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In this publication, an extended method for calculating the overlap function for atmosphericlidars is introduced. A
generic procedure is proposed to compute the overlap function, also referred to as geometrical function, geometric
compression, or geometrical form factor. This procedure implements both ray-tracing and physical optics propa-
gation methods to simulate the propagation of the transmitted beam in the atmosphere, and its back-propagation
to the receiver telescope, allowing to take into account different factors such as the profile of the transmitted beam,
the turbulent atmosphere, the lidar receive system’s optical aberrations, and different lidar configurations. Even
though the scope of the publication is for introducing the method without analyzing in detail the dependencies of
the overlap function on one of these factors, three applications of the method are described: quantifying the impact
on the overlap function of the circular obstruction in a mono-axial lidar, simulating the effects of different focus
positions on the lidar signal, and computing the overlap function considering a flat-top transmitted beam.
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1. INTRODUCTION

Quantifying the amount of signal collected by the detector with
respect to the total backscattered signal in the lidar full field of
view (FFOV), the overlap function is a key parameter in atmos-
phericlidar design. Given the wide variety of atmospheric lidars,
from the ones working at close range [1] to the ones working at
the last layers of the Earth atmosphere [2], the overlap function
depends on a large number of parameters. For example, in the
case of a close-range lidar, this function takes into account the
fact that a generic lidar system images an object (i.e., the atmos-
pheric backscatter) placed at different distances while keeping
the detector and the imaging optics at a fixed distance, causing
the object to be perfectly focused only at one specific distance.
At all other distances, the detector sees a more or less blurred
image of the backscatter, up to the extreme case in which the
backscatter image is far greater than the detector area, resulting
in a reduced signal collected by the detector. Hence, it is funda-
mental to optimize the lidar design, trying to keep these losses at
a minimum for the desired ranges of interest. In general, the fac-
tors influencing the overlap function are the transmitted beam
parameters (e.g., beam divergence), parameters related to the
configuration of the lidar system (e.g., central obscuration due
to the receiver telescope configuration), or effects that influence
the beam propagation in the atmosphere (e.g., turbulence), or
in the optical system (e.g., aberrations). Given the importance
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of the overlap function in the design of lidar systems, different
methods for computing it have been proposed over the years.
These can be subdivided into ray-tracing (RT) [3,4], analytical
solutions [5-8], experimental methods [9-14], or a combina-
tion of RT and Fourier optics (FO) propagation methods [15].
RT methods usually rely on commercial software and are a good
solution when it is needed to design the optical components
of the system [16]. However, they are usually black boxes for
which it is difficult to achieve a flexible simulation (e.g., sim-
ulating different beam profiles). Analytical solutions allow to
describe the overlap function with a single equation; however,
their limitation stands in the number of assumptions that are
needed, such as approximating geometrical optics equations
[17], not considering optical aberrations [18], or considering an
ideal TEMg beam profile [19]. Finally, experimental methods
are the ideal choice during measurement campaigns; however,
they cannot be used for modeling the overlap function of a lidar
system during the design process.

All the presented methods focused on the dependence of
the overlap function on the transmitted beam parameters and
receiver telescope layout. However, the authors have found
no method that considers the turbulent atmosphere effects
on the overlap function computation. One of the effects of a
turbulent atmosphere on a propagating optical beam is the
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phenomenon defined as beam wander [20], causing the trans-
mitted beam centroid to be displaced from its nominal position.
Atmospheric lidars have a small FFOV, and this effect could
drift the transmitted beam to the edge of the receiver telescope
FFOV [21], affecting the overlap function. The modeling and
quantification of the effects of a turbulent atmosphere on the
overlap function are not the purpose of this publication, and
these will be addressed in a subsequent work. Nevertheless, the
present publication describes in detail the set of equations and
the procedure that will be used for this analysis.

Another topic, where a precise overlap function computation
would be of interest, is the possible optimization of a lidar sys-
tem considering different transmitted beam profiles. Due to the
rapid development of new forms of light shaping [22], it is inter-
esting to quantify the possible advantages of new lidar systems
using different beam profiles than the idealized Gaussian laser
mode TEMyy. A first investigation in this regard was carried
out around 20 years ago, considering the performance of a lidar
implementing a transmitted annular beam profile [23,24].
However, no other studies on this topic have been found in the
atmosphericlidar community.

