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We implement a local gradient-based scheme to fit Laser-Induced Breakdown Spectroscopy (LIBS) spectra to
the emission of a uniform, isothermal, stationary plasma in local thermal equilibrium. The gradients of the
loss function are obtained by automatic differentiation. We demonstrate the self-consistency and robustness
of our fitting scheme through systematic analysis of synthetic spectra and find that, for a wide range of
plasma parameters, no additional minimum of the loss function was detected within the investigated parameter
domain, enabling reliable recovery of the true parameters.

1. Introduction

Laser-induced breakdown spectroscopy (LIBS) is a method from
the field of atomic emission spectroscopy used for qualitative and
quantitative elemental analysis [1]. A pulsed laser is focused onto
the target material where material is ablated and transformed into a
transient plasma. Spectral analysis of the plasma emission gives infor-
mation about the elemental composition of the plasma that comprises
typically both elements of the sample but also some contribution of
the ambient atmosphere. Quantitative information is typically derived
through calibration-based approaches by measuring matrix-matched
reference samples with the same or very similar hardware in rep-
resentative ambient conditions and correlating spectral features to
known concentrations [2—4]. LIBS is increasingly used for terrestrial
and extraterrestrial in-situ analysis of geomaterials with the most fa-
mous examples being ChemCam and SuperCam on the two NASA
Mars rovers Curiosity and Perseverance, respectively [5-9]. Due to
the enormous compositional and mineralogical diversity of geologic
materials, it is practically impossible to obtain fully matrix-matched
reference materials for all sample types, which limits the applicability
of conventional calibration-based quantification methods. Calibration-
free LIBS (CF-LIBS) offers an alternative to calibration-based techniques
where no matrix-matched or other laboratory data is required [10].
Here, physics-based plasma models are used as opposed to the, often
purely, data-driven approaches in calibration LIBS.

Several plasma models have been investigated in the literature. The
simplest case is that of a uniform, isothermal and stationary plasma [11,
12]. To accurately describe complex plasma phenomena, more so-
phisticated plasma models are needed. Two-layer models are more
appropriate to capture effects of inhomogeneity within the plasma as it
interacts with the atmosphere [13-15]. Due to instrumental restrictions
in field missions, short-time resolution of the plasma evolution cannot
always be achieved, which is where the need to model time-integrated
spectra arises.

Increasing complexity due to the incorporation of spatial inhomo-
geneity, time integration and plasma chemistry into plasma models
raises the issue of fitting the spectra of these complex plasma models,
since they have more parameters. Existing fitting schemes suffer from
the curse of dimensionality and are rather slow global models or they
require expert knowledge on the target composition and emission lines
such as in the iterative approach of [16]. This calls for a fitting scheme
that is both fast, scales well with the number of plasma parameters and
does not require expert knowledge.

In this work we demonstrate the utility of gradient-based local
optimization for CF-LIBS spectral fitting. We implement a uniform,
isothermal, stationary plasma model in local thermal equilibrium (LTE)
and use automatic differentiation to obtain mathematically exact gradi-
ents for the L-BFGS optimization algorithm. We validate our approach
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through comprehensive testing on synthetic spectra, establishing a
robust foundation for future application to experimental data.

1.1. Plasma model

We follow the notation of [17] for the plasma model formulation,
which is consistent with other CF-LIBS implementations [11,16,18].

We implement a plasma that is in local thermal equilibrium (LTE),
obeying the following assumptions: (1) isothermal, (2) homogeneous,
(3) stationary. Note that only the plasma emission is modeled, not the
ablation process.

With these assumptions, a plasma of K elements can be described by
3+ (K — 1) parameters: the temperature 7, the electron number density
n,, the plasma length L, and the mass concentrations ¢, (k =0, ... K—1)
where one of the concentrations is redundant because they have to sum
to unity. Equivalently we could give the elemental number densities of
all elements and then calculate the electron density using the neutrality
condition. To calculate the plasma’s emitted irradiance we first need to
calculate the plasma species’ densities. Hereafter we denote with » the
number densities (m~3), with index k = 1, ... K the element and with
index z = 0, ..., Z, the charge of the ion (where z = 0 is the neutral
atom and Z, is the maximum ionization of element k).

1.1.1. Elemental number densities

Ionic population fraction §,,. We first calculate the fraction of element
k that is in a specified ionic state. This is given by g, , = n; ,/n; which
can be found by solving the following system of Saha equations

Brz+17e 2 U ( Xk.z )
= xp | — , (€8]
Bz AT Uy (T) kgT
Zi
D=1 @)
z=0

Here y, . is the ionization potential and A, is the thermal deBroglie
wavelength of the electron given by

2
AT = 4 222 ®)
e™B

with the mass of the electron m,, the Boltzmann constant kp, the
reduced Planck constant # and the partition function U, ,(T) given by

E,
Uy ()= Z g exp <_k_lT> . 4
B

Ei<Xi:

Eq. (2) is a normalization condition since all fractions must sum to
one. The system of equations can be solved numerically, but there is
an explicit solution, as shown in Appendix A

—1
B, = M 5)
Ea— i—1 ’
Zj:k() H?:O ‘Qk,i
where
2 Ukin Xk
Q, . = ——exp | ——= 6
ol n, A3 Uy p( kBT> ©)

Elemental number density n,. The elemental number densities n;, can be
calculated from the given mass concentrations ¢, through the following
equations. Since the plasma is neutral it holds that

K-1 Z

n, = Z Z 2P Mk )

k=0 z=0

The total number density of the whole plasma » is given by

n=2nk (8)
3
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where we may also express the elemental number density n, via the
total number of particles N, the volume V and the molar mass M,
like so:

Ny Ck

(with p being the density of the whole plasma and N, Avogadros
constant). After inserting Eq. (9) into Eq. (8) and rearranging for pN 4
we find

Ck
My

Sk
Zk My,
Inserting this expression into Eq. (7) and rearranging for the total
number density yields

n, Zk ;,I_kk
= Z,
S (i 222z )

Finally, we find an expression for the elemental number density that
only depends on known quantities by inserting this back into Eq. (10)

g =n (10)

n (11D

-1

K Z,

_ Ck Ck

ny _neﬁk ;(E;Zﬂk,z> 12)
—_—

:=Fgum
Plasma species number density n, .;. The number density of an element
k in the ionic state z and the electronic state i is obtained by the product
Wiz =M Bz My o 13)

where we obtain n;, from Eq. (12), f, , from Eq. (5) and m,_,; is given
by the Boltzmann distribution

8k.z.i Ey .
my ;= —U:' exp <— kg;l ) 14)
\Z

1.1.2. Emission coefficient

We only consider bound-bound transitions and neglect the effects
from continuum radiation. For this case the emission coefficient is given
by:

q
e =Y ﬁ(Ej = EDAjingz i Przii(A), s
k.z,j,i<j
where A; is the transition probability of the transition j — i, P, _; ;(4)
is the line profile.

