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Abstract

Although belief propagation (BP) is a useful inference tool in several network-based contexts
given its speed, its precision deteriorates when encountering loops. Generalized belief propagation
(GBP) was introduced around two decades ago to mitigate this issue. However, it did not become
widely used since it did not provide an explicit algorithm applicable to any network. This only
changed recently, with the introduction of the first explicit and general version of GBP for networks,
the CN-method, which remained until now the only algorithm with such properties. Here, we provide
a family of algorithms with these characteristics. We begin by considering the case where the network
only has short loops. In this scenario, we improve on the CN-method by developing a algorithm with
optimal time complexity, the NIB-method. We then consider networks that also have long loops.
In this context, we show that the NIB-method provides advantages compared to the CN-method:
it is faster for the networks where the CN-method is expected to work well, and it is applicable
to more networks, i.e. highly dense networks. In general, both the CN-method and the family
algorithms introduced here become non-equivalent approximations, and they can provide different
levels of accuracy when applied to the same network, as we show numerically using two artificial
networks. This discrepancy can have important practical implications, as we discuss in the context
of decoding and error correction.

1 Introduction

There is a growing interest in the use of generalized message-passing schemes as inference tools [}, [T11 [T6],
20, 2, [19]. In fact, several disciplines rely on a graph or network G = (V, &), that is, a set of points or
nodes V together with a set of edges £ between pairs of points, in order to study the collective behaviour
of a set of individual entities (associated with the points) that interact in a pairwise fashion (associated
with the edges) with each other. Networks, together with their generalization to higher order interactions
among objects (i.e. graphical models) are used, for instance, in the study of disease spread, condensed
matter physics, and both classical and quantum error correction [I3] [3] [I8], [7].

Given the large number of interactions in several systems of interest, extracting information is a
challenging task. One of the most prominent algorithms to address this problem is BP [12] [14]. While
BP is computationally non-expensive, its performance decreases when facing loops. Among the proposals
to cope with this, generalized BP [23| [21] is based on the idea of computing correlations precisely
within certain regions and then communicating this information to nearby regions in a similar fashion
to how BP operates, achieving information transmission at a global scale by successively applying local
communications which change, at each time step, according to the information each region received at
the previous step. The lack of explicit constructions in generalized BP, together with the need for non-
trivial preprocessing, led to the development of the Cantwell-Newmann method or CN-method for
networks [IT], 6], which continues to be the state-of-the-art approach [13] [17].

The CN-method introduces a set of neighborhoods {N;};cy, on per node in the network, which are
explicitly constructed in order to take care of the short loops around each node. Given two nodes
which belong to a short loop 4,5 € V, the algorithm sends a message from 7 to j, and one from j to
i, which essentially communicate the non-overlapping information from N; to N; and vice versa. The
computation of such non-overlapping information is performed, however, in an inefficient way in the CN-
method. By this we mean that the neighborhoods include uncorrelated pairs of nodes and, since such a
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lack of correlation is not taken into account when sending messages, the complexity is unnecessarily large.
This is particularly harmful in an exact implementation of the CN-method, since the complexity grows
exponentially with the number of nodes. (In order to compare the methods, we focus here on the exact
implementation of the CN-method. We make some remarks regarding approximate implementations in
Section @) We can draw a direct connection between this issue and the introduction of standard BP,
which was developed precisely by realizing that, given the simple correlations in a tree network, one can
deal with several pairs of variables separately (hence, use less computational resources) without reducing
the accuracy [15] [12].

1.1 Contribution

Our main contributions are the following:

¢ In the context of networks with only short loops, we develop an optimal message-passing algorithm,
the NIB-method (Section [f)).

e In the context of networks which also have long loops, we introduce the general (approximate)
NIB-method (Section @ and we interpolate between the NIB- and CN-methods, obtaining a rich
family of explicit generalized belief propagation methods that can be applied to arbitrary networks

(Section [7)).

2 Networks

For our purposes here, a network is a graph G = (V, ) where each node i € V is associated to a random
variable X, that takes values in a finite set X (which we assume to be independent of i for simplicity)
and, given ¢,j € V, each edge e = (4, j) € £ is associated to a non-negative function f; ; : X x X = R>g
or factor. For simplicity, we assume the network to be connected B An instance of a network can be
found in Figure [Ta]

We think of the network as an encoding of some probability distribution that we are interested in
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where

is a normalization constant or partition function ﬂ

In applications, networks may correspond to the probabilities of different spin configurations [I1] or
to the constraints satisfaction of variable configurations [I2], like the compatibility of codewords with
some observed syndrome.

In order to profit from statistical mechanics’ tools, it is useful to associate to each function f; ; some
energy E; ; = —log f; ; ﬂ We can then think of as a Boltzmann distribution

1 o
p(xl,...,xM) = E H e Ei j(wi, ]).
(1,5)€G

We will denote by NN; the nearest neighbors of ¢ € V, that is, the set of nodes j € V that are
connected to i by some edge e = (7,7), and use the compact trace notation tr(-) (tr\4(-)) to denote the
sum over all variables (except those in A) that involve at least two functions within the parenthesis. We
will refer to the number of nearest neighbors [NA/;| of a node 7 € V as the degree of i.

10therwise, we deal with its connected components individually.

2In statistical mechanics [I1], it is customary to introduce networks by distinguishing between interactions, which
correspond to the f; ; functions above, and external potentials, which are non-negative functions f; : X — Rxg
associated to each i € V. In our simplified picture, one can assume the external potentials have been absorbed into
interactions with nearest neighbors.

3In practice, the case fi,j(x,y) = 0 for some z,y € X will not be problematic, since we will assume in our definitions
that 0log0 = 0.
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Figure 1: A network instance Gy (a), with nodes associated to variables and edges to interactions between
pairs of variables. For Gy, the NIB-method can be used with three pivots, represented by colored vertices.
The NIB-associated-hypernetwork Gy/~ (b), with one node for each equivalence class in the intersection
quotient set N/~ and one hyperedge for each pivot in Gy. The hyperedges encircle the nodes in the
hypernetwork that they include and are colored like the pivot in Gy that they are associated to.

3 Standard BP on networks: Network BP

Standard BP is usually defined in the context of general graphical models and, as such, it includes two
sorts of messages [12]: from factors to variables and from variables to factors. Given its restriction on
factors, we can reduce this to a single type of messages between pairs of variable in the case of networks.
More specifically, we define network BP via a family of one-dimensional messages between pairs of
nearest neighbors

(BP,t)
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(BP,t) |
i X — Rzo.

These messages are uniformly initialized, and updated, for ¢ > 0, according to the following equation:

w awe(ny T wP0).
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where we omit a normalization constant that ensures the messages are probability distributions.
If we denote by
(BP)
{mi—>j Yievijen
the set of converged messages, then we can use the equations in Appendix [A] to infer quantities of
interest like the partition function. These equations will be exact provided the network is a tree and
only approximate if that is not the case.

Let us remark that this is not how standard BP is usually simplified in the network case [12]. The
reason for this is that we are here restricted to some specific type of update equations, the single
variable BP algorithms (see Appendix [F)), which we can then scale to take into account loops in
the network. Since it does not possess this scaling property, this restriction does not include the usual
BP reduction to networks. In any case, the time complexity only increases linearly with the size of the
network, which is negligible compared to the exponential inefficiency in the CN-method that we intend
to address here.

4 The CN-method

The CN-method [IT], [6] goes beyond network BP by computing more correlations precisely. The number
of correlations that are taken into account increases with a positive integer parameter r > 0, the loop
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Figure 2: The sorts of neighborhoods we consider. In blue, the primary neighborhood Ni(l) (a), the

difference neighborhood NZ.(\I; (b), and the intersection neighborhood Ni(r% (c).

bound, that is fixed for each instance of the algorithm. For instance, if we take r = 0, then the
CN-method takes into account the same correlations as standard BP.
For a given loop bound 7, the CN-method is defined through two families of neighborhoods:

o the primary neighborhoods
(N Yiev, (2)
where Ni(T) consists of ¢ together with its nearest neighbors NN; and the edges joining it to them,
plus both edges and nodes along paths that join two nearest neighbors of i;

o and the family of differences between these neighborhoods

N
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where NZ.(\? consists of node i together with all the edges in Ni(r) which are not in NV Jm, and the
nodes at the endpoints of such edges.

We will omit the superscript r in the following whenever it is clear.
The CN-method, or -CN-method to be more specific, is defined via a family of one-dimensional
messages between pairs of nodes that belong to each other’s primary neighborhood

CN,t
{ E—U }zEV,jEN \{i},t>0>
CN,
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These messages are uniformly initialized, and updated, for ¢ > 0, according to the following equation:

CN, 1 CN,
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where S;\; = H(k QEN, fr,q stands for the product of the factors within the neighborhood difference
N;\;j , and we omit a normalization constant that ensures the messages are probability distributions.

If we denote by
(CN
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the set of converged messages, then we can use the equations in Appendix[B]to infer quantities of interest
like the partition function. These equations will be exact provided, for each i € V, all loops around 4
are contained within NZ-(T). If that is the case, we say that the loop bound r is fulfilled, and that the
network G has r-bounded loops. (r-unbounded loops if that is not the case.) Moreover, provided r is
the smallest loop bound that is fulfilled, we say r is sharp. If r is not fulfilled, the inference equations
in Appendix [B] are only approximate.

