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Abstract— Impact robustness is critical when selecting and
designing quasi-direct-drive (QDD) actuators for legged robots,
yet currently used gear ratios vary widely. We derive a soft
gear-ratio boundary beyond which reducing reflected inertia
provides rapidly diminishing benefits for impact robustness.
The boundary follows from factoring impact robustness into
an energy-ratio term and an inertia-ratio term, with the latter
exhibiting strong nonlinear behavior. Applying the resulting
criterion to existing robots shows that proprioceptive designs
with low collision energy can slightly exceed this boundary,
whereas systems with larger link inertia remain below it. To
support practical actuator selection, we also provide a browser-
based calculator for real-time visualization of impact robustness
across a wide parameter range. Together, these contributions
enable rapid design exploration and provide a quantitative
criterion for actuator selection in impact-prone legged robots.

I. INTRODUCTION

In legged locomotion and fast manipulation tasks, weight-
optimized robots frequently experience high-frequency im-
pacts and sudden disturbances [1]. The corresponding ac-
tuation system must therefore provide both high dynamic
performance and mechanical robustness under impact. One
approach that combines lightweight joint designs [2] with
collision tolerance is the use of an explicit mechanical spring
in the drivetrain, as in series elastic actuators (SEAs) [3],
where the elasticities beneficial effect on collision tolerance
has been experimentally validated [4]. Furthermore, direct
calculation of the stiffness required to achieve a given impact
robustness enables fast design iterations [5]. However, the
inherent compliance of the spring limits the force-control
bandwidth [6], and the spring mass remains an optimization
challenge [7].

An alternative to SEAs is to reduce reflected motor in-
ertia in view of its negative influence on impact robust-
ness [3] across actuator configurations [8]. This approach
was pioneered as proprioceptive actuation, which combines
high-torque motors with gear ratios as low as 5.8 and
lightweight links, thereby enabling high transparency and
high-bandwidth torque control [9]. The low gear ratio pre-
serves many of the key benefits of direct-drive actuation [10].
The architecture became widely known as quasi-direct drive
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Fig. 1.  Schematic diagram of the actuator model. The link inertia is
connected to an ideal gearbox and rotor via a transmission elasticity K.
An impulse p with sinusoidal torque profile on the external torque Tex; and
contact time At excites an oscillation of the gearbox interface torque Ty
defined at the gearbox output.

(QDD); however, early definitions based on single-stage
planetary gearbox actuators (e.g., [11]) do not capture the
broad range of gear ratios observed in commercially available
QDDs that have recently emerged in the market as shown in
Tab. [l Sec. In [12], the design rationale is supported
by the Impact Mitigation Factor (IMF), which quantifies the
reduction in Cartesian impact forces due to the projected
inertias of motor and joint to the collision point. While useful
for comparing system-level impact responses, the IMF does
not directly relate to joint-level forces or provide insight into
the mechanical limits of the drivetrain. Subsequent platforms
leveraged high-torque, large-diameter motors to achieve
direct-drive-like characteristics in humanoid systems [13].
More recently, commercial humanoids have adopted gear
ratios exceeding 20 [14]. Such high gear ratios may un-
dermine the benefits of QDD actuation because rotor-side
dynamics, including inertia and friction, scale quadratically
with the gear ratio V. Since the limited previously published
experimental results could be explained without friction [15],
[16], this work focuses on the influence of inertia, where the
rotor inertia Iy, is felt at the gearbox output as reflected motor
inertia, or armature inertia, I, = I,,N2.

In this paper, impact robustness is given by the ratio
of the maximum admissible joint impulse before exceeding
the gearbox-interface torque limit and a reference impulse
determined by the intended use case. We then address the
question of which gear ratio provides the best trade-off be-
tween reflected inertia and output torque, while introducing
a formalized criterion for impact robustness applicable to
quasi-direct-drive actuators. Accordingly, this paper makes
two main contributions:

« it factors the impact robustness equation, rooted in short-
term contact mechanics of SEAs into an energy ratio term
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and an inertia ratio term. We show that the high non-
linearity of the latter enables the derivation of an analytical
expression for a theoretical gear ratio limit beyond which
the inertia term’s positive influence on impact robustness
erodes; and

o it introduces a practical browser-based calculator that
enables real-time computation and visualization of impact
robustness across a range of design parameters, supporting
rapid design exploration.