1.1.3. Emission line broadening
The line profile function P, ,; ;(4) defines the shape of an emission
line. It is a probability density function and satisfies

/ Piziy(Mdi=1 (16)
0

We consider Doppler and Stark broadening as the most dominant ef-
fects, so the broadening is given by the convolution of a Gauss function
G and a Lorentz function Lor, yielding a Voigt profile

P (M =V(ko,y)= / G(A;0)lor(A— A y)d A a7

—0o0
The broadening parameters ¢ and y are specific to every emission line
and may also depend on the wavelength 4 itself.

1.1.4. Irradiance via radiative transfer equation
To calculate the irradiance from the plasma we have to solve the
one-dimensional radiative transfer equation (RTE)

dI(A,x)

=¢e(A, x) — a(4, x)I(4,x) (18)
dx
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where £(4, x) is the emission and a(4, x) is the absorption coefficient of
the plasma. We consider a homogeneous plasma, allowing us to drop
the spatial dependence in the coefficients, enabling us to solve the RTE
explicitly:

I() = B() <1 —exp (— ;((’/11)) L)) 19)

where we have used the fact that in a thermal equilibrium the absorp-
tion and emission are related via the blackbody radiation

o)
B(A) = _a(ﬁ) (20)
2k he !

1.1.5. Instrumental broadening

The recorded spectrum is further broadened on the optical path that
the photons travel on between plasma and detector due to the optical
elements. This is quantified in an instrumental broadening function that
is similar to the line broadening function in Eq. (17). After we convolute
the computed irradiance with the instrumental broadening function we
obtain the irradiance as it is detected in the spectrometer:

S(4) = / dAP, (A= ANI(A) (22)

1.1.6. Parameters

We extracted all needed spectral line parameters as well as the ion-
ization energies and levels from the NIST Atomic Spectra Database [19].
The Stark widths and shifts parameters were extracted from the Stark-B
database [20]. The two data sources were combined by matching lines
for ions that are present in both database. This significantly reduces
the number of emission lines as there is a lack of documented Stark
parameters for a lot of emission lines. Contrary to [14,17] we do not
impute missing parameters by defining some default Stark width/shift,
but rather do not consider these lines at all.

1.2. Spectral fitting

1.2.1. General problem setting

Generally in calibration-free LIBS, a “synthetic” spectrum, i.e. a
spectrum stemming from a simulation, is computed and then, in a
second step, this simulated spectrum is compared to the experimen-
tal spectrum. Mathematically, we can express this as a minimization
problem [11]:

minimize  /(0) = [ Uoxp Liyn(8)) (23)

where f is the cost (or loss) function which measures the accuracy of
the fit between the synthetic and experimental spectrum, Ij,, is the
plasma model and 0 is a vector of plasma parameters. In our case of a

uniform and stationary LTE plasma we have
0=IT,n,, L,cycp,....cx_1], 24)

where T is the plasma temperature, n, is the electron density, L is
the plasma length and ¢; (i € 0,...,K — 1) are the elemental mass
concentrations. The overall fitting procedure is illustrated in Fig. 1.

In any case, the optimization scheme that is used to perform this
minimization should converge on the same set of true parameters
regardless of initialization. The scheme should also ideally possess these
properties: (1) It should be reasonably fast, enabling the analysis of
large experimental datasets in a feasible time frame (2) Ideally, it
should not require further knowledge on the target composition
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Convergence. In the general case presented above we cannot know a
priori whether there is only one global minimum. This depends on the
plasma model, the loss function and the experimental spectrum itself.
Other groups have argued that in these cases, local optimization meth-
ods might get caught in local minima [21], therefore favoring global
solvers. We address this concern empirically with two complementary
diagnostics: a multi-start convergence study (Section 2.2) and a direct
sampling of the loss landscape (Sections 1.2.5 and 2.3), both of which
indicate a single basin for the LTE model on the studied parameter
range.

No knowledge. The iterative method presented in [16] presupposes
knowledge of which elements are in the target, requiring a preprocess-
ing step. As with many other CF-LIBS schemes the iterative method also
relies on the selection of optically thin lines for the determination of
the plasma temperature. In an ideal scenario, a fitting scheme utilizes
all available lines, optically thin and self-absorbed, in the spectrum
to extract the maximum amount of information, thus requiring no
knowledge a priori.

Reasonably fast. Rapid inference is required for data intensive tasks,
where a larger number of spectra should be analyzed. Other groups
have grappled this issue with parallelization [21].

1.2.2. Loss functions

Different loss functions have been considered in the literature. The
so-called L2-Loss (or sum of squared errors) measures the “distance”
that the guess spectrum is off from the true spectrum and is used in
standard curve-fitting methods like Levenberg-Marquardt [14].

fro= Z(ytrue - ypredicted)z' (25)

It is commonly applied in spectral fitting, e.g. [15,16,22,23]. A vari-
ant of the cosine similarity has been employed by [11,21]. A cus-
tom loss function based on a correlation function employing Pearsons
correlation coefficient has been used in [17].

The advantage of using L2-Loss is that one can straightforwardly
apply (non-)linear least squares methods for fitting. The disadvantage
is that, numerically speaking, bigger peaks have a bigger impact on the
loss function and therefore the fitting quality of minor elements may
suffer. This may be alleviated by using appropriate weighting [14,18].
In the case of other loss functions, one has to resort to other fitting
methods like grid search [17] or Monte-Carlo methods [11,21].

In this study we primarily use the L2 loss function f;, defined
above, combined with an analytic normalization strategy that computes
the optimal scale factor ¢y = (Lgim, Lsim)/{Lsim» Lexp) Defore evaluating
the loss. This avoids the need for an explicit normalization step and
ensures that all spectral features contribute to the fit proportionally.
We investigate the effect of different loss functions in Section 2.5 and
the effect of different normalization strategies in Section 2.6.

