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Adaptive framework for failure-aware protocols in fusion-based graph-state generation
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We consider the generation of photonic graph states in a linear optics setting where sequential nondeterministic
fusion measurements are used to build large graph states out of small linear clusters and develop a framework to
optimize the building process using graph-theoretic characterizations of fusion networks. We present graph-state
generation protocols for linear cluster resource states and type-I/type-1I fusions which are adaptive to fusion
failure, that is, they reuse leftover graph states in the remaining building process. To estimate hardware costs,
we interpret our protocols as finite Markov processes. This viewpoint allows us to cast the expected number
of fusion measurements until success as a first passage problem. We then deploy a pipeline of polynomial
algorithms to optimize arbitrary graph states, extract fusion networks, and find beneficial orderings of fusions.
We check the effectiveness of these algorithms by verifying that the corresponding mean first passage times
are decreased. We evaluate our pipeline for different initial resource states and fusion mechanisms with varying
success probabilities. Results show reductions in the fusion overhead by several orders of magnitude when
compared to simple repeat until success protocols and by up to 40% when compared to state-of-the-art graph-

state generation protocols, especially for realistic fusion success probabilities between 50% and 75%.
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I. INTRODUCTION

Graph states play an important role as a fundamental
resource in several quantum computing schemes [1,2], as
scalable entangled units in quantum networks [3] and
for error-correction schemes [4]. They have been realized
experimentally on most leading quantum computing imple-
mentations such as trapped-ion systems [5,6], linear optics
platforms [7,8], superconducting systems [9,10] and neutral-
atom devices [11]. For linear optics architectures, the major
hurdle in building graph states is the noninteracting nature
of photons. Thus entangling operations can only be imple-
mented by using nonlinear elements such as postselecting on
measurement outcomes [12]. While linear clusters of entan-
gled photons can be produced deterministically from quantum
emitters [13], creating arbitrary graph states requires either
interacting emitters [14] or photonic probabilistic entangling
measurements, known as fusions [15,16].

In this work, we focus on fusion measurements in an all-
photonic architecture where we build arbitrary graph states by
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sequentially fusing small initial resource states (cf. Fig. 1): At
each step we swap qubits and apply a fusion measurement on
two adjacent qubits. Based on the fusion outcome, we may
then need to add new resource states and again swap qubits
and fuse until we have created the desired target graph state.
This process of graph-state generation can be captured by so-
called fusion networks, which give a configuration of resource
states and fusions to reach a target graph state [2,17]. In the
past few years, there has been a surge of effort to optimize
graph-state generation protocols for photonic architectures,
including compilation towards fusion networks [17-19] and
towards hardware-specific emitter schemes [16,20,21]. These
proposals rely on repeat-until-success schemes with or with-
out redundantly encoded qubits. In other words, if a fusion
fails, either the graph states involved in the fusion are built
up anew from the beginning, or another photon of the redun-
dantly encoded qubit is used to repeat the fusion.

Here we investigate an adaptive approach on graph-state
generation protocols: After a failed fusion, we reconfigure
the network by incorporating new resource states as well
as parts of the already existing graph state. We characterize
fusion networks by relating fusions to graph-theoretic minor
relations and derive procedures to generate fusion networks
for arbitrary graphs using either type-I or type-II fusion and
linear cluster resource states. We then give adaptive protocols
to build graph states from fusion networks with strategies to
rebuild networks under fusion failure. To evaluate the effi-
ciency of such protocols, we view fusion success and failure
probabilities in the language of finite Markov processes. This
allows us to capture the expected number of fusion attempts
until successful graph-state generation in terms of the mean
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FIG. 1. A schematic overview of the graph-state generation pro-
cess. We consider resource-generating modules (RSGs), consisting
of small entangled units, such as two- or three-qubit linear cluster
states serving as input for a sequential buildup process using fusions
(F) on adjacent qubits.

first passage time (MFPT). We set up a scheme to calculate
the MFPT from the Markov process and provide algorithms
to reduce this time for arbitrary graph states when using our
protocols, including the search for less costly locally equiva-
lent graph states and optimizing the order in which fusions are
applied.

The paper is structured as follows: We start in Sec. II with
a discussion of some graph-state preliminaries. In Sec. III,
we introduce graph-theoretic fusion networks and show how
to obtain fusion networks for arbitrary graphs. We introduce
adaptive protocols in Sec. IV and show how to evaluate these
protocols using mean first passage times in Sec. V. We incor-
porate algorithms to optimize graph-state generation towards
low mean first passage times in Sec. VI and, finally, we eval-
uate our strategies in Sec. VIIL.

II. GRAPH-STATE PRELIMINARIES

Graph states are a family of quantum states where the
entanglement structure between qubits can be described as
a simple undirected graph G = (V, E), with a vertex set V
and edges E [22]. The vertices of V of the graph represent
the qubits, and entanglement operations are applied between
qubits connected by edges in E. Formally, a graph state |G),
with G = (V, E) being an undirected graph, is of the following
form:

Gy = ] czi;1+®". )
(i, ))eE

The CZ operation is a controlled-Z quantum gate which en-
tangles pairs of qubits. Here, they act on qubits in the state
[+) = (J0) + [1))/ V2. Clearly, such graph states are obtained
by acting with Clifford gates only, thus they are stabilizer
states. An equivalent formulation of this graph state is given
by listing its Clifford group generators

K=x [] z- )

JeNG)

Here, for each qubit i the product extends over all neighbors
of i, denoted by N(i). Graph states form only a subclass of
stabilizer states, yet any stabilizer state can be transformed
into a graph state with just local Clifford unitaries [22]. We
next describe some transformations that can be applied to
graph states.

u u v v u
K R /\A N @
G Gxu G G N uv

FIG. 2. Examples of graph-theoretic rewrites on two simple
graphs. Left: a local complementation operation is applied at vertex
u, which toggles the edges between neighbors of u. Right: a pivoting
operation on edge {u, v} toggling edges between exclusive neighbors
of u, v and the shared neighbors of u and v. Further, u and v switch
their neighbors.

