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Abstract

This thesis presents a physically consistent inertial parameter identification method for
robotic arms. The approach introduces an alternative parameterization that guarantees
positive masses and density-realizable inertia matrices by construction, instead of enforcing
physical consistency through constraints. A reformulation of the inverse dynamics model is
used to derive an analytical gradient with respect to the reparameterized inertial parameters,
enabling gradient-based optimization. The Franka Research 3 robot is used as the evaluation
platform in both simulation and real-robot experiments. In both cases, the experiments are
repeated over multiple Monte Carlo trials to evaluate how the proposed method performs
under randomized conditions. The simulation experiments analyze convergence behavior,
robustness, the influence of the training trajectory and torque-noise sensitivity. The real-robot
experiments evaluate whether the proposed algorithm can fine-tune CAD inertial parameters
and adapt to changes in the robot dynamics caused by an unknown payload. A comparison
with a physically consistent identification method is also presented.
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1. Introduction

Robotic manipulators are increasingly used in applications that require accurate motion and
reliable interaction with the environment, especially when operating at high speeds, handling
payloads, or working in collaborative settings with humans. In such tasks, the quality of
the dynamic model plays an important role. Model-based control, trajectory optimization,
collision detection, and simulation all rely on an accurate description of the robot dynamics [1,
2, 3]. However, the inertial parameters provided by manufacturers or extracted from CAD
models are often inaccurate [4]. This is especially relevant when the robot includes unmodeled
components or effects, such as cables, joint friction, varying payloads, or grippers.

For this reason, inertial parameter identification has become an important topic in robotics.
The goal is to estimate the parameters of the robot model directly from measured data, such
as joint positions, velocities, accelerations, and torques. In other words, the objective is to
determine the parameter set that best explains the measured robot motion and joint torques.
Atkeson et al. [5] showed that the inverse dynamics model can be written in a form that
is linear with respect to the inertial parameters. This property forms the basis of many
classical identification methods, which rewrite the robot dynamics as a linear regression
problem. This leads to least-squares formulations that are simple and computationally
efficient. Nevertheless, these methods have important limitations. The estimated parameters
are not always physically meaningful, since an unconstrained least-squares solution may
produce negative masses or inertia tensors that do not correspond to any real rigid body [6].
Such parameters may reproduce the measured torques for a specific trajectory, but they can
lead to unstable behavior when used for robot control [7].

This thesis focuses on physically consistent inertial parameter identification for robotic
manipulators. The main idea is to avoid physically invalid solutions by changing the
parameterization of the inertial parameters. Instead of directly optimizing the standard
inertial parameters, an alternative parameter vector is introduced. This parameterization
guarantees positive mass and density-realizable inertia matrices by construction, instead of
enforcing physical consistency through constraints. As a result, every parameter set identified
during the optimization corresponds to a physically valid rigid body.

The proposed method is formulated as a gradient-based optimization problem. The inverse
dynamics model is reformulated to make its dependence on the link inertia matrices explicit.
Based on this reformulation, an analytical gradient of the torque-prediction loss with respect
to the new parameter vector is derived. The method is implemented and evaluated using
the Franka Research 3 robot, both in simulation and with real-robot data. Further details on
the robot model are provided in Appendix B. First, simulation experiments are conducted to
investigate the potential and limitations of the proposed method under controlled conditions.
Next, the method is evaluated using data collected from the real robot.
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1.1. Problem Statement

The objective of this thesis is to develop and evaluate a physically consistent inertial parameter
identification method for robotic manipulators. Given measurements of joint positions,
velocities, accelerations, and torques, the goal is to estimate a set of inertial parameters that
accurately reproduces the robot dynamics while remaining physically consistent.

The problem can be summarized by the following requirements. First, the identified pa-
rameters should lead to low torque-prediction error on trajectories that were not used during
training. Second, the estimated parameters should satisfy physical consistency conditions,
including positive mass and density-realizable inertia matrices. Third, the method should
be robust with respect to different initial parameter guesses and measurement disturbances.
Finally, the approach should be computationally practical enough to be used in simulation
studies and real-robot identification experiments.

