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ABSTRACT. In this publication, a new method for synthesizing high-fidelity phase screens is pre-
sented. The method is based on the phase fluctuations correlation function; hence,
it is called correlation-based random phase method. By synthesizing the phase
screens from a function defined in the spatial domain (i.e., the correlation function)
rather than in the frequency domain, the bandwidth error arising while using a single
discrete Fourier transform is corrected, allowing the synthesization of phase screens
yielding a negligible deviation from the theoretical structure function without the need
of any optimization parameters. Originally developed in the field of aeronautics, the
correlation-based random phase method is limited by computer arithmetic inaccur-
acies for grid size that are around 4 times larger than the considered outer scale, an
assumption that is often valid while simulating the effects of a turbulent atmosphere
on ground-based astronomical telescopes with a large aperture. It is possible to
achieve the same accuracy in the case of smaller spatial domains by applying a
proper window function, at the cost of increasing the number of pixels (i.e., the com-
putation time). For illustration, the presented method is compared with the widely
known random phase method.
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1 Introduction
Propagation of electromagnetic waves in a turbulent media has been, and continues to be, exten-
sively studied over the last sixty years1–3 due to its importance in different fields, from free space
optical communication4 to astronomy.5 In particular, within a few years, a new class of ground
astronomical telescopes, all with an aperture larger than 20 m6–8 will become operational
allowing to investigate the wonders of our universe at a resolution never seen before. In this
context, it is essential to quantify the effects of the Earth turbulent atmosphere on the incoming
starlight.9 In fact, the turbulent motion of the atmosphere causes temperature gradients that cause
fluctuations in the refractive index of the air, acting on the propagating wave as multiple lenses
with different optical powers and inclinations.10 It is possible to express how the refractive index
fluctuations are distributed at different wavenumbers by means of the refractive index fluctua-
tions power spectral density (PSD), Φn. The latter, assuming a von Kármán (VK) spectrum and
a 3D domain, can be written as follows1:
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EQ-TARGET;temp:intralink-;e001;114;736ΦnðκÞ ¼ 0.033C2
nðκ2 þ κ20Þ−11∕6; (1)

where κ ¼ jκj is the magnitude of the wavenumber vector, C2
n is the refractive index structure

constant describing the strength of the turbulence, κ0 ¼ 2π∕L0, and L0 is the outer scale of the
turbulence, a quantity ranging from tens to hundreds of meters in the Earth atmosphere.11 To
quantify the effects of a turbulent atmosphere on a propagating electromagnetic wave, it is more
convenient to express the turbulence strength with the Fried parameter r0, a quantity having the
dimension of length and corresponding to the diameter of a heterodyne receiver at which tur-
bulence begins to seriously limit its performance.12 In the case of a propagating plane wave, the
Fried parameter is13:
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where λ is the wavelength of the wave, θ is the zenith angle of the receiver, and ζ is the propa-
gation distance. Finally, assuming an isotropic turbulent field, the 2D phase fluctuations PSD
ϕϑðκÞ, is related with Φn by the following expression14:

EQ-TARGET;temp:intralink-;e003;114;548ϕϑðκÞ ¼ 0.49r−5∕30 ðκ2 þ κ20Þ−11∕6: (3)

Having statistically quantified the phase fluctuations generated by the turbulent atmosphere,
and assuming Taylor’s hypothesis of frozen turbulence to hold,15 it is possible to simulate the
wave propagation in a turbulent atmosphere using the phase screen method.16 This approach
consists in dividing the propagation path into different segments, and simulating, for each seg-
ment, the phase fluctuations induced by the turbulent atmosphere through a 2D phase screen. The
wave is then propagated sequentially from one screen to the next, until its entire path is simu-
lated. The phase screens can be synthesized using several methods based on different statistical
approaches, including autoregressive models,17 machine learning,18 modal decomposition tech-
niques,19 the spectral representation of the phenomenon,16 or a combination of the last two.20 Of
all these approaches, the most commonly used is the spectral representation method, referred to
in this publication as random phase method (RPM) after Wilson,21 in which the phase screens are
synthesized starting from the phase fluctuations PSD. However, being the bandwidth of the PSD
not finite in the considered spatial domain, the RPM introduces an error both at the small and
large scales.22,23 To solve this issue various solutions have been proposed, such as the subhar-
monics method,23 a modal decomposition of the correlation function,24 or a family of methods
relying on the sparse spectrum model of the phase fluctuations.25 The first two approaches
require to compute specific optimization parameters for each simulation, whereas the latter class
of methods synthesize the phase screens with a low error (i.e., of the order of 0.1%) by sampling
the phase fluctuations PSD at random wavenumbers.

