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encompassing interaction-based learning. While best known 
in the area of games with algorithmic breakthroughs such 
as deep Q-Learning (DQN) for Atari games  (Mnih et al. 
2015) or the MuZero algorithm (Schrittwieser et al. 2020), 
RL also serves other areas such as the training of the above 
mentioned language models through reinforcement learning 
from human feedback (RLHF) (Ziegler et al. 2020).

The combination of RL with quantum computing, which 
promises polynomial  (Grover 1997; Hamann and Wölk 
2022) or even exponential (Shor 1994; Dunjko et al. 2018; 
Liu et al. 2021; Molteni et al. 2024) speedups in specific 
problem tasks, has opened up the research field of quantum 
reinforcement learning (QRL) (Dong et al. 2008; Dunjko et 
al. 2016; Jerbi et al. 2021). Due to the restrictions of current 
quantum hardware in the so-called noisy, intermediate-scale 
quantum (NISQ) (Preskill 2018) era, however, the search for 
“quantum advantage” remains challenging (Schuld and Kil-
loran 2022; Cerezo et al. 2025; Ciliberto et al. 2020). Here, 
the so-called “hybrid agent for quantum-accessible rein-
forcement learning”  (Hamann and Wölk 2022), or briefly 
hybrid learning agent, provides an interesting outlook for 
the post-NISQ era: by incorporating amplitude amplifica-
tion into the process of sampling action sequences, it allows 
to find rewarded sequences quadratically faster for specific 
RL environment types.

1  Introduction

From the success of convolutional neural networks for com-
puter vision tasks in the early 2010s  (Cireşan et al. 2011; 
Krizhevsky et al. 2017) to the nowadays ever-expanding 
usage of generative artificial intelligence based on diffu-
sion (Sohl-Dickstein et al. 2015) or transformer (Vaswani et 
al. 2017) models, the vast field of machine learning (ML) has 
impacted many areas of modern life. Besides the continuous 
development of model architectures and training methods, 
the rapid improvement of specialized computing hardware 
in the form of graphics or tensor processing units (GPUs/
TPUs) has led to today’s prevalence of ML. This work 
focuses on reinforcement learning (RL), the ML subcategory 
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This hybrid learning agent, however, has only been used in 
stationary environments so far, i.e., environments which do not 
undergo changes throughout the training process. Yet, many 
RL problems, especially regarding real-world applications 
(e.g., traffic control), do possess some kind of time-dependent 
dynamics (e.g., closed lanes due to road maintenance or tem-
porary differences in traffic volume due to daily commuters). 
Classical RL features, in general, more refined algorithms 
and targeted research for techniques to compensate for such 
dynamics  (Padakandla 2021; Ring 1994; Abel et al. 2023; 
Briegel and De las Cuevas 2012). QRL, on the other hand, is 
still in its infancy. Thus, to be able to challenge classical RL 
in real-world applications, it needs to be developed further by, 
e.g., also including corresponding techniques.

In such dynamic learning scenarios, a well-trained agent 
often performs worse after a sudden change of the environ-
ment compared to an untrained or a barely trained agent. As 
a consequence, a fast learning quantum agent often has a dis-
advantage compared to a slower learning classical agent when 
the environment changes. To compensate for this disadvantage 
and outperform classical agents again, the hybrid agent needs 
an efficient procedure to unlearn or relearn. Therefore, in this 
work, we take a first step by introducing a dissipation mecha-
nism in the hybrid learning agent and by investigating its appli-
cability and efficiency in such non-stationary environments. 
In this way, the hybrid learning agent becomes more robust to 
changes of the problem environment without the necessity to 
introduce complex mechanisms for explicitly detecting anom-
alies. To the best of our knowledge, this is the first work on 
QRL specifically targeting non-stationary environments.

Specifically, we compare the hybrid learning agent 
against a classical counterpart in the so-called Gridworld or 
maze environment, where we add time dependency to the 
reward function both on the intra- and inter-episode level. 
Our research questions are the following:

	● Which modifications have to be applied to the original 
hybrid learning agent as defined by Hamann and Wölk 
(2022) to achieve high-performance learning in these 
kinds of non-stationary environments and how do these 
modifications compare to classical techniques for dy-
namic environments?

	● Assuming a better learning performance on a first re-
ward function, can the hybrid learning agent overcome 
the resulting worse initial success probability after a 
change of reward function?

	● Does the less frequent updating of the agent’s policy due 
to the episodes spent on amplitude amplification hinder 
the hybrid learning agent’s capability to adapt in the dy-
namic environment?

This article is structured as follows: in Section 2, we reca-
pitulate RL theory and the initial hybrid learning agent and 
summarize related work on QRL and continual RL. Section 
3 features a description of the basic Gridworld problem as 
well as the modified environment options with non-station-
ary reward functions. In Section 4, we present our modifi-
cations of the hybrid learning agent for the non-stationary 
RL problems and discuss the methodology of our numeri-
cal simulations. Sections 5 and 6 comprise our simulation 
results and the discussion thereof. Finally in Section 7, we 
provide a conclusion and an outlook to future research.

2  Background

2.1  Reinforcement learning

Reinforcement Learning (RL) (Kaelbling et al. 1996; Sutton 
and Barto 2018) is a branch of machine learning focused on 
learning through interaction. Usually, this interaction takes 
place in a sequence of discrete time steps t ∈ N0 and is for-
malized as a Markov Decision Process (MDP)  (Puterman 
1994). The MDP is a five-tuple

M = ⟨ T, S, A, pt(·|s, a), rt(s, a) ⟩.� (1)

T refers to the total amount of interaction steps and can be 
finite (in episodic tasks) or infinite (in continuing tasks). S 
and A denote the sets of states and actions, respectively. The 
transition probability function

pt : S × S × A → [0, 1]� (2)

denotes the probability pt(s′|s, a) that upon playing action 
a ∈ A in state s ∈ S  at time t, the state at time t + 1 will 
be s′ ∈ S. Associated with this new state is a real-valued, 
bounded reward Rt+1, with the value determined by the 
reward function

rt : S × A → R.� (3)

After playing action a in state s at time t, the agent receives 
the reward Rt+1 := rt(s, a).

The agent’s behavior is described by its policy

π : A × S → [0, 1],

which describes the probability π(a|s) to choose action 
a upon perceiving state s. The agent’s goal is to adapt its 
policy such as to maximize the expected cumulative reward
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Gt =
T∑

k=t+1

χk−t−1Rk� (4)

at any time step t, where χ ∈ [0, 1] is a discount factor. In 
continuing tasks, setting χ < 1 ensures that the cumulative 
reward does not diverge. In episodic tasks, the interaction 
terminates once the final time step t = T  is reached, upon 
which the interaction starts again at t = 0 from an initial 
state s0.

The environment can be classified as stationary (non-sta-
tionary/dynamical) if the transition dynamics of the MDP 
are time-independent (time-dependent). In the stationary 
case, we may omit the index t from the transition probabil-
ity function (Eq. (2)) and the reward function (Eq. (3)). RL 
in non-stationary environments can be further distinguished 
according to characteristics of the time dependency and the 
amount of information given to the agent about changes in 
the environment (Padakandla 2021). Relevant to this work 
is continual RL as defined by Ring (1994) and Abel et al. 
(2023), which describes an ongoing learning process in 
non-stationary environments where the “best agents never 
stop learning” (Abel et al. 2023). An example for this is an 
ensemble of MDPs from which an MDP is randomly sam-
pled repeatedly after certain amounts of time steps, such 
that an agent must constantly adapt to the current MDP.

The speedup of the hybrid learning agent, as defined in 
the following section, has been proven for a special class 
of RL tasks, so-called deterministic and strictly episodic 
(DSE) tasks (or environments). “Strictly episodic” sig-
nifies that the episode length T is not only finite, but also 
has a fixed value for all episodes. “Deterministic” refers to 
the transition probability function of Eq. (2), which, in the 
deterministic case, returns for any state-action tuple (s, a) 
unity for one specific state s′ and zero for all other states. 
Thus, we can define the deterministic version of pt,

p
(det)
t : S × A → S,� (5)

which directly projects to the next state s′.

