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ti-objective QUBO-based
optimization for multi-phase alloy design

Thomas Plehn, * Daniel Barragan-Yani, Eric Breitbarth, Guillermo Requena
and David Melching

Here, we present two complementary approaches that advance quadratic unconstrained binary

optimization (QUBO) toward practical use in data-driven materials design and other real-valued black-

box optimization tasks. First, we introduce a simple yet powerful preprocessing scheme that, when

applied to a machine-learned QUBO model, entirely removes system-level equality constraints by

construction. This makes cumbersome soft-penalty terms obsolete, simplifies QUBO formulation, and

substantially accelerates solution search. Second, we develop a multi-objective optimization strategy

inspired by Tchebycheff scalarization that is compatible with non-convex objective landscapes and

outperforms existing QUBO-based Pareto front methods. We demonstrate the effectiveness of both

approaches by applying them to the design of a multi-phase aluminum alloy using a simplified defect-

free model. We then highlight the obtained design-gains in terms of efficiency and solution quality.

Together, these methods broaden the applicability of QUBO-based optimization and provide practical

tools for data-driven materials discovery and beyond.
1 Introduction

Solving many real-world problems critical for economic and
scientic progress, such as discovering new innovative mate-
rials, nding optimal logistics strategies, planning the best
travel routes, or designing the most efficient duty schedules,
oen involves tackling complex combinatorial optimization
tasks. Quantum optimization is a promising route to deal with
the exponential explosion of computational effort required to
solve such problems. It does so by leveraging quantum
mechanics (specically quantum tunneling and superposition
effects) to explore a vast search space more efficiently than
classical methods.1,2 Quantum optimization essentially means
solving a quadratic unconstrained binary optimization (QUBO)
problem.3 Although conceptually alternative approaches do
exist, most recent research, focused on nding practical appli-
cations for quantum optimization, is built on the QUBO-based
methodologies: quantum approximate optimization algorithm
(QAOA)4,5 and quantum annealing (QA).6 On the one hand, the
D-Wave QA technology seems to be a very promising candidate
for near to mid-future industrial scale application as it provides
more than 5000 physical qubits.7–9 On the other hand, circuit-
based methods like QAOA provide extraordinary exibility for
algorithm engineering, which promises more rapid and
continuous improvements. In addition to QAOA, the use of
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variable inverse time evolution has been repeatedly proposed as
a promising means for solving combinatorial problems.10,11

In order to meet the mathematical QUBO formulation,
considered optimization problems must rst be binary enco-
ded. Unfortunately, many realistic systems involve higher-order
interactions among variables, which cannot directly be mapped
on a quadratic model. Turning such problems into QUBO form
usually comes at the cost of restricting binary interactions to
second order, or involves the introduction of additional auxil-
iary variables.12,13 Thankfully, data-driven, machine-learning-
aided QUBO optimization ansatzes can treat realistic use-
cases within the QUBO formalism efficiently.14 Specically, we
highlight the potential of the data-driven FM + QO method for
applied problems.15–21 It was developed to combine the effi-
ciency of either QA, QAOA or any QUBO-based quantum opti-
mization algorithm, with the powerful quadratic regression of
factorization machines (FM).22 The core idea of FM + QO is the
following: starting with an initial set of data points for the
objective to be optimized, a FM surrogate regression model is
trained to predict a target property. Then, the QUBO optimiza-
tion (QO) method part optimizes the corresponding QUBO. The
discovered optimum is checked against a validation source, e.g.,
by simulation or experiment, and nally added to the data set.
In this way, the FMmodel is iteratively rened in an overarching
active learning process. Various studies have shown the great
potential of FM + QO with QA as a black-box optimizer in the
eld of materials research,15 for example, applied on optimi-
zation of optical multilayer systems and metamaterials,17–19

core–shell nanoparticles20 or the functional optimization of
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atomistic systems.21 Most recently, the eld-aware FM algo-
rithm has been combined with QA in a high entropy alloy lattice
optimization study.16

Despite all efforts, however, a practical advantage of
quantum-computing-based QUBO solvers against state-of-the-
art classical optimizers could not be demonstrated yet, partic-
ularly owing to thermal noise induced inaccuracies and other
imperfections feeding decoherence within gate-based quantum
hardware or QA devices.2,23 While hardware developments will
undoubtedly continue to advance and improve solution quality,
it is the co-development of algorithms that must extract the full
potential of today's quantum devices.

In this regard, especially the incorporation of problem-
specic constraints describes an Achilles heel in practical
QUBO formulations, which remain an active area of
research.24–29 Many real-world optimization tasks involve
equality constraints, for instance, requiring the composition
fractions, fi, of a material system as a mixture of Ncomp base

components to properly satisfy
PNcomp

i
fi ¼ 100:0%. Since such

constraints cannot be naturally embedded into the QUBO
formalism, instead they are commonly enforced through so
constraints in terms of quadratic penalty terms. While
conceptually straightforward, so constraints oen make the
resulting optimization problem signicantly harder for QA and
QAOA algorithms by narrowing the effective energy gap and
increasing the complexity of the optimization landscape.24,30–32

In addition, they exacerbate current hardware limitations by
inating the required minor embedding, needed to map the
QUBO to the hardware architecture graph, and by consuming
the limited dynamic range available for implementing the
QUBO coefficients as physical spin couplings and local bi-
ases.7,29,33 Consequently, penalty strengths must typically be
adjusted through heuristic trial-and-error procedures. Several
alternative approaches have recently been proposed, including
grand-canonical linear corrections,28,34 purely linear penalty
formulations,25–27 and constraint-preserving adiabatic state
preparation schemes.24,35 Although these methods can alleviate
some of the limitations of quadratic penalties, they generally
introduce new challenges, such as difficult parameter tuning
susceptible to the optimization landscape25 or non-trivial state
initialization with complex mixer constructions that remain
impractical for current quantum hardware.36,37

In this paper, we introduce two methods to advance data-
driven quantum optimization. We emphasize that all calcula-
tions carried out for testing and benchmarking were carried out
using simulated annealing (SA). Nevertheless, the developed
approaches can be directly translated to a QUBO-based
quantum solvers running on QA devices or gate-based
quantum computers. The rst method, which we call
constraint-guided feature mapping (CGFM), is in the spirit of
Hen et al.24 It describes a novel pre-processing scheme for
avoiding explicit treatment of equality constraints when solving
real-valued, data-driven optimization problems with FM + QO.
To do this, we exploit the feature of the data-driven FM + QO
optimization method of not relying on a xed known analytical
4382 | Digital Discovery, 2026, 5, 4381–4398
QUBOmodel expression. Briey, the method makes constraints
unnecessary, because QUBO modeling and QO exclusively takes
place within the sub space of feasible solutions. In addition,
since the CGFM is part of our pre-processing, it remarkably
retains its effectiveness even in the case of using quantum
solvers on NISQ hardware. Although real-valued optimization
problems pose a signicant challenge for current QUBO-based
quantum solvers due to their need to discretize continuous
variables, we expect that addressing such problems becomes an
increasingly important focus as quantum computing progresses
beyond the NISQ era.23

Our second method, termed data-driven Tchebycheff scala-
rization (DDTS), addresses another blind spot of current QUBO
optimization regarding real-world applications: the treatment
of multi-objective Pareto problems. In such problems, con-
icting objectives prevent the existence of a single optimum,
which requires the determination of a Pareto front of non-
dominated solutions.38 Classical evolutionary algorithms
represent the current state of the art,38–40 but their performance
deteriorates for large search spaces and computationally
expensive objective functions. In contrast, quantum optimiza-
tion offers a promising route for tackling the exponential
growth of search spaces and can, in principle, nd solutions on
millisecond timescales.33

With the advent of mature quantum hardware, advantage
through quantum optimization will not stop at multi-objective
problems. Therefore, concepts for quantum Pareto optimiza-
tion algorithms,41–44 in particular multi-objective QUBO ansat-
zes,41,42,44,45 are of recent interest. The “weighted sum”

approach46,47 provides a linear scalarization scheme that
preserves QUBO structure of the optimization problem. It
represents the current state of the art for multi-objective QUBO
formulations. However, its applicability is fundamentally
limited to convex optimization and it generally fails to recover
non-convex regions of the Pareto front. Our DDTS ansatz is
inspired by the Tchebycheff scalarization technique for multi-
objective optimization48 inheriting its ability to efficiently
handle non-convex Pareto optimization. Similar to the CGFM
framework, DDTS operates through a data preprocessing step
that transforms the multi-objective dataset into a scalarized
single-objective representation. Crucially, the scalarization is
performed directly on the data level rather than on the analyt-
ical QUBO formulation itself. Consequently, there is no
requirement to preserve the mathematical QUBO form char-
acter during scalarization. This circumvents the limitations of
conventional QUBO scalarization schemes and enables the
QUBO-based treatment of non-convex optimization problems.
To the best of our knowledge, neither the FM + QO method
specically nor the Tchebycheff scalarization in general have
previously been employed for data-driven QUBO-based multi-
objective optimization. Our demonstration of a data-driven
QUBO-based Pareto optimization is therefore the rst of its
kind.