The objective of this work is to introduce the use of the correlation-based random phase
method (CB-RPM) for synthesizing the phase screens. This approach, being exact in principle26

(i.e., the error of the method is limited by the computer arithmetic inaccuracies), allows cor-
recting for the errors of the RPM both at the small and large scales for spatial domains greater
than 4L0, often a valid assumption for the new class of large aperture ground telescopes. This
high degree of accuracy is achieved using the relation between the correlation function and the
PSD (i.e., the two quantities being a Fourier pair). However, the method is limited at smaller
spatial scales due to the occurrence of negative values in the PSD. To solve this issue, it is
proposed to mask the phase fluctuations structure function with a proper window, improving
the CB-RPM accuracy even at smaller scales at the cost of increasing the number of pixels in
the spatial grid and the computation time.

This publication is structured as follows: in Sec. 2, the theory behind the RPM is presented.
The verification procedure of the synthesized phase screens is described in Sec. 3, whereas the
CB-RPM is presented in Sec. 4. In Sec. 5, it is explained how to obtain high-fidelity screens even
at small spatial scales while using the CB-RPM, and the conclusions are presented in Sec. 6.
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2 Synthesizing the Phase Screens Using the RPM
First applied by Shinozuka and Jan27 in the field of structural analysis, in the last two decades,
the RPM has been widely used to model the effects of a turbulent atmosphere on long distant
sources.14,16,28,29 The RPM synthesization of a single 2D phase screen ϑRPM is expressed as
follows:

EQ-TARGET;temp:intralink-;e004;117;671ϑRPM ¼ Re∕Im
�
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2πffiffiffiffiffiffiffiffiffiffi
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where Li is the domain size of the i’th axis, Re∕Im means that either the real or imaginary
component of the result can be used, Ni is the number of pixels of the i’th axis, F−1 stands
for the inverse Discrete Fourier transform (IDFT), and μ is a set of complex random variables
with zero mean and unit variance. Figure 1 shows a phase screen synthesized using Eq. (4),
considering a spatial domain Lx ¼ Ly ¼ 60 m, a Fried parameter r0 ¼ 0.5 m, a grid with
Nx ¼ Ny ¼ 2048 pixels, and a turbulence outer scale L0 ¼ 15 m.

3 RPM Verification
As suggested in Johansson and Gavel,30 to check the quality of the phase screen thus synthesized
its structure function D is compared with the theoretical one. Assuming a 2D VK phase fluc-
tuation spectrum, the theoretical phase fluctuation structure function is as follows31:
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where Γ is the gamma function, Kν is the modified Bessel function of the second kind, and
r ¼ jrj is the magnitude of the separation vector. The error of the synthesized phase screen is
then computed as follows:

EQ-TARGET;temp:intralink-;e006;117;415ϵðrÞ ¼ jDðrÞ −DϑðrÞj: (6)

Analyzing the RPM error represented in Fig. 2, it is clear that the synthesized phase screen
does not perfectly represent the required statistics, underestimating the phase fluctuations both
at the high and the low wavenumbers. This error arises due to the fact that the PSD is not a

Fig. 1 Phase screen synthesized using the RPM. A VK spectrum is assumed, considering
r 0 ¼ 0.5 m, Lx ¼ Ly ¼ 60 m, Nx ¼ Ny ¼ 2048, and L0 ¼ 15 m.
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bandwidth-limited function in the desired wavenumber domain, consequently the implementa-
tion of the discrete Fourier transform (DFT) generates a sampling error, as stated in the Nyquist-
Shannon sampling theorem.22 Various methods have been proposed to solve this problem. These
include the sub-harmonic method,23 which decreases the inaccuracies in the low-wavenumber
region by replacing the single sample at the origin in the wavenumber domain by nine (or even
more) sub-samples, and a modal decomposition of the correlation function,24 where the phase
correlation function is preprocessed by extracting the piston and tilt components and then a mask
is applied. However, these methods are not of general nature (i.e., they cannot be applied for all
kinds of PSDs), and it is needed to compute different optimization parameters from spatial
domain to spatial domain. Another families of methods that solve this error are based on the
sparse spectrum of the phase fluctuations,25,32,33 achieving a low error (i.e., of the order of
0.1%) at the same computation time of the fourth-order sub-harmonic method.