A. Graph-theoretic rewrites

Given a simple graph G = (V, E) and a vertex u € V, the
first graph-rewrite we consider is a so-called local comple-
mentation on the vertex u that transforms G into a new graph
G * u. This graph is obtained from G by first considering all
neighboring vertices N(u) of u. When two vertices v, w €
N(u) are connected in G, they are disconnected in G * u and
vice versa. An example is given in Fig. 2.

An equivalent definition is often given in the literature in
terms of the symmetric set difference operator A. Given two
sets A and B, this is defined as A A B=(A\ B)U (B \A).
Thus A A B consists of precisely those elements that lie in
exactly one of the sets.

With this, the graph G * u has the same vertex set V, but
the edge set becomes

E' =E A Ky, 3)

where Ky, is the complete graph on vertices N(u) u [23].
Interestingly, another application of A will undo the operation,
because the set difference operator satisfies

(AAB)AB=A. 4)

Another operation that we will apply below is pivoting. This
is defined as three alternating local complementations on the
end points of an edge {u, v} € E:

GAuv =[(Gxu)xv]*xu=[(G*v)*u]*v.

This operation toggles edges between neighboring sets N () \
N(),N(v)\ N(u), and N(u) N N(v) and switches neighbors
of u and v (cf. Fig. 2).

B. Local equivalence

A particularly useful property of graph states is that lo-
cal unitary operations acting on just a single qubit can be
captured via graph-theoretic rewrites. Local complementation
on a graph state corresponds to the following local Clifford
operations (up to a global phase) [22]:

Gxu)= | VX, [T VZ, |IG).

veN (u)

Graph states are equivalent up to local Clifford operations
(LC-equivalent) if and only if their graphs are equivalent up to
local complementation [24] and equivalent under local unitary
operations (LU-equivalent) if and only if their graphs are
equivalent under a generalized r-local complementation [25].
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Further, pivoting on a graph state corresponds to the fol-
lowing local operations [26]:

|G A MU> = HMHUZN(M)QN(U)|G>'

It has been shown that any real-valued local Clifford equiva-
lence is captured with pivoting [26]. These rewrites are useful
in the context of resource minimization in linear optic set-
tings, since local operations are usually easier to realize than
entangling operations. To build a graph state on hardware, it
is often cheaper to build an LU-equivalent graph state with
fewer edges first and then transform it to the desired graph
state using appropriate local operations [17].

III. FUSION NETWORKS

In this work, we consider dual-rail encoding, where a qubit
is represented as a single photon in two linear optical modes.
Fusions are probabilistic measurement operations usually in-
volving two qubits on four modes that serve to glue together
different graph states. The pioneering work by Browne and
Rudolph [15] introduces two types of fusions based on the
detection of one photon for the type-I fusion gate and two
photons for type-II fusion. These gates are inherently proba-
bilistic, i.e., upon measurement we may also detect a different
number of photons. In such cases we say the fusion has failed
because the measurement did not create the desired entangle-
ment. The original fusion gates have a success probability of
50%, yet more recent proposals have shown that both types
can be boosted to higher success probabilities using ancilla
states [27,28]. By repeatedly applying fusion measurements
we can create large entangled graph states from small ini-
tial resource states like linear clusters [15]. Fusion networks
[2,29] define a configuration of fusion operations on graph
states which yield a desired target graph state if every fusion
succeeds. We first give a general definition in graph-theoretic
terms:

A fusion network is a tuple (H, F') consisting of a simple
graph H = (V, E) and a subset F C E of edges in H, such
that (V, E \ F) represents a graph state and the end points of
each edge in F are subject to a two-qubit fusion operation
[30]. Given a fusion network (H, F') for a target graph state
|G), we say that the fusion process is successful if we reach G
from H by applying fusions on all edges in F'. In all figures of
this paper we depict fusion networks as graphs with dashed
blue edges for each “fusion” edge in F' and black edges for
each edge E \ F belonging to the actual graph state. We give
precise definitions of fusion networks for type-I and type-II
fusion in the next section.

A. type-I fusion

Upon success, type-I fusion measures one qubit and leaves
the other qubit intact such that it inherits all bonds from the
measured qubit (cf. Fig. 3), whereas upon failure, both qubits
are measured in the computational Z basis [15]. We note that
in our definition of fusion networks, a successful type-I fusion
f € F corresponds to contracting the edge f, i.e., the two end
points of the edge are merged into a single vertex [31].

This allows for the following definition of type-I fusion
networks where the notation H/e denotes the graph obtained

Type- Type-11 (XZ,ZX)

I
! = ! =
oo oo

FIG. 3. Successful type-I (left) and type-II fusion (with observ-
ables {XZ, ZX}) on the middle qubits of two linear clusters with three
qubits. The fusion is represented as a dashed blue edge with its end
points indicating which qubits are inputs of the fusion gate. Upon
success, we contract the blue edge in the type-I case, and we apply a
Pivot+vertex deletion in the type-II case.

by contracting the edge e in graph H and H — S the graph
obtained by deleting from H all vertices appearing in the
vertex set S and all edges incident on S:

Definition 1. Given a fusion network (H,F). A type-I
fusion on two vertices {u, v} € F yields a fusion network
(H', F \ {u, v}) with H' = H/{u, v} in the success case, that
is, we obtain H' from H by contracting the edge {«, v}. Upon
failure we obtain H' = H — {u, v}.

One can see that the behavior of the actual graph state
described by (V, E \ F) evolves as formalized in [15]. We can
thus define type-I fusion networks such that the target graph
is obtained from an initial fusion network by repeated edge
contractions:

Definition 2. A type-I fusion network for a graph state |G)
is a tuple (H, F) consisting of a simple graph H and a subset
F of edges in H, such that we obtain G from H by contracting
each edge in F.

In that sense G can also be seen as graph minor of H.