Finally, the need for a highly accurate overlap function model
is of great importance for self-aligning lidar systems based on the
overlap function as a cost function. Over the years, awide variety
of alignment systems and procedures have been proposed and
developed, depending on the lidar’s configuration. It is possible
to distinguish between alignment systems used for continuous
beam stabilization [25] and those used for a single alignment,
varying the direction of the transmitted beam [26-28], or acting
on both the transmitter and receiver axes [29]. All the methods
belonging to the latter family share the same algorithm archi-
tecture, aligning the instrument through the data measured by
means of a mapping procedure. At the Deutsches Zentrum fiir
Luft- und Raumfahrt, it is being investigated whether merging
the measured lidar signal and an accurate overlap function
model could lead to a faster alignment procedure.

The objective of this publication is to propose a method that
addresses these open topics, presenting a set of equations and a
procedure that the reader can use to compute the overlap func-
tion by implementing the equations provided in Appendices B
and Cinan open-source programming language, such as python
[30].

This publication is structured as follows: in the first section, a
brief introduction to optical propagation methods is provided.
The proposed method is presented in the second section, while
some of its applications are described in the third section.

2. BRIEF INTRODUCTION TO OPTICAL
PROPAGATION METHODS

In this section, a short overview of different optical propagation
methods is given. In general, it is possible to distinguish between
two main approaches while propagating an optical beam in
asystem:

* RT: thisapproach is used when the wave nature of light can
be ignored, ensuring a fast simulation at any desired resolution;

* physical optics: this approach is used whenever it is needed
to investigate the wave nature of light (e.g., coherent effects)
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Fig.1. Single ray representation. Light blue indicates the ray; black,
the reference system; red, the height of the ray; and green, the angle of
the ray.

[31], or when there are no analytical solutions describing the
propagation of the transmitted beam (e.g., a flat-top beam).

Both approaches are described in more detail in the next sub-
sections.

A. RT Propagation

RT propagation methods describe an optical beam using a
finite number of rays propagating along the direction normal
to the beam wavefront. All these rays obey Fermat’s principle
of least time, choosing the path that minimizes the time taken,
and each of them is characterized by a certain flux, usually
expressed in W/, a vector height h = (4., 4,, 5.), and a vector
angle uw = (u,, u,, u;), describing the ray’s angles with respect
to the system optical axis. A ray r defined in this way is shown
in Fig. 1. In general, it is more convenient to describe the ray
using its optical direction cosine, defined as v = 7 sin #, where
n is the index of refraction of the medium in which the ray is
propagating. However, in the proposed method, assuming the
paraxial approximation to hold, the angle u is used. Indeed, in
a generic atmospheric lidar, the FFOV is always very small, and
the paraxial assumption can be considered always valid. The
RT propagation method used in this publication is the well-
known paraxial ABCD matrices method [32]. This technique
is preferred to the more exact complex ABCD matrices method
[33,34], assuming the beam to be propagated to the far field.
In the case an even more accurate simulation is needed (e.g.,
taking into consideration freeform optical components), the

differential RT method should be used [35].

B. Physical Optics Propagation

Three of the most used physical optics propagation methods are
based on:

* Finite difference time domain (FDTD): following the
work in [36], this approach solves the propagation of an electro-
magnetic wave by replacing Maxwell’s equations with a set of
finite difference equations.

* Gaussian beam decomposition (GBD): following the
work in [37], this approach decomposes a beam into Gaussian
beamlets and propagates them until the surface of interest using
complex RT. On this surface, the resulting wave is computed by
superimposing all the beamlets, taking into consideration their
amplitude and phase.
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* FO: this approach solves the beam’s propagation by
decomposing the optical wave using Fourier analysis. Each
Fourier component represents a plane wave propagating in a
certain direction, and the propagated beam on the surface of
interest is computed by adding the contributions of these plane
waves’ amplitudes and phases [38].

