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Abstract

This thesis explores error-correcting codes beyond the classical framework of
linear codes over finite fields in the Hamming metric. Two different directions
are pursued: first, codes defined over finite rings, which enrich the algebraic
framework and enable constructions not possible over fields; and second, codes

in the sum-rank metric, a distance measure that combines properties of the Hamming
metric and rank metric and is increasingly relevant in applications such as multishot
network coding, space-time coding, code-based cryptography and distributed storage.
Together, these investigations uncover new structural phenomena and establish refined
performance bounds for coding theory.

The first part considers cyclic left module codes over finite rings within the framework
of skew polynomial rings. By transforming duality conditions from a set of differential
equations into a system of multivariate polynomial equations solvable via Gröbner bases,
dual-containing codes can be constructed algorithmically. The analysis reveals several
special features: the dual of a cyclic module code is not necessarily cyclic, non-trivial
endomorphisms and derivations are indispensable for certain constructions, and certain
codes arise only in the presence of non-central modulus polynomials. These results
extend the theory of codes over rings and might be of interest for the design of quantum
error-correcting codes, where dual containment is essential.

The second part focuses on codes in the sum-rank metric. A geometric perspective
is employed by analyzing spheres, balls, and their intersections, leading to efficiently
computable volume bounds. Building upon this foundation, classical results such as the
Gilbert–Varshamov, sphere-packing, and Singleton bounds are generalized to the sum-
rank-metric setting for linear codes, and asymptotic variants are derived. It is shown
that random linear codes achieve a Gilbert–Varshamov-like bound with high probability.
Covering properties are also studied, yielding upper and lower bounds on code sizes for
given covering radii. Overall, this part characterizes the trade-offs between redundancy
and error-correcting capability and advances the algebraic and geometric understanding
of error-correcting codes in the sum-rank-metric setting.
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1
Introduction

When transmitting data from one location to another or storing data to
access it later, errors occur, i.e., the transmitted data differs from the re-
ceived data. In order to correct these errors, channel codes are used, which
add redundancy before the transmission over a communication channel.

In [Sha48] Shannon introduced the mathematical theory of information transmission
over communication channels. He provided limits on how much redundancy must be
added in order to transmit error-free asymptotically. One of the first error-correcting
codes was introduced by Hamming in [Ham50] including the introduction of the so-called
Hamming metric. Building on this early work, an important class of channel codes that
has been extensively studied is that of block codes. Such a code C is generally defined
over an alphabet Σ as a subset of Σn, where Σn denotes the set of all sequences of
length n with entries from Σ. The elements of the code C are called codewords and have
the same fixed length n. While the alphabet Σ can be any finite set, choosing a more
structured alphabet provides additional algebraic properties that are beneficial for both
encoding and decoding. In particular, selecting Σ to be a field allows for the definition
of linear codes. In practice, Σ is typically taken to be a finite field, since linear codes
over finite fields possess a rich algebraic structure and support efficient algorithms for
error detection and correction. The distance between two codewords is measured with
respect to a given metric. Different metrics are chosen depending on the code alphabet
and the type of communication channel, as error patterns vary in different contexts.
Therefore, the choice of the metric affects a code’s ability to detect and correct errors.
Usually the Hamming metric is employed, which is the natural metric for most com-
munication channels. It measures the distance between two codewords by counting the
number of positions in which they differ, thereby directly modeling the effect of symbol
errors occurring independently at different positions during transmission. The so-called
minimum distance of a code is then defined as the minimum of all distances between any
two different codewords. One aim of channel coding is to construct codes that exhibit a
large minimum distance, since this provides good error correcting properties.

This dissertation is divided into two parts. In the first part, we explore codes over
finite rings, thereby extending the classical framework where codes are typically defined
over finite fields. Working over rings allows for larger flexibility and broader construc-
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1. Introduction

tions, which can lead to codes with desirable properties not achievable over finite fields.
Despite this generalization, we aim at retaining a similar level of algebraic structure. To
that end, we focus on ring-linear codes. These codes preserve many of the advantages
of linear codes over fields while enabling richer algebraic behavior and new design possi-
bilities. In particular, we investigate codes over finite commutative rings using so-called
skew polynomial rings. Building upon the framework introduced by Boucher, Geisel-
mann and Ulmer [BGU07], we study cyclic left module codes and analyze their duality
and structural properties from an algebraic perspective. This enables the construction
and classification of dual-containing and self-dual codes, which are especially relevant
for applications in quantum error correction. To demonstrate the practicality of our
approach, we give explicit examples over small commutative rings.

In the second part of this dissertation, we shift our focus from using of a more general
code alphabet than a finite field, as explored in Part 1, to the consideration of a more
general metric than the commonly used Hamming metric. Specifically, we study codes
in the sum-rank metric, a distance measure that extends the classical Hamming metric
by incorporating features of both the Hamming metric and the so-called rank metric
within a unified framework. This facilitates the analysis of codes that exhibit properties
of both metrics and offers insight into how these properties transition and interact in
intermediate regimes. As a result, the sum-rank metric is particularly well suited to com-
munication scenarios where neither the Hamming nor the rank metric alone is sufficient.
The sum-rank metric is conceptually grounded in the rank metric, which was originally
introduced by Hua [Hua45, Hua51] under the name arithmetic distance, and later inde-
pendently adopted in coding theory by Gabidulin [Gab85], Delsarte [Del78], and Roth
[Rot91]. The rank metric has since been shown to outperform the Hamming metric
in various applications, such as network coding [GPB10, SKK08], space-time coding
[GBL00, LGB03, PSBF16], and distributed data storage [SRV12]. For a comprehensive
overview of the rank-metric and its applications, see [BHL22]. The sum-rank metric it-
self was first introduced in [LK05] in the context of space-time code design. Its potential
for error control in non-coherent multishot network coding was later demonstrated by
Nóbrega and Uchôa-Filho, who proposed a multilevel code construction in [NUF10]. This
application area has since become one of the central motivations for studying sum-rank-
metric codes. Beyond multishot network coding, sum-rank codes have found applications
in distributed data storage [MPK19b], space-time coding [SK20], and are increasingly be-
ing explored for their potential in code-based quantum-resistant cryptography [PRR22].
A wide variety of code constructions have been developed within the sum-rank frame-
work including partial unit memory codes constructed from rank-metric codes [WSBZ11],
convolutional codes in the rank metric [WZSS15, NPRV17, NPRV], variable block-size
constructions [BGLR21] and so-called maximum sum-rank distance codes (see [MP18]).
In parallel, several decoding algorithms have been proposed for these codes, addressing
both general and specific constructions (see [BJPR21, PRR22, HBP22, JBWZ24, HB24]).
For a comprehensive overview of codes in the sum-rank metric, we refer to [MPSK22].

This dissertation contributes to the theoretical understanding of the sum-rank metric
in two main directions. First, we investigate geometric properties of the sum-rank metric
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itself. In particular, we study spheres and balls in the sum-rank space. This geometric
perspective is not only of intrinsic interest, but also has direct implications for code design
and performance bounds. Second, we examine fundamental properties of codes in the
sum-rank metric, focusing on bounds on the cardinality of a code as well as covering
properties of codes. These investigations are crucial for assessing the error-correcting
capability and practical efficiency of sum-rank codes.

Outline
This dissertation is structured in six chapters, divided into two main parts.

Chapter 2 lays the theoretical groundwork by introducing the algebraic and coding-
theoretic concepts used throughout this dissertation. We define the notation, formalize
block codes over fields and rings, and explore structural properties such as linearity,
duality, and cyclicity. Key concepts, including generator and parity-check matrices, are
presented, as well as various representations of codes. Additionally, relevant algebraic
foundations such as skew polynomials are introduced, and the Hamming, rank, and sum-
rank metric are discussed. The chapter also reviews classical bounds on the cardinality
of a code in the Hamming metric, which serve as a basis for later generalizations.

The remaining chapters contain new results. Most of these findings are already pub-
lished: Hence, we give the corresponding references at the end of each chapter’s intro-
duction.

Chapter 3 starts Part I of the dissertation, which investigates linear codes over finite
commutative rings. In particular, we study cyclic left module codes defined over skew
polynomial rings. A key contribution is an algebraic framework that enables the con-
struction of dual-containing and self-dual codes using Gröbner basis techniques. These
results are particularly relevant for the design of quantum error-correcting codes. The
chapter includes algorithms for testing duality, explores the role of nontrivial endomor-
phisms and derivations, and provides explicit code examples over small rings. Specifi-
cally, we perform explicit computations over all commutative rings of order four, as well
as over the Galois ring GR(4, 2) of order 16.

Chapter 4 opens Part II, shifting the focus to the sum-rank metric as a generalization
of both the Hamming and rank metric. The chapter introduces elementary linear sub-
spaces as a powerful tool for analyzing sum-rank metric structures. We then investigate
spheres and balls in the sum-rank metric, and provide both lower and upper bounds
on their volume. In addition, we analyze the volume of the intersection of two balls,
which plays a key role in the analysis of packing and covering problems. These geometric
results are not only of theoretical interest but also provide essential foundations for the
study of code performance.

Chapter 5 builds on the geometric insights of the previous chapter and focuses on the
properties of codes in the sum-rank metric. Two main aspects are addressed: bounds on
the cardinality of codes and their covering properties. Classical results such as the Single-
ton, Gilbert–Varshamov, and sphere-packing bound are extended to the sum-rank-metric
setting. In addition, the chapter examines covering properties, establishing bounds on
the cardinality of a sum-rank-metric code for a given covering radius as well as relation-
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1. Introduction

ships between the sum-rank, rank, and the Hamming metric. These findings contribute
to a deeper understanding of code efficiency and error-correcting capability in practical
applications.

Chapter 6 concludes the dissertation with a summary of the main contributions and
a discussion of potential directions for future research.

4



2
Preliminaries

This chapter introduces the notation, algebraic concepts, as well as coding the-
oretic constructs and properties that will be used throughout this thesis. We
begin in Section 2.1 by fixing the notational conventions used to describe fi-
nite fields, vectors, matrices, and vector spaces. Subsequently, we define the

class of block codes with emphasis on those that exhibit linearity over rings and fields,
and we explain their structural properties, such as generator and parity-check matrices,
dual codes, as well as different code representations. In the latter part of this section, we
introduce algebraic concepts that are fundamental to this thesis, including the notion
of skew polynomial rings which generalize ordinary polynomial rings and provide the
essential framework used for studying codes over rings in Part I of this thesis. In Sec-
tion 2.2 we introduce the Hamming, rank, and sum-rank metric, providing the necessary
background for Part II of the thesis, where we work with the sum-rank metric, a gener-
alization of the Hamming and the rank metric. Finally, we conclude in Section 2.3 with
classical bounds on the cardinality of linear codes in the Hamming metric, including the
Singleton, sphere-packing, and Gilbert–Varshamov bound. We build on these results in
Section 5.1, where we explore analogous bounds in the context of the sum-rank metric.

2.1. Foundational Terminology

2.1.1. Notation

We present the notation and concepts that will be utilized throughout this dissertation.
A summary of the notation and associated abbreviations can be found in Appendix A.
We denote by q a prime power, by m a positive integer, by Fq a finite field with q
elements and by Fqm its extension field with extension degree m. Vectors and matrices
are represented using bold letters, while matrices are typically denoted with capital
letters. Square brackets are employed to enclose elements of matrices, vectors, or tuples.
Vectors are assumed to be indexed from 0, such as v = [v0, ..., vn−1] and are typically
considered as row vectors. For r ∈ N∗ we denote by ⟨v0, . . . ,vr−1⟩Fq the Fq-linear vector
space spanned by the vectors v0, . . . ,vr−1. Let A be a ring. We denote by A[X] the
ring of polynomials in one indeterminate X with coefficients in A. For a polynomial
f ∈ A[X], we write A[X]/(f) for the quotient ring of A[X] by the ideal generated by f ,
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2. Preliminaries

whose elements are equivalence classes of polynomials modulo f , that is,

A[X]/(f) = { p+ (f) | p ∈ A[X] }.

2.1.2. Block Codes

Coding theory broadly distinguishes between two main types of codes: infinite-length
codes and finite-length codes. The latter, commonly known as block codes, were first
systematically studied with pioneering contributions by Golay [Gol49] and Hamming
[Ham50]. This thesis focuses exclusively on block codes.

In this section, we present only the concepts essential for the developments presented in
this work. Readers interested in a comprehensive treatment of error-correcting codes are
referred to standard textbooks on coding theory, such as [Bos13], [MS77], and [Rot06].

Traditionally, codes are defined over finite fields, and the distance between codewords
is measured using the so-called Hamming metric. In this thesis, however, we consider
codes defined over more general alphabets and study metrics that extend the classical
Hamming metric. Therefore, we begin with a general definition of a block code to
establish the necessary foundations.

Definition 2.1 ([n,M, d]-Block Code). Let Σ be a set, n a positive integer and let Σn

be the set of all sequences of length n whose elements come from Σ, that is,

Σn = {(a0, a2, . . . , an−1) | ai ∈ Σ for all i = 0, . . . , n− 1}.

Let d ∈ N0 and d : Σn × Σn → Z+ a metric 1. We define a block code C of length n,
cardinality M and minimum distance d as

C :=
{

c(1), . . . , c(M) ∈ Σn | min
c(i) ̸=c(j)

i,j∈{1,...,M}

{d(c(i), c(j))} = d
}
.

Its elements c = [c0, . . . , cn−1] ∈ C are called codewords and Σ is called the code alphabet.

In this thesis, we denote by C a block code and by n and d positive integers that
correspond to the length and the minimum distance of a code, respectively.

2.1.2.1. Structure of Codes

In this work, we restrict ourselves to codes whose code alphabet Σ has at least a ring
structure and whose codewords are elements of a so-called free module. A module is
a generalization of a vector space in which the scalars are taken from a (unitary) ring
rather than a field. While concepts such as scalar multiplication, linear combinations,
linear dependence and generating sets extend naturally from vector spaces to modules,
the existence of a basis is no longer guaranteed for arbitrary modules. A module is called

1i.e., d(x, y) ≥ 0, d(x, y) = 0 ⇔ x = y, d(x, y) = d(y, x), and d(x, z) ≤ d(x, y) + d(y, z) for all
x, y, z ∈ Σn.
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2.1. Foundational Terminology

free if it possesses a basis, i.e., if it is isomorphic to a direct sum of copies of the ring
which we denote by Σn for a given code length n. In the following, we initially posit
that the free module is not only isomorphic but identical to Σn. Later in this section,
we will explore alternative representations of codewords, resulting in modules that are
isomorphic but not necessarily identical to Σn.

(Ring-)Linearity If a code, denoted as C, constitutes a free submodule within a free
module over a ring A (e.g., a subspace of a vector space over a field K), then we refer
to the code as ring-linear or just linear, if A is a field. For such codes, we employ the
parameters [n, k, d], where n and d correspond, as usual, to the codeword length and
the minimum distance, respectively. The parameter k signifies the rank of the code as a
submodule of the underlying ring A or rather, the dimension of the code as a subspace
of the underlying field K. This motivates the definition of a ring-linear code, as a specific
case of a block code as outlined in Definition 2.1.

Definition 2.2 ((Ring-)Linear [n, k, d]-Code). Let Σ be a ring and let n be a positive
integer. A (ring-)linear code of length n over Σ is a subset C ⊆ Σn that forms a free
Σ-submodule. If Σ is a field, then C is simply called a linear code, and its elements are
Σ-linear combinations of k linearly independent codewords. The dimension of the code
is the rank of the submodule, denoted k := rkΣ(C) ∈ N0. The cardinality of the code is
then |C| = |Σ|k. Let d : Σn ×Σn → Z+ be a metric. The minimum distance of the code
C is defined as

d := min
c̸=c′∈C

d(c, c′) .

The rate of the code is given by R := k
n .

Cyclic Codes

Definition 2.3 (Cyclic Shift). Let c = [c0, c1, . . . , cn−1] ∈ Fn
q be a vector over a finite

field Fq. The cyclic shift of c by i positions is the vector

σi(c) := [ci, . . . , cn−1, c0, c1, . . . , ci−1].

Definition 2.4 (Cyclic Code). A linear code C ⊆ Fn
q is called a cyclic code if it is closed

under the cyclic shift operation; that is, for every c ∈ C, any cyclic shift σi(c) is also in
C.

2.1.2.2. Generator Matrix

Let C ⊆ Σn be a (ring-)linear [n, k, d]-code. Since C is a free Σ-submodule of rank k, it
admits a basis B = {b0, . . . ,bk−1} over Σ. By arranging the basis vectors as the rows
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2. Preliminaries

of a matrix, we obtain a generator matrix of the code:

G :=


b0
...

bk−1

 ∈ Σk×n.

Each codeword c ∈ C can be expressed as a linear combination of the basis vectors,
which means that every codeword is of the form

c = m ·G,

where m ∈ Σk is a message vector. The generator matrix thus defines a Σ-linear map

Σk → Σn, m 7→m ·G,

whose image is exactly the code C.
In summary, the generator matrix encodes a message by specifying a basis, and it

provides a direct method for mapping message vectors to codewords.

2.1.2.3. Duality of Codes

In coding theory, the concept of duality plays a central role in understanding the struc-
ture and properties of codes. Given a linear code over a ring or field, its dual code
consists of all vectors orthogonal to the original code under a specified inner product.
The two most common notions of duality are based on the Euclidean and Hermitian
inner products.

Definition 2.5 (Euclidean Dual). Let A be a commutative ring and C ⊆ An a lin-
ear code. The Euclidean inner product of two vectors x = [x0, . . . , xn−1] and y =
[y0, . . . , yn−1] in An is defined by

⟨x,y⟩ :=
n−1∑
i=0

xiyi .

The Euclidean dual code of C is the set

C⊥ := {v ∈ An | ⟨v, c⟩ = 0 for all c ∈ C} .

We also use the notation ⟨·, ·⟩ to denote the linear span. The intended meaning will
always be clear from the context. When A is equipped with a nontrivial automorphism
of order dividing 2, we can generalize this concept using the Hermitian inner product.

Definition 2.6 (Hermitian Inner Product and Dual). Let σ be an automorphism of a
ring A such that σ2 = id. The σ-Hermitian inner product of vectors x,y ∈ An is defined
as

⟨x,y⟩σ :=
n−1∑
i=0

xiσ(yi).

8
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The σ-Hermitian dual code of a code C ⊆ An is given by

C⊥σ := {v ∈ An | ⟨v, c⟩σ = 0 for all c ∈ C} .

A code C is called σ-self-orthogonal if C ⊆ C⊥σ , and σ-dual-containing if C ⊇ C⊥σ . If
both inclusions hold, i.e., C = C⊥σ , the code is called σ-self-dual. In other words, self-
orthogonal codes are contained in their duals, dual-containing codes contain their duals,
and self-dual codes are equal to their duals.

If σ = id is the identity automorphism, the Hermitian inner product reduces to the
Euclidean one, and the corresponding dual code coincides with the Euclidean dual. In
this case, we typically omit the subscript σ in the notation.

2.1.2.4. Parity-Check Matrix

Let C ⊆ Σn be a (ring-)linear code. If the dual code C⊥ (or more generally, C⊥σ ) is a
free Σ-submodule of Σn of rank n− k, then it admits a basis consisting of n− k vectors.
In this case, we can represent the dual code using a matrix G⊥ ∈ Σ(n−k)×n, whose rows
form a basis of the dual code, i.e., a generator matrix of C⊥.

A parity-check matrix is a matrix H ∈ Σ(n−k)×n that characterizes the code C via the
orthogonality condition

H · c⊤ = 0 if and only if c ∈ C.

Equivalently, C can be described as the kernel of the Σ-linear map defined by H:

C = ker(H) =
{

c ∈ Σn
∣∣∣ H · c⊤ = 0

}
.

If Σ is a field, the existence of such a parity-check matrix is guaranteed. Moreover, every
parity-check matrix is a generator matrix of the dual code, i.e., H = G⊥. Over a general
ring, however, the existence of a parity-check matrix is not guaranteed. Even if C⊥ is
free and admits a generator matrix G⊥, it does not necessarily hold that C = ker(G⊥).

When the Hermitian inner product is used instead of the Euclidean inner product, the
same principle applies.

2.1.2.5. Representation of Codewords

In this thesis, we use different representations of codeswords.

• Representation of codewords as vectors:
For a code C with alphabet Σ, a codeword is typically represented as a vector of
length n, that is, c = [c0, c1, . . . , cn−1] ∈ C ⊆ Σn.

• Representation of codewords as matrices:
If the code alphabet Σ is a free module over a ring A of rank m ≥ 1, such as a
vector space Km over a field K of dimension m ≥ 1, one can also represent the

9
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codewords as matrices. In order to represent for a example a vector v ∈ Fn
qm as

a matrix V ∈ Fm×n
q , we define a mapping. Let therefore B := {b0, . . . , bm−1} be

a basis of Fqm over Fq. The fundamental property that every element α ∈ Fqm

can be expressed as a linear combination α = ∑m−1
i=0 αibi with αi ∈ Fq for all

i ∈ {0, . . . ,m− 1}, enables us to define the following mapping:

extB : Fn
qm → Fm×n

q ,

v = [v0, . . . , vn−1] =
[

m−1∑
i=0

Vi,0bi, . . . ,
m−1∑
i=0

Vi,n−1bi

]
7→ V =


V0,0 . . . V0,n−1
...

. . .
...

Vm−1,0 . . . Vm−1,n−1

 .
This representation of codewords is particularly useful, for example, when measur-
ing the distances between codewords in the rank and the sum-rank metric. In this
context we refer to the rank of a vector v ∈ Fn

qm as the rank of its corresponding
matrix V = extB(v), in other words:

rkFq (v) := rk(extB(v)) = rk(V )

for a given basis B of Fqm over Fq. Note, that the rank does not depend on the
choice of the basis B.

• Representation of codewords as polynomials:
In addition to their standard vector representation, codewords are often repre-
sented as polynomials. While this representation is commonly associated with
evaluation codes, where codewords arise from evaluating polynomials at a pre-
scribed set of points, it is by no means limited to them. In many broader settings,
such as cyclic codes, skew polynomial codes, or module codes over rings, codewords
are naturally expressed as polynomial objects.
Let A be a ring, f ∈ A[X] a polynomial of degree n (commonly f = Xn − 1 is
used) and let c = [c0, c1, . . . , cn−1] ∈ An be a codeword. We associate c with the
polynomial

c(X) = c0 + c1X + c2X
2 + · · ·+ cn−1X

n−1 ∈ A[X]/(f).

This defines a natural isomorphism between the A-module An and the subspace
of polynomials in A[X] of degree less than n:

φ : An −→ A[X]/(f), φ([c0, . . . , cn−1]) =
n−1∑
i=0

ciX
i.

The inverse map simply recovers the vector by extracting the coefficients of the
polynomial. This representation is frequently used in coding theory, particularly
in the study of cyclic, skew, and module codes.

There exist alternative representations of codewords, which will not be explored within
the scope of this thesis.

10
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2.1.2.6. Generator Polynomials and the Ideal Structure of a Code

The polynomial representation of codes allows us to model codes as ideals. This approach
is particularly useful when working with cyclic codes, where the generator and parity-
check properties can be described using divisibility in polynomial rings.

Classical Case: Codes over Finite Fields A cyclic code over Fq corresponds to an ideal
in the ring Fq[X]/(Xn−1). Since this ring is a principal ideal ring, any ideal is generated
by a single polynomial g(X):

C = ⟨g(X)⟩ ⊆ Fq[X]/(Xn − 1),

where g(X) is a monic divisor of Xn − 1 and is called the generator polynomial of the
code. Every codeword in C is a multiple of g(X):

C = {a(X)g(X) mod (Xn − 1) | a(X) ∈ Fq[X]}.

Codes over Finite Rings When the alphabet is a finite ring A, we can generalize the
above by considering R = A[X]/(Xn − 1). A cyclic code is then an ideal in R. If
R is a principal ideal ring, then the code is again generated by a single polynomial.
However, complications arise due to the presence of zero divisors and the fact that not
all submodules are free or principal.

2.1.3. Algebra

This subsection introduces algebraic tools and notations that are fundamental to the
results presented in this dissertation. We begin with basic combinatorial quantities
used throughout the work. We then recall the definition of generalized q-Krawtchouk
polynomials. Finally, we introduce a generalization of classical polynomial rings known
as Ore (or skew) polynomial rings.

2.1.3.1. Combinatorial Quantities

The q-ary Gaussian binomial coefficient, also called the q-binomial coefficient represents
the number of t-dimensional subspaces of Fn

q and is given by

[
n
t

]
q

=


∏t

i=1
(1−qn−i+1)

(1−qi) , if t ≤ n
0, else.

(2.1)

The number of m × n matrices over Fq of rank t is denoted by NMq(m,n, t). The
exact number is (see e.g. [MMO04]):

NMq(m,n, t) =
[
n
t

]
q

·
t−1∏
i=0

(qm − qi). (2.2)

11
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Furthermore, we define

γq :=
∞∏

i=1
(1− q−i)−1. (2.3)

Note, that γq is monotonically decreasing in q with a limit of 1, and e.g. γ2 ≈ 3.463,
γ3 ≈ 1.785, and γ4 ≈ 1.452.

2.1.3.2. Generalized q-Krawtchouk Polynomials

For q, c ∈ Q, q > 1, c > 1
q , n ∈ N0 and δ ∈ {0, 1, . . . , n} the generalized q-Krawtchouk

polynomial was defined in [Del76] as

Kδ(X,n) :=
δ∑

j=0
(−1)δ−j

(
cqn
)j
q(

δ−j
2 )
[
n− j
n− δ

]
q

[
n−X
j

]
q

.

2.1.3.3. Ore Polynomials

Skew polynomial rings were introduced and studied by Øystein Ore in [Ore33]. Subse-
quently, we give the relevant definitions and notations used throughout this work.

Definition 2.7 (Derivation). Let A ̸= {0} be a unitary ring, and let θ : A → A be a
ring endomorphism. A map δ : A → A is called a θ-derivation if, for all a, b ∈ A, the
following conditions hold:

δ(a+ b) = δ(a) + δ(b) and δ(ab) = δ(a)b+ θ(a)δ(b).

A θ-derivation δ is said to be an inner θ-derivation if there exists an element β ∈ A
such that

δ(X) = βX − θ(X)β, for all X ∈ A.

In particular, for β = 0 we obtain the zero derivation which is denoted by 0.

Throughout this thesis, we will use exponential notation for convenience: θ(a) = aθ

and δ(a) = aδ.

Definition 2.8. (Skew Polynomial Ring) Let A ̸= {0} be a unitary ring, θ : A → A
a ring endomorphism, and δ : A → A a θ-derivation. The skew polynomial ring
A[X; θ, δ] is defined as the set of (left) polynomials

A[X; θ, δ] :=
{

n∑
i=0

aiX
i

∣∣∣∣∣ ai ∈ A, n ∈ N
}
,

with addition given by the usual polynomial addition, and multiplication defined by the
rule

Xa = aθX + aδ, for all a ∈ A,

extended to A[X; θ, δ] by associativity and distributivity.

12
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2.2. Codes in Various Metrics
The concept of distance is fundamental in mathematics, providing a measure of how
“far apart” objects are within a given space. In coding theory, different metrics are used
for different code alphabets and communication channels to capture different types of
errors and are tailored to the structure and behavior of the underlying channel. This is
due to the fact, that different channels introduce different error patterns (e.g., random
symbol errors, burst errors, linear combinations of signals). The choice of the metric
directly impacts the error detection and correction capabilities of a code and is crucial
for designing efficient error-correcting codes and ensuring optimal performance. In this
context, two fundamental concepts are necessary:

(i) A norm, measuring the weight wt of a vector.

(ii) A metric d, which measures the distance between two vectors.

A metric d on a vector space (or module) is called translation invariant if

d(x, y) = d(x− y, 0) for all x, y.

Equivalently, the distance between two vectors depends only on their difference. If a
code C is linear and the underlying metric is translation invariant, then the minimum
weight of the code C is equal to its minimum distance:

min
c,c′∈C
c̸=c′

{d(c, c′)} = min
c,c′∈C
c̸=c′

{wt(c′ − c)} c′=c0+c= min
c,c0∈C
c0 ̸=0

{wt(c + c0 − c)} = min
c0∈C
c0 ̸=0

{wt(c0)}.

In the following we introduce three different metrics that are essential throughout this
work: the Hamming metric, the rank metric and the sum-rank metric.

2.2.1. Codes in the Hamming Metric

We use the so-called Hamming metric for block codes over finite fields for discrete mem-
oryless channels where errors typically affect individual symbols independently.

Definition 2.9 (Hamming Weight and Distance). Let x = [x0, . . . , xn−1] and y =
[y0, . . . , yn−1] ∈ Fn

q . The Hamming weight is defined as:

wtH : Fn
q → N0, x 7→ |{i | xi ̸= 0, 0 ≤ i ≤ n− 1}|.

The Hamming distance between x and y is given by:

dH : Fn
q × Fn

q → N0, (x,y) 7→ |{i | xi ̸= yi, 0 ≤ i ≤ n− 1}|.

Based on the Hamming weight and Hamming distance introduced in Definition 2.9,
we now define block codes with respect to the Hamming metric.

13
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Definition 2.10 (Hamming-Metric Code). A linear [n, k, d] Hamming-metric code C
over Fq is an Fq-linear subspace C ⊆ Fn

q with dimFq (C) = k. Consequently, the code has
cardinality |C| = qk.

The minimum Hamming distance d of C is defined as

d := min
x̸=y∈C

{dH(x,y)} = min
x∈C\{0}

{wtH(x)}.

2.2.2. Codes in the Rank Metric
We employ the rank metric in linear spaces over extension fields for channels with struc-
tured noise, such as random linear network coding or multiple-input multiple-output
(MIMO) systems, where errors affect entire vector spaces rather than individual sym-
bols, making rank-based metrics more appropriate.

Definition 2.11 (Rank Weight and Distance). Let x ∈ Fn
qm . The rank weight of x is

defined by

wtR : Fn
qm → N0, x 7→ dim(⟨x0, . . . , xn−1⟩Fq ) = rkFq

(
extB(x)

)
,

for an arbitrary basis B = {b0, . . . , bm−1} of Fqm over Fq. For two vectors x,x′ ∈ Fn
qm

the rank distance is defined by

dR : Fn
qm × Fn

qm → N0, (x,x′) 7→ wtR(x− x′).

Based on the rank weight and rank distance introduced in Definition 2.11, one can
consider different classes of rank-metric codes. In the following, we define rank-metric
codes that are linear over the extension field Fqm .

Definition 2.12 (Fqm-linear Rank-Metric Code). An Fqm-linear [n, k, d] rank-metric
code C is an Fqm-subspace C ⊆ Fn

qm with dimFqm (C) = k. Consequently, the code has
cardinality |C| = qmk.

The minimum rank distance d of C is defined as

d := min
x̸=x′∈C

{dR(x,x′)} = min
x∈C\{0}

{wtR(x)}.

