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The standard approach to Belief Propagation (BP) decoding passes messages on the Tanner graph
of the quantum error-correcting (QEC) code, and is known to lack a threshold for the surface code.
We propose novel BP decoders that exchange messages on the decoding graph and obtain thresholds
(both for code capacity and circuit-level noise) via standalone BP for the surface code under depo-
larizing noise. Our approach, similarly to the minimum weight perfect matching (MWPM) decoder,

is applicable to any graphlike QEC code.

The thresholds observed with our decoders are close

to those obtained by MWPM. This result opens the path towards scalable hardware-accelerated

implementations of MWPM-compatible decoders.

I. INTRODUCTION

Standard belief propagation (BP) is known to lack a
threshold for the surface code, a failure usually attributed
to the highly loopy structure of the code’s Tanner graph.
In this work we show that this failure is not intrinsic to
BP, but a consequence of the graph on which messages
are passed. We move the message-passing from the code’s
Tanner graph to the decoding graph, the graph on which
MWPM operates, and recover threshold behavior for the
surface code, despite the presence of short cycles in the
latter graph.

A. Motivation

For graphlike CSS codes, where each physical qubit
participates in at most two X- and two Z-checks, the
standard decoding algorithm is minimum-weight perfect
matching (MWPM). Graphlike CSS codes include sev-
eral important codes [IH6] such as the surface code. At
the same time, graphlike approaches like MWPM can be
adapted to more general codes [7H9].

The complexity of a naive implementation of MWPM
scales like O(n3logn), where n is the number of phys-
ical qubits [I0]. In general, this is considered to be
prohibitively slow for decoding large scale fault-tolerant
quantum computations, which hence motivates the study
of fast MWPM implementations whose performance does
not degrade abruptly [TTHI3].

Herein, we explore the use of standalone BP-based ap-
proaches to MWPM as a decoder for quantum error cor-
rection. We present algorithms which save computational
time when compared to MWPM by taking a BP approach
to the problem, that is, by running message-passing
on the QEC decoding graph, the same graph where
MWPM operates. This contrasts with the standard BP
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approach to decoding [14] [15], which performs message-
passing directly on the QEC code’s Tanner graph.

Compared to the standard approach of running BP on
the Tanner graph, our algorithms have slightly higher
time complexity owing to the larger size of the graph on
which they operate (Sec. [[I). However, they can signifi-
cantly improve the performance of BP decoding, and in
contrast to vanilla BP [I6] which does not achieve thresh-
old, our algorithms are achieving it (Sec. .

While message-passing algorithms for computing
matchings have been studied extensively [I7H21], their
application to quantum error correction has not been ex-
plored, and empirical evidence of their practical perfor-
mance remains limited. Moreover, prior work primar-
ily focused on approximating MWPM solutions, whereas
our focus is on evaluating their performance under con-
strained time complexity.

B. MWPM on the surface code

Our BP-based method is applicable as a direct replace-
ment of vanilla MWPM. For simplicity, we focus on un-
correlated decoding in the surface code, and decode X
and Z Pauli errors separately. In the following, we fix
the case of Z Pauli errors and refer to the X parity check
matrix by H. Moreover, we explain our method using
the code capacity noise model. This means that what we
call check refers to a detection event.

MWPM works on the decoding graph G = (Vg, &4).
For each error realization e, the decoding graph consists
of one node i € V; for each unsatisfied check, as well as
one edge (i,j) € &y for each pair of unsatisfied checks.
The edge (i, j) represents the fact that one can map the
unsatisfied check associated to i to the one associated
to j. Additionally, for each unsatisfied check associated
with some vertex ¢ € Vg, the decoding graph contains a
boundary node i, € V; and a boundary edge (i,4,) €
&4. The boundary node and the edge represent the fact
that one can map the unsatisfied check to the boundary.

For a given error realization e, we will denote by s
its associated number of unsatisfied checks. In this sce-
nario, the decoding graphs consists of |V;| = 2s nodes
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and |£4] = s(s — 1)/2 4+ s edges. For a given physical
error rate p, and for large n, we expect to have pn faulty
qubits. If that is the case, then the maximum expected
number of unsatisfied checks is 2pn = O(n). This takes
place whenever the faulty qubits do not share any check
with each other, so each of them triggers two checks in a
graph-like code.

