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Abstract
Motivated by the growing interest in quantum machine learning, in particular quantum neural
networks (QNNs), we study how recently introduced evaluation metrics based on the Fisher infor-
mation matrix (FIM) are effective for predicting their training and prediction performance. We
exploit the equivalence between a broad class of QNNs and Fourier models, and study the inter-
play between the effective dimension (ED) and the bias of a model towards a given task, investi-
gating how these affect the model’s training and performance. We show that for a model that is
completely agnostic, or unbiased, towards the function to be learned, a higher ED likely results in
a better trainability and performance. On the other hand, for models that are biased towards the
function to be learned a lower ED is likely beneficial during training. To obtain these results, we
derive an analytical expression of the FIM for Fourier models and identify the features controlling
a model’s ED. This allows us to construct models with tunable ED and bias, and to compare their
training. We furthermore introduce a tensor network representation of the considered Fourier
models, which could be a tool of independent interest for the analysis of QNN models. Overall,
these findings provide an explicit example of the interplay between geometrical properties, model-
task alignment and training, which are relevant for the broader machine learning community.

1. Introduction

A popular approach for developing quantum machine learning (QML) models for the analysis of clas-
sical data is to use parameterized quantum circuits (PQCs) as trainable machine learning models [1–3].
In these models, also known as quantum neural networks (QNNs) [4], the classical input data and the
trainable parameters are encoded as angles in the quantum gates of the circuit, and the outputs are
extracted as expectation values of some observables at the end of the PQC [1–4]. The variational nature
of QNNs, where the parameters are typically trained in a quantum–classical feedback loop [5], makes
them viable approaches for near-term quantum devices [6, 7].

In the last years, several works theoretically investigated how QNNs differ from their classical
counterparts, with particular focus in understanding their expressivity [8, 9] and their generalization
capability [10–13]. While no general consensus exists as to whether these variational QML models can
offer rigorous advantages compared to classical approaches on classical ‘real-world’ datasets, there is a
growing body of literature proposing applications of QNNs in several areas of classical data analysis and
machine learning [14–24].

In parallel to these investigations, there are also several attempts to develop general evaluation met-
rics for such architectures. Finding such metrics assessing the quality of a model on a given task, before
the model has been trained for it, is indeed a key challenge for any machine learning practitioner.
While some of the proposed metrics, such as the quantum expressivity [25, 26] or entangling capability
[25, 26] are only relevant in the case of variational quantum models, other metrics, such as the effective
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dimension (ED) [27] can be calculated for both classical and quantum models. This latter quantity is the
main focus of our work.

The ED, calculated from the Fisher information matrix (FIM), has been recently introduced in a
seminal work [27] as a measure for the capacity of a model to effectively explore all of its degrees of
freedom, i.e. make use of its full parameter space. In [27], the authors not only use the ED for con-
structing theoretical generalization bounds, but also show numerical examples of QNNs having larger
ED than classical networks used for comparison, which they relate to their faster training ability for a
chosen learning task. These encouraging results then prompt the question: do models with a high ED
always have faster training abilities?

In this work, we provide a negative answer to this question. Focusing on models for regression, we
show that whether a model with high ED has better training performance compared to one with low ED
depends on how biased the models are towards the specific regression task. In particular, for models that
are completely agnostic, or unbiased, towards the function to be learned (the data-generating function),
a high ED likely results in a better trainability. On the other hand, for models that are biased towards
the function to be learned a lower ED is beneficial during training. Maybe unsurprisingly, these results
quantitatively confirm the intuitive expectation that when the effective space a model can explore is con-
strained around the task’s data-generating function, training the model to a good performance becomes
easier. The goal of this work is to explain the basic mechanisms behind this phenomenon, understand
them on an analytical level as schematically illustrated in figures 1(a) and (b), and provide numerical
results supporting the findings. More general, our work hints towards the difficulty, and perhaps the
impossibility, of finding a data- and task-independent evaluation metric that can assess a ML model’s
performance prior to its training.

1.1. Related literature in quantum and classical ML
The ED has become a standard information-geometric diagnostic for comparing the capacity of QNNs
and related parametrized quantum models, following its introduction in [27] as expressivity metric and
trainability proxy. It is used as an evaluation metric in several QML studies as a means of comparing
different (quantum or classical) models and as guiding principle for model design [28–36]. This liter-
ature establishes ED as a useful capacity metric for QNN architecture assessment. At the same time,
these studies also leave open how ED should be interpreted when the architecture is not only more or
less expressive, but also more or less aligned with the target task.

A related question has been studied in classical ML under the notions of task-model alignment,
target-kernel alignment, spectral bias, and symmetry-induced inductive bias. In particular, in [37] a
notion of model-task alignment is introduced in the context of kernel regression, as the alignment
of the target function with the kernel eigenfunctions. In this context, directly related to comparisons
between biased and unbiased model classes are the works of [38, 39], which study truncated kernel ridge
regression and show that when the target is sufficiently aligned with the retained truncated kernel, the
truncated estimator can achieve better learning than full kernel ridge regression. These results further
strengthen the intuition that task-aligned model can outperform a less biased or more expressive model
when the target lies in the subspace favored by the architecture.

Further classical works connect alignment to training dynamics. For example. in [40] the authors
study neural tangent kernel (NTK) alignment during training and argue that the evolution of the NTK
toward the target function provides a mechanism for accelerated learning outside the static-kernel
regime. Also, symmetry-constrained models provide an important physics-motivated example of useful
task alignment [41].

These works support the broader view that trainability cannot be assessed from model capacity
alone, but depend crucially on how the model’s bias matches the structure of the target task. Here we
investigate this issue in a controlled class of models that maps naturally to QNNs, studying ED and
model-task alignment jointly rather than as separate diagnostics. This allows us to give an analytical
account of the interplay between ED, task bias, and trainability, and to construct explicit examples show-
ing when architecture design should prioritize task-aligned bias over raw expressivity.

1.2. Summary of results
The findings presented in this paper are obtained by exploiting the equivalence between a broad class of
QNNs and Fourier models [42–45], which we extend to include the dependence on the trainable QNN
parameters. Based on this equivalence, we derive an analytical expression for the FIM, which allows us
to identify the relevant features of a Fourier model that control the FIM spectrum, and thereby the ED.
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Figure 1. Illustration of main results. (a) Schematic behavior of the difference in the training loss (here the mean squared error—
MSE)∆MSE, between models with high and low effective dimension (ED), vs the corresponding ED difference∆ED (between
models with high and low ED—normalized by the number of trainable parametersM), for models with different bias towards
the function to be learned (represented by the color scale). Each point represents the average behavior over several model real-
izations and training experiments. Models with low ED have better training performance than models with high ED (positive
∆MSE) in the biased case. The converse is true (negative∆MSE) in the unbiased case. (b) Visualization of model spaces in the
high- (blue surface) and low-ED (brown line) cases, for biased and unbiased case. Points in these spaces represent functions
obtained for specific choices of trainable parameters. In the biased case, the data-generating function (red point) belongs to
the model space (to good approximation): a model with low ED (brown point) trained with gradient descent is more likely to
converge to the data-generating function since there are effectively less dimensions to explore (only one direction leads to min-
imizing the loss, as represented by the black arrow). A model with high ED (blue point) is instead more likely to incur in local
minima (there are multiple directions, represented by the black arrows, leading to similar loss minimization). In the unbiased
case the data-generating function is outside the model space: a model with high ED (blue point) is likely to yield better results, as
more directions are available for reaching a better approximation to the data-generating function. (c) Illustration of a QNN and
the expansion of its output fθ(x) in the basis functions eµ(x) and ιν(θ) (with x denoting the inputs and θ the trainable param-
eters). The coefficient matrix Γ (structure constants) can be decomposed in orthogonal matrices U and V and a diagonal matrix
S of singular values sρ. The ED of the model is controlled by the decay properties of the singular values: a faster decay results in a
lower ED.

Specifically, we derive an explicit relationship between the FIM spectrum and ED of a model and the
dimension of the space of functions it has access to. This is schematically illustrated in figure 1(c).