In this publication, the latter class of methods is imple-
mented. The main reference for developing FO propagation
methods is the comprehensive work in [39]. Following the
FO method, the propagating beam is represented by the scalar
perturbation U = Ae™*®, where A(x, y) is the beam ampli-
tude, ®(x, y) is the beam phase, and # = 27 /A, where A is the
beam wavelength. By means of the Fourier transform, it is pos-
sible to decompose the perturbation ¢ into elementary inputs,
and considering the system as linear, its response to each of these
elementary inputs can be superimposed to obtain the final total
response of the system. The propagation of the perturbation ¢/
can be computed by means of the Huygens—Fresnel principle
[40], considering the disturbance at the previous instant 2 to be
composed of spherical disturbance emitters that sum up coher-
ently at the point P. Mathematically, the Huygens—Fresnel
principle can be expressed using the Rayleigh—Sommerfeld
diffraction formula [41]:

2 ei/ermp
U(x,y)=.—/fu(6, n)——dedn, (1)
A K rmp
where U (€, 1) is the perturbation of the mth source located at
the point (€, 1, zp), on the surface S, z is the propagation dis-
tance, € and 7 are the coordinates of the plane, where the input
perturbation is computed, and the term ¢ / ¥mp TEPTESENTS 2
diverging spherical wave, where 7,,, is the distance between the
mth source and the point P (x, y, z), expressed as

Fop = (2 — 20)2 + (x — 2+ (y — )2 2

In Appendix A, it is explained how Eq. (1) can be solved for
different propagation distances.

3. EXTENDED OVERLAP FUNCTION METHOD
OVERVIEW

Before describing the proposed method in detail, it is conven-
ient to define some terms that are used frequently throughout
this publication:

¢ the plane from where the beam is transmitted into the
atmosphere is defined as the transmitting plane (TP). This
corresponds to a range distance z = 0 m;

¢ the plane from where the beam is backscattered to the
receiver telescope is defined as the scastering plane (SP). The ith
scattering plane, SP,, is placed at range z;;

* the whole receiver telescope is modeled by a single plane,
defined by the receiver aperture stop (AS) [42];

¢ the plane, where the overlap function is computed is
defined as the derector plane (DP). According to the kind of
detector, different filters can be defined (e.g., if a fiber is used,
its numerical aperture (NA) would limit the received beam’s
accepted angles).
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The method can then be described by the following steps:

1. Modeling the transmitted beam: the transmitted beam

irradiance, Etp, in Wm™2, is computed at the TP At
this step, possible errors induced by the optical elements
in the transmitted channel (e.g., misalignment) can be
introduced;

. Propagating the beam in the atmosphere: the transmit-
ted beam is then propagated through the atmosphere to the
ith SP,,, at the distance z;, where the beam irradiance £, is
computed. This can be done using the ABCD method [32],
if analytical solutions describing the beam propagation
are known (e.g., for a TEM beam [43]), or using FO. In
the former case, the effects of a turbulent atmosphere are
modeled using analytical solutions [20], while in the latter
case, the phase screen method [44] is used;

. Computing the volume backscattered intensity: the vol-
ume backscattered intensity of the 7th SP,_, in W st im3,
is computed by multiplying the transmitted beam irra-
diance by the volume backscattering coefficient, 8, in
m~lsr!

[Zl' = Ez,'ﬂ’ (3)

where the value for 8 can be retrieved from the literature
[45,46], or in the case of bi-static systems, it can be com-
puted from theoretical aerosol size distributions [47], using
the Mie solution for an electromagnetic wave scattered by
spherical particles [48]. This can be done using different
software, such as the miepython package [49], the BHMIE
algorithm [50], or, in the case of non-spherical particles,
MOPSMAP [51];

. Propagating the backscattered wave to the receiver
aperture stop: in the next steps, the backscattered wave is
modeled as the incoherent sum of point-source emitters
placed on the ith SP,, [52], not considering any coherent
phenomena [53]. However, it would be possible to consider
the backscattering coherent enhancement using analytical
solutions [54] or by propagating the whole backscattered
wave using FO. The total beam irradiance at the receiver
aperture stop, Es, is computed as [55]

EAS = [z,' Qz,'(szy (4)

where €2, is the solid angle subtended by the AS, and 8,
is the depth of the considered scattering volume. As in
the second step, the irradiance spatial distribution can be
computed using RT or FO propagation methods. Within
the proposed method, it is always possible to select the kind
of propagation for the transmitted and backscattered wave,
thus it could be thought as a generalization of the method
proposed by Berezhnyy [15];