As a result, taking into account the boundary vertices,
the decoding graph has at most [Vi| = 2pn + 2pn =
O(n) nodes and |E] = 2pn(2pn — 1)/2 + 2pn = O(n?)
edges. Fig.[T]shows an error realization and its associated
decoding graph.

MWPM associates a weight to each edge in the de-
coding graph and runs the Blossom algorithm [10, 22] in
order to find an error €’ with minimal weight that has the
observed syndrome He’ = He. Instead of doing this, we
associate a factor graph F to the decoding graph and
correct errors by running BP on F.

II. METHODS
A. Bipartite Graph Representation

We define the bipartite graph F associated to the de-
coding graph G as F = (V,C, A) where

oV = {vi1,--,Viss .-y Vs1,...,Vs s} is the set
of variable nodes. Variable nodes in the bipar-
tite graph are associated to edges in the decoding
graph. In particular, variable node v; j, ¢ # j, is as-
sociated to edge (i, 7) in the decoding graph G, i.e.,
to an edge connecting the i-th and j-th unsatisfied
syndromes. Similarly, variable node v;; is associ-
ated to the edge (,4) in G, i.e., to an edge connect-
ing the i-th unsatisfied syndrome to the boundary.
Although we have presented them independently,
note that v, ; = v, i.e. there are s(s —1)/2+s
independent variables in V.

e C ={c1,...,¢cs} is the set of factor nodes associ-
ated to the unsatisfied syndromes.

o A is the set of (undirected) edges of the bipartite
graph. The bipartite graph contains s(s —1)/2+ s
edges, one for each independent variable. In par-
ticular, we have that every factor node c; is con-
nected to the variable nodes v;1,...,v;, ie., it
has exactly s incident edges. That is, variable node
vij, © # j, is connected to factor nodes c; and c;,
whereas variable node v; ; is connected only to c;.

The random variables v; ; associated to the variable
nodes v; ; take binary values. In particular, we associate:

 the value v; ; = 1 to the corresponding edge in the
decoding graph G being included in the matching;

 and the value v; ; = 0 to the corresponding edge in
G not being included in the matching.

For the sake of notational simplicity, we will use v; ; to
refer to the binary random variables, as well as their cor-
responding realizations.

Each factor node c; € C in our bipartite graph F en-
codes a local compatibility constraint. In particular, the
constraint is that only one out of the s variable nodes
it is connected to can take value one, that is, that each
unsatisfied syndrome is invovled in a single matching.
Formally:

1 if S = 1,
Ci(vi,la-~-7vi,s) = { Ej*l J (1)

0 else,

The prior probability associated to random variable
Vi j, Pij, corresponds to

L)wm ifv; ; =1,
(1—p v ) (2)
1-— (7) if Vi,j = O,

p

Pij =

where w; j, © # j, is the weight of the lowest-weight er-
ror that matches syndromes ¢ and j, whereas w; ; is the
weight of the lowest-weight error that matches syndrome
1 to the boundary.

Overall, the bipartite graph F describes the decompo-
sition of the probability distribution Py into local factors

defined over the configurations of vy 1,...,vss:
PO(Ul,la e ,Ul’s, e 7US,17 [ ;Us,s) X
[ciwir,-svie) TT pinwin)- (3)

1<i<s 1<j<k<s
We have omitted a normalization constant in (3.

The factor nodes c; strictly enforce the matching con-
straint by assigning a probability of zero to any invalid
variable configuration. The remaining valid configura-
tions, which correspond to perfect matchings, are then
assigned probabilities proportional to the product of the
independent prior probabilities p; ; of their constituent
edges. Consequently, finding the minimum weight per-
fect matching is equivalent to identifying the configura-
tion that maximizes the distribution Pg.

B. Belief Propagation

Maximizing Py is a computationally demanding task.
Instead, in this paper, we aim at a low-complexity ap-
proximation of this solution. In particular, we apply the
sum-product belief propagation algorithm over the fac-
tor graph F. This yields the marginal probability of each
variable in F, which represents the likelihood of that vari-
able being present in a valid matching, weighted by the
overall likelihood of the matchings it belongs to. We then
rely on these marginals to heuristically approximate (see
Section the specific configuration that maximizes
Py.
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FIG. 1: Decoding and factor graphs. (a) Example error realization e in the d = 5 unrotated surface code. Z
phase-flip errors are blue and unsatisfied syndrome plaquettes are red. (b) Decoding graph associated to e. The
unsatisfied syndromes are associated to red nodes and the boundary nodes are orange. We include one edge for each
pair of unsatisfied syndromes and one edge that joins each unsatisfied syndrome to the boundary. Edge (7, ) has a
weight w; ; = (p/(1 — p))*"7, where p is the physical error rate and w j, ¢ # j, is the weight of the shortest error
path that satisfies the syndromes connected by the edge, whereas w; ; is the shortest path from s; to the boundary.
(¢) Factor graph associated to e. Each unsatisfied syndrome i is associated to a factor ¢; and a variable v; ;.
Each pair of unsatisfied syndromes ¢, j (i < j) is associated to a variable v; ;. Each variable v, ;, ¢ < j, is associated
to a prior probability p;; .