2.2.3. Codes in Sum-Rank Metric
The sum-rank metric is a hybrid metric that is useful for channels where errors exhibit
both rank and Hamming-type behavior, such as multi-block transmission in distributed
storage and space-time coding. In this dissertation, when discussing sum-rank-metric
codes, we primarily consider linear codes over Fqm . In this subsection, we introduce
these codes, starting with the definition of the sum-rank weight and distance.

Definition 2.13 (Sum-Rank Weight and Distance). Let ℓ and η be positive integers
and x ∈ Fn

qm . We split the vector x into ℓ equal-sized blocks of length η. Hence,
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x = [x0| . . . |xℓ−1] ∈ Fn
qm with xi = [xi0 , . . . , xiη−1 ] ∈ Fη

qm for all i ∈ {0, . . . , ℓ − 1} and
we have the relation η · ℓ = n. The ℓ-sum-rank weight of x is defined by

wtSR,ℓ : Fn
qm → N0, x 7→

ℓ−1∑
i=0

dim(⟨xi0 , . . . , xiη−1⟩Fq ) =
ℓ−1∑
i=0

rkFq

(
extB(xi)

)
,

for an arbitrary basis B = {b0, . . . , bm−1} of Fqm over Fq. For two vectors x,x′ ∈ Fn
qm

the ℓ-sum-rank distance is defined by

dSR,ℓ : Fn
qm × Fn

qm → N0, (x,x′) 7→ wtSR,ℓ(x− x′).

Obviously it holds for xi ∈ Fη
qm that rkFq (xi) = dim(⟨xi0 , . . . , xiη−1⟩Fq ) ∈ {0, . . . , µ},

with µ := min{m, η}. When considering an arbitrary subspace V ⊂ Fn
qm , the (ℓ-)sum-

rank distance of a vector x ∈ Fn
qm \ V to the subspace V is defined as the (ℓ-)sum-rank

distance of x to the closest vector in V, i.e.,

dSR,ℓ(x,V) = min
v∈V
{dSR,ℓ(x,v)}.

There exist more general definitions, allowing for varying block sizes and even different
extension degrees of the blocks (see e.g. [BGLR21]). However, in this work, we focus
specifically on the definition given in Definition 2.13.

Throughout this dissertation we denote by ℓ the number of blocks of a vector x =
[x0| . . . |xℓ−1] ∈ Fn

qm , by η the size of each block xi fulfilling the relation n = η · ℓ and by
µ we denote the minimum of the extension degree m and the blocksize η. To analyze the
structure of vectors in the sum-rank metric, we introduce the concept of the sum-rank
weight decomposition. This decomposition provides a finer characterization of vectors
beyond their total sum-rank weight. The following definition formalizes this concept.

Definition 2.14 (Sum-Rank Weight Decomposition). Let v = [v0| . . . |vℓ−1] ∈ Fn
qm with

vi ∈ Fη
qm . The sum-rank weight decomposition of v is given by the vector

[rkFq (v0), . . . , rkFq (vℓ−1)],

where rkFq (vi) ∈ N0 is at most µ for all i ∈ {0, . . . , ℓ− 1}.

In the following proposition, we recall the fundamental property that the sum-rank
distance defines a metric.

Proposition 2.15 ([MPSK22]). The sum-rank distance constitutes a metric.

Proof. To demonstrate that the sum-rank distance defined in Definition 2.13 is indeed
a metric, we verify that it satisfies the three fundamental axioms of a metric for any
a, b, c ∈ Fn

qm :

(i) Positive Definiteness: dSR,ℓ(a, b) ≥ 0 ∧ dSR,ℓ(a, b) = 0, if and only if a = b.

(ii) Symmetry: dSR,ℓ(a, b) = dSR,ℓ(b,a).
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(iii) Triangle Inequality: dSR,ℓ(a, b) + dSR,ℓ(b, c) ≥ dSR,ℓ(a, c).

We split the vectors a, b and c into ℓ blocks:

a = [a0| . . . |aℓ−1], b = [b0| . . . |bℓ−1], c = [c0| . . . |cℓ−1].

Let B = {β1, . . . , βm} be a basis of Fqm over Fq. Since the rank of a matrix is always
non-negative and is zero only if the matrix is the zero matrix, we have:

dSR,ℓ(a, b) = wtSR,ℓ(b− a) =
ℓ−1∑
i=0

rkFq

(
extB(bi − ai)

)
≥ 0,

where equality is fulfilled if and only if the matrix extB(bi−ai) is the zero matrix for each
i ∈ {0, . . . , ℓ−1}, which implies a = b. This establishes property (i). As extB(·) is an Fq-
linear mapping and since the rank of a matrix remains unchanged under multiplication
by −1, we obtain:

dSR,ℓ(a, b) = wtSR,ℓ(b− a) =
ℓ−1∑
i=0

rkFq

(
extB(bi − ai)

)
=

ℓ−1∑
i=0

rkFq

(
extB(bi)− extB(ai)

)

=
ℓ−1∑
i=0

rkFq

(
extB(ai)− extB(bi)

)
=

ℓ−1∑
i=0

rkFq

(
extB(ai − bi)

)
= wtSR,ℓ(a− b)

= dSR,ℓ(b,a),

showing (ii). Finally, we verify (iii): Using the well-known property of matrix ranks
rk(A + B) ≤ rk(A) + rk(B), we get:

dSR,ℓ(a, b) + dSR,ℓ(b, c) = wtSR,ℓ(b− a) + wtSR,ℓ(c− b)

=
ℓ−1∑
i=0

rkFq

(
extB(bi)− extB(ai)

)
+

ℓ−1∑
i=0

rkFq

(
extB(ci)− extB(bi)

)

≥
ℓ−1∑
i=0

rkFq

(
extB(bi)− extB(ai) + extB(ci)− extB(bi)

)
= wtSR,ℓ(c− a) = dSR,ℓ(a, c).

The sum-rank metric serves as a generalization of both the Hamming metric and the
rank metric, unifying their properties within a single framework. The sum-rank metric
reduces to the Hamming metric when each block consists of a single symbol, i.e., when
ℓ = n and η = 1. In this case, each block xi contains exactly one element from Fqm ,
and the rank over Fq is either 0 (if the symbol is zero) or 1 (if the symbol is non-zero).
So, in this setting, the sum-rank weight simply counts the number of non-zero symbols,
which is exactly the Hamming weight. The sum-rank metric also generalizes the rank
metric when a vector is treated as a single block, i.e., when ℓ = 1 and η = n. In this
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setting, the sum-rank weight reduces to the rank of the extension of the entire vector as
matrix over Fq, which corresponds to its rank weight. For this reason we introduce the
following notation.

Notation 2.16. We denote by wtSR,n(·) and dSR,n(·) the Hamming weight and Ham-
ming distance of a vector and by wtSR,1(·) and dSR,1(·) the rank weight and the rank
distance, respectively.

Thus, the sum-rank weight acts as an intermediate measure between the Hamming
weight and the rank weight. The following proposition recalls a well-known relationship
between these three weights, showing that the sum-rank weight is always bounded above
by the Hamming weight and below by the rank weight.

Proposition 2.17. Let x ∈ Fqm then it holds:

wtSR,n(x) ≥ wtSR,ℓ(x) ≥ wtSR,1(x).

Proof. We first show that the sum-rank weight of a vector is at most its Hamming
weight. This can be seen when considering x = [x0| . . . |xℓ−1] ∈ Fn

qm with wtSR,n(x) =
n − t = η − t0 + . . . + η − tℓ−1 where ∑ℓ−1

i=0 ti = t and each xi has ti zero entries.
For the sum-rank weight one gets wtSR,ℓ(x) = ∑ℓ−1

i=0 rkq(xi) ≤
∑ℓ−1

i=0 min{m, η − ti} ≤∑ℓ−1
i=0(η − ti) = n − t = wtSR,n(x). Now we prove that the rank weight of a vector is

at most its sum-rank weight. We assume w.l.o.g. n ≤ m. Let x ∈ Fn
qm be a vector of

sum-rank weight t = t0 + . . .+ tℓ−1, i.e., each xi has ti Fq-linearly independent columns
for i ∈ {0, . . . ℓ− 1}, so x has at most t Fq-linearly independent columns in the union of
all blocks, which corresponds to the rank weight of x.

A property of many distance metrics is translation invariance, meaning that shifting
all vectors by the same amount does not affect the measured distances. This property
ensures that the relative positioning of vectors remains consistent under translations.
The following proposition establishes that the sum-rank metric possesses this property,
showing that the sum-rank distance between two vectors remains unchanged when both
are translated by the same vector.

Proposition 2.18. The sum-rank metric is invariant under the translation of vectors.

Proof. Let x = [x0| . . . |xℓ−1],y = [y0| . . . |yℓ−1], z = [z0| . . . |zℓ−1] ∈ Fn
qm . We show that

the sum-rank distance between x and y remains unchanged when shifting both vectors
by the vector z.

dSR,ℓ(x + z,y + z) = wtSR,ℓ(y + z − x− z) = wtSR,ℓ(y − x) = dSR,ℓ(x,y).

We give the definition of a linear sum-rank-metric code, including its dimension, struc-
ture, and minimum distance.
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Definition 2.19 (Sum-Rank-Metric Code). A linear [n, k, d] sum-rank-metric code C
over Fqm is an Fqm-vector space C ⊂ Fn

qm with dimFqm (C) = k. Consequently, the code
has cardinality |C| = qmk. Each codeword c = [c1| . . . |cℓ] ∈ C is composed of ℓ blocks
ci ∈ Fη

qm each of length η. The minimum (ℓ)-sum-rank distance d is defined as

d := min
c̸=c′∈C

{dSR,ℓ(c, c′)} = min
c∈C
{wtSR,ℓ(c)}.

2.3. Bounds on the Cardinality of Linear Codes in the
Hamming Metric

A central problem in coding theory is determining how many codewords a code can have
for a given minimum distance and length. This leads to two fundamental questions:
“How many codewords can exist at most?” and “How many codewords must exist at
least?” These questions give rise to upper and lower bounds on the cardinality of codes.
In this section, we focus on linear codes in the Hamming metric and introduce three
classical bounds that address these questions: the Singleton bound (an upper bound),
the sphere-packing bound (another upper bound), and the Gilbert–Varshamov bound
(a lower bound). We start with the Singleton bound.

Theorem 2.20 (Singleton Bound [Sin64], [Jos58], [Kom53]). Let C be a linear [n, k, d]-
code over a finite field Fqm, then it holds:

k ≤ n− d+ 1.

Codes that achieve the Singleton bound with equality are known as Maximum Distance
Separable (MDS) codes. These codes are optimal in the sense that they have the largest
possible number of codewords for a given length and minimum distance. Beyond the
Hamming metric, Singleton-like bounds have also been established for other metrics,
such as the rank metric (see [Del78]) and the sum-rank metric (see [MP18]), providing
analogous criteria for optimality in these settings.

The sphere-packing bound, first introduced by Hamming in his seminal work on error-
correcting codes [Ham50], was originally formulated for binary codes in the Hamming
metric and is also known as Hamming Bound. The core idea behind the sphere-packing
bound is to visualize codewords as the centers of spheres in the metric space, where each
sphere contains all vectors within a certain radius t (where t corresponds to the code’s
error-correcting capability). To ensure reliable error correction, these spheres must be
disjoint, preventing overlap that could lead to decoding errors. The bound is derived by
comparing the total number of vectors in the space with the sum of the volumes of these
non-overlapping spheres, providing an upper limit on the number of codewords a code
can have while still guaranteeing correct error correction. Figure 2.1 visualizes how the
volume of these spheres of radius t (shown in red) are determined with respect to the
Hamming metric.
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Theorem 2.21 (Sphere-Packing Bound [Ham50]). Let C be a linear [n, k, d]-code over
a finite field Fqm and t := ⌊d−1

2 ⌋ then it holds:

qk ·
t∑

i=0

(
n

i

)
(q − 1)i ≤ qn.

Codes that achieve the sphere-packing bound with equality are called perfect codes.
In these codes, the spheres centered at each codeword exactly partition the entir bounde
vector space without any overlaps or gaps, allowing for optimal error correction. Classic
examples of perfect codes include Hamming codes and certain Golay codes in the Ham-
ming metric (see [Bos13]). Beyond the Hamming metric, sphere-packing bounds have
also been developed for other metrics, such as the rank metric (see [GY06]) and the
sum-rank metric (see [BGLR21]). Additionally, the sphere-packing bound can be for-
mulated in a metric-independent manner, providing a generalized framework applicable
to various coding scenarios without relying on a specific distance measure.

c1

r1
r2

t

c2

r1

r2

t

c3

r1r2

t

Fn
qC

r1 = 1 :
(n

1
)
(q − 1) vectors

r2 = 2 :
(n

2
)
(q − 1)2 vectors

...

t =
⌊

d−1
2

⌋
:
(n

t

)
(q − 1)t vectors

Figure 2.1.: Illustration of How the Volume of Hamming Spheres Is Determined for the
Sphere-Packing Bound [Bos13].

The Gilbert–Varshamov bound is a fundamental result in coding theory that pro-
vides a lower bound on the maximum size of a code with a given length and minimum
distance over a finite field. Introduced independently by Gilbert in 1952 [Gil52] and
Varshamov in 1957 [Var57], this bound demonstrates the existence of codes with spe-
cific parameters, even if explicit constructions are not always known. As with other
classical bounds in coding theory, such as the Singleton bound and the sphere-packing
bound, the Gilbert–Varshamov bound admits extensions beyond the Hamming metric.
In particular, versions of the Gilbert–Varshamov bound have been established for the
rank metric (see [GY06]) and the sum-rank metric (cf. [BGLR21]), providing existential
guarantees for codes measured with respect to these distances. Moreover, the underlying
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2. Preliminaries

argument admits a metric-independent formulation. There is a slight difference between
the bounds proposed by Gilbert and Varshamov. We introduce Gilbert’s version which
is based on a greedy algorithm approach. It iteratively selects codewords such that each
newly chosen codeword maintains a minimum distance from all previously selected code-
words. This process continues until no more codewords can be added without violating
the minimum distance constraint. The approach guarantees the existence of codes with
a certain cardinality, offering a powerful tool for evaluating the achievability of specific
code parameters.

Theorem 2.22 (Gilbert–Varshamov Bound [Gil52], [Var57]). Let Fqm be a finite field
and let n, k, d be positive integers such that

d−2∑
i=0

(
n− 1
d− 2

)
(q − 1)k < qn−k,

then there exists a linear [n, k, d]-code over Fqm.
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Part I

Codes over Rings
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3
Dual-Containing Codes over Finite
Commutative Rings

3.1. Introduction

Error-correcting codes are traditionally centered on constructions over finite
fields. However, the use of finite rings as code alphabets can be traced back to
the early 1960s. One of the earliest contributions in this direction was made
by Assmus and Mattson in [AM63], who studied linear codes over rings. Later,

Blake in [Bla72] constructed codes over Zm by lifting from cyclic codes over Zpi , where
m = p1 · . . . · pr is a product of distinct primes. The real breakthrough, however, came
with the seminal work of Hammons, Kumar, Calderbank, Sloane, and Solé in [HKC94],
which demonstrated that many well-known nonlinear binary codes are in fact linear over
the ring Z4, revealing also their duality relationships, and enabling simpler algebraic
decoding methods. This discovery fundamentally shifted the perception of ring-linear
codes and launched a broad interest in their study. A central foundation of this chapter
is the contribution by Boucher, Geiselmann and Ulmer [BGU07], in which the concept
of cyclic codes is extended to the non-commutative setting. They define cyclic codes via
generator polynomials in skew polynomial rings, which significantly broadens the alge-
braic framework and forms the basis for our investigation of cyclic left module codes.

In this chapter we study codes over finite commutative rings based on skew polyno-
mials, i.e., the codes are constructed as submodules in R = A[X; θ, δ], where A is a
commutative Frobenius ring, θ is an endomorphism of A, and δ is a θ-derivation. These
rings generalize classical polynomial rings and are a natural setting for constructing
codes with rich algebraic structure. We focus on so-called cyclic left module codes of
the form C = Rg/Rf ⊂ R/Rf , where g and f are elements of the skew polynomial ring
R. Here, cyclicity refers to a ring-theoretic property, namely, that the code is generated
by a single element (the generator polynomial g) in the module, not to the notion of
cyclicity commonly used in the context of coding theory. To derive a parity-check matrix
for such codes, we make the additional assumption that there exists ℏ ∈ R such that
f = hg = gℏ, that is, g is both a left and right divisor of f . Parity-check matrices for
these types of codes have been established in [BU09a, Corollary 4] for A = Fq, and in
[BD18, BD21] for more general finite commutative Frobenius rings A. While the ap-

23



3. Dual-Containing Codes over Finite Commutative Rings

proach in [BD18, BD21] relies on pseudo-linear transformations, the method presented
here is based solely on the algebraic structure of skew polynomial rings. One of the main
challenges in this framework is that the entries of the parity-check matrix involve nested
applications of θ and δ acting on the coefficients of g and ℏ, leading to expressions that
are difficult to analyze. Under the condition that A = B[a1, . . . , as] is a free B-algebra
where B is the smallest unitary subring of A, it follows that both θ and δ restrict to poly-
nomial maps on the subalgebra B. By expressing the unknown coefficients of g and ℏ in
terms of a B-basis, the associated conditions for dual containment and parity-check con-
struction can be translated into a system of multivariate polynomial equations over B.
This reformulation enables the application of Gröbner basis techniques [AL22],[BCP97]
to solve the structural conditions imposed by dual-containing or self-dual code require-
ments. This is of particular interest in the construction of quantum error-correcting
codes, where dual containment is essential. Within the computational complexity con-
straints of the Gröbner basis, our approach allows us to find all dual-containing codes
C = Rg/Rf ⊂ R/Rf over A for any given parameters [n, k] and to test various structural
properties of such codes:

• We provide an algorithm to determine whether the dual of a given code remains
a cyclic left module code, i.e., whether it is generated by a single polynomial
g⊥. Using this algorithm, we demonstrate that many (Hermitian-) dual-containing
codes do not have cyclic duals.

• We highlight the necessity of considering non-trivial endomorphisms and non-zero
derivations by showing that certain dual-containing codes cannot be found without
them.

• We present examples of codes for which the modulus f is non-central, meaning the
factorizations f = hg and f = gℏ yield distinct polynomials h ̸= ℏ.

We illustrate our approach with explicit computations over all commutative rings of
order four and over the Galois ring GR(4, 2) of order 16.

This chapter differs slightly in notation from the rest of the thesis due to the technical
nature of the constructions. Since we frequently switch between the vector and poly-
nomial representations of a code, we explicitly distinguish between the two. We denote
the polynomial representation by C and the vector representation by C. This contrasts
with the rest of the thesis, where the notation C is used for both representations inter-
changeably. This chapter is based on the results published in [LOU25].

3.2. Algebraic Framework for (θ, δ)-Codes

3.2.1. Skew Polynomial Rings and Code Constructions

Let A ̸= {0} be a unitary ring, that is, a ring with a multiplicative identity 1 ∈ A \ {0}
such that 1 · a = a · 1 = a for all a ∈ A. Throughout this work, we consider only
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3.2. Algebraic Framework for (θ, δ)-Codes

unitary endomorphisms θ : A→ A that preserve the identity, i.e., θ(1) = 1. The identity
endomorphism on A will be denoted by id.

Let R = A[X; θ, δ] be the associated skew polynomial ring, where δ is a θ-derivation.
In this setting, we consider codes that are cyclic left R-modules, that is, submodules of
R/Rf generated by a single polynomial g ∈ R, referred to as the generator polynomial.

More precisely, we study codes of the form

C = Rg/Rf ⊂ R/Rf,

where f = hg for some f, g, h ∈ R. To construct such codes, we aim to utilize the
well-known relation

deg(hg) = deg(h) + deg(g), (3.1)

which is fundamental in the analysis of skew polynomial modules. This relation holds
whenever the leading coefficient of g is invertible. If this condition is not met, the
leading coefficient of g may be a zero divisor in A, potentially causing the product of the
leading coefficients of h and g to vanish, thereby invalidating (3.1). One practical way to
guarantee that g has an invertible leading coefficient is to choose the modulus polynomial
f to be monic and ensure that g is a right divisor of f . Hence, we deliberately choose
our setting such that the polynomial f is monic and g is a right divisor of f . Under
these assumptions, the degree-additivity property (3.1) is ensured for all h ∈ R.

Left and Right Division in Skew Polynomial Rings

Let A be a (not necessarily division) ring, and let θ be an automorphism of A. Consider
the skew polynomial ring A[X; θ, δ], and let g = ∑m

i=0 giX
i ∈ A[X; θ, δ] be a skew

polynomial with an invertible leading coefficient gm ∈ A.
In this setting, for any f = ∑n

i=0 fiX
i ∈ A[X; θ, δ], we can perform both right and left

division by g. In each case, there exists a unique right (respectively left) remainder of
degree strictly less than deg(g). This holds even though A is not a division ring, due to
the invertibility of gm and the structure induced by θ.

To see this, assume m ≤ n. Let q(X) ∈ A[X; θ, δ] be a skew polynomial of the form

q(X) = fnθ
n−m(g−1

m )Xn−m +
n−m−1∑

j=0
qjX

j .

Subtracting q(X)g(X) from f(X) reduces the degree of f . More precisely, r(X) :=
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3. Dual-Containing Codes over Finite Commutative Rings

f(X)− q(X)g(X) satisfies:

deg(r) = deg (f − q · g)

= deg

 n∑
i=0

fiX
i −

fnθ
n−m(g−1

m )Xn−m +
n−m−1∑

j=0
qjX

j

 · m∑
i=0

giX
i


≤ max

{
deg

(
fnX

n − fnθ
n−m(g−1

m )Xn−m ·
m∑

i=0
giX

i

)
, n− 1

}
= max

{
deg

(
fnX

n − fnθ
n−m(g−1

m )Xn−m · gmX
m
)
, n− 1

}
= max

{
deg

(
fnX

n − fnθ
n−m(g−1

m gm)Xn
)
, n− 1

}
= max {deg(fnX

n − fnX
n), n− 1} = n− 1.

Thus, a right division step reduces the degree by at least one. Hence, there is a full
right division algorithm with a remainder of degree less than deg(g).

Similarly, for the left division, let q ∈ A[X; θ, δ] be of the form

q(X) = θ−m(g−1
m fn)Xn−m +

n−m−1∑
j=0

qjX
j ,

and r(X) := f(X)− g(X)q(X), then:

deg(r) = deg (f − g · q)

= deg
(

n∑
i=0

fiX
i −

m∑
j=0

gjX
j
(
θ−m(g−1

m · fn)Xn−m +
n−m−1∑

j=0
qjX

j
))

= deg
(

n∑
i=0

fiX
i − gmX

mθ−m(g−1
m fn)Xn−m − gmX

m
n−m−1∑

j=0
qjX

j

−
m−1∑
j=0

gjX
jθ−m(g−1

m fn)Xn−m −
m∑

j=0
gjX

j
n−m−1∑

j=0
qjX

j

)

≤ max
{

deg
(

n∑
i=0

fiX
i − gmX

mθ−m(g−1
m fn)Xn−m

)
, n− 1

}
= max

{
deg

(
fnX

n −Xmθ−m(g−1
m gmfn)Xn−m

)
, n− 1

}
= max {deg (fnX

n − fnX
n) , n− 1} = n− 1.

Thus, the degree also strictly decreases in each left division step. Repeating the process
eventually yields a remainder of degree less than deg(g).

Remark 3.1. The right division algorithm still works even if θ is only an endomorphism
(not necessarily invertible), as long as the leading coefficient of g is invertible. However,
for the left division algorithm, θ being an automorphism is necessary, since it requires
the inverse θ−1.
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3.2. Algebraic Framework for (θ, δ)-Codes

Since we are also interested in codes where θ is an endomorphism that is not an au-
tomorphism, we will consistently perform right division throughout this chapter. This
approach naturally leads to the construction of left module codes over the skew polyno-
mial ring R.

To see the uniqueness of the remainder, suppose that

f = qg + r = q̃g + r̃

for some q, q̃ ∈ R and remainders r, r̃ ∈ R with deg(r), deg(r̃) < deg(g) = m. Subtracting
the two expressions yields

(q − q̃)g = r̃ − r.
Assume for contradiction that q ̸= q̃, and let q − q̃ = csX

s + . . . with cs ̸= 0 and s the
highest index (i.e., the degree of the difference). Then the leading term of (q − q̃)g is

csθ
s(gm)Xs+m,

where gm is the leading coefficient of g. Since θ is a unitary endomorphism, it maps
invertible elements to invertible elements, and in particular preserves nonzero elements.
Hence, csθ

s(gm) ̸= 0, and the leading term of (q − q̃)g is of degree s+m ≥ m.
On the other hand, the right-hand side r̃ − r has degree strictly less than m by

assumption. This leads to a contradiction, so we must have q = q̃ and r = r̃. Therefore,
the remainder is unique.

3.2.2. Cyclic Left Module (θ, δ)-Codes
Definition 3.2 (Cyclic Left Module (θ, δ)-Code). Let A be a finite ring, θ an endomor-
phism of A, and δ a θ-derivation. Let R = A[X; θ, δ] denote the corresponding skew
polynomial ring. Suppose f ∈ R is a monic skew polynomial and g ∈ R is a right divisor
of f . A cyclic left module (θ, δ)-code (or simply a (θ, δ)-code) is defined as

C = Rg/Rf ⊂ R/Rf

in its polynomial representation. The corresponding vector representation is given by

C :=
{

c = [c0, c1, . . . , cn−1]
∣∣∣ c0 + c1X + · · ·+ cn−1X

n−1 ∈ Rg/Rf
}
.

Remark 3.3. The term cyclic in this setting refers to the module-theoretic property
that the code C is a cyclic left R-module, meaning it is generated by a single element.
This is distinct from the classical coding-theoretic notion of cyclicity, which involves
invariance under coordinate-wise cyclic shifts.

However, classical shift-based structures can still be recovered in this framework by
choosing specific forms for the modulus polynomial f . Suppose there exists a unit a ∈ A
such that f = Xn − a and g is a right divisor of f . Then the resulting code C = Rg/Rf
is called a θ-constacyclic code, i.e., the code satisfies the shift-invariance condition

[a0, a1, . . . , an−2, an−1] ∈ C ⇒ [a · θ(an−1), θ(a0), θ(a1), . . . , θ(an−2)] ∈ C.

Special cases include:
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3. Dual-Containing Codes over Finite Commutative Rings

• If a = 1, then the code is a θ-cyclic code.

• If a = −1, then the code is a θ-negacyclic code.

In the classical setting where θ = id and δ = 0, the skew polynomial ring R becomes
the usual commutative polynomial ring A[X]. In this case:

• f = Xn − 1 yields a classical cyclic code,

• f = Xn − a gives a classical constacyclic code, and

• f = Xn + 1 corresponds to a classical negacyclic code.

We note that (θ, δ)-codes over finite rings, where θ is an endomorphism and δ is a
corresponding θ-derivation, have been investigated in various works, including [BU14,
BD18, BD21, SB18].

Proposition 3.4 ([LOU25, Proposition 1]). Let R = A[X; θ, δ] be a skew polynomial
ring, and let f ∈ R be a monic polynomial of degree n. Suppose g ∈ R is a right divisor
of f with deg(g) = n − k. Then the cyclic left module (θ, δ)-code C = Rg/Rf ⊂ R/Rf
satisfies the following properties:

(i) The left R-module R/Rf is a free left A-module of rank n, with basis
(1, X, . . . ,Xn−1), and is therefore isomorphic to An.

(ii) C = Rg/Rf is a left R-submodule of R/Rf .

(iii) As a subset of R/Rf ∼= An, the code C is also a free left A-submodule of rank
k = deg(f)−deg(g). Hence, it defines a ring-linear code of length n and dimension
k over the alphabet A.

(iv) If g is both a left and right divisor of f , i.e., f = hg = gℏ for some h, ℏ ∈ R, then
all three polynomials f , g, and h in the factorization f = hg can be chosen to be
monic. Moreover, the monic generator polynomial g is unique.

(v) If θ is an automorphism and g is a two-sided divisor of f , i.e., f = hg = gℏ, then
all four polynomials f , g, h, and ℏ can be assumed to be monic.

Proof. Since f ∈ R is monic of degree n, we can perform a right division of any element
in R by f , obtaining a unique remainder of degree strictly less than n. Therefore, each
element in R/Rf has a unique representative (the remainder of the right division) of
the form ∑n−1

i=0 aiX
i for ai ∈ A. R/Rf can be viewed as a free left A-module of rank

n, with basis {1, X, . . . ,Xn−1}, i.e., every element in R/Rf is a linear combination of
those elements. This shows statement (i).

For g ∈ R we have Rf ⊂ Rg if and only if g is a right factor of f and in this case
Rg/Rf is a cyclic left R-submodule of R/Rf generated by g. Hence, statement (ii)
holds.
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3.2. Algebraic Framework for (θ, δ)-Codes

As f = hg is monic, the leading coefficient gn−k of g = ∑n−k
i=0 giX

i must be a right
divisor of 1, and thus invertible. In particular, this guarantees that the degree-additivity
property deg(hg) = deg(h) + deg(g) holds for all h ∈ R and implies that the elements
Xig (for i = 0, . . . , k−1) are linearly independent over A, and span a free left A-module
of rank k in R/Rf . This establishes that the R-module Rg/Rf is a free A-module of
rank k with basis g,Xg, . . . ,Xk−1g, and thus corresponds to a linear code of length n
and dimension k over A. This confirms part (iii) of the proposition.

To prove statement (iv), assume f = hg = gℏ and write

g = gn−kX
n−k + · · ·+ g0, h = hkX

k + · · ·+ h0.

Then
f = hg = (hkX

k + · · ·+ h0)(gn−kX
n−k + · · ·+ g0).

Since f is monic, the leading coefficient of f = hg is hkθ
k(gn−k) = 1, showing that hk

and θk(gn−k) are invertible. We insert the multiplicative identity by multiplying with
gn−k · g−1

n−k and obtain:

f = (hkX
k + · · ·+ h0) · gn−k︸ ︷︷ ︸

h̃

· g−1
n−k(gn−kX

n−k + · · ·+ g0)︸ ︷︷ ︸
g̃

.

In this representation g̃ is a monic polynomial. Since θ is a unitary endomorphism
mapping 1 to 1, the product rule of A[X; θ, δ] shows that the leading coefficient of h̃g̃
is the leading coefficient of h̃. But f = h̃g̃ is monic, so h̃ must also be monic. The
polynomials g and g̃ differ by an invertible factor in A. Using the above equations in
both directions, we observe that any product of g with a polynomial of degree at most
k− 1 can equally be expressed as a product of g̃ by a polynomial of degree ≤ k− 1 and
vice versa. Therefore, g and g̃ generate the same left module: Rg = Rg̃. Thus, the code
Rg/Rf = Rg̃/Rf , and we can assume without loss of generality that f , g and h are
monic. The uniqueness of the monic generator follows from the fact that if C is a cyclic
left module (θ, δ)-code with parameters [n, k] and monic generator polynomial g, then
any codeword is of the form c = m · g with deg(g) = n− k, m ∈ R, and deg(m) < k. In
particular, the only monic polynomial of degree n− k in C is g = 1 · g. This establishes
the validity of part (iv) of the proposition.