1.2.3. Local vs. global optimization

Fitting schemes may be divided into local and global optimiza-
tion schemes. Global schemes search over the whole parameter range,
whereas local optimization searches for a minimum around the region
of a provided initial guess. Global optimization schemes usually suffer
from the curse of dimensionality, i.e. their computational complexity
scales exponentially with the number of plasma parameters. Local
optimization schemes may become stuck in local, not global minima. In
our case this would mean that the scheme finds a minimum that does
not correspond to the true physical parameters. We discuss this point in
Sections 2.2 and 2.3; for the LTE model studied here both diagnostics
indicate that this concern does not materialize.

In the context of LIBS, global fitting schemes have typically been
used so far by different groups [11,17,21], with the exception of the
iterative scheme presented in [16], which does not use gradients.
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Parameters Plasma Model E
z= (T n L ¢) I(z,)) NG
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update z
&
Optimizer — Loss f(z) — 2

A

Fig. 1. General scheme for direct CF-LIBS. For a chosen plasma model, we insert the plasma parameters to obtain a “synthetic” LIBS spectrum. Then, the
experimental spectrum has to be compared with the synthetic spectrum. An update mechanism updates the parameters to improve the fit between simulation

and experiment.

1.2.4. Internal parametrization

The physical plasma parameters span multiple orders of magnitude
(T ~ 10°-10°K, n, ~ 102-10*m™3, L ~ 10-10"2m) and for the
element mass fractions we have Y, ¢; = 1, ¢; > 0. Optimizing directly in
physical units is difficult for the following reasons: the large parameter
ranges lead to ill-conditioned optimization landscapes, where the loss
function changes very rapidly in some directions (e.g., n,) and very
slowly in others (e.g., T), resulting in elongated, banana-shaped basins
of attraction. Furthermore the constraint that the mass fractions must
sum to one and be non-negative introduces additional complexity,
as it requires either projection methods or penalty terms to enforce
these constraints during optimization. Both effects produce stiff and
soft directions in parameter space and make L-BFGS line searches
inefficient.

We therefore reparametrize the problem in internal coordinates that
have more similar scales The physical parameters T, n, and L are scaled
as log,y T, log;on, and log;, L, respectively, which compresses the
wide parameter ranges into a more manageable scale. For the element
mass fractions we introduce logits via the softmax function, which
automatically enforces Y, ¢; = 1 and ¢; > 0 without explicit constraints.
Note that while the softmax strictly enforces ¢; > 0, elements absent
from the sample converge to numerically negligible concentrations in
practice, effectively reaching zero (as demonstrated in Section 2.9).
Since the softmax is invariant under a uniform shift of all logits (adding
the same constant to every u; leaves the concentrations unchanged), we

fix uy = 0 and optimize over the K — 1 free logits u, ... ,ug_;:

Ci:L(”f) uy =0 (26)

ZJK;()] exp(u j)

1.2.5. Loss landscape sampling and uniqueness diagnostic

A local optimizer converges to a stationary point of f, i.e. a point
where Vf = 0. A spurious local minimum in the domain 2 would
therefore appear as a second point in £ at which the gradient norm
collapses to (near) zero, distinct from the true optimum 6*. This
motivates a purely empirical diagnostic: sample the parameter space
densely, evaluate ||V f|| at each sample, and check whether any sample
comes close to being stationary. If every sampled point has a gradient
norm that is orders of magnitude larger than ||V f(6*)||, no additional
basin of attraction was detected on that domain. We emphasize that
sampling can neither prove uniqueness of the global minimum nor rule
out spurious basins that are narrower than the sampling resolution; our
diagnostic provides empirical evidence that no such additional basin
was encountered for the specific synthetic case studied here. We show
this in Section 2.3.

1.2.6. Gradient-based vs. derivative-free algorithms
Local optimization schemes can be made more efficient by providing
gradients of the loss function in addition to its value. In this study we

use the Limited-memory Broyden-Fletcher—Goldfarb-Shanno (L-BFGS)
algorithm as implemented in the NLOpt library [24], a quasi-Newton
method that approximates the inverse Hessian matrix using gradient
information from previous iterations. L-BFGS updates the parameter
vector 6, in internal coordinates (Section 1.2.4) by computing a search
direction from the current gradient V f(6;) and the approximated cur-
vature information, followed by a line search to determine the step
size [25].

The gradients V f(6;) are computed using automatic differentiation
(see Section 1.2.7). We terminate the optimization when the relative
change in parameter values falls below a prespecified threshold 5 =
1074, Independently of this stopping rule, convergence to a stationary
point can be verified by inspecting the gradient norm ||V f(6*)|.

1.2.7. Automatic differentiation

In Section 1.2.6 we have shown that gradient descent uses the gra-
dient of the loss function to update the parameters. Generally speaking,
there are multiple ways of computing gradients, the most common
being a finite-difference approximation

0f Jox = [f(x + Ax) — f(x — Ax)]/24x 27)

where Ax is a small step size for x. This method is, however, susceptible
to round-off errors and we need to evaluate the function f twice.

In this work we calculate gradients using reverse-mode automatic
differentiation (AD) via the Enzyme AD framework [26]. Enzyme op-
erates as a compiler plugin for LLVM (Low Level Virtual Machine, a
widely used open-source compiler infrastructure) and transforms the
compiled intermediate representation of a function into its reverse-
mode derivative. Given a scalar loss function £(x) with x € RV, a single
reverse pass produces the full gradient V L at a cost proportional to
that of one forward pass, without requiring a separate differentiation
pass for each of the N parameters. This is in contrast to forward-
mode AD, which requires N forward passes (one per parameter), and
to finite differences, which require 2N function evaluations. Because
Enzyme differentiates the optimized machine code directly, the gener-
ated derivative code benefits from the same compiler optimizations as
the original function.

1.3. Test case

Our method is fully generic with respect to the composition of
samples. To test the fitting scheme, we use a synthetic spectrum of a
mixture of four elements (Ca, Mg, Mn, Na), which are representative
of elements commonly analyzed with LIBS in terrestrial and planetary
applications. Parameters are given in Table 1.
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Fig. 2. Spectral fitting of a synthetic spectrum. The true parameters and the parameters for the initial guess are given in Table 1. The top panel shows the true
and fitted spectrum over the whole wavelength range (normalized by their maxima). The bottom panel shows the residuals between true and fitted spectrum.

Table 1

Parameters for the fit of the synthetic spectrum. True parameters indicates
the target values, initial values are where the optimization started, and fitted
values are the final values after the optimization finished. We chose a relative
tolerance of § = 10~* as the stopping criterion.