B. Type-II fusion

Type-1I fusion consumes both qubits and entangles neigh-
boring qubits. There are multiple ways to implement Type-II
fusions, yet, most implementations can be described as Bell-
state measurements [28]. The authors of [32] distinguish
five Bell-state measurements based on different pairs of ob-
servables. In this work, we focus on type-II fusion being
implemented as measurement in the {XZ, ZX} basis, because
the effect on the neighborhood of the fused vertices can be
described in an accessible graph-theoretic way using the pivot
operation. To see this, we look at the stabilizer generators of
a graph state after an {XZ, ZX} measurement as described in
[32]:

Theorem 1 (Restatement of Eqs. 8~11 in [32]). Given a
graph state with two nonadjacent qubits A and B. Measuring
parities {XaZp, Z4Xp} yields the following stabilizer genera-
tors:

Va; € N(A)\ N(B) : Xo,ZN(a;)aN(B)s &)
Vb; € N(B)\ N(A) : Xp,Zn()an(a)s (6)
Vei € N(A)NN(B) 1 X, Z(e))aN@A)an(B)s (N
Vd; ¢ N(A)UNB) : X4,ZN(a;)- (8)

Recall that in the graph-state formalism, we get one sta-
bilizer term for each qubit with an X operator acting on
the qubit and Z operators acting on all neighboring qubits.
From Sec. IT A, we know that a pivot toggles edges be-
tween three sets S| = N(A) \ N(B), S, = N(B)\ N(A), and
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FIG. 4. Different (nonisomorphic) fusion networks H, H’ for the
same target graph G with either Bell pairs and type-I fusion, or three-
qubit linear clusters and type-II ({XZ, ZX}) fusion.

S3 = N(A) N N(B). Since S, U S3 = N(B), Eq. (5) describes
that edges are toggled between S; and S, U S3. In a similar
way, Egs. (6) and (7) describe that edges are toggled between
S, and S7 U S3, and S3 and S; U S», respectively. This shows
that on fusion success the edges between neighbors change
exactly as under a pivot operation. With qubits A and B being
consumed in the fusion process, we describe the success case
as a pivot followed by vertex deletions.

Compared to type-1 fusion, the failure case is more in-
volved since only qubit u# gets measured in the Z basis. The
other qubit v gets measured in the X basis, which has the effect
of a pivot on v and a neighbor w € N(v) # u on the graph.
This neighbor can be chosen somewhat arbitrarily based on
different local transformations [22].

Definition 3. Given a fusion network (H, F). A {XZ, ZX}
fusion on two vertices {u, v} € F yields a fusion network
(H',F \ {u,v}) with H = (H Auv) — {u, v} on success.
Upon failure, we obtain H' = [(H — {u}) A vw] — {v} for a
neighbor w € N(v).

We can thus define such a network in terms of pivot minors
as introduced in [26]:

Definition 4. An {XZ,ZX} fusion network for a graph
state |G) is a tuple (H, F) of a simple graph H and a subset F'
of nonadjacent edges in H, such that G is a pivot minor of H,
i.e., we obtain G from H by applying a pivot on each edge in
F and delete its adjacent vertices.

C. Generating fusion networks

In this section, we consider the problem of finding a suit-
able fusion network for a given graph state |G) using either
two-qubit linear clusters and type-I fusion or three-qubit lin-
ear clusters and type-II fusion. Note that in general, fusion
networks are not unique for a given target graph. As shown in
Fig. 4, there can be many nonisomorphic networks leading to
the same graph.

To construct a fusion network (H, F') for a target graph G,
we traverse the edges of G and add them sequentially to the

Type-1I Type-I1
agV a b a b
bV o—@ o—0—o
aeV (@) a b (a) a b
b ¢ V _._____._. _.'""._._.

or: a b
(a) a

acy | @ a b () | —@-0—0—0
beV .

FIG. 5. Adding an edge {a, b} € G to a fusion network for both
type-I and type-II networks. Characters in brackets denote the label-
ing before adding the edge, characters without brackets the updated
labeling.

fusion network with an internal labeling to keep track of which
vertex in H corresponds to which vertex in G. Given a simple
graph H = (V, E), we distinguish three cases for adding an
edge {a, b}, see Fig. 5:

(1) a,b ¢ V: Both end points of the edge are not in the
fusion network yet. We add a linear cluster to the fusion
network and label two adjacent vertices as a and b. For type-II
fusion there remains an unlabeled vertex which does not get
consumed by a fusion, yet we may use this vertex when
appending future edges.

(2) a€ V;b ¢ V:Only one of the end points is present in
the fusion network. We add a linear cluster and fuse one of
its end points with the existing vertex. For type-II fusion we
label the other two vertices of the linear cluster as our new a
and b vertices, for type-I fusion we can choose which qubit
gets measured upon fusion.

(3) a,b € V: Both end points are present in the fusion
network. Here we need to fuse both vertices of the two-qubit
cluster with the end points in the type-I case. For type-II fusion
we add two new clusters, fuse them together to a four-qubit
cluster and fuse their end points with the existing network.

We give an illustrative algorithm for constructing type-I
fusion networks in Appendix B. The type-II algorithm is
basically the same; however, it needs to manage unused ver-
tices from the three-qubit linear clusters. For type-I fusion
and two-qubit linear clusters the traversal strategies result in
fusion networks with a minimal number of resource states.
Since the unmeasured qubit in a successful type-I fusion just
inherits all edges from the measured qubit, it never increases
the number of edges in a graph. For generating a graph of n
edges with type-I fusion we therefore need at least n two-qubit
linear clusters and since our algorithm introduces exactly one
resource state for each edge it is optimal in that sense.

Yet, this is not the case for type-II fusion. Our algorithms
always fuse in such way, that at least one end point of a
resource state is involved, i.e., a node with degree one. Like in
the type-I case this results in fusions never changing the num-
ber of edges in the target graph. But a pivot may also increase
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FIG. 6. Two {XZ, ZX} fusion networks H, H' for obtaining the
target graph G. H needs fewer resource states and fusions, yet our
fusion network strategies would only find a fusion network similar
toH'.

the number of edges when applied on two vertices with higher
degrees (cf. Fig. 6) which shows that there are smaller type-1I
fusion networks with less resource states which are not found
by our traversing strategy. Improving these fusion networks
for fixed target graphs is possible (cf. [20]), but it is likely that
a general algorithmic approach one has to give up small fusion
networks and pay the cost of larger computational complexity.