. Propagating the backscattered wave to the detector
plane: in this step, the optical aberrations of the receiving
channel are modeled. This is done using Seidel coefficients
[56], in the case of RT propagation, or using Zernike poly-
nomials [57], in the case of FO propagation. The aberrated
beam is then propagated to the DP;

. Computing the overlap function: finally, the overlap
function is computed as the intersection between the
detector surface and the filtered beam irradiance on the DP
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Proposed method’s steps. In step (1), the transmitted beam is modeled. The orange dashed line represents the beam’s waist. In step (2),

the propagation of the transmitted beam to the scattering plane SP¢g, at range z = 100 m, is shown. The increased beam’s size is represented by a

dashed orange line. In step (3), the volume backscattered intensity is computed, assuming 8 = 107¢ m~

Vst~ 1. In step (4), the backscattered wave is

propagated to the receiver telescope AS. In the figure, the back-propagation of only two emitters is shown with red and green dashed lines, and an
aberration-free system is considered. In step (5), the beam is propagated to the detector plane. The image sizes of the two emitters are shown with a
red and a green circle, respectively. In step (6), the overlap function is computed. The red dot represents the overlap function value computed at range

z =100 m and the blue line represents the overlap function.

using the circle intersection equation [5]. For example, if
the detector is a fiber with a specific NA £ the filter would
acceptonly the part of the beam with NA < NA £.

Considering a transmitted TEMg ideal beam, the method’s
steps are graphically shown in Fig. 2. The equations used in the
case of RT and FO propagation methods are described in detail
in Appendices B and C, respectively.

4. APPLYING THE EXTENDED OVERLAP
COMPUTATION METHOD

In this section, three different applications of the method are
presented:

* computing the effect of the receiver telescope’s central
obstruction on the overlap function;

* computing the effect of moving the fiber position on the
overlap function;

* computing the overlap function for a flat-top beam.

All the examples presented in this section consider a mono-
axial lidar system with the parameters listed in Table 1. In this

case, the NA of the fiber is considered to be larger than the tele-
scope FFOV; hence, the fiber and the detector are considered as
equivalent.

A. Effect of the Receiver Telescope’s Central
Obstruction

In this example, the effect of the central circular obstruction,
which is inherent in the use of a Newtonian or Cassegrain tele-
scope [5,7,19,52], on the overlap function of the mono-axial
lidar shown in Fig. 3 is quantified. As a lidar is not an imaging
system, in this example, the RT propagation method is used,

Table 1. Parameters of the Lidar System Considered
in the Applications Presented in Section 4

Parameter Value
Receiver focal length 1m
Receiver diameter 150 mm
Full field of view (FFOV) 0.9 mrad
Ranges considered 5m-1000 m
Beam waist 1 mm
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Fig. 8. Mono-axial lidar system considered in the example. Red
lines represent the transmitted beam, while the green lines represent
the received backscattered wave.

and an axis-symmetric TEMy transmitted beam is assumed.
In the considered lidar configuration, it is clear that the cen-
tral obstruction affects only the received backscattered signal,
therefore, the simulation of the transmitted beam remains
unchanged compared with that described in Appendix B. On
the other hand, the circular obstruction blocks part of the
backscattered wave, causing a reduction in the collected signal at
the detector. To simulate this effect, four rays are traced from the
SP. These rays are used to compute, in order:

1. the reduction of the backscattered wave flux due to the cen-
tral obstruction blockage;

2. the circles of confusion on the DP of the shadow
region, generated by the central obstruction and of the
backscattered wave, respectively.

The ray tracing of the four rays for a single emitter, and the
results obtained considering a central obstruction with radius 0,
20, and 40 mm, respectively, and a distance between the receiver
telescope and the central obstruction of z,,s = 700 mm, are
shown in Fig. 4. It is clear how the central obstruction decreases
the received signal, both by increasing the range at which the
first signal is collected and by decreasing the peak of the overlap
function.