In the sum-product algorithm, factor and variable
nodes exchange messages over the edges A of the bipar-
tite graph F.For numerical stability and notational con-
venience, we provide a log-domain implementation of the
sum-product algorithm. The log-likelihood ratio associ-
ated to the prior probability distribution of a variable
node v € V is denoted by ¢,. For v = v, ;,

pij(vij =1)
o =ln——Z 4
" pij(vij =0) @
The message sent by factor node c to variable node v at

the ¢-th iteration is denoted by mgtlw, whereas the mes-

sage sent from v to c¢ is denoted by m‘(,gc. Initially, the

(0)

messages from variables to factors my—. are initialized to
{,, whereas the messages from factors to variables mgﬂv
are initialized to zero. In the subsequent iterations, the
messages from variable nodes to factor nodes are updated

as
m\(,iri) =4+ Z mSLv
c’eN(v)\c

whereas the messages from factor to variable nodes are
updated as

m((:tj;‘}) = —maX:,EN(C)\V (m‘(,f)_)c)

where max* is the soft-max operator, defined over a set
of variables z1,...,z, as:

max*(z1,...,2,) =1n (Z exp(zi)>
i=1

In practice, computing the multi-argument soft-max op-
erator directly via exponentials can lead to numerical in-
stability. Therefore, the soft-max operation is typically
evaluated recursively using its two-argument form, some-
times known as the Jacobian logarithm:

max”(x,y) ~ max(z,y) + In(1 + exp(—|z — y|)).

Similarly, the posterior probability of the random vari-
able associated with v after the t-th iteration is obtained
as

AN =t 4+ Y mlD,, (5)
ceN(v)

for a predefined maximum number of iterations 7.

Each variable node is connected to at most two factor
nodes, so each of its outgoing messages can be updated
in O(1) time. There are O(n?) variable nodes, and the
update of one is independent of the others. With O(n?)
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FIG. 2: Marginalization and forced convergence: (a) An example marginalization output for the error candidate in
Fig. [Il We include the (probability) marginalization result after 7' iterations P(*)(v = 1) for each variable v € V. (b)
The first decision made by forced convergence. We color in blue the chosen variable together with the unsatisfied
syndromes it matches. We color in gray the variables and the edges that are eliminated for future steps because of
the choice. (¢) The second decision made by forced convergence. This decision, together with the previous one
constitute the output of marginalization. Marginalization is not guaranteed to converge and, in fact, in this example
it does not. (d) The third decision made by forced convergence. This decision, together with the previous ones,
constitute the output of forced convergence. Forced convergence is guaranteed to converge and, in fact, in this
example it does.

parallel resources, all of them can therefore be updated
simultaneously in O(1) time. With only O(n) resources,
each of them handles O(n) variable nodes serially, and
the update of all variable nodes takes O(n) time. In con-
trast, the factors are adjacent to O(n) variable nodes. Us-
ing the leave-one-out approach [23], all messages outgoing
from a factor node can be computed in O(n) time in total.
Since all factor nodes can be updated in parallel (i.e. we
assume we have access to O(n) parallel resources), each
iteration over them takes time O(n). Lastly, saving the
messages requires O(n?) space. Overall, each iteration
can be done in O(n) time and requires O(n?) space.

C. Checking convergence

Checking convergence in our algorithms is useful since
there is no guarantee that message-passing will achieve
it. Hence, if we check for it early, it can save us compu-
tational time.

Assuming that we have inferred an error candidate,
checking for convergence requires for each factor node to
sum over the inferred values of the variable nodes adja-
cent to it. If the sum is equal to one for all factor nodes,
then we have converged. This can be parallelized for each
factor node and, as a result, it requires O(n) time.