IV. ADAPTIVE GRAPH-STATE GENERATION

We now give protocols to build graph states from fusion
networks that recycle graph states after a fusion failure. As
a general procedure, we start with a fusion network (H, F')
describing our initial photonic system, sequentially apply fu-
sions in F, and update the fusion network according to the
graph-theoretic transformations in Sec. III. In case of fusion
failure, we rebuild the network by combining the remaining
parts of the graph state with new resource states using the
following steps:

(1) We remove some vertices in H which got modified
by fusion failure. As a result, H may become disconnected,
decomposing into multiple connected components.

(2) We create a graph H' modeling the graph structure of
the removed vertices.

(3) We add additional edges to H’ where its vertices con-
nect to remaining graph components of H.

(4) We build a fusion network for H’ and use the additional
edges to fuse it with H.

After the rebuild procedure, we obtain a new fusion net-
work for the target graph state. We illustrate the rebuild
protocol for type-I and type-II fusions in Fig. 7.

For the type-I fusion protocol, we again consider two-
qubit linear clusters as resource states. Fusion failure on an

edge {v;, vp} € F performs a Z measurement on both qubits,
thereby removing them from the graph state. The subgraph
H' thus consists initially only of vertices v; and v,. We then
iterate over all connected components C in H and add edges
to H' for each edge connecting v; or v, with C before fusion
failure. It can happen that C contains just a single qubit. In
this case, we discard the component and just add a new edge
to H' since we assume that inserting a new two-qubit linear
cluster resource state is cheaper than rebuilding the network
with the leftover component. We then use the algorithm from
Sec. III C to build a fusion network for H” and integrate it into
H. A pseudocode algorithm for the entire type-I protocol can
be found in Appendix B.

For type-II fusion, we use three-qubit linear clusters as
resource states. Here, fusion failure measures one vertex in
Z and the other in X. As an X measurement also affects the
entanglement between neighbors of the measured vertex, we
cannot just rebuild all edges involving v; and v, to obtain a
valid fusion network. To circumvent this problem, we discard
the neighbors of the X measured vertex and thus create a
subgraph H’ containing vertices vy, v, and all neighbors of
the X measured vertex. As a convention, we choose the vertex
with the least neighbors to receive an X measurement to make
rebuilding less costly [33]. We iterate over connected com-
ponents just as we did in the type-I case with the distinction
that we add two edges to the subgraph for each original edge
we want to rebuild. Further, we now discard a component if
it contains fewer than three qubits since we have three-qubit
linear resource states available.

V. MARKOV PROCESSES AND FIRST PASSAGE TIMES

In this section, we develop a framework for evaluating the
efficiency of fusion networks and fusion orders by calculating
the average time until the attempted fusions lead, after several
steps, to the desired target graph state for the first time. The
protocols described in the previous section define a stochastic
discrete-time Markov process on a finite state space of size
N. At any given time, the Markov process occupies one of
N transient states, each representing a distinct fusion-network
configuration.

At each step, a fusion operation succeeds with probability
p and fails with probability ¢ = 1 — p. The state space of
the Markov process consists of all intermediate stages of the

U1 V2
.<I—I" (H,F) Fusion network
after failure Subgraph H’ for H' Integration
Type-1 oC I .
e O o—0 o—0-
Type-II o<I >—o—e A S
@ @ —eo—o o—0—0 O—0—0 oOo—0—0

FIG. 7. Example of both type-I and type-II rebuild behaviors. The original fusion network is in the upper left corner. After fusion on the
dashed blue edge {v, v,} fails, we first update the fusion network, then build a subgraph A’ for rebuilding destroyed edges and integrate the
resulting fusion network for H' into the existing one. For type-II failure, we consider v; to be Z-measured and v, to be X-measured.
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FIG. 8. Exemplary transition graph for creating a six-qubit graph
state | 8 | from two-qubit linear clusters. The order in which the type-I
fusions are carried out is indicated next to the edges in state @

graph state following the protocol and is fully captured by
an N xN transition matrix P encoding all possible transitions
between states with their respective probabilities. More pre-
cisely, P;; is equal to the probability to transition to state
i in the next step, if the system is currently in state j. We
denote this probability also by p;;. Note that P is in general
not a symmetric matrix since transitions are not necessarily
reversible in one step. However, since a transition to any state,
possibly the same state, must occur with probability 1, P is a
stochastic matrix with columns that all add up to 1, i.e., we
have ), P;; = 1.

Let v now denote a vector containing the occupation prob-
abilities in state space, that is, the system is found in state i
with probability v;. After one step of the Markov process the
new occupation probabilities are given by Pv. The late-time
occupation probabilities are found by applying P repeatedly
to the initial state vy. Since all entries of P are non-negative,
there exists an eigenvector r with all positive entries and
largest eigenvalue equal to 1 [34]. Under generic conditions
(irreducibility and aperiodicity) only this eigenmode survives
in the late-time limit. Thus 7 is the stationary distribution:

lim P'vy = 7. ®

n—oo
To illustrate the construction of a transition matrix, we con-
sider the creation of the five-qubit graph state shown in Fig. 8.
We start from the initial resource state labeled configuration
@. The Markov process ends when we eventually reach the
finished graph state shown as state . The transition matrix
P capturing all possible transitions between the states in Fig. 8

is given by

~

|
[eleleleoNeNe S SN
O O oo oo
SO oo oOoOoT O
oo oo © O
O oS ooOokT OO0 O
SO D ODDODOOO
—_oN DO OO OO

SO oo OO0
SO oOoOoT oo o0

With the underlying Markov process clearly defined, we can
now focus on the main quantity that is of interest to us, namely
the so-called mean first passage time (MFPT). This is the
average number of steps that it takes to reach the target state
for the first time, when starting from an initial state. This
problem has been well studied in the literature, see [34,35]
for pedagogical introductions. Here, we confine ourselves to a
self-contained introduction to computing the MFPT.