1.2. Contributions and Overview of the Presented Research
The main contributions of this thesis are the following:

¢ A physically consistent parameterization of the inertial parameters is introduced. The
mass is parameterized using an exponential function, the center of mass is optimized
directly, the principal-axis orientation is represented through the exponential map on
SO(3), and the principal moments of inertia are parameterized such that the triangle
inequalities are satisfied by construction.

¢ The inverse dynamics model is reformulated to make the dependence on the link
inertia matrices explicit. This formulation provides the basis for gradient-based inertial
parameter identification.

¢ The proposed identification method is evaluated in simulation through Monte Carlo
experiments considering different initialization perturbations, training trajectories, and
torque-noise levels. Its performance is assessed using torque-prediction error, physical
consistency, the Frobenius norm, the affine-invariant Riemannian metric, convergence
behavior, computation time, and a comparison against PC-IDIM-OLS.

* The proposed method is validated on real Franka Research 3 robot data by tuning the
CAD inertial parameters and evaluating torque-prediction accuracy, physical consistency,
generalization to unseen trajectories, computation time, and performance against PC-
IDIM-OLS.

The remainder of this thesis is organized as follows. Chapter 2 introduces the mathematical
tools required for the formulation, including notation, rigid-body kinematics, inverse dynam-
ics, and matrix distance measures. Chapter 3 reviews classical inertial parameter identification
methods, base parameters, physical consistency, and excitation trajectory design. Chapter 4
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presents the proposed gradient-based identification method, including the lambda parameter-
ization, the mapping between standard and physically consistent parameters, the analytical
gradient, and the implementation pipeline. Chapter 5 evaluates the method in simulation,
compares it with existing approaches, and presents results obtained from real-robot data.
Finally, Chapter 6 summarizes the main findings and discusses possible directions for future

work.






2. Mathematical Background for Robotics

This chapter introduces the mathematical background required for the formulations used
throughout this thesis. It defines the notation, operators, rigid-body kinematics, robot
dynamics, and matrix distance measures needed for the following chapters.

2.1. Notation and Operators

2.1.1. Vectors and Matrices

A vector v € R" is used to represent quantities with multiple components. In Euclidean
space, vectors commonly represent positions or displacements, but they can also represent
other physical quantities. In this work, vectors are denoted by bold lowercase letters. The
vector from reference point a to point b, expressed in reference frame i, is denoted by

V- (2.1)
Matrices with m rows and n columns are denoted by bold uppercase letters, such as

A € R™", 2.2)

2.1.2. Skew Operator
The skew operator maps a vector v = [v1, vy, ’03]T € R3 to the skew-symmetric matrix

0 —03 (%]
[ox]=|vs 0 —ovqf. (2.3)
—Uy 7 0

A skew-symmetric matrix is a square matrix whose transpose equals its negative. This
representation is particularly handy for expressing cross products in matrix form:

v X w = [vxX]w. (2.4

2.1.3. Double-Tilde Operator

For a vector v € R3, the double tilde operator is defined as

N v 0 0 v v3 0
v=1|0 (%] 0 01 0 o3 . (25)
0 0 v3 0 v v

This operator will be useful later in the construction of the regressor matrices.
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2.2. Exponential and Logarithmic Maps on SO(3)

The exponential map provides a mapping from the Lie algebra so(3) to the Lie group
SO(3). The elements of SO(3) are rotation matrices, which are introduced in Sec. 2.3.1. The
exponential map is defined as:

exp : s0(3) — SO(3)

2.6
w — Ray3 @6
This mapping admits a closed-form expression given by Rodrigues’ formula [8]:
in 0 1 —cosf
exp(w) =R =1+ SIB [wx] + %[wx]z (2.7)
Here, w denotes the rotation vector expressed through its three components, while 6 repre-
sents its magnitude:
w1
w= |w|, 0= |wl| . (2.8)
w3