Whether this error is small enough to be neglected must be assessed on a case-by-case basis.
Considering the phase fluctuations over different phase screens to be uncorrelated,34 the phase
underestimation at the pupil can be roughly quantified as the square of the product between the
maximum value of the error ε and the number of phase screens P:

EQ-TARGET;temp:intralink-;e007;114;331Δϑ ∼
ffiffiffiffiffiffiffiffiffiffiffiffi
Pεmax

p
: (7)

Two criteria to quantify the error committed in the simulation are proposed in Faccioni
et al.35 These are respectively, the point spread function (PSF) (i.e., the Fourier transform of
the system’s entrance pupil in the case of an incoming plane wave), and the Zernike power
spectrum36 of the wavefront at the entrance pupil. Additionally, in order to understand how the
error committed in the simulation depends on different simulation scenario, it is convenient to
consider the error ε as an additional phase screen, characterized by the Fried parameter r0;ε and
the outer scale L0;ε. As the turbulence intensity increases (i.e., in the case of a smaller Fried
parameter, or a greater outer scale) and the number of phase screens remains unchanged, the
error ε increases, leading to a less accurate simulation, modeling a narrower PSF and a lower
Zernike power spectrum of the wavefront at the entrance pupil, underestimating the modes that
an adaptive optics system shall correct. At the moment it does not exist a general expression
assessing the error committed in the simulation from the turbulence parameters, hence the esti-
mation of the accuracy of the simulation and whether the committed error can be neglected must
be evaluated on a case-by-case basis.

4 Synthesizing the Phase Screens Using the CB-RPM
The CB-RPM has been developed with the aim of eliminating the bandwidth error arising while
using the RPM. This is done by taking advantage of the relation between the correlation function
and the PSD (i.e., the two quantities being a Fourier pair as stated in the Wiener–Khinchin

(a) (b)

Fig. 2 (a) Comparison between the expected RPM structure function and the theoretical one.
Theoretical structure function in blue stars, RPM expected structure function in orange line.
(b) Error εRPM of the expected RPM structure function with respect to the theoretical one.
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theorem37). By computing the phase fluctuations PSD as the DFT of the theoretical phase fluc-
tuations correlation function Bθ, the latter being defined on the spatial domain s, the bandwidth
error is indeed eliminated. The flowcharts of the two methods are represented in Fig. 3.

The phase screen ϑCB−RPM obtained using the CB-RPM is:

EQ-TARGET;temp:intralink-;e008;117;371ϑCB−RPM ¼ Re∕Im
n
F−1

	
μ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FðBϑðrÞÞNxNy

q 
o
; (8)

where BϑðrÞ is the theoretical phase fluctuations correlation function, computed from the theo-
retical structure function expressed in Eq. (5) as follows1:

EQ-TARGET;temp:intralink-;e009;117;315BϑðrÞ ¼
1

2
½Dϑð∞Þ −DϑðrÞ�: (9)

Figure 4 shows a phase screen synthesized using the CB-RPM considering the same values
of Sec. 2, and its error εCB−RPM. The extremely low error of the expected CB-RPM structure
function demonstrates how the method allows to synthesize phase screens that respect the desired
statistics being exact in principle for spatial domains greater than 4L0. Its exactness refers to the
computational errors, not to how close the synthesized phase screen simulates reality. However,
using a method that does not introduce computational errors would allow to refine the phase
screens synthesis considering PSDs obtained from real data taking into account the refractive
index field anisotropies,38 and non-Kolmogorov turbulence.39 In fact, phase screens are generally
synthesized assuming a homogeneous and isotropic turbulence, however, especially for turbu-
lence near the surface, this assumption is no longer valid.40 As a final remark to this section, the
authors considered to be more appropriate to compare the synthesized phase screens correlation
functions than their PSDs. This is done to avoid biases generated by computing the PSDs using
the DFT or the power underestimation in the phase screens power due to windowing.41

