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Abstract

Entanglement in an error-correcting code is a property of a subspace, not of a single state. Local non-commutation of stabiliser
generators decides when a stabilised subspace is completely or genuinely entangled and the conditions turn directly into witnesses for
the [[7, 1, 3]] Steane code. We characterise their detection regions and noise tolerance, extend the entanglement detection beyond the
codespace.

Entanglement witnesses

For an n-qubit stabiliser state |ψ⟩ with
S = ⟨g1, g2, . . . , gn⟩ [1],

Wa = a1 −
∑
g∈S
g, a ∈ R constant.

⟨Wa⟩ < 0 ⇒ entangled state/states,
⟨Wa⟩ ≥ 0 ⇒ all separable states.

From states to subspaces

Fewer than n generators stabilise a
subspace not a single state.
In Completely Entangled Subspace
(CES): every state is entangled.
In Genuinely Entangled Subspace
(GES): every state is
GME(Genuinely Multipartite
Entangled) [2].

Necessary and sufficient
conditions
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The [[7, 1, 3]] Steane code

2-D codespace: |ψ⟩ = α |0L⟩ + β |1L⟩.
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The Steane codespace is a GES, and
therefore also a CES.

Witnesses to detect
codespace

WGES = 1
21 −

6∏
i=1

1 + gi
2

WCES = 31 −
6∑
i=1

gi

⟨WGES⟩ < 0 and ⟨WCES⟩ < 0 on the
codespace and in its neighbourhood.
Localising entanglement:
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Wij = 1 − gXi − gZj .

Wij witnesses the entanglement among
the qubits shared by gXi and gZj . [4].

Noise tolerance

εp(ϱ) = p
1

d
+(1−p) ϱ, ϱ = |ψ⟩⟨ψ| .

pcrit = 0.508 for WGES, and pcrit = 0.5
for WCES and Wij.

Beyond the codespace

Each syndrome s⃗ ∈ {±1}6 labels a
sector.
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Redefining generators g⃗ s⃗ = s⃗ ∗ g⃗ for
all witnesses, detects entanglement in its
own syndrome sector.

Entanglement between
logical qubits

The logical bipartition violates the GES
condition.

q1 q2 q7· · · q8 q9 q14· · ·

logical cut

logical qubit 1 logical qubit 2

invisible to syndrome data

Logical product and logical Bell states
give identical syndromes.
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