These analytical results enable the practical construction of Fourier models with tunable ED, as well
as the construction of models that are more or less biased (as we quantify later in this work) towards a
given data-generating function for a regression task. This allows us to study the interplay between ED
and bias and their effect on the training ability of a model with numerical examples, with the afore-
mentioned main finding: for models that are biased towards the function to be learned, a lower ED is
beneficial during training, whereas for unbiased models a high ED is likely to achieve better performance
(see figures 1(a) and (b) for a schematic representation).

As a secondary result, in order to numerically investigate larger problem instances (i.e. with larger
number of input features and parameters) we introduce a tensor network (TN) representation of the
structure of Fourier models, called tensorized Fourier models. These could be a tool of independent
interest for the analysis of QNN models.

1.3. Organization of the paper
The remainder of the paper is structured as follows. In section 2.1 we define the general structure of the
regression models we focus on in this work, making the connection with QNNs explicit. In section 2.2
we recap the notions of FIM and ED and, via analytical calculations and numerical examples, we show
how these depend on the models’ characteristics. In section 2.3 we give our working definition of model
bias, and in section 2.4 we introduce the concept of tensorized models. With these definitions at hand,
in section 3 we present our results on the interplay between ED and model bias and their effect on
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training regression models via gradient descent. Finally, we conclude and provide an outlook on possi-
ble future investigations in section 4.

2. Methods

2.1. Preliminaries: models and structure constants
In this section we define the general structure of the regression models that we focus on throughout the
paper. Besides providing their general definition, we discuss their relation with functions parameterized
by QNNs, and introduce the concept of their structure constants, which is the central object of our subse-
quent analysis. For clarity, a list of symbols used throughout this work is provided in table 1.

2.1.1. Definition of regression models used
In this work we consider real regression models taking as input a vector x ∈ RN, with N denoting the
number of input components (features), and parameterized by M trainable (variational) parameters
θ ∈ RM. For simplicity in the presentation and derivation of the results, we focus on the case of a single
real output, although our results can be easily extended to the case of multi-output models. The general
expression of the regression models studied here is

fθ (x) =
D∑

µ=1

cµ (θ) eµ (x) . (1)

The functions eµ(x) ∈ R are taken to form an orthonormal basis in the D-dimensional space of input
functions, i.e.

Ex∼p [eµ (x)eµ ′ (x)] =

ˆ
eµ (x)eµ ′ (x) p(x) dx= δµ,µ ′ , (2)

with p(x) the probability density function for the inputs and Ex the expected value over this input dis-
tribution. The coefficients cµ(θ) ∈ R encode the dependence on the variational parameters θ. This form
of regression model exactly encompasses that of QNNs which, as we discuss later, are known to be
Fourier models [42–45].

Going a step further, we may expand the coefficients cµ(θ) in a finite orthonormal basis in the space
of parameters’ functions, under the assumption that the parameter space is effectively bounded, or that
the cµ(θ) are square-integrable functions. In this case we have

cµ (θ) =
K∑

ν=1

Γµ,ν ιν (θ) , (3)

where ιν(θ) ∈ R are a set of K orthonormal basis functions satisfying

1

VΘ

ˆ
Θ

ιν (θ) ιν ′ (θ) dθ = δν,ν ′ , (4)

with Θ denoting the parameter space and VΘ its volume. As discussed later, this form encompasses the
case of QNNs, where both input features and parameters are encoded as rotation angles in quantum
gates.

The coefficients Γµ,ν ∈ RD×K depend only on the model architecture, and we therefore call them
the structure constants of the model. The structure constants Γµ,ν specify the correlations between the
parameter space functions and the input space functions, and are the central object of our analysis
throughout this work.

2.1.2. Fourier regression models and relation to QNNs
We now relate the form of the regression models introduced above to that of QNNs, and give an explicit
expression of the basis functions eµ(x) and ιν(θ) in this specific case. We first briefly recap the concept
of a QNN. In the context of regression, a QNN is a function measured from a PQC as

fθ (x) = ⟨0| Û†
θ (x)M̂Ûθ (x) |0⟩ ≡ ⟨ψθ (x)|M̂ |ψθ (x)⟩ . (5)

Here, M̂ is a given observable, and the output state |ψθ(x)⟩= Ûθ(x) |0⟩ is obtained from a quantum
circuit described by the unitary Ûθ(x) where inputs and parameters are encoded, applied to a reference
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Table 1. List of most used symbols in this work with explanation.

Symbol Used for

N No. of components of input vector (features)

x= (x1, . . .,xN) Input vector

M No. of trainable parameters

θ = (θ1, . . .,θM) Vector of trainable parameters

Θ Parameter space

fθ(x) Regression model (equation (1))

D No. of input basis functions

eµ(x) Input basis functions (equation (2))

d Dim. of space ‘local’ to each feature (D= dN)

µ= (µ1, . . .,µN) Index of input basis functions

K No. of basis functions in param. space

ιν(θ) Basis functions in param. space (equation (4))

d̃ Dim. of space ‘local’ to each param. (K= d̃M)

ν = (ν1, . . .,νM) Index of param. basis functions

ι
(m)
νm

(θm) ‘Local’ basis functions for param. θm
Γ Structure constants (equation (3))

U Left singular vectors of Γ (equation (9))

V Right singular vectors of Γ (equation (9))

S Singular values of Γ (correlation spectrum—equation (9))

F(θ) Fisher information matrix (FIM—equation (11))

F̂(θ) Normalized FIM (equation (13))

d̂eff Normalized effective dimension (equation (12))

β(m) Local derivative tensor for param. θm (equation (15))

state |0⟩. Typical implementations of QNNs involve encoding the input data x and trainable parameters
θ as angles of rotation gates in the quantum circuit. As we show in appendix A, the QNN output fθ(x)
can be written as a Fourier series in both the inputs and parameters as:

fθ (x) =
∑
ω

∑
ω̃

Γ̃ω,ω̃ eiω·x eiω̃·θ , (6)

where ω = (ω1, . . .,ωN) with ωn ∈ Ωn and Ωn the set of Fourier frequencies for the nth input compo-
nent, ω̃ = (ω̃1, . . ., ω̃M) with ω̃m ∈ Ω̃m and Ω̃m the set of Fourier frequencies for the mth parameter,
Γ̃ω,ω̃ complex constants depending only on the quantum gate generators and the measured observ-
able M̂, satisfying Γ̃−ω,−ω̃ = Γ̃∗

ω,ω̃ , and · denoting the scalar product of two vectors. The above expres-
sion can equivalently be rewritten in the form of equations (1) and (3) with eµ(x)≡ e(µ1,...,µN)(x) =∏N

n=1 e
(n)
µn (xn) and ιν(θ)≡ ι(ν1,...,νM)(θ) =

∏M
m=1 ι

(m)
νm (θm), where

e(n)µn
(xn) ∈ Bn =

{
1,
√
2cos(ωnxn) ,

√
2sin(ωnxn)

}
ωn∈Ωn

, (7)

ι(m)
νm

(θm) ∈ B̃m =
{
1,
√
2cos(ω̃mθm) ,

√
2sin(ω̃mθm)

}
ω̃m∈Ω̃m

, (8)

normalized in the interval [−π,π], and with the structure constants Γµ,ν given by suitable real linear
combinations of the complex coefficients Γ̃ω,ω̃ . We remark that this Fourier series representation is not
limited to the noiseless QNN setting, but is valid also in presence of quantum hardware noise and gate
errors, as discussed in appendix A.

As an explicit example of the sets of frequencies a QNN can have access to, one can consider the
common situation where the inputs are encoded multiple times via the re-uploading technique [43, 46],
and both input features and parameters are encoded as angles of single qubit rotations of the form

e−iϕ2 n·σ̂ (with ϕ being the feature or parameter to be encoded, n an arbitrary rotation axis and σ̂ the
vector of Pauli matrices). In this case, as we show in appendix A, the sets Ωn and Ω̃m comprise only
integer frequencies and read as Ωn = {1, . . .,L} and Ω̃m = {1}, with L being the number of times the
input features xn are uploaded as gate angles in Ûθ(x), and assuming each parameter θm is encoded only
once. We refer the reader to the Supplementary Material for a detailed discussion on how the structure
of the entangling operations in a QNN influences the basis functions the model has access to.