2.2  Hybrid learning agent

The “hybrid agent for quantum-accessible reinforcement 
learning” (Hamann and Wölk 2022), which we further refer 
to as the hybrid learning agent, is a hybrid quantum-classi-
cal algorithm that can be used in combination with classi-
cal RL algorithms to provide a quasi quadratic speedup in 
sample complexity. In brief, in its quantum component, the 
hybrid learning agent uses amplitude amplification  (AA) 
to increase the probability to sample rewarded action 
sequences. This sampled action sequence is subsequently 

tested in an episode of classical interaction to determine the 
sequence of encountered percepts and the reward informa-
tion, which can then be used to update the agent’s policy.

In more detail, the algorithm operates in a quantum com-
munication scenario between the agent and the environment. 
First, assuming finite action, percept, and reward spaces A, 
S, and R ⊂ R, we use the following encoding:

	● all actions a ∈ A are encoded in a set of orthonormal 
quantum states |a⟩A in Hilbert space HA,

	● all percepts s ∈ S  are encoded in a set of orthonormal 
states |s⟩S  in Hilbert space HS ,

	● and all rewards r ∈ R are encoded in a set of orthonor-
mal states |r⟩R in Hilbert space HR.

The agent sends quantum states |a⟩A to the environment and 
receives quantum states |s⟩S  and |r⟩R, accordingly. From 
here on, we consider DSE environments with a binary epi-
sode reward r. That is, exactly one interaction step in an epi-
sode may receive a reward of one; re-visiting the rewarded 
percept later in the episode does not yield another reward.1 
Further, we use vector notation a⃗ = (a0, a1, . . . , aT −1) 
to denote a sequence of actions played in an episode or 
s⃗ = (s0, s1, . . . , sT ) for the sequence of percepts encoun-
tered in an episode. As a short-hand notation for the sequence 
of encountered percepts and the reward outcome of playing 
action sequence ⃗a after the initial state s0, we write ⃗s(s0, a⃗) 
and r(s0, a⃗) ∈ {0, 1}, respectively. Lastly, let

|s⃗init⟩S = |(s0,∅, . . . ,∅)⟩S ∈ H⊗(T +1)
S

� (6)

denote the initial percept quantum state before the interac-
tion with a fiducial state |∅⟩S .

We can model the response of the environment to an epi-
sode-long sequence of actions ⃗a as a unitary Uenv acting on 
the multipartite state |⃗a⟩A|s⃗init⟩S |0⟩R (Dunjko et al. 2016):

Uenv |⃗a⟩A|s⃗init⟩S |0⟩R

=|⃗a⟩A|s⃗(s0, a⃗)⟩S |r(s0, a⃗)⟩R.
� (7)

As shown by Dunjko et al. (2016), with one query of Uenv 
for simple environments with action-independent percepts 
(memoryless environments) or two queries for regular DSE 
environments, one can create a phase-kickback oracle Oenv:

Oenv |⃗a⟩A|s⃗init⟩S |−⟩R

= (−1)r(s0 ,⃗a) |⃗a⟩A|s⃗init⟩S |−⟩R.
� (8)

Using the current policy π and, e.g., a mapping mechanism 
(see Appendix B), one can compute the probability to choose 

1  Strictly speaking, this first-visit reward violates the Markov property. 
Adding a first-visit flag to each percept remedies this formal violation.
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feedback (i.e., if the chosen action sequence is rewarded), 
which is typical for RL with the PS algorithm. However, an 
update with every type of feedback after each iteration is 
possible by simply moving lines 21 and 22 of the algorithm 
into the while-loop and adding the reward information to the 
arguments of policy_update.

action sequence ⃗a under said policy, which we denote π̂(⃗a). 
This allows preparing the weighted superposition2

|ψ⟩ =
∑

a⃗∈A⊗T

√
π̂(⃗a)|⃗a⟩A|s⃗init⟩S |−⟩R� (9)

and defining the diffusion operator

D = I − 2|ψ⟩⟨ψ|.� (10)

With the Grover operator G = DOenv we may thus perform 
AA  (Grover 1997; Brassard et al. 2002). By denoting the 
current classical success probability

Q =
∑

{a⃗|r(a⃗)=1}

π̂(⃗a),� (11)

we arrive at the probability of measuring a rewarded action 
sequence after k iterations of AA,

pAA(Q, k) = sin2
(

[2k + 1] arcsin(
√

Q)
)

.� (12)

The measurement gives a candidate action sequence a⃗, but 
reveals no percept or reward information due to the nec-
essary uncomputation. Hence, an episode of classical 
play following the quantum part is required to determine 
s⃗(⃗a) and r(⃗a). Consecutively, the learning agent uses this 
information to update its policy according to some update 
mechanism as specified, e.g., in Projective Simulation 
(PS) (Briegel and De las Cuevas 2012), Q-Learning (Wat-
kins and Dayan 1992), SARSA  (Rummery and Niranjan 
1994), REINFORCE (Williams 1992), or quantum natural 
policy gradient (Meyer et al. 2023).

Since the current success probability Q is typically not 
known in RL, the hybrid learning agent uses the AA varia-
tion for an unknown number of solutions presented by 
Boyer et al. (1998). This requires a lower bound estimate 
Qmin of Q.

The full hybrid learning agent in a version agnostic to the 
specific policy update mechanism is presented in Algorithm 
1. In this notation, the policy update mechanism is specified 
in the subroutine policy_update (see Algorithm 2 in 
Appendix B for an examplary mechanism using PS), which 
uses the interaction history of an episode to update the cur-
rent policy. Here, we update the policy just on positive 

2  Preparing the state by explicitly computing the sampling probabil-
ity of each action sequence a⃗ quickly becomes infeasible for larger 
sequence lengths due to the exponential scaling of the number of pos-
sible sequences. We do note, however, that the former can be achieved 
efficiently, e.g., by using quantum policies based on variational quan-
tum circuits.

Algorithm 1  Hybrid learning agent of Hamann and Wölk (2022)

2.3  Related work

Continual RL is also investigated in classical machine 
learning and classical approaches can be further classified 
according to the type of non-stationarity and the learning 
goals present in the problem. Learners which aim to adapt 
to changes in the MDP but at the same time retain good 
performance on previous tasks and thus avoid catastrophic 
forgetting (McCloskey and Cohen 1989) typically employ 
techniques such as context detection (da Silva et al. 2006) 
or meta-learning  (Finn et al. 2017). This is in contrast to 
our learning algorithm, which actively employs a forgetting 
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Usually, these approaches are harder to implement on real 
quantum computer hardware but exhibit a provable quan-
tum advantage.

The speed-up in learning time of the hybrid learning 
agent has been proven (Hamann and Wölk 2022) and dem-
onstrated in a proof-of-principle experiment using a nano-
photonic processor (Saggio et al. 2021). Further research 
on the hybrid learning agent has focused on the effect of 
changing oracles during the learning process (Hamann et 
al. 2021) and on developing episode length selection strat-
egies for not strictly episodic learning problems  (Sefrin 
and Wölk 2025). Similar to the hybrid learning agent, 
a QRL algorithm using amplitude amplification based 
on quantum random walks has been developed  (Paparo 
et al. 2014) and experimentally verified on an ion trap 
device (Sriarunothai et al. 2018).

3  Problem setting

The hybrid learning agent, as described in Section 2.2, pro-
vides a quasi quadratic speedup in sample complexity for 
RL tasks which have deterministic and strictly episodic 
(DSE) environments. A standard example for a DSE envi-
ronment is the so-called Gridworld or maze problem, which 
is described in Section 3.1. So far, however, the hybrid 
learning agent has only been used for stationary environ-
ments. In this work, we investigate the applicability of the 
hybrid agent to non-stationary environments similar to the 
ones considered by Abel et al. (2023) and Briegel and De 
las Cuevas (2012). Two classes of such non-stationary envi-
ronments, exemplified as variations of the textbook maze 
problem, are presented in Section 3.2.