Finally, we show that ℏ = ℏkX
k + · · · + ℏ0 is monic if θ is an automorphism. The

same reasoning as above applies to ℏ if θ is an automorphism: since f = gℏ and both f
and g are monic, the leading coefficient of f , namely θn−k(ℏk), must equal 1. As θn−k

is an automorphism and hence preserves invertibility, it follows that ℏk = 1, and thus ℏ
is monic as well.

Example 3.5 ([LOU25, Example 1]). Let A = F2[u]/(u2). This is a Frobenius chain
ring and also a free F2-algebra with F2-basis {1, u}. The only automorphism of A is the
identity map θ1 : x 7→ x. In addition, there exists a unique non-trivial endomorphism θ2
defined by θ2(u) = 0 (recall that θ2(1) = 1). On both F2 and the ring A itself, the map θ2
acts as a polynomial function, specifically, it coincides with the squaring map θ2 : x 7→ x2.
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3. Dual-Containing Codes over Finite Commutative Rings

Any θ-derivation δ is fully determined by its value on u, since δ(1) = δ(0) = 0. In the
Table 3.1 all θ-derivations are listed:

Table 3.1.: All θ-derivations on A = F2[u]/(u2).
Automorphism

θ1 = Id θ2 : u 7→ 0
δ1 = 0 u 7→ 0 u 7→ 0
δ2 u 7→ 1
δ3 u 7→ u u 7→ u

δ4 u 7→ u + 1

The inner θ-derivations are highlighted in green. In Theorem 3.4, we showed that for
a cyclic left module (θ, δ)-code of the form Rg/Rf ⊂ R/Rf , all three polynomials in the
factorization f = hg can be chosen to be monic. However, if θ is not an automorphism,
then the factor ℏ in the right factorization f = gℏ is not necessarily monic. To illustrate
this, consider the skew polynomial ring R = A[X; θ2, δ3], where θ2(u) = 0 and δ3(u) = u,
and the code Rg/Rf defined by

g = X2 + uX + u+ 1, f = X4 + (u+ 1)X3 +X + u+ 1.

It can be verified that

f = hg with h = X2 + (u+ 1)X + 1,

and also

f = gℏ with either ℏ = (u+1)X2 +(u+1)X+u+1 or ℏ = (u+1)X2 +X+u+1.

In both cases, ℏ is not monic, illustrating that ℏ being monic is not guaranteed when θ
is not invertible.

3.2.2.1. Generator Matrix

The encoding of an information vector [b0, b1, . . . , bk−1] ∈ Ak in a cyclic left module
(θ, δ)-code C = Rg/Rf ⊂ R/Rf is performed by multiplying the information polyno-
mial ∑k−1

i=0 biX
i from the left with the generator polynomial g. The resulting product

(∑k−1
i=0 biX

i)g ∈ Rg/Rf corresponds to a codeword in C and can be represented by its
coefficients as a vector in An using the basis {1, X, . . . ,Xn−1}. Equivalently, this encod-
ing process can be realized as multiplication with a generator matrix G, whose rows are
obtained from the coefficients of the left multiples g,Xg, . . . ,Xk−1g modulo Rf :

G =


g0 g1 · · · gn−k 0 · · ·
gδ

0 gδ
1 + gθ

0 gδ
2 + gθ

1 · · · gθ
n−k 0 · · ·

...
. . .

. . . · · ·
. . .

. . .

gδk−1
0 · · · · · · gθk−1

n−k

 .
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3.2. Algebraic Framework for (θ, δ)-Codes

The row polynomials Xi · g are computed using the skew multiplication rule Xa =
aθX + aδ for all a ∈ A. The code C is thus completely determined by the triple (g, θ, δ).

Example 3.6 ([LOU25, Example 2]). Let R = A[X; θ, δ], and consider a monic poly-
nomial f = hg ∈ R of degree 4, where g = g1X + g0 and h = ∑3

i=0 hiX
i. Suppose that

the leading coefficient satisfies h3g1 = 1, ensuring that f is monic. Then the cyclic left
module (θ, δ)-code C = Rg/Rf ⊂ R/Rf is an [4, 3]A code.

A generator matrix for C is given by:

G =

 g0 g1 0 0
gδ

0 gδ
1 + gθ

0 gθ
1 0

gδ2
0 gδθ

0 + gθδ
0 + gδ2

1 gθ2
0 + gδθ

1 + gθδ
1 gθ2

1

 .
When A is a finite field Fq, the endomorphism θ is necessarily of the form a 7→ apm ,

and any θ-derivation δ must be an inner derivation, i.e., of the form δ(a) = βa− θ(a)β.
In this setting, the entries of the generator matrix can be expressed as polynomials in
the coefficients of the generator polynomial g, making explicit and efficient computations
possible. Consequently, most known examples of self-dual (θ, δ)-codes are constructed
over finite fields.

3.2.2.2. Duality and Cardinality over Frobenius Rings

A fundamental result in coding theory over a finite field Fq is

|C| · |C⊥| = qn,

which expresses a precise relationship between a linear code and its Euclidean dual.
Remarkably, this relationship extends to codes over more general algebraic structures,
such as Frobenius rings. The following lemma generalizes this result to (Hermitian)
duality over commutative Frobenius rings.

Lemma 3.7 ([SW17, Theorem 4.2]). Let A be a commutative Frobenius ring and let C
be a linear code over A. Then for the (Hermitian) dual code C⊥σ , we have

|C| · |C⊥σ | = |A|n.

This holds for Hermitian duals with respect to any involutive automorphism (i.e.,
σ2 = id), including the case σ = id, which recovers the classical Euclidean dual as a
special case. It ensures that the product of the sizes of a code and its dual always equals
the total number of elements in the ambient module An. In particular, this implies that
the Hermitian dual C⊥σ is uniquely determined (up to isomorphism) by C. The lemma
plays a central role in structural results and duality theory for codes over rings.

While Frobenius rings are not the primary focus of this thesis, we make use of
Lemma 3.7 in several key results throughout this chapter. In order to ensure its ap-
plicability, we restrict our attention here to codes over commutative Frobenius rings.
This restriction is not motivated by an interest in the structural theory of Frobenius
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3. Dual-Containing Codes over Finite Commutative Rings

rings themselves, but rather by the need to work in a setting that is as general as pos-
sible while still guaranteeing that the duality identity and the results that rely on it,
remain valid. For this reason, we will not provide a detailed treatment of Frobenius
rings; instead, we refer the reader to the literature (e.g., [SW17]) for background and
properties.

3.3. Parity-Check Matrix and Generator Matrix of the
Euclidean and Hermitian Dual Code

Parity-check matrices for cyclic left module (θ, δ)-codes have been studied in various
algebraic settings. For example, in the case where the base ring is a field Fq and the
derivations are inner, a construction is given in [BU09a, Corollary 4]. Extensions to
commutative Frobenius rings are discussed in [BD18, BD21]. Furthermore, in [SB18],
parity-check matrices for codes over the non-chain ring A = (Z/4Z)[X]/(X2 − 1) are
studied, under the assumption that the defining polynomial f = hg is central.

Our approach follows the strategy in [BU09a] and [SB18], focusing on cyclic left R-
modules of the form Rg/Rf ⊂ R/Rf , where R = A[X; θ, δ] and f = hg = gℏ and
Rg/Rf is an ideal in R/Rf . This assumption, that g is both a right and left divisor
of f , is notably weaker than the condition that f is central. See, for instance, the [6, 4]
example in Section 3.5.

In the following lemma, we make this construction explicit by describing how code-
words in Rg/Rf can be characterized via a linear system, leading to a matrix represen-
tation whose left kernel gives the corresponding code. This provides a concrete tool for
analyzing and constructing parity-check matrices in the general skew polynomial setting.

Lemma 3.8 (Parity-Check-Like Matrix ([LOU25, Lemma 2])). Let θ be an endomor-
phism and δ a θ-derivation of a finite ring A, and let R = A[X; θ, δ] be the corresponding
skew polynomial ring. Suppose f ∈ R is monic and has both a right and a left divisor g,
so that f = hg = gℏ, and define the cyclic left module code C = Rg/Rf ⊂ R/Rf . Then
a word w ∈ An with polynomial representation w ∈ R of degree < n corresponds to a
codeword in C if and only if the coset of w · ℏ = 0 in R/Rf . In this case, we obtain an
n× n matrix M such that the vector representation of C is given by

C = {w ∈ An | wM = 0} ,

i.e., C = kerL(M) is a left kernel of M , where the entries of M are images under
compositions of θ and δ of the coefficients of ℏ and g. The i-th row of M corresponds
to the coefficients of Xi−1ℏ mod f , for i = 1, . . . , n.

Proof. Since f is monic, any element in R/Rf ∼= An has a unique representative w ∈ R of
degree less than n as a remainder of the right division by f . Following [BU09b, Lemma 8],
we now show that an element w ∈ R belongs to C if and only if (the coset of) w ·ℏ = 0 in
R/Rf . If w ∈ C, then w = w̃g for some w̃ ∈ R, and hence wℏ = w̃gℏ = w̃(h·g) = w̃f ≡ 0
mod f .
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Conversely, if w · ℏ ≡ 0 mod f , then w · ℏ = w̃(h · g) = w̃f = w̃gℏ, so by cancellation
(since ℏ is not a zero divisor in R), we conclude w = w̃g ∈ C. As f is monic, every word
in An corresponds uniquely to a coset w = ∑n−1

i=0 wiX
i ∈ R/Rf , where deg(w) < n. A

coset representative w belongs to the code C = Rg/Rf if and only if w · ℏ = 0 in R/Rf .
To check this condition, we compute the product

w · ℏ mod f =
(

n−1∑
i=0

wiX
i

) k∑
j=0

ℏjX
j

 mod f.

Due to the noncommutative multiplication in R = A[X; θ, δ], the coefficients ℏj are
brought to the left, and the result is reduced modulo f using right division. The code
C is then described as the set of all coefficient vectors c = [c0, . . . , cn−1] ∈ An for which
w · ℏ ≡ 0 mod f . This defines a system of linear equations over A, and hence C can be
expressed as the left kernel of a matrix M :

C =
{

c ∈ An

∣∣∣∣∣
n−1∑
i=0

ciMi,j = 0 for all j = 0, . . . , n− 1
}
.

The entries M ij ∈ A are compositions of images under θ and δ of the coefficients of ℏ
and f . Since f = gℏ, the structure of M can be expressed in terms of the coefficients of
both ℏ and g. The i-th row of M corresponds to the contribution of the term ciX

i · ℏ
mod f in the product w · ℏ = 0 mod f .

The lemma shows that the polynomial ℏ plays the role of a parity-check polynomial:
it defines a right multiplication condition that characterizes membership in the code and
determines the structure of the associated parity-check matrix.

To make the construction from Lemma 3.8 more concrete, we now consider a small
illustrative example with parameters n = 3 and k = 1. This toy example demonstrates
how a cyclic left (θ, δ)-code defined as a quotient C = Rg/Rf in a skew polynomial ring
R = A[X; θ, δ] can be translated into a matrix condition. We explicitly compute the
matrix M whose left kernel corresponds to the code.

Example 3.9 (A Toy Example for n = 3, k = 1 (see [LOU25, Example 3])). Let A be
a ring and R = A[X; θ, δ] the associated skew polynomial ring. Suppose the polynomial
f ∈ R is monic of degree 3 and factors as f = gℏ, where

g = g2X
2 + g1X + g0, ℏ = ℏ1X + ℏ0.

According to Lemma 3.8, a word w = w0 + w1X + w2X
2 ∈ R defines a codeword in the

cyclic left module code C = Rg/Rf ⊂ R/Rf if and only if

w · ℏ ≡ 0 mod f.
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Expanding the product w · ℏ modulo f gives:

w · ℏ mod f =
(
w2
(
ℏθδ

1 + ℏδθ
1 + ℏθ2

0 − ℏθ2
1 f2

)
+ w1ℏθ

1

)
X2

+
(
w2
(
ℏδ2

1 + ℏθδ
0 + ℏδθ

0 − ℏθ2
1 f1

)
+ w1(ℏδ

1 + ℏθ
0) + w0ℏ1

)
X

+
(
w2(ℏδ2

0 − ℏθ2
1 f0) + w1ℏδ

0 + w0ℏ0
)
.

This gives rise to a matrix M ∈ A3×3 such that w·M = 0, where w = [w0, w1, w2] ∈ A3.
The matrix M is explicitly:

M =

 ℏ0 ℏ1 0
ℏδ

0 (ℏδ
1 + ℏθ

0) ℏθ
1

ℏδ2
0 − ℏθ2

1 f0 ℏδ2
1 + ℏθδ

0 + ℏδθ
0 − ℏθ2

1 f1 ℏθδ
1 + ℏδθ

1 + ℏθ2
0 − ℏθ2

1 f2

 . (3.2)

Each entry Mij corresponds to the coefficient of the term wiX
j in the expansion of w · ℏ

mod f .

For codes defined over skew polynomial rings, understanding when the dual code is free
and how it can be described in terms of the original code is of foundational importance.
The following theorem provides a result for duals of cyclic left module (θ, δ)-codes in
skew polynomial rings R = A[X; θ, δ], where A is a finite commutative Frobenius ring.
It shows that under the mild assumption that a monic polynomial f ∈ R admits both
a right and a left divisor g (i.e., f = hg = gℏ), the dual code C⊥ of the cyclic code
C = Rg/Rf ⊂ R/Rf is a free A-submodule of An, where n = deg(f). Moreover,
it provides an explicit construction of a parity-check matrix for C, whose rows form a
generating set for the dual code C⊥. The matrix entries are determined by the coefficients
of g and ℏ via compositions of the ring endomorphism θ and the θ-derivation δ.

A similar result appears in [BD18, BD21], where the dual code is studied in the
framework of pseudo-linear transformations and matrix-product codes. In contrast, our
formulation and proof are based directly on the structure theory of skew polynomial
rings. We now formally state the theorem.

Theorem 3.10 (Generator Matrix of the Euclidean Dual (cf. [BD18, SB18] and [LOU25,
Theorem 1])). Let A be a finite commutative Frobenius ring, θ an endomorphism of A,
and δ a θ-derivation. Consider the skew polynomial ring R = A[X; θ, δ], and let f ∈ R
be a monic polynomial that admits both a right and a left divisor g, i.e., f = hg = gℏ
for some h, ℏ ∈ R. Define the cyclic left module (θ, δ)-code C = Rg/Rf ⊂ R/Rf , and
let C ⊂ An be its vector representation, where n = deg(f). Then, the dual code C⊥ is a
free A-module and satisfies the cardinality relation

|C| · |C⊥| = |A|n.

Moreover, there exists a parity-check matrix H ∈ A(n−k)×n for C whose rows generate
C⊥. The entries of H are given by compositions of θ and δ applied to the coefficients of
g and ℏ.
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Proof. Let M be the n×n matrix from Lemma 3.8 whose left kernel is exactly the code
C. Define C̃ to be the A-submodule generated by the columns of M . By construction
we have that C̃ ⊂ C⊥. Note that w ∈ C if and only if wM = 0, which is equivalent
to w being orthogonal to all generators of C̃. Thus, C = C̃⊥. Applying Lemma 3.7, we
have |C̃⊥| · |C̃| = |A|n, and since C = C̃⊥ and |C| = |A|k, we also have |C̃| = |A|n−k.
On the other hand, the duality relation |C⊥| · |C| = |A|n in Lemma 3.7 also implies that
|C⊥| = |A|n−k. It follows that C̃ and C⊥ are A-modules of the same cardinality and
C̃ ⊆ C⊥. Therefore, C̃ = C⊥, showing that the dual code is generated by the columns
of M .

To identify a generator matrix of C⊥, note that Lemma 3.8 shows that for each
i = 1, . . . , n − k, the i-th row of M corresponds to the coefficients of Xi−1 · ℏ mod f
(e.g., the green part in (3.2)). This shows that the right-upper (n−k)×(n−k) submatrix
of M is lower triangular with invertible diagonal elements ℏk, θ(ℏk), . . . , θn−k−1(ℏk) and
the right-most n − k columns of M are therefore linearly independent. Hence, the A-
submodule generated by the right-most n− k columns of M contains |A|n−k elements.
This shows that C⊥ is a free A-module generated by the right-most n−k columns of M
which (after transposing) form a parity-check matrix of C (see (3.3) for an example).

To illustrate Theorem 3.10, we revisit the toy example from Example 3.9. There, we
constructed a cyclic left (θ, δ)-code C = Rg/Rf ⊂ R/Rf of length n = 3 and dimension
k = 1, along with the associated matrix M derived from the condition w ·ℏ ≡ 0 mod f .
We now examine the dual code C⊥ of C and explicitly determine a parity-check matrix.

Example 3.11 ([LOU25, Example 4]). According to Theorem 3.10, the dual code C⊥

of the code C from Example 3.9 is generated by the right-most n− k = 2 columns of the
matrix M in (3.2). Transposing these columns yields the parity-check matrix H of C:

H =
[
ℏ1 ℏδ

1 + ℏθ
0 ℏδ2

1 + ℏθδ
0 + ℏδθ

0 − ℏθ2
1 f1

0 ℏθ
1 ℏθδ

1 + ℏδθ
1 + ℏθ2

0 − ℏθ2
1 f2

]
. (3.3)

In many applications, it is not only of interest to determine the Euclidean dual of a
linear code, but also its Hermitian dual with respect to a given involutive automorphism.
The following result provides a practical way to obtain a generator matrix for the σ-
Hermitian dual code by applying the automorphism σ to the entries of a known generator
matrix for the Euclidean dual. This connection simplifies the construction of Hermitian
dual codes in the context of cyclic left (θ, δ)-codes over skew polynomial rings.

Theorem 3.12 (Generator Matrix of the Hermitian Dual (see [LOU25, Theorem 2])).
Let σ be an automorphism of order 2 on a finite commutative Frobenius ring A, and
let θ be an endomorphism of A and δ a θ-derivation. Define the skew polynomial ring
R = A[X; θ, δ] and consider a monic polynomial f ∈ R with both a right and left divisor
g such that f = hg = gℏ. Let C = Rg/Rf ⊂ R/Rf be the corresponding cyclic left
module code, and let C be its vector representation. Suppose H is a generator matrix of
the Euclidean dual code C⊥. Then, the matrix σ(H), obtained by applying σ entrywise
to H, is a generator matrix for the σ-Hermitian dual code C⊥σ . The entries of σ(H)
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are given by expressions in images under compositions of θ, δ and σ applied to the
coefficients of g and ℏ.

Proof. Let G be a generator matrix for the code C, with rows gs for s = 1, . . . , k,
and let G⊥ be a generator matrix for the Euclidean dual code C⊥, with rows g⊥

t for
t = 1, . . . , n− k. By definition of duality, we have

⟨gs, g
⊥
t ⟩ =

n∑
i=1

gs,i g
⊥
t,i = 0

for all s ∈ {1, . . . , k} and t ∈ {1, . . . , n−k}. Now consider the σ-Hermitian inner product.
Since σ is an automorphism with σ2 = Id, we compute:

⟨gs, σ(g⊥
t )⟩σ =

n∑
i=1

gs,i σ(σ(g⊥
t,i)) =

n∑
i=1

gs,i g
⊥
t,i = 0.

This shows that each row gs of G is orthogonal (in the σ-Hermitian sense) to each row of
σ(G⊥). Hence, the code generated by σ(G⊥) is contained in the σ-Hermitian dual C⊥σ .
Moreover, since C⊥ is a free module of rank n − k and σ is a ring automorphism, the
matrix σ(G⊥) also generates a free A-submodule of rank n−k. Therefore, by Lemma 3.7,
which ensures that |C| · |C⊥σ | = |A|n, we conclude that σ(G⊥) generates C⊥σ .

3.4. Computing All Dual-Containing (θ, δ)-Codes
This section presents an algorithmic approach to identify all dual-containing cyclic left
module (θ, δ)-codes over skew polynomial rings. While the case of zero derivation (δ = 0)
and finite fields (A = Fq) is well-studied (see [BSU08, BU09b, BU11, BD18, BD21]),
much less is known when A is an arbitrary Frobenius ring or when δ ̸= 0. We show
that the dual of a cyclic left module (θ, δ)-code is in general not a cyclic left module
(θ, δ)-code and provide a method to compute and characterize them.

3.4.1. Polynomial Maps
Our first step is to handle algebraic expressions involving compositions of θ and δ ap-
plied to the coefficients of polynomials ℏ and g (cf. matrix M in (3.2)). To do so, we
reformulate these expressions as multivariate polynomials over a subalgebra of A.

Definition 3.13 (Polynomial Map). A polynomial map on a ring B is a function f :
B → B of the form f(x) = ∑s

i=0 bix
i, with s ∈ N and bi ∈ B.

Lemma 3.14 ([LOU25, Lemma 3]). Let A be a finite ring with endomorphism θ and
θ-derivation δ. Suppose B ⊆ A is a subring such that A = B[a1, . . . , as] is a free B-
algebra and θ, δ restrict to polynomial maps over B. Then any system E of finitely many
equations that are polynomial expressions in the images under θ and δ of a finite set of
variables y1, . . . , ym, can be translated into a system of polynomial equations over B in
the ms variables yi,j such that yi = ∑s

j=1 yi,jaj.
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Proof. The action of θ and δ on the B-basis {a1, . . . , as} can be expressed as linear
combinations with coefficients in B. By expanding each yi in terms of the aj and applying
θ and δ using these linear rules, we express all derivatives as B-linear combinations whose
coefficients are polynomial expressions in the yi,j . The action of the maps θ and δ on
this basis is given by:

θ(ai) =
s∑

j=1
γi,jaj , δ(ai) =

s∑
j=1

βi,jaj ,

for some fixed coefficients γi,j , βi,j ∈ B.
Now, for any element yi ∈ A written as yi = ∑s

j=1 yi,jaj , we compute:

yθ
i =

 s∑
j=1

yi,jaj

θ

=
s∑

j=1
yθ

i,ja
θ
j =

s∑
j=1

yθ
i,j

(
s∑

k=1
γj,kak

)
,

yδ
i =

 s∑
j=1

yi,jaj

δ

=
s∑

j=1
(yi,jaj)δ =

s∑
j=1

(
yδ

i,jaj + yθ
i,ja

δ
j

)

=
s∑

j=1

(
yδ

i,jaj + yθ
i,j

s∑
k=1

βj,kak

)
.

Given:

1. The algebra multiplication rules aiaj = ∑s
k=1 µi,j,kak, with known µi,j,k ∈ B,

2. The additive and multiplicative properties of θ and δ,

3. That θ and δ restrict to polynomial maps on B, so yθ
i,j and yδ

i,j are polynomial
expressions in the yi,j over B,

we can recursively convert any system of polynomial equations in variables y1, . . . , ym ∈
A into a system of polynomial equations in the components yi,j ∈ B, where 1 ≤ i ≤
m, 1 ≤ j ≤ s. That is, solutions in Am are transformed into solutions in Bms.

The following examples illustrate that there exist endomorphisms θ and θ-derivations
δ of a ring A that are not polynomial maps over A itself, but are polynomial maps
over a subring B ⊆ A. In both examples, we consider finite commutative rings of order
4 with characteristic 2. We analyze the possible automorphisms and endomorphisms,
along with their associated derivations, and determine whether they can be expressed
as polynomial maps with coefficients in the ambient ring A. The examples demonstrate
that in some cases, certain maps fail to be polynomial over A, even though they may
behave polynomially over F2, the minimal subring.

Example 3.15 ([LOU25, Example 5]). Let A = F2[v]/(v2 + v) be the Frobenius ring
of order 4. This ring admits two automorphisms, θ1 = id and θ2 of order 2, as well
as two non-trivial endomorphisms, θ3 and θ4. A θ-derivation δ : A → A is completely
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determined by the value δ(v) (since δ(1) = 0). All possible θ-derivations are shown in
Table 3.2, with the inner derivations highlighted in green. In this case, every θ-derivation
is inner.

Table 3.2.: All θ-derivations on A = F2[v]/(v2 + v).
Automorphism Endomorphism

θ1 = id θ2(v) = v + 1 θ3(v) = 0 θ4(v) = 1
δ1 = 0 v 7→ 0 v 7→ 0 v 7→ 0 v 7→ 0
δ2 v 7→ 1
δ3 v 7→ v v 7→ v

δ4 v 7→ v + 1 v 7→ v + 1

We now show that the automorphism θ2 cannot be expressed as a polynomial map on
A. Assume for contradiction that there exist coefficients αi,j ∈ F2 such that

θ2(x) =
∑
i≥0

(αi,1v + αi,0)xi =
∑
i≥0

αi,1vx
i +

∑
i≥0

αi,0x
i.

Since θ2(0) = 0, we must have α0,0 = 0. As αi,j ∈ F2, f(v) is a sum of positive powers
of v. Moreover, because v2 = v in A, any power of v reduces to either v1 or v0. Thus,
f(v) is a sum of v, which is either v or 0 in this ring. But θ2(v) = v+1, which is neither
0 nor v. Therefore, we obtain that θ2 is not a polynomial map on A.

So, we observe that automorphisms and derivations of a finite Frobenius ring A are
not, in general, polynomial maps over the entire ring A. However, they do exhibit
polynomial behavior when restricted to the smallest unitary subring of A, as established
in the following lemma.

Lemma 3.16 ([LOU25, Lemma 4]). Let A be a finite Frobenius ring. Then any au-
tomorphism and any derivation is a polynomial map over the smallest unitary subring
B ⊆ A.

Proof. The smallest unitary subring B ⊆ A is the image of the canonical map Z → A
given by 1 7→ 1. Let p be the characteristic of the entire ring A. Then B is either
isomorphic to the finite field Fp (if p is a prime number) or to the integer modular
ring Zp = Z/(p) (if p is a composite number). Any automorphism θ of A must fix the
elements of B, meaning θ(x) = x for all x ∈ B. Likewise, any θ-derivation δ satisfies
θ(x) = 0 for all x ∈ B. Thus, both automorphisms and derivations are polynomial maps
over B.
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3.4.2. Computations via Gröbner Bases over a subalgebra
In this section we assume that θ and δ are polynomial maps over a subalgebra B ⊆ A.
This assumption is always satisfied whenever B is the smallest unitary subring of A
(see Theorem 3.16) and A = B[a1, . . . , as] is a free B-algebra. These assumptions allow
us to rewrite any expression involving θ and δ over A (in the variables y1, . . . , ym)
as a polynomial expression over B in the variables y1,1, . . . , y1,s, . . . , ym,1, . . . , ym,s (cf.
Theorem 3.14). To solve such systems, we use the classical method of Gröbner bases for
commutative multivariate polynomial rings over B, specifically in the ring

B[y1,1, . . . , y1,s, . . . , ym,1, . . . , ym,s].

Gröbner basis algorithms exist in particular when B is a field or an integer quotient
ring (see [AL22], [BCP97]). Since this includes all possible forms of the smallest unitary
subring B of the finite unitary ring A (Theorem 3.16), the method is applicable in our
setting.

3.4.2.1. An Algorithm to Compute All Dual-Containing (θ, δ)-Codes

We begin by expressing the unknown coefficients of g and ℏ in A as linear combinations
of a fixed B-basis of A, using unknown coefficients xi ∈ B. The expressions in images
under compositions of θ and δ of the coefficients of ℏ and g then become polynomial
expressions in the variables xi, with coefficients in B. From these, we construct a parity-
check-like matrix M as described in Lemma 3.8, whose entries are also polynomials in
the indeterminates xi. To ensure that g divides gℏ on the right, we require that the
coefficients of the remainder, each a polynomial in the unknown xi, vanish. Similarly,
the condition C⊥ ⊂ C can be enforced by requiring that all entries of

M⊤ ·M

(which are also polynomials in the xi) are zero. Together, these conditions define a
multivariate polynomial system over B in the unknowns xi. If a Gröbner basis algorithm
exists for the ring B, we can compute all dual-containing cyclic left module (θ, δ)-codes

C = Rg/Rf ⊂ R/Rf

for the fixed parameters [n, k]. It is important to note that the property C⊥ ⊂ C depends
only on the code C, not on the particular choice of f , h, or ℏ. In other words, if the
inclusion holds for one valid solution of f, h, ℏ, it holds for all valid solutions. Thus, it
suffices to compute an elimination ideal for the possible polynomials g and retain only
those skew polynomials g that can be extended to a solution of the whole system.
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Algorithm 1: Computing all dual-containing cyclic module (θ, δ)-codes for given
[n, k] (see [LOU25, Algorithm 1])
Input: A, θ, δ, a subalgra B ⊂ A over which A = B[a1, . . . , as] is free and over

which θ, δ are polynomial maps and the Gröbner basis can be computed,
code parameters n, k.

Output: A set of solutions P = {g, ℏ, f | C = Rg/Rf is dual-containing}
1 P1 ← B

[
gi,j , ℏu,v

∣∣ 0 ≤ i ≤ n− k − 1, 0 ≤ u ≤ k − 1, 1 ≤ j, v ≤ s
]

;
/* multivariate polynomial ring over B */

2 P ← {} ; /* Initialize a set to collect g, ℏ of self-dual codes */
3 foreach ℏk = ∑s

v=1 ℏk,vav ∈ {non-invertible element of A} do
4 LSEs← {Constrains such that gi,j , ℏu,v ∈ B} ; /* gp

i,j = gi,j , ℏp
u,v = ℏu,v if

B = Fp */
5 g ←

∑n−k−1
i=0 (∑s

j=1 gi,jaj)Xi +Xn−k ; /* g ∈ P1[X; θ, δ] */
6 ℏ←

∑k−1
u=0(∑s

v=1 ℏu,vav)Xi + (∑s
v=1 ℏk,vav)Xk; /* ℏ ∈ P1[X; θ, δ] */

7 f ← g · ℏ; /* LC(f) may not be monic but does not contain variable
*/

8 h, r ← quotient, remainder of g right dividing f ; /* h, r ∈ P1[X; θ, δ] */

9 LSEs Append←− {All coefficients of r are 0 } ; /* implies g |r f */
10 G← a generator matrix constructed from g;
11 M ← the matrix constructed from ℏ according to Theorem 3.9;
12 LSEs Append←− {All entries in M⊤ ·M are 0} ; /* implies C⊥ ⊆ C */
13 S ← {solutions of g0,1, . . . , gn−k−1,s, ℏ0,1, . . . , ℏk−1,s from the Gröbner basis of

LSEs};
14 P Append←− {g, ℏ, f ∈ A[X; θ, δ] : ∀ solution in S};

/* g, ℏ ∈ A[X; θ, δ] are reconstructed by evaluating coefficients of
g, ℏ ∈ P1[X; θ, δ] for each solution in S; f is reconstructed by
f = g · ℏ */

3.4.2.2. Characterization of the Dual C⊥σ of a Cyclic Module (θ, δ)-Code

Let σ denote either the identity automorphism or an automorphism of order 2 on A.
According to Theorem 3.12, the generator matrix G⊥σ = σ(H) has rows corresponding
to skew polynomials p1, . . . , pk in R/Rf , which form an A-basis of the dual code C⊥σ .
This code is free, and its structure raises the following question: is C⊥σ itself a cyclic
module code of the form Rg⊥σ/Rf̃ ⊂ R/Rf̃ for some monic skew polynomial g⊥σ of
degree k? If such a generator polynomial g⊥σ exists, it must be a left divisor of all the
polynomials p1, . . . , pk.