For 6 = 0, the exponential map yields the identity rotation.
The inverse of the exponential map is referred to as the logarithmic map. It maps a rotation
matrix in SO(3) to its corresponding element in s0(3):

log : SO(3) — s0(3)

2.9
R3><3 — w. ( )

To compute the logarithmic map, the rotation angle is first obtained from the trace of the
rotation matrix. The cosine of the angle is given by

cosf = % (tr(R) — 1) (2.10)

The sine of the angle can then be written as

sind = (1 —cos?0)'’? = 2/(3— x(R)) (1 + u(R)) 2.11)
Finally, the rotation vector is recovered as
g [Re2— R
log(R) = w = Seind |:R13 - R31] (2.12)
Ry — Raz

According to [9], the exponential map is well-defined and surjective, meaning that every
rotation matrix in SO(3) can be represented by at least one rotation vector in so0(3). However,
the exponential map is not globally one-to-one, since different rotation vectors may represent
the same rotation. By restricting the rotation angle to the principal interval 0 < 6 < 7,
the logarithmic map provides a locally unique inverse of the exponential map. This local
correspondence between s0(3) and SO(3) will be used in the subsequent chapters of this
thesis.
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2.3. Robot Kinematics

Robot kinematics studies the motion of rigid bodies without considering the forces that
produce it. This section introduces only the kinematic concepts required in this work,
including rigid-body transformations, body velocities, adjoint transformations, and Jacobians.

2.3.1. Rotation Matrices and Homogeneous Transformations

The rotation matrix /R; € IR®*3 describes the orientation of frame i with respect to frame j.
It transforms the coordinates of a point expressed in frame i into coordinates expressed in
frame j:

v, = R; v, (2.13)

Valid three-dimensional rotation matrices always preserve Euclidean distance between
points. They belong to the special orthogonal group SO(3) because they are orthogonal and
have determinant equal to one. Orthogonality implies that the transpose of a rotation matrix
is equal to its inverse:

(r) = () =&, 214)

A homogeneous transformation H € R*** is important in robotics because it provides a
compact way to combine rotation and translation, allowing poses and coordinate transforma-
tions between reference frames to be described using a single matrix. In contrast, rotation
matrices describe only the relative orientation between reference frames. It transforms the
coordinates of a point expressed in frame i into coordinates expressed in frame j, with the
position vector written in homogeneous coordinates:

10,1 ; Dap IR, Twviil [fvay
bl —ig. ab| _ l Iz v 2.15
[ 1 } ! [ 1 O1x3 1 1 215
The inverse of a homogeneous transformation can be computed using the transpose of the
rotation matrix and the corresponding transformed translation vector:

B T T
@ Po [UR) = OR) ol i (2.16)
01x3 1

2.3.2. Velocities

In the context of robotic manipulators, each link of the robot is modeled as a rigid body.
The vector ¥vq; € R® represents the velocity of a rigid body k relative to the world frame
expressed in frame k. It combines its linear and angular velocity components:

k

%
Muox = [k 0"‘} (2.17)

wo k

Here, % denotes the linear velocity component, while w denotes its angular velocity compo-
nent.
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2.3.3. Jacobian Matrix

In robotics, different types of Jacobians can be defined depending on the frame in which the
velocity is expressed. In this thesis, only the body Jacobian is considered.

The body Jacobian ] o (g) maps the generalized velocities g to the body velocity of link k
relative to the base frame 0, expressed in the body-fixed frame k:

“vox = Tox(2)q. (2.18)

2.3.4. Adjoint Transformations

The adjoint transformation Adjy, € R®*® maps velocity vectors from frame i to frame j
according to
]Vk = Adel_ll/k. (2.19)

Using the rotation matrix and translation vector contained in the homogeneous transforma-

tion /H;, the adjoint matrix is given by
IR; [vj;x)R;
Adiy = : " . 2.20
i [03x3 /R; } 220

The corresponding inverse adjoint maps velocity vectors in the opposite direction, from
frame j back to frame i, and is written as

Adjy = Adiy, =

(Ri)" = (R) Doyix]] (2.21)
033 (/R;)