B. Effect of Moving the Fiber Position

In this example, the overlap function of a mono-axial
lidar assuming different defocus distances &7, =0 mm,
dp,=2mm, §p;=5mm, and 8r,=8mm, is evaluated.
The quantity 8 ¢ corresponds to the displacement of the fiber
behind the effective focal length of the receiver telescope. The
obtained overlap functions are shown in Fig. 5. By moving
the fiber position, it is possible to have a full overlap at shorter
ranges, having a higher lidar signal at the desired range. The
reason is that the receiver telescope is no longer optimized for an
object placed at infinity, and the new optimized object distance
can be roughly quantified as
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obstruction: the red line indicates the SP; from where an emitter is
propagated first to the receiver AS, where the reduction of flux is com-
puted, then to the DP, where the circles of confusion of the shadowed
region and of the signal are computed. The dashed green line indicates
the two rays representing the backscattered wave and dashed gray line
indicates the rays representing the blocked region. The gray area rep-
resents the shadowed area caused by the central obstruction. (b) The
overlap functions computed considering a circular central obstruction:
the blue line indicates the result obtained assuming 74, = 0 mm,
dashed orange, the result assuming 7.,s = 20 mm, and green stars, the
resultassuming 7,p,s = 40 mm.

Zopt =

f(f+38p)

5 ©)

where [ is the receiver effective focal length. In the case of
lidars measuring at close distances [1,58], this solution can be
implemented to enhance the lidar signal at the desired range.
Moreover, this feature is useful also for very long range lidars,
such as HELIX [59]. HELIX is a ground-based, fluorescence
lidar developed to study Helium over the ranges between 300
and 800 km, from the thermosphere to the exosphere. Due to
the low return signal, it takes several minutes of averaged expo-
sures to achieve a significant signal-to-noise ratio (SNR). This
makes it impractical to focus the receiving telescope onto a layer
at the distance of interest. In this case, to optimize the overlap
between the transmitted laser beam and the receiver telescope
FFOV two steps are required:

1. the telescope is focused at an atmospheric layer at 18.5 km
altitude, where there is enough signal caused by Rayleigh
scattering of the laser. This is done by shifting the fiber until
the maximum return signal is found;

2. then, the fiber is shifted by a fixed offset to achieve the best
overlap in the mesosphere. The required offset has been
determined by optimizing the overlap function, computed
using RT propagation.
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The obtained overlap functions considering a FFOV of
61 prad, a receiver telescope diameter of 762 mm, a focal length
of 1875 mm, a beam waist wg = 7.2 mm, and the two different
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defocus distances 87, =0.22mm and &7, =0.00 mm, are
shown in Fig. 5.

C. Overlap Function of a Flat-Top Beam

In this example, a flat-top beam (i.e., with a uniform irradiance
profile) is propagated considering an aberration-free system. In
general, a flac-top beam does not have a constant irradiance all
along its path, but this is achieved at a certain design distance. In
this example, it is considered to design the beam in such a way
as to be flat-top in the far field of the aperture. This is achieved
by using a diffuser optical element [22], designed using the
Gerchberg—Saxton (GS) algorithm [60]. Assuming a beam
waist wo =1 mm, and a desired flat-top angular diameter of
W = 0.36 mrad in the far field, the obtained beam irradiance for
four different ranges is shown in Fig. 6. Moreover, the overlap
function considering the same lidar system parameters and an
ideal TEM transmitted beam has been computed using both
RT and FO propagation methods, and the percentage of their
relative difference is computed as

1_ GRrt
Gro

ec = 100% x , (6)

where Grr and Gy are the overlap functions computed using
RT and FO propagation methods, respectively. The obtained
overlap functions are shown in Fig. 7. In this simple applica-
tion, the comparison leads, quite logically, to the conclusion
that for a smaller beam angular diameter, the full overlap is
reached at a shorter range. However, this simple example is
intended to demonstrate the potential of the proposed method
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Flat-top beam propagation for different ranges. In each figure, the beam irradiance at the range specified on top of each figure is represented.
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Fig.7. Overlap functions computed for different beam shapes and

divergence angles. The dashed blue line indicates the overlap function
of a flat-top beam with a 0.36 mrad angular diameter; orange line, the
overlap function of a Gaussian beam with a 0.23 mrad angular diam-
eter computed using RT; green stars, the overlap function of a Gaussian
beam with a 0.23 mrad angular diameter computed using FO; dotted
red line, the overlap function of a Gaussian beam with a 0.45 mrad
angular diameter computed using RT; dashed-dotted purple line,
the overlap function of a Gaussian beam with a 0.60 mrad angular
diameter computed using RT; and black dashed line, the percentage of
the relative difference between the overlap function of an ideal TEM
beam computed using RT and FO propagation methods.

in quantifying the overlap function for different kinds of beam
profiles, allowing to test whether new beam profiles could lead
to an improved overlap function for atmospheric lidar systems.
Moreover, the comparison between the overlap functions com-
puted using RT and FO propagation methods shows a very
small error, ensuring that the two methods are equivalent in
the case of a transmitted TEMy beam. More details regarding
the comparison between RT and FO propagation methods are
given in Appendix D.