Parameter True value Initial value Fitted value
T 8300K 10000K 8299.7K
n, 2.3x10% m™3 1x10%m™3 2.3001 x 10% m™3
L 3mm 1 mm 2.9981 mm
Cca 5% 25% 5.0026%
Cvg 20% 25% 20.0095%
Crin 25% 25% 24.9996%
Cna 50% 25% 49.9883%
2. Results

2.1. Fitting of simulated spectra

To evaluate the robustness of our method we have checked its
internal consistency by fitting a simulated spectrum of four elements
(Ca, Mg, Mn, Na). We used the plasma parameters and composition
given in Table 1. We added Gaussian noise with a standard deviation of
2% of the maximum peak value to mimic experimental noise. Gaussian
noise is an appropriate model for noise in CCD-based spectrometers.
We then chose an initial guess that is reasonable for LIBS plasmas
and agnostic with respect to the element concentrations, see Table 1.
The results are shown in Fig. 3. The optimization converges within 39
function evaluations and reproduces the target spectrum, which is best
illustrated by the residuals in Fig. 2 that are on the order of the added
noise.

The parameter values after convergence are given in Table 1 and
show that all parameters are recovered to within 0.1% of their true
values. The L2 loss function combined with analytic normalization
yields essentially exact parameter recovery on synthetic data at the
noise level used here.

2.2. Convergence for different initial guesses

To gauge the soundness of our method we test how different initial
guesses impact the fitting result. We used the same target spectrum as

in Section 2.1. To ensure an even distribution of initial guesses over
the parameter domain, we used latin hypercube sampling. We sampled
256 points in the following ranges:

T € [5000K, 50 000K] (28)
n, € [1022m=3,10%* m™3] (29)
Le[1075m, 1072 m] (30)

¢; € [0%,100%] i = {Ca,Mg, Mn,Na} (€38)

These ranges extend well beyond values that are typically expected,
resulting in a thorough test of the robustness of the fitting scheme.

All 256 runs converge to the same global minimum with a median
of 57 function evaluations (see Fig. 4). The lowest final loss across the
successful runs is f* = 6.5126 x 1072 and the largest is 6.5129x 1072, so
the spread of final loss values is below 5 x 107> relative to f*, which
is well below the noise floor of the synthetic spectrum. Every plasma
parameter is recovered to better than 0.12% of its true value, with
median relative errors below 7 x 10 for T, n,, L and the four element
fractions.

A complementary view of the loss landscape, showing why almost
every initial guess in this wide parameter box leads to the same global
minimum, is given in Section 2.3.

2.3. Empirical loss-landscape survey

To complement the multi-start convergence study of Section 2.2
with a direct view of the loss landscape, we apply the diagnostic
introduced in Section 1.2.5 to the LTE L2 loss. We drew N = 200, 000
Latin hypercube samples on the same parameter box used in Sec-
tion 2.2, drawn uniformly and with the sum-to-one constraint applied
to the element fractions. All samples were evaluated in the internal
coordinates of Section 1.2.4, and (f, ||V f||) were computed via Enzyme
reverse-mode autodifferentiation. This way we investigate the loss as
the optimizer sees it, i.e. in the coordinates that are actually used for the
L-BFGS updates. For /* we used the loss at the known true parameters
of the test case, which lies below the minimum loss of any sampled
point.

Fig. 5 shows the resulting (f — f*, ||[Vf|]) in a density plot of
the 200,000 samples, with the gradient norm at the true optimum,
IVF(6*)| = 4.6 x 1072, overlaid as a dashed horizontal line. The
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Fig. 4. Distribution of the number of function evaluations to convergence over
the 256 multi-start runs of Section 2.2. The dashed line marks the median (57
evaluations). All 256 runs reach the same global minimum.

color scale indicates the density of samples in each hexagonal bin,
with lighter colors corresponding to higher densities. The smallest
gradient norm observed across all samples is 1.3, more than an order
of magnitude above the optimum value, and the bulk of the samples
sits several orders of magnitude higher still. No sample comes close
to satisfying the stationarity condition Vf = 0: the sampled cloud is
separated from the dashed reference line by a clear gap. Empirically,
therefore, no second basin of attraction was detected anywhere in this
wide, physically-plausible parameter box. Combined with the multi-
start evidence in Section 2.2, this supports the conclusion that the
global minimum is unique for this test case on the studied domain. We
emphasize that this is empirical evidence only: the finite sample can
neither prove global uniqueness nor rule out spurious basins narrower

than the sampling resolution.

2.4. Comparison to other optimization schemes

To highlight the advantages of the gradient-based L-BFGS approach
we compare it against six other optimization algorithms from the
NLopt library [24], using the same target spectrum and initial guess
as in Table 1. The algorithms span three categories (for details on the
algorithms see [24] and references in the NLopt documentation):

Local algorithms. L-BFGS and Nelder—-Mead are both local optimization
algorithms that require an initial guess. They differ in that L-BFGS
uses gradients to inform its search direction, while Nelder-Mead is a
derivative-free method.

Global algorithms. DIRECT, DIRECT-L, and StoGO are global optimiza-
tion algorithms that do not require an initial guess and instead search
the entire parameter space.

Global algorithms with local sub-optimizations. Controlled Random
Search (CRS) and Multi-Level Single-Linkage (MLSL) are global opti-
mization algorithms that incorporate local optimization steps to refine
candidate solutions. These methods are similar to our multiple initial
guess approach, but they automate the selection of starting points and
the local optimization process.

We restrict the number of function evaluations to 50.000 for all
algorithms. The results are shown in Fig. 6.

Both local algorithms converge to the same final parameter values,
given in Table 1. With reverse-mode AD via Enzyme, each L-BFGS step
requires only a single function evaluation (one reverse pass for the full
gradient), the same as each Nelder-Mead step. L-BFGS uses 28 function
evaluations compared to Nelder-Mead’s 367, a factor of roughly 13.