Since wrenches, which are introduced later in Sec. 2.4.3, are dual to velocity vectors, they are
transformed using the inverse transpose of the adjoint transformation:

Twy = Ad; [ 'wy. (2.22)

2.3.5. Lie Bracket Matrix

The Lie bracket matrix, denoted by adj(v), represents the action of a velocity vector v on
another element of the Lie algebra through the Lie bracket. The Lie bracket matrix is given by

adj(v) = FS‘; 53] [[21]]] : (2.23)

An important property used in the derivations presented in the following chapters is that
the Lie bracket of a velocity vector with itself is zero. Applying the Lie bracket matrix to the
same velocity vector yields

[wx]x + [xx]w

adj(v)v = [ lwx]w

} = Ogx1. (2.24)

The upper component vanishes because the cross product is antisymmetric, while the lower
component vanishes because the cross product of a vector with itself is zero.
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2.4. Robot Dynamics

Robot dynamics relates the motion of a robotic system to the forces and torques that produce
it. This section introduces the inertial description of rigid bodies and the inverse dynamics
model used to compute the generalized torques required for a given motion.

2.4.1. Inertia of a Rigid Body

The mass distribution of a rigid body directly determines its motion in response to external
forces. For link k, this distribution is described by its mass, the position of its center of mass
(CoM), and its moment of inertia. The mass m; describes the resistance of body k to linear
acceleration. The center of mass defines the average location of the body’s mass. The CoM
position of body k, expressed in frame k, is given by

kfk,COM: [x y Z]T (2.25)

While the mass describes the resistance to translational motion, the moment of inertia
describes the resistance to rotational motion. The inertia tensor of body k, expressed at its
CoM, is given by
XX,y XY XZi
Lo = | XY YY, YZi|. (2.26)
XZy YZy ZZ

The diagonal elements XX, YYj, and ZZ; describe the moments of inertia about the x-, y-,
and z-axes of frame k, respectively. They quantify how strongly the body resists angular
acceleration about each axis. The off-diagonal elements XY}, XZ, and YZ; are the products
of inertia, which describe the coupling between rotations about different axes. In robotics,
it is often more common to express the moment of inertia with respect to the origin of the
link-fixed frame, rather than at the CoM. Therefore, the moment of inertia I, can be shifted
from the CoM to the origin of frame k using Steiner’s theorem (or parallel-axis theorem):

e Y k.CoM X f k. CoM X (2.27)

The mass, CoM position, and moment of inertia can then be combined into a 6 x 6 inertia
matrix :

T
k
my I3x3 - {mk fk,CoMx:|
k
My fk,CoMX} Iy

This representation shows that the inertial behavior of a rigid body can be described
by a compact set of physical quantities, commonly referred to in the literature as inertial
parameters. For multibody systems, such as robotic manipulators, the inertia matrix serves
as a fundamental building block of the dynamic model. Once defined for each link, these
matrices allow the robotic equations of motion to be derived systematically.

My = (2.28)
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2.4.2. Inertial-Parameter Coefficient Matrix

The matrix A € R®*1?, presented in [10], is used to express the momentum kM kv of body k
in a form that is linear in the inertial parameters. The matrix A(x) collects the coefficients
multiplying the inertial parameter vector 7ty:

kMkak = A(kvk)n'k. (2.29)
It is defined as:
ko~ k
Xi Fwrx]  03x6
A(vy) = . ~ 2.30
i) 031 —[fx]  Fay (2.30)

This operator will be useful later in the construction of the regressor matrices.