For a given network Gj, we say the CN-method is unfeasible provided the time complexity of the
update or inference (Appendix [B]) equations is too large to be directly computed.



4.1 Computational resources in the CN-method

Intuitively, a generalized BP method should only be unfeasible provided the variables in the network
are correlated too strongly (i.e. the network has several loops), and the method is using computational
power in order to take such correlations into account. However, the suboptimal use of computational
resources can artificially turn the CN-method unfeasible El The best way to illustrate this is by showing
that the CN-method is unfeasible for some networks with minimal variable correlations, that is, trees:

Claim 1 (0-CN vs. network BP). The time complezity of the 0-CN-method grows exponentially with the
maximal node degree of the network without providing any accuracy advantage with respect to network
BP.

Note that Claim [T} whose proof we delay until Appendix [C} does not only address tree networks but
any network that is treated as a tree by the CN-method. Intuitively, the claim makes sense since the
0-CN-method does not take into account more correlations than network BP. As a result of the claim, the
CN-method is unfeasible on a tree network provided there is some node whose degree is too large. As in
the case of network BP, the nodes’ degree alone (that is, without any reference to loops or correlations)
will not constitute a constraint for the exact applicability of the NIB-method, which we introduce in the
next section.

5 An optimal algorithm: The NIB-method with r-bounded loops

We introduced the CN-method in Section [] without distinguishing between the r-bounded and r-
unbounded loops cases. In order to highlight the properties of the NIB-method, we differentiate between
these cases when introducing it, addressing first the bounded case in this section, and dealing with the
unbounded case in Section |§| (where we also remark that they could have been introduced simultaneously
as in the CN case). Throughout this section, we assume some loop bound ry is fulfilled.

5.1 Intuitive picture

Before formally introducing the NIB-method and its properties when the loop bound is fulfilled, let us
make an intuitive summary:

e The NIB-method begins by considering the intersection of pairs of regions used in the CN-method.
e Provided the loop bound is fulfilled, the intersection regions have a couple of useful properties:

— There can be no loops that pass outside of an intersection region and then reenter it at a
different node.

— Given some intersection region A, and the intersection region B of any two different nodes
that belong to A, we have that A = B. Intuitively, this is the case since, otherwise, say if
there was some edge in B that does not belong to A, this edge would belong to a couple of
loops, one around each of the points used to define B. We could use these loops in order to
construct a loop that starts at a node in A, passes through edges outside A, and then reenters
A at a different node. As argued before, such loops do not exist.

— Given two distinct intersection regions A # B, we have that A and B share, at most, a single
node (and hence a single edge). If they shared two nodes, and we take the intersection region
associated to these two nodes C, we would have that A = C and B = C by the previous
property. Hence, A = B, a contradiction.

o As a result, if we take one representative of each distinct intersection region, we get a tree decom-
position of the whole network. We can then apply belief propagation to this tree to obtain exact
results for the original network.

4 Along this work, when referring to the CN-method, we mean the naive implementation of the exact message-passing
scheme, as presented in [6] [TI]. A more efficient implementation was considered [4], although it did not make a significant
difference for the networks studied in [6].



5.2 The neighborhoods intersections

The NIB-method is defined through a subfamily of the intersections of the CN primary neighborhoods
©):

e The neighborhoods intersections

{Ninjtiev,jeni\ (i, Where

Nin; = N; N N, 5)
Ny = 7 7

and N stands for the usual set intersection operator ﬂ

Intuitively, N;n; is the minimal set that includes all correlations between i and j. We will show its
minimality later on. For now, it suffices to notice that it is constructed by taking into account the loops
that include both 7 and j, plus paths that, although maybe not part of such a loop, cannot be disregarded
without loosing exactness. (See Claim [8|in Appendix |§| for a characterization of N;n;.)

The neighborhoods intersections fulfill an important property, which we refer to as the equivalence
class condition:

Claim 2 (The equivalence class condition). If the loop bound ro > 0 is fulfilled, i € V, and j €
VN (N}W \ {z’}), then
N0 _ pr(ro) (6)

iNg kNq

for allk,qe VAN k£ q.

iNg 72

We prove Claim [2] in Appendix [D] where we also give a counterexample to show that the condition
on the loop bound ry cannot be avoided ﬂ

Claim |2| is useful since it allows us to split the family of neighborhoods intersections (hence the
network) into equivalence classes such that two different classes either have no overlap or overlap on a
single variable. The equivalence relation ~ that we consider on the neighborhoods intersections is the
following:

Niﬂj ~ Nkﬂq if and only if Niﬂj = Nkﬁq-

This equivalence relation is associated to the intersection quotient set

n/~= {W}iGVJGNi\{i} ’

where 2 N j denotes the equivalence class of N;n;. By reduction to the absurd ﬂ we can show that, for
tNg,kNgen/~withinj #kNgq,

Vn(injnknygq)| e {0,1}, and o
En(injnkng) =0.
We refer to the vertices that belong to at least two different equivalence classes in N/~ that is, those
s € V for which there exist i N j # kNgq such that s € N j N kNgq, as pivots, and denote the set of
pivots in G by Piv(G).

Pivots are useful in order to analyze an r-bounded network G, since we can associate a hypernetwork
to G through them:

o The NIB-associated-hypernetwork

g/’\“ = (ﬂ/N, {es}sePiV(g))
consists of the set of nodes N/~ together with one hyperedge e for each pivot s € Piv(G)
es={injen/~lseingj}.
5Note that the neighborhoods intersections do not include the intersection of any pair of primary neighborhoods, but
only those between pairs of nodes that belong to each other’s primary neighborhood. It is interesting to note that, while not
using them as part of the message-passing scheme as the NIB-method does, Ref. [II] already considered the intersection
neighborhoods as part of their inference equations.
6Claim was already stated in the literature [II]. Nonetheless, we could not find a proof for it and, since it is central
for the derivation of the NIB-method, we show it in Append@
VN (ENjNnknNg)| > 2, then we take 7,5 € VN (iNjNkNgq) with r # s and we get, by Claim Nin; =
Nrns = Ngng- This implies ¢Nj = kNgq, a contradiction. Moreover, if there exist vi,v2 € V, v1 # wv2, such that

e = (vi,v2) € EN(iNJjNkNgq), then, by definition of primary and intersections neighborhoods, vi,v2 € VN (N jNkNgq),
contradicting the first statement.




The fulfillment of the loop bound implies that G/~ is a hypertree, which is the key property that
guarantees the exactness of the bounded NIB-method. We show in Figure a network with three
pivots, and in Figure [1b|its NIB-associated-hypernetwork. We will denote by diam(G/~) the diameter
[12] of the NIB-associated-hypernetwork.

5.3 Message-passing scheme

The bounded neighborhoods-intersections-based method (bounded NIB-method), or bounded
r-NIB-method to be specific, is defined via a family of one-dimensional messages from the equivalence
classes in the intersection quotient set into their constituent nodes:

) |
Nj=i) eV, 5e(Ni\{i})/~,t>0

m X = Rxo,

where, given j,k € N; \ {i},

j~kifand onlyifinj=7Nk.

These messages are uniformly initialized, and updated, for ¢ > 0, according to the following equation:

t+1 t
m%_zz(xl) o tr\g, | Sinj H H m%_m ) (8)
keN;n; \{i} kng#ing

where Sin; = H(k Q€N fi,q is the product of the factors in N;n; and we omit a normalization constant

which ensures that the messages are probability distributions El

If we denote by

{mimjitieviei(ip)/~

the set of converged messages, then we can use the equations in Appendix [E] to exactly infer quantities
of interest like the partition function. These equations are exact provided the loop bound is fulfilled.

Intuitively, the NIB-method exploits the fact that, provided the loop bound is fulfilled, the NIB-
associated-hypernetwork G/~ is a tree-like partition of G, and uses the pivots in G to (exactly) transport
the information in each equivalence class to the others via the BP updates in . We show in Figure
a network on which the NIB-method uses three pivots.

5.4 Comparison to other message-passing schemes

Since the NIB-method is exact provided the loop bound is fulfilled, we can compare it solely in terms of
complexity to other exact message-passing schemes in this context, like the CN-method. We devote the
rest of this section to such a comparison.

We begin by comparing the NIB-method to the CN-method. Provided the loop bound ry > 0 is
sharp, then one can show that, for most networks G, the ro-NIB-method retains the exactness of the
ro-CN-method while reducing its complexity:

Claim 3 (Bounded NIB vs. bounded CN). If r¢ is a sharp loop bound, then the ro-NIB-method has
a smaller time complexity than the ro-CN-method if and only if there is no pair i,5 € V such that
NI =g.

iNyJ

We prove Claim [3]in Appendix [F] The statement relies on a speed-up in the inference complexity. A
similar statement can be made regarding the update complexity, as we show in Appendix [F} (See Claim
%)

As a rough estimate of the complexity advantage of the NIB-method over the CN-method, consider
two simplified asymptotic scenarios:

o If the complexity of inference in the CN-method is much larger than that of updating (i.e. that
of each update step times the diameter diam(G/~)), then the NIB-method requires O (| X]%) less
time, where

o= maxiey{|VNi|} - maxﬁen/N{Wij\}

8If N; \ N;nj = 0, then it will become clear that we do not need to update m ~and, hence, this message will remain
1

1MNj—
a uniform distribution for all ¢ > 0.



