grain models of random processes. Stereology is
the “poor mans” tomography (as has been stated by Torquato) and the mapping
of the initial space/structure (e.g. (X,T)) to the cross-section (X NT) causes a
loss of information about our random field X. So, the key issue of stereology, is
to understand what kind of information is lost or if this is inherited by the new
geometrical structure that has to be studied, X NT [39].

4.3.1 Stereological expansion to random fields

Let us now expand the stereology assumption in the language of random fields
(a generalization of the two phase media, since many of them are constructed
from random fields). The underlying idea is the following:
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Let d be the dimension of the space in which we are given a random field
F > 0, and let ¢ € {1,...,d — 1} be the number of dimensions to which we
reduce. So, the new random field G is the original random field restricted to
a ¢-dimensional subspace S;. Since we assume that F' is isotropic, we can also
assume that S, = R? x {0}979 without loss of generality. Let g be some real-
valued, bounded function in R? with bounded support (a test function). Then

/ s0Gx)dx = [ FRF@)dx, (31)
R4 R4

with f:=gx (53 ~9, Here we already use physics notation for the delta function.
Then we obtain:

2 [ 190025600 ak = Var | [ 46060 ax

~ Var [ [ r69F 0 dx} = m [ 17095009 di
(32)

where S¢ is the spectral density of G, and Sp that of F. Note that f(k) =
(2m) =D g(ky, ..., k). Hence, Sg(k1,....ky) = [Sp(k1, .o, ka)d(kgit, -y ka)-
By isotropy of F', Sg is also isotropic and a quick calculation shows that S¢(0)
can only be 0 if Sg is constant 0, whereby the random field F' must have been
deterministic. So every non-trivial F' yields a non-hyperuniform G.

However, this also works when there is no spectral density, but only a spec-
tral measure!. And while isotropy is an important assumption since there are
non-isotropic counterexamples, it is a lot stronger than what is actually suffi-
cient. It would suffice that there is a k in every direction such that Sp(k) > 0,
i.e., for every s with ||s|| = 1, there is an r > 0 such that Sg(rs) > 0.

From the following we can conceive the following theorem:

Theorem 4.1 (No-go theorem for hyperuniformity under dimensional reduc-
tion). Let F' > 0, be a statistically homogeneous and ergodic random field on R?
satisfying:

1. F possesses a spectral density Sg;
2. Sg is a continuous function.

8. For every unit vector s € St there exists r > 0 such that

Sp(rs) > 0.

IPeriodic crystals, fields that are described by a sine/cosine function, and many station-
ary processes, do not acquire a spectral density. Although according to Bochner’s theorem
(“Harmonic analysis and the theory of Probability”, 1955 [40]), for every stationary random
field, F', there is always a positive finite measure that exists, . In our case, for statistically
homogeneous disordered media, autocovariance functions are typically integrable, so we can
use the spectral density.
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Let G be the restriction of F to a q-dimensional subspace of RY, with 1 <
q < d. Then G is not hyperuniform. In particular,

Sa(0) > 0. (33)
Hence, hyperuniformity is not inherited under dimensional reduction:
F hyperuniform # G hyperuniform.

In particular, hyperuniformity is not inherited under dimensional reductions.
The hyperuniform field F' does not imply a hyperuniform field G. For isotropic
fields this conclusion remains valid, even for a stealthy hyperuniform field F'.

Proof. The proof mainly relies on establishing Eq. (32), which provides the
central result required for the theorem.

Let us rename the left hand side of Eq. (31) with a letter A: A = [ g(x)G(x)dx
and the right hand side of it, with a letter B: B = [ f(x)F(x)dx. As we can
obtain from Eq. (31), the random variables A and B are identical. So their
variances, will also be the same:

Var { / 9(x)G(x) dx] ~ Var { / FE)P(x) dx} (34)

How do we now prove that,

Var [ / 9(x)G(x) dx} = (2m)™ / 19(k)[2Sc (k) dk.
If G is a stationary random field, we can define:

(G(x)) = p,

then we need to compute the variance, as it is defined in Eq. (34). So we need
to compute the variance of A. Thus, we need to compute:

Var[A] = (4%) — (4)? (35)

So, (4) = ([ 9(x)G(x) dx) = [ g(x)(G(x)) dx = p [ g(x)dx.

Hence,
(A7 = ([ g dx? (36)
Now for the second moment of A%, we have:

(A% = <(/g(x)G(x) dx)2> = <(/g(x)G(x) dx) (/g(x’)G(x')dX’)>.