Let the matrix M;; = M;; denote the MFPT to start in
state j and arrive in state i for the first time. We want to set
up a recursive relation for M;_; that will allow us to compute
its value. To this end, we argue as follows: Reaching i from j
may be possible directly in one step, or alternatively through
an intermediate state k % i. The probability for the former
process is p; ;. The latter process results in a total number
of steps 1 + M, and occurs with probability p;.;, thus we
have the recursive relation

Micj=pici+ Y peeij(l+ M) (10)
keti
This allows us to derive the following relation between the
transition matrix P and the MFPT matrix M:

M=E-+M-P—D-P, (1)

where E is a matrix with all entries equal to 1, and D is a
diagonal matrix with entries

Djj = 81 (12)

j

We provide a pedagogical derivation of this result in
Appendix A. A straightforward inversion of this relation is
not possible, since 1 — P is a singular matrix. To see this, note
that the columns of P all sum to 1. Thus, the all-one vector
(1,1,...,1) is a left eigenvector of 1 — P with eigenvalue
zero, which means 1 — P is not invertible. In Appendix A,
we show that M is instead given by the following expression:

M =D — Z + ZyE), (13)
where Z is called the fundamental matrix and is defined as
Z=1-P+1I)". (14)

The matrix Zj is the diagonal matrix of Z, i.e., (Zy); = Z; and
(Zo)ij = O for i # j, and the matrix IT consists of N repeated
columns of the w vector. The derivation of these results is
found in Appendix A.

To summarize, from the knowledge of the transition matrix
P, we can calculate the MFPT matrix M explicitly. This will
be heavily utilized below to assess the quality of different
fusion schemes.
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We emphasize that while our pipeline presented in the
following sections consists of algorithms with polynomial
runtime, the MFPT calculation itself has an exponential run-
time. Thus we do not include the latter in the pipeline and
instead only use the MFPT to benchmark small instances of
fusion networks.

Nevertheless, we point out that the Markov chain is always
finite. Let m denote the number of qubits in the initial fusion
network. Since our procedure never creates additional qubits,
every intermediate fusion network contains at most m qubits.
In the case of fusion success, we are left with m — 1 qubits
(type 1) or m — 2 qubits (type 2). In the case of fusion failure,
the fusion network has at most m qubits. If a rebuild would
require more than m qubits, we start anew from a fusion
network with m qubits. Thus the total number of qubits never
exceeds m. Recall that we denote by N the number of states in
the Markov process. Since every such state contains at most
m qubits, the number of possible configurations is finite. Let
us denote this number by 7,,. Then T, is upper bounded by
the total number of labeled simple graphs on m vertices. This
number is easily calculated since on m vertices we have at
most m(m — 1)/2 edges. Since each edge is present or absent,
we arrive at the upper bound 7,, < 2"("=1/2_This is the worst
case size of the state space of the Markov process. In other
words, the size of the Markov process is bounded by

N < T, < 2mm=1/2, (15)

The building of the Markov chain and construction of the
sparse transition matrix requires time O(N). The inversion in
Eq. (14) by Gaussian elimination requires O(N?) operations.
The latter dominates the total runtime.

VI. OPTIMIZING FUSION NETWORKS

With mean first passage times as a tool to evaluate fusion
network protocols, we now describe algorithms to optimize
the graph-state generation process at different stages.

A. Finding locally equivalent graphs with fewer edges

A first step towards minimizing mean first passage times is
to find LU-equivalent graph states requiring fewer entangling
operations. Since our network generation algorithms require
at least one fusion per edge, reducing the number of edges
in the target graph directly reduces the number of fusions.
We then build this graph state and transform it to the desired
graph state with local unitary operations which are compara-
bly much cheaper than fusions.

Given a graph state, finding an LU-equivalent one with
minimum edges seems to be a difficult problem even when
restricting the unitaries to Clifford gates. If a graph is
LC-equivalent to a tree, we can find a sequence of local
complementations to transform the graph into the tree in
polynomial time [36]. Since local complementation preserves
connectivity and we assume our initial graph to be connected,
there can be no LC-equivalent graph with fewer edges than
a tree. Yet, we are usually interested in graphs not equivalent
to trees since the latter can be generated deterministically by
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FIG. 9. Transition graphs for two different fusion orders generat-
ing a five-qubit linear graph and mean first passage time, respectively,
for fusion success probability p = 0.5. In the left example, the first
and second fusion are independent of each other, that is, they act on
separate parts of the graph. Thus, the second fusion does not undo
the first fusion, which yields a better mean first passage time than for
the right example.

a single quantum emitter [13]. For the general case, there
are strong indications that the edge minimization problem is
NP-complete [37].

Therefore, given an arbitrary graph we first check whether
the graph is equivalent to a tree using the algorithm in [36]
and if not, we use a greedy approach to minimize edges with
local complementation as introduced in [38].

B. Fusion ordering

For a given fusion network (H, F') we can also optimize
the order in which we apply the fusions in F. Depending on
the ordering, the mean first passage time until reaching the
desired target graph state varies already for small instances
(cf. Fig. 9). Formally, the problem can be defined as follows:
Given a fusion network (H, F) with target graph G, find an
ordering in F, such that Mgy is minimized. Finding the
fusion order with minimal MFPT is challenging since the
search space of possible orderings grows exponentially with
the number of fusions and it is not immediately clear how the
stochastic process evolves from the transition matrix.

Here we introduce a heuristic algorithm inspired from the
min-weight-maximum-matching-first algorithm introduced in
[17]. We motivate this algorithm with the following observa-
tion: Each intermediate state in the transition matrix has only
two follow up states, namely, one on failure with probability g
and the other on success with probability p. The calculation of
Mg can therefore be simplified to the following recursion,
where H is labeled as starting state 0 and G as target state n:

M,co=1+ an<—0 + pMn<—l , (16)

M,ci=1+ anej + pMnek- )

For any intermediate state i, j denotes the state being reached
if the fusion at state i fails and k the state if the fusion
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FIG. 10. Example of finding a fusion order with the algorithm
described in Sec. VIB. The initial fusion network consists of eight
fusions labeled from a to 4. We repeatedly contract the network and
find the maximal set of disjoint edges highlighted as dotted green
edges until the network is contracted into a single node. At each
iteration we add the disjoint fusions as vertices to a tree whose
inverted dfs order determines the final fusion order.
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succeeds. All pM,,.; terms are already fixed by fusion net-
work and protocol, thus the only term we can optimize with
different orderings is gM,, ;. Assuming that M, ; > M, .,
i.e., failed fusions always lead to states with higher mean first
passage times than the current one, the best case for gM,,;
would be if j = i, that is, if on fusion failure we end up in the
same state as before.