II. ANALYSIS OF IMPACT ROBUSTNESS

This section first derives the maximum gearbox-interface
torque Ty peak for a given transmitted impulse, then presents
a physical interpretation based on a dimensionless reformu-
lation, and concludes with two use cases.

A. Gearbox Interface Torque T,

Impact-induced gearbox-interface torque 7, limits the life-
time of the gearbox and other actuator components. Fig. []
shows the assumed two Degree-of-Freedom (DoF) actuator
model with rotor inertia I, rotor velocity ¢, link inertia I,
and link velocity ¢,. A gearbox with reduction ratio N
transforms I, at the gearbox output to the reflected motor
inertia, or armature inertia, I, = N21,,. Structural elasticities
of the gearbox and robot are modeled with a single concen-
trated stiffness K. Impacts result in a momentum exchange
with impulse p, during which the external link torque 7ex
increases over a contact time At¢. We model this as a half-sine
profile using the Heaviside function H (t) as follows [16]:

t
Tex(t) = sin (L) ﬁa —H(t-A))p. (1)

With (T), the governing equations of motion are given as

Iniin = N7'7y, 2)
K(Qu - N(Im) = Tu, 3
qu.u = —Tu + Text» (4)

which are solved for 7, using the Laplace transform with the
Laplace variable s, similar to [5], as follows:

KI
W) =L7" 2 c : 5
w0 = £ (et W) ®
Kp asin (£t) — sin(wt)
a ,0<t < At
_ ) 2w 1—a?
Kp si — wt) — si t ’
p sin(ma — wt) — sin(wt) 4> AL
21w 1—a?
where w = ( Né(lm + IK.,) denotes the eigenfrequency, and

a = % denotes the period factor that relates At to half
of the period of the system T/, = Z. Fig. [2] illustrates two
cases of (3) with At < T/, and At > T 5.

For a < 1, the system response with ¢ > 0 is dominant
and the peak gearbox-interface torque Ty pesx is derived
following [16] as

Kp 72 cos (%)

Vs
T 7 7 D<A< = (6)
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Fig. 2. Not-to-scale illustration of (3) for both short contact times
At < T/ and long contact times At > T7 /5. In both cases the impact
excites a torque oscillation. For short contact times, only the first half period
is disturbed, while for long contact times the system roughly follows the
impact torque profile during the contact.
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Fig. 3. Factors of the impact robustness r; energy-ratio term rg and inertia-
ratio term 7~ on a log-log plot with base 3 = 10. With respect to Motor-
Link inertia ratio v, the maximum-curvature point 7yxmax indicates a soft
transition between two regions of influence.

which decreases monotonically as At increases within the
following bounds:

. K
Tu,peak,0— AI%IBO (Tu,peak,At) = ﬁpv (7N
u
. Kr
Tu,peak, Ty j3 = Atllgrl/w (Tu,peak,At) = mzp (3

Our analysis assumes concentrated linear elasticity that
summarizes transmission and structural elasticities, negli-
gible friction during the impact event, and no significant
closed-loop control interactions over the contact interval.
These assumptions are most appropriate for short contact-
time impacts or short-term contacts with At < T} /2. For
such short-term contacts (3) has been experimentally ver-
ified [16]. For long-term contacts, (E[) should therefore be
interpreted as a theoretical approximation. When the impact
disturbance becomes slower, interaction with closed-loop
control becomes more likely, and the influence of friction
remains unstudied in this contact-time domain.