This latter example exemplifies the not uncommon situation where the number of Fourier modes
for every input feature (and every parameter) is the same. For simplicity, we restrict ourselves to this
case for the analysis presented in this work. This results in no loss of generality, since our analytical and
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numerical results can be easily generalized beyond this case. Throughout the rest of this work, we denote
with d≡ |Bn| the number of ‘local’ basis functions for the input feature space, and with d̃≡ |B̃m| the
number of ‘local’ basis functions for the parameter space, which results in D= dN and K= d̃M.

2.1.3. Correlations in structure constants
We now analyze the information that is contained in the structure constants of the model Γµ,ν . To do
so, we view Γµ,ν as elements of a D×K real matrix Γ (we assume K> D, since typically we consider
models with a number of parameters larger than the number of input features), and consider its singular
value decomposition (SVD)

Γ = USV⊤ , (9)

where U is a D×D real orthogonal matrix satisfying with U⊤U= UU⊤ = ID, S= diag(s1, . . ., sD) is a
D×D diagonal positive semi-definite matrix (with diagonal ordered as s1 ⩾ s2 ⩾ . . .⩾ sD), and V is a
K×D real matrix with orthonormal columns, i.e. V⊤V= ID. After the SVD we can rewrite the model
output as

fθ (x) =
D∑

µ=1

K∑
ν=1

Γµ,ν eµ (x) ιν (θ)

=
D∑

ρ=1

D∑
µ=1

K∑
ν=1

Uµ,ρ sρ
[
V⊤]

ρ,ν
eµ (x) ιν (θ)

≡
D∑

ρ=1

sρ e
U
ρ (x) ι

V
ρ (θ) ,

(10)

where eUρ (x)≡
∑D

µ=1Uµ,ρ eµ(x) and ιVρ(θ)≡
∑K

ν=1[V
⊤]ρ,ν ιν(θ) constitute new sets of orthonormal

basis functions in the input and parameters’ space. From the above expression one can easily under-
stand how the singular values sρ control the correlations between the parameter space and the functions
in the input space. In the limiting case of s1 > 0 and sρ>1 = 0, any change in the parameters θ induces
a change in fθ(x) along only one component, eU1 (x): in this case, the model’s space is effectively one-
dimensional. Conversely, if all singular values are equal, the model fθ(x) is effectively able to ‘explore’ all
the D orthogonal directions eUρ (x) in the input space. Thus, the distribution of the sρ, in particular how
they decay (i.e. their mutual ratios) indicate how changes in the parameters correlate with the indepen-
dent directions the model can explore. We therefore call the singular values sρ the correlation spectrum
of the model. In the next section we discuss how, perhaps unsurprisingly, the correlation spectrum is
related to the notions of FIM and ED.

2.2. FIM and ED
In this section we discuss the notion of FIM and ED, and relate them to the structure constants of the
models introduced in the previous section. We derive an analytic expression of the FIM that makes the
relation with the correlation spectrum explicit, and we discuss which features of the correlation spectrum
affect the ED.

2.2.1. Definition of FIM and ED
The FIM is a tool of central importance in the field of information geometry, since it provides a local
description of how a parameterized model changes when the parameters it depends on are varied. More
specifically, the FIM defines a metric in the space (or manifold) of functions a parameterized model can
represent [47–49]. For the regression models studied in this work, the FIM F is a M×M positive semi-
definite matrix with elements (see [50–54] and the Supplementary Material)

Fj,k (θ) = Ex

[
∂fθ (x)

∂θj

∂fθ (x)

∂θk

]
. (11)

At a given point θ in the parameter space Θ, the FIM describes which directions in Θ the model fθ(x)
is more (or less) sensitive to. The eigenvalues of the FIM are indeed a measure of the model sensitivity
to parameters changes along the direction defined by the corresponding eigenvectors. If all FIM eigenval-
ues are approximately equal and larger than zero, all parameters are equally contributing to independent
model changes. If instead the FIM spectrum contains several eigenvalues close to zero, the corresponding
parameter directions are redundant. Thus, the FIM encodes information about how a model is effectively
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able to explore its parameter space. A measure of this ability, i.e. the ‘size’ of the region in model space
that a model can effectively explore with its parameters, is given by the ED introduced in [27]. The ED,
normalized by the number of parameters M, is defined as

d̂eff =

2 log

(
1
VΘ

´
Θ

√
det

(
IM + cnF̂(θ)

)
dθ

)
M log cn

, (12)

where cn = n
2π logn with n being the number of input data samples, IM the M-dimensional identity

matrix, and F̂(θ) being the normalized FIM defined as

F̂(θ) =
M

1
VΘ

´
Θ
tr(F(θ))dθ

F(θ) . (13)

The normalized ED d̂eff is bounded in [0,1], and is computed from averages over the parameter space,
hence depending solely on the architecture choices and the input distribution. Note that this definition
of the ED as global average gives a global view of the ability of a model to explore its parameter space,
which is especially relevant in the early stages of training when the parameters are typically sampled ran-
domly. We note in passing that also a local definition of the ED exists [55], which probes the vicinity of
a point and can be therefore monitored during the training to infer the local geometrical properties dur-
ing optimization. In the next sections, we uncover the relation between the correlation spectrum intro-
duced before and the FIM, which directly affects the ED defined above.

2.2.2. FIM and correlation spectrum
In section 2.1.3, we discussed how the distribution of the correlation spectrum {sρ}ρ controls how many
independent directions (in the space of input functions) the model can explore when the parameters are
changed. Since the FIM and the ED also capture a notion of effective degrees of freedom of the model,
it is natural to expect a strong relation between these and the properties of the correlation spectrum.
In this section, we explicitly uncover this relation and show that the FIM spectral properties are indeed
mostly controlled by the correlation spectrum.

To this end, we start by expressing the FIM elements in terms of the structure constants Γ and
the related correlation spectrum and singular vectors. It is easy to show that the FIM elements can be
expressed as

Fj,k (θ) =
∑
ρ

s2ρ
∑
ν,ν ′

ιν (θ) ιν ′ (θ)
∑
κj,κ ′

k

β( j)
κj,νj

[
V⊤]

ρ,(ν1...κj...νM)
β
(k)
κ ′
k ,ν

′
k

[
V⊤]

ρ,(ν ′
1 ...κ

′
k ...ν

′
M)
, (14)

where we introduce the (local) derivative tensor β( j) for expressing the derivatives of the basis functions
ιν(θ) as linear combinations of basis functions, i.e.

∂ιν (θ)

∂θj
=
∂ι

( j)
νj

(
θj
)

∂θj

∏
m̸=j

ι(m)
νm

(θm) =

∑
κj

β( j)
νj,κj

ι( j)κj

(
θj
)∏

m ̸=j

ι(m)
νm

(θm) . (15)

We refer the reader to the Supplementary Material for a derivation. From equation (14) we can already
recognize the dependence on the squared singular values s2ρ. These, in combination with equation (13),

tell us that the normalized FIM F̂, hence the ED, is independent of the value of tr(S2). Therefore, the
ED is sensitive only to the mutual relationship of the values of s2ρ, i.e. the decay properties of S2, and not
to the overall magnitude tr(S2). In other words, the FIM and ED are a measure of the dimensionality
of the space of functions that the model has access to, captured by how many values s2ρ are effectively
different from zero. These observations give us a practical way of designing models with tunable ED,
which we will use in our numerical analysis of the training dynamics presented in section 3. We now
substantiate these statements by stating the following properties of the FIM.

Property 1. In the regime M> D (which can be interpreted as an overparameterized regime as
described in [56]), the rank of the FIM is upper-bounded as follows:

rank(F(θ))⩽ D . (16)
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Figure 2. (a) Scaling of normalized ED with the purity tr(S4) of the correlation spectrum. (b) Scaling of normalized ED with
the ratio D/M. Each point corresponds to a random model realization, i.e. a random Γ uniformly drawn from [−1,+1]D×K.
For every value of tr(S4) and D/M, 50 model realizations are drawn (the points are on top of each others). The normalized ED
is computed using equation (12), with 150 parameters samples for estimating the normalized FIM. Here, d̃= 2 refers to B̃m =

{
√
2cosθm,

√
2sinθm}, while d̃= 3 refers to B̃m = {1,

√
2cosθm,

√
2sinθm} in equation (8), for allm= 1, . . .,M.