5. CONCLUSION

This publication presented an extended method for comput-
ing the overlap function of atmospheric lidars that allows one
to consider various factors that are not normally taken into
account, such as the turbulent atmosphere or the system optical
aberrations. A system analysis of these effects will be presented
in a subsequent publication. The proposed method allows to
simulate the propagation of the optical beam using two types of
propagation: RT or FO. The latter, modeling the propagation
of the optical wave in a generalized way, allows to simulate a
wide variety of beams, from the simplest TEMgq to the most
complex shapes (e.g., vortex beams or even structured light). For
both kinds of propagation methods, the theoretical foundations
and their implementation have been presented. In the three
described applications, it has been shown how the proposed
method can be used to simulate different parameters influenc-
ing the overlap function, and consequently the performance
of a lidar system. Finally, the presented method is being inte-
grated into AMALIA, a lidar digital twin being developed at the
Deutsches Zentrum fiir Luft- und Raumfahrt, and it is being
tested alongside an automatic alignment lidar algorithm.
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APPENDIX A: FO PROPAGATION REGIONS

The Rayleigh—Sommerfeld diffraction equation, as described
in Eq. (1), can be simplified depending on the propagating
distance, obtaining three different propagation regions:

* Angular spectrum (AnS) region: in this case, the beam is
propagated to a surface close to the source, and no further sim-
plifications can be done. The propagation of the perturbation &/
to the point P using FO can be written as

+00
Uy = [[[ 0 (o ) T

X circ ()»,/f;z + f,‘]z) e[izn(ﬂx+f”}')]dﬂdﬁ],

(A1)

where Y(f, f;) is the Fourier transform of U(e, n), fx
and f, are the spatial frequencies along the x-axis and y-axis,
respectively, and the circ function is defined as

1 r<1

circ(r) = { 0 ro1- (A2)

Eq. (A1) can be expressed in a simplified way using the notation
suggested in [61].

* Fresnel (FRE) region: this case is valid when the beam is
propagated to the near field of the aperture, with the propagating
distance being

2> %m% {[(x —e)’+(y— 71)2]2} : (A3)
Then, the distance Fmp CAN be expressed as
1 (x—€e\* 1 y—n 2
rmP%Z|:I+E< . ) +5<7> ] (A4)

Substituting Eq. (A4) in Eq. (1), the Fresnel diffraction integral
is obtained

U(x, y) =

et s +oo Lk (2a2) ik
: enz(x“+y ) // Z/{(E, }'])Clz’f(e +n )e—ng(xéern)dedn.
ilz oo

(A5)
* Fraunhofer (FRA) region: in this case, the beam is propa-
gated to the far field of the aperture, and the distance shall be

kmax (€ + n?)

5 (A6)

z2>
Eq. (1) can then be written as

iz i (x4 +oo A

— / e el 50 bacan,
Az -

(A7)

where, apart from the constant multiplicative factors preceding

the integral, itis possible to recognize that the perturbation at the

point P is expressed as the Fourier transform of the perturbation

atthe source (¢, n).

Ux,y)=

oo
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APPENDIX B: COMPUTING THE OVERLAP
FUNCTION USING THE PARAXIAL ABCD
MATRICES

Considering an aberration-free system, a transmitted TEMgg
beam with a waist radius at the TP equal to wy and a divergence
angle equal to 6, and considering only the two components
along the x and y axes of the height and angle vectors h and u,
the ABCD matrices method implementation for the different
steps presented in Section 3 is the following:

1. Modeling the transmitted beam: the centroid ray ry and
the marginal ray rg are defined as

%=(@>, (B1)
g

a:(@>, (B2)

1

where the beam’s centroid position is hy= (b, o=
0 mm, h%o =0mm), the beam’s marginal position is
hyg = (b0, hy0+wo), and 0y and uy represent the
centroid and marginal ray angles at the T, respectively,
being

~

uy = (Su%o =0rad, 8uy =0 rad) , (B3)

ﬁ?) == (au%m 814),'0 + 9) B (B4)

where 8, , is the transmitted beam misalignment of the 7th
axis with respect to the receiver telescope optical axis.