We now follow the notation introduced in Algorithm 1. To test whether such a cyclic
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structure exists, we define a candidate monic polynomial of degree k of the form

g⊥σ =
k−1∑
i=0

 s∑
j=1

g⊥σ
i,j aj

Xi +Xk ∈ R,

where the coefficients g⊥σ
i,j are indeterminates in B. Next, we perform a right division of

each polynomial p1, . . . , pn−k by g⊥σ , and set the resulting remainders r1, . . . , rn−k equal
to zero. The coefficients of the remainders r1, . . . , rn−k are polynomials in the indetermi-
nates g⊥σ

i,j with coefficients in B (so the polynomials are elements in B[g⊥σ
0,1 , . . . , g

⊥σ
k−1,s]).

The condition that all remainders vanish yields a multivariate polynomial system over
B. This system can be solved using a Gröbner basis algorithm. If the resulting Gröbner
basis is {1}, the system has no solution, and hence C⊥σ is not a cyclic module code in
R/Rf for any f ∈ R. Otherwise, the Gröbner basis gives the generator polynomial g⊥σ

of degree k for a cyclic module code C⊥σ .

3.5. Computational Results for F2[v]/(v2 + v)

We retain the notation from Example 3.15 and compute dual-containing cyclic left mod-
ule (θ, δ)-codes over the ring A = F2[v]/(v2 + v) using the algorithm described in Sec-
tion 3.4.2.1. By Lemma 3.16, we may work over the subalgebra B = F2 ⊂ A for these
computations. Codes of small length over A have been classified in [Huf05]. Following
[DS01], we define the Lee weight of the elements 0, 1, v, v+1 as 0, 2, 1, 1 respectively, and
the Bachoc weight as 0, 1, 2, 2 respectively. Table 3.3a and Table 3.4 show the best Eu-
clidean and Hermitian dual-containing codes C = Rg/Rf ⊂ R/Rf ; all possible codes of
this kind are identified by the algorithm. An empty set indicates that no dual-containing
code Rg/Rf ⊂ R/Rf exists for the corresponding parameters [n, k]. A question mark
indicates that such a code does exist, but its minimum distance was not computed.
Codes that cannot be found without using non-zero derivations are highlighted in light
green; those that require both a non-zero derivation and an endomorphism that is not an
automorphism are marked in darker green. Examples include the three distinct weight
distributions of the [6, 4] codes shown in Table 3.5. Finally, Table 3.5 and Table 3.6 pro-
vide a detailed overview of which Hamming weight enumerators could only be obtained
using specific (θ, δ) combinations.
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Table 3.3.: Results on dual-containing cyclic module (θ, δ)-code over F2[v]/(v2 + v).

(a) Best Hamming, Lee and Bachoc dH , dL, dB distance of dual-containing (θ, δ)-codes over
F2[v]/[v2 + v]

n \ k 2 3 4 5 6 7 8 9 10 11 12
3 1, 1, 2
4 2, 2, 4 2, 2, 2
5 ∅ ∅
6 2, 2, 2 2, 2, 2 2, 2, 2
7 3, 3, 5 ∅ ∅
8 4, 4, 7 2, 2, 4 2, 2, 2 2, 2, 2
9 ∅ ∅ ∅ 1, 1, 2
10 2, 2, 2 2, 2, 2 ∅ ∅ 2, 2, 2
11 ∅ ∅ ∅ ∅ ∅
12 4, 4, 6 3, 3, 4 2, 2, ? 2, ?, ? ?, ?, ? ?, ?, ?
13 ∅ ∅ ∅ ∅ ∅ ∅

(b) Existence of cyclic module structure in the duals C⊥ of dual-containing cyclic (θ, δ)-codes
C = Rg/Rf ⊂ R/Rf over F2[v]/[v2 + v], based on the criterion from Section 3.4.2.2.

n \ k 2 3 4 5 6 7 8 9
3 None
4 All Some
5 / /
6 All Some Some
7 All / /
8 All Some Some Some
9 / / / None
10 All Some / / All

(c) Number of dual-containing (θ, δ)-codes and how many of them have a dual that is also a cyclic
module (θ, δ)-code. (Only parameter sets marked as “Some” in Table 3.3(b) are included.)

[n, k] # of dual-containing cyclic module codes Rg/Rf for each (θ, δ)
# of those whose dual is also cyclic (θ, δ)-code

(Id; 0) (θ2, 0) (θ2, δ2) (θ2, δ3) (θ2, δ4) (θ3, 0) (θ3, δ3) (θ4, 0) (θ4, δ4)
[4, 3] 1 1 3 1 1 1 2 1 2

1 1 1 1 1 1 1 1 1
[6, 4] 1 1 1 2 2 1 4 1 4

1 1 1 1 1 1 2 1 2
[6, 5] 1 1 1 2 2 1 1 1 1

1 1 1 1 1 1 1 1 1
[8, 5] 1 3 5 1 1 1 8 1 8

1 3 1 1 1 1 1 1 1
[8, 6] 1 3 5 1 1 1 4 1 4

1 3 3 1 1 1 2 1 2
[8, 7] 1 1 3 1 1 1 2 1 2

1 1 1 1 1 1 1 1 1
[10, 6] 1 1 1 1 1 1 16 1 16

1 1 1 1 1 1 2 1 242



3.5. Computational Results for F2[v]/(v2 + v)

Table 3.4.: Best Hamming, Lee, Bachoc distance of θ2-Hermitian dual-containing
(θ, δ)-codes over F2[v]/(v2 + v).

n \ k 2 3 4 5 6 7 8 9
4 2, 2, 4 2, 2, 2
5 2, 2, 2 1, 1, 2
6 3, 3, 4 2, 2, 4 2, 2, 2
7 3, 3, 5 1, 1, 2 1, 1, 2
8 3, 3, 6 2, 2, 4 2, 2, 2 2, 2, 2
9 1, 1, 2 ∅ ∅ ∅
10 2, 2, 2 2, 2, 2 ∅ ∅ 2, 2, 2

Table 3.5.: Hamming weight enumerator of dual-containing (θ, δ)-codes over
F2[v]/[v2 + v].

[n, k] Hamming Weight Enumerator Constructed with (θ, δ)
[4,2] 1 + 6w2 + 9w4 all combinations (θ, δ) provide such an example

1 + 4w2 + 4w3 + 7w4 (θ2, δ2), (θ3, δ3), (θ4, δ4)
[6,3] 1 + 9w2 + 27w4 + . . . all combinations (θ, δ) provide such an example
[6,4] 1 + 9w2 + 24w3 + . . . all combinations (θ, δ) provide such an example

1 + 17w2 + 24w3 + . . . (θ2, δ3), (θ2, δ3)
1 + 2w + 11w2 + . . . (θ3, δ3), (θ4, δ4)

1 + 13w2 + 24w3 + . . . (θ3, δ3), (θ4, δ4)
[8,4] 1 + 12w2 + 54w4 + . . . all combinations (θ, δ) provide such an example

1 + 28w4 + 56w5 + . . . (θ2, 0)
1 + 4w2 + 38w4 + . . . (θ2, δ2), (θ3, δ3), (θ4, δ4)

Table 3.6.: Hamming weight enumerator of θ2-Hermitian dual-containing (θ, δ)-codes
over F2[v]/[v2 + v].

[n, k] Hamming Weight Enumerator Constructed with (θ, δ)
[4,2] 1 + 6w2 + 9w4 all combinations (θ, δ) provide such an example

1 + 2w2 + 8w3 + 5w4 (θ2, 0)
[4,3] 1 + 18w2 + 24w3 + 21w4 all combinations (θ, δ) provide such an example

1 + 2w + 16w2 + 22w3 + 23w4 (θ2, δ2), (θ3, δ3), (θ4, δ4)
1 + 2w + 12w2 + 30w3 + 19w4 (θ2, δ3), (θ2, δ4)

[5,3] 1 + 8w2 + 14w3 + 23w4 + 18w5 (θ2, δ3), (θ2, δ4)
1 + w + 6w2 + 14w3 + . . . (θ3, δ3), (θ4, δ4)

[5,4] 1 + 3w + 22w2 + 66w3 + . . . (θ2, δ3), (θ2, δ4)
[6,3] 1 + 9w2 + 27w4 + . . . all combinations (θ, δ) provide such an example

1 + 8w3 + 21w4 + 24w5 + 10w6 (θ3, δ3), (θ4, δ4)
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Table 3.7.: [6, 4] dual-containing (θ, δ)-codes over F2[v]/(v2 + v) with Hamming weight
enumerator 1 + 13w2 + 24w3 + . . ..

Index g (θ, δ) G

1 X2 + X + v + 1 (θ3, δ3)


v + 1 1 1 0 0 0

v 1 1 1 0 0
v 0 1 1 1 0
v 0 0 1 1 1



2 X2 + (v + 1)X + 1 (θ3, δ3)


1 v + 1 1 0 0 0
0 v + 1 1 1 0 0
0 v 1 1 1 0
0 v 0 1 1 1



3 X2 + vX + 1 (θ4, δ4)


1 v 1 0 0 0
0 v 1 1 0 0
0 v + 1 1 1 1 0
0 v + 1 0 1 1 1



4 X2 + X + v (θ4, δ4)


v 1 1 0 0 0

v + 1 1 1 1 0 0
v + 1 0 1 1 1 0
v + 1 0 0 1 1 1



Beyond the complexity of computing a Gröbner basis, the computational effort in our
approach also stems from the fact that, for a fixed polynomial g, there may exist many
different factorizations of the form f = hg = gℏ. Despite these variations, all such
combinations define the same code, since the generator matrix depends solely on g and
the associated ring A[X, θ, δ]. To illustrate this, we show in more detail the results of
the [6, 4] code with Hamming weight enumerator 1 + 13w2 + 24w3 + . . . . In this case,
there are four possible generator polynomials g, listed in Table 3.7. Once g and the ring
A[X, θ, δ] are fixed, constructing a generator matrix for the code is straightforward. As
a specific example, consider the first polynomial in the table:

g = X2 +X + v + 1 ∈
(
F2[v]/[v2 + v]

)
[X; θ3, δ3].

For this g, there exist eight distinct non-central polynomials f for which there are poly-
nomials h and ℏ such that f = hg = gℏ, that is, g acts as both a left and right divisor
of f :
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f1 = X6 + vX4 + vX3 + vX + v + 1 = (X4 +X3 + vX2 +X + v + 1) · g,
f2 = X6 +X5 + (v + 1)X4 +X3 + vX + v + 1 = (X4 + vX2 + (v + 1)X + 1) · g,
f3 = X6 + (v + 1)X4 + vX3 + vX2 +X + v + 1 = (X4 +X3 + (v + 1)X2 + 1) · g,
f4 = X6 +X5 + vX4 +X3 + vX2 +X + v + 1 = (X4 + (v + 1)X2 + vX + v + 1) · g,
f5 = X6 + vX4 + vX3 +X2 + (v + 1)X = (X4 +X3 + vX2 +X + v) · g,
f6 = X6 +X5 + (v + 1)X4 +X3 +X2 + (v + 1)X = (X4 + vX2 + (v + 1)X) · g,
f7 = X6 + (v + 1)X4 + vX3 + (v + 1)X2 = (X4 +X3 + (v + 1)X2) · g,
f8 = X6 +X5 + vX4 +X3 + (v + 1)X2 = (X4 + (v + 1)X2 + vX + v) · g.

For each polynomial fi, there exists a unique polynomial h such that fi = hg. Addi-
tionally, there are exactly 16 distinct polynomials ℏ satisfying fi = gℏ. Among these
16, one of the ℏ is equal to the corresponding h, meaning that g is simultaneously a left
and right divisor of fi. The following are the 15 distinct polynomials ℏ ̸= h such that
f1 = g · ℏ, where g = X2 +X + v + 1 and f1 = (X4 +X3 + vX2 +X + v + 1) · g:

f1 = g ·
(
X4 + (v + 1)X3 + vX2 + (v + 1)X + v + 1

)
= g ·

(
X4 +X3 +X + v + 1

)
= g ·

(
X4 +X3 + (v + 1)X + v + 1

)
= g ·

(
X4 + (v + 1)X3 + vX2 +X + v + 1

)
= g ·

(
X4 + (v + 1)X3 +X + v + 1

)
= g ·

(
X4 + (v + 1)X3 + vX2 + (v + 1)X + 1

)
= g ·

(
X4 +X3 + vX2 + (v + 1)X + 1

)
= g ·

(
X4 + (v + 1)X3 + (v + 1)X + 1

)
= g ·

(
X4 +X3 + (v + 1)X + 1

)
= g ·

(
X4 + (v + 1)X3 + (v + 1)X + v + 1

)
= g ·

(
X4 + (v + 1)X3 + vX2 +X + 1

)
= g ·

(
X4 +X3 + vX2 +X + 1

)
= g ·

(
X4 + (v + 1)X3 +X + 1

)
= g ·

(
X4 +X3 +X + 1

)
= g ·

(
X4 +X3 + vX2 + (v + 1)X + v + 1

)
.

We apply the algorithm presented in Subsection 3.4.2.2 to determine for which dual-
containing codes C = Rg/Rf ⊂ R/Rf the dual code C⊥ is itself a cyclic module (θ, δ)-
code. An overview of the results is provided in Table 3.3b and Table 3.3c. The following
two examples demonstrate that not all dual-containing cyclic module (θ, δ)-codes have
a dual that is again a cyclic module code:

• For [n = 4, k = 3], we found three generator polynomials g ∈ A[X; θ2, δ2] that yield
dual-containing cyclic module codes:

g1 = X + v + 1, g2 = X + 1, g3 = X + v.

Among these, only the dual of g2 = X + 1 is a cyclic module code with

g⊥
2 = X3 +X2 +X + 1.
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• For [n = 6, k = 4], we found four generator polynomials g ∈ A[X; θ3, δ3] corre-
sponding to dual-containing cyclic module codes:

g1 = X2 + (v + 1)X + v + 1,
g2 = X2 +X + 1,
g3 = X2 +X + v + 1,
g4 = X2 + (v + 1)X + 1.

Only the duals of g2 and g4 yield cyclic module codes with

g⊥
2 = X4 +X3 +X + 1, g⊥

4 = X4 + (v + 1)X3 +X + v + 1.

3.6. Computational Results for F2[u]/(u2)

We retain the notation from Example 3.5, where the ring is given by A = F2[u]/(u2).
By Lemma 3.16 and Algorithm 1, we can search for dual-containing cyclic left module
(θ, δ)-codes C = Rg/Rf ⊂ R/Rf using a Gröbner basis approach over the subalgebra
B = F2 ⊂ A.

Following [DS01], we define the Lee weight of the elements 0, 1, u, u + 1 as 0, 1, 2, 1,
respectively, and the Euclidean weight as 0, 1, 4, 1.

Table 3.8 provides an overview of the best dual-containing codes C = Rg/Rf ⊂ R/Rf
(the algorithm found all such codes). In the cells marked in green, the corresponding
codes were identified only when using the maps (id, δ2) and (id, δ4).

Table 3.8.: Best Hamming, Lee, and Euclidean distances of dual-containing cyclic mod-
ule (θ, δ)-codes over F2[u]/(u2).

n \ k 2 3 4 5 6 7 8 9
4 2, 4, 4 2, 2, 2
5 ∅ 1, 2, 2
6 2, 4, 4 2, 2, 2 2, 2, 2
7 3, 3, 3 ∅ 1, 2, 2
8 4, 4, 4 2, 4, 4 2, 2, 2 2, 2, 2
9 ∅ ∅ ∅ 1, 2, 2
10 2, 4, 6 2, 4, 5 ∅ ∅ 2, 2, 2

Table 3.9 summarizes the cases in which the duals C⊥ of the dual-containing cyclic
module codes C = Rg/Rf ⊂ R/Rf , identified via Algorithm 1, are themselves cyclic
module (θ, δ)-codes, as discussed in Section 3.4.2.2.

Table 3.10 shows examples in which Hamming weight enumerators could only be found
using specific (θ, δ) combinations. In particular the green cells indicate those that can
only be obtained using a non-zero derivation.
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Table 3.9.: Combinations of (θ, δ) for which the dual C⊥ of a dual-containing cyclic (θ, δ)-
codes C = Rg/Rf ⊂ R/Rf over F2[u]/(u2) has a cyclic module structure,
based on the criterion from Section 3.4.2.2.

n \ k 2 3 4 5 6 7 8 9
4 All All

5 / (Id, δ2): None
(Id, δ4): All

6 All All All
7 All / All
8 All All All All

9 / / / (Id, δ2): None
(Id, δ4): Some

10 All All / / All

Table 3.10.: Hamming weight enumerator of dual-containing (θ, δ)-codes over F2[u]/(u2).
[n, k] Hamming Weight Enumerator Constructed with (θ, δ)
[4,2] 1 + 2w2 + 8w3 + 5w4 (id, 0), (id, δ2), (id, δ3), (θ2, δ2)

1 + 6w2 + 9w4 all combinations (θ, δ) provide such an example
[8,4] 1 + 4w2 + 30w4 + . . . (id, 0), (θ2, δ2)

1 + 4w2 + 46w4 + . . . (id, 0)
1 + 4w2 + 16w3 + . . . (id, 0)
1 + 12w2 + 54w4 + . . . all combinations (θ, δ) provide such an example
1 + 26w4 + 64w5 + . . . (id, δ2)

[8,5] 1 + 4w2 + 16w3 + 94w4 + . . . (id, 0), (id, δ2)
1 + 4w2 + 16w3 + 110w4 + . . . (id, 0)

1 + 12w2 + 102w4 + . . . all combinations (θ, δ) provide such an example
1 + 16w2 + 8w3 + 114w4 + . . . (id, δ2)
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3.7. Computational Results for F4

The finite field F4 = F2(α) with α2 = α+1 has two automorphisms: the identity θ1 = id
and the Frobenius automorphism θ2 : x 7→ x2. The automorphism θ2 has order 2 and is
a polynomial map over both F4 and its subfield F2. All θ-derivations in this setting are
inner derivations; these are highlighted in green in the list below.

Table 3.11.: All θ-derivations on A = F4.
Automorphism

θ1 = id θ2(α) = α + 1
δ1 = 0 α 7→ 0 α 7→ 0
δ2 α 7→ 1
δ3 α 7→ α

δ4 α 7→ α + 1

As in [DS01] we define the Lee weight of 0, 1, α, α+1 respectively as 0, 2, 1, 1. According
to [LS01] we define the corresponding Euclidean weight respectively as 0, 1, 2, 1.

Table 3.12 presents the existence and best Hamming, Lee, and Euclidean distances
(dH , dL, and dE , respectively) of θ2-Hermitian dual-containing cyclic module (θ, δ)-
codes C = Rg/Rf ⊂ R/Rf over F4. Green-shaded cells indicate codes that can only be
obtained using non-zero derivations.

Table 3.12.: Best Hamming, Lee, and Euclidean distances of θ2-Hermitian dual-
containing codes Rg/Rf ⊂ R/Rf over F4.

n \ k 2 3 4 5 6 7 8 9
4 2, 2, 2 2, 2, 2
5 3, 3, 3 1, 1, 1
6 4, 4, 4 2, 2, 2 2, 2, 2
7 3, 3, 3 ∅ 1, 1, 1
8 2, 2, 2 2, 2, 2 2, 2, 2 2, 2, 2
9 ∅ ∅ ∅ 1, 1, 1
10 4, 4, 4 3, 3, 3 2, 2, 2 2, 2, 2 2, 2, 2

Table 3.13 illustrates representative Hamming weight distributions of selected codes.
This demonstrates that, in the Hermitian case, non-zero derivations yield codes that

do not arise in the δ = 0 setting. In contrast, no new codes were found when restricting
to δ = 0.
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Table 3.13.: Weight enumerator of θ2-Hermitian dual-containing cyclic module (θ, δ)-
codes over F4.

[n, k] Hamming Weight Enumerator Constructed with (θ, δ)
[4,3] 1 + 18w2 + 24w3 + 211w4 all combinations (θ, δ) provide such an example

1 + 6w + 12w2 + 18w3 + 27w4 (θ2, δ2)
[5,4] 1 + 9w + 30w2 + 54w3 + 81w4 + 81w5 (θ2, δ2)

[6,5] 1 + 45w2 + 120w3 + 315w4 + 360w5 +
183w6 all combinations (θ, δ) provide such an example

1 + 12w + 57w2 + 144w3 + 243w4 +
324w5 + 243w6 (θ2, δ2)

[7,6] 1 + 15w + 93w2 + 315w3 + 675w4 +
1053w5 + . . .

(θ2, δ2)

[8,7] 1 + 84w2 + 336w3 + 1470w4 + . . . all combinations (θ, δ) provide such an example
1+18w +138w2 +594w3 +1620w4 + . . . (θ2, δ2)

[9,8] 1 + 21w + 1922 + 1008w3 + 3402w4 + . . . (θ2, δ2)

[10,9] 1 + 135w2 + 720w3 + 4410w4 +
15120w5 + . . .

all combinations (θ, δ) provide such an example

1+24w+255w2 +1584w3 +6426w4 +. . . (θ2, δ2)

3.8. Computational Results for the Galois Ring GR(4, 2)

The Galois ring A = GR(4, 2) = Z4[u] = (Z/4Z)[u]/(u2 + u + 1) is a Frobenius ring of
order 16. This ring admits two automorphisms: the identity θ1 = id and a nontrivial
automorphism θ2 defined by θ2(u) = 3u + 3. The automorphism θ2 generates a cyclic
group of order 2.

The only id-derivation is the zero derivation. In contrast, all θ2-derivations are inner
derivations, meaning they are of the form

δ(a) = βa− θ2(a)β for some β ∈ A.

The following list shows all θ2-derivations, one for each β ∈ A, expressed by their action
on u:

δ1(u) = 0, δ2(u) = u, δ3(u) = 2u, δ4(u) = 3u,
δ5(u) = 1, δ6(u) = u+ 1, δ7(u) = 2u+ 1, δ8(u) = 3u+ 1,
δ9(u) = 2, δ10(u) = u+ 2, δ11(u) = 2u+ 2, δ12(u) = 3u+ 2,
δ13(u) = 3, δ14(u) = u+ 3, δ15(u) = 2u+ 3, δ16(u) = 3u+ 3.

We computed all [4, 2] self-dual and [4, 3] dual-containing cyclic left module (θ, δ)-codes
over A = GR(4, 2) as described in Algorithm 1.

For the [4, 2] case, each map in Table 3.14 yields 8 distinct generator polynomials
g, each of which defines a [4, 2, dH = 3] code. While the resulting codes have distinct
codebooks (i.e., the sets of codewords differ), they all share the same weight enumerator:
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1+60w3 +195w4. For each such g, there are 16 valid choices of f , all of which are central
elements. Each set includes at least one f of the form Xn − a for some a ∈ Z4.

The [4, 3] dual-containing codes can also be obtained for all (θ, δ) maps. Each map
yields four distinct generator polynomials g, and for each g, there are over 1000 corre-
sponding f ’s. These include at least one central f and at least one of the form Xn−a with
a ∈ Z4. All resulting codes share the same weight enumerator, as listed in Table 3.14.

Table 3.14.: The best Hamming distance dH of dual-containing codes Rg/Rf ⊂ R/Rf
over GR(4, 2).

[n, k] Existing code for map (θi, δj) Best dH Weight Distribution

[3,2] (1, 1), (2, 2), (2, 4), (2, 6), (2, 8),
(2, 10), (2, 12), (2, 14), (2, 16)

2 1 + 45w2 + 210w3

[4,2] (2, 1), (2, 3), (2, 9), (2, 11) 3 1 + 60w3 + 195w4

[4,3] All maps 2 1 + 90w2 + 840w3 + 3165w4

[5,3] ∅ / /
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Codes in the Sum-Rank Metric
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4
Properties of the Sum-Rank Metric

The sum-rank metric, a generalization of both the Hamming and rank metric,
gained prominence, particularly motivated by its application in multi-shot
network coding. Initially introduced in 2005 in [LK05, Section III] for defining
space-time codes and later in 2010 using multilevel rank-metric code construci-

tons for multishot network coding in [NUF10], the sum-rank metric holds significance
in both theoretical and practical contexts. In this chapter, we begin by introducing
the concept of so-called elementary linear subspaces, providing valuable insights as an
analytical tool for sum-rank metric analysis. In the main part of this chapter, the sec-
ond section, we delve into the geometric properties of spheres and balls in the sum-rank
metric. This includes exploring the volumes of sum-rank-metric spheres and balls, along
with an analysis of the volume of the intersection of two balls. All notations and con-
cepts used throughout this chapter have been introduced in Chapter 2. Unless explicitly
stated otherwise, all vectors are elements in Fn

qm , which can be divided into ℓ blocks,
represented as x = [x0| . . . |xℓ−1]. Each block xi ∈ Fη

qm has a size of η, so the total vector
size is n = η · ℓ. Consequently, when we replace ℓ with 1, we are referring to the rank
metric, and when ℓ equals n, we are dealing with the Hamming metric. Additionally, we
represent by µ the minimum value of m and η. The findings presented in this chapter
have been published in [OPB21], [OLWZ22] and [OLWZ23].

4.1. The Connection Between the Sum-Rank Metric and
Elementary Linear Subspaces

In the field of linear algebra it is a commonly acknowledged principle, that one can
represent a vector v ∈ Fn

qm with rank weight wtSR,1(v) ≤ r ≤ n as a product of the form
[a0, . . . , ar−1] ·B, where ai belongs to Fqm for each i ∈ {0, . . . , r− 1}, and B is an r× n
matrix with a rank of rk(B) = r. This representation leads to the introduction of what
are called “elementary linear subspace”. This concept is a valuable tool when studying
properties of the sum-rank metric and codes in this metric. In the realm of rank-metric
codes, the concept of elementary linear subspaces has been extensively explored in prior
work such as [GY08b] and [GY08a]. In this subsection, we will provide the definition of
an elementary linear subspace, recall some established findings, and also adapt known
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results that are employed in the rank metric for the usage in the context of the sum-rank
metric. The results presented here will be utilized in Section 4.2 to examine geometrical
properties of the sum-rank metric. Furthermore, these results will play a crucial role in
Chapter 5, primarily to investigate covering properties of sum-rank-metric codes, but
also to explore so-called Maximum Sum-Rank Distance (MSRD) Codes.

First we provide the definition of an elementary linear subspace.

Definition 4.1 (Elementary Linear Subspace). Let V ⊂ Fn
qm be a linear subspace of

Fn
qm of dimension k. If there exists a basis {b0, . . . , bk−1} of V with bi ∈ Fn

q for each
i ∈ {0, . . . , k− 1}, then V is called an elementary linear subspace of Fn

qm . We denote the
set of all elementary linear subspaces of Fn

qm with dimension dim(V) = k by Ek(Fn
qm).

In [GY08a], it was illustrated that each vector in Fn
qm of rank weight at most k be-

longs to an elementary linear subspace of dimension k. Furthermore, in [GY08b] it was
demonstrated that when a vector has precisely rank weight k, it uniquely corresponds
to an elementary linear subspace. We will now recap these results in the following two
lemmas.

Lemma 4.2 ([GY08a]). Let v be a vector in Fn
qm and k a positive integer with k ≤

min{m,n}. Then the rank weight of v is wtSR,1(v) ≤ k if and only if there exists a
V ∈ Ek(Fn

qm) such that v ∈ V.

Lemma 4.3 ([GY08b]). Every vector v ∈ Fn
qm with rank weight wtSR,1(v) = k, where

k is a positive integer satisfying k ≤ min{m,n}, belongs to a unique elementary linear
subspace V ∈ Ek(Fn

qm).

Lemma 4.2 and Lemma 4.3 show the connection between elementary linear subspaces
in Fn

qm and the rank weight of a vector in Fn
qm . We further expand upon this concept

in the subsequent corollaries to establish a link between a sequence of elementary linear
subspaces in Fη

qm and the sum-rank weight of a vector in Fn
qm , where each block belongs

to Fη
qm . The following corollary is the sum-rank metric pendant to Lemma 4.2, showing

that each vector of sum-rank weight at most k belongs to a Cartesian product V =
V0 × . . .× Vℓ−1 of subspaces of Fη

qm .

Corollary 4.4. Let v = [v0| . . . |vℓ−1] ∈ Fn
qm be a vector comprising ℓ blocks vi ∈ Fη

qm

with i ∈ {0, . . . , ℓ− 1} and k a positive integer fulfilling k ≤ µ · ℓ. The sum-rank weight
of v is wtSR,ℓ(v) ≤ k if and only if there are elementary linear subspaces V0, . . . ,Vℓ−1
of Fη

qm such that vi belongs to Vi for each i ∈ {0, . . . , ℓ − 1}, meaning that the entire
vector v = [v0| . . . |vℓ−1] corresponds to the Cartesian product of these subspaces V :=
V0 × . . .× Vℓ−1 and the sum of their dimensions satisfies ∑ℓ−1

i=0 dim(Vi) = k.

Proof. Let the sum-rank weight of v be wtSR,ℓ(v) = k′ ≤ k. Then the weight de-
composition of v satisfies ∑ℓ−1

i=0 wtSR,1(vi) = k′. We denote by ki the rank weight of
the i-th block, i.e., wtSR,1(vi) = ki. By applying Lemma 4.2 we can conclude that
there exist elementary linear subspaces V0, . . . ,Vℓ−1 with vi ∈ Vi ∈ Eki

(Fη
qm) for all

i ∈ {0, . . . , ℓ − 1} such that ∑ℓ−1
i=0 ki = k′. In the case where k′ < k, we choose one
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subspace Vj ∈ Ekj
(Fη

qm) of the subspaces V0, . . . ,Vℓ−1 arbitrary. It holds now that
there is a superspace Ṽj ∈ Ekj+k−k′(Fη

qm) of Vj which implies that vj ∈ Vj ⊂ Ṽj .
Hence, v ∈ V := V0 × . . . × Vj−1 × Ṽj × Vj+1 × . . . × Vℓ−1. Finally, it holds that∑ℓ−1

i=0,i̸=j dim(Vi) + dim(Ṽj) = k.
Now we prove the reverse direction. Let therefore be again v = [v0| . . . |vℓ−1] a vector

in ∈ Fn
qm . Suppose that there is a Cartesian product of elementary linear subspaces

V = V0× . . .×Vℓ−1 with Vi ∈ Eki
(Fη

qm) for i ∈ {0, . . . , ℓ−1}, fulfilling ∑ℓ−1
i=0 dim(Vi) = k.