To demonstrate the strength and potential of our CGFM and
DDTS ansatzes, we introduce an optimization problem of
a hypothetical Al-alloy design by varying the content of ve
microstructural phases that can be found in cast Al–Si alloys at
© 2026 The Author(s). Published by the Royal Society of Chemistry
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the mm level: Al-matrix, eutectic Si, Mg2Si, Al3Ni and Al2Cu. Such
problem is technologically relevant as aluminum alloys exhibit
low density, high mechanical strength, and excellent corrosion
resistance, making them indispensable for a wide range of
industrial applications.49,50 Furthermore, such optimization
task is a suitable benchmark to show that both CGFM and DDTS
ansatzes are valuable building blocks for establishing quantum
algorithms in the eld of machine learning assisted materials
discovery. We remark that our techniques could also be used to
the fast growing eld of high entropy alloy design,51–55 where
also quantum-assisted machine learning frameworks based on
QUBO have been studied recently.16,56

For the demonstration studies presented here, the feature
space is dened solely by the fractions of the precipitate phases.
While this simplied representation is adequate for the present
purpose, we acknowledge that machine-learning models for
materials design can benet from incorporating additional
microstructure-related features.51 As optimization targets we
choose ve thermal and mechanical properties: thermal
conductivity (k), Young's modulus (E), density (r), linear coef-
cient of thermal expansion (a) and the solidication interval
(DT). To limit computational cost and reduce model complexity,
we employ rule-of-mixtures estimates to obtain quantitative,
rapid predictions of k, E, r, and a. For DT, we introduce a coarse
approximation derived from the binary Al–Si phase diagram.
These ve simplied property models were then used to
generate synthetic data of randomly sampled alloy designs and
their associated properties, providing initial input for our data-
driven FM + QO framework. Naturally, the assumptions
underlying our simplied models limit the predictive scope of
the results. Nevertheless, the simpliedmodels introduced here
provide a suitable basis for benchmarking the proposed
methods.

Our new methods stand out particularly in the optimization
of material microstructures for three reasons. First, such opti-
mizations have in common the requirement for a systematic
constraint deciding about design feasibility. Second, they are
typically multi-objective because they can show counteracting
target properties. And third, in this eld non-convex optimiza-
tion problems are ubiquitous. In fact, thermal and mechanical
material properties are ultimately based on energetic land-
scapes, which can be complex structured with local minima,
energetic barriers and extended plateaus resulting in non-
convex dependencies of system variables.

2 Results and discussion
2.1 Methodological developments

Our multi-phase alloy model is schematically illustrated in
Fig. 1. In a nutshell, it is prepared by rst introducing contin-
uous variable fractions, fk with k = 1, ., Nph, for the Nph = 4
secondary phases: eutectic Si, Mg2Si, Al3Ni and Al2Cu. In our
model we dene a xed Al matrix content of 0.8, i.e., fk ˛ [0, 0.2].
For convenience, we continue with normalized phase fractions,
which are nally one-hot encoded to binary variables. A di-
scretization of the continuous variables is vital for this step. We
elaborate on these processes in Sec. 3.2.
© 2026 The Author(s). Published by the Royal Society of Chemistry
2.1.1 Constraint-guided feature mapping (CGFM). Let �f k
denote the normalized continuous variable phase fractions for
the Al-alloy with �f k ˛ [0, 1] and k = 1, ., Nph. Obviously, the
fractions must sum to 100%, i.e.,

XNph

k¼1

f k ¼ 1; (1)

Any deviation from that would render an infeasible alloy
composition. In order to incorporate this requirement in
a QUBO optimization, one typically introduces so equality
constraint terms similar to

Cð~xÞ ¼
 XNph

k¼1

XNbits

i¼1

aixi
ðkÞ � 1

!2

; (2)

already based on binary variables (or bits), xi
(k) ˛ {0, 1}, used to

encode the �f k in eqn (1) and the corresponding encoding-
specic weights ai (see eqn (17) in Sec. 3.2.2). The rst sum
runs through all Nph phases and the second one sums over all
Nbits binary variables used to encode one fraction variable.

In general, additional constraint terms in QUBOmodels lead
to a more rugged structure of the potential energy surface of the
system which, provided with many local minima, increases the
probability that the optimization gets stuck in a local minimum
instead of nding the global one.23 Furthermore, so
constraints increase conguration effort, as they have to be
added with a strength factor, l, which must be precisely tuned
against the original QUBO model, and apparently this is exac-
erbated when several constraints have to be taken into account.
These two disadvantages generally occur with quantum QUBO
solvers and classical heuristics, but equality constraints of type
eqn (2) are especially critical and detrimental to the solution
quality of quantum algorithms (e.g., QA28).

In fact, the individual coupling terms in eqn (2) range over
many orders of magnitude with realistic model scaling. When
applying the one-hot type of encoding with ai = i/Nbits, this can
be observed straightly from

max{ai}/min{ai} = Nbits. (3)

In fact Nbits = 101 are required with one-hot encoding in
order to model our phase fractions, �f k, with less than 0.01
resolution. According to the ratio, eqn (3), the coupling terms in
eqn (2) would range over 4 orders of magnitude aer squaring.

As described in Sec. 1, such a wide range of coupling terms is
technically problematic regarding the analog nature of current
QA devices. Because the strength factor of the constraint, l,
must be sufficiently large to guarantee feasibility, these terms
oen dominate the original QUBO contributions. When
ranging over several orders of magnitude, the remaining QUBO
coefficients become very small and increasingly prone to hard-
ware noise. Moreover, the quadratic structure of eqn (2) couples
all binary variables across all fractions. The resulting fully
connected constraint graph is the worst case scenario for QA
hardware, which makes ultimately long qubit chains for minor
embedding of the QUBO unavoidable. These break more oen
Digital Discovery, 2026, 5, 4381–4398 | 4383



Fig. 1 Illustration of themulti-phase aluminum alloymodel and its encoding. (a) Scheme of the simplifiedmicrostructure and phasemorphology
assumed for straight forward prediction of different thermal and mechanical material properties with the rule-of-mixtures: the Al-matrix
dominate has the largest fraction with additional minor phases embedded in it. These phases are treated as isotropic and homogeneously
distributed spherical particles (Si, Mg2Si, Al3Ni and Al2Cu). The matrix fraction is fixed to 80%, while the four minor fractions, fk ˛ [0%, 20%], are
optimization targets under the given constraint of feasible alloy designs. (b) Discretization of the continuous fk to prepare the binary encoding
(top). Each increment is encoded uniquely using the one-hot encoding (middle). Each one-hot code is uniquely decoded into continuous fk
again (bottom). Due to the finite encoding fidelity, the decoded fractions have limited accuracy. (c) Translation from fractions to the alloy design
encoding with the microstructure configuration in figure a. As indicated, the limited accuracy results here in an infeasible solution once decoded
back to continuous fk. Those special cases are identified and treated by a curing bit-SWAP applied to a randomly chosen fk. (Please note, this
correction is only required on the randomly generated alloy designs in the initial data set. The optimization operates in the encoded search
space).
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and degrade solution quality despite post-processing. Gate-
model platforms face a similar challenge. There, compilers
insert SWAP operations to mediate interactions not supported
by the hardware topology, increasing circuit depth and
susceptibility to noise.