3.1  Gridworld

The Gridworld problem, in its most common form, is an 
environment consisting of cell states in a two-dimen-
sional grid. In an episode, the agent starts from a fixed 
starting position and tries to reach a specified target cell. 
The set of actions are the four basic move directions 
A = {up, down, left, right}, the set of states S consists 
of all cells in the grid. The response of the environment 
to choosing a move direction is deterministic and time-
independent: the agent’s new position st+1 is always one 
step away in the move direction from the old position st. 
Some of the Gridworld’s cells may consist of walls, how-
ever. In that case, if the agent were to move into a wall cell, 
it remains at its old position. The agent receives a reward 
of one for reaching the target cell for the first time in the 
episode and a reward of zero for any other outcome. Typi-
cally, the episode concludes as soon as the agent reaches the 

mechanism to learn the current task more quickly. For 
an overview of continual RL, its subtopics, and relevant 
approaches, we refer the reader to Khetarpal et al. (2022).

The term quantum reinforcement learning (QRL) can 
be interpreted in different ways, depending on which com-
ponents of the problem are quantum or classical. Here, we 
classify QRL in accordance with Schuld and Petruccione 
(2021) as using a quantum (or quantum-enhanced) informa-
tion processing device to process classical data. However, a 
strong connection to the complementary domain of classi-
cal RL algorithms operating on quantum data exists as well. 
For example, classical RL is used in designing or optimizing 
quantum circuits  (Fösel et al. 2021; Altmann et al. 2024) 
and in quantum error correction  (Andreasson et al. 2019; 
Nautrup et al. 2019), but most prominently in quantum con-
trol (Bukov et al. 2018; Niu et al. 2019; Zhang et al. 2019; 
Sivak et al. 2022; Li et al. 2025). Within these research 
fields, the task of reward design  (Singh et al. 2009), i.e., 
modeling the reward function such that an agent may effi-
ciently converge towards the optimal behavior, has received 
much attention (Yu and Zhao 2024; Acampora et al. 2025; 
Giordano et al. 2025).

The predominant category of QRL in the current NISQ 
era combines classical RL with so-called variational quan-
tum circuits (VQCs)  (Cerezo et al. 2021). In these algo-
rithms, a quantum circuit with trainable, parameterized 
gates takes the place of an artificial neural network as the 
estimator for, e.g., the state-value function in value-based 
RL such as the DQN algorithm  (Mnih et al. 2015) or the 
policy in policy-gradient-based RL such as the PPO (Schul-
man et al. 2017) or DDPG algorithms (Lillicrap et al. 2019). 
The feasibility of VQC-powered QRL algorithms has been 
tested in Gymnasium  (Towers et al. 2025) tasks  (Chen et 
al. 2020; Lockwood and Si 2020b; Jerbi et al. 2021; Skolik 
et al. 2022), standard maze problems  (Chen et al. 2024), 
Atari games (Lockwood and Si 2020a), and quantum state 
preparation problems  (Wu et al. 2025). In general, QRL 
approaches based on VQCs are able to learn to solve quan-
tum as well as classical problems and can be implemented 
on existing NISQ devices. However, if and how it is in gen-
eral possible to generate quantum advantages in this way is 
an important question which is still under scientific exami-
nation (Gil-Fuster et al. 2025).

QRL approaches which do not use VQCs typically aim 
at generating speedups via quantum sub-routines such as 
quantum mean estimation  (Ganguly et al. 2023; Zhong et 
al. 2024), quantum linear system solvers  (Cherrat et al. 
2023), or a combination of quantum phase estimation and 
Grover search  (Wiedemann et al. 2023). Other methods 
involve a quantum random walk approach to a variant of the 
Gridworld problem  (Dalla Pozza et al. 2022) or quantum 
sampling methods in energy-based RL (Jerbi et al. 2021). 

1 3

Page 5 of 20  58



Quantum Machine Intelligence (2026) 8:58

A Fixed Reward Path This is the basic moving target 
scenario as introduced in the first step above. Here, 
the non-stationarity is purely restricted to the reward 
response within the episode. Across episodes, the re-
ward response remains the same. A depiction of this 
Gridworld layout is given in Fig. 1. We assume that 
the agent has knowledge about the fact that the re-
ward path is fixed, rendering a forgetting mechanism 
obsolete in this scenario. Using the hybrid learning 
agent in its standard form, we can use this scenario 
to verify its speedup compared to its purely classical 
counterpart.
B Changing Reward Path In this scenario, we start 
in the same fashion as in scenario A. However, after 
some time, we exchange the previous reward path for 
a new one with the same length L. This adds non-
stationarity on the inter-episode level, as the reward 
response additionally changes after some amount of 
episodes. Therefore, this type of RL environment can 
be categorized as a hidden-mode Markov decision 
process (HM-MDP) (Choi et al. 1999), where the dif-
ferent reward paths correspond to the different modes 
of the HM-MDP. (A similar problem of newly gener-
ated Gridworld environments after a certain number 
of steps was introduced in Luketina et al. (2022) as 
“Switching MDPs”.) The agent knows that a reward 
path switch may happen, but it is not notified about 
when it happens. Thus, using a forgetting mechanism 
is necessary in this scenario. In this example problem, 
we use two different reward paths and switch from the 
first to the second path upon triggering a pre-defined 
criterion. With this scenario, we challenge the hybrid 
learning agent’s capability to relearn given a new re-
ward situation.

target cell for the first time. This, however, results in a vari-
able episode length, as the agent may not always require the 
same number of steps to reach the target while learning. By 
imposing a fixed number of interaction steps for the episode, 
the Gridworld environment can be turned into a strictly epi-
sodic one. We will use this setting throughout this paper in 
order to concentrate on effects caused by time dependency 
of the learning problem. However, the hybrid agent can also 
deal with learning problems with variable episode length as 
investigated in Sefrin and Wölk (2025).

As such, the Gridworld problem is an example for a sta-
tionary environment since both the transition probability 
function and the reward function are time-independent. This 
means that the agent does not need to adapt to any changes 
during the learning.

3.2  Non-stationary reward environments

In this work, we are interested in the hybrid learning agent’s 
capability to adapt to RL tasks with changing, i.e., time-depen-
dent rewards. Especially, we want to investigate scenarios in 
which the hybrid learning agent’s increased learning speed 
with an initial reward distribution is detrimental to its succes-
sive performance in a varied reward setting. This can be the 
case, e.g., in RL tasks with an initial set of rewarded action 
sequences A1 which is, at some point, exchanged with a dis-
joint set of rewarded action sequences A2. In such a case, train-
ing the policy to sample an element of A1 with high probability 
directly lessens the probability to sample an element from A2.

As our testbed for these investigations, we modify 
the Gridworld problem with fixed episode length from 
Sec. 3.1. In particular, we first introduce as a first step an 
explicit time-dependent reward by replacing the fixed tar-
get with a moving target. That is, the rewarded state fol-
lows a fixed route and moves one step along that route 
synchronously to each step of the agent. As in the standard 
Gridworld setting, the agent is rewarded upon encounter-
ing the rewarded state for the first time within the episode. 
If the agent has not found the rewarded state at the end of 
the route, the episode ends without a reward and both the 
agent and the reward are reset to their initial cells. Thus, the 
reward route length L determines the episode length. Some-
times, it might be disadvantageous for the agent to move 
from its current state because the reward state would move 
onto its current position. To accommodate for this fact, 
we expand the set of basic actions by the non-action, i.e., 
A = {left, right, up, down, do nothing}.