Among the global methods, only CRS reaches a loss comparable
to the local algorithms, requiring on the order of 3 x 10° evaluations.
CRS performs local optimization from randomly chosen starting points,
which explains its success: the loss landscape around the optimum
is smooth and well-suited for local search, so any starting point that
falls within the basin of attraction converges quickly. MLSL, although
it also incorporates local sub-optimizations, does not converge to the
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Fig. 5. Empirical loss-landscape survey for the LTE L2 loss. Hexbin density of N = 200,000 Latin hypercube samples on the wide physically-plausible parameter
box of Section 2.2, evaluated in the internal coordinates of Section 1.2.4. The dashed horizontal line marks the gradient norm at the true optimum 6*. All samples
have gradient norms more than an order of magnitude above this reference and none approach the stationarity condition V f = 0, providing empirical evidence

that no additional basin of attraction was detected on this domain.
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Fig. 6. Algorithm comparison. Loss as a function of function evaluation for seven optimization algorithms, using the same target spectrum and initial guess as
in Table 1. To enhance visibility, we plot the best loss achieved up to each evaluation. The two local algorithms (L-BFGS, Nelder-Mead) converge rapidly, with
L-BFGS reaching the minimum loss an order of magnitude faster than Nelder-Mead. Among the global methods, only CRS—which performs local optimization from
random starting points—reaches a competitive loss within 50.000 evaluations. The purely partition-based schemes (DIRECT, DIRECT-L, StoGO) fail to converge

within 50.000 evaluations.

global minimum within 50,000 evaluations, reaching a final loss ap-
proximately 16% above the global best. The purely partition-based
schemes — DIRECT, DIRECT-L, and StoGO — do not converge within
50,000 evaluations and reach final loss values orders of magnitude
higher than the local methods. This suggests that the loss landscape
cannot be efficiently resolved by deterministic space-partitioning alone,
consistent with the high evaluation counts reported for global solvers
in previous work [21].

This highlights the importance of local and gradient-based optimiza-
tion for efficient convergence.

2.5. Comparison of loss functions
Different loss functions induce different optimization landscapes

and may therefore affect convergence speed. To quantify this, we
compare three loss functions using the same synthetic spectrum and the

same initial guess as in Table 1: the standard L2 loss f1, = Y ;(y; — )%
the L1 loss fi; = ¥, |y; — |, and the log-domain L2 loss f,, = ¥, [In(1+
y;)—In(1+,)1?. All three loss functions are used with the optimized scale
normalization described in Section 2.6.

The results are shown in Fig. 7. All three loss functions recover
the plasma parameters to within 0.2% of their true values for all
seven parameters (T, n,, L and the four elemental concentrations). This
indicates that the choice of loss function does not affect the accuracy
of the final result for this test case. The differences lie in conver-
gence speed: the log-domain L2 loss converges fastest (36 function
evaluations), followed closely by the L2 loss (42 function evaluations)
and L1 loss (43 function evaluations). We note that the computational
cost per evaluation may differ slightly between loss functions (e.g. the
log transform requires additional operations), but these differences are
small compared to the dominant cost of the forward model evaluation.

The log-domain variant compresses the range of the spectral resid-
uals, i.e. it gives more weight to weaker emission lines, which may
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Fig. 7. Loss convergence for three loss functions when fitting the synthetic spectrum from Section 2.1 with L-BFGS. All runs use the same initial guess, convergence
criterion (5 = 107*), and optimized scale normalization. All three loss functions recover the plasma parameters to within 0.1% of their true values; differences
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Fig. 8. Loss convergence for the three normalization strategies when fitting the synthetic spectrum from Section 2.1 with L2 loss. All three strategies recover the
plasma parameters to within 0.1% of their true values; differences are solely in convergence speed. The final number of function evaluations for convergence
are: 38 for analytic scale factor normalization, 39 for max normalization and 42 for optimized scale factor normalization.

explain its faster convergence in this case. We note that the differences
between the loss functions are not large and that, as we show in the
next section (Section 2.6), the choice of normalization strategy also has
a significant impact on convergence speed. Therefore, we keep the L2
loss as our default choice for the remainder of this work, but we note
that the log-domain variant may be advantageous due to its accounting
of weaker spectral features.

2.6. Normalization strategy

In many LIBS applications, the recorded spectra are not radiometri-
cally calibrated, while the physical plasma simulation yields the plasma
emission in units of spectral radiance. By using normalization schemes
during the fitting process, only a relative spectral response of the
experimental data is required.

We implement three normalization strategies and compare their
effect on convergence:

1. Max normalization: The simulated and experimental spectra
are each independently divided by their respective maxima,
Lm/ max(lgp) and I,/ max(I,). This is simple but normalizes
each spectrum independently, which may distort relative peak

ratios when the highest peak in the simulation does not coincide
with the highest peak in the experiment. It also places a dis-
proportionate emphasis on the wavelength bin with the highest
peak, which may not be ideal if it is not well modeled.

. Optimized scale factor normalization: In general we can treat

the scale factor ¢ as an additional free parameter and optimize
it jointly with the plasma parameters by the gradient descent
algorithm. The spectra are normalized as ye, = loxp/ Max(Ieygp)
and ygpy, = Iy /(c - max(le,p)), and the loss is evaluated on these
normalized spectra.

. Analytic scale factor normalization: In case of the L2 loss,

the optimal scale factor can be computed analytically. The loss
after normalization takes the form || I,/ c—Iop / max(IeXp)||2, and
minimizing with respect to ¢ gives:

c — (ISim’ Isim)
ot <Isim’ Iexp>

Then the experimental spectrum is normalized by its maximum,
Yexp = Lexp/ Max(Iyp), and the simulated spectrum is normalized
bY Ysim = Lim/(cop - max(Iyp)). This is fully differentiable, making
it compatible with gradient-based optimization.

(32)
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Fig. 9. Effect of the number of model lines on the fitting of a synthetic full spectrum. (a) Number of function evaluations to convergence, (b) wall-clock time,
(c) final loss value, (d) temperature recovery error, (e) electron density and plasma length recovery error, (f) elemental abundance recovery error. All quantities
are plotted as a function of the number of emission lines per ion as ranked by their intensity.

Fig. 8 compares the three strategies on the synthetic spectrum using
the L2 loss. All three normalizations recover the plasma parameters to
within 0.1% of their true values; the differences are solely in conver-
gence speed. The analytic scale factor normalization converges fastest
(38 function evaluations), since the scale factor is always set to its
optimal value at each step, leaving the optimizer to focus entirely on
the physical parameters. The max normalization (39 function eval-
uations) and the optimized scale factor normalization (42 function
evaluations) are slightly slower; the max normalization independently
normalizes both spectra and can therefore distort the relative peak
heights, whereas the optimized scale factor normalization treats the
scale factor as an additional optimization variable that the optimizer
must converge alongside the physical parameters. For the loss function
comparison in Section 2.5, we use the optimized scale factor normal-
ization, as it is the most general strategy and does not assume that the
analytic projection is exact. Throughout the remainder of this work the
analytic scale factor normalization is used as the default, as it provides
the fastest convergence on complete spectral models.