Our constraint-guided feature mapping (CGFM) ansatz
opens the possibility to avoid the constraints in eqn (2) alto-
gether when a QUBO model is learned from data, e.g., by facil-
itating a factorization machine (FM). The ansatz is
schematically illustrated in Fig. 2. The core idea is that differ-
entiable constraints which satisfy regularity conditions dene
smooth submanifolds, which can be locally described using
a reduced set of free parameters according to the implicit
function theorem. The constraints can thus be explicitly
incorporated into the data set through prior feature mapping.
Feature mappings are a well-known pre-processing instrument
from machine learning. Our approach is inspired by the kernel
trick in support vector machines, where mapping the data into
a higher-dimensional feature space enables more effective
classication. This idea can be understood as a coordinate
transformation of the system variables. However, we transform
our original features, the phase fractions �f k, in order to nally
dismiss one dimension. The transformed coordinates are then
binary encoded (analogously to the current procedure in Fig. 2a)
and utilized for the QUBO training. By this dimensionality
reduction, the surrogate QUBO model and the optimization are
4384 | Digital Discovery, 2026, 5, 4381–4398
restricted to the subspace of feasible solutions making the
system-related constraints obsolete. In general, this should
simplify the search for global optima. Furthermore, due to the
reduced dimensionality of the search space, its encoding
requires less binary variables, which should further accelerate
the optimization process.

For a concrete example, we focus on the constraint in eqn (1).
First, we realize that eqn (1) denes a (Nelem − 1)-dimensional
submanifold in the Nelem-dimensional search space. Using the
fact that the fractions �f k are non-negative, we substitute �f k = ak

2

to transform eqn (1) to the relation of an Nelem-dimensional
sphere with radius 1, i.e.,

P
k
ak2 ¼ 1. The CGFM ansatz now

introduces a mapping which transforms the optimization
problem from the original fraction variables �f k to angular
coordinates uk parametrizing the sphere. The spherical coor-
dinates related to this specic equation are well-known.
Notably, the CGFM procedure generalizes straightly to satisfy
linear equality constraints of type

P
k
ckak2 ¼ C with ck;C˛R. 0,

where we refer to the SI S1.2 for further computational details.
Finally, by expressing the problem in the new coordinates uk,
the systemic constraint is satised by construction, ensuring
that all downstream solutions remain feasible and eliminating
the need to include additional constraint terms in the QUBO
model. Consequently, the complexity of handling the
© 2026 The Author(s). Published by the Royal Society of Chemistry



Fig. 2 Comparison of the CGFM ansatz against current data-driven QUBOmodeling. (a) Current state-of-the-art: a binary quadratic regression
model (e.g., FM) is trained based on a data set and introducing a binary encoding for continuous system variables. Then, the regressionmodel can
be translated directly into a QUBOproblem. The constraint terms are finally formulated according to the given feasibility conditions (e.g., eqn (2)),
configured with suitable scaling and added to the QUBO problem. (b) CGFM ansatz: by analysing the constraints a coordinate transformation is
established which maps the original variable space (i.e., data set features) to the sub space of feasible system states. Restricted to this sub space
the QUBO modeling and subsequent optimization can be executed without the constraints.
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constraints during the optimization is now shied to a poten-
tially more complicated process of training the FM surrogate
model. We discuss this further in Sec. 2.2.1.

2.1.2 Data-driven Tchebycheff scalarization (DDTS). Con-
cerning QO, the state-of-the-art multi-objective approach to
search for Pareto optimal solutions is to implement the
weighted-sum scalarization method (see eqn (20) in Sec. 3.3).
The Pareto front, i.e., the entire set of non-dominated solu-
tions,38,39 would then result from enough optimal solutions of
the scalarized objective, g~w(x⃑) in eqn (20), with different weight
vectors, ~w, expressing the preference of the considered objec-
tives. For non-convex Pareto fronts, however, the weighted-sum
method is unable to resolve the entire Pareto front.46–48 The
same challenge occurs when scalarizations of several objective-
specic QUBO models produce non-convex Pareto fronts,
thereby limiting the effectiveness of traditional weighted-sum
approaches.

Although well-established alternative scalarization
approaches exist for non-convex, continuous multi-objective
optimization,48 those usually lead to QUBO-incompatible
expressions or numerical procedures. Recently, an alternative
scalarization ansatz specialized for QUBO optimization has
been proposed.47 The method is based on the principles of the
penalty-based boundary intersection method and works on
non-convex Pareto fronts. However, the QUBO expression to be
solved contains product terms of the involved objective func-
tions. So, to nally stay in QUBO format, the original objective
functions are restricted to linear dependence on the binary
variables, which is an apparent drawback regarding many
relevant use cases.

In our data-driven Tchebycheff scalarization (DDTS) frame-
work, in the same spirit as for CGFM, we implement the
© 2026 The Author(s). Published by the Royal Society of Chemistry
scalarization step to the data set in terms of a pre-processing
and, therefore, before the mathematical QUBO form of the
system model restricts further algorithm engineering. Conse-
quently, the DDTS ansatz is not restricted to linear descriptions
of our system. Furthermore, since it originates from the Tche-
bycheff scalarization technique, the approach works well for
non-convex Pareto fronts.

The (weighted) Tchebycheff scalarization48 is well-known for
continuous variable multi-objective problems. In addition to
preference weights ~w˛Rm, it involves a reference point in the
objective space, ~u˛Rm. This so-called utopian point, needs to
fulll up\minx˛Af ðpÞð~xÞ, where f(p)(~x) denotes the p-th objective
function and A the (continuous variable) search space. The
multi-objective Tchebycheff problem is then of the form

min
x˛A

 �
max

p¼1;.;m
wp

�
f ðpÞð~xÞ � up

��
þ g

Xm
p¼1

�
f ðpÞð~xÞ � up

�!
; (4)

attributed with different weights, ~w (with 0 < wp < 1 andP
p
wp ¼ 1). The entire Pareto front can be found for convex and

non-convex problems. The second term in eqn (4) quanties the
Manhattan distance of point f(p)(~x) from the utopian in objective
space. It regularizes the original Tchebycheff formulation to
obtain only strong Pareto optimal solutions.48,57

Our multi-objective DDTS is motivated by the problem form
of eqn (4). Fig. 3 illustrates the workow. Since eqn (4) is clearly
not a QUBO problem, this scalarization technique cannot be
utilized on our problems. However, we can circumvent this
issue thanks to the data-driven ansatz and introduce the sca-
larization directly on the data, i.e., the multi-objective data set is
translated into a data set with only a single articial objective
(see upper part in Fig. 3). Aer that, we train a single QUBO
Digital Discovery, 2026, 5, 4381–4398 | 4385



Fig. 3 Schematic processing of our data-driven Tchebycheff scalarization (DDTS) method (upper part). The sequences are part of the FM + QO
method and repeated for each iteration of the active learning. In the lower part, the corresponding workflow is given based on the current state-
of-the-art weighted sum method for QUBO scalarization.
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model problem on the data set with the articial objective,
instead of applying the weighted-sum approach on individual
QUBOs trained each for a different objective function (see lower
part in Fig. 3).

Let~xd be the search space vector of the d-th data point, and
yd

(p) the corresponding value of objective p, the DDTS ansatz
for pre-processing of the data set follows as replacement
according to

(~xd, yd
(1), ., yd

(m)) / (~xd, ŷd). (5)

By this procedure the data set becomes single-objective
where ŷd is dened as

ŷd ¼ max
p¼1;.;m

wp

�
yd

ðpÞ � up
�
: (6)

The DDTS is repeated within each active learning iteration.
The numerical procedure works best aer normalizing the
range of objective values yd

(p). The utopian values are either
known or can be chosen automatically based on knowledge
from the data set. More details on the implementation are given
in the Supplementary Information S1.3. Finally, the FM is
trained on the data set (~xd, ŷd). In extreme cases of wp = 1 and
wqsp = 0, the articial objective value ŷd resembles yd

(p) shied
by up, i.e., the QUBO model is then trained to predict the
objective values y(p) and solving the multi-objective QUBO
resembles the single-objective optimization. In all other cases,
the articial objective of point d, ŷd, takes the value of the
objective that is most distanced from its corresponding utopian
point. This decision is made independently for each data point
and the concrete weighting, ~w, balances this preference.