2.4.3. Wrenches

A wrench Fw € R® is a vector that represents the forces and moments acting on the rigid body
k expressed in frame k. It combines the linear force component and the torque component
into a single vector:
‘f
kwp = [k k} . (2.31)
Tk
Here, f denotes the force applied to the link, while T denotes the torque. A wrench can
be interpreted as the force counterpart of a velocity. While a velocity vector describes the
instantaneous motion of a rigid body, a wrench describes the generalized force acting on
it. A wrench can be mapped into generalized joint torques through the transpose of the

corresponding Jacobian:
= 1 Fwy (2.32)

2.4.4. Inverse Dynamics Model

For a robotic manipulator with n generalized coordinates, the inverse dynamics model
computes the generalized torques T € R" required to produce a motion described by the
generalized coordinates g € R”, velocities g € IR", and accelerations § € IR™:

T = f(4,9.4) (2.33)

The generalized torques are the torques associated with the generalized coordinates and
therefore act along the unconstrained degrees of freedom of the system. The derivation of the
inverse dynamic model is not repeated in this work. Instead, the formulation presented in
[11] is adopted for a fixed-base robotic manipulator. This formulation is based on Newton’s
second law, which relates the derivative of the generalized momentum to the generalized
force. The model can be understood as the result of summing the dynamic contributions of
all links k € {1,..., minks }:

10
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(95 Mok ) d+ 3 (T8, Mok + 15 Mok ) -

k k
M C
(2.34)
kyT k kYT k
- Z ( JO,k wk,grav) = Z, (bJO,k wk,nc)
k k .
Tgrav T

where M € R"*" denotes the generalized mass matrix, C € R"*" the Coriolis matrix, kc, e
R®*¢ the body Coriolis matrix and Ty € R” the gravitational torque vector. Additionally,
the body Jacobian and its time derivative appear in the equation. The gravitational wrench
acting on robot link k is defined as

_ T
Wigray = "My Adog [0 0 —g 0 0 0], (2.35)

where ¢ denotes the gravitational acceleration. In this work, it is set to ¢ = 9.81 m/s?. Finally
kW ne is the wrench acting on body k along the non-constrained directions.

Eq. (2.34) highlights the central role of the inertia matrix in the dynamic model. Through
the body Jacobians, the inertia matrix of each link is projected into the generalized coordinates,
contributing to the generalized mass matrix M. By expanding the body Coriolis matrix ¥Cy,
its dependence on the corresponding link inertia matrix *M; becomes explicit:

kCp = *My adj (kuo,k) — adj” (kuo,k) M. (2.36)

Therefore, the inertial parameters influence not only the generalized mass matrix, but also
the Coriolis and centrifugal terms of the inverse dynamics model. Therefore, the importance
of the inertial parameters becomes evident: they define the inertia matrices of the links, which
in turn determine the dynamics equations of the robot.

2.5. Matrix Distance Measures

2.5.1. Frobenius Norm

The Frobenius norm is mainly used to quantify the element-wise difference between two
matrices. For two matrices A, B € R™*", this difference is defined as

|A—B|p= ZZ (a;; — bis)*. (2.37)

i .

m n

The Frobenius norm is always non-negative and satisfies

|A—B|p=0 ifand onlyif A = B. (2.38)

11



2 Mathematical Background for Robotics

2.5.2. Affine-Invariant Riemannian Metric

Given two symmetric positive definite (SPD) matrices A and B, the affine-invariant Rieman-
nian metric (AIRM) distance is defined as

darm(A, B) = HLog(A’l/ZBA’1/2> HF = /3 (ogA:)’, (2.39)

where A; are the eigenvalues of A~'/2BA~1/2. The AIRM distance is always non-negative

and satisfies
damrm(A,B) =0 ifand onlyif A = B. (2.40)

This distance is especially relevant in applications where SPD matrices must be compared
independently of the coordinate system used to represent them.
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3. Related Work

3.1. Inertial Parameter Identification

Accurate dynamic models are essential for model-based control, simulation, trajectory opti-
mization, and torque prediction of robotic manipulators. However, the inertial parameters
provided by CAD models or manufacturers are often insufficiently accurate, especially when
the robot contains cables, grippers, or different payloads. For this reason, inertial-parameter
identification has been widely studied as a way to estimate the dynamic parameters directly
from experimental data.