Figure 3: The single intersection n-triangle network with n = 4.

and V4 stands for the variables in A C G. The improvement is exponential for almost any graph
(see Claim [3)).

e If the complexity of updating in the CN-method is much larger than that of inference, then the
NIB-method requires O (| X|7) less time, where

7 = MaXiev jeN;\{i} { |VN7:\J‘ |} — MAaXimien/~ { |Vij |}
The improvement is exponential for several graphs (see Claim E[)

Given the advantage of using the NIB-method over the CN-method, one may ask whether further
improvements are possible. This turns out to be impossible. More specifically, if we restrict ourselves
to the class of exact single variable BP algorithms (see Appendix [F| for a definition), then the
NIB-method cannot be improved upon:

Claim 4 (Bounded NIB optimality). If ro is a sharp loop bound, then the ro-NIB-method is optimal,
in the sense that, among all the exact single variable BP algorithms, the ro-NIB-method has minimal
time complexity.

We prove Claim [f] in Appendix [F] As a particular case, this statement assures that network BP is
optimal provided the network is loopless ﬂ

The reduction in complexity that the NIB-method provides can have dramatic consequences regarding
the feasibility of the method:

e If 7y is a sharp loop bound, then there are networks where the rp-CN-method is unfeasible while
the ro-NIB-method is not.

A simple instance where this holds is the single intersection n-triangle network, which consists
of a central node ¢ together with n triangles that include ¢ and do not share any other node. In the
1-NIB-method, the time complexity of updating (and inference) is O (|X|*) (independently of n), while
that of the 1-CN-method is at least O (|X|>~1+1), which becomes unfeasible for sufficiently large n.
We show the single intersection n-triangle network with n = 4 in Figure [3] Recalling the inefficiencies
of the CN-method we pointed out in Section one can find loopless graphs where the transition from
unfeasible CN to feasible NIB takes place. We will return to this in Section [6.3] where we mimic Section
41 but for the NIB-method.

Even if both methods are feasible, there are instances where the suboptimal use of computational
resources in the CN-method allows us to go from innacturate CN results to accurate NIB results without
spending more computational resources:

o Provided rg is a sharp loop bound and r{, < rg, there are networks where the time complexity of
the ro-NIB-method is bounded by that of the r(-CN-method.

An instance where this happens with rg = 3 and r{; = 1 can be found in Figure with the same
holding for any network with at least two triangle-square pairs (see Section [8| for a definition) H
While several other instances can be constructed using the intuition behind Figure [6b] characterizing all
of them is not easy since the neighborhoods in each method are not related in a simple way when they
use a different loop bounds.

9 As discussed in Section this is the case given our limited definition of the single variable BP algorithms. If we extend
the definition, linear complexity reductions are possible.

10Numerically, we observe that the the 1-CN-method achieves an error percentage ~ 10~3 in the partition function,
while the 3-NIB-method is exact.



6 The NIB-method on arbitrary networks

In this section, we do not assume some loop bound r is fulfilled and define the NIB-method in general.

6.1 Message-passing scheme

Since the loop bound may not be fulfilled, one cannot (see Appendix @ define the equivalence classes
on which the bounded case relies. Because of this, we have to use the neighborhoods intersections
directly in order to define the algorithm. We will also have to be careful with the intersections between
sets in this family, since they may no longer fulfill the simple relations in Claim [2| and .

The NIB-method, or »-NIB-method to be specific, is defined via a family of one-dimensional
messages that sends, to each intersection of primary neighborhoods N;n;, (part of) the information in
Ning, the intersection of the primary neighborhoods of its constituent nodes k£ € N;n; with other nodes
in their primary neighborhoods ¢ € Ny:

{m(t) }
FNG=i07 f e v je NA{i} kENing €N >0

() . X — R,

MEng—ing

with m,(:% g—inj depending on variable x;. We only send part of the information to avoid unnecessary
redundancies. This will become clear in the next paragraph.

The messages are uniformly initialized and, in order for the message updates to avoid redundancies
as much as possible, we need a couple of definitions. First, we consider a set P;n;, which we define

recursively as follows:
« we initialize it by including all the functions within N;n;;

« at each following step, we pick some k € N;n; and some ¢ € IV, and we incorporate the functions
within Nying to Piny [[]

Given this set, we can define a map
Pir : {Nrng} — 2¢
inNg - kNgSkEN;n;,qENg )

where 2¢ is the power set of &, such that, for each pair k,q € V that appears in the construction of Pins,
Pinj(Ngng) stands for P;n; at the step right before the pair k,q € V is selected.
Given these definitions, the messages are updated, for ¢ > 0, according to the following equation:

(t+1) (t)
MEng—ing (xk) X tr\mk (Sk’WZ\ij (Nkng) H H mmmpzﬁkﬂq>’
P1ENKng\{k} P2ENp;

where we have omitted a normalization constant that ensures the messages are probability distributions,
and qu\mwmq) stands for the product of the factors within Nyn; which are not in P;n;(Ning)-
If we denote by

{mkﬁq—mﬂ’}iev,jeNi\{i},keij,quk

the set of converged messages, then we can use the equations in Appendix [E] to approximately infer
quantities of interest like the partition function.

While we chose to introduce the bounded case separately, there is no need to make this distinction.
To see this note that, if the loop bound rq is actually fulfilled, then, for all ¢ > 0,

Ming—ing = Meag Lk

(1) —®

provided k N q # i N j and the pair k, q € V is the first representative of the equivalence class k N ¢ that is
selected in the definition of P;n;, while m,(ct% g—in; Temains uniform otherwise, and hence does not affect
the results.

It should be emphasized that it is at the inference level where we try to overcome the difficulties

that the unbounded case presents when compared with the bounded one: In the bounded case, the

11 The choice of the ordering in the definition of each Pinj can affect the performance of the NIB-method. Good orderings
can be found by inspection.



intersection regions form equivalence classes, with different classes only intersecting at single variables.
As a result, avoiding overcounting and obtaining exact inference equations is relatively simple (see
Appendix . In the unbounded case, however, the intersection regions do not form equivalence
classes and can intersect with each other in diverse ways. Our proposed solution is to disregard part
of these intersections when performing message-passing, that is, the messages that any region N;n;
receives provide the non-overlapping information that the other intersections have with it. As a result,
when combining the different intersection regions at the inference level, we may have to compute some
coefficients (see Appendix to avoid overcounting.

It is also important to note that the lack of equivalence classes means that we must compute more
messages in the unbounded case than in the bounded one. More importantly, we must compute more
messages in the (bounded and unbounded, respectively) NIB-method than in their CN-method coun-
terparts. However, the NIB-method offers a much better trade-off between space and time complexity:
The space complexity disadvantage when compared with the CN-method grows (at most) quadratically
with the number of variables that are incorporated into the principal neighborhoods (either because the
network or rg grows), while its time complexity advantage grows exponentially with them.

6.2 Comparison to the CN-method

For the same loop bound, the time complexity of the unbounded NIB-method will always be bounded
by that of the CN-method. We can even profit from the CN inefficiencies to go to higher loop bounds
which, while still not being fulfilled, improve on the accuracy of the CN-method:

o If ry is a sharp loop bound and r{ < r(, < rg, then there are networks where the r{-NIB-method is
more accurate than the r{-CN-method without increasing its complexity.

An instance of this would be the 0-CN- and 1-NIB-method for the network in Figure [6b} In fact,
this can even happen for r{ = r{, < ro, as we have numerically observed for the same network, where
2-NIB-method is (slightly) more accurate than the 2-CN-method.

The target network for which the CN-method method was tailored and where it is expected to give
accurate results are the so-called locally dense and globally sparse networks [I1]. Since this notion
was not rigorously defined before, we introduce the following definition:

o Given a couple of integers rg,r; > 0 with rg < 71, a network is (rp,71) locally dense and
globally sparse (LDGS) provided

Ni(?”o) — Ni(Toer) C g
for all i € V.

That is, the set of loops is divided into two categories, with the length of those in one category being
quite small w.r.t. those in the other. In this scenario, for all ¢ € V and j € N; \ {i}, there exists some
Vij € V such that Ny ; = Uyev,,; Ninw, where Niqy, N Niny, = {i} for all v1,vs € Vy\;. As a result, we
have that:

Claim 5 (Improvement for LDGS networks). If a network is (ro,71) locally dense and globally sparse,
then the ro-NIB-method has a smaller time complexity and achieves the same accuracy as the rq-CN-
method.