D. Forced convergence

We infer an error candidate €’ by using the set of mes-
sages from checks to variables. We consider two inference
methods: marginalization and forced convergence.

In marginalization, we infer the posterior probability
distribution A\ for each individual variable v € V and
include v in the matching provided )\‘(,t) > 0.

The marginalization over each variable requires O(1)
time since each variable node is only connected to at most
two factor nodes. Since we can marginalize each variable
in parallel, we only require O(1) time for marginalizing
provided we use O(n?) space (and, as in the case of vari-
able to factor updates, O(n) time if we only use O(n)
space). Fig. [2|is an example where marginalization does
not converge.

Given that marginalization decides locally on each
variable, we are not guaranteed to converge. Fig. [8b]
provides data for the number of times we do not obtain
(through marginalization) a converged error candidate in
any of the T' = 25 iteration steps.

On the other hand, forced convergence uses the poste-
riors computed by marginalization for ordering all vari-
able nodes in terms of their probability of being part of
the matching. We then recursively pick the variable with
the highest probability until we obtain a matching. The
recursive decision on the variables together with their
ordering in terms of likelihood provide global informa-
tion that always allows us to provide an error candidate
matching the syndrome. Forced convergence is somewhat



Algorithm |Noise mod. Iter. Comp. #Iter. (I') Inf. Comp. Overall Comp. Threshold
BP4M Capacity O(n) 25 O(nlogn) O(Tn + nlogn) 0.1170
BP4MF Capacity O(nlogn) 25 - O(Tnlogn) 0.1340
BP4M+M Capacity O(n) 25 O(rnen®logn)|O((1 — 74e)Tn + raen®logn) | 0.1570
B-BP4MF Capacity O(nlogn) 25+ 25 - O(Tnlogn) 0.1500
MWPM Capacity - - - O(n*logn) 0.1550
BP4M Circuit-level O(n) 50 O(nlogn) O(Tn + nlogn) 0.0050
BP4MF Circuit-level ~ O(nlogn) 50 - O(Tnlogn) 0.0055
B-BP4MF | Circuit-level ~ O(nlogn) 75+ 75 - O(Tnlogn) 0.0061
MWPM Circuit-level - - - O(n*logn) 0.0077

TABLE I: Algorithms’ worst case complexity and thresholds for the unrotated surface code. The second column is
the noise model (circuit-level stands for memory-Z experiment); the third column is the complexity per iteration;
the fourth column is the number of iterations; the fifth column is the complexity of inference after BP (a hyphen
indicates that this step is not needed since BP always converges); the sixth column is the overall complexity; the
seventh column is the observed threshold. We have taken the MWPM threshold from the literature [24] for code
capacity, and we have simulated it through Pymatching [10] for circuit-level noise. The complexities reported here

are for a parallel implementation (see Sections [l and .
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FIG. 3: Code capacity unrotated surface code. We ran our algorithms for 25 iterations. The horizontal red dotted
line is the pseudo-threshold (i.e. the curve where the logical error rate equals the physical error rate) and the
vertical dotted line indicates the achieved threshold. All subfigures include a gray LER curve that represents pure
MWPM distance 11 decoding performance. This is for comparison reasons with the corresponding distance 11 LER
curve of our methods (orange).

reminiscent of guided decimation [25].
To force the convergence, we associate to each c € C a
subset of its adjacent variable nodes

E CN(c)

chosen so that that these subsets partition the variable
nodes,

E =Ucecé. and E.NE = 0.

This partition can be pre-computed assuming each syn-
drome is unsatisfied and obtaining a partition for the
complete set of variable nodes that the decoding graph
may be. Each & can then be in parallel adapted to the
observed syndrome for a total cost of O(n).

Given the partition, we marginalize each variable in
O(1) and compute the block maxima

C

Vinax = arg maxX,cg {x\@}

one for each ¢ € C. Since we can do this for each of them
in parallel, this requires O(n).
Next, we build the vector of maxima

Vmax = (Vf‘éax’ st 7V1Crfax)
and reorder it v}, such that
(t) (t)
)\(‘%ax)izl 2 /\(‘%ax)iﬂ
for i = 1,...,5s — 1. When performed serially, reorder-

ing requires O(nlogn), but there exist parallel hardware
implementations [26] with even lower complexity.