This is the case if we apply fusions on disjoint resource
states, because a failed fusion does not undo previous fu-
sions and only destroys the involved resource states instead
of qubits in a larger graph state. Since we assume that new
resource states can be injected at any time into the creation
process, we end up in the same state as before the fusion. The
core idea of our algorithm thus is to choose an ordering where
we apply fusions on disjoint connected sets of the graph as
long as possible. For this we proceed as follows:

(1) We start with the initial fusion network and an empty
tree T'.

(2) We contract the fusion network (H, F) on all nonfu-
sion edges, that is, all edges E’ € E \ F. This yields a graph
H' = (V, F) where each edge represents a fusion and each
node a connected set of entangled qubits.

(3) If H' consists of only a single node, we go to step
4, otherwise we apply the blossom algorithm [39] on H' to
find a maximal set of disjoint edges F’. In our context, we
get a maximal set of fusions acting on disjoint connected
sets of the graph. For each fusion we add a vertex to 7': in
the first iteration as leaves, in the subsequent iterations as
internal vertices adjacent to all leaves of the corresponding
connected sets. We then go back to step 2 with fusion network
(H',F\F").

(4) We return the fusion order as inverse dfs order on T
starting from its root vertex.

An illustrative example of this algorithm is shown in
Fig. 10. The standard implementation of the blossom algo-
rithm runs in time O(|E||V|?), thus the entire fusion-order
finding algorithm is upper bounded by O(|F|*|V|?) for the
contracted fusion network H' = (V, F).

Type-l protocol Type-Il protocol

10° 5

104 4

103 4

No. of Fusions

102 4
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0?5 OtG 017 0?8 019 1?0 0t5 016 0?7 018 Oj9 ltO
Success probabilities
-®-S1 -o- 52 —e- S3 S4  —@— RUS baseline
FIG. 11. Averaged mean first passage time for creating random
graph states of 6 vertices and 10 edges with the strategies presented in
Sec. VII A. Additionally, we compare against a repeat-until-success
baseline, that is, the mean first passage time, if we would restart the

entire graph-state building procedure anew after any fusion failure.

VII. EVALUATION

To analyze the improvement on mean first passage times
with the developed algorithms, we implemented a pipeline
with the following steps:

(1) We optionally optimize the number of edges in the
graph using either the tree decomposition method from
Bouchet [36], or the greedy heuristic in [38].

(2) We build a fusion network for the graph using the
algorithms in Sec. III C and optionally optimize the fusion
ordering.

(3) We generate all possible transitions by running the cor-
responding protocol on the initial fusion network and iterate
through all succeeding states in a depth-first way. Optionally
after each fusion failure we again optimize the fusion order.

(4) We build the transition matrix for a fixed fusion suc-
cess probability and calculate the MFPT.

We run this pipeline on both protocols for type-I fusion
with two-qubit linear clusters and type-II fusion with three-
qubit linear clusters as resource states. For each configuration,
we average over ten graphs G(m, n) that are randomly gen-
erated connected graphs with a fixed number of m vertices
and n edges. The code used for the evaluations is available at
Zenodo [40] allowing reproducibility and possible integration
into other research projects.

A. Comparison against repeat until success scheme

Figure 11 shows the averaged mean first passage times for
random G(6, 10) graphs for varying fusion success probabili-
ties 50%, 66%, 75%, and 85%.

We compare four different optimization strategies:

S1: The standard type-I or type-II fusion protocol without
prior edge minimization via local complementation and no
optimization of the fusion order.

S2: No edge minimization but with optimization of the
fusion order.

S3: No optimization of the fusion order but with edge
minimization.
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S4: Both edge minimization and optimization of the fu-
sion order.

We further compare against a repeat until success baseline
where we restart the entire graph state buildup if any fusion
fails.

Our strategies clearly outperform the baseline for all fu-
sion success probabilities, which indicates that just using a
protocol to recycle graph states on fusion failure improves the
number of required fusions significantly. Both optimization of
fusion orders and edge minimization via local complementa-
tion are then able to reduce the amount of required fusions
by several orders of magnitude, especially for lower success
probabilities. In general, mean first passage times for the type-
II protocol are higher when compared to type-I. One possible
reason could be that in the type-II protocol we discard more
vertices from the graph state in the failure case.

B. Comparison to the Lee and Jeong approach

In [17] authors propose a similar framework to ours for
graph state generation from type-II fusion measurements and
three-qubit linear clusters where they also first optimize edges
in a graph via graph-theoretic rewrites, then extract fusion
networks and last optimize the fusion order with the goal
of minimizing the average number of fusions. Their protocol
can be considered as an improved repeat-until-success scheme
where fusions are arranged in a tree structure and the graph
state is built in a bottom-up manner similar to Fig. 10. Each
time a fusion fails, the graph state corresponding to the sub-
tree below the failed tree node needs to be rebuilt entirely.
In particular if the very last fusion fails, the buildup is reset
to the beginning. With failed fusions on disjoint subtrees not
affecting each other their protocol poses a clear improvement
over the naive repeat until success protocol from the previous
section, yet it is still not adaptive in the sense of recycling
leftover graph states.

In Fig. 12, we compare strategy S4, i.e., our protocol
with optimization of fusion order and prior edge minimiza-
tion against the approach from [17] using the corresponding
software package opt-graph-state [41]. To better highlight the
improvements achieved through adaptivity, we also include a
strategy where edge minimization and fusion network extrac-
tion are done with the opt-graph-state package instead of our
framework.

Results show that both strategies outperform the approach
from [17]: The combined strategy reduces the average num-
ber of fusions by up to 26% when compared to [17], which
clearly shows that adaptive protocols can reduce the expected
number of fusions significantly. With strategy S4 we obtain
even higher reductions by up to 43%, indicating that edge
minimization based on finding local equivalent graphs can
reduce more edges than the edge minimization scheme in [17].