2.7. Scaling with the number of spectral lines

In practice, the number of emission lines included in the fitting
model is limited by the availability of spectral parameters in the
databases. To investigate how the number of modeled lines affects the
optimization behavior, we generated a synthetic test spectrum using
all available lines and then fitted it with models that include only the
top-N strongest lines per ion, ranked by their computed peak emission
coefficient from the full LTE model at the true plasma conditions
(see Eq. (15)). This mimics the realistic scenario where the measured
spectrum contains contributions from all emission lines, but the fitting
model only considers a subset of them. We used the same synthetic
composition and plasma parameters as in Section 2.1 and swept the
number of lines per ion from 1 to 80. Due to the fact that not all ions
have the same number of lines available, the total number of lines
considered in the model varies between 13 (top 2 lines per ion) and
243 (top 80 lines per ion).

The results are shown in Fig. 9. All wall-clock times reported in this
and subsequent sections were measured on a single core of an Intel i9-
14900 K processor and are intended to illustrate relative scaling trends;
absolute timings are implementation- and hardware-dependent. As the
number of model lines increases, the number of function evaluations
required for convergence first decreases as more and more lines help

to constrain the parameter space (Fig. 9(a)). After a sufficient number
of lines are included, the number of evaluations stabilizes, as does the
wall-clock time per fit (Fig. 9(b)).

The final loss value decreases monotonically with the number of
lines (Fig. 9(c)), reflecting the improved capacity of the model to repro-
duce the full experimental spectrum. This decrease is most pronounced
when going from very few lines (< 10) to a moderate number (~40),
after which the loss plateaus (notice the logarithmic scale in Fig. 9(c)),
indicating diminishing returns from including additional lines.

The recovery accuracy of the plasma parameters shows a similar
trend. The temperature error (Fig. 9(d)) drops below 1% once the
model includes more than approximately 10 lines per ion, and below
0.2% for 20 or more lines per ion. The electron density and plasma
length (Fig. 9(e)) follow a comparable improvement, with both param-
eters recovered to within a few percent for models with 20 or more
lines per ion. The elemental abundance recovery (Fig. 9(f)) reveals that
relatively few lines are needed for an accurate recovery. Already with
10 lines per ion, the elemental abundances are recovered to within 2%
of their true values.

After around 40 lines per ion, the parameter recovery errors plateau,
indicating that the model has sufficient complexity to capture the
relevant spectral features for accurate parameter inference.

2.8. Effect of internal wavelength resolution

In order to accurately capture the shape of emission line profiles
during spectral fitting, the model spectrum must be evaluated on a grid
that is fine enough to resolve the narrowest features. A natural scale
for this is provided by the full width at half maximum (FWHM) of the
narrowest Voigt profile in the model, which depends on the plasma
parameters and the spectral lines considered. Rather than requiring to
manually specify a wavelength grid resolution, we automatically gener-
ate a fine wavelength grid using an adjustable parameter, the number of
points per FWHM of the narrowest Voigt line profile, denoted Npwy-
Given Npwyy and the minimum Voigt FWHM A4, across all lines in
the model, the internal fine grid spacing is

Aimin

o4 Newnwm 33)
The model spectrum is computed on this fine grid and then interpolated
back onto the coarser grid matching the experimental spectrum. This
ensures that line profiles are always adequately sampled regardless of

the output grid resolution.
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Fig. 10. Effect of the internal fine grid density on fitting quality. (a) Final loss value, (b) wall-clock time, (c) number of function evaluations to convergence,
(d) temperature recovery error, (e) electron density and plasma length recovery error, (f) elemental abundance recovery error. All quantities are plotted as a

function of the fine grid spacing 64. The dashed vertical line marks the minimum Voigt FWHM 44,

= 0.017 nm, which provides a natural scale for resolving line
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profiles. Accurate parameter recovery is achieved once §4 falls below this FWHM, i.e. Npwuy = 1.

To investigate the effect of Ny on fitting quality, we generated a
synthetic ground-truth spectrum at high internal resolution (Npwpy =
10) using the same plasma parameters as in Section 2.1 and an output
grid with 44 = 0.1 nm. We then performed the fitting at 20 different val-
ues of Ny logarithmically spaced between 0.1 and 5, corresponding
to fine grid spacings from approximately 0.09 nm down to 0.002 nm.

The results are summarized in Fig. 10. For very coarse internal
grids 64 > 0.02nm, the line profiles are undersampled, leading to
elevated loss values and erroneous parameter recovery (Figs. 10(a) and
10(d) to 10()). The optimizer still converges, but to incorrect parame-
ters, with temperature errors exceeding 15% and electron density errors
above 40% in the worst cases.

As the wavelength resolution approaches the FWHM of the nar-
rowest line (44,,;, = 0.017nm), all parameter recovery errors decrease
sharply and parameters are recovered to within a few percent of their
true values. Further decreasing of the internal grid spacing does not
significantly improve the recovery accuracy but does increase com-
putational cost. The wall-clock time (Fig. 10(b)) increases with finer
wavelength resolutions, while the number of function evaluations to
convergence (Fig. 10(c)) remains relatively constant. The wall-clock
time (Fig. 10(b)) increases approximately linearly with the number of
grid points, from a few seconds at 0.2nm to over 1000s at 0.0005 nm.
The number of function evaluations (Fig. 10(c)), however, remains
roughly constant across all resolutions, confirming that the gradient-
based optimizer converges in a comparable number of steps regardless
of grid size.

This demonstrates that an internal fine grid wavelength resolution
on the order of the narrowest line FWHM is sufficient for accurate
parameter recovery. For all optimizations shown in the rest of this
work, we use a default value of Npwyy = 5, which provides a safety
margin while keeping computational cost manageable.

2.9. Robustness to surplus elements in the model

In practice, the elemental composition of a sample is often unknown
a priori, and one must include a superset of candidate elements in the
fitting model. This raises the question of whether including elements
that are not actually present in the sample degrades the quality of the
fit or the recovery of the true parameters.

To test this, we repeated the synthetic fit from Section 2.1, but
extended the guess model with four elements that regularly occur
in geologic samples (Si, Al, Fe, K). The initial guess assigned equal

10

concentration fractions (1/8) to all eight elements, and all other settings
(initial plasma parameters, loss function, normalization, convergence
criterion) were identical to the baseline experiment.