B. Normalized Impact Robustness

We define an impact-robustness measure r as the ratio
of the maximum admissible impact pn,, to the reference



impact pref, i.€., 7 = Pmax/Pret> fOr the worst-case contact-
time At — 0. With a maximum admissible torque at the
gearbox interface 7,,x and r becomes

_ Pmax _ max I + I
Dref Kpl-ef

)

Substitution of kinetic energy of the reference im-
pulse Ey, = %pfef/fu, maximum potential energy of the
drivetrain elasticities Epo = %Tnzm /K and motor-link inertia
ratio v = I,/I, yields

(7) = JEpor [yt
Eiin Y
TE T

Equation (T0) reveals that impact robustness has two main
factors. First, the energy-ratio term rE = +/Epot/Exin and

second the inertia-ratio term 7, = /(v + 1)/~. Fig. Ishows
both r and r in a log-log plot. For rg, a constant slope of 5

is visible, while for r., the curvature x;(J) changes. Plottlng
the robustness reveals a transition region beyond which
reductions in reflected inertia provide rapidly diminishing
improvements in robustness. In the log-log plot it is defined
over the logarithmic robustness 7#(§) = logﬁ(r(ﬁ‘s)) with
base 3 and transformed abscissa § = logg(7) as

2 A2\
m(é)=<885(26)>/<1+(68f))> , o an
1 Epot B +1
(3) ln<Eiin>—|-ln< 5 )

In the parameter range 6 € R or v € RT a single extreme
value for k4 exists as Vumax:

(10)

7(6) = (12)

{arg(aﬂrﬂ/%:O)’éER} (13)

Yemax =

~ 1.18.

The varying curvature in the log-log plot k; highlights a
highly nonlinear influence of v on r. For values v < ¥xmax,
a change in ~ strongly influences r; for values v > Vimax,
this influence becomes small. Note that y,max 1S independent
of Euin, Epor or 3. We therefore interpret 7omax as a soft
transition rather than a strict threshold and propose the
following classification:

o 7 < Yrmax: QDD-like actuator.

Changes in 7 strongly influence impact robustness; reduc-

ing reflected inertia is therefore expected to be an effective

design lever.
o ¥ > vVumax: High-Inertia Actuator (HIA).

Changes in v have only a minor influence on impact

robustness; therefore, robustness is expected to depend
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Fig. 4. Vertical drop-height configuration. Left: general case in which
dropping a robot from height & with mass matrix M (q 7) creates a collision
force f that is mapped to the joints via a Jacobian J . Right: simplified
case in which the mass of the foot is concentrated at the collision point and
the collision force is mapped via [ to the joint gy.

more heavily on other mechanisms such as elasticity,
damping, structural strength, or reduced collision energy.

With this classification, a gear-ratio limit can be computed
for each actuator use case in which both I, and I, are known:

I,
7Y kmax T .

m

Nimax = (14)
This analysis is based on the worst-case assumption
of At — 0. Increased values of At slightly shift the
maximum-curvature point, which is acceptable because the
proposed boundary is intended as a soft design indicator.

Traditional approaches to impact-robust actuators have fo-
cused on increasing E, by integrating dedicated springs [3].
A second approach is to minimize the reflected iner-
tia I, [11], hence reducing . A third approach is to reduce
the reference kinetic energy FEy,, e.g. by reducing I,. In
the design of proprioceptive actuation, both I, and I, are
minimized [9], [12].

Regarding the capacity for total collision torque 7y,,x of
the actuator, (I0) reveals that, while 7,,x has a quadratic
influence, the robustness r is governed by the total potential
energy the actuator can absorb E,,. A potential pitfall in
the optimization of 7,.x iS a simultaneous increase in K,
which could decrease FE,, and thus reduce the total impact
robustness 7.

Equation (T4) provides a criterion for selecting N. There
is no universal gear ratio that makes an actuator QDD-like
in terms of impact robustness. Instead, this classification
depends on the rotor inertia I, and attached link inertia I,
which is a use-case parameter. Thus, QDD-like impact
robustness can be maintained for fixed I, when a higher
gear ratio IV is compensated by a decrease of Ip,.

C. Exemplary Reference Impact

This section discusses the considered reference impact
cases, defined by the maximum link velocity and maxi-
mum drop height. These reference impacts are crucial for
determining the kinetic energy FEy, used in the robustness
equations above.