In a second step, we change the path of the moving target 
at a certain point during the learning process. This leads to the 
two learning scenarios which we investigate in this article:

Fig. 1  Graphical depiction of Gridworld layout A, which is used for 
the fixed reward path scenario. The blue cell represents the agent’s 
starting position, green cells indicate the reward path, which direction 
is indicated by arrows. Gray-shaded cells are impassable for the agent
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iterations of amplitude amplification, the hybrid learn-
ing agent requires 2k + 1 RL episodes. Thus, it can only 
perform a policy update after 2k + 1 episodes, whereas a 
classical agent may update its policy after every episode. 
To ensure that the hybrid learning agent receives the same 
amount of dissipation than a classical agent, we increase 
the dissipation strength according to the number of 
“missed” update episodes. The adapted update rule for the 
hybrid learning agent with a equivalency proof is shown 
in Appendix  B.1. The second modification is related to 
the lower bound estimate Qmin that the hybrid learning 
agent requires (cf. line 19 of Algorithm 1). In general, this 
estimation can be performed in many different ways, such 
as (i) determining an absolute lower bound Qmin based 
solely on general problem settings, (ii) estimating Qmin 
based on observed rewards, or (iii) estimating Qmin based 
on the agent’s current policy and observed rewards. For 
our simulations, we used option (iii) as described in detail 
in Appendix C. To account for the possibility of changing 
rewards, we purge the set of found reward paths from the 
ones which are found to be no longer rewarded, which is 
further described in Appendix C.1.

4.2  Simulation methodology

We compare the performance on the Gridworld scenarios 
stated above between the hybrid learning agent paired 
with PS based policy updates (subsequently abbreviated as 
hybrid PS), classical PS, and classical Q-Learning.

For both classical and hybrid PS, we use the same PS 
specifications and hyperparameters. These are the softmax-
based policy of Eq. (14) with a pseudo-temperature of 
β = 1, the glow extension with a fixed value of η = 0.05, 
and the ECM with mapping. As dissipation parameter val-
ues, we set γ = 0 for scenario A (i.e., turn the dissipation 
mechanism off) and test γ ∈ {0.01, 0.02, 0.05, 0.1} for 
scenario B. Further details of how the results of the hybrid 
learning agent can be generated despite the infeasibility to 
run such a large quantum circuit are given in Appendix D.

For Q-Learning, we use an ϵ-greedy policy with a fixed 
step-size parameter α = 0.5, which is identical to the con-
tinual Q-Learning algorithm used in the “Switching MDPs” 
example of Abel et al. (2023). All q-values are initially set 
to zero. Unlike the binary reward used in the PS policy 
updates, the agent receives a negative reward of −1 for 
each action until the goal is reached, which is in line with 
standard implementations of Q-Learning in Gridworld (cf. 
example 6.6 of Sutton and Barto (2018)). In scenario A, we 
initially set ϵ = 0.1 and employ an exponential ϵ-decay with 
a decay factor of 0.99 applied after each episode. For sce-
nario B, however, we fix ϵ = 0.05 such that the Q-Learning 
agent continues exploring.

4  Methods

In general, there are numerous methods to deal with 
changes in a learning problem. One option is to actively 
search for changes and then, e.g., reset the learning agent to 
its untrained starting status. This might be a good method 
if extensive changes are expected. More commonly, how-
ever, changes will be seldom and only of minor character. 
In such cases, a learning agent which is able to gradually 
adapt its behavior is more suited. Such a learning agent 
will be in general more robust since it neither sticks to a 
learned behavior nor inclines to sudden behavior changes. 
The dissipation mechanism of Projective Simulation 
(PS)  (Briegel and De las Cuevas 2012) enables such a 
gradual adaptation. In Section 4.1, we introduce several 
modifications of our hybrid learning agent in order to use 
the dissipation mechanism of PS and capture changes in 
the MDP reasonably quickly. Subsequently, in Section 
4.2, we present the simulation setup used to compare the 
adapted hybrid learning agent versus a purely classical RL 
algorithm in non-stationary environments.

4.1  Forgetting mechanism for the hybrid learning 
agent

Standard RL algorithms such as Q-Learning or SARSA 
are guaranteed to converge to the optimal behavior in sta-
tionary environments in the infinite time limit given suf-
ficient exploration (infinite visits of all state-action pairs) 
and with a policy that converges to the greedy policy in that 
limit  (Sutton and Barto 2018). In non-stationary environ-
ments, however, these algorithms tend to capture changes 
in the MDP dynamics poorly  (Pieters and Wiering 2016; 
Padakandla 2021). Using Q-Learning in continual RL, for 
example, requires a policy which enables exploration even 
in the infinite time limit such as an ϵ-greedy policy with 
non-vanishing ϵ (Abel et al. 2023).

In this work, we pair the hybrid learning agent with a 
policy-update mechanism based on PS, which is a tabu-
lar, state-action-value based RL algorithm. In PS, a dissi-
pation mechanism can be used to let the agent effectively 
adapt to changes in the environment and to enable more 
stable learning. This dissipation drives the policy towards 
a uniform distribution – therefore enhancing explora-
tion – with the strength of the dissipation governed by a 
parameter γ ∈ [0, 1]. For an overview of PS, the dissipa-
tion mechanism, and its relevant extensions to our work, see 
Appendix B.

To adapt the hybrid learning agent to non-stationary 
reward environments, we make two modifications. The 
first modification targets the lower frequency of pol-
icy updates of the hybrid learning agent: To execute k 
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1. “k  out of n” successes With this setting, we imple-
ment a switching or stopping criterion based on the 
agent’s recent performance. If it manages to get k re-
wards in the last n tries, we consider the agent to have 
learned and switch to the second reward path or end the 
training, respectively. In this case, the training time is 
the most relevant metric, as the different agents can be 
expected to have similar learning progress upon trigger-
ing the “k out of n” criterion.
2. Fixed number of episodes Here, we fix the number 
of interaction episodes in advance as N1 and N2 for the 
initial and (optional) second reward path. With the same 
amount of training time, we are now more interested in 
the agents’ final success probability.

5  Results

5.1  Scenario A: Fixed reward path

We combine scenario A with both the “‘k out of n’ 
successes”-criterion, which we denote learning scenario 
A.1, and the “fixed number of episodes”-criterion, which 
we denote learning scenario A.2.

In the learning scenario A.1, we choose k = 4 and n = 5, 
such that training stops as soon as four out of the last five 
sampled action sequences are rewarded. The comparison of 
the number of played episodes to reach certain key events 
for the three different agents is shown in Table 2. The hybrid 
PS agent has the quickest average time to find the first 
reward as well as to reach the 20% threshold and to ful-
fill the stopping criterion. Classical PS, on the other hand, 
requires more than three times as many episodes as hybrid 
PS to reach the first reward. Between the 20% threshold 
and the completion of the learning scenario, the difference 
between classical and hybrid PS remains virtually the same 

4.2.1  Gridworld layouts

To test scenario A, the fixed reward path scenario (cf. Sec-
tion 3.2), we use the Gridworld layout shown in Fig. 1, 
which we denote layout A. With an episode length of seven, 
57  unique action sequences may be chosen by the agent. 
1330 of these action sequences have a rewarded outcome, 
such that the initial success probability with a uniform pol-
icy is roughly 1.7%.

For the changing reward path scenario, or scenario B, 
we use a different Gridworld layout, which is presented 
in Fig. 2 and hence named layout B. Here, we have two 
reward paths: The initial reward path goes down and then 
right, with an episode length of seven. After the switch 
happens, the second reward path is now active instead 
of the initial one. This path is mirrored to the first path 
along the top-left to bottom-right diagonal. The agent’s 
starting position is on that diagonal, such that the number 
of rewarded action sequences is equal for both reward 
paths. Further, in this layout, the sets of rewarded action 
sequences of the two reward paths are fully disjoint. The 
key properties of both Gridworld layouts are summarized 
in Table 1.

4.2.2  Stopping criteria

In each scenario, we test two different settings for deciding 
how many episodes an agent may train with each reward 
path. These two stopping criteria allow comparing both the 
time required to reach a certain level of training as well as 
the performance after a fixed training time.

