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Motivation

* Supervised classification is fundamentally a hypothesis testing problem:
decide between class-conditional distributions {P(X | Y = y)},ey for any
observation =z € X.

* However, it is not known whether cross-entropy training can achieve the
performance of statistically optimal hypothesis tests.

Hypothesis Testing

e Two hypotheses; Hy: Z ~ Pvs. H, : Z ~ ) with ) < P.

e A test on n observations, ¢, : Z" — |0, 1] incurs type-I and type-II errors:

a(¢y) = Ep|pn(Z)], B(pn) = Eg[l — ¢u(Z)]

* Neyman-Pearson: [Neyman and Pearson, 1933] For fixed ¢, the uniformly
most powerful test is the log-likelihood ratio test:

i) = 1[1og 2 > 7]

¢ Stein: [Polyanskiy and Wu, 2016] The optimal type-II error exponent under
fixed type-I error is governed by KL divergence:

lim Tim ——log 3(¢) = Dx(Q||P). where 8*(a,) =  inf  B(dn).
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Setup and Main Result

e X, =PX | Y =¢)and X; = P(X | Y # c¢) denotes high-dimensional
class-conditional and complement input distributions.

e The NP-optimal test for class c requires the log-likelihood ratio:

X.(x)
Xe(x)

Ac(z) =log

* Our Hypothesis: A neural network ¢ learns a discriminative surrogate for A,
on the lower dimensional logit space.

e Z. =P(Z |Y = c)with Z = §(X), denotes the class-conditional represen-
tation distribution and 7n.(z) = P(Y = ¢ | X = z), the true class posterior.
Define:

K
1
Dy = % Z Dk1,(X.||Xz) (task ceiling, from DPI)
c=1

K
1 .
Dy = I ;_1 Dx1.(Z||Z:) < Dy, (retained by 6)

6(0) := Dy, — Dy (divergence gap)
€(0) := Ex|Dxr(n(X)]|lo(0(X)))] >0 (posterior mismatch)

Exact KL Preservation (Theorem 3.1): Let £(0) := —Ex y)[log oy (0(X))| be the
cross-entropy loss and 6* € argminy £(f). Under the following assumptions:

Realizability 36 € O such that o.(6(z)) = n.(z) p-a.e.

Bounded Posteriors 3« € (0,1/K) such that n.(z) > « p-a.e., ensuring D;,, < 00
and |A.(x)| < o0

we have:
e@*)=0 and 9(6") =0

Moreover, 6*(X) is a sufficient statistic for (X, X;) for each ¢:

Jhe 1 RE 5 R sit. Ayz) = he(6(2)) p-ae.

Evidence—Error Plane

* Define a 2-D coordinate system in which each network is mapped to a point:

®(0) := (P, Dy) € RY

where Py = —log 3(0) is minus log of the empirical type-II error.

* The achievable region for all networks is:

A :={(Py,Dy) € R :0 < P < Dy < Dy}

DLR

e The diagonal Fy = Dy is the Stein limit. The fully convergent point ( Dy, Dinp)
corresponds to 6* in Theorem 3.1.

* Networks with Dy > P, are information inefficient; they extract divergence
from the data but can not convert it into performance.

e Experimentally, estimate Dy and D;,, with a kNN-based KL divergence
estimator (consistent/nearly minimax optimal in MSE for fixed k [Zhao and
Lai, 2020] [Pérez-Cruz, 2008]) using test set samples. Similarly calculate
empirical error rate ().
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Binary Image: 8 x 8 images corrupted via CIFAR-100: Solved by a ResNet-50. D, is
BSC(p = 0.1); true Dy,;, analytically known. A estimated after a PCA (256 components) due to
fully connected network (64-32-16-8) tracks the class imbalance. After epoch 10, Dy drops while
Stein limit exactly throughout training. Py improves; reminiscent of the compression
phase of Information Bottleneck [Shwartz-Ziv
and Tishby, 2017], but not predicted by our

theory.

Extension to Chernoff Information

* In reality, neural network loss functions minimize type-I and type-II errors
simultaneously. The optimal error is characterized by Chernoff information

[Chernoff, 1952]:
1
O(Pa Q) — Sup [_ 1Og/ p<x>SQ<x>1—s dﬂ(ﬂf) ) lim __1Og P:(”) — C<P7 Q)
s€[0,1] X n—oo N

where, with priors (7p, ),

P () = inf (mpo(6) + mof(0))

o A kNN-based estimator for C(P, Q) with L?* convergence guarantees is in preparation,
which will enable evidence—error plane analysis under simultaneous type-I and type-I1
error minimization.
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