Overall, the closer a data point (~xd, yd
(1), ., yd

(m)) lies to the
utopian value along objective p, the higher the weight wp must
be chosen in order to make that data point part of the FM
4386 | Digital Discovery, 2026, 5, 4381–4398
training regarding the prediction of f(p). The number of points
in the training data set which are attributed to objective y(p)

decide how much the trained QUBO model is characterized by
objective f(p). This effect allows DDTS to work as a multi-
objective add-on for the FM + QO method. If one wishes to
target a specic point on the Pareto front, the weights ~w can be
adjusted, respectively. However, if the entire Pareto front is of
interest, the preference weights can be chosen randomly for
each iteration.
2.2 Simulation results

Results presented here are carried out using SA, but the devel-
oped approaches can be directly translated to a quantum
algorithm.

2.2.1 Single-objective optimization with CGFM ansatz. We
investigate the single-objective variant of the FM + QO active
learning approach and search for multi-phase Al-alloys with

1. Maximum thermal conductivity, k,
2. Maximum Young's modulus, E,
3. Minimal density, r,
4. Matching thermal expansion coefficient with a target

value, da, and
5. Minimal solidication interval, DT.Regarding da we

dened the target value a0 = 20 ppm K−1, which lies rather
central in the range of possible values (see details in Sec. 3.1.2),
and to remind, the normalized fractions, �f k ˛ [0, 1] with k = 1,
., Nph, of the Nph = 4 secondary phases Si, Mg2Si, Al3Ni and
Al2Cu are our model system variables.

The impact of our ansatz, referred to as w/CGFM, is studied
by comparing its overall optimization progress against the
standard approach, referred to as w/o CGFM, which uses
constraint terms as in eqn (2). The analytical single-objective
optimal solutions of the property models (see Sec. 3.1.1) can
be found in the SI S8.
© 2026 The Author(s). Published by the Royal Society of Chemistry
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The ve single-objective optimization cases are set up simi-
larly. In the approach w/o CGFM ansatz, each of the four �f k is
one-hot encoded using 50 binary variables leading to 200
binaries in total. Ultimately, this results in a 0.4 vol% resolution
of the alloy composition. Similarly, the three constraint-guided
feature variables, uk, are one-hot encoded with each 50 binary
variables following the approach w/CGFM, which in sum
consumes only 150 binary variables. However, the ultimate
resolution of the alloy compositions can be very different. In
fact, the mapping to transformed variables, uk, allows for
diverse discretizations. Its analytical expression and reverse
form can be read in the SI S1.2, eqn (S8) and (S9). Crucially, this
is always in accordance with the constraint, eqn (2). Here, we
conveniently stay with equal-sized increments of uk and observe
that the straight back mapping to �f k introduces possible alloy
fractions much smaller than 0.4 vol%. The Supplementary
Information S2 elaborates on this intrinsic effect. Furthermore,
the CGFM transformations, eqn (S8) and (S9), provide full
exibility of how the four �f k are assigned to the Cartesian
coordinate axes. Here, we introduce a control parameter, 0# pdc
# 1, governing the probability of selecting between two specic
assignment strategies in each iteration. With probability pdc the
assignment of �f k is chosen depending on their correlation with
the target property in descending order, particularly we employ
the distance correlation, and with probability 1 − pdc the
assignment is fully random. Given the large bit numbers, we
substitute a classical SA algorithm for the optimizer part in the
Fig. 4 Performance comparison of the FM + QO procedure w/CGFM (
implemented for single-objective optimization. Simulations w/CGFM are
1.0, respectively. (a) Maximization of thermal conductivity; (b) maximizati
linear coefficient of thermal expansion (absolute difference to a define
solidification interval; (f) same as panel e, but a non-uniform variable disc
grid in fraction variable space similar to w/o CGFM. In all plots the centra
started from randomized initial data. Arrows and shadings indicate the
respectively.
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FM + QO, i.e., here QO = SA. All initial data sets consist of 100
randomly selected Al-alloy designs. The algorithms w/and w/o
CGFM are started from the same initial data sets. Full details
on data generation and algorithm settings can be found in the
SI S1.4.

The comparison of the optimization processes is shown in
Fig. 4, where the accumulated best objective values, including
all previous iterations, are pointed out. The statistics results
from starting the FM + QO procedure w/and w/o the CGFM
ansatz from 20 different initial data sets. The latter are the same
for all optimization scenarios in Fig. 4. Table 1 shows the best
designs of the 20 runs obtained w/and w/o CGFM (taken from
Fig. 4), respectively. Concerning k (Fig. 4a, to be maximized), E
(Fig. 4b, to be maximized) and r (Fig. 4c, to be minimized), the
optimization clearly performs better for w/CGFM, in particular,
implementing random CGFM coordinate assignments, i.e., pdc
> 0, consistently supports the optimization progress, which is
further discussed below. Contrarily, all runs w/o CGFM seem to
converge very slowly and get stuck too early. Nevertheless, since
even aer 600 iterations the different statistical runs show
rather wide spreading, we assume not a single local trap can be
responsible for that. The different run repetitions w/CGFM and
pdc > 0 show common convergence towards the known global
optima (kopt = 154.5 W mK; Eopt = 83.7 GPa; ropt = 2.56 g cm−3,
see also SI S8).

Concerning the optimization of da, no pronounced perfor-
mance differences are observed between w/and w/o CGFM
crosses) and w/o CGFM (red dots) over 600 active learning iterations
conducted applying three control parameter settings pdc= 0.0, 0.5, and
on of Young's modulus, (c) minimization of density; (d) minimization of
d target value), ja − a0j with a0 = 20 ppm K−1); (e) minimization of
retization is applied to the ansatz w/CGFM restoring an equal-spaced
l markers give the mean values taken from 20 statistical replicates each
corresponding standard deviations and observed min-to-max ranges,
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Table 1 Optimal single-objective Al-alloy designs discovered after
600 active learning iterations from the 20 statistical runs comparing
FM + QO w/o and w/CGFM ansatz. Top to bottom: thermal
conductivity (Fig. 4a), Young's modulus (Fig. 4b), density (Fig. 4c), linear
coefficient of thermal expansion, i.e., da = ja − a0j (Fig. 4d), and
solidification interval (Fig. 4f). The alloy designs are described in terms
of the phase fractions of Si, Mg2Si, Al3Ni and Al2Cu, �fk ˛ [0, 1], where �fk
= 1 is here equivalent to the maximum phase contribution of 20%
(reminding fixed 80% Al matrix). The corresponding objective values
from the statistical ensembles are each given in the last column. Mean
values and standard deviations are given in brackets. As a special case,
the DT optimizations employ an adapted discretization that restores
uniformly spaced increments in each �fk

Discovered Al-alloy designs with maximal k

Ansatz Si Mg2Si Al3Ni Al2Cu k [W mK−1]

w/CGFM 0.0 0.0 0.0 1.0 154.52 (154.52 � 1.5 × 10−3)
w/o CGFM 0.0 0.0 0.02 0.98 154.45 (154.02 � 1.7 × 10−1)

Discovered Al-alloy designs with maximal E

Ansatz Si Mg2Si Al3Ni Al2Cu E [GPa]

w/CGFM 1.0 0.0 0.0 0.0 83.67 (83.67 � 1.1 × 10−3)
w/o CGFM 0.9 0.0 0.1 0.0 83.39 (83.28 � 9.0 × 10−2)

Discovered Al-alloy designs with minimum r

Ansatz Si Mg2Si Al3Ni Al2Cu r [g cm−3]

w/CGFM 0.0 1.0 0.0 0.0 2.560 (2.560 � 3.0 × 10−5)
w/o CGFM 0.06 0.94 0.0 0.0 2.564 (2.568 � 2.9 × 10−3)

Discovered Al-alloy designs with da closest to target

Ansatz Si Mg2Si Al3Ni Al2Cu da [ppm K−1]

w/CGFM 0.376 0.378 0.049 0.197 1.0 × 10−5

(2.0 × 10−4 � 1.8 × 10−4)
w/o CGFM 0.32 0.24 0.34 0.1 1.0 × 10−5

(1.7 × 10−4 � 2.7 × 10−4)

Discovered Al-alloy designs with minimum DT

Ansatz Si Mg2Si Al3Ni Al2Cu DT [K]

w/CGFM 0.640 0.202 0.143 0.016 0.0 (0.0 � 0.0)
w/o CGFM 0.64 0.04 0.02 0.3 0.0 (0.0 � 0.0)
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(Fig. 4d, to be minimized). Especially the optimizations w/
CGFM (pdc = 0) and w/o CGFM converge very similarly. The
underlying reason lies in the specic mechanism of FM training
based on the encoded CGFM variables, uk, and in how this
encoding shapes and simplies the solution search.