C. Effect of fusion network optimizations

We now analyze more in depth how different fusion net-
work optimizations improve the mean first passage time.
Figure 13 shows the relative improvement on the number
of required fusions for graphs with and without prior edge

L3 present work
N @ [17]
[17]+present work
[0
C
S 10?1
0 LR
> N
[
Y
o .
1] o
=2
o
101 4
0.5 0.6 0.7 0.8 0.9 1.0

Success probabilities

FIG. 12. Average expected number of fusions for 100 connected
random graphs with V = |7| and E = |12|. Present work corresponds
to strategy S4, i.e., our compilation pipeline including both edge min-
imization and fusion order optimization, //7] denotes the approach
in [17], and in [17]+present work edge minimization and fusion
network extraction are done with the approach in [17] and only the
graph-state buildup process is replaced by our adaptive protocol.

minimization using local complementation on random graphs
with six nodes and increasing number of edges.

While the average improvement is comparably small be-
tween 20% and 40% for graphs with seven edges, it increases
continuously towards 70—100% in the case of 11 edges. The
smaller improvement for graphs with seven to eight edges can
be explained by the fact that in a connected graph with m = 6
vertices there are not many edges to optimize since the number
of edges is lower bounded by m — 1, i.e., the graph is a tree.
In accordance with Fig. 11, the highest optimization potential
shows for protocols with lower success probabilities.

In a similar way, Fig. 13 shows the relative improvement
on the number of required fusions when we optimize the
fusion order during the protocol. Here the improvement is a
bit more modest with an average improvement up to 20% for
higher success probabilities and up to 70% for lower success
probabilities. Still, results indicate that the more edges a graph
has, the more improvement on mean first passage times is
possible using the fusion order optimization.

VIII. CONCLUSION AND OUTLOOK

In this work, we proposed a framework to generate graph
states with adaptive fusion protocols for both type-I and type-
II fusion schemes on linear cluster resource states. In contrast
to other work, we make use of adaptive fusion protocols
allowing us to reprocess parts of leftover graph states after
fusion failure has occurred. We utilized mean first passage
times as a tool to estimate the number of required fusions
in a sequential buildup process, and we investigated several
algorithms to optimize fusion networks towards fewer fusion
steps. Our results show substantial improvements in reducing
the number of required fusions which can be up to several
orders of magnitude when compared to simple repeat-until-
success schemes.
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FIG. 13. Averaged relative improvement of mean first passage times using the strategies described in Sec. VI for graphs of six nodes and
varying number of edges. The two plots on the left show the improvement when minimizing edges in advance, and the two plots on the right

show the improvement when optimizing the fusion order.

Our analysis can be extended in the direction of finding
more efficient type-II fusion networks by exploiting the pivot
behavior of the {XZ, ZX} basis measurement on graph states.
Another line of exploration is to interleave different fusion
types in the generation process.

Regarding speedups of the graph-state building process, we
point out that an extension of our framework to incorporate
parallel fusions is straightforward. It can be taken into account
by redefining the states such that they correspond to concur-
rent manipulations of different parts of the graph.

While in this work we focused only on all-photonic
schemes, the Markov process formalism that we developed
may also prove useful when analyzing other nondetermin-
istic graph-state generation protocols. Potential playgrounds
are nonphotonic cluster states as they have been created for
error-correction with robustness against single-qubit errors
[4], graph states produced in trapped-ion systems [5] and
superconducting platforms with 16 qubits [9] and more re-
cently 20-qubit systems on the IBM Q Poughkeepsie device
[10]. The past few years have also seen a large number of
developments regarding Rydberg atom systems, where graph
states have also played a crucial role [11]. All of these systems
are currently subject to high levels of noise such that graph
states have to be constructed in a stochastic fashion. Thus,
formulating their construction as Markovian processes may
turn out to be a fruitful perspective.
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APPENDIX A: DERIVATION OF THE FIRST
PASSAGE TIME

In the main text we introduced the MFPT matrix M;; =
M; ;. This is the average number of steps to start at state j
and arrive at state i for the first time. As we explained, the
MFPT satisfies a simple recursion relation:

Micj=picj+ Y pejMici+ 1), (A1)
ki

Thus, all we have to do in order to find our answer is to solve
this equation for M. We do this in several steps. First, we can
simplify Eq. (A1):

Mi<—j = Di<j + Zpkej + ZpkejMi%k
ki ki
and thus

Mi;j=1+ ZpkejMielv (A2)

ki

Secondly, we derive a useful fact. Multiply Eq. (A2) by the
stationary vector component 77; and sum over j:

ZMi(_jjTj = an + Z ZpkejﬂjMiek-
J J

J o ki
The definition of the stationary vector is that ) | j PhejTj =T

Thus we have
ZMﬂ—jﬂj =1+ ZMﬂ—kak,
j ki

where we also used jmj =1, since 7 is also a probability
vector. Finally, moving the second term on the right to the left,
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we find that almost all terms cancel, except for one:
M;_im = 1.
Thus we learn the diagonal entries of the MFPT matrix M:

1
M i=—.
i
The next task is to identify the remaining entries of M. Start-
ing from Eq. (A2), we rewrite this as

Mij =1+ M - P)ij — pic jMii (A3)
1
=1+ M- P)ij — —picj
T
“M=E+M-P-D-P, (A4)

where we defined the matrix with all entries equal to 1:
El“ =1

and the diagonal matrix

At this point, one may believe that the solution of Eq. (A4) is
straightforward, since one just has to solve for M by bring-
ing the second term on the right to the left and multiply
by (1 — P)~!. But this is not correct, since 1 — P is singu-
lar and thus not invertible. It is singular because P has an
eigenvalue 1. Thus 1 — P has an eigenvalue 0 and therefore
det(1 — P) = 0. However, it turns out that £ — D - P is also
singular. Nevertheless, it is possible to extract the matrix M.

Equation (A4) can be solved differently. We begin by
showing that the solution is unique. Assume Eq. (A4) had
another solution M’. Then

M=E+M-P—D-P,

M =E+M -P—D-P
Subtracting the equations, we obtain

M-M=M-M)-P

Interpreting this equation column by column, this equa-
tion states that each column of M — M’ is equal to the left
eigenvector of P corresponding to eigenvalue 1. We already
know that this eigenvector takes the form ¢ - (1, 1,1,...,1)
for some real c. Moreover, we already proved that all M
matrices have diagonal elements M; = 1/x;. Thus M — M’
has zeros on the diagonal. But this implies ¢ = 0. Therefore,

M—-M =0,

in other words the solution of Eq. (A4) is unique.