The optimizer converges in 60 evaluations and recovers the plasma
parameters to within 0.01% (temperature), 0.01% (electron density)
and 0.1% (plasma length) of their true values. All four surplus elements
are driven to numerically negligible concentrations (below 10710),
while the true elemental fractions (Na, Mn, Mg, Ca) are recovered to
within 0.1% of their true values. The parameter evolution is shown in
Fig. 11: the surplus elements are rapidly eliminated within the first ~ 20
evaluations, after which the optimization proceeds as in the baseline
case.

For the tested element and plasma parameters, the gradient-based
optimizer is robust to the inclusion of surplus elements in this test
case: the additional degrees of freedom do not appear to degrade
convergence or parameter recovery. We note that while we observe
successful convergence with equal-fraction initialization, the presence
of additional local minima cannot be ruled out in general and would
require a more systematic exploration of the loss landscape. Critically,
the surplus elements do not absorb any significant concentration, con-
firming that the spectral fitting is selective: elements whose emission
lines are not present in the data are suppressed by the optimizer.

3. Discussion
3.1. Uniqueness and recommended workflow

A local optimization scheme does not by itself guarantee that the
recovered minimum is the global one. We therefore tested uniqueness
empirically in two complementary ways: (i) the loss-landscape survey
of Section 2.3, in which N 200,000 samples spanning a wide
physically-plausible parameter box all show gradient norms more than
an order of magnitude above the value at the true optimum, so that
no additional near-stationary point is detected, and (ii) the multi-
start convergence study of Section 2.2, where all of the 256 runs
consistently recover the same parameters. Together, both diagnostics
provide empirical evidence that only one global minimum is present for
our chosen loss function on the studied parameter domain. It is there-
fore sufficient to run a single optimization from a reasonable initial
guess to recover the true parameters. Additionally, stationarity at the
returned solution can be verified by inspecting ||V f||. We note that the
controlled experiments in Sections 2.4 to 2.8 use a single, reasonable
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Fig. 11. Parameter evolution during fitting of the synthetic spectrum with an extended model containing four surplus elements (Si, Al, Fe, K) not present in
the true sample. (a) Loss convergence, (b) element concentration evolution (solid lines: true elements; dotted lines: surplus elements), (c) temperature evolution,
(d) electron density and plasma length evolution. All surplus elements are driven to zero; all true parameters are recovered accurately.

initial guess to isolate the effect of a single variable at a time. The
internal logarithmic and softmax parametrization of Section 1.2.4 are
essential for this behavior: in earlier experiments ran on the physical
parameters directly, we observed that the optimizer would get stuck
near the parameter space boundaries or along the slow direction of a
banana-shaped valley.

Let us make the following observations about the used plasma
model and the fitting scheme: (1) LIBS spectra contain highly redundant
information on plasma properties in the sense that a single element
may show multiple peaks and therefore it is not possible to change the
height or width of a single peak without impacting the others. This
is particularly true for major elements; minor and trace elements may
exhibit fewer lines and thus less redundancy. (2) The plasma parame-
ters are interdependent. Increasing the concentration of one element
also decreases the concentration of all other elements, changing the
plasma temperature impacts all peaks widths and heights. This puts
further constraints on the possible solutions in the parameters space.
(3) Even in the case of models that are out of scope for this publication,
such as the two zone model [13-15], one can impose constraints on the
parameters through additional equations, further restricting the space
of feasible solutions.

We also note an inherent identifiability limitation: in spectral ranges
without optically thick lines, the plasma length L acts primarily as a
scale factor and becomes degenerate with the normalization constant,
so that L cannot be independently identified from normalized spectra.
In practice, at least one optically thick line — as is typical for the broad
wavelength ranges used here — suffices to make L identifiable [16];
for narrow ranges or spectra with exclusively optically thin lines, L
should be determined by an independent measurement such as absolute
intensity calibration or a complementary measurement like plasma
imaging.

3.2. Comparison to other fitting methods

Fitting methods used in the literature can be broadly categorized
into global and local optimization schemes. Amongst the local schemes,
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they may be further divided into gradient-based and derivative-free
methods. We provide an overview of common CF-LIBS fitting methods
in Table 2 and discuss the differences between these schemes and ours
below.

Our method is, to the best of our knowledge, the only gradient-based
local optimization scheme for CF-LIBS. The only other local optimiza-
tion scheme employed so far is the iterative method presented in [16]
and differs in the following ways: (1) The iterative method presupposes
knowledge of which elements are in the target, as well as which lines
are optically thin. This is needed to calculate the temperature from line
ratios. (2) The iterative method uses a single peak from each element
to infer the element concentration iteratively, whereas our method
uses the whole spectrum to infer all parameters simultaneously. (3)
The iterative method is derivative-free, so it does not use gradient
information to update the parameters.

All global optimization schemes have in common that they search
the whole parameter space for the global minimum and use the whole
spectrum to infer all parameters simultaneously. They mostly differ
in the way they search the parameter space and which loss functions
they use. Our method, being a local optimization scheme, scales much
better with the number of parameters than these global schemes. This
is because global schemes need to search the whole parameter space,
which scales exponentially with the number of parameters (this is also
called the curse of dimensionality). The benefit of this is that they
supposedly always find the global minimum. In practice however, it
is not possible to prove that this is the case and, as we have shown in
Section 2.2, in a local scheme, one may use multiple initial guesses to
ensure convergence to the true parameters, resulting in the same effect.

3.3. Convergence

The empirical loss-landscape survey of Section 2.3 and the multi-
start convergence study of Section 2.2 jointly indicate that, on the
physically-plausible parameter range studied here, every investigated
initial guess leads to the same global minimum of the LTE loss. A
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An overview of common CF-LIBS fitting schemes. GD = Gradient Descent.

Global

Local (derivative-free)

Local (gradient-based)

“Monte Carlo LIBS” [11,21]
Simulated Annealing [14,18]
“NLOpt Global methods” [15]

Iterative approach [16]

LIBS+GD (this work)

single optimization run from a reasonable initial guess is therefore
likely sufficient within the studied parameter domain. The internal
parametrization (Section 1.2.4) was important in order to achieve this:
without the logarithmic and softmax scaling, the same loss would
exhibit a banana-shape, hurting local convergence regardless of the
optimizer used.

3.4. Gradient descent methods

We have chosen the L-BFGS algorithm as the gradient descent
method for our fitting scheme, as it performed best in our tests. Since
we use the NLOpt library [24], it is possible to easily swap out L-BFGS
for other optimizers provided by the library (as shown in Section 3.2).