Property 2. In expectation over random realizations of V ∈O(K) (with O(K) the group of K×K
orthogonal matrices) and θ ∈Θ, one has:

E
[
Fj,k

]
∈

{
O (1) tr

(
S2
)
, for j = k

O
(
K−1

)
tr
(
S2
)
, for j ̸= k

Var
[
Fj,k

]
∈ O (1) tr

(
S4
)
.

(17)

The derivation of these properties is sketched in appendix B. From Property 1, together with the
observation that the ED is bounded by the maximal rank of the FIM [27], we can conclude that in the
regime M> D the ED is upper-bounded by D. This establishes a direct connection between the ED and
the dimension D of the space of input functions available to the model. Property 2 further strengthens
this connection by showing that the decay properties of S4, encoded in the value of tr(S4), indeed con-
trol the FIM spectrum. We now explain this more in detail.

As observed previously, tr(S2) is a normalization factor that drops in the calculation of the ED. The
term that has non-trivial effects on the FIM and the ED is tr(S4) controlling the variance, which encodes
information on the decay properties of the correlation spectrum. Assuming (without loss of generality) a
correlation spectrum normalized such that tr(S2) = 1, tr(S4) can be interpreted as a purity: a completely
flat correlation spectrum corresponds to the minimum value of the purity (i.e. 1/D), whereas tr(S4) = 1
if s1 = 1 and sρ>1 = 0. To understand how the value of tr(S4) influences the spectral properties of the
FIM, we first observe that the expected value of the FIM is approximately diagonal with diagonal ele-
ments having the same values and off-diagonal elements suppressed as O(K−1). Thus, in absence of sta-
tistical fluctuations, the spectrum of the FIM would be flat, which would correspond to a high ED. This
is approximately the case when the variance is small, i.e. when the correlation spectrum S is flat and
tr(S4) is small. Conversely, when the correlation spectrum S is not flat and tr(S4) is large (i.e. approach-
ing one), Var

[
Fj,k

]
introduces non-negligible statistical fluctuations that make the FIM spectrum deviate

from the flat case, which in turn decreases the ED. Thus, with this analysis we identify in the correlation
spectrum, and in particular in its decay properties partly captured by tr(S4), the key factor controlling
the FIM and the ED in regression models. This insight is of central importance in our numerical analy-
sis presented in the next sections.

To corroborate our analytical findings, we show numerical results on the dependence of the ED on
different model characteristics in figure 2. Specifically, we calculate the normalized ED d̂eff for several
random model realizations, i.e. random realizations of the structure constants Γ (uniformly drawn from
[−1,+1]D×K), and investigate how d̂eff changes with tr(S4) and the input functions’ space dimension
D. In panel (a) we show the dependence of d̂eff on the purity of the correlation spectrum tr(S4). As
expected, d̂eff decreases with tr(S4) increasing towards its maximum value 1. In order to change tr(S4),
an exponential decay with variable decay rate is imposed to the singular values, keeping them normal-
ized to tr(S2) = 1 (which has no effect on the ED). In panel (b) we show the dependence of d̂eff on the
ratio D/M. For D<M, d̂eff increases with increasing D until it saturates to its maximal value for D⩾M.
For D⩾M, d̂eff is independent of D and largely controlled by tr(S4). The increase of d̂eff for D<M is
due to the fact in this regime, the maximal ED of the model is upper-bounded by D, hence the model
has more parameters than the input basis functions (i.e. independent directions in model space) it has
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access to. Further numerical results are presented in the Supplementary Material and confirm indeed
that tr(S4) is the key factor controlling the ED.

2.2.3. FIM and NTK
To conclude our analysis of the FIM and establish a connection to the training behavior, we note
that there is a strong relation between the FIM and the NTK, which is defined as [57] Kθ(x,x ′) =
∇θfθ(x)⊤∇θfθ(x ′), where ∇θfθ(x) is the M-dimensional gradient of the model. The NTK can be
used to analyze how gradient-based training changes function values: it provides a local description of
which modes (i.e. directions in the input function space) are learned faster or slower under gradient
flow [38, 57–59]. In particular, the eigenvalues of the NTK correspond to the rates at which the corre-
sponding modes are learned [57]. As shown in the Supplementary Material, the non-zero spectrum of
the NTK coincides with that of the FIM F(θ). Furthermore, on average over the parameter space and
random realizations of V ∈O(K), eigenvectors and eigenvalues of the NTK coincide with the left sin-
gular vectors U and singular values S2 of the model’s structure constants. These observations establish
the relationship between the NTK eigen-decomposition, the ED (controlled by the FIM), and the bias
(defined in the next section, controlled by the model’s structure constants). The NTK gives us a way of
analytically understanding how different ED and model bias influence the training dynamics, which we
elaborate on in the Supplementary Material.

2.3. Biased and unbiased regressionmodels
In this section we introduce the concept of biased and unbiased regression models used in this work,
and we provide a simple recipe for constructing models where the bias and the ED can be tuned at will.
The main idea behind our definition of biased and unbiased model is the following:

• A model fθ(x) is biased towards the data-generating function y(x) if there exists a parameter configu-
ration θ∗ for which fθ∗(x) = y(x).

• If there is no configuration θ∗ for which fθ∗(x) = y(x) then the model is unbiased.

The goal behind the definition of ‘model bias’ used in this work is to have a controllable way of mim-
icking the situation where some features of the data-generating function are at least approximately
known, and the model is designed such that it can incorporate, or is constrained to represent, these
known features. For example, if the task involves predicting some signal coming from a physical pro-
cess for which the frequency range is known from physical principles or estimations, one could design a
model constrained to output signals within the given frequency range: as we remark in the end of this
section (and explicitly showcase in the Supplementary Material), this is indeed something that can be
achieved in QNNs, via data re-uploading and by tuning their entanglement structure.

For an explicit construction of biased and unbiased models to be used in our numerical experiments,
we consider a data-generating function y(x) of the form

y(x) =
D∑

µ=1

K∑
ν=1

eµ (x) ιν (θ
∗)

R∑
ρ=1

sρU
(d)
µ,ρ

[
V(d)⊤

]
ρ,ν

, (18)

with θ∗ a given parameter configuration, R< D and with V(d) constructed in order to satisfy the prop-

erty
∑

ν V
(d)
ν,ρ ιν(θ

∗) = 0 for ρ= R+ 1, . . .,K.
Any model of the form of equation (10) with structure constants chosen independently of U(d) and

V(d), with high probability does not exactly encompass y(x) for any choice of the parameters: any such

model is agnostic to the form of y(x), and is referred to as unbiased. Instead, a model f( f )θ (x) specified
by the structure constants

Γ( f )
µ,ν =

D∑
ρ=1

U(d)
µ,ρ sρ

[
V(d)⊤

]
ρ,ν

(19)

satisfies f( f )θ∗ (x) = y(x) by construction, and is therefore called biased. This is schematically illustrated in
figure 3(a). Importantly, one can define several such biased models with different properties of sρ, hence
different EDs, by choosing different values for sρ>R, which have no influence on the model prediction
for θ = θ∗. Consider for example the following structure constants

Γ(c)
µ,ν =

R∑
ρ=1

U(d)
µ,ρ sρ

[
V(d)⊤

]
ρ,ν

+
D∑

ρ=R+1

U(d)
µ,ρ e

− ρ−R
ξ sρ

[
V(d)⊤

]
ρ,ν

, (20)
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Figure 3. (a) Schematic illustration of the construction of biased and unbiased models. The data-generating function y is spec-
ified by matrices U(d) and V(d), and the model f by U and V, with both y and f having the same correlation spectrum S. In the
unbiased case, y (represented by the red dot) lies outside the space of functions accessible to fθ (represented by the gray surface),

whereas in the biased case y belongs to that space. (b) Construction of models with tunable ED. Full models f
( f )
θ (x) with no

imposed decay in the correlation spectrum sρ, as illustrated by the blue line, have high ED and therefore can access a larger func-

tions’ space, represented by the blue surface. Cutoff models f
(c)
θ (x) with decaying correlation spectrum sρ, as illustrated by the

brown line, have low ED and have access to more restricted functions’ space, represented by the brown surface.

with ξ a positive decay rate. Since ξ induces a decay in the correlation spectrum, and hence a higher
spectral purity tr(S4), a model specified by Γ(c) will have on average a lower ED than a model specified
by Γ( f ). We refer to models constructed as Γ( f ) as full models, whereas models constructed as Γ(c), with
an imposed decay ξ > 0 and a lower ED, are referred to as cutoff models. This is schematically illus-
trated in figure 3(b). Tuning ξ gives us a way of tuning the ED, and hence the difference d̂fulleff − d̂cuteff ,
which we use in the numerical experiments presented in the next section. Loosely speaking, one can
understand a biased model with high ED as a model incorporating knowledge of the target function,
while a biased model with low ED is constrained to that knowledge without deviating from it (in a func-
tional sense).