The proof of Claim [5|is analogous to that of Claim H Intuitively, the NIB-method is also optimal
for LDGS networks. However, extending Claim [ to this context is not analytically possible. An instance
network which is (rg, n) locally dense and globally sparse with o = 1, and for which we have numerically
confirmed the agreement between the methods, is the periodic n-triangle chain (see Figure @ with
sufficiently large n. We give more details in Section

The NIB-method offers decompositions that are not explored by the CN-method. In the context
of highly dense networks, this can have important consequences regarding the applicability of the CN-
method:

Claim 6 (Applicability to highly dense networks). There exist highly dense networks where the ro-NIB-
method is applicable for a range of parameters rq > 0 while the ro-CN-method is only applicable with
To = 0.

121n fact, a decomposition analogous to holds for locally dense and globally sparse networks as well.
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AN

Figure 4: The n circumference network with n = 14. The CN-method with ro = 1 already takes the
whole network as the primary neighborhood Ni(l), and is unfeasible for sufficiently large n. On the
(red) and N® (red and blue), and is

iNyJ

contrary, the NIB-method uses smaller neighborhoods, like Nz(n;
hence feasible for some g > 0.

| AV

J
(a) (b)

Figure 5: (a) The extra computational power that the CN-method deploys may be partially used to
compute some correlations better provided some loop bound ry is not fulfilled. For instance, taking the
blue node i and the red node j in the figure, the correlations computed within IV ; in the 2-CN-method
are not computed in the 2-NIB-method. (b) The CN-method is not always reproducible via the NIB-
method. In this example, the blue region is used in the 1-CN-method and (in contrast with the bounded
case) no equivalent set of regions is being used in any instance of the NIB-method.

For sufficiently large n, an example of such a network is the n circumference network, which
consists of a circumference with n nodes on it and nearest neighbors connectivity, together with a node
in the circumference’s center which is connected to each of the other nodes. For sufficiently large n,
the CN-method is unfeasible with ¢y > 0 and, hence, it does not improve on network BP. However, the
NIB-method can be applied for several g > 0 values. We show an example of the circumference network
in Figure [

As a last comparison point, recall that, if some loop bound r¢ > 0 is fulfilled, the extra time complexity
(compared to the ro-NIB-method) in the ro-CN-method is useless. This also applies to any (rg, 1) locally
dense and globally sparse network. Nonetheless, this does not apply to all networks, with part of extra
time complexity in the ro-CN-method sometimes allowing us to compute correlations between variables
more accurately than in the ro-NIB-method. An instance network where this occurs with rqg = 2 can be
found in Figure [5al

6.3 Computational resources in the NIB-method

As we discussed in Section the inefficiencies in the CN-method become clear by comparison to
network BP. In contrast, these inefficiencies are almost suppressed in the NIB-method:

Claim 7 (0-NIB vs. network BP). The bounded 0-NIB-method is equivalent to standard BP. The
unbounded 0-NIB-method provides the same accuracy as standard BP, with the complexity of its inference
equations increasing by (at most) a factor of | X|.

We prove Claim [7| in Appendix The statement ensures that the (bounded or unbounded) 0-
NIB-method is essentially as applicable as network BP, in stark contrast to the 0-CN-method. More
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specifically, the difference between network BP and the 0-NIB-method does not grow with the network,
while the one with the 0-CN-method grows exponentially with the network density.

7 The family of explicit belief propagation algorithms

The boundary between the CN and NIB methods is soft, making it possible to interpolate between the
two of them to get new message-passing schemes. As we show in Figure not all instances of the the
CN-method are reproducible via the NIB-method. Hence, interpolating between the methods becomes
interesting in order to explore the complexity-accuracy trade-off.

By Claim 3] the interesting cases do not include networks where the loop bound is fulfilled. Moreover,
by Claim [p] they also do not include locally dense and globally sparse networks. Lastly, they do not
include any interpolation that involves the 0-CN-method. In any of these non-interesting cases we will
end up with a method that provides the same accuracy as the NIB-method for a larger computational
cost.

As argued in the previous paragraph, let us take a network G and an unsatisfied loop bound r¢ > 1
such that the ro-CN-method is not reproducible via the ro-NIB-method. By interpolation, and ordering
them in non-decreasing complexity and (expected) non-decreasing accuracy, we obtain the following
methods:

e the NIB-method, where the intersection neighborhoods are used for both the update steps and
inference;

e the NIB-DIFF-method, where the update steps use the intersection neighborhoods and the
difference neighborhoods are used for inference;

e the CN-NIB-method, where the update steps use the difference neighborhoods and the intersec-
tion neighborhoods are used for inference;

e the NIB-CN-method, where the update steps use the intersection neighborhoods and the primary
neighborhoods are used for inference;

e the CN-method, where the update steps use the difference neighborhoods and the primary neigh-
borhoods are used for inference.

The CN- and NIB- methods have already been described in detail before. Moreover, the NIB-CN-
method method is straightforward to envision from these two. We give some more details on the inference
equations for both the NIB-DIFF and CN-NIB methods in Appendix [G]

8 Numerical experiments

In order to support our previous statements numerically, we ought to show two properties:

e The NIB-method achieves the accuracy of the CN-method is locally dense and globally sparse
networks.

o The different information flows that they follow can result in accuracy discrepancies.

To test the performance of the NIB-method, we compare it against the CN-method in two artificial
networks with |X| = 2. We choose these networks, and the instances of the method we use for each of
them, such that in one the NIB-method is an exact decomposition of the CN-method and, in the other
one, they are different approximations of the network. The networks we consider are:

o The periodic n-triangle chain consists on n triangle networks {¢i,...,t,} such that each pair
t;,t;+1 share a single node for ¢ = 1,...,n — 1 and ¢,, and ¢; also share a single node. Figure @l
shows the network for n = 4. Here, the 1-NIB-method is a decomposition of the 1-CN-method.

e The single intersection n-triangle-square consists of n pairs of triangles and squares such that
each triangle is associated to a square, with which it shares two nodes, and all triangles share the
node that they do not share with their associated squares. Figure [6D]shows the network for n = 4.
Here, the 2-NIB-method and the 2-CN-method are different approximations.
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(a) (b)

Figure 6: (a) The periodic n-triangle chain with n = 4. (b) The single intersection n-triangle-square
with n = 4.

We have run 10° random instances of each network, sampling the values of the factors uniformly in
the interval (0, 1), and we have computed the mean percentage of error in the partition function using
(a) the 1-CN and 1-NIB methods for the periodic n-triangle chain, and (b) the 2-CN and 2-NIB methods
for the single intersection n-triangle-square. In both cases, we have found that, for different values of n
between n = 3 and n = 30, and for a lower computational budget, the NIB-method achieves the same
computational accuracy as its CN counterpart. In fact, for the single intersection n-triangle-square,
and for small values of n, the NIB-method performs even slightly better than the CN-method, with the
improvement vanishing as the network becomes larger. Figure [77] shows, for the periodic 30-triangle
chain network, the variation of the partition function’s mean percentage of error (in logarithmic scale)
with the number of update steps.

We have also compared the CN and NIB methods using the Ising model on these networks, that is,
we have used the same networks and we have taken, for each e = (4, ) € &, fi j(zi, z;) = exp (—x;x;/T)
instead of the random values from before, with 7' > 0 playing the role of the temperature. Figure
[77] shows, for the single intersection 50-triangle-square network, the variation of the partition function’s
percentage of error (in logarithmic scale) with the temperature. Although we have observed an overall
agreement between the NIB- and CN- methods, it is worth noting that for specific temperature values
they can differ quite a bit. This happens because they are exchanging information in non-equivalent
ways.

9 Applications

9.1 Decoding and error correction

The decoding problem arises in several applications where information storage or transmission is subject
to errors. In order to account for this, one introduces redundant information such that, even if errors
occur, one can in principle retrieve the original information. In practice, however, recovering this infor-
mation with maximum likelihood can be computationally demanding. Hence, one needs to resort to fast
algorithms, which may loose precision. That is, tackling the decoding problem consists of an exploration
of the complexity-accuracy trade-off.

Since the effect of loops on performance is not well understood, it is not a prior clear what performance
to expect from a given algorithm. However, the capabilities of each algorithm can be simulated. Hence,
having explicit and generally applicable algorithms with potentially different performances like the ones
introduced here is a key error correction tool. Some examples of the possible different performances are
given in Section |8} In the decoding case, we are interested in a specific error probability, which we can
interpret as a temperature value.
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Figure 7: (a) Mean logarithmic percentage of error in the partition function Z as a function of the the
number of update steps in the message-passing scheme for 10° random initializations of the periodic
30-triangle chain. We include, in red, the results for the 1-NIB-method and, in blue, those for the
1-CN-method. (b) Logarithmic percentage of error in the partition function Z as a function of the
the temperature in the 50-triangle-square network Ising model. We include, in red, the results for the
2-NIB-method and, in blue, those for the 2-CN-method.

9.2 Approximate message passing: Combining BP and Monte Carlo sam-
pling

Until now, we have considered the exact implementation of the message-passing equations for each
method. Nonetheless, when the neighborhoods are too large and an exact implementation is not feasible,
an approximate version of the CN-method which relies on Monte Carlo sampling in order to update the
messages was also suggested in [I1]. Such an approximate approach is also applicable for the NIB-method
and the other algorithms introduced here. However, given the smaller neighborhoods in the family’s least
expensive algorithm, the NIB-method, it provides advantages regarding Monte Carlo sampling when
compared to the CN-method:

e The message passing equations can be exactly applied for larger values of ry in the NIB-method,
thus postponing the second approximation layer that Monte Carlo sampling imposes.

e Monte Carlo sampling together with the NIB-method is more efficient in sampling large numbers
of states of the network without taking very large samples of individual neighborhoods. That is, it
provides an edge in what was considered [IT] the most important advantage of combining Monte
Carlo sampling and message passing when compared to traditional Monte Carlo methods.