3.5. Use with experimental data

As with any other CF-LIBS method, the quality of the fit for ex-
perimental data is not only dependent on the fitting method, but,
more crucially, on the availability of accurate spectral parameters. In
this work we chose to only consider lines for which Stark broadening
parameters are reported in the Stark-B database. However, not only
does this significantly reduce the number of lines considered, but the
parameters reported there stem from theoretical calculations and are
provided without uncertainties. Inaccuracies in the Stark parameters is
one possible explanation for deviating peak widths and shifts observed
in experimental spectra.

For the other spectral parameters, we used the NIST ASD database
[19], where we considered all lines that have matching data in the
Stark-B database. NIST reports uncertainties for the transition proba-
bilities, which may be up to 50% for the accuracy category D and are
a further possible explanation for residuals observed in experimental
spectra.

Whether or not it is better to exclude lines with missing or uncertain
parameters — as opposed to including them and even imputing missing
data with sensible default values — is an open question and out of scope
for this publication.

4. Summary and conclusion

This work presents a local gradient-based optimization scheme for
calibration-free LIBS spectral fitting. We tested our method on syn-
thetic spectra of a mixture of four elements (Ca, Mg, Mn, Na) and
demonstrated accurate recovery of the plasma parameters. A multi-
start convergence study and a direct sampling of the loss landscape
both indicate empirically that, on the physically-plausible parameter
range we studied, every investigated initial guess leads to the same
global minimum of the LTE loss; a single optimization run from a
reasonable initial guess therefore likely recovers the true plasma pa-
rameters within this parameter domain. The method scales favorably
with the number of spectral lines included in the model, with the com-
putational cost growing roughly linearly and the number of function
evaluations remaining nearly constant (see Section 2.7). The internal
fine grid density, controlled by the number of samples per FWHM of
the narrowest Voigt line, needs to be at least one sample per FWHM
for accurate parameter recovery, while the default of five samples per
FWHM provides a practical safety margin (see Section 2.8).

This method represents a promising alternative to the global op-
timization schemes used in the literature, as it scales better with
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the number of plasma parameters and is easily parallelizable. This is
especially important for field LIBS analysis, where (1) the plasma mod-
els needed to accurately describe the laser-induced plasma are more
complex than the homogeneous LTE model and (2) a large number of
spectra may need to be analyzed in a reasonable time frame.

This method is agnostic to the plasma model chosen as long as it
is differentiable. To model in-situ plasma, one may want to consider a
plasma with two (or more) zones, which this method is open to. In that
case, additional physical constraints are needed to ensure that a unique
global minimum is found as it was shown that already a two-zone
model can have multiple minima [14].
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Appendix A. Proof for formula ionic population fraction

We give a short proof of Eq. (5) and note it shares the same form

as the one found in the supplement of [17].
Let us drop the subindex k and rewrite the problem as follows:

ﬂz+1 = ‘Qzﬁz (A‘l)
Z
Y B=1 (A.2)
z=0

where €, is the right hand side of the Saha equation Eq. (6) divided by
n,. By writing out the first few steps explicitly one can deduce a general
formula for ,:

B = 24hy (A.3)

b =28 = 2,205, (A.4)

By =P, = 2,2,/ (A.5)
z—1

p.=h [1 (A6)
i=0
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Fig. B.12. Convergence of local optimization algorithms on the spectral fitting problem. Solid lines denote gradient-based methods; dashed lines denote derivative-
free methods. Filled circles mark the final function evaluation of each algorithm. The dotted horizontal line indicates the overall best loss.

Inserting this into the normalization condition

Zy Zp z—1

Yh=hy[e=1 (A7)

z=0 z=0 i=0

yields an expression for §,

1

h=Zomg (A-8)
ZZ=0 H[:() Qi

which, inserted back into Eq. (A.6) results in our expression for f,:

5

b=z a9

) j=0 Hi:O 2

Appendix B. Local optimization algorithm comparison

To supplement the algorithm comparison in Fig. 6, we benchmark
a broader set of 13 local optimization algorithms from the NLopt
library [24] on the same spectral fitting problem (6 free parameters: T,
n,, L, and three independent compositional logits u,,u,,u;). Gradient-
based methods compute the full gradient via Enzyme reverse-mode AD
in a single pass per optimization step; derivative-free methods likewise
require only one function evaluation per step. All algorithms start from
the same initial point.

Fig. B.12 shows the best-so-far loss as a function of total function
evaluations, with filled circles marking each algorithm’s termination
point. Table B.3 lists the total function evaluations, wall-clock time and
best loss achieved by each method.

Most algorithms converge to losses within a factor of two of the
global best (6.51 x 1072). Among gradient-based methods, L-BFGS,
SLSQP, VAR1 and VAR2 reach the global minimum with the fewest
evaluations (28-58) and the shortest wall times (6.9 s-12.8s), making
them the most efficient choices. TNewton, MMA and CCSAQ converge
in 103-115 evaluations but to slightly elevated losses (6.52-8.65 X
1072). Among derivative-free methods, BOBYQA achieves the global
minimum in 183 evaluations. NEWUOA and PRAXIS converge to the
global minimum in 520 and 564 evaluations respectively; Nelder-Mead
reaches it in 367 evaluations. COBYLA terminates at a loss of 7.6x 1072,
slightly above the global best, while Sbplx terminates at its evaluation
limit of 2000 at a loss of 6.53 x 1072.
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Table B.3

Summary of local optimization algorithms. Function evaluations count the
number of optimization steps (for gradient-based methods, each step internally
computes the full gradient via reverse-mode AD in a single pass).

Algorithm Type Evals Wall time (s) Best loss

L-BFGS gradient 28 6.9 6.51x 1072
SLSQP gradient 38 6.8 6.51x 1072
MMA gradient 115 25.8 6.86 x 1072
CCSAQ gradient 103 24.1 8.65 x 1072
TNewton gradient 112 24.9 6.52x 1072
VAR1 gradient 58 12.4 6.51x 1072
VAR2 gradient 58 12.8 6.51x 1072
Nelder-Mead deriv-free 367 16.4 6.51x 1072
COBYLA deriv-free 1476 69.2 7.58 x 1072
BOBYQA deriv-free 183 9.1 6.51x 1072
NEWUOA deriv-free 520 24.8 6.51x 1072
PRAXIS deriv-free 564 27.6 6.51x 1072
Sbplx deriv-free 2000 92.7 6.53x 1072

Data availability

The full simulation and fitting code has been published as open-
source software [27] and is available at https://github.com/DLR-WR/
libskit. The specific code and data used to generate the results in
this publication are available at https://github.com/DLR-WR/libs_gd_

paper.
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