Partially biased models, which only approximately encompass y(x), can be constructed adding a

small perturbation to V(d) in the data-generating function, i.e. replacing V(d) in equation (18) with V(d)
ϵ

obtained by adding a suitably chosen random perturbation of strength ϵ to its elements, as we discuss
in appendix C. In this way, Γ( f ) and Γ(c) only approximately encompass the newly constructed data-
generating function. We quantify the deviation from y(x) using the following parameter

δdata =
∥∥S(V(d)⊤ −V(d)⊤

ϵ

)∣∣ι(θ∗)
)∥∥

1
, (21)

with
∣∣ι(θ∗)

)
being the K-dimensional vector with components ιν(θ

∗).
While this definition of bias is based on the structure constants, we remark that in the context of

QNNs these depend on the model architecture (i.e. the form of the unitary Ûθ(x)), which can be tuned
via the structure of the PQC, ultimately providing a way of biasing the model towards certain types of
functions. For example, simply adding new rotation gates re-encoding data features changes the acces-
sible input function space adding higher harmonics to the Fourier series. This enables the model to
learn such type of functions, and mathematically amounts to a change in the structure constants Γµ,ν ,
now with support on larger input or parameter spaces, which can be captured by our definition of bias.
We provide further examples of this mechanism, with explicit calculations of the model structure con-
stants for instances of QNNs, in the Supplementary Material: our analysis highlights specific circuit
design choices that can be used to bias the QNN outputs, provided one has some knowledge of the
data-generating function.

Finally, we comment here on the relation between our definition of bias and the more general con-
cept of inductive bias in ML. Inductive biases typically result from architectural choices (approximately)
restricting the model function to have specific symmetries or live on specific manifolds. Our construc-
tion defines model bias in a stricter form, i.e. as an Euclidean distance between model and target func-
tion space. This definition gives us the advantage of having a tunable parameter for conducting our
numerical experiments. Including functional symmetries (such as translations or mirror symmetries)
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can in principle also be done at the level of the structure constants, bringing us closer to the more gen-
eral definition of inductive bias. However, in order to showcase the basic functional mechanisms of the
ED-bias interplay, we decide to leave this as a possible direction of future work.

2.4. Tensorized models
We now briefly introduce the concept of tensorized models, which allow us to circumvent the exponen-
tial costs (in N and M, since D= dN and K= d̃M) of constructing and storing the full Γ in our simu-
lations. This enables the numerical study of problem instances with larger number of features N and of
parameters M. The main idea is to decompose the structure constants Γ as a TN [60–62] with a finite
bond dimension χ. A TN decomposition of Γ is enabled by the structure of the input and parameter
functions’ spaces, which are constructed as tensor products of the spaces ‘local’ to each input feature xn
and parameter θm, spanned by the local basis functions e(n)µn (xn) and ι

(m)
νm (θm). To construct a TN decom-

position of Γ, we consider the following approximation

Γµ,ν ≈
D∑

ρ=1

χ∑
σ=1

Uµ,ρTρ,σ︸ ︷︷ ︸
ortho. rotation + isometry

sσ︸︷︷︸
corr. spectrum

[
V⊤]

σ,ν︸ ︷︷ ︸
map from param. space

, (22)

which differs from equation (9) by the presence of an isometry T, which is a linear mapping from the
D-dimensional input functions’ space to a χ-dimensional reduced space, building an internal TN repre-
sentation of the input functions’ space.

We decompose the matrices U, T and V as products of low-rank tensors as follows. The matrix V
containing the right-singular values of Γ is expressed as a tensor-train (also known as matrix prod-
uct state) [63, 64], the orthogonal matrix U containing the left-singular values of Γ as an orthogonal
matrix product operator (MPO) [65–67], and the isometry T can be as a tree TN (TTN) [68–70]. We
note that the TN decompositions used here are not the only option, and different ones are possible.
In appendix D we provide the explicit expressions of these decompositions, together with their dia-
grammatic representation, the conditions the individual tensors need to fulfill in order to respect the
orthogonality of the decomposed matrices, and details on how we practically generate random instances
of those. In the Supplementary Material we show how to adapt the procedure described in the previ-
ous section to generate biased and unbiased tensorized models. There, we also numerically check that
the bond dimension χ does not have a significant effect on the ED. This means that also for tensorized
models the ED is controlled by the decay property of the correlation spectrum, which allows us to use
the same procedure as described before for tuning the models’ ED.

3. Results

In this section we present our main results on the effects of the ED on the training of regression mod-
els with gradient-based methods, and the interplay with the model’s bias towards the regression task at
hand. The regression tasks investigated here consist in training the parameters θ of a regression model
fθ(x), of the form introduced before, to learn a data-generating function y(x). We consider the situation
where we have ntrain input-output pairs {xi,y(xi)}i=1,...,ntrain that we use for training the model, using the
mean squared error (MSE) as loss function

MSE=
1

ntrain

ntrain∑
i=1

( fθ (xi)− y(xi))
2
. (23)

The numerical results presented in this section are obtained using Fourier regression models, i.e. with

input and parameter basis functions e(n)µn (xn) and ι
(m)
νm (θm) given by equations (7) and (8). For simplic-

ity, we restrict to the case where the ‘local’ basis sets Bn and B̃m, as well as the ‘local’ frequency sets Ωn

and Ω̃m, are independent of the feature index n and the parameter index m. The ntrain input points are
chosen uniformly in [−π,π]N, and the models are then trained with the Adam optimizer [71].

In order to study the interplay of model bias and ED and their effects on training in a statistically
sound manner, we perform several training experiments with randomly drawn data-generating func-
tion y(x) and structure constants Γ. Specifically, for chosen dimensions D and K (fixed by the choice
of N, d, M and d̃), we draw random instances of y(x), and many random instances of models, specified
by Γ, with different degree of bias towards y(x). For any given degree of bias, we train several random
instances of full models (equation (19)) and cutoff models (equation (20)), in order to compare the
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Figure 4. (a)∆f−cMSEmin for different values of d̂fulleff − d̂cuteff , for biased (blue points) and unbiased (yellow points) models. Each
point corresponds to∆f−cMSEmin averaged over 30 training instances starting from randomly chosen parameters, for a single
random model realization, i.e. a random Γ uniformly drawn from [−1,+1]D×K. The red line serves as a guide for the eye for
zero MSE difference. The spread over training instances is not shown for clarity, but reported in panels (b) and (c), as represen-
tatives of all points in (a). (b) Training curves for a random biased model realization, with full model in blue and cutoff model
in orange. (c) Training curves for a random unbiased model realization, with full model in blue and cutoff model in orange. The
shading corresponds to the spread over 30 training instances. For these plots, N= 1,Ω= {1, . . .,8} (d= 17), Ω̃ = {1} (d̃= 3),
M= 7, R= 6, ntrain = 25 with a batch size of 5.

training dynamics of models with higher and lower ED, respectively. Furthermore, every model instance
is trained several times starting from random parameter configurations: this probes the robustness of the
training dynamics against different random starting points, providing an averaged picture of the severity
of local minima in the optimization landscape. To visualize the comparison between models with higher
and lower ED, for any given degree of bias we consider the minimum MSE attained during training as a
proxy for the training quality, denoted with MSEfullmin and MSEcutmin for full and cutoff models, respectively,
and study the difference

∆f−cMSEmin =MSEfullmin −MSEcutmin , (24)

as a function of the difference in the ED between full and cutoff models, i.e. d̂fulleff − d̂cuteff . A positive value
of ∆f−cMSEmin implies that the full model (with higher ED) trains to a higher MSE compared to the
cutoff one, i.e. the model with lower ED model has a better training performance. Conversely, a negative
∆f−cMSEmin implies a better performance of models with higher ED. Note that this analysis of model
training indeed concerns whether the training is successful, i.e. eventually reaches a low value of the loss
function, as a proxy of how the exploration of the parameter space was successful in finding the data
generating function. While this metric is already sufficient to separate the training behavior of models
with high and low ED and bias, as we show in the following, it is important to notice that a more local
account of the optimization dynamics, achieved by monitoring the FIM/NTK spectrum or the local ED
[55] during training, could provide more information on the properties of the optimization landscape,
and is thus a natural extension of the present work.