Table 1  Statistics of Gridworld layouts A and B
Layout A Layout B

Episode Length 7 7
Length of Shortest Reward Path 4 3
Initial Success Probability 0.017 0.041

Table 2  Learning times in terms of episodes for the hybrid PS, classi-
cal PS, and Q-Learning in the fixed reward path scenario with layout 
A and a “4 out of 5” stopping criterion (scenario A.1). The results stem 
from simulations with N = 1000 runs per agent, the best value in each 
category is printed in boldface

Classical Hybrid
PS Q-Learning PS

First Reward 58.4(1.8) 25.3(0.4) 17.9(0.4)
20% Success Prob. 84.6(1.9) 38.5(0.3) 33.8(0.5)
Completion 94.2(1.9) 108.1(0.3) 44.5(0.5)

Fig. 2  Graphical depiction of Gridworld layout B, which is used for 
the changing reward path scenario. The blue cell represents the agent’s 
starting position, gray-shaded cells are impassable for the agent. Green 
cells indicate the initial reward path, yellow cells represent the second 
reward path. The direction of either reward path is indicated by arrows
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agent for fixed values of γ. After the switch to the second 
reward path, hybrid PS still requires less learning time than 
classical PS across all tested dissipation values. Here, how-
ever, an intermediate value of γ = 0.05 results in the lowest 
learning time among all configurations. Classical Q-Learn-
ing features the second longest learning time for the first 
reward path across all configurations, but the shortest learn-
ing time for the second reward path. However, the hybrid PS 
agent with γ = 0.05 features the shortest aggregate learn-
ing time with roughly 113 episodes, followed by classical 
Q-Learning with 149 episodes. The classical PS agent with 
the least amount of total episodes, namely 187 episodes, is 
the one with the dissipation parameter set to γ = 0.02.

For scenario B.2, we set the interaction times for the 
first and second reward paths to N1 = 100 and N2 = 300, 
respectively. In Fig. 4 we give an overview of the learning 
curves for the three RL algorithms, where the dissipation 
value is fixed to γ = 0.05 for the two PS-based algorithms. 
A detailed comparison of classical and hybrid PS with all 
tested dissipation values is given in Fig. 7 of Appendix A. 
There, we also report in Table 4 the average success prob-
abilities of all three algorithms for the different reward paths 
as well as in aggregate.

In the initial learning phase, hybrid PS is the only algo-
rithm crossing 90%  success probability, with classical PS 
reaching almost 60% and classical Q-Learning reaching 
35% success probability. Immediately after the reward path 
switch, however, the success probability of hybrid PS is 
lower by roughly an order of magnitude compared to classi-
cal PS. For classical Q-Learning, interestingly, the success 
probability remains above the initial success probability of 
an uniform action selection. To illustrate this more clearly, 
Fig. 5 presents the learning curves of scenario B.2 on a loga-
rithmic scale. Following the switch, the classical Q-Learn-
ing agent reaches first an average success probability above 

with classical PS requiring roughly 50 episodes more time 
for each threshold. Classical Q-Learning lags behind hybrid 
PS by 7.4 episodes and 4.7 episodes for the first two key 
events, respectively, and thus requiring much less learning 
time than classical PS. However, it reaches the completion 
criterion last with roughly 108 episodes on average.

For learning scenario A.2 with a fixed number of inter-
action episodes, we set N1 = 250 (and N2 = 0, as we do 
not consider a switch of reward paths in scenario A). We 
show the learning progress measured in terms of the agents’ 
success probabilities in Fig. 3. The hybrid PS agent’s learn-
ing curve shows a quicker initial increase and already after 
100 episodes, it has reached an average success probabil-
ity of 99.3%. The classical PS agent reaches on average a 
success probability of 69.3% after 100 episodes. At the end 
of training after 250 episodes, the classical agent’s success 
probability is  97.9%, thus, roughly as large as the hybrid 
agent’s success probability after 75 episodes. For classical 
Q-Learning, the learning curve is less smooth, with a slower 
initial increase, but a rapid rise between episodes 80 to 120, 
reaching a final success probability of 97.1%.

5.2  Scenario B: Changing reward path

In the changing reward scenario, we again distinguish 
between the two stopping criteria into two learning scenar-
ios, B.1 and B.2.

In scenario B.1, we use the “‘k out of n’ successes”-
criterion with k = 4 and n = 5 both before and after the 
reward path switch. An overview of the learning times 
for each reward path as well as the total learning time for 
this scenario is given in Table 3. Regarding the PS agents 
and the first learning phase with the initial reward path, 
we can see that larger dissipation values consistently yield 
larger learning times for both agents. The hybrid PS agent 
achieves lower learning times compared to the classical PS 

Table 3  Results for the hybrid and classical PS algorithms with differ-
ent dissipation values γ as well as classical Q-Learning in the chang-
ing reward path scenario with layout B and a “4 out of 5” stopping 
criterion for both reward path phases (scenario B.1). Values indicate 
the mean with its standard error across N = 100 runs per configura-
tion. The lowest learning time of each category is printed in boldface
γ   Agent Episodes 

before Switch
Episodes 
after Switch

Episodes 
total

0.01 Classical PS 57.2(2.7) 170.6(5.9) 227.8(7.2)
Hybrid PS 35.3(2.2) 100.8(5.1) 136.1(6.1)

0.02 Classical PS 60.5(3.5) 126.7(4.2) 187.2(5.6)
Hybrid PS 40.6(1.6) 84.1(3.4) 124.7(4.1)

0.05 Classical PS 108.1(8.0) 121.5(10.0) 229.6(12.8)
Hybrid PS 50.0(2.6) 62.8(2.3) 112.7(3.9)

0.1 Classical PS 371.1(32.5) 380.8(33.8) 751.9(44.3)
Hybrid PS 80.0(4.9) 85.1(5.1) 165.1(6.6)

— Classical 
Q-Learning

112.3(0.8) 37.0(1.3) 149.3(1.3)

Fig. 3  Comparison of the learning progress between hybrid PS, clas-
sical PS, and classical Q-Learning for the fixed reward path scenario 
with layout A and N1 = 250 training episodes (scenario A.2). Average 
values of N = 1000 runs, error bands represent the 95% confidence 
interval
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this period, the estimated value is below the true value, 
matching the latter closely.

6  Discussion

6.1  Scenario A: Fixed reward path

Even though scenario A features a non-stationary reward 
function within the episode, the learning problem is simi-
lar to a purely stationary problem in the sense that the set 
of rewarded action sequences does not change. The result-
ing learning curves of Fig. 3, indicating quicker learning on 
average for the hybrid PS agent, are therefore in line with 
existing results (Hamann and Wölk 2022).

Further, the average time of classical PS to find a first 
reward in scenario A.1 of ⟨tclass−PS⟩ = 58.4 ± 1.8  epi-
sodes (cf. Table 2) matches the theoretical expected value 
of 58.7  episodes well. This expected value follows from 

50%. However, for episodes 200 to 400 its success prob-
ability hovers between 60% to 80%. The hybrid PS agent, 
on the other hand, shows a quick increase similar to the first 
learning phase, converging to nearly 100% success prob-
ability. Classical PS shows a more gradual increase, reach-
ing a final average success probability of 98.4%.

Lastly, for the configuration with the hybrid PS agent and 
γ = 0.05, we show the comparison between the true success 
probability, which we have looked at so far, and the agent’s 
internal estimate Qest in Fig. 6. The estimate diverges most 
from the true success probability at the start of learning 
and after the reward path switch. At the start of learning, 
the estimated success probability can be seen to be several 
orders of magnitude too low, before closing the gap as the 
agent learns.

After the reward path switch the estimated success prob-
ability is on average slightly larger than the true success 
probability for about 30  episodes due to the incomplete 
purging of previously rewarded action sequences. After 

Fig. 6  Comparison of the true success probability Q and the estimate 
Qest during learning in scenario B.2 with the hybrid PS agent and a 
dissipation value of γ = 0.05. Average values of N = 100 runs, error 
bands represent the 95% confidence interval

 

Fig. 5  Comparison of the success probability between hybrid PS, clas-
sical PS, and classical Q-Learning for the scenario B.2 on a logarith-
mic y-scale. Average values of N = 100  runs, error bands represent 
the 95% confidence interval

 

Fig. 4  Comparison of the learn-
ing progress between hybrid 
PS, classical PS, and classical 
Q-Learning for the changing 
reward path scenario with layout 
B and interaction times N1 = 100 
and N2 = 300 (scenario B.2). The 
dashed red vertical line indicates 
the change of reward paths after 
100 episodes. The dotted horizon-
tal line indicates the agents’ initial 
success probability. Average values 
of N = 100 runs, error bands rep-
resent the 95% confidence interval
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Comparing the classical learning algorithms, (classical) 
Q-Learning and (classical) PS, we note that PS appears bet-
ter suited for this type of non-stationary RL problem. On 
the one hand, PS shows quicker learning progress and on 
the other hand, it converges closer towards a success prob-
ability of one, whereas Q-Learning shows more instability 
and generally appears not to reach larger success probability 
than 80% in scenario B.2 due to its ϵ-greedy policy.