To substantiate this interpretation, we rst analyze the
optimization scenarios and their global optima in more detail.
Based on these ndings, we subsequently draw conclusions
regarding the strengths and limitations of the CGFM ansatz and
nally discuss the DT optimization results. In general, the more
complex the interplay among the four phase fractions becomes,
the more approximate the training of the second-order FM
surrogate model tends to be. As already indicated in Sec. 2.1.1,
4388 | Digital Discovery, 2026, 5, 4381–4398
the CGFM ansatz simplies the constrained optimization, but
this simplication comes at the cost of presenting a more
challenging learning task to the FM.

This trade-off can be understood by examining the feature
mapping used in the CGFM formulation. A variation of an
angle, uk, necessarily induces changes in at least one of the
phase fractions �f k. Because the mapping must remain within

the feasible subspace dened by
P
k
f k ¼ 1, alterations of uk

typically modify multiple fractions simultaneously (see SI S1.2,
eqn (S8) and (S9)). While this interdependence ensures feasi-
bility by construction, it also amplies the limitations of
a second-order FM model. However, this effect is not critical
when the optimum corresponds to a low-entropy solution, i.e.,
an alloy design dominated by a few principal constituents,
especially when the variable assignments within the mapping
are reshuffled during each active-learning iteration or chosen
according to their relevance (see below). In such cases, the
benets of unconstrained optimization can fully outweigh the
approximation errors introduced by the mapping. In extreme
scenarios, the CGFM ansatz may even be advantageous for the
learning process itself.

This is exactly demonstrated by the k, E and r optimizations
in Fig. 4a–c, respectively. The optimal alloy designs are deter-
mined as Al + Al2Cu, Al + Si, and Al + Mg2Si, respectively, where
we refer again to Table 1 and the SI S8 for details. These designs
are extreme examples of minimum disorder, because in all
three cases only a single secondary phase contributes with �f k =
1 (i.e., fk = 20% plus 80% xed Al matrix). But because alloy
designs with �f k > 0.6 are highly unlikely in our initial data sets,
large individual phase fractions are unknown for the FM
learning model and therefore it struggles to discover better k, E
or r designs right from the beginning of the active learning.
Instead, the optimization progress can only successively move
to such designs by means of iterative data set renement.
Thereby, we observe much weaker performance of the approach
w/o CGFM ansatz. We identied two reasons for this behaviour.
First, apparently the involved constraint, eqn (2), complicates
the search for feasible low entropy designs. We demonstrate
this by repeating the optimization runs w/o CGFM while
spending substantially more search effort, i.e., by increasing
both the number of SA runs and sweeps (see Fig. S3 of the SI S3).
We nd the expected improvement of the optimization perfor-
mance, but the gain saturates and cannot be scaled higher by
applying more searching power to meet the performance of the
approach w/CGFM ansatz. The second reason for the distinct
performance of the CGFM ansatz is its specic training data
representation. Namely, w/o CGFM ansatz all Nph variables are
relevant for learning any alloy design, even with only a single
secondary phase. In contrast, for the same learning task, in the
CGFM ansatz only a single variable might be relevant. Conse-
quently, also the training in general can improve from the
intrinsic constraint treatment of the CGFM ansatz, providing
better exploration capabilities within less active learning itera-
tions. In this context, assigning the four �f k variables to the
CGFM coordinate axes according to their correlation with the
target property, in descending order, substantially simplies
© 2026 The Author(s). Published by the Royal Society of Chemistry
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the learning of k, E, and r. At the same time, however, the FM
encounters difficulties similar to the ansatz w/o CGFM when
exploring regions of the search space beyond the domain
covered by the available dataset. Consequently, all optimiza-
tions w/CGFM exhibit rapid initial progress during the rst 50
iterations, as shown in Fig. 4a–c. However, only the optimiza-
tion runs w/CGFM that additionally include randomized
assignments through pdc > 0 continue to converge efficiently
towards the global optimum. These random CGFM coordinate
assignments introduce an exploratory component that
enhances the active-learning process and prevents premature
convergence at the boundaries of the search space covered by
the dataset. A comprehensive analysis of the observed depen-
dence of the performance on pdc for increasing system sizes is
the subject of ongoing work.

For da, the optimal alloy design and surrounding candidate
solutions found by FM + QO exhibit much greater diversity (see
Table 1). We further analysed the solution density around the
optimal alloy design by brute force search directly based on the
underlying property models (with details given in the SI S5). In
contrast to k, E or r, solution density close to the ground state of
da is substantially higher. Furthermore, alloy designs close to
the optimum for da are characterized by relatively homoge-
neous compositions of all four phases, which primarily arises
from the chosen target value a0 = 20 ppm K−1, which can be
approached by a wide range of alloy designs. The relevant
ranges of the individual fractions are already well represented
by the available datasets. In such scenarios, exploring previ-
ously unseen fraction values becomes less important than
exploitative learning capabilities of the FM, explaining that FM
+ QO w/CGFM and pcd = 1 performs best in Fig. 4d. Assigning
the fractions according to their correlation enables the FM to
learn the most relevant interactions most efficiently, and
interrelations of minor relevance are captured less efficiently.
Overall, nevertheless, the FM training for da is harder when
encoding the feature variables of the CGFM ansatz, and its
weakness against the direct encoding of the fraction hides its
strengths.

The optimization of DT (Fig. 4e, to be minimized) represents
a special case of the scenario type previously discussed for k, E
and r. The global optimum of DT is highly degenerated, since
all designs with the eutectic Si phase fraction of 12.8%, i.e., �f Si=
0.64, yield DT= 0 K, and it is identied by all 20 conducted runs
w/o CGFM within 500 iterations. Similar to the optimization of
k, E and r, only a single fraction is relevant, and its value to be
found lies outside the range of the search space densely covered
by the dataset. This constitutes a favourable scenario for the
algorithm w/CGFM applying pdc = 0.0. In fact, the unexpected
weak performance of all three runs w/CGFM observed in Fig. 4e
originates from the different discretizations of the search space
employed for w/CGFM and w/o CGFM. Specically, the value of
�f Si = 0.64 lies on a grid point of the encoding w/o CGFM,
allowing the global optimum to be represented exactly. The
discretization grid introduced by the CGFM differs to that and
although it changes depending on the particular CGFM coor-
dinate assignment, the optimal value �f Si = 0.64 cannot be
represented accurately by any assignment with the uniform
© 2026 The Author(s). Published by the Royal Society of Chemistry
discretization scheme. We test this reasoning by attributing the
CGFM ansatz with an adapted discretization scheme that
restores equal-spaced grid sizes in fraction variable space,
analogous to the ansatz without CGFM. This adaptation
requires a non-uniform discretization of the CGFM variables,
which can be implemented straightforwardly using the arcco-
sine function. Importantly, the ability to freely modify the di-
scretization scheme in this manner is an exclusive feature of the
CGFM ansatz, since it avoids the constraint, eqn (2), coupling
multiple variables. Fig. 4f shows the performance of the corre-
sponding optimization w/and w/o CGFM. With the adapted
discretization, the CGFM ansatz is then able to recover the
global optimum similarly to the ansatz w/o CGFM. And in
agreement with the above discussion on k, E, and r, the ansatz
w/CGFM and pdc = 0.0 yields the fastest convergence being 5×
faster than w/o CGFM.

The bottom line is that FM + QO w/CGFM exhibits superior
performance in identifying alloy designs characterized by only
a few dominant secondary phases. Compared to FM + QO w/o
CGFM, it explores regions of the search space that are not
represented in the initial data set more efficiently. However,
when targeting optimal designs with more evenly distributed
component ratios, the benets of the CGFM ansatz have to
compensate for the more complicated FM training. Finally, it
should be noted, that across all scenarios our CGFM ansatz
consistently accelerates the active learning process when
measured in real time, owing to QUBO model simplication, as
demonstrated in detail in the SI Sec. S4.