1) Maximum Link Velocity: A link moving around a
stationary axis at maximum angular velocity ¢max is stopped
by an impulse prer,q, which changes the link energy by Eiiy 4.
Both values then follow as

Dret,qg = *IUQmaxa (15)
1.
Eiing = §qur2nax. (16)

2) Maximum Drop Height: A robot visualized on the left
of Fig. @] with n minimal coordinates g, rigid-body mass
matrix M (q), and no initial joint velocities is dropped from
a height h.¢ along Cartesian coordinate z, where ground
acceleration g is present. The robot impacts the ground with
a relative velocity Av = +/2gh,s and a contact normal
along x. For this short-term prediction we assume that
the joint configuration g does not change during At. The
force f, experienced by the contact point during impact is
transformed to g with a Jacobian J,(q) as Tex = Jfo-
The scalar collision inertia A, is then given as

Nolg) = (F.M 7T g (17)
The impulse experienced by the joints is therefore p,.j,
from which the total kinetic energy released in the sys-
tem, Eiin p tot, fOllows as

Dret,n = Jg)‘ac V 2ghet, (18)
1 _
Biin ot = 5 (T3 Aa) "M 1T 7N (20hne)
= AgGhiet- (19)

The link coordinate of interest is the i-th element of g
which we extract with the unit vector e; as ¢, = e;q. With
this, Tex = €;J - f, and it follows

DPref,h = esz)\m V 2ghref~

In this case, I, is the apparent inertia associated with a
Cartesian impulse p,. that creates a joint-velocity change Ag,
as

(20)

LA = i p,
Le;M ' Jlp, = e;J L ps,
_ed Z
e ML
From this, the kinetic energy released by the impact in joint ¢
is derived as follows:

21

u
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Ekin,h = )\mghrefa (22)

where f; is the factor of absorbed energy in joint ¢ as f; =
Ein, b/ Exin,h tot- FOr a worst-case approximation we propose
to use f; = 1.

In the simplified case shown on the right of Fig.[d] the foot
joint j and the collision point are aligned horizontally and

separated by [ such that J f = ej‘J f‘ = e;l. Additionally
all mass in the foot my is concentrated in the collision
point. In this case I, s = msl? and hence f; = 1. We can
therefore give a simplified expression for the corresponding
impulse prer s on the foot joint ¢, with the reference
kinetic-energy change Exin p,s

Dref,h,s = lmf V 2ghyes, (23)
Elin,h,s = Mg ghuet. 24

This result may initially appear counterintuitive: the ap-
parent inertia must be used for I, and this inertia depends
on both the robot configuration and the contact location. For
example, an impact directly below the ankle joint creates no
torque load on the joint, but it does create structural loads
in its bearings. We therefore recommend including structural
loads as constraints when optimizing I,.

3) Contact Time Estimation: A worst-case contact
time At can be estimated from the contact stiffness ¢ and the
assumption of a single-DoF spring-mass collision model [5]
as

At =7/ A /c

Structural elasticities of the links between impact and joint
are likely to increase At experienced at the joint. Therefore,
these elasticities should be respected in c or K.

(25)

D. Relation to Impact Mitigation Factor

Both the IMF defined by Wensing et al. [12] and (9) relate
the reflected motor inertia to the inertia of the rest of the
system. The difference between the two metrics is that the
IMF computes a measure of the total impulse experienced
during an impact by combining the effects of reflected and
link inertia, whereas for r, the impulse following an impact
on the rigid body, neglecting reflected inertia, is projected to
a single joint. At the single joint, » compares the joint torque
with the maximum admissible gearbox-interface torque Tp,x.
To do so, r relates rotational inertia through r,, and accounts
for the inertia projected to the collision point A via FEy,
in rg. The IMF assumes that I, influences the collision
forces, while for » we assume that transmission elasticities
decouple I, from the impact event. The latter assumption
is justified for short-contact-time impacts. In summary, both
measures are valuable tools to cover different aspects of the
system design.