A key observation in robot dynamics is that, although the equations of motion are nonlinear
in the joint positions and velocities, the inverse dynamics can be written as a linear function
of the inertial parameters. Atkeson et al. [5] showed that the Newton-Euler equations can be
rearranged such that measured joint torques are related linearly to the inertial parameters,
allowing the parameters to be estimated using least-squares techniques. This linear-in-the-
parameters formulation became the basis for many classical robot dynamic identification
methods:

T = Y(q,4,§)m (3.1)

with
=[xt 7} ... T (3.2)

For each link i, the standard inertial parameter vector is defined as
;= [m;, mX;,mY;,mZ;, XX;,YY;, ZZ;, XY;, XZ;, YZ;]T € R (3.3)

These parameters correspond to the link mass, the first moment of mass, and the six inde-
pendent components of the symmetric inertia tensor expressed in the corresponding link
frame.

When measurements are collected over N samples, Eq. (3.2) can be stacked into the

observation equation
T=Wm+p, (3.4)

where T contains the measured joint torques over all samples, W is the stacked observation
matrix, and p represents measurement noise and unmodelled dynamics. Most classical
identification methods are based on this equation. They mainly differ in how the parameters
are estimated, how measurement noise is treated, how identifiability is handled, and whether
physical consistency is enforced.

14
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3.1.1. Overview of Inertial-Parameter Identification Methods

Several approaches have been proposed for inertial-parameter identification of robotic manip-
ulators. Classical methods estimate the inertial parameters by solving a least-squares problem
based on the inverse dynamic model. Later methods improve robustness by using weighted
least squares, total least squares, instrumental variables, or output-error formulations. Other
approaches focus on physical consistency, either by adding constraints to the optimization
problem or by using a parameterization that only allows physically valid inertial parameters.

The methods differ mainly in how they treat measurement noise, nonlinearities, and physi-
cal feasibility. Least-squares methods are computationally efficient and remain widely used,
but they are sensitive to noisy measurements and do not guarantee physically meaningful
parameters. Output-error and Kalman-filter methods can improve robustness or allow re-
cursive estimation, but they usually require more careful tuning or higher computational
effort. Instrumental-variable methods reduce the bias caused by noisy regressors, while
neural-network-based methods can compensate for nonlinear effects that are difficult to
model explicitly. Physically consistent methods address a different limitation by enforcing
feasibility of the identified inertial parameters.

The overview in Table 3.1 shows that least-squares-based methods are computation-
ally attractive but do not guarantee physically meaningful parameters. Constrained and
semidefinite-programming-based methods address this limitation by explicitly enforcing
physical feasibility. However, these methods introduce additional constraints and may
increase computational complexity. Reparameterized methods provide an alternative by
guaranteeing physical consistency by construction. This thesis follows this direction and
investigates whether such a physically consistent parameterization can be combined with
gradient-based optimization to identify inertial parameters while preserving physical validity
at every iteration.

3.1.2. Finding the Regressor Matrix

In this work, the regressor matrix is calculated as presented in [10]

Y = Y37 (AG) — adif, AQk) ) (3.5)
k
with .
. ki~ |°R[0,0,¢]T
%k = Joxd + (Jox 4+ ko{ 8l ] (3.6)
3x1

where A (see Eq 2.30) is the Inertial-Parameter Coefficient Matrix and adj is the Lie Bracket
Matrix (see Eq 2.23)

In the following, the constructed regressor matrix Y is validated by comparing the joint
torques obtained from Y7t with those computed from the IDM. Equation 3.5 was implemented
in MATLARB for this purpose. As shown in Figure 3.1, the torque for all joints obtained from
the regressor matches the dynamics-based torque with an error on the order of 10~!2. The
comparison is performed along the optimal trajectory introduced in Section 3.4.
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Table 3.1.: Overview of representative inertial-parameter identification methods.

Approach

Example method

Key characteristic

Least-squares

IDIM-OLS [12]

Estimates the inertial parameters directly from
the linear-in-the-parameters inverse dynamics
model using ordinary least squares. It is sim-
ple and computationally efficient, but does not
enforce physical consistency.

Output-error

DIDIM [13]

Identifies the parameters by comparing mea-
sured and simulated robot behavior. This
makes it suitable for closed-loop identification,
but leads to a nonlinear optimization problem.