2.2.2 Multi-objective optimization with DDTS ansatz. We
now employ the multi-objective FM + QO active learning
approach to systematically evaluate the performance of our
DDTS ansatz. Therefore we maintain the Al-alloy model system
already studied above having a xed 80 vol.[%] Al-matrix and
described in terms of normalized fraction variables, �f k ˛ [0, 1]
with k = 1, ., Nph, of the Nph = 4 phases: eutectic Si, Mg2Si,
Al3Ni and Al2Cu. Further, we keep the standard FM + QO
without CGFM and apply one-hot encoding to translate each of
the discretized �f k to a number of Nbits = 25 binary variables. SI
S1.3 holds further computational details.

Given the inherent conict of optimizing k, E and r simul-
taneously, these material properties are well-suited to demon-
strate multi-objective Pareto optimization algorithms. Although
we focus the following discussion on this scenario, other
combinations of the ve objectives show similar behaviour and
all results can be found in SI S7.

The DDTS workow is depicted in the upper part of Fig. 3.
Now let us compare the generated Pareto fronts based on the
DDTS to the results obtained from the FM + QO approach with
standard weighted-sum scalarization (shown in the lower part
of Fig. 3). For convenience, we refer to both ansatzes as FM + QO
w/DDTS and w/o DDTS in the following. Pareto results from the
multi-objective FM + QO algorithm are presented in the 3D
objective space spanned by k, E and r in Fig. 5. Fig. 5a and
b refer to optimization runs w/and w/o DDTS, respectively. The
active learning process is stopped aer completing 1000 itera-
tions. The preference weights, wi, for setting the different sca-
larizations in both ansatzes are randomly sampled for each
Digital Discovery, 2026, 5, 4381–4398 | 4389



Fig. 5 Multi-objective optimization results with the FM +QOmethod based on either the DDTS ansatz (w/DDTS) or the standard weighted-sum
scalarization (w/o DDTS). Thermal conductivity (k), Young's modulus (E) and mass density (r) span the objective space. (a and b) Solutions found
within 1000 iterations w/and w/o DDTS, respectively. Gray points are all QUBO solutions (best alloy designs) found. (These can appear multiple
times, the substituted random designs are not illustrated.) The blue points illustrate the 3D Pareto front (non-dominating solutions). DDTS ansatz
delivers a homogeneous distribution of Pareto optimal alloy designs across the entire front, which is in stark contrast to the ansatz w/o the DDTS.
According to our property models, the alloy designs in the Pareto “corners” are given by the four possible binary Al alloys: Al + Si, Al + Mg2Si, Al +
Al3Ni and Al + Al2Cu.
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active learning iteration in order to generate the entire Pareto
front. The comparison of the Pareto fronts in Fig. 5a and
b demonstrates the advantage of our DDTS ansatz against the
standard weighted-sum scalarization. The blue dots give each
the obtained set of Pareto optimal solutions called Pareto front.
Also the remaining gray dots are alloy designs proposed by the
QO, however, those are not in the nal Pareto front. The DDTS
ansatz delivers a homogeneous distribution of Pareto optimal
alloy designs across the entire Pareto front. To prove this, the SI
S6 provides the exact Pareto front based on brute force search.
Apparently, the FM + QO w/DDTS is capable to generate Pareto
optimal designs with equal probability. In this regard, the
ansatz w/o DDTS performs poorly. In Fig. 5b, we observe the
found Pareto solutions concentrate on the peripheral regions.
In fact, the planar parts of the Pareto front are inaccessible
when solution search is based on the weighted-sum scalariza-
tion. Only solutions around the corresponding single-objective
optima (extreme preference weights): Al + Al2Cu, Al + Si and
Al + Mg2Si can be returned, as well as in the forth “corner” of the
front (around Al + Al3Ni). Noteworthy, the latter binary
composition is not a single-objective optimum in our model but
it is responsible for a local convexity which can be straightly
accessed by the convex approach. The time-resolved generation
of QUBO solutions, i.e., new optimal design candidates found
by the QUBO solver, is visualized in Fig. 6a. The temporal
evolution demonstrates the ability of the ansatz w/DDTS to
homogeneously improve the front over time. Moreover, it shows
that throughout the entire active learning process the ansatz w/
o DDTS samples only solutions from peripheral regions. The
evolution of the Pareto front hypervolume and the inverted
generational distance, both quantitatively measuring the
temporal optimization progress, are compared in Fig. 6b and c,
respectively. The comparison pronounces the advantage of the
DDTS algorithm.

We conclude this section by noting that the FM + QO with
DDTS ansatz performs exceptionally well for data-driven multi-
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objective optimization problems. It clearly outperforms stan-
dard weighted-sum scalarization and enables the treatment of
inherently non-convex QUBO problem settings. In contrast to
the weighted-sum method, our DDTS ansatz enables the iden-
tication of Pareto-optimal Al-alloy designs even in non-convex
regions of the Pareto front, ranging here from binary to
quaternary compositions.

Future work will involve systematic studies comparing FM +
QO w/DDTS to established non-convex multi-objective opti-
mizers, such as evolutionary algorithms or particle swarm
optimization.
2.3 Implications

We see signicant potential in QUBO-based quantum optimi-
zation for real-world applications. However, signicant research
challenges remain – both in advancing quantum hardware and
in developing algorithmic approaches capable of achieving
quantum advantage.

Contributing to the development of tailored algorithms, we
present two straightforward and easily implementable methods
customized to data-driven, real-valued black-box optimization
problems. We test and benchmark them via SA, but they are
seamlessly transferable to quantum devices.

Constraint-guided feature mapping (CGFM): this approach
enables the reformulation of QUBO problems with equality
constraints by transforming the problem into specially oriented
coordinates. This coordinate transformation reduces the solu-
tion space to the lower-dimensional subspace of feasible solu-
tions, effectively eliminating equality constraints. As a result,
the QUBO formulation becomes more compact, parameteriza-
tion is simplied, and subsequent optimization, whether per-
formed via quantum annealing (QA), quantum approximate
optimization algorithms (QAOA), or classical heuristics, is
signicantly accelerated.

Data-driven Tchebycheff scalarization (DDTS): this pre-
processing method supports efficient QUBO-based multi-
© 2026 The Author(s). Published by the Royal Society of Chemistry



Fig. 6 Iterative Pareto front comparison of FM + QO w/and w/o DDTS ansatz. (a) Temporal progress of objective space discovery of the single
FM + QO run w/DDTS and w/o DDTS highlighted in Fig. 5a and b, respectively. Top to bottom: solutions sampled within iterations 0–250, 250–
500, 500–750 and 750–1000, respectively. (b) Pareto front hypervolume evolution. (c) Comparison of inverted generational distance (IGD).
Shadings indicate min–max spread with respect to each 5 statistical repetitions, single darker green and yellow lines represent the specific FM +
QO run corresponding to panel a left and right hand side column, respectively.
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objective optimization. Inspired by the Tchebycheff scalariza-
tion method, which is well-established for non-convex, multi-
objective problems outside the QUBO domain, we adapt the
technique to the data-driven QUBO setting. Our formulation
guarantees the generation of optimal solutions across the entire
Pareto front including non-convex regions. This is a notable
improvement over current scalarization strategies in QUBO,
which oen fail to explore large regions of the front.