We then process vl .. starting from its first entry,
which carries the largest posterior. At each step, we take
the first remaining entry, say this entry is associated to
check node c¢;, and proceed as follows. If its represen-
tative is the boundary variable v; ;, we match c; to the

boundary and remove the entry associated to c; from
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FIG. 4: Circuit-level noise memory-Z surface code (rotated and unrotated). We ran our algorithms for 50 iterations.
The columns determine the algorithm, while the rows determine the code used. The horizontal red dotted line is the
pseudo-threshold and the vertical dotted line indicates the achieved threshold.

Vi ax- Otherwise the representative is v; j, for some k # 4,
in which case we match c; to ci and remove from vJ .
both the entry associated to c; and the one associated to
ci. We proceed in this way until every entry has been

processed.

. . x
Since an entry is removed from v},  exactly when

its check is matched, every check is matched exactly
once, which yields a valid matching, i.e., an error can-
didate that reproduces the observed syndrome. Process-
ing the entries costs O(n), so forced convergence requires
O(nlogn) overall, dominated by the reordering.

It is worth noting that, in case marginalization con-
verges, running forced convergence with the same BP
messages will provide the same output as marginaliza-
tion. Hence, at a given iteration ¢, it is convenient to
check first whether marginalization converged, at a cost
of O(n), in which case one can skip forced convergence,
and save its O(nlogn) cost. For illustration, Fig. [2|is an
example where marginalization does not converge and
forced convergence does.

E. Correlated decoding

MWPM can approximate the joint decoding of X and
Z Pauli errors by first running quaternary BP on the
Tanner graph and then using the BP qubit posteriors in
order to compute the input weights required by MWPM.
This approach is known as Belief-matching [27].

We can emulate Belief-matching to incorporate corre-
lations into our scheme. In order to compute the prior
probabilities that we associate with the edges in the de-
coding graph, we:

1. Run quaternary BP on the full Tanner graph and
compute its qubit posteriors.

2. Run Dijkstra’s algorithm [28] in order to get the
path of minimum weight (according to the qubit
BP posteriors) that joins either two pairs of unsat-
isfied syndromes or one unsatisfied syndrome to the
boundary.

The graph Gp = (Vp,&p) on which Dijkstra’s algo-
rithm is run is quite close to the Tanner graph: it has
one node i € Vp for each check. This includes virtual



checks, which are located at the check-free end of each
qubit that is connected to a single check node. The graph
has one edge (i,j) € &Ep for each qubit, with i,j € Vp
being the two check nodes adjacent to that qubit. One
of these checks might be virtual.

There is some subtlety regarding the graph on which
we run Dijkstra, depending on whether we allow cor-
rections between pairs of syndromes to go through the
boundary or not. If we do, then we can use a quo-
tient graph Gp/~ = (Vp/~,Ep/~), where Vp/~ has one
equivalence class for each non-virtual check and all the
nodes associated to virtual checks are collapsed into a
single equivalence class. Moreover, i,j € Vp/~ are con-
nected by an edge in &p/~ provided one member of the
equivalence class of ¢ is connected to a member of that
of 7 in Vp. We have given preference to Gp over Gp/~
in order to help BP on the decoding graph: If we take
Gp/~, we risk having some redundancy in the matchings.
More specifically, a situation may arise where, given two
unsatisfied syndromes, the solution that matches each of
them separately to the boundary is equivalent to the one
that matches them together (i.e. this matching also goes
through the boundary). This symmetry may reduce BP’s
performance, hence we avoid it.

Regarding complexity, assuming we have O(n) paral-
lel resources with O(1) space in each of them and hence
O(n) space in total, BP on the Tanner graph requires
O(Tn) time to do T iterations. Furthermore, given a
starting node 7 € Vp, Dijkstra’s algorithm computes its
distance to all other nodes in O(|€p|+ |Vp|log |Vp]). For
the surface code, this requires O(nlogn) time, assuming
we can run O(n) Dijkstra instances in parallel (spending
O(n) space in each Dijkstra and hence O(n?) space in
total), i.e. one for each unsatisfied syndrome. This di-
rectly provides the weights associated to unsatisfied syn-
drome pairs that we need to initialize the BP approach
to MWPM. In order to obtain the weights associated to
matching an unsatisfied syndrome to the boundary, we
need to minimize over all the Dijkstra paths joining its
associated node to a virtual node. This adds an extra
O(n) time, assuming we can do it for all unsatisfied syn-
dromes in parallel. Overall, adding correlations via this
procedure requires O(Tn + nlogn) time.