These advantages occur for instance in the n circumference network (Figure [4) with sufficiently
large n. Although one may argue that this is an artificial example, it actually happens in several real
networks. For instance, one can take a model of a social network where nodes represent users and edges
(i,4) represent that either user ¢ follows user j or vice versa. In this context, several large instances of
the n circumference network would appear, with the central node representing very popular users and
the circumference nodes representing their non-popular followers.

10 Conclusion

Building on the CN-method, the only known explicit generalized belief propagation algorithm previously
known, we have introduced here a family of algorithms with the same properties. This provides a toolbox
that can be directly applied to any network, allowing us to explore the complexity-accuracy trade-off.
While we have shown that some of the family members provide faster alternatives to the CN-method,
they also provide different information flows depending on the network, resulting in different accuracy
levels, as our simulations show. This may have important practical consequences, since the impact of
loops in message-passing schemes is not well understood, and we cannot in general give preference to
one method over another one in advance.
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Regarding the time complexity, we can draw the following conclusions when comparing the fastest
method in the family, the NIB-method, with the the CN-method:

e If the loop bound is fulfilled, then:

— for almost every network, the NIB-method is faster than the CN-method without loosing
accuracy;

— no exact generalized belief propagation algorithm is faster than the NIB-method;

— the NIB-method can be exactly applied to a larger family of networks than the CN-method.
e If the loop bound is not fulfilled, then:

— the NIB-method provides, for a smaller time complexity, the same accuracy as the CN-method
for the family of networks where the CN-method is expected to give accurate results, namely
locally dense and globally sparse networks;

— the NIB-method is directly applicable to networks where the high loop density imposes a
second approximation layer in order for the CN-method to be used.

Regarding further directions, it would be interesting to assess the performance of the NIB-method
beyond the artificial networks that we have considered here, specially in the context of decoding, where
time complexity is essential. We will address the extension of our new explicit generalized belief prop-
agation algorithms to other contexts in future work. In particular, our follow-up manuscript [9] deals
with their extension to other applications in network theory [6] like percolation and the computation
of matrix spectra. Another important extension is their adaptation to more general graphical models,
which we recently tackled for the CN-method [I0]. In this regard, the case of tensor networks is par-
ticularly interesting, since the use of message-passing schemes as inference tools has gained attention
recently [1L 8] 20, 2]. Although we have been concerned with the CN neighborhoods here, it would be in-
teresting to apply our proposal using a network version of the WZPZ-method [20] 0], where, essentially,
neighborhoods larger than those in the CN-method are used and, crucially for us, the inefficiencies in the
CN-method remaina As a last remark, it should also be mentioned that Ref. [5] proposed another way
of reducing the complexity of the CN-method, which essentially amounts to picking vertex-dependent
loop bounds {r,},cy. This approach can be naturally incorporated into our setup and, in fact, it will
be required in less instances, since the size of the largest intersection neighborhoods can be considerably
smaller than that of their primal counterparts.
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A Inference in network BP

Given a tree network G, the following inference equations are exact:
o For the marginals p;(-) with ¢ € V, we have that
BP
pi(e) o T[T miZ) ),
k)E./\/Ni
where we omit a normalization constant that ensures p; is a probability distribution.

e For the internal energy U, we take the logarithm of the factors in G as energy terms and we get

U=— Z tr (log (fi.;) pij) »

(i,5)€E
where
BP
pij(wie) = ——fij(zozy) ] mih) ()
©J keENN\{j}
BP
H mé—)j)(xj)v
GENN\{i}

and Z; ; a normalization constant that ensures p; ; is a probability distribution.

e For the Shannon entropy S, we have that

S =— Z tr (pijlogpi ;) — Z(l — |NN;]) tr (p; log p;) - )

(i,9)€€ i€V
e For the partition function Z, we have that

(BP) (BP)
B H(i,j)ES tr (fi,j HkGNNi\{j} My qumv \{4} mq—>j)

(10)
[Licy tr (Hje/\/’/\/i mg‘Bj;)

As discussed in Section [3) we do not use here the typical simplification of standard BP on networks.
Hence, we should derive its inference equations for completeness. For brevity, and since the other
equations are not more involved to derive than this one, we only do so for the partition function Z:

Given a tree network, E ) holds since, taking nBP) = mEP) B Gith M(BP) being the product

i—j z%]/ i—j 0

(BP)

of the normalization constants that have been accumulated in m;—, ;

have:

throughout the update process, we

(BP) (BP)
i jes tr (fi,j rennagy Misi Hoena iy Mo )
)l./\/../\/1|71

BP
[Licy tr (HjeNJ\/i m§qi)

(BP) (BP)
B H(i,j)eg tr (fi,j erNNi\{j} Ny qu/w\fj\{i} Ngsj )
o NN -1
BP
[Licy tr (Hjej\/’./\/i nﬁi))

_ e _ gle= (3, (v
ey ZRNT
= zWVI=1=CIVI=H=-IV) = 7z

where we have cancelled the normalization constants M, Z-(El;) in the first equality since they appear exactly

INAN;| — 1 times in the numerator and only once in the denominator, and we have used [22, Theorem
9.1] in the second to last.
When facing a network with loops, we can use the previous equations for approximate inference.
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It is important to note that the essence of these equations is the substitution of the probability
distribution associated to a network by another probability distribution composed of independent terms
associated to some of its subnetworks. More specifically, network BP is based on the following exact
decomposition for tree networks:

p(T1,. .. y)) H fij (@i ;) H m,(ch?(xz) H m((ff])(z])

(i) €E kENN {5} GENN N\ {i}
1NN (11)
(BP
X H H mJ—”) xl
i€V \jJENN;

This decomposition is useful to obtain some of the inference equations from the rest. For instance, under
the loopless assumption, we can use (11) to get another exact equation for the internal energy

> ot |pig|log(fij)+ >, log (mgipz’)) + D, log (mé]fj))

(i.5)€€ keNN\{j} qENN;\{i}

(12)
=S a- N (e Y oy (mD) )
i€y JENN;
which we can use together with @D and the well-known equation
Z=e5"Y (13)

to obtain .

Importantly, if the loopless assumption does not hold, all the inference equations are based on the same
assumption, namely that the decomposition holds, and we can think of them as being determined
once the decomposition is fixed. This will be relevant when discussing inference in the CN-method in

Appendix [B]

B Inference in the CN-method

The inference equations for the CN-method were already provided when it was introduced [I1] (see for
instance [I1, Eq. 11] for the marginals, [11, Eq. 14] for the internal energy, and [II, Eq. 22] for the
Shannon entropy). We devote this section to making a couple of comments on them.

Our first comment concerns the inference of the partition function. Despite it being the central
quantity of interest [I1], no direct equation in terms of messages is derived for it. More specifically, in
contrast to their equations for the internal energy of the Shannon entropy, the partition function is derived
via . This is interesting when contrasted with the discussion regarding network decomposition in
Appendix In particular, [I1] deploys one sort of network decomposition when dealing with the internal
energy and a different one when dealing with the Shannon entropy. However, we can use the composition
from the Shannon entropy (the one for the internal energy is not general enough) to obtain an inference
equation for the partition function:

1
(CN) (CN)Y (150
H.iyes tr (Smjmm HkGNm]\{J}mk—U)( )
-W; -C;’
(CN) (CN)) ™7 (CN)) ™
[T gee tr <Smimj—>i kenins\ iy Mo ) [Lievtr (Si jenagiy My )

where S; stands for the functions within V;, ((4, 7)) stands for the pairs 4,j € G such that ¢ € N; and,
hence, j € N;, |Sin;| stands for the number of variables within S;n;, and

7 =

(14)

1

Wij=1- Y WX{(i,j)eNe,k}a
(rnpeg \ 2
(15)
Ci =1- W
Z (|Sm]—1) Z -
JEN; JENN;
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Note that, if » = 0, then holds with W; ; = 0 for all (i,j) € G. We will focus on this case in
Appendix [C]

Our second comment is a short clarification regarding the inference of the two-variable marginals p; ;,
which appear in the inference equation for the Shannon entropy in the CN-method. In general [12] 1],
to get such a marginal for any couple of variables requires running a message-passing method (say the
CN-method) once to estimate a single variable marginal p;(-) and then running it again, once for each
value x; € X, in order to obtain the single variable marginal pf conditioned on X; = xz;. This process
is computationally expensive. Nonetheless, in the CN-method we are only interested in p; ; for (i,7) € €
and, hence, we can estimate it via

1 CN
Pij (xia xj) X ﬁ tr\(xi,xj) H ml(i;—)z)
’ kEN;\{i}

1 (CN)
27. tr\(l'z'»l'g') Sj H Mg | >
J kP
keN;\{s}
where Z; and Z; are normalization constants that ensure each of the summands is a probability distri-

bution. Later on, we will use a similar equation for p; ; which is based on the intersection set /V;n;.