Further, we note that the introduced adaptive procedure 
of computing Qest for the hybrid PS agent matches the true 
success probability well throughout the learning process. 
Especially after the reward path switch, Qest overshoots 
the true value Q only marginally, which is due to the effi-
cient purging mechanism of previously rewarded action 
sequences. Except these first episodes after the switch, Qest 
still acts as a lower bound of Q, as intended in the original 
algorithm (Hamann and Wölk 2022).

Lastly, we emphasize that the chosen scenario is most 
extreme in the sense that the two sets of rewarded action 
sequences for the respective reward paths are disjoint. In 
such a setting, good performance in the first learning phase 
is detrimental to the initial success chance in the second 
phase. If a switch were to happen between two reward 
paths with an partially overlapping set of rewarded action 
sequences, the hybrid agent’s better learning performance 
in the initial phase could instead contribute positively 
instead of negatively to subsequent phases, thus further 
increasing its advantage.

7  Conclusion

In this work we have conducted a first empirical investi-
gation of the hybrid learning agent, which combines a 
Grover-type quadratic speedup in sample complexity with 
a classical RL algorithm, in non-stationary RL scenarios. 
Using a modified Gridworld environment with different 
types of time-dependent reward functions, we compare the 
hybrid learning agent combined with the Projective Simula-
tion (PS) RL algorithm to a purely classical PS agent with 
the same training hyperparameters as well as to a standard 
implementation of classical Q-Learning.

Our results show that the hybrid agent’s speedup naturally 
persists in the phase before the learning scenario requires 
any forgetting or relearning. However, not least due to the 
minor modifications made to the hybrid agent introduced in 
this work, it is also capable to surpass the performance of its 
classical counterpart once a significant change in the environ-
ment has happened. Given that the problem scenario in this 
article is chosen such that the hybrid agent’s initial good per-
formance puts it at a maximal disadvantage after a change in 
the reward function, we expect the results of this toy problem 

the idea that the classical PS agent’s repeated sampling 
with the initial success probability pinit = 0.017 describes 
a geometric distribution, which terminates on average 
after 1

pinit
 tries. The lesser time to a first reward of classi-

cal Q-Learning stems from the fact that with the modified 
reward function, non-successful actions can effectively 
be penalized and thus suppressed in Q-Learning. For the 
hybrid PS agent, the average time to find the first reward 
is with ⟨thybr−PS⟩ = 17.9 ± 0.4 episodes even fairly below 
the theoretical upper bound  (Hamann and Wölk 2022) of 
9
2

√
⟨tclass−PS⟩ = 34.4 episodes. This again is confirmation 

that the quadratic speedup in sample complexity persists in 
this scenario.

Lastly, the comparison of average learning times at dif-
ferent stages of the learning progress in Table 2 shows that 
the advantage of hybrid compared to classical PS in learn-
ing time is mainly gained at the early stages of learning, 
i.e., when the current success probabilities of the agents 
are low. In fact, the gradual ramp-up of the possible 
number of AA iterations with successive non-rewarded 
outcomes (cf. lines 7 and 19 of Algorithm 1) causes the 
hybrid agent to effectively converge to purely classical 
play in the limit of large success probabilities. The rela-
tively slow learning progress of classical Q-Learning – 
despite finding a first reward quickly – can be attributed to 
its one-step update mechanism: information about “good” 
actions only propagates backwards from the rewarded 
state one step at a time, such that it takes some episodes 
until q-values have been updated even at the starting state. 
This is in contrast to the glow mechanism used with PS 
(cf. Appendix  B), which immediately updates all states 
involved in a successful episode.

6.2  Scenario B: Changing reward path

The results of scenario B indicate that the adaptations made 
to the hybrid PS agent enable it to function well in such con-
tinual RL problems. Moreover, our results show that despite 
the larger success probability at the end of the first path and 
therefore a lesser chance for exploring new paths at the start 
of the second path phase, the hybrid PS agent eventually 
overtakes its classical counterpart in terms of learning prog-
ress in all tested configurations.

With respect to the dissipation mechanism, we note that 
a sensible choice of the dissipation value γ is crucial to bal-
ance the trade-off between reaching a high success prob-
ability before the reward path switch and unlearning that 
preference quickly enough after the switch. In the case 
of our problem layout B, a dissipation value of γ = 0.05 
proves best overall both in scenario B.1 (4 out of 5 suc-
cesses) and in scenario B.2 (N1 = 100, N2 = 300).
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Lastly, efforts towards standardized benchmarking 
in continual RL problems would be desirable not just for 
quantum reinforcement learning, but for RL in general. 
Additions of continual RL problems to, e.g., the popular 
Gymnasium (Towers et al. 2025) software package for “non-
continual” RL, could greatly help to improve the quantita-
tive understanding beyond this exploratory work.

to generalize well to a wider range of problem cases. Our 
findings motivate the conjecture that the speedup in learning 
achieved by our hybrid learning agent also enables it to better 
adapt its behavior to changing environments. This could also 
enable learning in fast changing environments where a cor-
responding classical agent would be too slow to learn at all.

Further, we find that the PS algorithm with its dissipation 
mechanism enables quicker and more stable learning com-
pared to the Q-Learning configuration tested in this work, thus 
providing a promising basis for the hybrid learning agent in 
such non-stationary environments. Nevertheless, the combi-
nation of the hybrid learning agent with different classical RL 
methods provides an interesting avenue of further research.

The dissipation mechanism used in this paper in the policy 
update is a very simple mechanism to adapt the behavior of 
a learning agent to changing environments. Here, the agent 
does not actively monitor possible changes in the environ-
ment, but adapts passively to them instead. This is a good 
method for making the learning of an agent more robust to, 
e.g., initial non-optimal behavior as well as small changes in 
the environment. If disruptive changes of the environment are 
expected, more proactive methods for adapting the learning of 
the hybrid agent to these changes can be beneficial. Therefore, 
further investigations include broadening the scope of non-sta-
tionarity to, e.g., time dependency in the transition probability 
function. In addition, the combination of the hybrid learning 
agent with algorithms dedicated to continual RL which, unlike 
the PS algorithm used here, prevent catastrophic forgetting, is 
another interesting direction for continued research.

Table 4  Average success probabilities of hybrid PS, classical PS, 
and classical Q-Learning for the changing reward path scenario with 
interaction timesN1 = 100andN2 = 300(scenario B.2) and dissipa-
tion valuesγ ∈ {0.01, 0.02, 0.05, 0.1}. Values indicate the mean with 
its standard error acrossN = 100runs per configuration. The highest 
average success probability of each category is printed in boldface

γ Agent Avg. Success Probability [%]
Before Switch After Switch Total

0.01 Class. PS 50.0(0.4) 13.5(0.2) 22.7(0.2)
Hybrid PS 70.3(0.4) 5.5(0.1) 21.6(0.2)

0.02 Class. PS 49.7(0.4) 39.2(0.3) 41.8(0.2)
Hybrid PS 64.2(0.4) 45.8(0.3) 50.5(0.2)

0.05 Class. PS 29.4(0.4) 61.6(0.3) 53.5(0.2)
Hybrid PS 56.8(0.4) 73.2(0.2) 69.0(0.2)

0.1 Class. PS 11.2(0.3) 28.8(0.3) 24.4(0.2)
Hybrid PS 30.7(0.3) 66.4(0.2) 57.4(0.2)

— Class. Q-Learn. 9.9(0.2) 69.7(0.2) 54.6(0.2)

Fig. 7  Learning curves of hybrid 
and classical PS agents for the 
changing reward path scenario B.2 
with interaction times N1 = 100 
and N2 = 300 and dissipation 
values γ ∈ {0.01, 0.02, 0.05, 0.1}. 
The dashed red vertical line indi-
cates the change of reward paths 
after 100 episodes. The dotted 
horizontal line indicates the agents’ 
initial success probability. Average 
values of N = 100 runs, error 
bands represent the 95% confi-
dence interval

 

Appendix A Additional plots and tables for 
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with some pseudo-temperature parameter β ≥ 0 ∈ R, 
which was introduced by Melnikov et al. (2018).