We denote by ki the dimension of Vi for each i ∈ {0, . . . , ℓ − 1}. With Lemma 4.2 it
follows that each block vi (i ∈ {0, . . . , ℓ−1}) has rank weight wtSR,1(vi) ≤ ki and hence
wtSR,ℓ(v) = ∑ℓ−1

i=0 wtSR,1(vi) ≤
∑ℓ−1

i=0 ki = k.

The following corollary serves as the sum-rank metric counterpart to Lemma 4.3. It
demonstrates that a vector with a sum-rank weight precisely equal to k is associated to
a uniquely determined Cartesian product of elementary linear subspaces, given a fixed
weight decomposition.

Corollary 4.5. Let k ≤ µ ·ℓ be a positive integer and and let v = [v0| . . . |vℓ−1] ∈ Fn
qm be

a vector of sum-rank weight k with a fixed sum-rank weight decomposition ∑ℓ−1
i=0 ki = k,

where wtSR,1(vi) = ki for each block i ∈ {0, . . . , ℓ − 1}. Then there exists a unique
Cartesian product of elementary linear subspaces V := V0 × . . . × Vℓ−1 where each Vi ∈
Eki

(Fη
qm) such that v ∈ V.

Proof. For a vector v = [v0| . . . |vℓ−1] ∈ Fn
qm with wtSR,1(vi) = ki, Lemma 4.3 implies

that there are uniquely determined subspaces V0, . . . ,Vℓ−1 of Fη
qm such that vi ∈ Vi ∈

Eki
(Fη

qm) for each block i ∈ {0, . . . , ℓ − 1}. The entire vector v is an element of the
Cartesian product V := V0 × . . .× Vℓ−1.

In [GY08a], it was demonstrated that for any subspace V ∈ Ek(Fn
qm), there exists

a complement V̄ ∈ En−k(Fn
qm) such that their direct sum forms the entire space, i.e.,

V ⊕ V̄ = Fn
qm . In [GY08b], the number of such decompositions was provided. We revisit

this in the forthcoming lemma.

Lemma 4.6 ([GY08b]). Let V be an elementary linear subspace in Ek(Fn
qm). For a given

subspace A ∈ Ea(V), there exist qa·(k−a) elementary linear subspaces B ∈ Ek−a(V), such

that A⊕ B = V. If we do not fix A, then for each V ∈ Ek(Fn
qm) there are qa·(k−a) ·

[
k
a

]
q

pairs (A,B) satisfying A⊕ B = V.

We extend the result of the recently introduced lemma to be utilized in the sum-rank
metric.

Corollary 4.7. For given positive integers k and a, satisfying a ≤ k ≤ µ · ℓ and elemen-
tary linear subspaces V = V0 × . . . × Vℓ−1 ∈ Ek1(Fη

qm) × . . . × Ekℓ
(Fη

qm) = Ek(Fn
qm) with
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fixed partitions k = ∑ℓ−1
i=0 ki and a = ∑ℓ−1

i=0 ai satisfying ai ≤ ki for all i ∈ {0, . . . , ℓ− 1}
there exist

ℓ−1∏
i=0

qai·(ki−ai) ·
[
ki

ai

]
q

pairs of Cartesian products (A,B) = (A0×. . .×Aℓ−1,B0×. . .×Bℓ−1) such that Ai⊕Bi =
Vi for all i ∈ {0, . . . , ℓ− 1}.

Proof. This conclusion follows directly from Lemma 4.6.

In [GY08b], the behavior of the rank weight of a vector upon projection onto both a
subspace and its complement was explained. We recapitulate this in the following lemma.
To denote the projection of a vector v ∈ Fn

qm onto an elementary linear subspace V of
Fn

qm along its complement V̄, we use the notation v(V). Note that v = v(V) + v(V̄).

Lemma 4.8. [GY08b] Let V be an elementary linear subspace belonging to Ek(Fn
qm),

let k and a be positive integers fulfilling a ≤ k ≤ min{m,n} and let u be a vector
belongig to V with rank weight wtSR,1(u) = k. For any pair of subspaces (A,B) ∈
Ea(Fn

qm) × Ek−a(Fn
qm) satisfying A ⊕ B = V, the following holds: the rank weight of the

projection of u onto A is wtSR,1(u(A)) = a whereas the rank weight of the projection of
u onto B is wtSR,1(u(B)) = k − a. The functions

ϕu : Ea(Fn
qm)× Ek−a(Fn

qm)→ A, (A,B) 7→ u(A)

ψu : Ea(Fn
qm)× Ek−a(Fn

qm)→ B, (A,B) 7→ u(B)

are both injective.

In [GY08b] a bijection was established between two elementary linear subspaces with
equal dimension, where vector spaces underlie that differ only in the extension degree of
the underlying field. We recall this in the following lemma.

Lemma 4.9. [GY08b] Let u, n,m be positive integers with u > 1. Let α0, . . . , αm−1 be
a basis of Fqm over Fq with α0 = 1 and let β0, . . . , βm+u−1 be a basis of Fqm+u over Fq

with β0 = 1. Moreover, we define Bm := ⟨β0, . . . , βm−1⟩. The mapping

fu : Fqm → Bm, αi 7→ fu(αi) = βi for all i ∈ {0, . . . ,m− 1}

is linear and bijective. So each element a = ∑m−1
i=0 aiαi ∈ Fqm is mapped to fu(a) =

f(∑m−1
i=0 aiαi) = ∑m−1

i=0 aifu(αi) = ∑m−1
i=0 aiβi. Since α0 = β0 = 1, it follows that

fu(Fq) = Fq. We extend fu to n-dimensional vectors by just applying it componentwise:

f̄u : Fn
qm → Bn

m, v = [v0, . . . , vn−1] 7→ f̄u(v) = [fu(v0), . . . , fu(vn−1)].

For a positive integer r with r < n, let V be an elementary linear subspace belonging to
Er(Fn

qm). Then the image f̄u(V) is a subset of an elementary linear subspace of Fn
qm+u

with dimension r. Moreover, f̄u establishes a bijection between Er(Fn
qm) and Er(Fn

qm+u).
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4.2. Spheres and Balls in the Sum-Rank Metric
In this section, we define spheres and balls in the sum-rank metric, along with their
respective volumes. We also provide a link to a previously known algorithm that allows
us to exactly and efficiently compute these volumes. Furthermore, we present both upper
and lower bounds on these volumes that offer more streamlined calculations. The results
find application when studying bounds on the cardinalities of sum-rank-metric codes and
when investigating the covering properties of sum-rank-metric codes in Chapter 5.

Definition 4.10 (Sum-Rank-Metric Spheres, Balls and their Volume). Let δ ∈ N0 with
δ ≤ ℓ · µ and x ∈ Fn

qm . A sum-rank-metric sphere with radius δ and center x is defined
as

Sℓ(x, δ)Fn
qm

:= {y ∈ Fn
qm | dSR,ℓ(x,y) = δ}.

Analogously, we define a ball of sum-rank radius δ with center x by

Bℓ(x, δ)Fn
qm

:=
δ⋃

i=0
Sℓ(x, i).

Also we define the volume of a sphere and a ball in the sum-rank metric as follows:

VolSℓ
(δ)Fn

qm
:= |{y ∈ Fn

qm | wtSR,ℓ(y) = δ}|,

VolBℓ
(δ)Fn

qm
:=

δ∑
i=0

VolSℓ
(i).

For improved readability, we will omit the subscript Fn
qm when referring to spheres, balls

and their volumes in Fn
qm from now on, and we will simply denote the respective sets

and cardinalities by Sℓ(x, δ), Bℓ(x, δ), VolSℓ
(δ) and VolBℓ

(δ). If we discuss other vector
spaces, we will explicitly specify them in the subscript.

Figure 4.1 illustrates a sum-rank-metric sphere and a sum-rank-metric ball of radius
δ, both centered at the point x.

4.2.1. The Volume of Spheres and Balls in the Sum-Rank Metric
Because the sum-rank metric is invariant under the translation of vectors, the sizes
represented by VolSℓ

(δ) and VolBℓ
(δ) are not influenced by the positions of their centers

and therefore VolSℓ
(δ) and VolBℓ

(δ) correspond to the volume of any shpere and any ball
of radius δ, respectively. In contrast to the extreme cases, Hamming and rank metric,
calculating these volumes in general is a complex task. The formula for computing the
volume of a sum-rank-metric sphere given in [BGLR21, Definition III.4] consists of a
sum whose number of terms can grow super-polynomially in δ, depending on how ℓ and
η compare in size. In [PRR22] a dynamic programming algorithm has been provided,
enabling an efficient computation of the volume of a sum-rank-metric sphere within a
polynomial time frame. In order to give the exact volume of a sum-rank-metric sphere
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∈ Fn
qm \ Sℓ(x, δ)

∈ Sℓ(x, δ)

δ

x

(a) Sphere with sum-rank ra-
dius δ and center x.

∈ Fn
qm \ Bℓ(x, δ)

∈ Bℓ(x, δ)

δ

x

(b) Ball with sum-rank ra-
dius δ and center x.

Figure 4.1.: Spheres and balls in the sum-rank metric.

and ball, it is crucial to consider, that for a given sum-rank radius δ, there are numerous
potential weight decompositions. This is why we need to introduce and investigate the
following set of all possible sum-rank weight decompositions:

Tδ,ℓ,µ :=
{

[δ0, . . . , δℓ−1] ∈ Nℓ
0 |

ℓ−1∑
i=0

δi = δ, δi ≤ µ ∀i ∈ {0, . . . , ℓ− 1}
}
, (4.1)

which corresponds combinatorially to the set of ordered partitions of the integer δ into
ℓ terms each of size at most µ. Its cardinality corresponds to the δ-th coefficient of the
generating function

p(ℓ,µ)(x) :=
( µ∑

i=0
xi

)ℓ

,

i.e.,

p
(ℓ,µ)
δ = |Tδ,ℓ,µ| =

⌊
δ

µ+1

⌋∑
i=0

(−1)i

(
ℓ

i

)(
δ + ℓ− 1− (µ+ 1)i

ℓ− 1

)
(see also [Rat08] and [PRR22]). In particular, the cardinality of Tδ,ℓ,µ can be computed
efficiently and is upper bounded by

|Tδ,ℓ,µ| ≤
(δ+ℓ−1

ℓ−1
)
. (4.2)

This upper bound is obtained by using a stars and bars argument (see also [PRR22]).
Together with the cardinalities introduced in Chapter 2.1.3 we can now provide the exact
volume of a sum-rank-metric sphere and ball:

VolSℓ
(δ) =

∑
[δ0,...,δℓ−1]

∈Tδ,ℓ,µ

ℓ−1∏
i=0

NMq(η,m, δi) and (4.3)

VolBℓ
(δ) =

δ∑
j=0

∑
[δ0,...,δℓ−1]

∈Tj,ℓ,µ

ℓ−1∏
i=0

NMq(η,m, δi), (4.4)
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consisting of all vectors in Fn
qm of sum-rank weight δ and all vectors of sum-rank weight

lower than or equal to δ, respectively. The volume of a sum-rank-metric ball with
radius δ can be computed in complexity O∼(ℓ2δ3 + ℓδ4(m + η) log(q)

)
, where the O

notation O∼(·) neglects logarithmic factors in the input parameters, using the efficient
algorithm for computing VolSℓ

in [PRR22]. Even though the complexity is polynomial,
the calculation remains time-consuming for large parameters. Therefore, we give bounds
on the volume of a sum-rank-metric ball that can be computed faster than the exact
volume.

4.2.2. Bounds on the Volume of Sum-Rank-Metric Spheres and Balls
In this section, we provide both a lower and an upper bound on the volume of a sum-
rank-metric ball. To establish the lower bound, our initial step is to derive a lower bound
on the number of m × n matrices over Fq of rank δ. We address this in the following
lemma.

Lemma 4.11 ([OPB21, Lemma 1]). The number of all m× n matrices over Fq of rank
δ ≤ min{m,n} is bounded by

NMq(n,m, δ) ≥ q(m+n−δ)δγ−1
q .

Proof. In [KK08], the following lower bound for the q-binomial coefficient was provided:[
n
δ

]
q

≥ q(n−δ)δ.

By applying this bound to the q-binomial coefficient, we derive the following bound on
the number of m× n matrices over Fq of rank δ ≤ min{m,n}:

NMq(n,m, δ) ≥ q(n−δ)δ
δ−1∏
i=0

(qm − qi) = q(n+m−δ)δ
δ−1∏
i=0

(1− qi−m)

≥ q(n+m−δ)δ
δ∏

j=1
(1− q−j) ≥ q(n+m−δ)δ

∞∏
j=1

(1− q−j)

≥ q(n+m−δ)δγ−1
q .

Using this bound enables us to establish the following lower bound on the volume of a
sum-rank-metric sphere VolSℓ

(δ) and a sum-rank-metric ball VolBℓ
(δ) which encompasses

all vectors in Fn
qm of sum-rank weight δ and ≤ δ, respectively.

Theorem 4.12 ([OPB21, Lemma 2]). For the volumes of a sphere and a ball with a
sum-rank radius of δ, the following inequalities apply:

VolBℓ
(δ) ≥ VolSℓ

(δ) ≥ q(m+η− δ
ℓ

)δ− ℓ
4 · γ−ℓ

q .
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Proof. We have

VolSℓ
(δ) =

∑
[δ0,...,δℓ−1]

∈Tδ,ℓ,µ

ℓ−1∏
i=0

NMq(η,m, δi)

≥ max
[δ0,...,δℓ−1]

∈Tδ,ℓ,µ

{ ℓ−1∏
i=0

q(m+η−δi)δiγ−1
q

}

= q(m+η)δ · q
− min [δ0,...,δℓ−1]

∈Tδ,ℓ,µ

{∑ℓ−1
i=0 δ2

i

}
· γ−ℓ

q .

Given that ℓ is not equal to 0, it is feasible to represent δ ∈ N0 in the form

δ = δ∗ · ℓ+ r, with 0 ≤ r < ℓ.

The expression ∑ℓ−1
i=0 δ

2
i is minimized by the so-called quasi-equal decomposition, i.e.,

[δ0, . . . , δℓ−1] with δi1 = . . . = δir = δ∗ + 1 and δir = . . . = δil
= δ∗. By employing this

weight decomposition, we obtain the minimum

min
[δ0,...,δℓ−1]

∈Tδ,ℓ,µ

{
ℓ−1∑
i=0

δ2
i

}
= r · (δ∗ + 1)2 + (ℓ− r) · δ2

∗ = δ2 − r2

ℓ
+ r.

Since maxr∈N≤ℓ−1{r −
r2

ℓ } ≤
ℓ
4 , it can be concluded that

min
[δ0,...,δℓ−1]

∈Tδ,ℓ,µ

{
ℓ−1∑
i=0

δ2
i

}
≤ δ2

ℓ
+ ℓ

4 .

Consequently,
VolSℓ

(δ) ≥ q(m+η)δ · q− δ2
ℓ

− ℓ
4 · γ−ℓ

q .

The statement follows because the volume of a ball is always larger than or equal to the
volume of a sphere with the same radius.

For the special case that the number of blocks ℓ is a divisor of the radius δ, we can
simplify the statement in Theorem 4.12 as follows.

Remark 4.13 ([OPB21, Remark 2]). It is evident from the proof of Theorem 4.12 that
when ℓ divides δ, we obtain a simpler bound:

VolBℓ
(δ) ≥ VolSℓ

(δ) ≥ q(m+η− δ
ℓ

)δ · γ−ℓ
q .

This allows us to omit the term − ℓ
4 from the exponent of q.

To establish an upper bound for the volume of a sum-rank-metric ball, we leverage
the following existing upper bound on the volume of a sum-rank-metric sphere.
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Theorem 4.14 ([PRR22]). The volume of a sphere in the sum-rank metric with a radius
of δ is upper bounded as follows:

VolSℓ
(δ) ≤

(
ℓ+ δ − 1
ℓ− 1

)
γℓ

qq
δ(m+η− δ

ℓ
).

This result allows us to readily deduce the following upper bound on the volume of
a ball. We make the assumption of δ > 1 to simplify the statement and avoid more
technical details.

Theorem 4.15 ([OPB21]). For δ > 1, the volume of a ball in the sum-rank metric with
a radius of δ is upper bounded as follows:

VolBℓ
(δ) ≤

(
ℓ+ δ − 1
ℓ− 1

)
δγℓ

qq
δ(m+η− δ

ℓ
).

Proof. Due to

VolBℓ
(δ) =

δ∑
i=0

VolSℓ
(i) ≤ δVolSℓ

(δ)

for δ > 1, we immediatly get the upper bound on VolBℓ
(t) with Theorem 4.14.

4.2.3. The Intersection of Two Balls in Sum-Rank Metric
We define the volume of the intersection of two balls with sum-rank radii δ, δ′ and sum-
rank distance τ between their centers.

Definition 4.16 (Intersection of two Balls in Sum-Rank Metric). Let δ, δ′, τ ∈ N0 with
δ, δ′ ≤ ℓ · µ, and x,x′ ∈ Fn

qm . We denote the intersection of two sum-rank-metric balls
Bℓ(x, δ) and Bℓ(x′, δ′) by

Iℓ(x, δ,x′, δ′)Fn
qm

:= Bℓ(x, δ) ∩ Bℓ(x′, δ′).

Its volume is only dependent on their radii δ, δ′ and the distance τ = dSR,ℓ(x,x′)
between their respective centers, but not on the position of their centers (cf. Figure 4.2).
This volume is determined by counting the number of vectors that exist within this
intersection, which can be represented as:

VolIℓ
(δ, δ′, τ)Fn

qm
:= |{y ∈ Fn

qm |wtSR,ℓ(y) ≤ δ ∧ dSR,ℓ(y,d) ≤ δ′}|,

where d ∈ Fn
qm is arbitrary but fixed with wtSR,ℓ(d) = τ . Obviously if τ > δ + δ′, the

balls do not intersect, hence VolIℓ
(δ, δ′, τ)Fn

qm
= 0. In the same manner as we did for

the notations of spheres, balls, and their volumes, we will in the following also exclude
the subscript Fn

qm when mentioning the intersection of two balls in Fn
qm . We will instead

simply use the notations Iℓ(x, δ,x′, δ′) and VolIℓ
(δ, δ′, τ). If we are discussing vector

spaces other than Fn
qm , we will explicitly indicate them with the appropriate subscript.
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∈ Fn
qm \

(
Iℓ(x, δ,x′, δ′) ∪ Iℓ(0, δ,d, δ′)

)
∈ Iℓ(x, δ,x′, δ′)

∈ Iℓ(0, δ,d, δ′)

τ = wtSR,ℓ(d) = dSR,ℓ(x,x′)

Iℓ|(x, δ,x′, δ′)| = |Iℓ(0, δ,d, δ′)|

δ
x

δ′

x′

x⃗

τ

τ
δ

0
δ′

d

Figure 4.2.: Translation invariance of the intersection of two balls in the sum-rank metric.

The number of vectors in Fn
qm that are situated within the intersection of two rank-

metric balls was given in [GY09] for the case m ≥ n. Here, we provide this cardinality
without the restriction m ≥ n.

Theorem 4.17 (cf. [GY09]). The volume of the intersection of two rank-metric balls
in the vector space Fn

qm with radii δ, δ′ having distance τ between their centers fulfilling
δ + δ′ ≥ τ is given by

VolI1(δ, δ′, τ) = 1
qmnNMq(n,m, τ)

δ∑
i=0

δ′∑
j=0

κ∑
s=0

NMq(n,m, s)Ki(s, κ)Kj(s, κ)Kτ (s, κ),

with ι := max{m,n}, κ := min{m,n} and

Kδ(x, κ) :=
δ∑

j=0
(−1)δ−jqjι+(δ−j

2 )
[
κ− j
κ− δ

]
q

[
κ− x
j

]
q

is the generalized q-Krawtchouk polynomial as given in Chapter 2.1.3 with c = qι−κ.

With this cardinality we can now deduce the volume of the intersection of two balls
in the sum-rank metric.

Theorem 4.18 ([OLWZ23, Theorem 1]). Let δ, δ′, τ be positive integers such that
δ + δ′ ≥ τ . The number of vectors v ∈ Fn

qm lying in the intersection of two balls with
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sum-rank radii δ and δ′ and sum-rank distance τ between their centers is

VolIℓ
(δ, δ′, τ)

=
∑

[δ0,...,δℓ−1]
∈Tδ,ℓ,µ

∑
[δ′

1,...,δ′
ℓ]

∈Tδ′,ℓ,µ

∑
[τ1,...,τℓ]
∈Tτ,ℓ,µ

ℓ−1∏
i=0

VolI1(δi, δ
′
i, τi)Fη

qm
.

Proof. Let Bℓ(x, δ) and Bℓ(x′, δ′) be two sum-rank-metric balls with centers

x = [x0| . . . |xℓ−1], x′ = [x′
0| . . . |x′

ℓ−1] ∈ Fn
qm

and sum-rank distance dSR,ℓ(x,x′) = τ between their centers. When we fix the partitions
of their radii as δ = ∑ℓ−1

i=0 δi and δ′ = ∑ℓ−1
i=0 δ

′
i as well as the partition of the distance

between their centers as τ = ∑ℓ−1
i=0 τi, it holds that for each block i ∈ {0, . . . , ℓ − 1}

the number of vectors vi ∈ Fη
qm having a rank distance of at most δi to xi, i.e.,

dSR,1(xi,vi)Fη
qm
≤ δi and also dSR,1(x′

i,vi)Fη
qm
≤ δ′

i is given by VolI1(δi, δ
′
i, τi)Fη

qm
. Con-

sequently, the number of vectors v ∈ Fn
qm having a sum-rank distance of at most δ to x

and a sum-rank distance of at most δ′ to x′ can be determined as ∏ℓ−1
i=0 VolI1(δi, δ

′
i, τi)Fη

qm

for the chosen partitions. For an arbitrary choice of the partitions of the radii δ and δ′

and the distance between the centers τ , the claim follows.

Calculating the volume of the intersection of two sum-rank-metric balls in this general
scenario is computationally demanding. However, driven by the motivation of discover-
ing bounds on covering problems in Chapter 5, our objective is to explore more efficient
methods for computing this volume. Therefore, we present the volume of the intersec-
tion for two specific cases, in which efficient computation is feasible. Similar statements
for the rank metric were previously presented in [GY08b]. In the first case, we consider
one ball with a radius of δ and another with a radius of 1, separated by a distance
of δ between their centers. In order to calculate the volume of the intersection in this
instance, we initially need to determine the number of pairs of two vectors having sum-
rank weights 1 and δ, respectively, while also satisfying the requirement that the sum
of their rank weights equals to the rank weight of their difference. The number of these
pairs is established in the following lemma.

Lemma 4.19 ([OLWZ23, Lemma 7]). Let x,y ∈ Fn
qm with wtSR,1(y) = 1 and

wtSR,1(x) = δ. Then there exist

(qn − qδ)(qm − qδ)
q − 1

pairs of (x,y) that satisfy wtSR,1(x) + wtSR,1(y) = wtSR,1(x− y).

Proof. Let x,y be vectors in Fn
qm with rank weights wtSR,1(y) = 1 and wtSR,1(x) = δ,

respectively. Let B be an arbitrary Fq-basis of Fqm and X := extB(x) ∈ Fm×n
q the matrix

representation of x ∈ Fn
qm w.r.t. the basis B. We denote by ⟨x⟩row the Fq-row space of X
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and by ⟨x⟩col its Fq-column space. The equation wtSR,1(x)+wtSR,1(y) = wtSR,1(x−y)
holds true if and only if dim(⟨x⟩row ∩ ⟨y⟩row) = dim(⟨x⟩col ∩ ⟨y⟩col) = {0} whereas this
statement is equivalent to ⟨y⟩row ̸⊂ ⟨x⟩row and ⟨y⟩col ̸⊂ ⟨x⟩col. The probability that
⟨y⟩row ⊂ ⟨x⟩row under the condition that y has rank 1 is given by

Pr(⟨y⟩row ⊂ ⟨x⟩row | wtSR,1(y) = 1) =

[
δ
1

]
q[

n
1

]
q

= qδ − 1
qn − 1

and hence the probability of the complementary event under the same condition is

Pr(⟨y⟩row ̸⊂ ⟨x⟩row | wtSR,1(y) = 1) = 1− qδ − 1
qn − 1 .

An analogous statement can be derived for the corresponding column space:

Pr(⟨y⟩col ̸⊂ ⟨x⟩col | wtSR,1(y) = 1) = 1− qδ − 1
qm − 1 .

Since the number of vectors in Fn
qm of rank weight 1 is

|{y ∈ Fn
qm | wtSR,1(y) = 1}| =

[
n
1

]
q

· (qm − 1) = (qm − 1)(qn − 1)
q − 1 ,

we obtain

Pr(⟨y⟩row ̸⊂ ⟨x⟩row ∧ ⟨y⟩col ̸⊂ ⟨x⟩col | wtSR,1(y) = 1) · |{y ∈ Fn
qm | wtSR,1(y) = 1}|

=(qm − 1)(qn − 1)
q − 1 ·

(
1− qδ − 1

qn − 1
)
·
(
1− qδ − 1

qm − 1
)

= (qn − qδ)(qm − qδ)
q − 1 .

Now, we can calculate the volume of the intersection of two sum-rank-metric balls.
One ball has a radius of δ, and the other has a radius of 1, with a distance of δ between
their centers (cf. Figure 4.3).

Theorem 4.20 ([OLWZ23, Theorem 2]). Let x,x′ ∈ Fn
qm be two vectors with sum-rank

distance dSR,ℓ(x,x′) = δ. The number of vectors lying in the intersection of two balls,
one centered at x with a radius of 1, and the other centered at x′ with a radius of δ, is
given by

VolIℓ
(1, δ, δ) =|Bℓ(x, 1) ∩ Bℓ(x′, δ)|

=1 + (qm − 1)(qn − 1)
q − 1 −

∑
δ=[δ0,...,δℓ−1]
∈τδ,ℓ,µ

ℓ−1∑
i=0

(qη − qδi) · (qm − qδi)
q − 1 .
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∈ Fn
qm \ Iℓ(x, 1,x′, δ)

∈ Iℓ(x, 1,x′, δ)

dSR,ℓ(x,x′) = δ

1
x

x′

δ

δ

Figure 4.3.: Intersection of two balls in sum-rank metric: special case VolIℓ
(1, δ, δ).

Proof. In order to calculate the volume of the intersection of two sum-rank-metric balls
with centers x and x′ ∈ Fn

qm and sum-rank distance dSR,ℓ(x,x′) = δ between their
centers, we can assume w.l.o.g. that x = 0 and wtSR,ℓ(x′) = δ. This is because the
sum-rank metric remains invariant under the translation of vectors. The set of vectors
within the intersection of Bℓ(x, 1) ∩ Bℓ(x′, δ) consist then of the zero vector as well as
all vectors v ∈ Fn

qm that lie on the sphere Sℓ(x, 1) except for those having a sum-rank
distance of at least δ+1 from x′. However, since for each v ∈ Fn

qm , the triangle inequality

dSR,ℓ(v,x′) ≤ wtSR,ℓ(x′) + wtSR,ℓ(v) = δ + 1,

holds, we only need to subtract the number of vectors having a sum-rank distance of
exactly δ + 1 to x′. Hence, we have the following:

|Bℓ(x′, δ) ∩ Bℓ(x, 1)| = |{0}|+ |Sℓ(x, 1)| − |{v ∈ Sℓ(x, 1) | dSR,ℓ(v,x′) = δ + 1}|.

Since a vector’s sum-rank weight is 1 if and only if its rank weight is 1, the volume of a
sphere with sum-rank radius 1 is given by

|Sℓ(x, 1)| = |{v ∈ Fn
qm | wtSR,1(v) = 1}| = (qm − 1)(qn − 1)

q − 1 .

To determine the cardinality of the set

Sℓ(x, 1) \ {v ∈ Sℓ(x, 1) | dSR,ℓ(v,x′) = δ + 1},

we adopt a fixed sum-rank weight decomposition of x′ = [x′
0| . . . |x′

ℓ−1], where we des-
ignate the rank of each block as rk(x′

i) = δi for all i ∈ {0, . . . , ℓ − 1} subject to the
constraint that ∑ℓ−1

i=0 δi = δ. Consider now a non-zero vector w ∈ Fn
qm with a sum-rank

weight of wtSR,ℓ(w) = 1. This means that there is exactly one block with a rank weight
of 1, and the rank weight of all other blocks is 0. Suppose that the i-th block of w
is the non-zero block, then it holds, that the sum-rank distance between w and x′ is
dSR,ℓ(w,x′) = δ+1 if and only if the rank distance in the i-th block of the corresponding
vectors is dSR,1(wi,x

′
i) = δi + 1. Our goal now is to determine the number of vectors
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wi in Fη
qm that have a rank distance of δi + 1 from the vector x′

i, which itself has a rank
weight of δi. According to Lemma 4.19, there are (qη−qδi )·(qm−qδi )

q−1 such vectors. This
amount of vectors we have for each possible non-zero block i ∈ {0, . . . , ℓ − 1}. Conse-
quently, the total number of such vectors w in the intersection, given a specific partition
of δ, is the summation

ℓ−1∑
i=0

(qη − qδi) · (qm − qδi)
q − 1 .

Adding up this quantity for each feasible partition of δ concludes our argument.

Up to this point, we have utilized the set of ordered partitions Tδ,ℓ,µ for our previous
calculations, where δ is partitioned into ℓ terms, and each term is upper-bounded by µ.
In the upcoming analysis, it is necessary to work with a distinct set of ordered partitions,
where each term has its own specific upper bound. We introduce this set in the following:
for two positive integers ℓ and δ and a vetor µ = [µ0, . . . , µℓ−1] whose entries are also
positive integers, the set of all partitions of δ into ℓ terms δ0, . . . , δℓ−1, where each term
δi is upper-bounded by µi, is denoted by

Tδ,ℓ,µ :=
{

[δ0, . . . , δℓ−1] ∈ Nℓ
0 |

ℓ−1∑
i=0

δi = δ, δi ≤ µi ∀i ∈ {0, . . . , ℓ− 1}
}
. (4.5)

Now, let us explore another specific scenario regarding the intersection of two sum-
rank-metric balls. In this case, one ball has a sum-rank radius of γ, while the other
ball has a sum-rank radius of δ − γ. The distance between the centers of the two balls
is δ (as illustrated in Figure 4.4). The illustration is based on a Euclidean geometric
intuition and therefore gives the impression that the two balls intersect in only a single
point. However, this is merely a schematic visualization. In the sum-rank metric, the
intersection in fact contains multiple points. A similar phenomenon already occurs in
the rank metric (cf. [GY08b]).