2. Propagating the beam in the atmosphere: the cen-
troid and marginal rays are propagated to the range z,
onthe SP,, as

r, = Mgs(2)10, (B5)
where Mg is the matrix representing the free-space propa-
gation foradistance z

1
Mis(2) = [0 1 } (B6)

3. Computing the volume backscattered intensity: the
incident irradiance of the transmitted beam at the SP, is
computed as a Gaussian profile, with a beam radius equal

Az A2 .
o w,=+/hy, +5,. ,on the grid E;, centered on the

centroid ray position h, = (4, ., b, ), with spatial dimen-
siond = (d,, d,), and composed of 7, X 7, emitters. The
position of each 77 th emitter is computed as

heei (5= (1= %) S0 @D

~ 7 d ~
/’%Z»ij (j’ hw) = (j - %) n_y - }’yqz’ (B8)
¥
where 7 and j are the row and column indices of the grid E,,,
respectively. As shown in Eq. (3), the volume intensity grid
I, is obtained by multiplying E, by the volume backscatter-
ing coefficient B.

Research Article

4. Propagating the backscattered wave to the receiver

aperture stop: the propagation of each emitter to the AS
is computed using two rays. Considering the 7jth emit-
ter, the two rays p.;; and p,; have both the position
h, ;i = (hyzij» by.2ij), computed using Eqs. (B7) and
(B8), and their respective angles are

—~ (dAS/Z_hx,z,ij dAS/Z_hy,z,ij

u;;; =
J Z Z

), (B9)

Uz ij =

_ (dAs/2+/Jx,z,z‘j dAs/2+/Jy,z,zj> (B10)

z z

where djs is the diameter of the receiver telescope AS. Each
of these rays has an irradiance equal to

L5

3 (B11)

Eps.ij =

where 8, is the depth of the considered scattering volume,
L, i; is the ijth component of the intensity grid I, and
€2, is the solid angle subtended by the receiver telescope,

computed as
2
Q, = <d£> . (B12)
2z

In this case, the cosine law [55] is not applied due to the

small angles considered. Then, the rays are propagated to
the AS using Eq. (B5):

pas = Mgs(2)p. (B13)

Assuming an aberration-free system, the receiver telescope
is considered as an ideal lens with equivalent focal length f..
Then, its action on the rays can be simulated as

qas =MiL()pas, (B14)

where My, is the matrix representing an ideal lens with the

focal length f:

MIL(f)=[_11/f (1)] (B15)

In the case it is needed to simulate the receiver telescope
in more detail (e.g., considering field aberrations) and the
number of rays representing each emitter can be increased.

. Propagating the backscattered wave to the detector

plane: each of the 2 x 7, x 7, rays traced in the previous
step is propagated to the DP using Eq. (B5):

qor = Mgs(f)qas. (B16)

Then, the image center and radius of the ijth emitter,
defined as ¢;;and pj;, respectively, are computed as

_ [ hxorthipp hyprt+hyop
K 2 T 2

) , (B17)

—_ —_—
~_|hy el +1hy.0pl

i : (B18)
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In this case it is considered each emitter to have a uniform
irradiance, generating 7, x 7, circles on the DP. If a more
detailed simulation is needed (e.g., assuming the emitter’s
image does not have a uniform irradiance), more rays shall
be used for each emitter.