3.1. Results with full random structure constants
We start by presenting our results obtained by drawing random structure constants Γ uniformly drawn
in [−1,+1]D×K. As we show in figure 4(a) there is a clear difference in the effect of a higher ED on the
training dynamics between biased and unbiased models. Specifically, for biased models (shown in blue)
the value of ∆f−cMSEmin is positive and increases with increasing d̂fulleff − d̂cuteff . Conversely, for unbiased
models (shown in yellow) the value of ∆f−cMSEmin is negative (with high probability) and decreases
with increasing d̂fulleff − d̂cuteff . That is, in the biased case, models with lower ED train to a lower MSE (as
can be seen in figure 4(b) for a specific random model realization), whereas in the unbiased case a
higher ED is beneficial for training (as shown in figure 4(c)). These results confirm the following intu-
itive expectation: a model which is biased towards the data-generating function y(x) and which at the
same time has a lower ED, can effectively explore a functions’ space more constrained around y(x), and

12



Mach. Learn.: Sci. Technol. 7 (2026) 045048 L Pastori et al

Figure 5. (a)∆f−cMSEmin for different values of d̂fulleff − d̂cuteff , for different values of δdata (color scale). Each point corresponds
to∆f−cMSEmin averaged over 30 training instances for 30 random model realization. (b) Same as panel (a) but resolved as a
function of δdata. The red line serves as a guide for the eye for zero MSE difference. For these plots, N= 1,Ω= {1, . . .,8} (d=
17), Ω̃ = {1} (d̃= 3),M= 7, R= 6, ntrain = 25 with a batch size of 5.

is therefore easier to train. Conversely, an unbiased model with a higher ED can explore a larger space
of function, which makes it probabilistically easier to approximately fit an (in principle) unrelated data-
generating function.

To complement these results, we also investigate how a partial bias towards the data-generating func-
tion (as defined in equation (21)) influences the training, for different values of d̂fulleff − d̂cuteff . As shown
in figure 5(a), we again observe that a higher ED is beneficial in the case of unbiased models (where
∆f−cMSEmin is negative), whereas increasing the model’s bias (i.e. decreasing δdata) results in better train-
ing performances for models with lower ED (where ∆f−cMSEmin is positive). Furthermore, as shown in
figure 5(b), there is an extended regime in terms of values of δdata where ∆f−cMSEmin is positive, indi-
cating the stability of our results also in the case of a not perfectly biased model (i.e. δdata > 0). This fur-
ther corroborates the aforementioned intuition that a large ED, as a measure of effectively explorable
functions’ space, is beneficial for training models with low bias towards the regression task under study,
whereas models strongly biased towards the task do benefit from a smaller ED. Further results showcas-
ing the interplay between model bias and ED are provided in the Supplementary Material for different
model specifications (i.e. different N, d, M and d̃), and confirm the findings presented here.

3.2. Results with tensorized random structure constants
Here we conduct numerical experiments analogous to those in the previous section, adopting the TN
decomposition of the structure constants Γ discussed in section 2.4, to study how the problem size,
i.e. the number of features N and of parameters M, affects our results. The training experiments are
set up in the same manner as those in in the previous section, with the only difference that the mod-
els correspond now to random instances of the TN representing Γ. As shown in figure 6, the conclu-
sions drawn in section 3.1 apply independently of the size of the problem and of the models’ details.
Specifically, the results shown in figure 6(a) are consistent with those of figure 4(a), showing that in
the biased case ∆f−cMSEmin is positive, i.e. models with lower ED train to a lower MSE, whereas in the
unbiased case ∆f−cMSEmin is negative, i.e. models with higher ED have better training performance. We
refer the reader to appendix D and to the Supplementary Material for further numerical results on train-
ing tensorized models, which confirm the findings presented here. The dependence of ∆f−cMSEmin on
M and D is analyzed in the next section.

3.3. Effect of model under- and overparameterization
In this section we investigate how the ED-bias interplay in training changes with the input function
space dimension D and the number of parameters M. This allows us to assess the behavior across the
transition from the underparameterized (M< D) to the overparameterized (M⩾ D) regime [56]. The
results are shown in figure 7, where we show how ∆f−cMSEmin behaves as a function of M and D for
different training set sizes ntrain. Overall, we observe that the sign of ∆f−cMSEmin remains robust across
the tested hyperparameters, whereas the magnitude indeed depends on the values of M, D and ntrain. The
dependence of ∆f−cMSEmin on M and D is mostly visible in the biased case (panels (a) and (c)). In par-
ticular, ∆f−cMSEmin rapidly decreases as a function of M reaching an approximately constant (but still
positive) value for M⩾ D (figure 7(a)). The regime M⩾ D corresponds to the overparameterized regime
where the number of parameters is larger than the dimension of the space of functions accessible by the
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Figure 6. (a)∆f−cMSEmin for different values of d̂fulleff − d̂cuteff , for biased (blue points) and unbiased (yellow points) models. Each
point corresponds to∆f−cMSEmin averaged over 7 training instances starting from randomly chosen parameters, for a single
random model realization, i.e. a random right-normalized tensor train representing V, a randomMPO representing U and a ran-
dom TTN representing T. The red line serves as a guide for the eye for zero MSE difference. The spread over training instances is
not shown for clarity, but reported in panels (b) and (c), as representatives of all points in (a). (b) Training curves for a random
biased model realization, with full model in blue and cutoff model in orange. (c) Training curves for a random unbiased model
realization, with full model in blue and cutoff model in orange. The shading corresponds to the spread over 7 training instances.
For these plots, N= 4,Ω= {1, . . .,3} (d= 7), Ω̃ = {1} (d̃= 3),M= 24, R= 2, χ = 30, ntrain = 64 with a batch size of 12.

Figure 7. (a) and (b)∆f−cMSEmin vsM for biased and unbiased models, respectively. Here N= 1, D= 25, Ω̃ = {1} (d̃= 3),
R= 3 and χ = 50. (c) and (d)∆f−cMSEmin vs D for biased and unbiased models, respectively. Here N= 1,M= 50, Ω̃ = {1}
(d̃= 3), R= 2 and χ = 120. In all panels, each point corresponds to∆f−cMSEmin averaged over 30 training instances and 30
random model realizations, i.e. random right-normalized tensor trains representing V. The color scale refers to the number of
training data used ntrain, with a batch size of 5.

model. Hence, several redundant parameters exist, which make the training of a model easier, indepen-
dently of whether this is has a high or a low ED. As a consequence, in this regime we observe a reduc-
tion of ∆f−cMSEmin since the model with high ED can effectively rely on more redundant parameters
for finding the global minimum of the loss. Consistently, ∆f−cMSEmin rapidly increases as a function of
D reaching an approximately constant value for D⩾M (figure 7(c)). The regime D⩾M corresponds to
an underparameterized regime where, in the biased case, the absence of redundant parameters results
in a better training performance of models with low ED. This difference between under- and overpa-
rameterized regimes in the biased case can equivalently be explained from the perspective of the NTK,
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and the fact that in the underparameterized regime the NTK has D−M ‘frozen’ (i.e. with zero eigen-
value) modes. We refer the reader to the Supplementary Material for a qualitative explanation of this
phenomenon. There, we also discuss the dependence on ntrain, explaining how the number of training
samples affects the NTK and the training dynamics, and why in the biased case a lower ntrain reduces the
gap ∆f−cMSEmin between high and low ED models.

Turning to the unbiased case, figure 7(c) shows a negative ∆f−cMSEmin which slightly decays for
increasing M⩽ D at fixed D. Again, we attribute this to the high ED models being able to explore
progressively more directions in the D dimensional input space as M increases, more effectively than
low ED ones. Increasing M above D does not increase the number of different explorable directions,
hence does not result in a further separation between high and low ED models. Figure 7(d) shows that
∆f−cMSEmin is negative and decays with increasing D for fixed M in both regimes. In this case, models
with increased D have a larger base space where a better approximation for the target function can be
found, and a higher ED results in an effectively larger portion of this space being available (hence lower-
ing ∆f−cMSEmin). In the unbiased case, the effect of changing ntrain is not as significant, and we provide
a tentative explanation for this in the Supplementary Material.