∈ Fn
qm \ Iℓ(x, γ,x′, δ − γ)

∈ Iℓ(x, γ,x′, δ − γ)

dSR,ℓ(x,x′) = δ

γ
x x′

δ − γ

δ

Figure 4.4.: Intersection of two balls in sum-rank metric: special case VolIℓ
(γ, δ − γ, δ).
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Theorem 4.21 ([OLWZ23, Theorem 3]). Let x and x′ be two vectors in Fn
qm with a

sum-rank distance of dSR,ℓ(x,x′) = δ. The number of vectors residing in the intersection
of two balls, one centered at x with a sum-rank radius of γ, and the other centered at x′

with a sum-rank radius of δ − γ, is as follows:

VolIℓ
(γ, δ − γ, δ) = |Bℓ(x, γ) ∩ Bℓ(x′, δ − γ)|

=
∑

δ=[δ0,...,δℓ−1]
∈τδ,ℓ,µ

∑
γ=[γ0,...,γℓ−1]
∈τγ,ℓ,δ

ℓ−1∏
i=0

qγi·(δi−γi) ·
[
δi

γi

]
q

for 0 ≤ γ ≤ δ, where τδ,ℓ,µ and τγ,ℓ,δ are defined as in equation (4.1) and (4.5), respec-
tively.
Proof. Let x,x′ ∈ Fn

qm be two vectors with a sum-rank distance of dSR,ℓ(x,x′) = δ. Due
to the translational invariance of the sum-rank metric, we again assume w.l.o.g. that x =
0 and the sum-rank weight of x′ is wtSR,ℓ(x′) = δ. We fix the weight decomposition of
x′ as follows: wtSR,ℓ(x′) = δ = ∑ℓ−1

i=0 δi. By utilizing Corollary 4.5, we can conclude that
there exists a unique Cartesian product of elementary linear subspaces V := V0×. . .×Vℓ−1
with Vi ∈ Eδi

(Fη
qm) such that x′ ∈ V. We also fix a partition of γ = ∑ℓ−1

i=0 γi. Our first
objective is to demonstrate that all vectors v ∈ Bℓ(0, γ) ∩ Bℓ(x′, δ − γ) are contained
within the Cartesian product V = V0 × . . .× Vℓ−1. For each of these subspaces Vi there
exists a unique complementWi ∈ Eη−δi

(Fη
qm) such that Vi⊕Wi = Fη

qm . We denote byW
the Cartesian productW0×. . .×Wℓ−1. Now, consider a vector v ∈ Fn

qm in the intersection
Bℓ(0, γ) ∩ Bℓ(x′, δ − γ). We can express each block vi as the sum vi = v

(Vi)
i + v

(Wi)
i ,

where v
(Vi)
i represents the projection of vi onto Vi along Wi, and v(Wi)

i is the projection
onto Wi, for all i ∈ {0, . . . , ℓ − 1}. Since the entire vector v simultaneously belongs to
both Bℓ(0, γ) and Bℓ(x′, δ − γ), the following relations hold:

wtSR,ℓ(v(V)) ≤ wtSR,ℓ(v) ≤ γ, (4.6)

wtSR,ℓ((x′ − v)(V)) ≤ wtSR,ℓ(x′ − v) ≤ δ − γ. (4.7)

Since the projection is a linear mapping and considering that x′ belongs to the subspace
V, we can exploit the property that v(V) + (x′ − v)(V) = (v + (x′ − v))(V) = x′(V) = x′.
Consequently, we derive the following inequalities:

wtSR,ℓ(x′) = wtSR,ℓ(v(V) + (x′ − v)(V)) (4.8)
≤ wtSR,ℓ(v(V)) + wtSR,ℓ((x′ − v)(V)) (4.9)
≤ γ + δ − γ = δ. (4.10)

However, since wtSR,ℓ(x′) = δ, we observe equality in both (4.9) and (4.10). In con-
junction with the previously established inequalities in (4.6) and (4.7), we deduce the
following equalities:

wtSR,ℓ(v(V)) =wtSR,ℓ(v) = γ, (4.11)
wtSR,ℓ((x′ − v)(V)) =wtSR,ℓ(x′ − v) = δ − γ. (4.12)
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The equality in (4.11) leads to the expression:

γ =
ℓ−1∑
i=0

wtSR,1(v(Vi)
i ) =

ℓ−1∑
i=0

wtSR,1(vi) =
ℓ−1∑
i=0

wtSR,1(v(Vi)
i + v

(Wi)
i ) . (4.13)

Since v
(Vi)
i and v

(Wi)
i must be linearly independent (due to Vi ⊕Wi = Fη

qm), it follows
that wtSR,1(v(Vi)

i ) ≤ wtSR,1(v(Vi)
i + v

(Wi)
i ) = wtSR,1(vi) for all i ∈ {0, . . . , ℓ− 1}. This,

combined with equation (4.13), implies:

wtSR,1(v(Vi)
i ) = wtSR,1(vi), ∀i ∈ {0, . . . , ℓ− 1}. (4.14)

In a similar fashion, we derive, based on the equation (4.12), that

wtSR,1((x′
i − vi)(Vi)) = wtSR,1(x′

i − vi), ∀i ∈ {0, . . . , ℓ− 1}. (4.15)

Equation (4.14) implies that

⟨v(Wi)
i ⟩Fqm ⊂ ⟨v(Vi)

i ⟩Fqm , ∀i ∈ {0, . . . , ℓ− 1}. (4.16)

Similarly, utilizing Equation (4.15), we can deduce:

⟨(x′
i − vi)(Wi)⟩Fqm ⊂ ⟨(x′

i − vi)(Vi)⟩Fqm , ∀i ∈ {0, . . . , ℓ− 1}. (4.17)

As a consequence of the equality in (4.9), we can infer that the vectors within the span
⟨v(V)⟩Fqm are linearly independent of those in ⟨(x′ − v)(V)⟩Fqm = {0}. Hence, these two
subspaces only intersect at the zero vector. This observation holds true for each block,
as expressed in the following equation:

⟨v(Vi)
i ⟩Fqm ∩ ⟨(x′

i − vi)(Vi)⟩Fqm = {0} , ∀i ∈ {0, . . . , ℓ− 1}. (4.18)

Utilizing the relationships (4.16), (4.17), and (4.18), we derive:

⟨v(Wi)
i ⟩Fqm ∩ ⟨(x′

i − vi)(Wi)⟩Fqm = {0}, ∀i ∈ {0, . . . , ℓ− 1}.

Combined with x′(Wi)
i + (vi − x′

i)(Wi) = 0 for all i ∈ {0, . . . , ℓ − 1} it follows that
v

(Wi)
i = (x′

i − vi)(Wi) = 0 and, consequently, vi ∈ Vi for all i ∈ {0, . . . , ℓ − 1}. This
implies v ∈ V.

Now, we demonstrate that for each i ∈ {0, . . . , ℓ−1}, the vector vi must be a projection
of x′

i onto a specific elementary linear subspace Ai within Vi. If vi ∈ Vi satisfies
wtSR,1(vi) = γi and wtSR,1(x′

i−vi) = δi−γi for all i ∈ {0, . . . , ℓ−1} then each vi belongs
to some elementary linear subspace Ai of Vi and each x′

i−vi belongs to a corresponding
elementary linear subspace Bi of Vi such that Ai ⊕ Bi = Vi for all i ∈ {0, . . . , ℓ − 1}.
Consequently, vi = x′(Ai)

i and x′
i − vi = x′(Bi)

i for all i ∈ {0, . . . , ℓ− 1}.
Conversely, Lemma 4.8 implies, that for any Ai ∈ Eγi(F

η
qm) and any Bi ∈ Eδi−γi

(Fη
qm)

such that Ai ⊕ Bi = Vi, the vector x′(Ai)
i has rank weight γi and rank distance δi − γi
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from x′
i and Lemma 4.8 also implies that all these vectors x′(Ai)

i are distinct. Thus, for
each block, there are as many vectors x′

i as ordered pairs (A,B) for a fixed partition

of δ and γ. According to Lemma 4.6, there are qγi·(δi−γi) ·
[
δi

γi

]
q

such ordered pairs

for each block. Consequently, by applying Corollary 4.7, we can deduce that there are∏ℓ−1
i=0 q

γi·(δi−γi) ·
[
δi

γi

]
q

vectors v = [v0| . . . |vℓ−1] such that each block vi represents a

projection of x′
i onto an elementary linear subspace Ai of Vi for a fixed partition of δ

and γ. Taking into account that γi ≤ δi for each block i ∈ {0, . . . , ℓ − 1}, we obtain in
conclusion:

|Bℓ(x, γ) ∩ Bℓ(x′, δ − γ)| =
∑

δ=[δ0,...,δℓ−1]
∈τδ,ℓ,µ

∑
γ=[γ0,...,γℓ−1]
∈τγ,ℓ,δ

ℓ−1∏
i=0

qγi·(δi−γi) ·
[
δi

γi

]
q

.
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5
Properties of Codes in the Sum-Rank
Metric

This chapter explores properties of codes with respect to the sum-rank metric
over finite fields. Sum-rank-metric codes gained prominence due to their ap-
plicability in areas such as multishot network coding [MPK19a], [NUF10],
space-time coding [SK20], and local repair in distributed storage systems

[MPK19b]. A comprehensive summary of codes in the sum-rank metric can be found
in [MPSK22]. The two main properties we focus on are bounds on the code cardinality
and the covering properties of codes in the sum-rank metric. These topics are crucial
for understanding the efficiency and performance of such codes, particularly in practical
applications where optimizing the size and decoding capability of codes is essential.

In the first section, we explore various bounds on the cardinality of sum-rank-metric
codes. Specifically, we revisit classic bounds such as the Singleton bound, the Gilbert–
Varshamov (GV) bound, and the sphere-packing (SP) bound, while extending them to
the sum-rank-metric setting. In the second section, we turn to the covering properties
of codes, investigating the minimum number of balls required to cover a vector space
and the related concept of the covering radius. This geometric property has significant
implications for error correction in coding theory, and our treatment of it builds upon
foundational work in both the rank and Hamming metric. Together, these two sections
offer both theoretical insights and practical bounds that underlie code design and analysis
in modern applications of coding theory.

Throughout this chapter, all notations and fundamental principles employed have
been previously outlined in Chapter 2. Additionally, certain results build upon those
introduced in Chapter 4. Unless explicitly stated otherwise, vectors belong to Fn

qm and
are splitted into ℓ blocks denoted as x = [x0| . . . |xℓ−1]. The size of each block xi ∈ Fη

qm

is η, resulting in a total vector size of n = η · ℓ. Consequently, the subscript ℓ denotes
the number of blocks. When we substitute ℓ with 1, we specifically refer to the rank
metric, whereas setting ℓ equal to n corresponds to the Hamming metric. Moreover, we
denote by µ the minimum of m and η, and by ν their maximum. The results presented
in this chapter have been partially published in [OPB21] and [OLWZ22].
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5.1. Bounds on the Cardinality of Codes in the Sum-Rank
Metric

In this section, we explore three different bounds on the cardinality of sum-rank-metric
codes: the Singleton bound, the Gilbert–Varshamov (GV) bound, and the sphere-
packing (SP) bound. These bounds are already established in the literature (see [MPK19b]
and [BGLR21]). In [BGLR21], the authors introduced a sphere-packing and a GV-like
bound for sum-rank-metric codes, along with presenting asymptotic versions applica-
ble to bounded block sizes and an increasing number of blocks. The finite parameter
bounds rely on the sum-rank-metric ball size, which is super-polynomial to compute
using the provided formula. In this section, we revisit variations of the sphere-packing
and GV-like bound for linear codes and establish a connection to an algorithm for com-
puting sum-rank-metric sphere sizes [PRR22]. This algorithm enables the computation
of these bounds in polynomial time. By incorporating lower and upper bounds on the
sum-rank-metric ball size, we derive simplified bounds, facilitating faster computation
compared to exact calculations. These simplified bounds also yield asymptotic variants
of these two bounds, extending the results in [BGLR21] to cover cases with a growing
block size. Moreover, it is well known that random linear codes achieve the GV bound
in the Hamming metric and a GV-like bound in the rank metric with high probability
[Loi08]. We extend this observation to the sum-rank metric, demonstrating that codes
achieving nearly the sum-rank GV-like bound are the generic case. Regarding the Sin-
gleton bound, we articulate various criteria for a code to meet this bound with equality.
Analogous to the concept of maximum distance separable (MDS) codes in the Hamming
metric and maximum rank distance codes in the rank metric, codes meeting these crite-
ria are termed maximum sum-rank distance codes (MSRD Codes). An example of a code
class fulfilling this, is the class of the so-called linearized Reed–Solomon (LRS) codes, as
introduced in [MP18, Theorem 4]. Their code parameters are limited by ℓ < q and
η ≤ m. MSRD codes that deviate from these constraints are thus of particular interest.
In this section, we establish three lower bounds on the probability that a random linear
code is an MSRD code. These bounds smoothly interpolate between the established
bounds in the Hamming and rank metric, illustrating that MSRD codes become generic
as the extension degree of the underlying field grows.

5.1.1. A Singleton-Like Bound and MSRD Codes
In [MPK19b], two Singleton-like bounds for the sum-rank metric were introduced. The
tightness of these bounds depends on the relationship between m and η, determining
which of the two bounds is more restrictive. We will rephrase the statement to present
a unified bound dependent on the maximum of m and η .

Theorem 5.1 ([MPK19b, Corollary 4, 5]). For a linear [n, k, d] ℓ-sum-rank-metric code
C ∈ Fn

qm with ν = max{m, η}, the following inequality holds:

d ≤ nm

ν
− km

ν
+ 1.
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As previously mentioned, codes that attain equality in this bound are referred to
as maximum sum-rank distance (MSRD) codes. In order to derive lower bounds on a
random linear code to be MSRD, we commence with a characterization of a code being
MSRD (Lemma 5.2) and introduce the notation of the following sets of block matrices
given positive integers n, η, ℓ and t, such that n = η · ℓ and t ≤ n:

Aℓ,t :=
{

A =
ℓ−1⊕
i=0

Ai ∈ Ft×n
q | Ai ∈ Fti×η

q , rk(Ai) = ti,
ℓ−1∑
i=0

ti = t

}

Uℓ,t :=
{

U =
ℓ−1⊕
i=0

U i ∈ Aℓ,t | U i upper triangular matrix for all i ∈ {0, . . . , ℓ− 1}
}
.

The lemma below establishes necessary and sufficient conditions for a code to be
MSRD. The equivalence between (i) and (ii) has previously been investigated in a similar
form in [MPK19b, AMPN20, PRR22]. We use this, as well as the equivalence between
(i) and (iii) for deriving the two bounds on the probability of a random code to be
MSRD. Additionally, the equivalence between (i) and (iv) provides a criterion in terms
of elementary linear subspaces, which we will use when studying covering properties
in Section 5.2. A similar result for the rank metric was presented in [GY08b, Lemma
9]. However, in our case, instead of considering a single elementary linear subspace of
Fn

qm we consider for the sum-rank metric the Cartesian product of ℓ elementary linear
subspaces of Fη

qm . Notably, in contrast to [GY08b] we impose no restrictions on the
relationship between n and m.

Lemma 5.2 ([OPB21, Lemma 3], [OLWZ22, Lemma 6]). Consider a linear [n, k, d] ℓ-
sum-rank-metric code C over Fqm with parity check matrix H ∈ F(n−k)×n

qm and generator
matrix G ∈ Fk×n

qm . Then the following statements are equivalent:

(i) C is MSRD,

(ii) rkFqm (AG⊤) = k ∀A ∈ Aℓ,k,

(iii) rkFqm (UG⊤) = k ∀U ∈ Uℓ,k,

(iv)
(
V0 × . . . × Vℓ−1

)
⊕ C = Fn

qm for each sequence (Vi)1≤i≤ℓ fulfilling that each Vi is
an elementary linear subspace of Fη

qm and ∑ℓ−1
i=0 dim(Vi) = nm

ν −
km
ν .

Proof. The equivalence between (i) and (ii) is a direct consequence of prior work in
[MPK19b, AMPN20, PRR22].

We now demonstrate the equivalence between (ii) and (iii). As Uℓ,k ⊂ Aℓ,k, it follows
that (ii) is sufficient for (iii). Hence, our task is to establish the necessity of (ii) for
(iii). In order to do so, we assume, that the rank rkFqm (UG⊤) = k for each matrix
U ∈ Uℓ,k. Let now A = ⊕ℓ−1

i=0 Ai be a blockmatrix belonging to the set Aℓ,k. Then
each block Ai is a matrix in Fki×η

q with a rank of rk(Ai) = ki for all i ∈ {0, . . . , ℓ− 1}.
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The sum of all these ranks is ∑ℓ−1
i=0 ki = k. For each block Ai let U i be its reduced row

echolon form, then there exists a regular matrix Xi ∈ Fki×ki
q such that Ai = XiU i for

all i ∈ {0, . . . , ℓ − 1}. We introduce the definitions X := ⊕ℓ−1
i=0 Xi and U := ⊕ℓ−1

i=0 U i.
Consequently, X is a regular matrix, U belongs to Uℓ,k, and A = XU . Since X has
full rank, it follows that

rkFqm (AG⊤) = rkFqm (XUG⊤) = rkFqm (UG⊤) = k.

Now, we establish the equivalence between (i) and (iv). We begin with the sufficiency:
(i)⇒(iv). Let C be an MSRD code. Following Theorem 5.1 it holds that d = nm

ν −
km
ν +1.

Moreover, consider a sequence (Vi)0≤i≤ℓ−1 of elementary linear subspaces of Fη
qm such

that ∑ℓ−1
i=0 dim(Vi) = nm

ν −
km
ν . Then it holds that each vector in the Cartesian product

V0 × . . .×Vℓ−1 has a sum-rank weight of at most nm
ν −

km
ν . Thus, no codeword, except

the zero codeword, is part of this Cartesian product; in other words,

(V0 × . . .× Vℓ−1) ∩ C = {0}.

Consequently, the direct sum of the Cartesian product with the code spans the entire
space:

(V0 × . . .× Vℓ−1)⊕ C = Fn
qm .

Conversely, to demonstrate the necessity (i)⇐(iv), consider a sequence (Vi)1≤i≤ℓ of ele-
mentary linear subspaces of Fη

qm such that the sum of their dimensions equals

ℓ−1∑
i=0

dim(Vi) = nm

ν
− km

ν

and the direct sum of the Cartesian product with the code is
(
V0×. . .×Vℓ−1

)
⊕C = Fn

qm .

Hence, it it can be deduced that
(
V0×. . .×Vℓ−1

)
∩C = {0}, indicating that C exclusively

consists of vectors with sum-rank weight at least nm
ν −

km
ν + 1.

In the subsequent two lemmas, we derive upper bounds on the cardinalities of the sets
Aℓ,t and Uℓ,t.

Lemma 5.3 ([OPB21, Lemma 4]). For positive integers n, η, ℓ and t, with n = η · ℓ and
t ≤ n, the cardinality of the set Aℓ,t and its upper bound is

|Aℓ,t| =
∑

t∈Tt,ℓ,µ

ti−1∏
j=0

(qη − qj) ≤
(
t+ ℓ− 1
ℓ− 1

)
qηt.

Proof. According to Equation (2.2) the number of matrices Ai ∈ Fη×ti
q of rank ti is given

by

NMq(η, ti, ti) =
ti−1∏
j=0

(qη − qj) ≤ qηti
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for each i ∈ {0, . . . , ℓ − 1}, since the q-ary Gaussian binomial coefficient
[
ti
ti

]
q

= 1.

Thus, it follows, that for a fixed weight decomposition t = ∑ℓ−1
i=0 ti with the restriction,

0 ≤ ti ≤ η the number of matrices A = A0 ⊕A1 ⊕ . . . ⊕Aℓ−1 ∈ Fn×t
q with Ai ∈ Fη×ti

q

and rk(Ai) = ti is
ℓ−1∏
i=0

ti−1∏
j=0

(qη − qj) ≤ qη
∑ℓ−1

i=0 ti = qηt.

Utilizing the number of ordered partitions Tt,ℓ,µ (see equation 4.1) and its upper bound
(see inequality 4.2) we obtain

|Aℓ,t| =
∑

t∈Tt,ℓ,µ

ℓ−1∏
i=0

ti−1∏
j=0

(qη − qj) ≤
(
t+ ℓ− 1
ℓ− 1

)
qηt.

Lemma 5.4 ([OPB21, Lemma 5]). Let n, η, ℓ and t be positive integers, fulfilling n = η ·ℓ
and t ≤ n, then the cardinality of the set Uℓ,t and its upper bound is given by

|Uℓ,t| =
∑

t∈Tt,ℓ,µ

ℓ−1∏
i=0

[
η
ti

]
q

≤
(
t+ ℓ− 1
ℓ− 1

)
qt(η− t

ℓ
) · γℓ

q.

Proof. The number of upper triangular matrices U i ∈ Fti×η
q of rank ti corresponds to the

number of ti-dimensional subspaces of Fη
q and is therefore equal to the q-ary Gaussian

binomial coefficient
[
η
ti

]
q

(cf. Equation (2.1)). Utilizing the same arguments as in the

proof of Lemma 5.3 we deduce |Uℓ,t| =
∑

t∈Tt,ℓ,µ

∏ℓ−1
i=0

[
η
ti

]
q

. By applying the upper bound

on the q-ary Gaussian binomial coefficient[
η
ti

]
q

< γq · qti(η−ti)

(see [KK08], [Ber80]), where γq is given in equation 2.3, we obtain

|Uℓ,t| <
∑

t∈Tt,ℓ,µ

γℓ
qq
∑ℓ−1

i=0 tiη−t2
i

≤ |Tt,ℓ,µ| · γℓ
qq

tη · max
t∈Tt,ℓ,µ

q−
∑ℓ−1

i=0 t2
i .

It was derived in [PRR22, Proof of Theorem 5] through the application of Jensen’s
inequality, that the choice ti = t

ℓ leads to the upper bound maxt∈Tt,ℓ,µ
−
{∑ℓ−1

i=0 t
2
i

}
≤

− t2

ℓ . As a result, we obtain the following upper bound on the cardinality of Uℓ,t:

|Uℓ,t| < |Tt,ℓ,µ| · γℓ
qq

tη− t2
ℓ .

75



5. Properties of Codes in the Sum-Rank Metric

By applying the upper bound on the cardinality of Tt,ℓ,µ (see (4.2)), the claim follows.

Subsequently, we establish two lower bounds on the probability that a random linear
code is an MSRD code. These bounds are adaptations of those provided in [NHTRR18]
for the rank metric to the sum-rank metric. Similar to their approach, we employ the
Schwartz–Zippel Lemma along with a counting argument on matrices. The distinction
from their proof lies in the fact that these matrices possess a special block structure,
resulting in bounds that smoothly interpolate between the Hamming-metric and the
rank-metric cases. Notably, unlike the two bounds in [NHTRR18], each of our two
bounds is advantageous in different parameter ranges. This is due to the nature of the
bounds on the number of these matrices. The bounds converge to 1 for fixed n, k, ℓ and
m → ∞. This means that for large enough extension degree m, most linear codes are
MSRD.

We recall the Schwartz–Zippel Lemma, which asserts that, for a multivariate non-
zero polynomial f ∈ Fqm [x0, . . . , xr−1] and for v0, . . . , vr−1 selected independently and
uniformly at random from a subset F of Fqm the following probability bound holds:

Pr(f(v0, . . . , vr−1) = 0) ≤ deg(f)
|F|

.

Theorem 5.5 ([OPB21, Theorem 9]). Let G = [Ik | X] ∈ Fk×n
qm be a systematic

generator matrix, where the entries of X are independently and uniformly chosen from
Fqm. Denote by C the row space of G and by p the probability, that C is an MSRD code
(w.r.t. ℓ). Then, it holds

p ≥ 1− k
(k+ℓ−1

ℓ−1
)
qηk−m.

Proof. Lemma 5.2 establishes that C is MSRD if and only if rkFqm (G · A) = k for all
A ∈ Aℓ,k. Conversely, C is not MSRD if and only if there exists a matrix A ∈ Aℓ,k such
that det(G · A) = 0. Considering the entries of X as variables x0, . . . , xk(n−k)−1, the
product G ·A can be expressed as

G ·A = [Ik|X] ·A =
(
aij +

n−1∑
r=k

xir−karj

)
ij

where each variable x0, . . . , xk(n−k)−1 appears in at most one row. Thus, the determinant
of this product, denoted as fA := det([Ik|X]·A) ∈ Fq[x0, . . . , xk(n−k)−1], is a multivariate
polynomial of degree at most k for each A ∈ Aℓ,k.

Utilizing the notation

f(x0, . . . xk(n−k)−1) :=
∏

A∈Aℓ,k

fA(x0, . . . xk(n−k)−1)

we can express the probability, that C is not MSRD as Pr(f(x0, . . . xk(n−k)−1) = 0).
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As f is not the zero polynomial and the variables x0, . . . xk(n−k)−1 are independently
and uniformly distributed, we can apply the Schwartz–Zippel Lemma and deduce

Pr(f(x0, . . . xk(n−k)−1) = 0) ≤ deg f
|Fqm |

= k|Aℓ,k|
qm

. (5.1)

Lemma 5.3 implies that
|Aℓ,k| ≤

(k+ℓ−1
ℓ−1

)
qηk,

and we obtain together with inequality (5.1), that

Pr(C is not MSRD) ≤
k
(k+ℓ−1

ℓ−1
)
qηk

qm
.

The counter probability provides the claim.

The set of matrices Uℓ,t is a subset of Aℓ,t, i.e., the number of matrices in Uℓ,t is less
than or equal to those in Aℓ,t. This observation prompts the formulation of the following
bound, leveraging the criterion established in Lemma 5.2 (iii) alongside the insight from
Lemma 5.4.

Theorem 5.6 ([OPB21, Theorem 10]). Consider G = [Ik |X] ∈ Fk×n
qm as a systematic

generator matrix, where the entries of the random matrix X are independently and
uniformly chosen from Fqm. The row space of G forms a linear ℓ-sum-rank-metric code
over Fqm, denoted as C. The probability p that C is MSRD is subject to the lower bound

p ≥ 1− k
(k+ℓ−1

ℓ−1
)
qk(η− k

ℓ
)− ℓ

4 −m · γℓ
q.

Proof. Following the same arguments as in the proof of Theorem 5.5 we use Lemma 5.2
(iii) and obtain by just replacing Aℓ,k by Uℓ,k

Pr(C is not MSRD) ≤ k|Uℓ,k|
qm

. (5.2)

Applying Lemma 5.4 to inequality (5.2) yields

Pr(C is not MSRD) ≤ k
(k+ℓ−1

ℓ−1
)
qk(η− k

ℓ
)− ℓ

4 · γℓ
qq

−m.

Consequently, the counter probability substantiates the claim.

In [BR20, Corollary 5.4], both lower and upper bounds for the density of MRD codes
in the set of all linear rank-metric codes are provided. In the following theorem we
extend this result to the sum-rank metric.
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Theorem 5.7 ([OPB21, Theorem 11]). The probability of a linear code with length n
and dimension k to be MSRD, denoted by p, is bounded from below and above as follows:

1−
[
n
k

]−1

qm

n−k∑
h=0

[
n− k
h

]
qm

n−k∑
s=h

[
n− k − h
s− h

]
qm

[
n− s
n− k

]
qm

(−1)s−hqm(s−h
2 )

≥p

≥1− qmk − 1
(qm − 1)(qmn − 1)

(
(n− k)

(
ℓ+ n− k − 1

ℓ− 1

)
γℓ

qq
(n−k)(m+η− n−k

ℓ
) − 1

)
.

Proof. Consider F as the set encompassing all linear codes for a specified length n and
dimension k. Let F ′ be a subset of F comprising all those codes with a minimum
distance less than d. Using the subscripts n, ℓ and 1 we denote the corresponding sets
for the differenet metrics: Hamming, sum-rank and rank metric, respectively. In [BR20,
Corollary 5.2], it was demonstrated that the set of all Maximum Distance Separable
(MDS) codes is dense among the set of all Hamming-metric codes over Fq of fixed length
and dimension. This was achieved by providing upper and lower bounds on |F ′

n|
|Fn| . Here,

we focus on their lower bound:[
n
k

]−1

q

d−1∑
h=0

[
d− 1
h

]
q

d−1∑
s=h

[
d− 1− h
s− h

]
q

[
n− s
n− k

]
q

(−1)s−hqm(s−h
2 ) ≤ |F

′
n|

|Fn|
. (5.3)

Since the Fq-sum-rank weight of a vector over Fqm is at most its Hamming weight, we
obtain using inequality 5.3 its sum-rank version:[

n
k

]−1

qm

d−1∑
h=0

[
d− 1
h

]
qm

d−1∑
s=h

[
d− 1− h
s− h

]
qm

[
n− s
n− k

]
qm

(−1)s−hqm(s−h
2 ) ≤ |F

′
ℓ|

|Fℓ|
. (5.4)

In [BR20, Threorem 5.1], a metric-independent upper bound on |F ′|
|F| for codes over Fq

was presented:

|F ′|
|F|
≤ qk − 1

(q − 1)(qn − 1)
(
VolB(d− 1)− 1

)
.

This can be specified to sum-rank-metric codes over Fqm as follows:

|F ′
ℓ|
|Fℓ|

≤ qmk − 1
(qm − 1)(qmn − 1)

(
VolBℓ

(d− 1)− 1
)
. (5.5)

Inequality (5.4) together with inequality (5.5) states that the set of all MSRD codes is
dense among the set of all sum-rank-metric codes over Fqm of fixed length and dimension.
Let now C be a random code. To determine the probability for a code to be MSRD,
we simply plug in d = n − k + 1 into these inequalities, such that F ′

ℓ is the set of
all non-MSRD codes and we also incorporate the upper bound on VolBℓ

(d) given in
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Theorem 4.15. This results in the following bounds on the probability of C not being
MSRD: [

n
k

]−1

qm

n−k∑
h=0

[
n− k
h

]
qm

n−k∑
s=h

[
n− k − h
s− h

]
qm

[
n− s
n− k

]
qm

(−1)s−hqm(s−h
2 )

≤Pr(C is not MSRD)

≤ qmk − 1
(qm − 1)(qmn − 1)

(
(n− k)

(
ℓ+ n− k − 1

ℓ− 1

)
γℓ

qq
(n−k)(m+η− n−k

ℓ
) − 1

)
.

The counter probability shows the claim.