We apply both methods to a complex, multi-dimensional,
multi-objective optimization task from materials research,
namely the design of a multi-phase alloy considering a hypo-
thetical microstructure at m m-scale. In this paper we use
simplied models that limit the reach of our predictions, but are
accurate enough to benchmark the methods. More realistic
microstructures considering actual descriptors for engineering
materials will be considered in the next developments. Looking
ahead, we plan to explore the CGFM approach in conjunction
with quantum hardware, particularly quantum annealers. These
platforms may still offer sufficient qubit capacity to model
complex composite ratios effectively. Additionally, a systematic
evaluation of CGFM under different QUBO encoding schemes
remains an open question. For the latter issue we will expand our
studies by investigating the alternative options of regular binary
and domain-wall encoding. We consider such extensions as
promising avenues for future research.
© 2026 The Author(s). Published by the Royal Society of Chemistry
3 Materials and methods
3.1 Multi-phase alloy model

Our optimization problem describes a hypothetical Al-alloy with
four components (phases), which can be found in the micro-
structure of many cast Al-alloys at m m-level. Besides the Al-
matrix these are: eutectic Si, Mg2Si, Al3Ni and Al2Cu. The task
is to vary the fractions [%] of the Nph = 4 phases, fk with k ˛ Nph,
in order to maximize k and E as well as to minimize r, da and
DT. Note further, that with

da = ja − a0j (7)

we minimize the absolute value difference of the thermal
expansion, a, with respect to a given target value a0. The content
of the aluminum matrix is xed to 80% vol. fraction, which
a realistic value for near eutectic Al–Si alloy.

3.1.1 Thermal and mechanical objectives. We are aware of
the generally complex 3D-architecture that phases can form in
cast Al–Si alloys,58–60 however, we keep a very simplied
description of the alloy, as shown in Fig. 1a (le). Thereby, we
assume that all four phases can be considered as spherical
isotropic particles which are homogeneously distributed in the
aluminum matrix and do not interact with each other.
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Following these assumptions, we employ the Mori-Tanaka
model61 to predict the thermal conductivity of the alloy
according to

k ¼ kAl

1þ 2Q

1�Q
(8)

with

Q ¼
XNph

k¼1

kk � kAl

2kAl þ kk
fk: (9)

Conveniently, the k-th phase fraction is introduced in rela-
tive units here, i.e. fk ˛ [0, 0.2], which we use hereaer. The kk

and kAl indicate the thermal conductivity of phase k and the Al-
matrix (see parameterization in Sec. 3.1.2).

The Young's modulus is estimated in an iterative manner by
the Hill model.62 Hill's model suites well to our morphology
assumptions and the resulting E values lie within the upper and
lower boundaries given by Voigt63 and Reuss64 for bre-like and
plate-like morphology, respectively. The Hill model is initialized
by determining

EHill ¼ 1

2

�
EReuss þ EVoigt

�
SHill ¼ 1

2

�
EReuss

�1 þ EVoigt
�1� (10)

with the Young's moduli, EReuss and EVoigt, according to the
Reuss and Voigt models,

EReuss ¼
"
fAl

EAl

þ
XNph

k¼1

fk

Ek

#�1

EVoigt ¼ fAlEAl þ
XNph

k¼1

fkEk:

(11)

The EAl and Ek in eqn (11) indicate the Young's modulus of
the matrix and the k-th phases, respectively (see parameteriza-
tion in Sec. 3.1.2). Subsequently, the initial values, eqn (10), are
utilized to solve the equations

EHill ¼ 1

2

�
EHill þ SHill

�1�
SHill ¼ 1

2

�
EHill

�1 þ SHill

� (12)

self-consistently until convergence is found in terms of
EHill = SHill

−1.
The mass density of the alloy, r, is the weighted arithmetic

mean considering the density of the aluminum matrix, rAl, and
the other phases, rk,

r ¼ fAlrAl þ
XNph

k¼1

fkrk: (13)

In particular, aerospace and automotive industries are
interested in lightweight Al-alloys to reduce fuel consumption.
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The coefficient of thermal expansion indicates the volu-
metric change of a material as a function of temperature. In
particular, the linear coefficient of thermal expansion, a, is
dened by the ratio of the relative change in length and the
applied temperature difference. Here, we utilize the simple and
frequently used Turner model,65 which follows as

a ¼
fAlaAlKAl þ

PNph

k¼1

fkakKk

fAlKAl þ
PNph

k¼1

fkKk

(14)

and is based on the bulk modulus of the aluminum matrix, KAl,
and the k-th phase, Kk (see parameterization in Sec. 3.1.2). Eqn
(14) assumes isostrain conditions, i.e., it is suitable for pre-
dicting a in alloys with continuous reinforcements, which,
though beyond the assumptions introduced above, describes
our hypothetical microstructure reliably. Instead of optimizing
a directly, we intend to minimize the absolute difference, da
(eqn (7)) to a predened target value. Controlling the thermal
expansion of Al alloys can be important in multi-component
systems that operate at different temperatures.

Finally, we introduce the solidication interval, DT, that
gives an indication of the castability of an alloy. As a rule of
thumb, it can be considered that the castability decreases with
increasing solidication intervals. For a very rst estimate, we
simplify our picture of the multi-phase alloy and derive DT from
the Al–Si binary phase diagram, in particular, the temperature
difference between L-phase and a + Si-phase. To do that
analytically, we apply a linear tting to the phase boundaries in
the range of 0–20% Si. The resulting linear expression approx-
imately models DT only depending on the silicon fraction, fSi,

DT ¼

8>><
>>:

�M1fSi þN1 if fSi\0:128
0 if fSi ¼ 0:128
M2fSi �N2 if fSi . 0:128

(15)

with slopes M1 and M2 and shis N1 and N2 (see Sec. 3.1.2 for
details). Silicon content of 12.8% approximately marks the
eutectic point, i.e. DT = 0 K, in the Al–Si binary alloy.

3.1.2 Material parameters. The eqn (7)–(15) are utilized to
determine values for our ve target properties: thermal
conductivity (k), Young's modulus (E), density (r), linear coef-
cient of thermal expansion (a) and the solidication interval
(DT) within our Al-alloy design model (see Sec. 3.1). For the
phases Si, Mg2Si, Al3Ni and Al2Cu, we utilize the materials
parameters given in Table 2. Note that we directly maximize k

(see eqn (8)) and E (see eqn (12)) as well as directly minimize r

(see eqn (13)) and DT (see eqn (15)). The thermal expansion
coefficient, however, is optimized to match best a dened
target, i.e., our third optimization goal regarding a is to mini-
mize the absolute difference ja − a0j with a determined by eqn
(14) and the target value dened as a0 = 20 ppm K. a0 is chosen
without particular purpose but to be in the mid of range of
possible a values resulting from the variation of the four phase
fractions. This range stretches from a = 18.2 ppm K−1 for (80%
Al + 20% Si) to a = 21.9 ppm K−1 for (80% Al + 20% Al2Cu).
© 2026 The Author(s). Published by the Royal Society of Chemistry



Table 2 Materials properties of the five phases considered in the Al alloy, as introduced in Sec. 3.1 (k: thermal conductivity, E: Young's modulus, r:
density, a: linear coefficient of thermal expansion and K: bulk modulus). The parameters are required for computing the optimization objectives
of the Al-alloy along the prediction models described in eqn (7)–(15). References from literature related to the parameters are stated

Precipitate phase types and material properties

Phase k [W m−1 K] E [GPa] r [g cm−3] a [ppm K−1] K [GPa]

Al (matrix) 164a 70 (ref. 66) 2.7 23.6 70 (ref. 67)
Eutectic Si 15 (ref. 68) 163b 2.3 2.6 (ref. 69 and 70) 97b

Mg2Si 11 (ref. 71 and 72) 116 (ref. 72 and 73) 2.0 7.5 (ref. 73) 59 (ref. 74)
Al3Ni 104 (ref. 67) 140 (ref. 75–77) 4.0 13.0 (ref. 67) 110 (ref. 67 and 77)
Al2Cu 120 (ref. 78 and 79) 105 (ref. 80 and 81) 4.4 17.0 (ref. 82 and 83) 97 (ref. 84)

a Please note we assume thermal conductivity of the aluminum matrix, kAl = 164 W mK−1. The value lies below the value of 237 W mK−1 of pure
aluminum due to inherent minor impurities. Density and elastic modulus are less effected by those. b The bulk modulus of silicon, KSi, is
approximately determined based on KSi = ESi/(3 − 6vSi) for isotropic materials with the Young's modulus, ESi = 163 GPa, and the Poisson ratio,
vSi = 0.22, of silicon. The value ESi is chosen as a reasonable estimate for eutectic silicon.
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Furthermore, we implement a simple approximation based
on the binary Al–Si system to determine the solidication
interval, DT. The analytic expression in eqn (15) describes
a linear tting model of the temperature difference between
the boundaries of the liquid and solid phase. For this purpose,
we approximate the multi-phase alloy with the solidication
interval of the Al–Si binary composition. This assumption
crucially allows for straightly determining the tting parame-
ters M1, M2, N1 and N2 in eqn (15) based on the phase
boundaries in the Al–Si phase diagram. A schematic repre-
sentation of the phase diagram and the tted boundaries are
given in Fig. 7. We are aware of the limitation of our simpli-
cation but it helps us to demonstrate the methodology used
for the optimization of a multi-component system adding
a further variable, namely the solidication interval. A more
realistic approach to actually discover a new alloy composition
could, e.g., consider determining the solidication interval
using the CALPHAD method or by experimental studies of the
real alloy compositions. The three points indicated in the
phase diagram are used to t DT[K] = −M1fSi + N1 with M1 =
Fig. 7 Phase diagram of binary Al–Si alloy. The solidification interval,
DT, describes the temperature difference between the liquid and solid
phase (L and a + Si phase, respectively) and depends on Si content.
Here, the range from 0–20% Si is of interest. According to our
assumption, we require the indicated 3 points for linearly fitting DT. 1:
(1.6, TS+75), 2: (12.8, TS), 3: (20, TS+100) with the solidification
temperature TS = 577.