4. Conclusion and outlook

In this work we investigated how the ED, calculated from the FIM, influences the training of regres-
sion models using gradient descent methods. Specifically, we studied the interplay between the ED and
the bias that a model has towards the regression task at hand, and were able to draw the following
main conclusions. A high ED, corresponding to a high model capacity of exploring independent direc-
tions in model space, is beneficial for training in the low bias regime, i.e. when the model is largely
agnostic to the data-generating function to be learned. Conversely, in the biased regime, i.e. when the
model’s structure is well suited to the problem’s data-generating function, a low ED does result in bet-
ter training performance. These results confirm, in a quantitative manner, the intuitive expectation that
if the space a model has access to is constrained (i.e. a model with low ED) around the problem’s data-
generating function (i.e. a biased model), training the model effectively becomes easier. These findings
are corroborated by the analysis of the NTK and its effects on the training dynamics, which we show
in the Supplementary Material: by relating model bias with the alignment between NTK eigenfunc-
tions and data, and using the equivalence between FIM and NTK spectra, we can construct a simplified
setting qualitatively capturing the phenomena observed here. Thus, a high ED does not always result
in a model’s faster training, which we interpret as a further sign of the difficulty of defining a task-
independent evaluation metric that can assess a model’s performance prior to its training.

We foresee several possible directions for extending the presented results. First, it is important to
comment on the fact that our analysis is based on comparing ED, bias and training performance of
models with the same underlying structure (i.e. a finite number of chosen basis functions for the inputs’
and parameters’ functions space). Our choice is motivated by the need of comparing models where bias
and ED can be controlled, while eliminating other potential sources of fluctuations coming from differ-
ent architectural choices. Nevertheless, due to the equivalence between Fourier models and QNNs, our
results can already provide guidance on practical QNN design choices that can be used to bias the model
outputs towards specific target functions, via data re-uploading and the use of entangling operations or
correlated measurements (see Supplementary Material for details). The design of QNNs with tunable ED
requires a comprehensive characterization of how the QNN architecture influences the structure con-
stants in QNNs, which at the moment is still lacking.

While the objective of our work is to establish the mechanism for the ED-bias interplay in training,
it is important to test this in progressively more real-world-related scenarios, under larger input spaces
and different input data distributions. While the ED-bias interplay is a general mechanism, investigating
different and more realistic settings might uncover important details that can help the design of mod-
els for practical tasks. Analogous experiments can be performed using actual (simulated) QNN mod-
els or even classical NNs. While the use of QNNs would still amount to Fourier models with different
(yet unknown) distributions in the structure constants, we find the investigation of the present mech-
anism for classical NNs, and for which conditions and data it may emerge, of high interest. We would
find it also interesting to investigate the same mechanism when comparing inherently different models,
i.e. models accessing different types of function spaces. For example, designing such experiments com-
paring quantum and classical NNs could yield more insights on the function classes, and thereby the
type of data, most suitable to these two ansatzes.
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Going beyond the analysis of the optimization dynamics, an important future direction would be
studying how the generalization error changes for models with different ED and bias. While the ED can
be used to bound generalization errors [27, 55], our results qualitatively suggest the model-task bias as
an important factor that may strongly affect the generalization ability (as is the case for kernel methods
[37]). Obviously, all the analysis and discussion presented here admit natural extensions to classification
(see the Supplementary Material for suggestions on a potential generalization) and generative models.
Furthermore, it would be interesting to investigate the questions addressed here also in the context of
natural gradient descent [48, 51], which could help to develop a deeper understanding of the ED-bias
interplay in training ML models.

There are also several opportunities for establishing a deeper connection between our findings and
the theory of QML. One interesting direction could be investigating the connections with (quantum)
kernel methods [72], for which results on the effects of inductive bias (kernel-task alignment) on the
training and generalization performance have already been established [37, 73]. Other important aspects
to be addressed in the future concern the connection to existing works on generalization [10, 11, 74],
overfitting [74, 75], overparameterization [56], and barren plateaus [76–78] in QML. Furthermore, since
in our numerical analysis we primarily focused on Fourier models, we note that there exist several works
investigating the use of Fourier features for dequantizing, or building classical surrogates, of QML models
[79–81]. In the context of our work, it would be interesting to understand what features of a QNN make
it dequantizable via the tensorized model introduced here, generalizing recent works [82] and enabling
further understanding on the function classes encompassed by QML models.

Finally, to connect the present results with quantum hardware implementations, we remark that the
Fourier series representation of QNNs remains largely valid also when realistic hardware noise and cer-
tain types of gate errors are considered. A more fundamental issue remains that of finite sampling errors,
which can hinder the training of a model when gradients are poorly resolved. While we highlight strate-
gies to mitigate these effects [24, 83], we also do not exclude the possibility that moderate finite sam-
pling noise can act as further stochastic term helping the model in exploring the accessible function
space. Investigating how this influences the ED-bias interplay discussed here is left as interesting future
work.
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Appendix A. Fourier series representation of QNN

Here we sketch the derivation of the Fourier series representation for a function fθ(x) obtained as out-
put of a QNN as in equation (5), focusing for simplicity on the case of a one-dimensional input. This
can be easily generalized to more input features [43, 45] following the same derivation. We consider L
layers of data re-uploading [43, 46] with unitary Ûθ(x) expressed as

Ûθ (x) =
L∏

ℓ=1

[
Ŝ(x) Ŵ(ℓ)

(
θ(ℓ)

)]
, (A.1)
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where the input x and trainable parameters θ(ℓ) are encoded in Ŝ(x) and Ŵ(ℓ)(θ(ℓ)) as angles in rota-
tion gates. The vector θ summarizes the dependence on all θ(ℓ), i.e. θ = {θ(ℓ)}ℓ=1,...,L. We can write

Ŵ(ℓ)(θ(ℓ)) =
∏Jℓ

jℓ=1 Ĝ
(ℓ)
jℓ

(θ
(ℓ)
jℓ

), and following [43, 45] we switch to the diagonal representations of Ŝ(x)

and Ĝ (ℓ)
jℓ

(θ
(ℓ)
jℓ

). These have eigenvalues {e−iλαx}α=1,...,D and {e−iη
(ℓ,jℓ)
β θ

(ℓ)
jℓ }β=1,...,D, respectively, which

make the trigonometric dependence of fθ(x) on the inputs and parameters evident. Using these, we can
calculate the components of the state Ûθ(x)|0⟩ expanded in terms of the functions e−iΛαx and e−iηβ·θ ,

with the shorthand notation α= (α1, . . .,αL), β = (β1, . . .,βM), Λα =
∑

ℓλαℓ
and ηβ = (η

(1)
β1
, . . .,η

(M)
βM

).
We refer to the Supplementary Material for the details of the calculation, and we report here the result

fθ (x) =
∑
α,α ′

∑
β,β ′

Γ̃(α;α ′),(β;β ′) e
i(Λα−Λα ′ )x ei(ηβ−ηβ ′)·θ , (A.2)

which has the same form as equation (6) in the main text. As an explicit example of the sets of fre-
quencies accessible to the model, we consider the case where input features and variational param-

eters are encoded as angles of single qubit rotations of the form e−iϕ2 n·σ̂ (with ϕ being the fea-
ture/parameter to be encoded, n an arbitrary rotation axis and σ̂ the vector of Pauli matrices).

In this case, the eigenvalues of the generators of Ŝ(x) and Ĝ (ℓ)
jℓ

(θ
(ℓ)
jℓ

) are λαℓ
∈
{
− 1

2 ,+
1
2

}
and

η
(m)
βm

∈
{
− 1

2 ,+
1
2

}
, respectively. For the dependence on the inputs x we therefore have λαℓ

−λα ′
ℓ
∈{

− 1,0,+1
}
, hence Λα −Λα ′ ∈

{
− L,−L+ 1, . . .,L− 1,L

}
, thus yielding the local basis set

B = {1,
√
2cos(x), . . .,

√
2cos(Lx),

√
2sin(x), . . .,

√
2sin(Lx)}. Similarly, for the dependence on the

parameters θm we have η(m)
βm

− η
(m)
β ′
m

∈
{
− 1,0,+1

}
, which yields the local basis set for the parameters

B̃m = {1,
√
2cosθm,

√
2sinθm}.