C Computational resources in the CN and NIB methods
C.1 Proof of Claim [1]

By definition, for all ¢ > 0, we have the following relations:

CN, BP,t—1
m @) o I mih (),
kENN ;\{i} (16)
BP CN,t—1
§—>zt) Zflj x“xj §—>zt )( J)'

These equations imply that, if one of the methods converges, then the other one does as well. Assume,
hence, that both methods have converged, respectively, to the messages

BP

{m®Yiev jenn,izo and
(CN)

{mi*)j }iEV,jENNi,tEO-

We conclude by showing that they infer the same quantities:
Regarding marginals, we have that

p @) octrg, | ] fmiSY

JENN;
X H tr\% (flajmj—)z )
JENN;
(BP)
0¢ H m]_m z
JENN;
BP
pg )(l"i)-

(CN) _

This implies that p; pz(-BP) by normalization.
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Regarding internal energy, we have that

(BP) (BP)
U = _ 3™ o (g g, — L rewwingn Mo Tieniat v Moo
= 0. (BP) (BP)
(i,j)€€ tr (fi,j er/\f/\/i\{j} My HqGNNj\{i} Mg—j )
(CN) _(CN)
= _ Z tr | log fi Sy T
k CN CN
(i,j)€E tr (fidmz(aj)m;%))
CN
1 o ILexn, fosmisn?
=73 > trlogfiy (CN)
i€V JENN; tr (Hje/\/m fiqm;i )

=yUN,

where we have used in the second equality, and the fact that the messages have converged in the
third equality.
Regarding entropy, we have that

CN CN CN CN
== 3 & Figmi Sy mi” lo Jigmi Sy mi=
B (CN), (CN)) 08 (CN) _(CN)
(i,5)€€ tr (fi’jmz'—m' Mj_s ) tr <fi,jmi_>j m;_, )
> (1= NNt e <HJ'€NM f"’ﬂ'mgﬁi)) iz, (Hje/\wi fz:jmgsi))
_ _ ) tr
[ o)\ (e 100
(BP) (BP)
= Z tr ( Fij H’fGNNz‘\{j} My—i quNNj\{i} My, "
(BP) (BP)
Gjee AW (fi’j eennay Massi Haenn,\ i) Mo )
(BP) (BP)
log Jis HkENNi\{j} i HQENNJ\{%'} Mg—j )
(BP) (BP)
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(BP) (BP)
m - m !
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= §(BP),

where we have used in the second equality.

Regarding the partition function, we can proceed along the lines of the entropy equality to get
Z(CN) = 7(BP) with Z(€N) defined as in .

It is important to note that we have not required the network to be a tree at any step.

C.2 Proof of Claim

In the bounded case, we have that
(NIB,¢)
iNj—i

(BP,t)
=m,;_,;
Moreover, the inference equations also coincide.

In the unbounded case, and provided there exists some k € NN \ {i}, we have that

(NIB,t) __ _(BP,)
iNj—jnk — "Yi—j

(BP,t)

This means that network BP computes more messages than the unbounded 0-NIB-method, since m;_,;

has no NIB counterpart provided NN; \ {i} = 0.

The relation among the messages implies that, if one of the methods converges, then the other one does
as well. To convince ourselves of this, we simply note that the messages mgii’-’t) which are not computed
in the unbounded 0-NIB-method do not affect the rest of the messages, since we have NN \ {i} = 0.

From the convergence assumption and the inference equations, it becomes clear that the inferred

quantities are the same. Regarding time complexity, the methods only differ in the one associated to
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inference, where the NIB-method requires, at most, a factor of | X| more time. This increase takes place
in the estimation of marginals, where the complexity rises form |X| to | X|?. Regarding other quantities,
the complexity of the partition function doubles, while that of the internal energy stays the same.

D Properties of neighborhoods intersections

D.1 The equivalence class condition:
Proof of Claim [2|

To show the result, it suffices to argue that, given k € N;n;, we have N;n; € Nj. This is the case since,
if this holds, it also does for ¢ € Njn;, and we get that N;n; C Ning. Since i, j € Ning, we analogously
get that Ning € Nijn; and we obtain the result N;n; = Ning-

To conclude, hence, we show that N;n; € Ny, provided k € N;n;. Note first that it, if we show the
result for edges £ N Njn;j € N, then the result holds for vertices V N N;n; € N, by definition.

We show in what follows that e € N, for any edge e € £ N N;n;. In order to do so, let us first
construct a path p;_._; that goes from ¢ to j through e: We start by taking a cycle ¢;_.—; from 7 to
itself that passes through e. We also consider a path p;_. that starts at j and finishes at e, and we take
ro € V the closest vertex to j in p;_. such that ro € ¢;_c—; Np;j—c. (When referring to two elements z,y
belonging to a path p, by distance, and hence by closest, with respect to p we refer to the number of
edges and vertices that separate x from y along p.) We take

pifefj = pjfro U Pro—e—i,

where p;_,, is the path within p;_. that joins j and ro, and p,,—.—; is the path within ¢;_._; that goes
from 7y to ¢ through e. By construction, p;_._; is a path.

We now want to use p;—.—; to form a cycle around % that contains e. To do so, note that p;_._;
intersects with c,_;_ and cx_;_, which are, respectively, cycles that include k£ and j, and & and i. We
denote by r; € V (and analogously by r; € V) the vertex between e and ¢ (e and j) that is closest to e
in pj_e—; such that 7; € ¢ j_p U ck—i—g (7 € C—j—ik U ck—i—k), and note that r; # r;.

We conclude by considering two cases:

(I) We can take ¢ € {cx—j—k, ck—i—k } such that r;,r; € c¢. Then, we take
Ck—e—k = Pk—r; Uprifefrj Uprjfkv

where pg_r, and p,, i are the subpaths of c¢ that, respectively, join r; and k, and r; and k, and
fulfill px—, Oy, & = {k}, and Pr;—e—r; the subpath of p; _._; that joins r; and r;. By construction,
Ck—e—F is a cycle around k that includes e and, hence, e € Ny.

(Il) If r; € ¢1 and rj € co, With ¢1,¢2 € {cr—j—k,Ck—i—k} and c1 # cg, then, assuming w.l.o.g. that

ri € Ch_i_k, We take
Ck—e—k = Pk—s ) Ps—r; Uprifefrj Uprjfkv

where, taking s to be the closest vertex to r; in cy—,— that also belongs to cx_j_i (we assume
w.lo.g. s # r; since, otherwise, we are in case (I)), ps—r, is the subpath of cx_;_j that joins r;
with s, pr—s the subpath of ¢;_; . that joins s and k without going through r;, and p,, _ is the
subpath of c;_;_j that joins r; and k without going through s. By construction, c;_._j is a cycle
around k that includes e and, hence, e € Ny.

Note that the hypothesis on the loop bound is key, since the equivalence class condition does not hold
provided it is not fulfilled. Moreover, the converse of the claim is also false. Figure [§] shows a network
that serves as a counterexample for both these two statements.

D.2 Characterization of the neighborhoods intersections
Claim 8 (Neighborhoods intersections characterization). If the loop bound ro > 0 is fulfilled, i € V, and

jevn (NI\{i}), then NIY = Cioy U Pe,., where

i—j

Ci—j={cCG|cis a cycle and i,j € c}
Pe,_, ={p C Glp is a path and |V NpNc| =2 for some c € C;_;}.
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Figure 8: If loop bound is not satisfied, then the equivalence class condition may not hold. In this
instance, taking ro = 2, we have that k € N;n; = G while N, C G. Moreover, if the equivalence class
condition holds for some r¢ > 0, this does not imply that 7y is a loop bound. In this instance, although
the condition holds for ry = 1, this is not a fulfilled loop bound.

To prove the claim, by begin by showing that

Ci—jUPc,_, C NI

By definition, C;_; C Ni(gg), while, taking as ¢1,72 € V the intersections of p with some ¢ € C;_;, it is
clear that p belongs to a cycle around 4 (j) that consists of p together with the segment of ¢ that joins
i1 and iz through i (j). In particular, Pg,_, C N9

We conclude by showing that Ni(r:g-) C Ci_j UPg,_,. To do so, it suffices to show that

ENNY CEN(CijUP,).

Consider, hence, some e € £N Ni(r:g.) and assume that there is no ¢ € C;_; such that e € c. By definition,
there exist some cycle ¢; (¢;) such that i,e € ¢; (j,e € ¢;). Moreover, if i € ¢j, then e € ¢; € C;_;, a
contradiction. Hence, ¢ ¢ ¢; and we can consider py_;_, the path contained in ¢; that goes through ¢
and has as endpoints a,b the two nodes (one for each branch of ¢;) in ¢; that are the closest to ¢ and
intersect ¢; (they must intersect it since e € ¢; N¢;). Since a # b (otherwise e ¢ ¢;, a contradiction), we
have that

Ci—j = Db—i—a Y Da—j—b

is a cycle such that i,j € c¢;—j, where p,—;_p is the segment of c; that joins a and b going through j.
Since e & ¢;—; by assumption, we have that

€€ Pa—eb =C5\Cij,

where p,—.—p consists of the edges in ¢; which are not in ¢;_; together with the endpoints of such edges.
This concludes the argument since pg—.—yp is a path such that p,_e—p Nc;—; = {a, b}.