III. RESULTS

The core of our results are two BP-based algorithms:
BP4M, BP4MF. Additionally, we build also a two-stage
decoder BP4M+M (atching) and one that incorporates
correlations B-BPAMF. Table [[lists the time complexity
of each algorithm. In the naive implementation we have
adopted for simplicity, each algorithm requires O(n?)
space in the worst case. We discuss space complexity
further in Section [[V]

A. Belief Propagation for Matching (BP4M)

Our first method is belief propagation for match-
ing (BP4M). Herein, we perform message-passing for
a number of iterations 7', performing marginalization at
each iteration and, provided we converge in several iter-
ations, we keep the error candidate with lowest weight
among them. Once the iterations are over, and provided
the last one did not converge, we perform forced conver-
gence in order to get some error candidate for each syn-
drome. Lastly, if forced convergence was used, we com-
pare the weight of the lowest-weight candidate coming
from marginalization with that of forced convergence and
output the error candidate with smallest weight between
them. Otherwise, we output the lowest-weight candidate
coming from marginalization.

The complexity of each iteration of BP4M is that of
message-passing itself O(n) plus that of the marginaliza-
tion O(1) for a total of O(nT) when finishing the itera-
tions. After that, forced convergence requires O(nlogn),
and we get an overall complexity of O(nT + nlogn).

B. BP4M Forced (BP4MF)

The second method is called belief propagation for
matching forced (BP4MF). In this approach, we per-
form message-passing for a number of iterations 7', per-
forming forced convergence at each iteration and keeping
the error candidate with lowest weight among them. For
the same number of iterations T', we expect this approach
to perform better than BP4M, since the weight of the fi-
nal output will be upper bounded by that of BP4M. This
is the case since, if marginalization converges, then forced
convergence will output the same error candidate.

The complexity of each iteration of BP4MF is that of
message-passing itself O(n) plus that of forced conver-
gence O(nlogn) for a total of O(T'nlog(n)) when finish-
ing the iterations. Before performing forced convergence,
we can marginalize and check for convergence for O(n),
and avoid the O(nlogn) cost of forced convergence. The
number of times forced convergence cannot be avoided
diminishes with the physical error rate (see Figure .

C. BP4M + Matching (BP4M-+4M)

The third method is belief propagation for match-
ing plus matching (BP4M+M). This is a two-stage
decoder, where the first stage is running BP4M and the
second one vanilla MWPM. In this approach, we repro-
duce BP4M while we are performing iterations and, once
we have reached T iterations, we check whether we have
converged. If that is the case, then we output the con-
verged error candidate with minimal weight like BP4M
does. Otherwise, we perform MWPM. This method is
somehow similar to [27], although the soft information
from BP4M is not used to reweigh the MWPM graph.



The complexity of each iteration of BP4M+M is that of
BP4M, that is, O(nT') after the iterations have finished.
If we do not obtain an error candidate that matches the
observed syndrome after T iterations, then we use match-
ing for an extra complexity of O(n®logn). As a result, if
we call 7, the ratio of non-convergence, i.e. the quo-
tient of the number of times we do not converge and the
number of errors we have generated, then the expected
runtime is O((1 — rpe)nT + rpen®logn). As we show in
Fig. BB} 7y, diminishes with the physical error rate and
we get, for p = 0.02 and d = 3,5,7,9,11 under the code
capacity noise model, that r,. < 0.1.

D. Belief-BP4MF (B-BP4MF)

The fourth method is quaternary belief propaga-
tion plus belief propagation for matching forced
or belief-BP4MF (B-BP4MF). This is a two-stage
decoder, where the first stage runs quaternary BP. If the
first stage converges, we take its hard decision as output.
Otherwise, we run Dijkstra’s algorithm (see Section [[TE)
in order for the BP4MF initial log-likelihoods to take into
account correlations, and we then run BP4MF. One can
substitute BP4AMF by BP4M in order to get another de-
coder, although we only simulate the BPAMEF case. This
methods are the belief propagation for matching coun-
terparts of belief-matching [27].

Since the time complexity of quaternary BP together
with our Dijkstra subroutine is O(Tn +mnlogn) and that
of BP4AMF is O(T'nlogn), the overall complexity of B-
BP4MF is O(Tnlogn). We use the same number of it-
erations 7" = 75 for both quaternary BP and BP4MF.