After an interaction step, the h-values ht+1(s, a) of 
the subsequent time step t + 1 are updated by adding the 
received reward rt(s, a) to the h-values of the current time 
step t:

ht+1(s, a) = ht(s, a) + rt(s, a)� (15)

To this basic PS framework, several additions have been 
made, of which we mention the ones relevant to our prob-
lem. First, the dissipation mechanism introduced in the 
original paper (Briegel and De las Cuevas 2012) enables the 
agent to forget learned preferences, resulting in its adapt-
ability to changing environments. With the introduction of 
the dissipation parameter γ ∈ [0, 1], we add a term to the 
basic h-value update rule of Eq. (15):

ht+1(s, a) = ht(s, a) + rt(s, a) − γ
(
ht(s, a) − 1

)
� (16)

The effect of this term for values γ ∈ (0, 1) is to drive all 
h-values to some degree towards their initial value of 1 
after each interaction step. The case γ = 0 obviously 
retrieves the scenario without dissipation, whereas the 
case γ = 1 simplifies Eq. (16) to ht(s, a) = 1 + rt(s, a) 
and thus essentially resets the agent to its initial h-values 
after each time step.

Second, we present the edge glow or afterglow mecha-
nism which was introduced in Mautner et al. (2015). The 
purpose of this mechanism is to help the agent deal with 
delayed rewards in episodic environments. In many RL 

Appendix B Projective simulation

Projective Simulation  (Briegel and De las Cuevas 2012) 
is a (tabular) RL method based on a random walk along a 
learned network of nodes or clips, with transition probabili-
ties governed by a clip’s outgoing edge weights.

A clip may either be an action a or a percept s. Through 
interaction, the agent discovers connections from action to 
percept clips and vice versa. These connections are stored 
in form of a graph network called the episodic & composi-
tional memory (ECM), which builds up over the process of 
learning. In an MDP, this network has the form of one layer 
of percept clips, which is fully connected to a layer of action 
clips as illustrated in Fig. 8. An input percept triggers a ran-
dom walk starting at that respective percept clip and results 
in outputting the action associated to the clip at which the 
random walk terminates.

Edges from a percept s to an available action a are 
assigned a so-called h-value h(s, a), which is initially set to 
one. The agent’s policy π is determined by either linearly 
weighing the h-values

π(a|s) = h(s, a)∑
a∈A

h(s, a) � (13)

or by using the softmax function

π(a|s) = eβ·h(s,a)
∑

a∈A
eβ·h(s,a) � (14)

Fig. 8  Illustration of the basic ECM 
layout with exemplary percept and 
action sets S = { s(1), s(2), s(3) } 
and A = { a(1), a(2), a(3), a(4) }, 
respectively. Arrows from the 
percept (green) to the action (blue) 
clips indicate possible transitions, 
with an h-value assigned to each 
of them
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Finally, the so-called mapping focuses on the composi-
tional aspect of the ECM. Here, the agent builds the ECM 
network as a map of the environment to learn the connec-
tivity between different states. This is contrary to the two-
layer input-output coupling shown in Fig. 8. Instead, the 
node corresponding to a chosen action is connected to the 
node representing the next percept. If that percept has not 
yet been part of the learning history, a new node is created 
instead. This way, using its past knowledge, the agent can 
anticipate to which state an action may lead given its current 
state. In deterministic environments especially, an agent 
may thus not just compute the probability π(a|s) according 
to its policy to execute action a in state s. Instead, it can also 
compute the probability to execute a sequence of actions a⃗ 
as it has knowledge of the intermediate states these actions 
will lead to (if the map is not built up yet for a certain part 
of the action sequence, the uniform probability is again 

Algorithm 2  Projective simulation version of policy_updateenvironments which are games, e.g., chess or black-jack, 
non-zero rewards are not issued during the game, but just 
upon the ultimate outcome. Thus, if such an episode consists 
of L time steps, rt(s, a) ̸= 0 just for t = L and the combina-
tion of percept and action encountered/played in that time 
step. In the following, we use the shorthand notation r to 
denote this reward value at the end of the episode. Naturally, 
not just the final action in the episode, but potentially the 
entire sequence of preceding actions has an impact on the 
outcome of the episode.

The idea of edge glow is to attribute a contribution 
of previous actions to receiving a delayed reward, with 
the contribution being more significant the closer the 
action was temporally to the reward. To this end, this 
concept introduces the notion of excitations of edges in 
the ECM with the so-called glow value g. Initially, the 
glow value is set to zero for all transitions in the ECM, 
g0(s, a) = 0 ∀s ∈ S, a ∈ A. An edge corresponding to 
selecting action a at percept s is excited when this (s, a) 
combination occurs in the interaction. Upon excita-
tion at time t, the glow value is set to one for this edge, 
gt(s, a) = 1. With time, these excitations decay towards 
zero following the update rule

gt+1(s, a) = (1 − η) · gt(s, a) ∀s ∈ S, a ∈ A� (17)

with glow decay parameter η ∈ [0, 1]. Upon updating the 
h-values, the glow value modulates the reward as

ht+1(s, a) = ht(s, a) + gt(s, a) · r
−γ

(
ht(s, a) − 1

)
. � (18)

As actions played in a previous episode are not meaning-
ful to a current episode’s outcome, all glow values must 
be reset to zero at the start of a new episode in episodic 
environments.

In this work, we use PS solely for episodic RL tasks with a 
binary reward at the end of an episode. It is therefore evident 
that updates of the h-values at intermediate steps within an 
episode have just a contribution coming from the dissipation 
term. To enable quicker computation, we omit this dissipa-
tion update within the episode in our implementation such 
that we perform just one update at the end of each episode. 
Note that works which apply dissipation at each time step 
likely require lower values for the dissipation parameter due 
to the increased frequency of dissipation updates. The full 
procedure to update the h-values and the policy in PS using 
dissipation, glow, and a softmax policy is shown in pseudo-
code form in Algorithm 2.
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For the induction step N → N + 1, we have

h(t+N+1)

(Equ19)= h(t+N) − γ(h(t+N) − 1) + r(t+N)

= h(t+N)(1 − γ) + γ + r(t+N)

(Equ20)=
[(

h(t) − 1
)

· (1 − γ)N + 1 + r(t+N−1)
]

(1 − γ)

+ γ + r(t+N)

=
(
h(t) − 1

)
· (1 − γ)(N+1) + (1 − γ)

+ r(t+N−1)(1 − γ) + γ + r(t+N)

=
(
h(t) − 1

)
· (1 − γ)(N+1) + 1 + r(t+N),

where in the last equality we have used the fact that interme-
diate rewards are zero. This completes the proof.

Appendix C Estimation of the probability 
lower bound

As we have mentioned in our description of scenario A, the 
hybrid agent as presented in Algorithm 1 can be used with-
out any adaptations. However, we need to specify how we 
initialize (line 2 of Algorithm 1) and later update (line 22 of 
Algorithm 1) the lower bound estimate Qmin of the current 
success probability.

As the initial estimate, we choose Qmin = |A|−T , which 
corresponds to one rewarded path among the |A|T  possible 
paths for the chosen action set A and episode length T. Here, 
we must ensure that the chosen episode length is sufficient to 
yield at least one rewarded path. Further, we assume that each 
path is sampled with equal probability initially. In tabular ver-
sions of Q-Learning and SARSA with an equal initialization of 
q-values and an epsilon-greedy policy with random tie-breaks 
as well as in Projective Simulation, this assumption holds true.