Therefore,

(42) = / / 9(X)9(x') (G()G(x)) dx dx'. (37)

64



Now we use the following identity for the covariance:
Clx—x) = (Gx)G(X)) - p?, (38)

where C'(x — x') = Cov(G(x), G(x')) is the covariance function of two points x
and x’. We substitute Eq. (38) into Eq. (37) and we obtain:

@) = [ [ aog)(Clox—x) + ) dxax’ =
// C(x —x')dxdx" + // ") dxdx’

Subtract now Eq. (36) from Eq. (39) so that the terms with p? cancel; thus
we derive the variance:

Var[A] = //g(x)g(x')C(x —x') dxdx’. (40)

Next step is to introduce the inverse Fourier transform of the covariance, which
is the integral over Fourier space, of the spectral density:

(39)

r) = / S (k)e™ T dk, (41)

where Sg(k) is the spectral density, defined by the Wiener-Khinchin theorem
[41], as the inverse Fourier transform of C(r) and r = x — x’. We plug Eq. (41)
in Eq. (40) and we obtain:

Varld] = / / / 9(x)g(x')Se (k)™ =) dkdxx’ =

/SG(k)(/g(X)eik'de> (/g(X’)e“"xdx’>dk: (42)
2 [ $609(a00(-1)dk = (20 [ 1300510k

where in the final step, we recognized the Fourier transform g(x): g(k) =
ﬁ [ g(x)e"*dx and its conjugate, §(—k). We know that the product of

Jg*, gives the quadratic component of ¢ included in the integral of Eq. (42).
An analogous calculation applies to the test function f and the random field
F, in d dimensions. Combining the two variance representations and using
f =g x 6579 yields the spectral-density relation

Seky) = /Rdi S (kg k) di

under the assumptions required for this restriction formula. In particular, set-
ting k = 0 gives

Se(0) = /]R | Sr(0.keL) di. (43)
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The directional positivity assumption ensures that Sg is strictly positive at
some point in the perpendicular subspace. By continuity, it remains positive in a
neighborhood of that point. Since a spectral density is nonnegative, the integral
is strictly positive, and hence S;(0) > 0. Therefore, G is not hyperuniform O
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5 Conclusions and outlook

In this thesis, we initially provided the theoretical and computational back-
ground of photonic crystals. We defined our mainly objective, namely, the study
of gap sensitivity on two-dimensional (2D) PhCs, and discussed the importance
of stealthy hyperuniformity for the design of photonic heterostructures with
isotropic photonic band gaps (PBGs). Special emphasis is placed on PBGs
in systems composed of discs and network structures. Moreover, the role of
transverse electric (TE) and transverse magnetic (TM) modes is discussed, to-
gether with examples of 2D photonic crystal structures. We then describe our
methodological steps followed in our preliminary analysis, for the detection of
PBGs. We computed via Python codes, the gap-to-midgap ratios for disc-based
and networks with different lattice geometries. Also, we constructed gap plots
as functions of the radii and generated heatmaps for the respective structures.
In addition, we defined and explained the notion of complete photonic band
gaps (CPBGs), why they here appear only on network structures and how we
can create heatmaps to identify possible gap regions and estimate their cor-
responding optimal radii for three characteristic crystal lattices: simple cubic,
triangular and hexagonal. Furthermore, we used our initial estimates of the
gap-to-midgap ratios, to optimize 2D crystal structures made of dielectric discs,
including disorder structures generated from stealthy hyperuniform point pat-
terns. We employed a refined grid search method (for optimization), and the
resulting gap and gap-sensitivity plot, indicated a universal behavior across all
the investigated lattice geometries, in agreement with the quarter-wave stack
theoretical curve, Sgows. However, this behavior is associated with a small,
apparently universal deviation from the theoretical curve that persists even for
high dielectric contrasts. This discrepancy may be attributable to the low reso-
lution and numerical tolerance of MPB, as well as limitations of the optimization
procedure (optimization tolerance). Alternatively, it may reflect a physical phe-
nomenon that requires to invest more time and computational resources in the
future to investigate.

Additionally, we have conducted research on the optimization of 2D network
structures, using a similar refined grid search, complemented by a Gaussian
fitting, to reduce the influence of fluctuations in the numerical data. However,
our optimization analysis did not yield a sufficiently extensive set of reliable
data for all the investigated lattice geometries. While we obtained numerous
data points for the hexagonal lattice, only a few reliable points were available
for the simple cubic lattice. Despite these limitations, the results revealed an
interesting feature in the gap-sensitivity plot: a “kink” in the data was appearing
for a = 12.6. This observation, may be associated with the decreasing changes
in the optimal wall thickness of the network rods as the dielectric contrast
increases. Two explanations are still possible: (1) it may be a numerical artifact
of our optimization procedure towards the end of our range of « if the competing
overlap of TE and TM gaps becomes exceptionally sensitive to the slender rods;
or (2) the overlap of TE and TM gaps is limited for high dielectric contrasts
causing a real deviation from the universal gap sensitivity.
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Last but not least, we extend our mathematical background of hyperuni-
formity on the context of random fields and stereology, laying the groundwork
for the proof of a “no-go theorem”. Under the assumptions specified in the
theorem, this result demonstrates that constructing 2D hyperuniform materi-
als from slices of 3D isotropic materials is impossible, thereby challenging the
hypothesis that hyperuniformity can be preserved through simple dimensional
reduction by slicing (“slicing hypothesis”).