Kalman-filter

EKF [14]

Updates the parameter estimate recursively us-
ing a state-estimation framework. This allows
online identification, but the result depends
strongly on noise assumptions and filter tun-

ing.

Instrumental-variable

IDIM-1V [15]

Uses instrumental variables to reduce the bias
introduced by noisy regressors. This im-
proves robustness compared with ordinary
least squares, but requires suitable instru-
ments.

Neural-network

NN-aided ID [16]

Uses neural networks to learn nonlinear effects
or compensate for unmodeled dynamics. This
increases flexibility, but reduces physical inter-
pretability and usually requires more data.

Physically consistent

PC-IDIM-OLS [17]

Extends least-squares identification by enforc-
ing physical-consistency constraints on the
inertial parameters. This ensures physically
meaningful solutions, but requires constrained
optimization.
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Time [s]

Figure 3.1.: Comparison of joint torques, in Nm, computed using the inverse-dynamics model
and the regressor formulation for all seven joints. The curves overlap, confirming
their numerical equivalence.

3.1.3. IDIM-OLS

Introduced by Gautier [12], the Inverse Dynamic Identification Model with Ordinary Least
Squares (IDIM-OLS) has become one of the classical approaches for inertial parameter
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identification. The ordinary least-squares problem is written as
% = argmin |[Wm —T|,. (3.7)
7T

One of the main characteristics of the method is its simplicity and ease of implementation;
however, its performance strongly depends on the quality of the excitation trajectory used to
build the observation matrix [15]. It is also important to note that if the observation matrix
is not full rank, the identification problem is ill-posed. Therefore, the rank deficiency of
the observation matrix must first be addressed by identifying a set of base parameters, as
described in Sec. 3.2.

3.1.4. PC-IDIM-OLS

Although IDIM-OLS provides a simple and efficient estimate of the inertial parameters, the
unconstrained least-squares solution is not guaranteed to be physically consistent (see Sec. 3.3).
PC-IDIM-OLS addresses this limitation by extending the classical IDIM-OLS formulation
with physical-consistency constraints on the inertial parameters. Following the pseudo-inertia
matrix formulation of Wensing et al. [17], these constraints can be expressed as linear matrix
inequalities (LMIs):
" .

7" = arg min |Wm —T||, 58

s.t. Pk(ﬂf'k) =0, k= 1,... s Minks-

Here, Py (7ty) is the pseudo-inertia matrix of link k, which compactly combines the mass, first
moment, and rotational inertia into a single matrix:

z mX, mYy mZ
Py (i) = ‘ L X e mZ | e (3.9)
[ka mYy mZk} My
The matrix Xy is given by
1
X = 5 tr(Ik)Ig — I, (3.10)

These formulations preserve the convexity of the optimization problem, meaning that the
obtained optimum is globally optimal. Wensing et al. show that enforcing positive definiteness
of the pseudo-inertia matrix is sufficient to guarantee physical consistency of the inertial
parameters.

3.2. Base Parameters and Identifiability

Finding a minimum set of non-redundant and identifiable inertial parameters is a fundamental
step in the identification process, since it improves the robustness of the result [18]. In the
standard inertial parameter vector 7t , some parameters do not affect the robot dynamics at
all. In addition, some parameters cannot be identified individually, but only through linear
combinations with parameters of the adjacent links. This redundancy is a consequence of the
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serial kinematic structure of the manipulator and of the motion constraints imposed by the
joints [19].
Definition (Base Parameters). The base parameters b are the minimum set of identifiable
inertial parameters that fully characterize the robot dynamics. They are sufficient to reproduce
the same joint torques as the standard parameter vector. Therefore, the inverse model can
also be written as

T=YmT =Yb, (3.11)

where Y}, is the reduced regressor matrix, with one column for each base parameter in b.