As soon as we have found a rewarded action sequence, we 
can improve the estimate. We introduce the initially empty set 
Rfound of rewarded action sequences the agent has encoun-
tered during its learning. If the agent now samples an action 
sequence ⃗a which is rewarded, we first investigate how many 
of the T actions were necessary to reach the target. Doing 
so, we can split the action sequence ⃗a = a⃗trunc ⊕ a⃗rest into 
the truncated part of length Ttrunc ≤ T  and a rest part ⃗arest 
of length Trest ≥ 0, Ttrunc + Trest = T  such that executing 
a⃗trunc exactly reaches the target. Then, we add the truncated 
action sequence to Rfound. After a first reward is found, we 
estimate the lower bound for Q as:

assumed). This possibility to compute a full action sequence 
probability π̂(⃗a|s) (we omit the condition on the state s in 
the main text as we always start from a fixed initial state s0) 
is crucial for the hybrid learning agent.

B.1 Hybrid agent: repeated diffusion

To accommodate for the fact that the hybrid learning agent 
updates less frequently compared to a classical RL agent due 
to the overhead of interaction episodes required for amplitude 
amplification, we must increase the strength of the dissipation 
per update to enable an equal “forgetting” rate. One method to 
achieve this would be a 2k-fold application of the dissipation 
update for each of the 2k episodes spent with amplitude ampli-
fication before the update with the actual reward information. 
This, however, appears largely inefficient. Our goal, therefore, 
is to adapt the dissipation part of the update rule of Eq. (16) for 
the hybrid agent such that the two following updates are equal:

	● one update after 2k + 1 episodes of using the hybrid 
agent with no rewards during episodes 1 to 2k and a pos-
sible reward in episode 2k + 1,

	● continuous updates in 2k + 1 episodes of classical play 
with no reward during episodes 1 to 2k and a possible re-
ward in episode 2k + 1.In this case, as described above, 
we update just at the end of an episode instead of after 
every time step, we use the uppercase index h(τ)(s, a) to 
denote the h-value of state-action pair (s, a) throughout 
episode τ  and in the same manner r(τ) to denote the 
binary reward received in episode τ . In this notation, 
the update rule of PS with dissipation of Eq. (16) reads:

h(τ+1)(s, a) = h(τ)(s, a) + r(τ) − γ
(
h(τ)(s, a) − 1

)
.� (19)

We claim that the update rule

h(t+N) =
(
h(t) − 1

)
· (1 − γ)N + 1 + r(t+N−1)� (20)

is equivalent to apply N − 1 updates with just dissipation 
and no reward, r(τ) = 0 for τ ∈ {t, . . . , t + N − 2}, and 
one update with dissipation and a possible reward r(t+N−1) 
and, therefore, fulfills the goal defined above. This equiva-
lence can be shown via induction as follows (to simplify 
notation, we abbreviate h(τ)(s, a) as h(τ)). For N = 1, 
some reshuffling of terms yields

h(t+1) (Equ19)= h(t) + r(t) − γ(h(t) − 1)

=
(
h(t) − 1

)
· (1 − γ)1 + 1 + r(t).
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forgetting mechanism is typically implemented in the RL 
algorithm the hybrid agent is used in combination with. On 
the other hand, the estimation method of the current success 
probability must be adapted, which is unique to the hybrid 
agent. While the forgetting mechanism lowers occurrence 
probabilities for the previously rewarded action sequences 
over time, as they are no longer reinforced, this happens 
slowly and does not correct for the fact that these action 
sequences should no longer contribute to the estimate Qmin.

To continue with the estimation method as in Eq. (21) in 
the changing reward path scenario, we must remove action 
sequences from Rfound if we find them to be no longer 
rewarded. This purging procedure can be implemented as 
follows. Whenever we sample an action sequence a⃗ which 
is not rewarded, we compare it to all action sequences 
of  Rfound. If the sequence  a⃗ or some possible trunca-
tion ⃗atrunc is an element of Rfound, it is no longer rewarded 
after the switch and hence dropped from the set Rfound.

The obvious implication of this procedure is that the esti-
mate built from summing the occurrence probabilities of all 
action sequences in Rfound is no longer a lower bound of 
the true success probability. To avoid ambiguity in Algo-
rithm 3, which describes the adapted hybrid agent for the 
changing reward path scenario, we rename the estimate 
Qmin as Qest. Whether the hybrid agent can perform well in 
the post-switch phase with this new estimation scheme is a 
key question in our experiments. Furthermore, it may occur 
that all previously rewarded action sequences are purged 
from Rfound before a new rewarded sequence is found. In 
this case, a fall-back option to estimate Qest is to use the 
lowest occurrence probability of any action sequence. This 
however, requires computing the occurrence probability of 
all action sequences – which has an exponential computa-
tional cost with respect to the episode length – because the 
the algorithm has learned in the meantime and the starting 
estimate of |A|−T  likely no longer holds.

Qmin =
∑

b⃗∈Rfound

π̂(⃗b) ,� (21)

which is still a lower bound by standard probabilistic 
arguments. Furthermore, to ensure that Qmin is strictly 
larger than zero, we must require the policy to fulfill 
π(a|s) > 0 ∀a ∈ A, s ∈ S.

The chosen procedure usually results quite quickly in 
“good” lower bounds Qmin close to the actual probability 
Q. However, it is also possible to use predetermined hard-
coded lower limits. In this case, the effort to remember all 
rewarded action sequences and adapt them as described in 
the next section is not necessary.

In general, the hybrid learning agent is relatively robust 
to lower bounds Qmin which are either very low or even 
wrong because the value is too high. In the case of a very 
low bound, ramping up the maximal number of Grover 
iterations and randomly sampling the number of amplitude 
amplification rounds k (see Algorithm 1) solves the problem 
that the resulting probability of finding a rewarded sequence 
of action decreases again if k is chosen too large. If the esti-
mation of Qmin is too large (such as in our example problem 
after the environment has changed) the hybrid agent will 
perform on average less steps k of amplitude amplification. 
In this case, the hybrid agent still achieves a speedup in 
learning. However, no quadratic scaling can be achieved, as 
discussed in detail in Hamann and Wölk (2022).

C.1 Adaptation for changing reward paths

To enable the hybrid learning agent for scenario B, which 
introduces a switch to a different reward path after some 
time during training, we must ensure two aspects: On the 
one hand, a forgetting mechanism is crucial to unlearn the 
preference for the initial path. In this regard, the hybrid agent 
does not differ from classical RL algorithms. However, this 
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Appendix D Implementation details

In this section, we provide details specifically for simulat-
ing the hybrid learning agent without requiring an actual (or 
simulated) quantum computer. Since Grover’s algorithm 
is out of reach for current NISQ hardware for all but the 
most trivial problems, we instead simulate the outcome of 

performing amplitude amplification on an ideal quantum 
computer similarly to Sefrin and Wölk (2025).

To do so, we continuously keep track of the probabilities 
of all action sequences, which allows us to compute the suc-
cess probability obtained by classical sampling at any time. 
Having this probability pclass, we can compute the success 
probability pAA after some amount k of Grover iterations 
using the well-known equation (Brassard et al. 2002)

pAA = sin2
(

[2k + 1] arcsin p
1/2
class

)
.� (22)

Thus, whenever a measurement is performed in the hybrid 
learning agent algorithm, we sample from the set of 
rewarded sequences with probability pAA and from the set 
of non-rewarded sequences with probability (1 − pAA). 
Within each set, we draw the samples in accordance with 
their current probability of being played.
The bookkeeping steps necessary to continuously keeping 
track of the success probabilities as described above are the 
following: 

1.	 For each layout and reward path, divide the set of pos-
sible action sequences into rewarded and non-rewarded 
ones. This needs to be computed only once.

2.	 Compute the initial probability of being played for 
each action sequence (for the algorithms in our case, 
we always start with a uniform distribution). Then, 
sum up the probabilities of all sequences in the 
rewarded set to receive the current (classical) success 
probability.

3.	 Whenever an update of the agent’s policy-defining 
parameters (such as q-values or h-values in our case) 
takes place, compute the probability of being played 
for each action sequence based on the updated policy. 
Then, sum up the probabilities of all sequences in the 
rewarded set to receive the current (classical) success 
probability.

4.	 Repeat step 3 until training has finished.
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