E Inference in the NIB-method

E.1 r-bounded loops
Given a network G where the loop bound is fulfilled, the following inference equations are exact:
o For the marginals p;(-) with ¢ € V, we have that
pi(ws) o [ [ mamga(@), (17)
inj
where we omit a normalization constant that ensures p; is a probability distribution.

e For the internal energy U, we take the logarithm of the functions in G as energy terms and we get

1
tr | log figSing [I TI mamgen |-

in e
/ keNinj kng#ing

U=—
(1,7)€€
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where Z;n; is a normalization constant

Zg=w | Sing [T TI mmgon

kENin; kng£ing

e For the Shannon entropy S, we have that
> pin(wing) log pinj(in;)
injen/~Tinj

- Z (1-{kngen/~liecknq}|) Zpi(%‘) log pi (i),

ic€G xi
where the marginals p; are computed via and
Pinj (Tinj) X Sinj H H Mg ks (18)
kENin; Trq£ing
where we omit a normalization constant that ensures p;n; is a probability distribution.

e For the partition function Z, we have that

Hﬁen/N tr (Smj erij Hknq;éﬁj mkﬁq—)k)

|{kNgen/~licknq}| -1
[Ticg tr (HW mﬁj%i)

(19)

For brevity, and since the other equations are at most as difficult as this one, we only show the
inference equation for the Shannon entropy S:

To prove the entropy formula, it is sufficient to show that, provided the loop bound is fulfilled, we

have that L o
p(l’) _ H piﬂj(miﬁj) Hpi(xi)lf‘{kﬂqEO/N\'LEkQQH. (20)
iNjEN/~ i€V

This relation can be proven as follows:

H H 1 [{kngen/~licknq}|

pzﬂ] xzﬂj pz z

iNjEN/~ ey

1-|{kNgen/~|ickNq}|

ing kENin; kng£ing i€V

1 1
= 7]:[ T zﬁ] xlﬂj H H mkﬂq—)k CEk) H Z H mﬁ_” (ZL’Z)
iNJ

1-|{kngen/~licknq}|

1
= H Sing (ing) H H Nirg—sk (Th) H anﬂjﬁl zi)

iNgEN/~ keNinj kng#ing eV
|{kmqem/~|zeknq}|— 1-|{kngen/~licknq}|
1
= E H Siﬁj(ﬂfz’m] H Hnmj—m xl H Hnﬁ—n(xz)
Ajen/~ iev \inj iev \ing
= p(x),

where we have used (| and (| in the first equality, together with Z75- and Z; to refer, respectively,
to the missing normahzatlon constants in them. In the second equahty, we have used the definition

iAok = mkmqﬁk/ gk with Mkﬁqﬁk being the product of the normalization constants that have
been accumulated in Myra . throughout the update process, and we have noted that the product of the
missing normalization constants M— gk together with Z- and Z;, respectively, give us the partition

function for each iNj € N/~ and i € V. In the third equahty, we have used the hypergraph analog of
[22, Theorem 9.1].
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E.2 r-unbounded loops

Given a network G where the loop bound is not fulfilled, we use the following approximate inference
equations:

o For the marginals p;(-) with ¢ € V, and omitting a normalization constant that ensures p; is a
probability distribution, we use

pi(w;) o H tr\a, (Smj\g,-(Nm,-)
JeN\{i}

<« I 1 m%)

P1EN;nj\{i} P2ENp,;

(21)

where Smj\@(ij) stands for the product of the factors which are within N;n; and not in @(ij).
In order to define Q;(-), we first consider the set Q;, which is recursively defined as follows:

— we initialize it as the empty set;

— at each following step, we pick some j € N;\ {i} and we incorporate the functions within N;n;

to Q1
Given this set, we can define a map
Qi - {Ninj}jenaiy — 2°
such that, for each j € N; \ {i}, Q;(Nin;) stands for Q; at the step right before j € V is selected.

e For the internal energy U, we take the logarithm of the factors as energy terms and use

U=—
(i,7)€€

1
‘tI' IOg fi,jSiﬂj H H Mrng—ing | »

i kENin;j gEN}
where Z;n; is a normalization constant

Zing =tr | Sin; [ T mrna—ins

k‘EN’;mJ‘ qEN},

e For the Shannon entropy S, we use

1
S=- Z W mej(fﬂmj) log pinj (winj)
(G.g)eg \ 2 J winj

= > Wiy > piglaisa)logpig(ai, ;) (22)

(i,5)€€ T
- Z Cs sz(xz) log pi(z;),
i€V T;

where W; ; and C; are defined as in , the marginals p; are computed via , and, omitting a
normalization constant,

Pinj (Ting) < Sinj(@ing) H H Ming—ing (Tk)- (23)

kEN;n; gENK\Nin;

Moreover, we can compute the two-variable marginals using the intersection neighborhoods, that
is, omitting a normalization constant that ensures p; ; is a probability distribution, we have

Pij(Ti, 05) X (4, 2,y | Sing H H MEng—ing
kE€EN;n; gENk

24



e For the partition function Z, we can use the equation for U and S above together with . An
alternative approach can also be established by following the discussion in Appendix

These approximate inference equations mimic their exact counterparts in Appendix We simply
remark that, in order to obtain the entropy formula , we use that

p(z) = H pmj(xmj)Hpi(xi)l_HWEﬂ/N\ieTmH

injen/~ eV
1
[Sin;] 1= (%)
_ H pmj(xm])( ZJ)sz(xl) jeN; \ 1Sin -1 :
((4,5))€9 3%

where the first equality is and in the second equality we use the following relations:

5 (i) - 1= | FT el FR) 1.
, |Sing| — 1

JEN:\{i
1
— =1,
k,qgs:mj (lsk;q‘)

which hold provided the loop bound is fulfilled.

F Comparison NIB-method and other message-passing schemes

F.1 Proof of Claim [3

We start by showing sufficiency. To do so, we first note that it is enough to show a speed-up in inference.
This is the case since the update complexity until convergence of the NIB-method is always bounded by
that of the CN-method. More specifically, this holds for the complexity of each update step since, by
hypothesis, and for each i € V and j € N; \ {i} for which there exists some (eventually) non-uniform
message, there is some k& € N; such that Njn; € Nj\j. In fact, the role of the (non-trivial) messages

m;i]j) in the CN-method can be decomposed as follows:
CN,
mS @) o T mile (@), (25)
JNk#ING

Moreover, the number of update steps until convergence in the NIB-method is equal to that in the CN-
method. This is the case since the diameter of the NIB-associated hypernetwork is equal to that of each
of the members of the family of directed tree networks that we can similarly associate to a network via
the CN-method.

We consider now the complexity of inference. To do so, take some iy € V such that, among all the
sets N; with ¢ € V, the complexity of summing over N;, is maximal. We consider two cases: If there is
no j € VN (N, \ {io}) such that N;; = N, n;, then we do not need to sum over N;, during inference in
the NIB-method. Assume, hence, that there is some jo € VN (NV;, \ {i0}) such that N;; = N;;nj,. In this
scenario, and provided there exists some k € V N (Nj, \ Niynjo), then N,y C N;; and we contradict the
maximality of N;,. Conversely, if we have that N, \ Nj n;, = 0 for any jo € V such that N;; = N;jnj,
then Nj nj, = G by connectedness. This contradicts our hypothesis. Since we can argue along these lines
for any ig € V, the NIB-method never sums over the maxima (in terms of time complexity) of {N;};cy
during inference and, hence, it has a smaller time complexity than the CN-method.

To show necessity, we can argue by contrapositive. If there is some pair ¢,j € V such that N;n; = G,
then both the CN and NIB methods have trivial update steps and the complexity of inference is that of
summing over the whole network G for both. Hence, the NIB-method achieves no speed-up.

F.2 Update step time complexity comparison between the CN and NIB
methods

Claim 9. If rg is a sharp loop bound, then the ro-NIB-method has a smaller message update time
complexity than the ro-CN-method if and only if, for each pairi €V, j € VN (N;\ {i}) such that, among
all the sets Ny, with ¢ € V and p € VN (Ng \ {q}), the complexity of summing over Ny ; is mazimal,
there is no kg ; € V such that Ny ; = Nmk,i\j-
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To show sufficiency, we argue by contrapositive, assuming that, for some N; ; with maximal time
complexity, there is some k;\; € V such that N;\; = Ning,, ;. This implies that we sum over N;; in the
update steps of the NIB-method and, hence, we have the same time complexity as in the CN-method.

To show necessity, we start by noting that, if we discard the trivial case (where G = N;n; for some
1,7 € V and there are no update steps in either method), then for each pair i € V, j € VN (N; \ {¢}),
there exists some ¢ € V and p € VN (N, \ {¢}) such that Nin; € N, ,. Since, by hypothesis, we have
Ninj G Ng\p provided Ny, has maximal time complexity, we get that the time complexity of the update

=

steps in the NIB-method is smaller than that of the CN-method.