III. INTERACTIVE CALCULATOR

The previous section focused on the general influence of
parameters on the design space. For a specific design, the
underlying equations must be evaluated at the corresponding
design point. Furthermore, parameter exploration helps build
design intuition. This section therefore introduces an interac-
tive browser-based calculator for real-time computation and
visualization of impact robustness, shown in Fig. 5| which
can be accessed at https://github.com/DLR-RM/
drop—height-calculator!l

Our calculator is based on the assumption that the user
wants to explore impact robustness for a use case such as a
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sudden stop at maximum link velocity or a maximum drop
height. A set of parameters that represent a candidate actuator
can be varied by sliders. As a result, the robustness metrics
of maximum admissible impact py.x and maximum drop
height hn.x are calculated together with several plots that
show parameter sensitivity at the current design point. The
user can save parameter sets for both candidate actuators
and candidate use cases during a session to keep track of the
design point. Furthermore, up to two saved actuator presets
can additionally be displayed in the interactive plots.

The plots highlight the selected design point for each
actuator preset, as well as the parameter values that cor-
respond tO Yxmax Similar to (]ED if applicable. A change of
maximum and minimum parameter values will change both
the range of the sliders and the x-axis limits of the plots. For
small parameter ranges, we recommend disabling the log-
log view for each axis. The plots distinguish between short-
term contacts At < T/, using (6) and long-term contacts
with At > T} /5 using numerical maximum search. Here, our
calculator shows some local maxima of » which we attribute
to frequency matching effects when At = 2Ti,5,2 €
77" . The unmodeled friction will influence both the natural
frequency and T7 /5 as well as the total torque response of the
system. We recommend avoiding design optimization based
on these local maxima and validating the actuator choice
when At > T} ,2 With a numerical simulation that includes
friction and closed-loop control. When At > T, the
sometimes drastic increase in 7 points to a potentially coun-
terintuitive optimization. Theoretically, closed-loop impact
mitigation could be achieved by designing a system with high
transmission stiffness, yielding a very small 7} /o, alongside
low contact stiffness, yielding a low At. The drawback to this
approach is that it requires highly reliable control systems

and contradicts conventional safety approaches in which the
system is switched off upon failure.

We identified two actuators in [15] and [16], respectively,
for which all required parameters are disclosed, and we
added them as preconfigured presets in our calculator. Note
that we have not included commercially available actuators
in the presets since not all parameters are disclosed. Tab. [
lists the actuators for which we could identify at least two of
the following parameters: N, I;;, and 7,x; however, because
no value of K is disclosed, it is omitted from the table.

TABLE I
COMMERCIALLY AVAILABLE ACTUATORS

Gear  Reflected Peak Peak
ratio inertia delivered collision
torque torque
N I, Timax
[kg m*] [Nm] [Nm]
CubeMars
AKE90-8 [17] 8 2.1x1072 170 -
AKH70-48 [18] 48 1.2x 1071 222 -
MyActuator
RMD-X8-P20 [19] 19.6 5.8 x 1072 120 -
RMD-X12-P20 [20] 20 1.3x1071! 320 -
Westwood Robotics
Mountain BEAR [21] 14.1 7.2 x 1072 155 -
Kodiak BEAR [21] 77 12x107! 350 -
Maxon
HEJ-90 [22] - 45x107? 140 320
Synapticon
Actilink-JD12 [23] 9  4x1072 120 -
Actilink-DUO [24] 20 3.3x107! 200 -
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Fig. 6. Inertia-Ratio contribution to impact robustness -, over Motor-Link
Inertia Ratio ~ in a log-log plot with values of different legged-locomotion
systems listed in Tab. [T}

IV. APPLICATION TO EXISTING ROBOTS

This section applies our proposed soft classification of
QDD from Sec. to existing robotic systems. To do so,
it compares the inertia ratios v and impact inertia A, of
robotic systems for which these values can be computed from
disclosed data, as shown in Tab.[[lland Fig. [f] for one specific
impact pose.