© 2026 The Author(s). Published by the Royal Society of Chemistry
669.6 and N1 = 85.7 for fSi ˛ [0, 0.128], as well as DT[K] = M2fSi
− N2 with M2 = 1388.9 and N2 = 177.8 for fSi ˛ [0.128, 0.2] (see
the magenta lines in Fig. 7). For simplicity, we exclude the a-Al
phase from our consideration (in the range fSi ˛ [0, 0.016]).
Point (2) in Fig. 7 is the eutectic point of DT = 0 K. The DT is to
be minimized in our optimization scenarios, therefore we
expect FM + QO to return ideal alloys with fSi = 0.128 (i.e.,
�f Si = 0.64), as far as the introduced search space discretization
allows.
3.2 Model encoding

3.2.1 Discretization of phase fractions. The microstructure
of our hypothetical Al-alloy is illustrated in Fig. 1a. The design is
dened by the fractions of the phases, fk, with k = 1, ., Nph,
which serve our model as variables in the range [0, 0.2],
reminding the xed Al matrix content of 0.8. For the FM + QO
method, this continuous variable space must be translated into
binary variable space. In the most straightforward manner, an
equally-spaced discretization of the [0, 0.2] range can be intro-
duced for this purpose.2,23 The mesh is applied to all variables
and determines the resolution of the design model. For
instance, using a discretization with 9 mesh points would allow
describing fractions in multiples of 0.02 (i.e., 2%). The di-
scretized variable axes are nally converted into Nbits binary
variables, xi, with i = 1, ., Nbits (see Sec. 3.2.2). Though more
types of 0–1 encoding are well known from literature, we focus
on one-hot encoding types.2,85 The total number of required
variables is determined by multiplying the number of bits, Nbits,
with the number of phases, Nph.

3.2.2 Encoding of phase fractions. To utilize FM + QO the
discretized variable ranges of the phase fractions must be
further encoded in binary variables. In preparation, we rst
conveniently introduce normalized phase fractions, �f k ˛ [0, 1],
according to

fk = L + (U − L)�f k (16)

with L and U indicating the lower and upper boundaries of the fk
variable range, respectively. Please note, in our model we
Digital Discovery, 2026, 5, 4381–4398 | 4393
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identify L = 0 and U = 0.2. Given a certain number of bits, Nbits,
available for the encoding of a single normalized variable, �f k, we
write

f k ¼
XNbits

i¼1

aixi
ðkÞ (17)

Here, xi
(k) ˛ {0, 1} is the i-th binary variable (or bit) used to

encode the fraction �f k. The factors ai depend on the used type of
encoding. In general, ai could be k-dependent as well, however,
here we process each �f k similarly.

For the one-hot encoding, we have

ai = i$D, (18)

with i = 1, ., Nbits, where D = 1/Nbits is the increment size
resulting from the discretization of normalized fractions, �f k.
Note that to obtain the absolute increment size we would simply
have to multiply this value by U − L (i.e., here with a factor of
0.2). The name one-hot encoding refers to the fact that, for this
type of encoding, at most one bit can be 1 while the rest has to
be 0. In contrast to the classical one-hot encoding, we encode �f k
= 0 by the zero bit-string xi = 0 for all i with the advantage of
saving one bit. In this way, intuitively, each bit corresponds to
a specic contribution to �f k. If bit i is set to 1, a part of i/D
contributes to the total sum in eqn (17). Consequently, the set of
representable values spans uniformly the interval [0, 1].
Fig. 8 The multi-objective implementation of the active learning FM + Q
applied for optimizing the microstructure of a hypothetical Al-alloy in ter
(16)). Each iteration starts from encoding and pre-processing the existin
each of the given thermal andmechanical objectives (2). The FMs are scal
QUBO model is solved for searching a new optimal design (4). Finally,
a validation source, e.g., analytic expressions, simulations or experiments
is added to the data set for improving themodeling in the next iteration (6
in steps (1) – (3), see Fig. 3.
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3.3 FM + QO active learning

In general, the FM + QO methodology works through an itera-
tive process of step-wise improvements repeating:15,17

1. Data-based FM modeling (FM),
2. QUBO optimization (QO),
3. Enlargement of the data set with the validated solutions
until some form of convergence is reached (see Fig. 2).

According to the state-of-the-art weigted-sum scalarization, this
straightly generalizes to multi-objective optimization tasks with
m objectives as follows: let the data set consist of vectors, ~x,
describing the system in terms of binary variables, xi ˛ {0, 1},
and the correspondingm optimization target properties, y(1),.,
y(m), i.e., the d-th data point follows as (~xd, yd

(1),., yd
(m)).

Then, one FM is trained independently for each of the m
objectives. Details on the FM modeling analytics can be found
in the SI S1.1.

The resulting QUBO models, f(p)(~x), with objective index
p = 1, ., m, read

f(p)(~x) = ~xTQ̂(p)~x, (19)

based on the learnedmatrices Q̂(p), themulti-objective model
nally follows from merging all f(p)(~x) into a single QUBO,

gð~xÞ ¼
Xm
p¼1

wp~x
T
Q̂

ðpÞ
~xþ lCð~xÞ: (20)
O method based on recent state-of-the-art QUBO scalarization, here
ms of normalized phase fractions, �fk ˛ [0, 1] with k = 1,., Nph (see eqn
g data set (1). A factorization machine (FM) is trained for regression of
arized tomerge the surrogatemodels into a single one (3). The resulting
the objective's values of the found design are reviewed by means of
(5). Here, wemake use of eqn (7)–(15). This gives a new data point which
). Note that the FM +QOpipeline based on our newDDTS ansatz differs

© 2026 The Author(s). Published by the Royal Society of Chemistry
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In principle, choosing specic weights, wp, where usuallyP
p
wp ¼ 1, controls the merger preferences regarding the

objectives. Finally, system required constraints C(~x) must be
added to the QUBO with penalty strength factor l, to support
feasible solutions. Please note that here we conveniently sup-
pressed constraints which additionally arise for specic
encodings like the one-hot type and instead refer the interested
reader to eqn (S4) in SI S1.2. Aer solving g(~x) with QO, the
learned model is validated and improved. Practically this is
realised by determining the “true” objective values for the QO
solution and by adding this new, validated data point to the
data set. This review process might be facilitated by simula-
tions, experiments, or available analytic formulae. By rening
the data set in this manner, the FM model improves iteratively.

In our specic use case, each initial data point represents
a random alloy design. Its search space vector, ~xd, describes
a concatenation of Nph vectors,~x(k) = (x1

(k), ., xNbits

(k)), with xi
(k)

˛ {0, 1} and k = 1, ., Nph, obtained by one-hot encoding the
normalized phase fraction variables, �f k (see Sec. 3.2). Moreover,
each data point holds the thermal and mechanical property
values, yd

(p) with p ˛ {k, E, r, da, DT}, introduced in Sec. 3.1 and
determined by querying the prediction models in eqn (7)–(15).
Importantly, these expressions are also our validation sources to
review the predicted properties of the optimal Al-alloy design in
each iteration (step 5 in Fig. 8).
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