F.3 Proof of Claim [4
Before we prove the result, we ought to introduce a definition:

o Given a network G, and a family of subsets of G, M = { My }xexc with My, C G having the property
that the endpoints of each edge that belongs to Mj are also in M}, we can define a BP-type
algorithm as follows: We associate a family of messages to each My € M:

M,
(MM ek is0,

(26)
mg: X — Rzo.

These messages are uniformly initialized and updated, for each ¢ > 0, according to

m;]V[’t"_l)(zk)O(tr\m( H fij H m,(;lw’t)), (27)

(i,j)EMk klel(k)

where xj, is some output variable in G, I(k) C K, there is at least one message m,(gy’t) associated to

each variable v € VN My, that is not the output variable, and every message is used as input in the
update of at least one other messages. We call the family of such algorithms the single variable
BP algorithms (SVBP). Note that standard BP, the CN-method and the NIB-method are SVBP
algorithms. We call a SVBP algorithm exact provided it allows us to make exact inference.

Given the definition in the previous paragraph, we can now prove Claim [l We show the statement
by reduction to the absurd.

Assume, in particular, that there is some SVBP algorithm Ay whose message update time complexity
is smaller than that of the NIB-method. Since the update complexity is smaller, there must exist some
i€Vandje N;\{i} such that M} C N;n; for all k € K. (This already discards the cases where
NIB-method coincides with BP. We assume in what follows that the loop bound rq is strictly larger than
7€ero.)

Since Ap must communicate the information related to i from ¢ to j, there must be some M; € M
such that ¢ € M; and, among the elements in M that include ¢, M; is the set used in which is closest
(in the sense of the updates (27))) to some M; € M such that j € M;. Because of this, and since the
NIB-method is not BP, we have that M; N (N;n; \ {i}) # 0. Nonetheless, since M; C N;n; by hypothesis,
there must be some e € EN(N;n; \ M;). In particular, there are at least two nodes 1, x93 € B(M;)NN;n;,
where B(M;) stands for the boundary of M;, that is, the set of nodes in M; that are connected to edges
outside of M;.

By definition of the SVBP family, we can split the argument in two cases:

« Both x; and x5 act as input nodes in when updating m{™"_ If this is the case, since we can

pick x1 and xo such that there is a path between them outside of M;, there must be, for each of
them, a sequence of neighborhoods S;,, Sz, € M used in such that, in order for Agy to be
exact, the only intersection between members of different sequences must be the last one in each
of them Lg, € Sy, for i = 1,2, and the intersection between these two elements must be a single
node zz. Since x3 is an input node for both neighborhoods, and to avoid destroying exactness
by overcounting, the edges in Lg, connected to z3 are not taken into account by Lg,, (and vice
versa). This makes the algorithm inexact, and we have reached a contradiction.

e One of them, say x1, is an input node when updating mEM’t) and the other one is the output node.

In this case, we can essentially argue like in the previous case. We should only take into account
the fact that, in this scenario, it is possible for z3 to be an input node of Lg, and the output
node of Lg,, . If this is the case, we get a cycle in Ay and we loose accuracy, reaching again a
contradiction.
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Since we have just argued that the message update time complexity cannot be smaller than that
of the NIB-method, then the inference time complexity must be smaller. We can, however, reach a
contradiction along similar lines.

G Inference in the interpolation between the CN and NIB meth-
ods

We provide in this section the inference equations for the NIB-DIFF- and CN-NIB-method.

G.1 Inference in the NIB-DIFF-method

For brevity, in this section, we simply state three of the inference equations, and only consider the case
where the loop bound is fulfilled. The missing cases can be derived following the ideas in other sections.
Moreover, in contrast to the bounded NIB-method, we may have more messages in the NIB-DIFF-
method. More specifically, we update non-trivially each message m%ﬂ_, also those where N; \ N;n; = 0.
This slight change follows from the fact that we intend to use the neighborhoods N;\; during inference
and, without the change, some of the inference equations would not be well defined.

Given a network G where the loop bound is fulfilled, the following inference equations are exact:

o For the marginals p;(-) with ¢ € V, we have that

Pi(wi) o< trvg, | Sij H H Mima sk |

kEN; kNqz Ny ;

where we omit a normalization constant that ensures p; is a probability distribution. We assume
in this equation that, for each i € V and j € N; we consider, there exists some k € N; such that

1N 7 #iNk. We can do so since, otherwise, the marginal inference is trivial p; = M7y

e For the internal energy U, we take the logarithm of the functions in G as energy terms and we get

1
U== ) (log JiiSaii\bis

(ij)eg ~*

< I T )

P1€Na; \b, ; plmp2¢Nu‘i,j\bi’j

where we pick a; j,b; ; € V such that (i,7) € Sa, \b, E and Z; ; is a normalization constant
ZiJ =tr Sai,j\bi,j H H My pz—pa
P1ENG; \b; p10p2¢Nuiﬁj\bi)j
e For the partition function Z, we have that

HiEV HjeNi\{i}/w tr (Si\j erNw Hfmqw\rl\j mkiﬂqﬁk)

7= )
)lizkemj|{k04\kﬁ(J7ﬁiﬂj}|

Hﬁjen/N tr (Siﬁj HkEij Hknq;ﬁﬁj Myrg—k

G.2 Inference in the CN-NIB-method

As in the previous section, we simply state three of the inference equations, and only consider the case
where the loop bound is fulfilled. In contrast to the update equations in the CN-method, we include here
more messages. More specifically, for each pair i € V, j € N; such that N ; = 0, we include a message
from i to some virtual node v; j, for which we only need to assume Nj\,, ; = Ninj, and which we define

14This only excludes the case where G = N;n; for 4,5 € V, where the NIB-DIFF-method would essentially coincide with
the NIB-method.
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and update in the CN fashion as if v; ; was an actual node. These messages are only relevant for the
computation of marginals and are ignored in the other inference equations.
Given a network G where the loop bound is fulfilled, the following inference equations are exact:

o For the marginals p;(-) with ¢ € V, omitting a normalization constant that ensures p; is a probability
distribution, we have that

pi(x;) o H (m(CN)( ')> ((\sm—l)(zmwi(W)—l))“'

i—j \Ti
JEN\{i}

e For the internal energy U, we take the logarithm of the functions in G as energy terms and we get

U=—
(i,7)€€

CN CN
tr | log fi,jSiﬁjmz('%j) H mé%i) )

tnJ kEN;n;\{i}

where Z;n; is a normalization constant

Zinj = tr Smjm(CN) H m,(cc_ﬁ.)

keN;n;\{i}

e For the partition function Z, we have that
BT
(CN) (CN) ing
H((i,j))eg tr (Smjmj—m erij\{j} mk—>j) ("57)

1 Z'Q“\{l’)(ﬁ)
(|Smj|71)( o (%),1)> JEN; ing
HiGVNT tr HjGNi\{i} (mgilj))( ZJENI\“} [Sinjl—1

7 =

)
-1

where

Var = {i € V:|N;\ {i}/~| > 2}.

For brevity, and since the other equations are at most as difficult as this one, we only show the
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inference equation for the partition function Z, which can be derived via the following chain of equalities:
(CN) (CN) (1%ins]
I(Gpeg tr (Smij kenn\ iy Mo ) 5

(CN) (us”‘"l*l)(zjew-\{i) (W>71>> o
[Ticvyn tr HjENi\{i} (mHJ ) l

1
(CN) (CN)
Hﬁtr (Smjmj—m' erNmJ\{j} my_,; )

( )(Z (%)79*1 Zjezv,;\{i}(m>
icvr 0 | Thievagin/~ mz(glj) JeN i} \ TSing -1

—1

ON CN
[I5tr (Smjmgw) erij\{j} ml&a})
(HFeN\{ip}/~ =)~ TN/~
()
[Licvyn tr <Hj€(N'i\{i})/N (mHJ’ ) >
(CN) (CN)
Hﬁtr (Siﬂj”j—n‘ erNmJ\{j} Mgy g )

(HGENN{i}}/~|—1)~ 1\ TENN i}/ ~[ 1
CN
HieVNT tr <HjE(N,-,\{i})/~ (nl(,_ﬁ)) )

(28)

/72

N (HIeNA(i}} /] —1) -1\ TENA LR/~
icvy, tr <Hje(zvi\{z'}>/~ (er<N1:\Nj)/~ ”mﬁ) )

_ i 2
o [{ieN\{i}}/~|-1
[licvyn tr (er(N,-\{i})/N niﬂikﬁi)

_ [l 2

o [Licver ZIGENN\{i}}/~[-1

= Z7

where, in the first equality, we use the second equality in together with the fact that, for all
i,j,k€g, mggj) = mv(g;? provided Sin; = Sink. In the second equality, we use the first equality in .

In the third equality we use the notation niilj) to refer to mgilg) without the normalization constants and
note that, given the powers in the denominator, each normalization constant M}Ej) in the upper part

gets cancelled with one in the lower part. In the fourth equality, we decompose the messages nl(glj) into

their constituent intersection messages (that is, into the product of the unnormalized messages in the
NIB-method that carry the same information as ngilj)) In the last equality, we use a result analogous

to [22, Theorem 9.1] for hypergraphs.
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