5 Reducing the CB-RPM Error at Smaller Spatial Scales
Similarly to the function ϕFFT presented in Xiang24 the PSD computed using the CB-RPM
ϕCB-RPMðκÞ yields negative values for spatial domains smaller than 4L0. This is theoretically

Fig. 3 RPM flowchart in blue. CB-RPM flowchart in yellow.
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incorrect, because the PSD is defined as a positive function. The occurrence of these negative
values is due to the implementation of the DFT for very small spatial domains, scales for which
the correlation function becomes almost flat and to synthesize the desired correlation function
some of the DFT coefficients are phase-shifted by a factor π (i.e., having negative-amplitude
values). Considering the extreme case of an uniform circular correlation function, its Fourier
transform is a jinc function,42 demonstrating how the appearance of negative values in the
ϕCB−RPM is expected for specific shapes of the correlation function. To overcome this issue and
eliminate the arise of negative values in the PSD, it is proposed to enlarge the spatial domain of
the simulation and to window part of the theoretical structure function in the region of no-interest.
This is done using the error function erf as window and adding the peak value F at the edge of
the window. The resulting structure function substituting the theoretical structure function in
Eq. (9) is:

EQ-TARGET;temp:intralink-;e010;114;327DCB−RPMðrÞ ¼ DϑðrÞð1 − erfðAÞÞþ 6.16r−5∕30 FerfðAÞ; (10)

where A ¼ f½ðr − rtCÞE� þ 1g∕2 and rt is the spatial grid radius of interest. The result obtained
considering a spatial domain of Dx ¼ Dy ¼ 20 m, a turbulence outer scale L0 ¼ 60 m, a Fried
parameter r0 ¼ 0.5 m, Nx ¼ Ny ¼ 128, and the values for DCB−RPM listed in Table 1, is pre-
sented in Fig. 5. The usage of the proposed window allows the CB-RPM to be exact in principle
even for spatial domains smaller than 4L0, allowing to model the viscosity effects arising at
scales of the order of the turbulence inner scale l0.

1 The drawback of windowing is the need
for a larger number of pixels, causing an increased computation time for each DFT of
M · ð1þ logðM∕NÞ∕ logðNÞÞ, where M and N are the new and old number of pixels of the
grid respectively.

Table 1 DCB−RPM parameters.

Parameter Value

r t 10

C 3

E 0.3

F 23

(a) (b)

(c)

Fig. 4 (a) Phase screen synthesized using the CB-RPM. A VK spectrum is assumed, considering
r 0 ¼ 0.5 m, Lx ¼ Ly ¼ 60 m, Nx ¼ Ny ¼ 2048, and L0 ¼ 15 m. (b) Comparison between the
expected CB-RPM structure function and the theoretical one. Theoretical structure function in
blue stars, expected CB-RPM structure function in orange line. (c) Error εCB−RPM of the expected
CB-RPM structure function with respect to the theoretical one.
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6 Conclusion
In this publication, a new high-fidelity method for synthesizing phase screens has been presented.
This new approach, called CB-RPM, allows to obtain a more accurate phase screen as compared
with the RPM without the need of any optimization parameters for spatial domains larger than
4L0. Two criteria are proposed to assess whether the error committed while using the RPM or
other methods can be neglected os shall be addressed using the CB-RPM. In addition, the latter is
exact in principle also for rectangular spatial domains, an interesting result that can be applied to
represent the effects of a turbulent atmosphere on a long and narrow beam, such as the one
emitted by a laser guide star. With the proper window, the CB-RPM is exact in principle also
at smaller scales, allowing to synthesize high-fidelity phase screens considering also the dissi-
pation effect due to viscosity.
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(a)

(b)

Fig. 5 (a) Comparison between the different methods phase screens structure functions and the
theoretical one. Theoretical structure function in black stars, expected RPM structure function in
blue line, expected CB-RPM structure function in dashed orange line. (b) Errors of the different
methods’ expected structure functions with respect to the theoretical one. RPM error εRPM in blue
line, and CB-RPM error εCB−RPM in dashed orange line.
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