6. Computing the overlap function: for each of the 7, x 7,
circles representing the 7;th emitter’s image on the DD, the
intersection with the circle representing the detector area is
computed using the circle—circle intersection equation [5]:

NG+ pj— ]
Ny = pleos™ | "¢
’ 24ipj

Aj+ g — pj
+ pleos™! (#

2Aipa

1

- 5\/(—Az‘/ + 0+ pa) (Dii+ 05— Pa)

X \/(Az‘j —p;+ ,04) (Aij + 05+ /Od), (B19)

where Aj; is the distance between the emitter’s image center
and the detector center, considered at c; = (0 mm, 0 mm):

A= 62!4-+6‘2 (B20)

Finally, for each considered range, the overlap function is
computed as

N m,.
PRrD B —% Eps.ij

Jj=1 T[pt-]v

Exs

G, (B21)

APPENDIX C: COMPUTING THE OVERLAP
FUNCTION USING FO PROPAGATION

Considering an aberration-free system, a transmitted TEMgg
beam with a waist radius at the TP equal to wy, the FO propaga-
tion method implementation for the different steps presented in
Section 3 is the following:

1. Modeling the transmitted beam: the beam is expressed as
a perturbation Urp(x, y) = i‘l(x, 9)e" &) centered on
the beam centroid position hg = (x = 0 mm, y = 0 mm),
with an amplitude A(x, y) being a Gaussian profile with
waist equal to wy, and a uniform phase ® (x, y).

2. Propagating the beam in the atmosphere: the beam is
propagated to the SP, using FO,

U, = Pro Urp, 2) , (C1)

where Pro represents one of the three FO propagation
methods explained in Appendix A, depending on the
propagation range z.

3. Computing the volume backscattered intensity: the inci-
dentirradiance on the SP, is computed as

E,=|U)?]. (C2)
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Then, the volume backscattered intensity is obtained using
Eq.(3).

4. Propagating the backscattered wave to the receiver aper-
ture stop: the SP, is divided into 7, x 7 ) emitters. Then,
the emitters are propagated to the AS using FO,

Ups = Pro Uy, 2) . (C3)

The irradiance of each emitter at the AS is computed using
Eq. (4). In the case of an aberration-free system, the AS is a
unitary circular aperture, and the action of the receiver tele-
scope on the beam phase is

-k
Dps(x, y) = T g, 7, (C4)

where f is the receiver telescope effective focal length, and
Das(x, y) hasbeen computed in Eq. (C3).

5. Propagating the backscattered wave to the detector
plane: in this step, each of the 72, x 7, perturbations at the
AS is propagated to the DD,

Upp = Pro Uhs, 1) . (C5)

The irradiance of each emitter on the DP is computed as
Epp = |Upp)?| (C6)

6. Computing the overlap function: finally, for each of the
ny X n, emitters image on the DD, the intersection Nj; is
computed using Eq. (B20) and, for each considered range,
the overlap function is computed using Eq. (B21).

APPENDIX D: COMPARING RT AND FO
PROPAGATION METHODS

The three FO propagation regions presented in Appendix A
have been verified against the analytical equation describing the
propagation ofa TEMg beam [43]:

Az 2
w, = Wy 1+< > ), (D1)

TWwWon

where wy is the beam waist at its focus. In this example, an ideal
TEMyo beam with waist wyp = 5.0 mm is propagated in the
ranges z=1mm to 100 km. The percentage of the relative
error committed using FO propagation method is computed as

1—

e = 100% x , (D2)

WEQ, z

where w, is computed using Eq. (D1), and wro , is the beam
size computed using the FO propagation method described
in Egs. (A1), (A5), and (A7), depending on the propagating
distance. The obtained results are shown in Fig. 8. The major
error committed using FO propagation is in the AnS region,
due to numerical errors generated using non-optimized scaling
parameters in the discrete Fourier transform (DFT) computa-
tion. However, this region is less interesting for the atmospheric
lidar design, as atmospheric lidars start to operate at around
hundreds of meters. In Fresnel and Fraunhofer regions, the
errors are less than 0.2%, ensuring a good simulation of the
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Fig. 8. FO propagation and analytical solution comparison. The

analytical TEMy beam propagation solution is represented as blue
stars, while the FO propagation results are represented as colored lines.
Purple indicates the results obtained in the AnS region; light green,
the results for the FRE region; red, the results for the FRA region;
black dashed line, the error of the FO propagation with respect to the
analytical solution; blue dotted line, the error of the FRA propagation
with respect to the analytical solution; and green rectangle represents
the usual range of application of lidars, starting at 100 m.

beam propagation. Moreover, the error computed using only
the simpler Fraunhofer method is low for almost all the lidars
application range, except for very short range lidars, where the
error increases, and the Fresnel method should be used.
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