Then it remains to find this unique solution. We first state
the solution and then prove that it solves Eq. (A4). The solu-
tion is

\M - D(1 —Z+ZOE)\. (A5)

Here, Z is the fundamental matrix defined as
Z=01-P+1)7",

with I1 being the limiting matrix of P. This is a matrix
with the stationary 7 vector repeated on dim M columns, i.e.,

IT=(x,m,...,m). From this we can deduce the relation
Z-Z-P+0N=1, (A6)

which will be needed below. The matrix Z; is the diagonal
part of Z, i.e., [Zoli = Z; and [Zg];; =0 for all i # j. We
can quickly check that M satisfies Eq. (A4). First off, we can
check that the diagonal parts of M and D match, as we found
before:

M; = ZDij(l —Z+ Z4E)ji = Di(1 = Z + ZyE);;
J

and now notice that —Z 4 ZyE is zero on the diagonal. Thus
the relation

M;; = Dij;
holds. Next, we multiply M in Eq. (AS) from the right by P:
M-P=DWP—-Z-P+Z-E).

Here we used that E - P = E because the columns of P sum
to 1. Now we use Eq. (A6) and find

M-P=D-P-1-Z—-T1+2-E)
=M+D-P—D-TI
—=M+D-P—E,

where in the penultimate step we used Eq. (AS) again. Thus
we find that this M satisfies Eq. (A4) and has diagonal entries
M;; = 1/m; and we have therefore found the unique solution.

APPENDIX B: ALGORITHMS FOR FUSION NETWORKS

In this section we give pseudocode algorithms for graph
state generation using Type-I fusion and two-qubit linear
clusters following Secs. IV and III C: Algorithm 1 describes
the protocol for building graph states from fusion networks,
whereas Algorithm 2 describes a procedure to generate fusion
networks for arbitrary target graph states.

1. Graph-state generation protocol

The BuildGraphState procedure sequentially iterates
through all fusions of a given fusion network (H, F) and at
each step fuses the indicated qubits v; and v,. Depending
on the fusion outcome, the network is updated accordingly:
In the success case, we process according to Definition 1,
whereas in the failure case we call a separate procedure
UpdateNetworkOnFailure. In here, we first create a graph
G containing v; and v, together with another graph T rep-
resenting the leftover graph state. We then reconstruct each
edge between a vertex in 7' and v; or v, since these edges got
destroyed by fusion failure. To this end, we iterate through all
the connected components C in T and collect, inside a new
set D, all the destroyed edges that connect vertices in C to
either v; or v,. In the special case where C consists only of
a single vertex v, we remove it from the existing graph state
T and add the first edge in D to G where we label one end
point with v. We then iterate over all remaining destroyed
edges and add them to G such that in the end G contains all
edges destroyed by fusion failure. Also during iteration we
add fusions to connect the end points of the destroyed edges to
the leftover graph state. We then build a fusion network for G
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ALGORITHM 1. Graph-state generation from type-I fusion network.

1: procedure BUILDGRAPHSTATE(H, F)

2 while F # () do

3 vy, vy < F.pop()

4 success < FUSEv;, v,

5: if success then

6 for all n € N(v,) do ADDEDGE(H, (vi, n))
7 DELETEVERTEX(H, v;)

8 else

> Type-I fusion on photonic hardware
> Fusion success

> Fusion failure

9: H, F < UPDATEFUSIONNETWORKONFAILURE(H, F, v;, vp)

10: procedure UPDATENETWORKONFAILURE(H, F, vy, v;)
11: G <« ({vy, v}, 0)
122 A< HE\F

13: T < (H.V \ {v, v2}, {(v, w)|(v, w) € A and (v, w ¢ {vy, v2})})

14:  for C € CONNECTEDCOMPONENTST do

15: D <« {(v,w) € A|(v € C) and (w € {vy, v12})}
16: if |C| = 1 then

17: v, w < D.pop()

18: G« (GVU{},GEU{(v,w)})

19: DELETEVERTEX(T, v)

20: while D # ¢ do

21: v, w < D.pop()

22: x < ADDNEWVERTEX(G)

23: G <~ (GV U}, GEU{(w,x)})

24: F =F U{v,x)}

25: S, F' < BUILDFUSIONNETWORK(G)
260 F <« FU(v,vn)UF’

27: H <« (TVUSV,TEUSEUF)
28: return H, F

> Target graph for fusion sub-network
> Nonfusion edges

> Collect destroyed edges
> Replace component if it is too small

> Rebuild all destroyed edges

> Generate new fusion network
> Update fusions
> Update fusion graph

and merge it with the existing network where we additionally
add the fusion {v;, v,} which failed originally.

2. Fusion network generation
The BuildFusionNetwork procedure first initializes an
empty fusion network (H, F) and a position map to store
which vertex in the original graph G corresponds to which

vertex in the fusion network. For each edge {v, w} in G we
add a new two-qubit linear cluster to H. Depending on the
three cases outlined in Fig. 5, we add fusions to F' connecting
the new cluster with the existing fusion network. Further, the
position map is updated where the new cluster now represents
the edge {v, w}. At the end, we add the edges in F to H and
return the fusion network.

ALGORITHM 2. Type-I random traversal fusion network generation.

1: procedure BUILDFUSIONNETWORK(G)
22 H<«<~ V=0,E=0)

3 F <0

4: P <0

5:  E < randomShuffle(G.E)
6:  while E # () do

7

8

v, w < E.pop()

: X1, X, <ADDVERTICES(H)
9: H.E < H.E U {xy, xp}
10: if v € P and w € P then
11: F < F U {(x;, P[v]), (x2, P[w])}
12: elseif v € P and w ¢ P then
13: F < F U {(x1, P[v])}
14: elseif v ¢ P and w € P then
15: F <~ F U {(x;, P[w])}
16: Plv] < x;
17: Plw] < x»

18: HE < HEUF
19: return H, F

> Init fusion network

> Additional fusions

> Position map

> Traverse target graph in random order

> Add resource state to network

> Fuse resource state with existing network

> Update position map
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