The bounds presented in Theorems 5.5 and 5.6 converge to 1 as m→∞ for fixed values
of n, k and ℓ. In other words, for sufficiently large extension degrees m, the majority
of linear codes exhibit MSRD properties. Figure 5.1 illustrates the minimal values of
the extension degree m required for a non-zero probability of a code being MSRD. This
exploration considers varying numbers of blocks ℓ while keeping n, k, and q constant.
These minimal values mmin form a smooth interpolation between the established extreme
cases: ℓ = 1 and ℓ = n. The corresponding counter probabilities of the two bounds
differ by the factor ζ := q− k2

ℓ
− ℓ

4γℓ
q. Hence, the relation of ζ to 1 determines, which of

the two bounds is tighter. This can be observed in Figure 5.1. For smaller values of ℓ,
Theorem 5.6 yields a tighter bound, while for larger values of ℓ, Theorem 5.5 provides the
better bound. Consequently, both bounds exhibit advantages within specific ranges of ℓ.
This differs from the situation described in [NHTRR18], where the bound in [NHTRR18,
Theorem 26] is an improvement over the outcome established in [NHTRR18, Theorem
21]. Nevertheless, the bound introduced in Theorem 5.6 outperforms the one outlined
in Theorem 5.7.

5.1.2. A Gilbert–Varshamov-Like Bound
We commence with a recall of a GV-like bound for linear codes in the sum-rank metric.

Theorem 5.8 (cf. GV-like Bound [BGLR21]). Let Fqm be a finite field, n, k, d, µ, ℓ, η
be positive integers fulfilling n = η · ℓ ≥ k, µ = min{m, η} and d ≤ µℓ. If the inequality

qm(k−1) ·VolBℓ
(d− 1) < qmn,

hold, then there exists a linear code of length n, dimension k, and minimum ℓ-sum-rank
distance at least d.

Remark 5.9. The computational complexity for calculating the bound in Theorem 5.8
is O∼(ℓ2d3 + ℓd4(m+η) log(q)

)
. This efficiency is achieved through the utilization of the

efficient algorithm for computing VolSℓ
outlined in [PRR22].

While it is feasible to compute the GV-like bound exactly within polynomial time,
for large parameters the calculation still becomes time-consuming. This motivates the
derivation of the subsequent simplified GV-like bound.
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Theorem 5.5
Theorem 5.6
Theorem 5.7

Figure 5.1.: Comparison of Theorem 5.5, Theorem 5.6 and Theorem 5.7 for n = 210,
k = 28 and q = 4. Adapted from [OPB21]. © 2021 IEEE.

Theorem 5.10 (Simplified GV-Like Bound [OPB21, Theorem 6]). For a finite field Fqm

and positive integers n, k, d, ℓ, η, µ := min{m, η} that satisfy n = η · ℓ ≥ k and d ≤ µℓ,
it holds that if the following inequality

qm(k−1) · (d− 1)
(
ℓ+ d− 2
ℓ− 1

)
γℓ

qq
(d−1)(m+η− d−1

ℓ
) < qmn,

is fulfilled, then there exists a linear code of length n, dimension k, and minimum ℓ-
sum-rank distance at least d.

Proof. By substituting the upper bound on the volume of a sum-rank-metric ball given
in Theorem 4.15 into the GV-like bound given in Theorem 5.8, the assertion follows.

The simplified GV-like bound leads to the following asymptotic version of the GV-like
bound.

Theorem 5.11 (Asymptotic GV-Like Bound [OPB21, Theorem 7]). For a finite field
Fqm and positive integers n, k = R · n, d, ℓ, η, µ := min{m, η} satisfying n = η · ℓ ≥ k
and d ≤ µℓ with δ := d

n and 2 < d ≤ µℓ, the existence of a linear ℓ-sum-rank-metric
code with rate R and relative minimum sum-rank distance at least δ is guaranteed if the
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following inequality is met:

R ≤δ2 η

m
− δ

(
1 + η

m
+ 2η
nm

)
+ 1 + 1

n
+ η

nm
+ η

n2m

−

∑δn−1
i=1 logq

(
1 + ℓ−1

i

)
+ logq(δn− 1)

mn
−

logq(γq)
ηm

,

with γq as given in equation (2.3). For a constant ξ with m = ηξ → ∞ and m ∈
ω(logq(ℓ)), the rate R behaves asymptotically as follows:

R ∼ δ2 1
ξ
− δ

(
1 + 1

ξ

)
+ 1.

Proof. The simplified GV-like bound provided in Theorem 5.10 leads to a slightly dif-
ferent statement: if the following inequality

qmk(d− 1)
(
ℓ+ d− 2
ℓ− 1

)
γℓ

qq
(d−1)(m+η− d−1

ℓ
) ≤ qmn (5.6)

holds, then there exists a linear [n, k, d] ℓ-sum-rank-metric code C. We can rewrite
inequality (5.6) as follows

k

n
≤
(d
n

)2 η

m
− d

n

(
1 + η

m
+ 2η
nm

)
+ 1 + 1

n
+ η

nm
+ η

n2m

−
logq

(
(d− 1) ·

(ℓ+d−2
ℓ−1

))
mn

−
logq(γq)
ηm

.

Upon substituting δ := d
n , we obtain the highest possible rate R∗ ≥ R:

δ2 η

m
− δ

(
1 + η

m
+ 2η
nm

)
+ 1 + 1

n
+ η

nm
+ η

n2m

−

∑δn−1
i=1 logq

(
1 + ℓ−1

i

)
+ logq(δn− 1)

mn
−

logq(γq)
ηm

=:R∗.

Considering a constant ξ, we explore the limit of R∗ as m = ηξ →∞ under the condition
that m grows faster than logq(ℓ). This can be expressed as follows:

lim
m=ηξ→∞

m∈ω(logq(ℓ))

R∗ = δ2 1
ξ
− δ

(
1 + 1

ξ

)
+ 1.

We now apply the established result to the sum-rank metric, affirming that codes
nearly achieving the GV-like bound represent the generic case.
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Theorem 5.12 ([OPB21, Theorem 8]). Let q,m, n, d be positive integers, ϵ ∈
(
0, 1 −

logq

(
VolBℓ

(d − 1) 1
mn
)
− n−1

]
and k := n(1 − logq(VolBℓ

(d − 1) 1
mn ) − ϵ). If C is chosen

uniformly at random from the set of linear codes of length n and dimension k over Fqm,
then the probability that C has a minimum sum-rank distance of at least d is at least
1− e−Ω(mn).

Proof. Rather than picking a code randomly with a specific dimension k, we have a
different approach: We choose a matrix G ∈ Fk×n

qm by filling its entries independently
uniformly at random. Its row space is the random code C. Let A denote the event
occurring when the matrix G achieves the maximum possible rank k. Additionally, let
B represent the event where the minimum sum-rank distance of the code is at least d.
The probability we are interested in is Pr(B | A), which signifies the likelihood that
event B happens given that event A has occurred. In essence, we are interested in
the probability that our code, constructed with the specified matrix and satisfying the
maximum rank condition (event A), also possesses a minimum sum-rank distance of at
least d (event B). Initially, we examine the complementary probability of A, denoted
as ¬A. This entails considering the scenario where event A does not occur. For ¬A the
following upper bound is applicable:

Pr(¬A) =
∑

x∈Fk
qm \{0}

Pr(x ·G = 0) =
∑

x∈Fk
qm \{0}

1
qmn

= (qmk − 1) · 1
qmn

< e−Ω(mn).

Hence, we deduce a lower bound for the event A, which is given by:

Pr(A) ≥ 1− e−Ω(mn). (5.7)

We also provide an upper bound for the probability Pr(B). Given an information vector
i ∈ Fk

qm , let Ei be the event that the sum-rank weight of the product i ·G is bounded
as follows: 0 < wtSR,ℓ(i ·G) < d. Applying the union bound, we obtain:

Pr(¬B) = Pr(
⋃

i∈Fk
qm

Ei) ≤
∑

i∈Fk
qm

Pr(Ei). (5.8)

For i = 0, it holds that Pr(Ei) = 0 and for i ̸= 0, we obtain

Pr(Ei) =
∑

c∈Fn
qm :wtSR,ℓ(c)≤d−1

Pr(i ·G = c) =
∑

c∈Fn
qm :wtSR,ℓ(c)≤d−1

1
qmn

= VolBℓ
(d− 1)
qm·n .

(5.9)

Upon merging the inequalities (5.8) and (5.9), we obtain the following lower bound on
the event B:

Pr(B) ≥ 1− qmk·VolBℓ
(d−1)

qmn ≥ 1− q−mnϵ (5.10)
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for the given choice of k = n(1− logq(VolBℓ
(d− 1) 1

mn )− ϵ) and
ϵ ∈

(
0, 1 − logq

(
VolBℓ

(d − 1) 1
mn
)
− n−1

]
. Finally, since Pr(B | A) ≥ Pr(B ∩ A) by

combining the lower bound on the event A (see inequality (5.7)) and the event B (cf.
(5.10)) it holds that

Pr(B | A) ≥ Pr(B ∩A) = Pr(A) · Pr(B) ≥ 1− e−Ω(mn),

which proves the claim.

5.1.3. Sphere-Packing Bound
We begin by revisiting the sphere-packing (SP) bound for linear codes in the sum-rank
metric.

Theorem 5.13 (Sphere-Packing Bound [BGLR21]). Let C be a linear [n, k, d] sum-rank-
metric code, then the following inequality holds

qmk ·VolBℓ

(⌊d− 1
2

⌋)
≤ qmn.

Similar to the GV-like bound, the SP bound can be exactly computed within poly-
nomial time, as indicated in Remark 5.9. Nevertheless, the calculation becomes time-
consuming when dealing with large parameters. This motivates the subsequent simpli-
fied SP bound, for which we rely on an lower bound on VolBℓ

(·), which was derived in
Lemma 4.12.

Theorem 5.14 (Simplified SP Bound [OPB21, Theorem 4]). A linear [n, k, d] sum-
rank-metric code C satisfies the following inequality

qmk · q(m+η− 1
ℓ

⌊ d−1
2 ⌋)⌊ d−1

2 ⌋− ℓ
4 · γ−ℓ

q ≤ qmn.

Proof. By substituting the lower bound for the volume of a sum-rank-metric ball, as
provided in Theorem 4.12 into the SP bound outlined in Theorem 5.13, the conclusion
can be derived.

The simplified SP bound gives rise to the following asymptotic variations of the bound
in two scenarios: one with a bounded block size and increasing numbers of blocks, as
discussed in [BGLR21], and another with a growing block size, for which no asymptotic
bounds have been established thus far.

Theorem 5.15 (Asymptotic SP Bound [OPB21, Theorem 5]). Consider a linear [n, k, d]
sum-rank-metric code denoted as C, where δ := d

n represents the relative minimum dis-
tance. The code rate, R = k

n , is subject to an upper bound given by

R < δ2 η

4m − δ
(1

2 + η

m

(1
2 + 1

n

))
+ 1
n

(
1 + η

m
+ η

nm

)
+ 1
ηm

(1
4 + logq(γq)

)
+ 1 =: R∗(δ),
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with γq as given in equation 2.3. Assume a fixed positive value ξ. In this context, we
provide the limits defined by the following two scenarios.

(i) When m = ηξ →∞ the code rate R approaches

R ∼ δ2 1
4ξ −

δ

2
(
1 + 1

ξ

)
+ 1.

(ii) As ℓ→∞, the code rate R exhibits the asymptotic behavior

R ∼ δ2 η

4m −
δ

2
(
1 + η

m

)
+ 1
ηm

(1
4 + logq(γq)

)
+ 1.

Proof. By transforming the simplified SP bound, as outlined in Theorem 5.14 with
t := ⌊d−1

2 ⌋ we arrive at the following inequality:

k

n
≤ 1−

(
m+ η − t

ℓ

)
t− ℓ

(
1
4 + logq(γq)

)
mn

.

As t is equal to ⌊d−1
2 ⌋ ≥

d−2
2 = 1

2δn − 1 for δ = d
n , the inequality remains valid when

substituting t with 1
2δn− 1. Consequently, this results in

k

n
≤δ2 η

4m − δ
(1

2 + η

m

(1
2 + 1

n

))
+ 1
n

(
1 + η

m
+ η

nm

)
+ 1
ηm

(1
4 + logq(γq)

)
+ 1 =: R∗(δ).

Let ξ be a constant. We explore the following limit scenarios:

(i) As m approaches infinity such that m = ηξ, the limit of R∗(δ) converges to an
expression defined by

lim
m=ηξ→∞

R∗(δ) = δ2 1
4ξ −

δ

2
(
1 + 1

ξ

)
+ 1.

(ii) When ℓ tends to infinity, the limit of R∗(δ) is characterized by:

lim
ℓ→∞

R∗(δ) = δ2 η

4m −
δ

2
(
1 + η

m

)
+ 1
ηm

(1
4 + logq(γq)

)
+ 1.

5.1.4. Numerical Comparison of the Bounds

We evaluate our simplified and asymptotic bounds by comparing them to precise bounds
under two distinct parameter regimes and asymptotic settings:
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• Bounded Block Size: In this scenario, we maintain a constant extension degree m
and block size η, allowing the number of blocks ℓ to approach infinity. It aligns
with existing asymptotic bounds, as detailed in [BGLR21].

• Growing Block Size: Here, we allow all parameters η, m, and ℓ to grow simulta-
neously towards infinity in a proportional manner. For finite parameter plots, we
select constants close to 1 for the ratios ℓ

η and η
m .

In contrast to the approach in [BGLR21], our analysis extends to larger parameters
(e.g., n = 211 and beyond). This expanded scope is facilitated by employing efficient
algorithms for calculating the sum-rank ball size, as introduced in [PRR22].

5.1.4.1. Bounded Block Size

In Figure 5.2, we conduct a comparative analysis, juxtaposing our simplified bounds
(refer to Lemma 4.12 and Theorem 5.10) with their corresponding exact counterparts
(detailed in Theorem 5.13 and Theorem 5.8). Additionally, for the SP bound, we include
a comparison with the asymptotic bound presented in Theorem 5.15 (ii). Furthermore,
we assess our SP and GV-like bounds against the asymptotic induced Hamming bound,
as well as the asymptotic SP and sphere-covering bounds, as outlined in [BGLR21, The-
orem 4.4 and Corollary 4.10]. In this specific parameter regime, our simplified bounds
exhibit a larger deviation from the exact bounds in comparison to the case with growing
block size. This discrepancy arises because the bounds on VolBℓ

(t) are more effective
when ℓ ≈ η. Remarkably, for n = 211, the simplified, exact, and asymptotic bounds
are nearly indistinguishable. Starting from δ ≥ 0.2, the asymptotic SP bound closely
approximates the exact bound, surpassing the induced Hamming bound for this pa-
rameter setting. It is noteworthy that the asymptotic SP and sphere-covering bounds
from [BGLR21, Corollary 4.10] closely align with the exact SP and GV-like bounds for
n = 211, respectively.

5.1.4.2. Growing Block Size

In Figure 5.3, we present a comparison of asymptotic bounds as per Theorem 5.15 (i)
and Theorem 5.11 with their respective exact counterparts (refer to Theorem 5.13 and
Theorem 5.8). We also include a comparison with the simplified bounds (as outlined
in Lemma 4.12 and Theorem 5.10) for two distinct parameter sets ℓ, m, η, and n. In
this particular asymptotic scenario, it becomes apparent that as η and ℓ grow, the gap
between the simplified and exact bounds diminishes. Notably, for n = 210, there exists
no significant difference between the simplified and the exact bounds. Moreover, in the
context of finite n, these bounds almost coincide with the asymptotic bounds. However,
in comparison to the Singleton-like bound, the SP bound provides a looser bound for
δ > 0.1.
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exact SP (n = 128)
simplified SP (n = 128)
exact SP (n = 2048)
simplified SP (n = 2048)
asymptotic SP ℓ→∞
induced Hamming [BGLR21]
asymptotic SP [BGLR21]
exact GV (n = 128)
simplified GV (n = 128)
exact GV (n = 2048)
simplified GV (n = 2048)
asymptotic sphere-covering [BGLR21]

Figure 5.2.: Comparison of different bounds for fixed value q = 2, η = 8 and m = 16 for
different values of n (ℓ = n

η ). Adapted from [OPB21]. © 2021 IEEE.

5.2. Covering Properties of Codes in the Sum-Rank Metric

In this section we explore the covering properties of codes in the sum-rank metric.
The so-called covering problem addresses the following question: “Given a vector space,
what is the minimum number of balls of a certain sum-rank radius that cover this space
entirely?” Or in turn, for a given vector space and a specified number of balls: “What
is the minimum sum-rank radius, such that these balls cover the space entrirely?” This
radius is called: the covering radius.
Within the realm of coding theory, the centers of these balls correspond to codewords.
Therefore, the covering radius serves as a fundamental geometric parameter for a code
and acts as an indicator of code performance. Specifically, the covering radius of a code
is associated with the maximum weight of a correctable error. While this aspect has been
extensively investigated for the Hamming metric (see, for example, [BGP14], [CHLL97],
[CKMS85]), covering properties in the rank metric have been explored in [GY08b] and
[GY09]. In this section, we commence by presenting foundational concepts related to the
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exact SP (n = 1024)
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exact GV (n = 256)
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exact GV (n = 1024)
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asymtotic GV m, η, ℓ→∞
Singleton

Figure 5.3.: Comparison of different bounds for fixed value of q = 16 and different values
of n with η = ℓ = m. Adapted from [OPB21]. © 2021 IEEE.

covering properties of codes in the sum-rank metric. We show the relationships among
covering radii in the rank, sum-rank, and Hamming metric. Additionally, we investigate
the connections between the minimum cardinality of a code and a given covering radius
in these three metrics. Building upon the insights from [GY08b], we establish lower and
upper bounds on the minimum cardinality of a code for a given covering radius.

Definition 5.16 (Covering Radius). Let C be a linear [n, k, d] ℓ-sum-rank-metric code
over Fqm . The covering radius of C, denoted as ρSR,ℓ, is the smallest integer ensuring that
any vector x ∈ Fn

qm exhibits a sum-rank distance of at most ρSR,ℓ to some codeword
c ∈ C. To put it differently, ρSR,ℓ signifies the maximal sum-rank distance from any
vector to its nearest codeword. This is mathematically expressed as

ρSR,ℓ = max
x∈Fn

qm

{dSR,ℓ(x, C)}.

The subscript ℓ indicates the number of blocks. Hence, the notions ρSR,1 and ρSR,n

are utilized to refer to the covering radius in the rank and in the Hamming metric,
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respectively. Similarly, we use ρ to denote the covering radius for an arbitrary metric,
defined as ρ = maxx∈Fn

qm
d(x, C).

For a pair of codes C and C′ such that C ⊂ C′ ⊂ Fn
qm , it is established that their

covering radii, denoted as ρ and ρ′ respectively, satisfy ρ ≥ ρ′ irrespective of the metric
used. Moreover, it can be demonstrated that ρ is inherently larger than or equal to the
minimum distance d′ of C′. To illustrate this, consider the choice of a vector x ∈ C′ \ C.
This selection implies that for every c ∈ C′, the distance d(x, c) is larger than or equal to
d′, and this holds true for every c ∈ C as well. Consequently, minc∈C d(x, c) ≥ d′, which
translates to d(x, C) ≥ d′. This leads to the conclusion that ρ = maxx∈Fn

qm
d(x, C) ≥ d′.

This observation lays the groundwork for the concept of maximal codes.

Definition 5.17 (Maximal Codes). A linear [n, k, d] code C is called maximal if there
is no linear [n, k′, d] code C′ with the same length n and minimum distance d, but with
a larger dimension k′ > k, such that C ⊊ C′.

It is a known fact that the covering radius of a maximal code is smaller than its
minimum distance (see, e.g., [GY08b]). This observation stems from the fact that for a
maximal [n, k, d] code C, there is no element x ∈ Fn

qm \ C such that d(x, C) ≥ d. Indeed,
if such an element existed, one could construct a code C′ = ⟨C ∪{x}⟩ ⊋ C with d(C′) = d,
contradicting the assumption that C is maximal.

It is important to note that maximal codes and perfect codes are distinct concepts.
For a perfect code, the packing radius (that is, ⌊(d− 1)/2⌋) equals the covering radius ρ,
meaning that the spheres of radius ⌊(d− 1)/2⌋ around the codewords exactly partition
the entire space Fn

qm . A maximal code needs not be perfect. Consider, for example,
a binary repetition code C in the Hamming-metric case (ℓ = n) of even length n, i.e.,
C ⊂ Fn

2 is an [n, 1, n] code. The covering radius of this code is ρ = n
2 , whereas the

packing radius is ⌊n−1
2 ⌋ = n

2 −1. Hence, the code is not perfect. However, C is maximal,
since an [n, 2, n] code C′ cannot exist: every nonzero codeword of a binary code with
minimum distance n must have weight n. Over F2, there is only one vector of weight
n, namely the all-one vector. Thus, it is impossible to have two linearly independent
nonzero codewords of weight n, in particular none with covering radius ρ = n

2 .

Notation 5.18. For a given vector space Fn
qm and a specified integer ρ, we denote the

minimum cardinality of a code C ⊂ Fn
qm with sum-rank covering radius ρ as KSR,ℓ(Fn

qm , ρ).
This value can be expressed as follows: Let

Aℓ :=
{
C ⊂ Fn

qm :
⋃
c∈C
Bℓ(c, ρ) ⊃ Fn

qm

}
.

Then,
KSR,ℓ(Fn

qm , ρ) = min
C∈A
{|C|}.

Similarly to the covering radius we again use the subscript ℓ to indicate the number
of blocks. Hence, for a given covering radius ρ and a vector space Fn

qm we denote by
KSR,1(Fn

qm , ρ) and KSR,n(Fn
qm , ρ) the minimum cardinality of a code in rank and in Ham-

ming metric, respectively.
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With this groundwork, we now formulate the sphere-covering problem for the sum-
rank metric.

Problem 5.19. Determine the minimum number of sum-rank balls, denoted as Bℓ(x, ρ)
with radius ρ for all x ∈ Fn

qm, required to completely cover the vector space Fn
qm. This

problem is analogous to finding the minimum cardinality KSR,ℓ(Fn
qm , ρ) of a code C ⊂ Fn

qm

such that it possesses a sum-rank covering radius of ρ.

The covering problem is visualized in Figure 5.4.

Fn
qm

∈ Fn
qm

∈ C

ρ

Figure 5.4.: Covering problem in the sum-rank metric.

For the covering radius there exist two extreme cases:

(i) KSR,ℓ(Fn
qm , 0) = qmn

(ii) KSR,ℓ(Fn
qm , µℓ) = 1.

Case (i) holds because when ρSR,ℓ = 0, it implies dSR,ℓ(x, C) = 0 for all x ∈ Fn
qm ,

and consequently, x ∈ C. Therefore, C = Fn
qm . For Case (ii), consider ρSR,ℓ =

maxx∈Fn
qm
{dSR,ℓ(x, C)} = µ · ℓ. This implies the existence of an x ∈ Fn

qm such that
dSR,ℓ(x, C) = µ · ℓ. This condition is already satisfied by choosing C = {(0, . . . , 0)}. To
explore non-trivial cases, we assume 0 < ρSR,ℓ < µ · ℓ. For a fixed code C ⊂ Fn

qm , the
relationship between covering radii in the rank and Hamming metric is well-established.
In the following, we categorize the covering radii in the sum-rank metric within this
established relation.

Lemma 5.20 ([OLWZ22, Lemma 1]). For a code C ⊂ Fn
qm, the corresponding covering

radii ρSR,1, ρSR,ℓ, and ρSR,n in the rank, sum-rank, and Hamming metrics, respectively,
satisfy the inequality

ρSR,1 ≤ ρSR,ℓ ≤ ρSR,n.
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Proof. Given a fixed vector x ∈ Fn
qm , the relation of the weights in the different metrics:

wtSR,1(x) ≤ wtSR,ℓ(x) ≤ wtSR,n(x),

as introduced in Section 2.2.3 implies the following relation for the distance of the fixed
vector x to the code C:

dSR,1(x, C) ≤ dSR,ℓ(x, C) ≤ dSR,n(x, C).

Consequently,

max
x∈Fn

qm

{dSR,1(x, C)} ≤ max
x∈Fn

qm

{dSR,ℓ(x, C)} ≤ max
x∈Fn

qm

{dSR,n(x, C)}.

In the following theorem, we establish the relationship between the minimum cardi-
nality of a code C ⊂ Fn

qm in the rank, sum-rank, and Hamming metric for a fixed covering
radius ρ.

Theorem 5.21 ([OLWZ22, Theorem 2]). Let ρ be a positive integer satisfying 0 < ρ <
µ · ℓ. Then the following relations hold for the minimum cardinality of a code in the
rank, sum-rank and Hamming metric:

KSR,1(Fn
qm , ρ) ≤ KSR,ℓ(Fn

qm , ρ) ≤ KSR,n(Fn
qm , ρ).

Proof. We define the set of codes with sum-rank covering radius ρ as

ASR,ℓ := {C ⊂ Fn
qm |

⋃
c∈C
Bℓ(c, ρ) ⊃ Fn

qm}.

Since wtSR,1(x) ≤ wtSR,ℓ(x) ≤ wtSR,n(x) for a fixed vector x ∈ Fn
qm , it follows that⋃

c∈C
B1(c, ρ) ⊃

⋃
c∈C
Bℓ(c, ρ) ⊃

⋃
c∈C
Bn(c, ρ),

establishing the relationship ASR,1 ⊃ ASR,ℓ ⊃ ASR,n. With

KSR,ℓ(Fn
qm , ρ) = min

C∈ASR,ℓ

{|C|},

the statement follows.

5.2.1. Lower Bounds on the Minimum Cardinality of a Code for a Given
Covering Radius

For the rank metric, [GY08b, Proposition 6] established both a lower and an upper
bound on the minimum cardinality of a code with a specified covering radius. Referred
to as the sphere-covering bound, the lower bound is now mirrored in the sphere-covering
bound analog for the sum-rank metric, which we present in the subsequent theorem.
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Theorem 5.22 (Sphere-Covering Bound [OLWZ22, Theorem 3]). The minimum cardi-
nality of a code C ⊂ Fn

qm with a sum-rank covering radius 0 < ρ < µ · ℓ is bounded by the
inequality

qmn

VolBℓ
(ρ) ≤ KSR,ℓ(Fn

qm , ρ).

Proof. Should it be feasible to cover the entire space Fn
qm with non-overlapping balls of

radius ρ, then qmn

VolBℓ
(ρ) = KSR,ℓ(Fn

qm , ρ). However, this circumstance is only achievable
for perfect sum-rank-metric codes. In contrast to the rank metric, where no nontrivial
perfect codes exist, the sum-rank metric allows for such codes. This is due to the presence
of nontrivial perfect codes in the Hamming metric, which are encompassed in the sum-
rank metric when considering the number of blocks ℓ = n. If there is any overlap among
the balls, then qmn

VolBℓ
(ρ) < KSR,ℓ(Fn

qm , ρ).

To exactly compute the bound, it is necessary to determine the exact volume of a ball
for a given sum-rank radius, as introduced in equation (4.4). It is worth noting that this
calculation can be performed with a complexity of O∼(ℓ2δ3 + ℓδ4(m + η) log(q)

)
using

the efficient algorithm for computing VolSℓ
as outlined in [PRR22]. Nevertheless, despite

the polynomial complexity, computing it for large parameters remains time-consuming.
This motivates the formulation of the following simplified version of the sphere-covering
bound.

Theorem 5.23 (Simplified Sphere-Covering Bound [OLWZ22, Theorem 4]). The min-
imum cardinality of a code C ⊂ Fn

qm with a sum-rank covering radius ρ satisfying
0 < ρ < µ · ℓ is lower bounded as follows:

qmn−ρ(m+η− ρ
ℓ

)

ρ ·
(ℓ+ρ−1

ℓ−1
)
γℓ

q

≤ KSR,ℓ(Fn
qm , ρ).

Proof. By substituting the upper bound on VolBℓ
(ρ), as provided in Theorem 4.15 into

Theorem 5.22, the assertion follows.

For the rank metric, it was demonstrated in [GY09, Proposition 7] that a code C ⊂ Fn
qm

with a covering radius 0 < ρ < n < m comprises at least three codewords. We extend
this finding to the sum-rank metric. In contrast to [GY09], there is no constraint on the
relationship between n and m.

Theorem 5.24 ([OLWZ22, Theorem 5]). Each sum-rank-metric code with covering ra-
dius ρ fulfilling 0 < ρ < µ · ℓ consists of at least three codewords: KSR,ℓ(Fn

qm , ρ) ≥ 3.

Proof. We show the claim by contradiction. Therefore, we assume the existence of a
code C ⊂ Fn

qm of length n with cardinality |C| = 2 and covering radius ρ satisfying
ρ < µ · ℓ. W.l.o.g., we suppose C = {0, c}. To obtain the smallest possible covering
radius ρ, we select c with a sum-rank weight of µℓ such that the cardinality of the union
of balls with radius ρ around the two codewords |Bℓ(0, ρ) ∪ Bℓ(c, ρ)| is maximized. The
code C′ := ⟨c⟩ forms a linear [n, 1, µℓ] sum-rank-metric code. Consequently, any vector
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x ∈ C′ \ C has a sum-rank distance of µℓ to C, implying ρ = µℓ. This contradicts the
assumption ρ < µ · ℓ. It is important to note that opting for a smaller sum-rank weight
for c cannot yield a smaller covering radius.

In the subsequent theorem, we present a nontrivial lower bound on the minimum
cardinality of a code with a specified covering radius. This bound serves as the sum-
rank-metric analogue to the one derived in [GY08b]. A notable characteristic of this
bound is that the right-hand side constitutes a monotonically increasing function in k,
where 0 ≤ k ≤ ⌊logqm(KSR,ℓ(Fn

qm , ρ))⌋. This property allows for iterative utilization
of the bound. We commence with k = ⌊logqm(KSR,ℓ(Fn

qm , ρ))⌋, for which the bound is
most stringent. However, since the exact value of KSR,ℓ(Fn

qm , ρ) is generally unknown,
we employ a previously established lower bound to determine the initial value of k, such
as the simplified sphere-covering bound in Theorem 5.23. In each iteration (i-th), we
employ the bound derived in the previous iteration i − 1 to compute a new value of k
which results in a new bound. We conclude the process when the value of k no longer
improves upon application of the bound.

Theorem 5.25 ([OLWZ22, Theorem 6]). Let ρ be a positive integer satisfying 0 < ρ <
µ · ℓ. Then the minimum cardinality KSR,ℓ(Fn

qm , ρ) of a code over Fn
qm with covering

radius ρ, is lower bounded as follows:

KSR,ℓ(Fn
qm , ρ) ≥

qmn − qkmVolIℓ
(ρ, ρ, nm

ν −
km
ν ) +∑k

k′=max{1,
⌈n+ ν

m
(1−2ρ)⌉}

(qk′m − q(k′−1)m)VolIℓ
(ρ, ρ, nm

ν −
k′m

ν + 1)

VolBℓ
(ρ)−VolIℓ

(ρ, ρ, nm
ν −

km
ν )

,

for each positive integer k, fulfilling k ≤ ⌊logqm(KSR,ℓ(Fn
qm , ρ))⌋.