The Fourier representation is not restricted to the noiseless, pure-state setting. In the presence of
hardware noise, the circuit evolution can be described at the level of density matrices by a composition
of quantum channels

ρ̂θ (x) =⃝L
ℓ=1

[
Eℓ ◦ S (x) ◦W(ℓ)

(
θ(ℓ)

)]
(ρ̂0) , (A.3)

with Eℓ being the noise channels, and S(x) and W(ℓ)(θ(ℓ)) the unitary channels corresponding to Ŝ(x)
and Ŵ(ℓ)(θ(ℓ)), respectively, acting as, e.g. S(x)(·) = Ŝ(x) · Ŝ†(x). The QNN output is given by the mea-
surement output ρ̂θ(x) = tr

(
M̂ρ̂θ(x)

)
. Since both quantum channels and the final measurement map are

linear, and angle-encoding gates still introduce only trigonometric dependence on x and θ, the output
retains the same Fourier-model form. This means that hardware noise does not invalidate the Fourier-
series description, but instead modifies the structure constants Γµ,ν . Similarly, also random gate rotation
errors can effectively be described by dephasing channels with strength depending only on the variance
of the fluctuations [84], and therefore they also do not affect the Fourier series representation but only
the structure constants. From the trainability perspective, noise can qualitatively alter the optimization
landscape and may induce noise-induced barren plateaus [85], leading to exponentially vanishing gradi-
ents in the number of qubits and circuit depth.

Appendix B. Properties of FIM for regressionmodels

We provide here a sketch of the derivation of the properties of the FIM discussed in section 2.2.2. The
details of the calculations are given in the Supplementary Material. Our starting point is equation (14),
which can be rewritten as Fj,k(θ) =

(
ι(θ)

∣∣F ( j,k)
∣∣ι(θ)), with ∣∣ι(θ)) the K-dimensional vector with com-

ponents ιν(θ) and

F ( j,k) = B⊤
j VS2V⊤Bk =

D∑
ρ=1

s2ρ B
⊤
j PρBk , (B.1)

where Bj = I (1)
d̃

⊗ I (2)
d̃

⊗ . . .⊗ β( j) ⊗ . . .⊗ I (M)

d̃
(with I (k)

d̃
being the d̃-dimensional identity matrix acting

on the function space ‘local’ to the kth parameter), and Pρ being the projection on the subspace spanned
by the vector V·,ρ. For showing equation (16), it is sufficient to note that thanks to the presence of the
projection Pρ, the FIM F(θ) can be expressed as a sum of at most D linearly independent M×M pro-
jections, which implies that its rank can be at most D (if M> D). For showing equation (17), we use
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results from random matrix theory [86–88] to derive the expectation value and the variance of the FIM
elements over random realizations of V ∈O(K). In particular, we show that

EV∈O(K)

[
Fj,k (θ)

]
=

tr
(
S2
)

K

(
ι(θ)

∣∣B⊤
j Bk

∣∣ι(θ)) , (B.2)

and

VarV∈O(K)

[
Fj,k (θ)

]
=

tr(S4)

K2

[(
ι(θ)

∣∣B⊤
j Bk

∣∣ι(θ))2

+
(
ι(θ)

∣∣B⊤
j Bj

∣∣ι(θ))(ι(θ) ∣∣B⊤
k Bk

∣∣ι(θ))]
+O

(
K−3

)
.

(B.3)

Then, using the orthonormality of the basis functions ι(m)
νm (θm), one has that (θ)

∣∣B⊤
j Bk

∣∣ι(θ)) ∈ O(K) if
j = k, being suppressed otherwise, which results in equation (17).

Appendix C. Construction of biased and unbiased models

In this appendix we provide more details on the construction of biased and unbiased models. Further
details can be found in the Supplementary Material. We start from the expression of the data-generating
function y(x) provided in equation (18). In order to construct a K×D matrix V(d) with orthonormal

columns and satisfying the property
∑

ν V
(d)
ν,ρ ιν(θ

∗) = 0 for ρ= R+ 1, . . .,K, it is sufficient to construct
is as V(d) =

[
V W

]
, i.e. by horizontally stacking a K×R matrix V and a K× (D−R) matrix W both

with orthonormal columns, satisfying W⊤V= 0 and with
∑

νWν,σ ιν(θ
∗) = 0. Once V has been con-

structed (e.g. randomly drawn), the two conditions on W can be implemented using Gram–Schmidt
orthogonalization from a set of (D−R) randomly chosen vectors. For constructing partially biased mod-

els, we replace V(d) in equation (18) with V(d)
ϵ obtained by adding a random perturbation of strength ϵ

to its elements. This is done by setting V(d)
ϵ = ortho(V(d) + ϵG), where G is a K×D matrix with stan-

dard Gaussian entries and ortho(·) refers to the process of Gram–Schmidt orthogonalization of the
columns of the argument.

Appendix D. Tensorized models and additional results

Here we provide details on the construction of tensorized models together with additional numerical
results on the effects of bias and ED on their training dynamics. More details on their construction and
further numerical results can be found in the Supplementary Material. The tensor-train representation of
V has the following form

Vν,σ ≈
χ∑

a1,...,aM−1=1

V [1]ν1
σ,a1 V [2]ν2

a1,a2 . . .V
[M]νM

aM−1,1 , (D.1)

where V [m] are rank-3 tensors satisfying the right-normalization condition, in order for V to have
orthonormal columns. This decomposition of V admits the following graphical representation

The orthogonal matrix U is decomposed as an orthogonal MPO

Uµ,ρ ≈
χ∑

a1,...,aN−1=1

U [1]µ1,ρ1

1,a1 U [2]µ2,ρ2
a1,a2 . . .U [M]µN,ρN

aN−1,1 , (D.3)
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Figure D1. (a)∆f−cMSEmin for different values of d̂fulleff − d̂cuteff , for biased (blue points) and unbiased (yellow points) models.
Each point corresponds to∆f−cMSEmin averaged over 30 training instances starting from randomly chosen parameters, for a
single random model realization, i.e. a random right-normalized tensor train representing V. The red line serves as a guide for
the eye for zero MSE difference. The spread over training instances is not shown for clarity, but reported in panels (b) and (c),
as representatives of all points in (a). (b) Training curves for a random biased model realization, with full model in blue and
cutoff model in orange. (c) Training curves for a random unbiased model realization, with full model in blue and cutoff model
in orange. The shading corresponds to the spread over 30 training instances. For these plots, N= 1,Ω= {1, . . .,17} (d= 35),
Ω̃ = {1} (d̃= 3),M= 32, R= 7, χ = 60, ntrain = 30 with a batch size of 5.

Figure D2. (a)∆f−cMSEmin for different values of d̂fulleff − d̂cuteff , for different values of δdata (color scale). Each point corresponds
to∆f−cMSEmin averaged over 30 training instances for 30 random model realization. (b) Same as panel (a) but resolved as a
function of δdata. The red line serves as a guide for the eye for zero MSE difference. For these plots, N= 1,Ω= {1, . . .,17} (d=
35), Ω̃ = {1} (d̃= 3),M= 32, R= 7, χ = 60, ntrain = 30 with a batch size of 5.

with U [n] being rank-4 tensors constrained to yield an orthogonal U. The TN decomposition of U has
the following diagrammatic representation
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Finally, the isometry T can be decomposed as a TTN with the following diagrammatic representation

where the tensors T [τ ]
[ℓ] are isometric rank-3 tensors. Further details on the explicit construction of U, V

and T can be found in the Supplementary Material.
Further numerical results on the effects of ED and bias on training are shown in figures D1 and D2,

for models where only the matrix V is decomposed as a tensor train. The numerical experiments pre-
sented here are conducted in the same way as discussed in section 3 in the main text, and confirm the
conclusions drawn there: a lower ED is beneficial during training (∆f−cMSEmin is positive) for models
that are biased towards the data-generating function to be learned, whereas in the unbiased case a higher
ED leads to better training performance.
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