E. Numerical Results

We benchmark our decoding algorithms across code
distances d € {3,5,7,9,11} using both code capacity and
circuit-level noise models:

For code capacity noise, we evaluate the unrotated sur-
face code subject to a standard depolarizing channel with
physical error rates p € [0.02,0.18].

For circuit-level noise, we consider both the
unrotated and rotated memory-Z surface codes.
The circuits are constructed using Stim’s [29]
standard surface_code:rotated_memory_z and
surface_code:unrotated_memory_z generation, em-
ploying R = d syndrome-extraction rounds, ending
in a final data-qubit measurement. The noise model
injects a depolarizing error (probability p) after every
Clifford gate and onto data qubits before each syndrome
extraction, with state preparation (reset) and measure-
ment flip probabilities similarly set to p. We sweep the
physical error rate from p = 0.002 to 0.012 for most
configurations, while for the B4+BP4MF decoder, we
evaluate code distances d € {5,9,13} across rates from
p = 0.003 to 0.012.
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FIG. 5: Code capacity average runtimes (over 1 million
errors) compared to MWPM. We use T = 25 iterations

for our decoders.

We implemented our code with Numpy and C++.
Simulations were performed on a Linux workstation
running Ubuntu 24.04.3 LTS (kernel 6.8.0-94-generic),
equipped with an AMD EPYC 9274F (24 cores / 48
threads, single socket; up to 4.05 GHz) and 188 GB
RAM, and 2x NVIDIA RTX 6000 Ada Generation GPUs
(48 GB VRAM each). For comparison against vanilla
MWPM, we utilize PyMatching [I0]. This library also
serves as the underlying MWPM subroutine within our
BP4M+M decoder. We have also used the QECSIM li-
brary [30].

Since all our algorithms perform message-passing, their
complexity and performance depend on the number of
iterations T they use. We consider the following number
of iterations: T = 25 for all code capacity simulations
except for B-BP4AMF,| where we do T' = 25 for quaternary
BP and T = 25 for BPAMF. T = 50 for all circuit-level
noise simulations except for B-BP4MF, where we do T =
75 for quaternary BP and T = 75 for BPAMF. Table [
summarizes the number of iterations.

1. Comparison to MWPM

All of our algorithms have thresholds comparable to
that of MWPM both for code capacity (Fig. and
and for circuit-level noise (e.g. Fig. . See Table
[ for a summary of threshold across all algorithms and
noise models. Furthermore, these comparable thresholds
are achieved in a faster runtime than MWPM (Fig. [5).

All of our algorithms show good performance. One
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can see this in Fig. [0] for d = 9,11. As expected, for
the same number of iterations T, we get that BP4MF
performs better than BP4M. When considering different
values of T', we have noticed that, even in the intermedi-
ate iterations where we do not converge, forced conver-
gence typically provides meaningful error candidates. In
particular, we have concluded from our experiments that
exploring more forced convergence candidates is better
in terms of performance than running more iterations
and only exploring the converged error candidates. An-
other conclusion that we draw from these experiments is
that a low number of iterations already provide good re-
sults, with the performance improving slowly as T' grows.
Moreover, these improvements become more prominent
as the physical error rate diminishes. Our experiments
with T' were performed under code capacity noise.

When we converge via marginalization, the perfor-
mance is comparable to that of MWPM. The perfor-

mance of BPAM+M (Fig. [8¢c) is almost indistinguishable
from that of MWPM (Fig.|9). This indicates that, when
our algorithms converge via marginalization, their perfor-
mance is comparable to that of MWPM. To support this,
we include in Fig. [8a] the converged logical error rate
or converged LER, which consists of the logical errors
ignoring the cases where we do not converge. Moreover,
the number of instances where we do not converge via
marginalization diminishes with the physical error rate

(Fig. .

2. BP Improvements

Known improvements for BP on the Tanner graph can
also be advantageous for our algorithms. An example of
this is adding memory [31]. More specifically, when up-
dating the messages from variable nodes to factor nodes,



we add a tunable parameter «, getting the following
equation

1 ¢
m‘(,t_—tg) =Ly + o Z m<(:’)—>v'
c’eN(v)\c

By doing a grid search with o = 0.6 + k- 0.05 and k €
{0,1,...,20}, we manage to improve the performance of
BP4MF (see Figure [7). We refer to this algorithm as
Memory-BP4MF.

We have tried a couple more approaches that did
not yield significant gains, at least in the code capac-
ity setup. This includes serial scheduling of the messages
and adding memory during marginalization.