Overall, this thesis, provides analytical tools, by “borrowing” mathematical
knowledge from statistical mechanics and stereology to construct an elegant
theorem that rules out the possibility of designing 2D hyperuniform materials
by slicing 3D materials, so that they have to be designed using bottom-up and
self assembly approaches. At the same time, our numerical results demonstrate
how relatively simple optimization techniques and numerical evaluations, even
with limited computational resources, can reveal important trends, fundamental
principles, and limitations in the design of two-dimensional photonic crystals,
arising from both computational constraints and geometrical restrictions. These
findings highlight the central role of geometry in determining the formation and
properties of photonic crystals, both in analytical investigation and in numerical
optimization.
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A Appendix: Heatmaps for TE/TM polariza-
tion
The following section includes all the heatmaps of the gap-to midgap ratio,

constructed for network structures for the sc, triangular and hexagonal lattice
geometry.
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Figure 30: Heatmap of the gap-to-midgap ratio for the simple-cubic lattice in TM polarization
at dielectric contrast oo = 4.0.
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Figure 31: Heatmap of the gap-to-midgap ratio for the simple-cubic lattice in TM polarization
at dielectric contrast o = 7.0.
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Figure 32: Heatmap of the gap-to-midgap ratio for the simple-cubic lattice in TM polarization
at dielectric contrast a = 10.0.
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Figure 33: Heatmap of the gap-to-midgap ratio for the simple-cubic lattice in TM polarization
at dielectric contrast a = 13.0.
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Figure 34: Heatmap of the gap-to-midgap ratio for the triangular lattice in TM polarization
at dielectric contrast o = 4.0.



0.6

-
o
S
" 0.5
o
S
— - 0.4
S
T3]
& o -03
~
S -0.2
[Ty ]
o
e 0.1
[aa]
S
0.0
0.01 0.05 0.1 0.15 0.2 0.25 0.3
Tdisc

Figure 35: Heatmap of the gap-to-midgap ratio for the triangular lattice in TM polarization
at dielectric contrast o = 7.0.
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Figure 36: Heatmap of the gap-to-midgap ratio for the triangular lattice in TM polarization
at dielectric contrast o = 10.0.
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Figure 37: Heatmap of the gap-to-midgap ratio for the triangular lattice in TM polarization
at dielectric contrast a = 13.0.
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Figure 38: Heatmap of the gap-to-midgap ratio for the hexagonal lattice in TM polarization
at dielectric contrast o = 4.0.
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Figure 39: Heatmap of the gap-to-midgap ratio for the hexagonal lattice in TM polarization
at dielectric contrast o = 7.0.
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Figure 40: Heatmap of the gap-to-midgap ratio for the hexagonal lattice in TM polarization
at dielectric contrast o = 10.0.
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Figure 41: Heatmap of the gap-to-midgap ratio for the hexagonal lattice in TM
polarization at dielectric contrast o = 13.0.
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Figure 42: Heatmap of the gap-to-midgap ratio for the simple-cubic lattice in TE polarization
at dielectric contrast o = 4.0.
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Figure 43: Heatmap of the gap-to-midgap ratio for the simple-cubic lattice in TE polarization
at dielectric contrast o = 7.0.
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Figure 44: Heatmap of the gap-to-midgap ratio for the simple-cubic lattice in TE polarization
at dielectric contrast a = 10.0.
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Figure 45: Heatmap of the gap-to-midgap ratio for the triangular lattice in TE polarization
at dielectric contrast a = 4.0.
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Figure 46: Heatmap of the gap-to-midgap ratio for the triangular lattice in TE polarization
at dielectric contrast o = 7.0.
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Figure 47: Heatmap of the gap-to-midgap ratio for the triangular lattice in TE polarization
at dielectric contrast a = 10.0.
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Figure 48: Heatmap of the gap-to-midgap ratio for the hexagonal lattice in TE polarization
at dielectric contrast o = 4.0.
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Figure 49: Heatmap of the gap-to-midgap ratio for the hexagonal lattice in TE polarization
at dielectric contrast o = 7.0.
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Figure 50: Heatmap of the gap-to-midgap ratio for the hexagonal lattice in TE polarization
at dielectric contrast o = 10.0.



B Appendix: Heatmaps for complete PBGs

The following section presents the heatmaps of the gap-to-midgap ratio for
complete band gaps in network structures with simple-cubic, triangular, and
hexagonal lattice geometries.
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Figure 51: Heatmap of the gap-to-midgap ratio for complete band gaps in the simple-cubic
lattice at a dielectric contrast of a = 7.0.
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Figure 52: Heatmap of the gap-to-midgap ratio for complete band gaps in the simple-cubic
lattice at a dielectric contrast of a = 10.0
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Figure 53: Heatmap of the gap-to-midgap ratio for complete band gaps in the hexagonal
lattice at a dielectric contrast of o = 7.0
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Figure 54: Heatmap of the gap-to-midgap ratio for complete band gaps in the hexagonal
lattice at a dielectric contrast of o = 10.0
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