We selected legged robotic systems with a total mass ex-
ceeding 15 kg that have publicly disclosed actuator reflected
inertia I, and rigid-body mass models. We define a leg pose
similar to the left of Fig. ] with a slightly collapsed leg,
the foot between hip and knee, and a vertical-impact contact
point at the back of the heel, because several running videos
show a similar ground-contact configuration [25]-[27]. Using
this pose we compute impact inertia A, and apparent link
inertia I, together with the inertia ratio v for each joint.
The exact pose used for each system is defined in Tab.
which shows the result of the computation together with
Fig. [6] Our comparison reveals that DLR Toro exhibits very
high ~ values paired with a high A\, value. The expected low
robustness is consistent with its usual restrictive operation on
a safety crane and the actuators can be classified as HIA. The
other, much more recent systems have much lower inertia
ratios, in line with their more permissive operation. The MIT
Cheetah 3, Berkeley Humanoid, and Westwood Robotics
Themis robots show slightly higher v > ~v.max values,
especially for their ankle pitch joints in our configuration.
We hypothesize that, in these cases, a low value of rp
guarantees robustness, e.g., due to transmission elasticities or
relatively low total contact inertia A\,. The latter is an explicit
design goal for Cheetah 3 [28] and Themis predecessor
Artemis [13], in line with the definition of proprioceptive
actuation [12]. In comparison, the Unitree G1 exhibits higher
values of A; but very low v < 7umax, likely relying on r,
for impact robustness consistent with our QDD-like actuator
classification.

TABLE II
INERTIA RATIO IN LEG PITCH JOINTS OF EXISTING ROBOTS

System N I Iy Qu 0% A
[-]  [kem?] [kgm®] [rad]  [-]  [ke]

MIT Cheetah 3 [28], [29]

knee 8.82  6.8e-2 3.0e-2 078 228 15

hip 7.76 6.0e-2 7.6e-2 -1.17  0.79 1.5
Berkeley Humanoid [30], [31]

ankle 9 5.6e-3 1.5e-3 0.3 364 09

knee 9 1.2e-2 1.2e-2 1.17 1.01 0.9

hip 9 7.6e-3 1.1e-2 078 0.68 0.9
Westwood Robotics Themis [21], [32]

ankle 20 9.e-3 5.4e-3 039 165 09

knee 7.7 1.2e-1 6.4e-2 -1.17 179 0.9

hip 7.7 1.2e-1 3.5e-2 078 327 09
Unitree G1 [14], [33]

ankle 16 7.2e-3 14e2 -039 052 30

knee 225  2.5e-2 7.4e-2 .17 034 30

hip 14.3 1.0e-2 1.1e0 -0.78  0.09 3.0
DLR Toro [34]

ankle 100 1.7¢0 1.3e-2  -039 130 8.1

knee 100 1.7¢0 5.4e-1 .17 3.07 8.1

hip 160 2.2¢0 2.5e-1 -0.78 8.84 8.1

V. CONCLUSION

This paper analyzes the impact robustness of quasi-direct-
drive actuators by reformulating the peak gearbox-interface
torque as a normalized robustness measure composed of an
energy-ratio term and an inertia-ratio term. The resulting
formulation reveals a strongly nonlinear dependence on the
motor-link inertia ratio 7y, with a characteristic curvature
maximum at Yqmax =~ 1.18. This value provides a soft
boundary between QDD-like actuators, for which changes in
reflected motor inertia strongly affect impact robustness, and
high-inertia actuators, for which robustness must rely mainly
on other mitigation mechanisms. The resulting criterion
shows that there is no universal gear-ratio limit for QDD-
like actuators with regards to impact robustness. Instead, the
relevant boundary depends on the ratio between reflected
motor inertia and the apparent link inertia of the specific
use case. This makes 7y;max @ practical design indicator:
below or near this value, reducing reflected motor inertia
remains highly effective, whereas far above it, designers
should expect diminishing returns and rely on additional
robustness mechanisms. We applied our method to existing
robot systems and found that conventional systems with
limited impact tolerance exceed 7max, While systems with
strongly optimized link mass and therefore reduced collision
energy only slightly exceed 7,max. Finally, we identified a
representative system with higher link mass for which v <
Yxmax- We further introduced an interactive browser-based
calculator to support real-time exploration of actuator and
use-case parameters. Together, these contributions have the



potential to massively improve actuator selection in impact-
prone robotic systems, particularly dynamic legged robots.
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