IV. CONCLUSION

We have shown that the absence of a threshold for
standard belief propagation (BP) on the surface code
is not intrinsic to the algorithm, but a consequence of
the graph on which messages are passed. Moving the
message-passing to the decoding graph, the graph on
which minimum weight perfect matching (MWPM) oper-
ates, recovers threshold behavior, despite the short cycles
present in the latter graph.

Our algorithms achieve thresholds of 0.117 (BP4M)
and 0.134 (BP4MF) under code capacity noise, against
0.155 for MWPM, and of 0.0050 and 0.0055 under circuit-
level noise, against 0.0072 and 0.0077 for the rotated
and unrotated memory-Z experiments. The forced con-
vergence strategy of BPAMF, which guarantees a valid
error candidate at every iteration, is what closes most
of the gap at higher distances. Adding correlations in
the style of belief-matching closes it further, raising the
code capacity threshold to 0.150, at the cost of a sec-
ond BP stage. Used instead as a pre-decoder that defers
to matching only when marginalization fails, BP4M+M
attains a threshold of 0.157 while calling MWPM on a
small and rapidly decreasing fraction of syndromes, and
is faster than PyMatching across the distances we consid-
ered. We also find that a small number of iterations suf-
fices, and that heuristics developed for BP on the Tanner
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graph transfer to our setting: adding memory improves
the circuit-level threshold of BP4AMF to 0.0059.

A gap to MWPM remains. We attribute it primarily
to the greedy nature of forced convergence, which fixes
variables serially by reliability and therefore does not re-
cover the globally optimal matching that Blossom pro-
vides, and to the independence assumption underlying
the edge priors. Narrowing this gap without giving up
the low per-iteration cost is, in our view, the main open
problem raised by this work.

Several directions follow. The X and Z matchings are
currently decoded independently, and improving their in-
teraction is the natural route towards correlated decod-
ing. The matching-based approaches to non-graphlike
codes [7THI] may allow our algorithms to be applied be-
yond graphlike codes. Further BP heuristics are worth
exploring, in particular concatenating several BP in-
stances in series or using ensembles, as Relay BP does
[32]. Our space complexity is O(n?) because we build
the complete decoding graph. Sparse Blossom [13] shows
that this can be avoided for matching, and doing so in our
setting would be practically relevant. Finally, the per-
iteration cost of our algorithms is O(n) with O(n) par-
allel resources and the message updates are local, which
makes an FPGA or ASIC implementation a natural next
step.
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V. APPENDIX

) -/./-
1024 ./_/'

109 /
//

converged LER

0.04 0.05 0.06
physical error rate

(a)

fraction of calls to MWPM

0.02 0.06 0.10 0.14 0.18
physical error rate
(b)
10°
107!
1072
> 1073 0.157 =
% BPAM+M
— 10
1079 —-—=3 0.155
:Zis MWPM
1070 ——d=9
d=11
. —LER = p H
- :
10 0.02 0.06 0.1 0.14
physical error rate

(c)
FIG. 8: Code capacity convergence performance and
MWPM postprocessing: (a) Converged LER. (b) Con-

vergence fraction. (c) Performance of BPAM+M with 25
iterations.

12

10° 4

—e— MWPM
—&— BP4M

—@— BPAMF
—4— BPAM+M

0.02 0.06 0.1  0.14
physical error rate

FIG. 9: Code capacity performance of our algorithms
(BP4M, BP4MF, BP4M+M) with 25 iterations com-
pared to MWPM for distances d = 9, 11.

Rotated Surface memory-Z

10—1 ]

10—2 1

10734

10744

3x10% 4x 1078 6x 103 10-2
physical error rate

FIG. 10: B-BP4MF threshold result for circuit-level noise

rotated memory-Z surface code with 75475 iterations.

2% 1073



	Achieving Thresholds via Standalone Belief Propagation on Surface Codes
	Abstract
	Introduction
	Motivation
	MWPM on the surface code

	Methods
	Bipartite Graph Representation
	Belief Propagation
	Checking convergence
	Forced convergence
	Correlated decoding

	Results
	Belief Propagation for Matching (BP4M)
	BP4M Forced (BP4MF)
	BP4M + Matching (BP4M+M)
	Belief-BP4MF (B-BP4MF)
	Numerical Results
	Comparison to MWPM
	BP Improvements


	Conclusion
	Acknowledgements
	References
	Appendix