Proof. We define kmax := ⌊logqm(KSR,ℓ(Fn
qm , ρ))⌋ and K := qmkmax . Then, there exists a

code with cardinality K and covering radius ρ, denoted by C := {c0, . . . , cK−1} ⊂ Fn
qm .

Additionally, for each j with 0 ≤ j ≤ K − 1 we define a subcode Cj := {c0, . . . , cj} ⊂ C
where the labeling of its codewords is chosen such that the distance of the codeword cj

to the code Cj−1 is decreasing for j > 0, i.e.,

dSR,ℓ(c1, C0) ≥ dSR,ℓ(c2, C1) ≥ . . . ≥ dSR,ℓ(cK−1, CK−2).

We denote by dj the minimum distance of the subcode Cj . Hence, dSR,ℓ(cj , Cj−1) =
min1≤i≤j{dSR,ℓ(ci, Ci−1)} corresponds to the minimum distance dj of Cj for every j with
0 < j < K − 1. Let k′ be a positive integer fulfilling 1 ≤ k′ ≤ kmax and let j and be
chosen such that qm(k′−1) ≤ j ≤ qmk′ , then the Singleton bound for the sum-rank metric
(Theorem 5.1) provides

dj = dSR,ℓ(cj , Cj−1) ≤ nm

ν
− k′m

ν
+ 1.
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Thus, the number of vectors covered by a ball of radius ρ around cj that are not covered
by the union of balls of radius ρ around the codewords in Cj−1 is upper bounded as
follows:

|Bℓ(cj , ρ) \
⋃

c∈Cj−1

Bℓ(c, ρ)| ≤ VolBℓ
(ρ)−VolIℓ

(ρ, ρ, nm
ν
− k′m

ν
+ 1). (5.11)

As the covering radius of the whole code C is ρ, the set of vectors that are covered by the
union of balls of radius ρ around the codewords in C is the entire space Fn

qm . Therefore,
for 1 ≤ k ≤ kmax it holds that

qmn =
∣∣∣ ⋃

c∈C
Bℓ(c, ρ)

∣∣∣ ≤ ∣∣∣Bℓ(c0, ρ)
∣∣∣

+
k∑

k′=1

∣∣∣{c ∈ Cqmk′ \ Cqm(k′−1)}
∣∣∣ · ∣∣∣Bℓ(cqmk′ , ρ) \

⋃
c∈C

qm(k′−1)

Bℓ(c, ρ)
∣∣∣

+
∣∣∣{c ∈ C \ Cqmk}

∣∣∣ · ∣∣∣Bℓ(cK−1, ρ) \
⋃

c∈C
qmk

Bℓ(c, ρ)
∣∣∣.

Combining this with inequality (5.11) leads to

qmn ≤VolBℓ
(ρ) +

k∑
k′=1

(qk′m − q(k′−1)m) ·
(
VolBℓ

(ρ)−VolIℓ
(ρ, ρ, nm

ν
− km

ν
+ 1)

)
+(K − qkm)

(
VolBℓ

(ρ)−VolIℓ
(ρ, ρ, nm

ν
− km

ν
)
)
.

Transforming this inequality yields

K

(
VolBℓ

(ρ)−VolIℓ
(ρ, ρ, nm

ν
− km

ν
)
)

≥ qmn −VolIℓ

(
ρ, ρ,

nm

ν
− km

ν

)
qkm −VolBℓ

(ρ)
(

k∑
k′=1

(
qk′m − q(k′−1)m

)
− qkm + 1

)

+
k∑

k′=1

(
qk′m − q(k′−1)m

)(
VolIℓ

(
ρ, ρ,

nm

ν
− k′m

ν
+ 1

))
.

If m
ν k

′ < nm
ν + 1− 2ρ, then VolIℓ

(ρ, ρ, nm
ν −

k′m
ν + 1) = 0 which leads to

K
(
VolBℓ

(ρ)−VolIℓ

(
ρ, ρ

nm

ν
− km

ν

))
≥ qmn −VolIℓ

(
ρ, ρ,

nm

ν
− km

ν

)
qkm −VolBℓ

(ρ)
(
qkm − 1− qkm + 1

)
+

k∑
k′=max{1,

⌈n+ ν
m

(1−2ρ)⌉}

(
qk′m − q(k′−1)m

)
·VolIℓ

(
ρ, ρ,

nm

ν
− k′m

ν
+ 1

)
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This concludes the proof.

To derive an explicit lower bound from Theorem 5.25, we need to calculate the volume
of the intersection of two balls in the sum-rank metric exactly. This calculation is
required either in general or at least for the specific cases considered in Theorem 5.25. For
deriving a closed-form expression for these special cases, Theorems 4.20 and 4.21 provide
a starting point. The general formula for calculating the volume is given in Theorem 4.18.
However, using this formula involves exponential complexity. Therefore, it would be
beneficial to develop a polynomial-time algorithm for this calculation, similar to what
exists for the volume of a single ball in the sum-rank metric (cf. [PRR22]). Another
approach to derive a closed-form expression for Theorem 5.25 is to establish bounds
on the volume of the intersection of the two balls. However, it would be necessary to
determine both an upper bound and a lower bound for this volume. These considerations
need to be addressed in future research.

5.2.2. Upper Bounds on the Minimum Cardinality of a Code for a Given
Covering Radius

For the rank metric, an upper bound on the minimum cardinality of a code with given
covering radius was derived in [GY08b, Proposition 6]. In what follows, we extend this
bound to the sum-rank metric. Unlike [GY08b], we impose no restrictions on the relation
between m and n.

Theorem 5.26 ([OLWZ22, Theorem 7]). The minimum cardinality of a code C ⊂ Fn
qm

with sum-rank covering radius ρ, where 0 < ρ < µ · ℓ is upper bounded as follows:

KSR,ℓ(Fn
qm , ρ) ≤ qm(n−ρ).

Proof. Let C ⊂ Fn
qm be a sum-rank-metric code and let G = (I|A) be its systematic

generator matrix. For each vector x = [x0, . . . , xn−1] ∈ Fn
qm there exists a codeword

c, such that the first k positions coincide with the first k positions of x, i.e., c =
[x0, . . . , xk−1, ck, . . . , cn−1] ∈ C. Consequently, the sum-rank distance between c and x
is upper bounded by

dSR,ℓ(x, c) = wtSR,ℓ([0, . . . , 0, ck, . . . , cn−1] ≤ wtSR,n[0, . . . , 0, ck, . . . , cn−1] ≤ n− k.

Therefore, for each vector x ∈ Fn
qm it holds that minc∈C{dSR,ℓ(x, c)} ≤ n− k and hence

ρ = maxx∈Fn
qm
{dSR,ℓ(x, C)} ≤ n− k. Since ρ ≤ n− k we obatin k ≤ n− ρ, which leads

to the upper bound
KSR,ℓ(Fn

qm , ρ) ≤ |C| = qmk ≤ qm(n−ρ).

To establish a non-trivial upper bound on the covering problem, we need the following
result which allows us to construct a code with a specified covering radius using an MSRD
code over a smaller field maintaining the same covering radius ρ, code length n and
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dimension k. This approach was introduced for the rank metric in [GY08b, Proposition
10]. In contrast to [GY08b] we do not impose any restriction on the relation between m
and n, however we do require a stricter condition on the covering radius ρ.

Lemma 5.27 ([OLWZ22, Theorem 8]). Let C ⊂ Fn
qm be a sum-rank-metric code with

parameters [n, n−ρ, ρ+1], i.e., C is MSRD and let ρ be its covering radius. Additionally,
let f̄u be a function defined as in Lemma 4.9, where u is a positive integer such that
0 ≤ u · ℓ ≤ ρ. Then f̄u(C) is an [n, n − ρ] ℓ-sum-rank-metric code over Fqm+u with
covering radius ρ.

Proof. As the mapping f̄u : Fn
qm → Fn

qm+u is linear and bijective, applying f̄u to the code
C results in a linear code f̄u(C) ⊂ Fn

qm+u , where the length n and dimension n − ρ are
unchanged.

We prove now that the covering radius of f̄u(C) is ρ. Let Bm be as in Lemma 4.9 and
let A be a subspace of Fm+u

q over Fq of dimension u, such that A⊕Bm = Fm+u
q . Hence,

any vector u = [u0| . . . |uℓ−1] ∈ Fn
qm+u can be expressed as a sum

u = a + b = [a0 + b0| . . . |aℓ−1 + bℓ−1] (5.12)

with ai ∈ Aη,a ∈ An, bi ∈ Bη and b ∈ Bn. Since the Fq-dimension of A is u, the
sum-rank weight of a is upper bounded by

wtSR,ℓ(a) =
ℓ−1∑
i=0

wtSR,1(ai) ≤ ℓ · u.

According to Lemma 4.3 each ai belongs to a unique elementary linear subspace Wi ∈
Eu(Fη

qm+u) for every i ∈ {0, . . . , ℓ − 1}. Furthermore, the Cartesian product of these
elementary linear subspaces W := W0 × . . . × Wℓ−1 is also uniquely determined and
W ∈ Eρ(Fn

qm+u). As C is an MSRD code, Lemma 5.2 indicates, that for each sequence
(Vi)0≤i≤ℓ−1 of elementary linear subspaces of Fη

qm maintaining that ∑ℓ−1
i=0 dim(Vi) =

nm
ν −

km
ν , the direct sum of their Cartesian product with the code C is the entire space.

In other words: let M be the set

MC :=
{
V0 × . . .× Vℓ−1|Vi ∈ Eη(Fη

qm) ∧
ℓ−1∑
i=0

dim(Vi) = nm

ν
− km

ν

}
,

where µ, η, k and ℓ are determined by the code C, then

V ⊕ C = Fn
qm for all V ∈ MC . (5.13)

As k = n− ρ and m
ν ≤ 1, we obtain m

ν (n− k) ≤ ρ. Consequently, ∑ℓ−1
i=0 dim(Vi) = nm

ν −
km
ν ≤ ρ, implying thatMC ⊂ Eρ(Fn

qm). By Lemma 4.9, we can write b in equation (5.12)
as b = f̄u(u). Together with equation 5.13 and the linearity of f̄u we obtain that b can
be expressed as

b = f̄u(u) = f̄u(c + e) = f̄u(c) + f̄u(e)
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where c ∈ C and e = [e1| . . . |eℓ] ∈ V ∈ MC ⊂ Eρ(Fn
qm) such that f̄u(V) ⊂ W ∈

Eρ(Fn
qm+u). Hence, f̄u(e) ∈ W and consequently, f̄u(e) + a ∈ W. Therefore,

u = a + b = a + f̄u(c) + f̄u(e)

with wtSR,ℓ(a + f̄u(e)) = ∑ℓ−1
i=0 wtSR,1(ai + f̄u(ei)) ≤ ρ. Thus, the sum-rank distance of

u to f̄u(c) is upper bounded by

dSR,ℓ(u, f̄u(c)) = wtSR,ℓ(a + f̄u(e)) ≤ ρ.

So, the distance of u to the image of the code C under f̄u is also upper bounded by ρ,
i.e., dSR,ℓ(u, f̄u(C)) ≤ ρ, leading to

max
u∈Fn

qm+u

dSR,ℓ(u, f̄u(C)) ≤ ρ.

This shows that the covering radius of f̄u(C) is smaller than or equal to ρ.
Since C has covering radius ρ, there exists a vector x ∈ Fn

qm such that dSR,ℓ(x, C) =
ρ. Using that f̄u is rank-preserving and linear, we obtain that f̄u is even sum-rank
preserving. Thus, for this vector x it follows that

ρ = dSR,ℓ(x, C) = min
c∈C
{wtSR,ℓ(c− x)} = min

c∈C
{wtSR,ℓ(f̄u(c− x))}

= min
c∈C
{wtSR,ℓ(f̄u(c)− f̄u(x))} = dSR,ℓ(f̄u(x), f̄u(C)),

which indicates that there is a vector with a sum-rank distance of ρ to f̄u(C). Therefore,
the covering radius of f̄u(C) is exactly ρ.

Using the result from Lemma 5.27, we can now establish a non-trivial upper bound
on the minimum cardinality of a code with a given covering radius. A similar result was
derived for the rank metric case in [GY08b]. Unlike their result, our bound does not
impose any restrictions on the relationship between m and n.

Theorem 5.28 ([OLWZ22, Theorem 9]). For an ℓ-sum-rank-metric code C ⊂ Fn
qm with

sum-rank covering radius ρ, where 0 < ρ < µ · ℓ, the minimum cardinality of the code is
upper bounded by

KSR,ℓ(Fn
qm , ρ) ≤ q(m−⌊ ρ

ℓ
⌋)·(n−ρ).

Proof. Let m,n, ℓ be positive integers such that ℓ is a divisor of n. Furthermore let µ be
the minimum min{m, η}, ν := m−⌊ρ

ℓ ⌋ and ρ a positive integer such that ρ < µ · ℓ. With
Lemma 5.27 it follows, that there exists a linear ℓ-sum-rank-metric code C over Fn

qν of
length n, dimension n − ρ and covering radius ρ with minimum distance ρ + 1, i.e., C
is an MSRD code. Given a basis α0, . . . , αν−1 of Fqν and a basis β0, . . . , βm−1 of Fqm

with α0 = β0 = 1 and Bν := ⟨β0, . . . , βν−1⟩, we define the following sum-rank-preserving
mapping, similar to the one defined in Lemma 4.9, with u := ⌊ρ

ℓ ⌋:

fu : Fqν → Bν , αi 7→ fu(αi) = βi for all i ∈ {0, . . . , ν − 1}.
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Hence, each element a = ∑ν−1
i=0 aiαi ∈ Fqν , with ai ∈ Fq, is mapped to

fu(a) = fu

( ν−1∑
i=0

aiαi

)
=

ν−1∑
i=0

aifu(αi) =
ν−1∑
i=0

aiβi.

The extension of fu to n-dimensional vectors is given by just applying it componentwise:

f̄u : Fn
qν → Bn

ν , v = [v0, . . . , vn−1] 7→ f̄u(v) = [f̄u(v0), . . . , f̄u(vn−1)].

Since u · ℓ ≤ ρ we can apply Lemma 5.27 which tells us, that the image f̄u(C) ⊂ Fn
qm is

an [n, n− ρ] code with covering radius ρ. Now, we consider the cardinality of f̄u(C). As
f̄u is a bijective mapping, we have that

|f̄u(C)| = |C|.

The dimension of C over Fqν is n− ρ. Hence,

|C| = qν(n−ρ) = q(m−⌊ ρ
ℓ

⌋)·(n−ρ).

As the minimum cardinality of a code in Fn
qm with covering radius ρ is upper bounded

by the cardinality of f̄u(C), we obtain

KSR,ℓ(Fn
qm , ρ) ≤ |f̄u(C)| = |C| = q(m−⌊ ρ

ℓ
⌋)·(n−ρ).

In the context of finding bounds on the minimum cardinality of a code for a given
vector space and covering radius, it is useful to establish relationships between the min-
imum cardinalities of codes with different lengths and covering radii. Such relationships
can provide insights into how the code parameters scale and how larger codes can be
constructed from smaller ones while maintaining or enhancing their error-correction ca-
pabilities. The following proposition addresses this problem by establishing a relation-
ship between the minimum cardinality of a code of length n and covering radius ρ, a code
of length n′ and covering radius ρ′ and a code of combined length n + n′ and covering
radius ρ + ρ′. This proposition shows that the minimum cardinality of the combined
code is upper bounded by the product of the minimum cardinalities of the individual
codes.

Proposition 5.29 ([OLWZ22, Lemma 7]). Let n, n′, ρ, ρ′, ℓ and m be nonnegative
integers with m > 0 where ℓ divides both n and n′. Then the minimum cardinality of a
code in Fn+n′

qm with covering radius ρ+ρ′ is upper bounded by the product of the minimum
cardinalities of codes in Fn

qm with covering radius ρ and Fn′
qm with covering radius ρ′:

KSR,ℓ(Fn+n′
qm , ρ+ ρ′) ≤ KSR,ℓ(Fn

qm , ρ) · KSR,ℓ(Fn′
qm , ρ′).
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Proof. Let x,y ∈ Fn
qm and x′,y′ ∈ Fn′

qm . The concatenated vectors (x|x′) and (y|y′) be-
long to Fn+n′

qm . Then the sum-rank distance between these concatenated vectors satisfies
the following inequality:

dSR,ℓ((x|x′), (y|y′)) ≤ dSR,ℓ(x,y) + dSR,ℓ(x′,y′). (5.14)

Now, consider codes C ⊂ Fn
qm and C′ ⊂ Fn′

qm with covering radii ρ and ρ′, respectively.
Then for any vector (v|v′) ∈ Fn+n′

qm there exist codewords (c|c′) ∈ C ⊕ C′ with c ∈ C and
c′ ∈ C′ such that dSR,ℓ(c,v) ≤ ρ and dSR,ℓ(c′,v′) ≤ ρ′. By applying inequality (5.14) we
obtain

dSR,ℓ((c|c′), (v|v′)) ≤ ρ+ ρ′.

Since for any two linear subspaces C ⊂ Fn
qm and C′ ⊂ Fn′

qm it holds for their cardinality
that

|C| · |C′| = |C ⊕ C′|,

the claim follows.

5.2.3. Numerical Comparison of the Upper and Lower Bounds

To conclude this section, we provide a detailed numerical interpretation of the covering
bounds given in Section 5.2.1 and Section 5.2.2. In order to compute these bounds,
we rely on the formulas for the volume of sum-rank balls given in Section 4.2.1 and on
bounds on this volume given in Section 4.2.2. A major limitation in earlier work was
the inability to evaluate the bound from Theorem 5.25 involving the intersection of two
balls, since no general method to compute such intersection volumes was available. This
gap has recently been addressed in [OLWZ23] (see Section 4.2.3), which provides the
required intersection formulas. With this tool at hand, we are now able to compare our
bounds including the one that depends on ball intersections. However, this computation
is currently feasible only for small parameter choices due to its complexity. Figure 5.5
plots the minimum rate of sum-rank-metric codes as a function of their relative covering
radius ρ

n , using the parameter setting q = 2 and m = η = ℓ = 32. As the covering
radius ρ increases (and consequently the relative covering radius ρ

n), fewer codewords are
required to fully cover the ambient space with spheres of radius ρ. Thus, the minimum
achievable rate decreases with increasing covering radius.

Behavior of the Lower Bounds

The red curve corresponds to the lower bound (Sphere-Covering Bound) established in
Theorem 5.22, which provides a fundamental limit on the minimum number of codewords
needed to ensure full coverage. Its simplified version from Theorem 5.23 is computation-
ally easier to evaluate and is visualized by the orange curve. The difference between the
two lower bounds is minimal across the whole range, with the simplified bound closely
approximating the exact bound, though the red curve remains slightly tighter accross
most of the range.
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Figure 5.5.: Covering Bounds with q = 2, m = 32, η = 32, ℓ = 32.

Behavior of the Upper Bounds

Two upper bounds are used to cap the achievable rate from above. The non-trivial upper
bound (Theorem 5.28), shown as the green staircase curve, incorporates a floor function
that leads to its stepped shape. This bound is more refined than the trivial upper
bound and provides a sharper rate estimate across the range. In contrast, the lime green
straight line represents the trivial upper bound from Theorem 5.26. This bound decreases
linearly with ρ

n and serves as a pessimistic but simple estimate. While easy to compute,
it significantly overestimates the code rate for a given covering radius, especially in the
mid-range of ρ

n compared to the tighter bound provided by Theorem 5.28. Nevertheless,
its inclusion is valuable as a worst-case upper limit and as a theoretical reference despite
not accounting for dependencies on the number of blocks ℓ.

Tightness and Practical Implications

Most notably, the gap between the green upper bound and the red and orange lower
bounds remains small across the full range of relative covering radii. This close alignment
indicates that the bounds are tight and that practical code constructions can potentially
achieve rates close to the theoretical limits.
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6
Conclusion

This thesis has explored structural and performance-related aspects of error-correcting
codes beyond the classical setting of codes over finite fields in the Hamming metric, with
a particular emphasis on codes over rings and on codes in the sum-rank metric. The
presented results broaden the theoretical foundations of coding theory while also being
of practical relevance in the design of efficient and robust codes.

In Chapter 3, we have investigated dual-containing codes over finite commutative
Frobenius rings within the framework of skew polynomial rings. We constructed cyclic
left module codes of the form C = Rg/Rf ⊂ R/Rf with f = hg = gℏ. A key step in our
approach was to derive conditions for dual containment and parity-check construction
by reducing the structural constraints which are differential equations on the generator g
and its cofactor ℏ to systems of multivariate polynomial equations over a smaller subring
B. This reformulation enabled the application of Gröbner basis methods, allowing us
to algorithmically identify all dual-containing codes with prescribed parameters and to
test their structural properties. Our results demonstrate several important phenomena.
First, the dual of a cyclic left module code is not necessarily a cyclic left module code, a
fact confirmed by an explicit algorithmic test. Second, non-trivial endomorphisms and
derivations play an essential role, as certain dual-containing codes can only be obtained
in their presence. Third, we illustrate the interest of non-central modulus polynomials
f , i.e., the factorizations f = hg and f = gℏ yield distinct cofactors. As an example, we
give a generating polynomial g of a [6, 4] dual-containing code for which all eight degree-
6 polynomials f = hg = gℏ are non-central. Beyond their intrinsic structural interest,
these results have practical significance for the construction of quantum error-correcting
codes, where dual containment is a fundamental requirement. The Gröbner basis ap-
proach provides a tool for exploring dual-containing codes over finite rings, though it
remains computationally constrained by the complexity of Gröbner basis computations.
Nevertheless, by applying the method to small commutative rings of order four and to
the Galois ring GR(4, 2), we were able to produce explicit examples that illustrate the
diversity and potential of such codes. A natural direction for future work is to accelerate
the Gröbner basis approach so that it can handle significantly larger parameters. This
would not only broaden the range of practically computable examples but also enable
the discovery of new families of dual-containing codes and may reveal new structural
properties and phenomena that remain hidden at small parameter sizes.
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6. Conclusion

In Chapter 4, we introduced the concept of elementary linear subspaces, adapting
and extending established results from the rank metric to the sum-rank metric. This
framework serves as an effective analytical tool for investigating structural properties of
the metric. Building on these foundations, we examined the geometry of spheres and
balls in the sum-rank metric, analyzing their volumes and establishing tight upper and
lower bounds that enable more efficient computation. Motivated by the study of covering
properties of sum-rank-metric codes, we further analyzed the volume of the intersection
of two balls with radii δ and δ′ whose centers are separated by a sum-rank distance δ.
We derived a general expression for this volume, identified two special cases in which
it can be computed efficiently and derived closed-form formulas for these scenarios. A
promising direction for future research is the development of fast computable upper
and lower bounds for the volume of this intersection in general, which would further
advance the study of covering properties and related coding-theoretic questions. Another
natural direction of investigation for the future is the derivation of an efficient algorithm,
similar to the one for computing ball sizes in [PRR22], for evaluating the volume of ball
intersections.

In Chapter 5, we investigated fundamental properties of codes in the sum-rank metric,
focusing on their cardinality bounds and covering properties. Building upon the geomet-
ric foundations established in Chapter 4, we revisited sum-rank analogues of classical
cardinality bounds such as the sphere-packing (SP) and Gilbert–Varshamov (GV) bound
for linear codes. A central aspect of this analysis was the connection to an algorithm for
computing sum-rank sphere sizes introduced in [PRR22], which makes the evaluation of
these bounds feasible in polynomial time. Since the exact computation of ball sizes can be
prohibitively expensive, we further developed simplified bounds by incorporating lower
and upper estimates of the sum-rank ball volume. These approximations not only allow
for faster computation but also lead to asymptotic variants of these bounds. In contrast
to earlier work such as [BGLR21], which primarily addressed the case of bounded block
sizes, our results cover scenarios with growing block sizes and thus broaden the scope
of asymptotic analysis. Moreover, we established that random linear codes achieving
the GV-like bound in the sum-rank metric, much like in the Hamming and rank metric,
are the generic case. Finally, we examined the Singleton bound in the sum-rank metric
setting, identifying structural criteria for codes to achieve it with equality. Codes satis-
fying these conditions, termed maximum sum-rank distance (MSRD) codes, generalize
MDS and MRD codes. Linearized Reed–Solomon (LRS) codes provide a prominent ex-
ample, though their parameters are restricted by ℓ < q and η ≤ m. To highlight the
abundance of MSRD codes, we derived probabilistic lower bounds showing that, as the
extension degree of the underlying field grows, random linear codes achieve the MSRD
property with high probability. In addition to cardinality bounds, we also analyzed
covering properties of codes in the sum-rank metric. The covering problem, which asks
for the minimum number of metric balls of a fixed radius required to cover the entire
ambient space, is fundamental to evaluating the efficiency of codes in both theory and
applications. We established relationships between the covering radius in the sum-rank,
Hamming, and rank metrics. Building on this, we provided lower and upper bounds on
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the minimum code size required for a given covering radius. The trivial upper bound of-
fers a simple worst-case estimate, while the refined non-trivial bound incorporates block
structure and provides a much sharper characterization. On the other side, our lower
bounds guarantee that any code covering the space must have at least a certain size,
thereby constraining the achievable trade-offs between redundancy and error-correcting
capability. Importantly, our results show that the gap between the best known lower
and upper bounds remains small across a wide parameter range, highlighting the tight-
ness of our bounds. Hence, efficient code constructions can in practice operate close to
these theoretical limits. From an applied perspective, the covering radius serves as a
measure of the worst-case error correctable by a code. The investigations of cardinality
bounds and covering properties contribute to a more comprehensive picture of the fun-
damental trade-offs between low redundancy and strong error-correcting capability in
sum-rank-metric codes. Beyond their theoretical significance, these insights have prac-
tical relevance for the design of codes in the sum-rank metric, and pave the way for
the study of explicit constructions and decoding algorithms that achieve or approximate
these bounds. One promising avenue for future research is the construction of explicit
families of codes in the sum-rank metric that approach the established cardinality and
covering bounds while allowing for efficient decoding algorithms. Another important
direction lies in the refinement of covering results, in particular through the derivation
of asymptotic bounds.
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A
List of Symbols and Acronyms

Algebraic Notations

N0 Set of all positive integers including 0
N∗ Set of all positive integers except 0
Fq Finite field with q elements (q prime power)
Fqm Finite extension field with qm elements (q prime power, m ∈ N)
Zm Ring of integers modulo m
extB(·) Mapping Fn

qm → Fm×n
q w.r.t. the Fq-basis B of Fqm

A[X] Ring of polynomials in one indeterminate X with coefficients in A
A[X]/(f) Quotient ring of A[X] modulo the ideal generated by f ∈ A[X]

R = A[X; θ, δ] Skew polynomial ring over A with indeterminate X,
endomorphism θ and derivation δ

⟨x⟩row Row space of X := extB(x) with a basis B
⟨x⟩col Column space of X := extB(x) with a basis B
NMq(n,m, t) Number of m× n matrices over Fq of rank t[
n
t

]
q

q-binomial coefficient

γq
∏∞

i=1(1− q−i)−1

Kδ(x, n) Generalized q-Krawtchouk polynomial
Ek(Fn

qm) Set of all elementary linear subspaces of Fn
qm of dimension k

v(V) The projection of v ∈ W on V ⊂ W along V̄, where V ⊕ V̄ =W

Aℓ,t
Set of block matrices given n, η, ℓ, t ∈ N with t ≤ n = η · ℓ:{

A = ⊕ ℓ
i=1Ai ∈ Ft×n

q | Ai ∈ Fti×η
q , rk(Ai) = ti,

∑ℓ
i=0 ti = t

}
Uℓ,t

Set of block matrices given n, η, ℓ, t ∈ N with t ≤ n = η · ℓ:{
U = ⊕ℓ

i=1 U i ∈ Aℓ,t | U i upper triangular matrix
}

kerL(·) Left kernel
kerR(·) Right kernel
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A. List of Symbols and Acronyms

Codes
C Code
n Code length
k Dimension of a linear code
d Minimum distance (w.r.t.) a given metric
R Code rate k

n
[n, k, d]-code C (Ring-)linear code C of length n, dimension k,

and minimum distance d
C⊥ Euclidean dual code
C⊥σ σ-Hermitian dual code
d(·) Metric (or distance) on a given set

wt(·) Norm (or weight) which maps each vector of a given vector space
to a postive integer

Sum-Rank Metric (Codes)

Most of the following notations depend on the number of blocks, represented as ℓ. When
we substitute ℓ with 1, we are referring to the rank metric, and when ℓ equals n, we are
dealing with the Hamming metric. Also, the majority of the notations are contingent
on the associated vector space, denoted by the subscript W. If there is no subscript, we
are dealing with W = Fn

qm by default.

ℓ Number of blocks of a vector x = [x0, . . . ,xℓ−1] ∈ Fn
qm

η Size of a block xi of a vector x = [x0, . . . ,xℓ−1] ∈ Fn
qm

µ min{m, η}
ν max{m, η}
dSR,ℓ(·) Sum-rank metric (or distance) with ℓ blocks
wtSR,ℓ(·) Sum-rank norm (or sum-rank weight) with ℓ blocks
ρSR,ℓ Covering radius of a sum-rank-metric code with ℓ blocks

KSR,ℓ(V, ρ) Minimum cardinality of a code over V in the sum-rank metric
with covering radius ρ

Tt,ℓ,µ Set of ordered partitions of t into ℓ terms of size ≤ µ

Tt,ℓ,µ
Set of ordered partitions of t into ℓ terms ti ≤ µi

∀i ∈ {0, . . . , ℓ− 1}
Sℓ(x, δ)W Sum-rank-metric sphere in W of radius δ and center x
Bℓ(x, δ)W Sum-rank-metric ball in W of radius δ and center x
VolSℓ

(δ)W Volume of a sum-rank-metric sphere in W of radius δ
VolBℓ

(δ)W Volume of a sum-rank-metric ball in W of radius δ

Iℓ(x1, δ1,x2, δ2)W
Intersection of two sum-rank-metric balls
Bℓ(x1, δ1) ∩ Bℓ(x2, δ2) in W

VolIℓ
(δ1, δ2, τ)W

Volume of the intersection of two sum-rank-metric balls in W
of radii δ1, δ2 with distance τ between their respective centers
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Further Notations

Pr(·) Probability measure which maps each element of a given
σ-algebra into the interval [0, 1]

f ∈ ω(g) f grows faster than g
f ∈ Ω(g) f grows at least as fast as g
f ∈ O(g) f is asymptotically upper bounded by g
f ∈ O∼(g) As O(g), but ignoring logarithmic factors in the input parameter

Acronyms
GRS Generalized Reed–Solomon
MDS Maximum Distance Separable
MRD Maximum Rank Distance
MSRD Maximum Sum-Rank Distance
SP Sphere Packing
GV Gilbert–Varshamov
LRS Linearized Reed–Solomon
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