Equivalently, the base parameter set can be interpreted from the structure of the regressor
matrix. As described in [20], it can be obtained by applying column rearrangements to the
regressor matrix Y in order to handle its rank deficiency. Let the regressor be partitioned as

T
Y= ov), =T, (312)
where Y; contains the independent columns. If the dependent columns satisfy Y, = YR,
then

T=Yr=Y; (71’1—|-R7'L'2). (3.13)

Thus,
Y, =Y, b = m + Romo. (3.14)

This shows that base parameters are generally linear combinations of standard inertial
parameters rather than individual physical quantities.

It is important to note that the base parameter set is not unique. Therefore, different
regrouping strategies may produce different, but dynamically equivalent, reduced parameter
vectors that satisfy Eq. (3.11). An upper bound on the number of base parameters can be
obtained according to [18], which provides a useful estimate of the size of the identifiable
parameter set. The number of base parameters is bounded by

ny < 7ny +4ny, — 30, (3.15)

where 7, is the number of revolute joints, 1, is the number of prismatic joints, and ¢ is a
boolean variable equal to one if the first joint is revolute and zero otherwise.

Finally, base parameters should be distinguished from further reduced parameter sets
such as essential parameters. Essential parameters are obtained afterwards by removing
base parameters that have an insignificant contribution to the joint torques or that are poorly
estimated in the presence of noise [21]. In this work, essential parameters are not considered.

3.2.1. Finding the Base Parameters

The base inertial parameters can be derived from the standard inertial parameters by eliminat-
ing those that do not affect the system dynamics and by regrouping parameters that appear
only through linear combinations. Two main approaches are commonly used in the literature.
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The first one is symbolic and relies on the analytical inspection of the dynamic equations.
The second approach is numerical and identifies the independent columns of the regressor
matrix using rank-revealing techniques. In [22], Gautier presented a QR-decomposition-based
method to determine the base parameters. Numerical methods must be used carefully, since
they may underestimate the number of base parameters if the trajectory used is not sufficiently
exciting [23]. In the following section, one symbolic method is presented.

Symbolic Approach

Gautier and Khalil [24] proposed one of the earliest and most widely adopted strategies for
determining the set of base parameters. In this method, parameters with no effect on the
dynamics are first eliminated, after which a recursive regrouping algorithm is applied to
address the rank deficiency of the regressor matrix.

1) Parameters with no effect on the dynamic model

The approach is based on the energy formulation of the robot dynamics. Since the joint
torques are obtained from the kinetic and potential energies through the Euler-Lagrange
equations, an inertial parameter that does not contribute to these energy terms cannot affect
the resulting joint torques. These inertial parameters belong typically to the links closer to the
robot base [24]. The kinetic and potential energies can be expressed as linear functions of the
inertial parameters:

10n JE 10n

E = Z Tmﬂi = ;Dgiﬂ'i, (316)
i=1 i=1
10n ou 10n

u= — 7 = Dy ;. 3.17
; 87'[1' i 1:21 u;/ti ( )

Here, Dg, and Dy, are the kinetic-energy and potential-energy coefficients associated with the
inertial parameter 77;, respectively.

Based on the linear representation of the kinetic and potential energies in Eq. (3.16) and
Eq. (3.17), the contribution of each inertial parameter to the joint torques can be analyzed
through the Euler-Lagrange equations:

d(&E) JoE JU (3.18)

T=—|— )=+
at\aq) " aq " 9q
Observation. If, for a given inertial parameter 7r;, Dg, = 0 and Dy, is constant, then this

parameter does not affect the joint torques and can be eliminated from the standard parameter
set. Equivalently, the column of the regressor matrix corresponding to 7; is a zero vector.

A set of practical rules is also presented in [18] to facilitate the identification of parameters
with no effect on the joint torques. Here, only the rules relevant to this thesis are reported:
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Rule 1: If joint 1 is revolute, then the parameters XX;, XY1, XZ;, YY1, YZy, mZ;, and
my have no effect on the dynamic model.

Rule 2: If the rotation axis of revolute joint 1 is parallel to the direction of gravitational
acceleration, then mX; and mY; have no effect on the dynamic model.

2) Recursive regrouping algorithm

The authors propose recursive regrouping relations that depend on the type of joint. In
particular, different regrouping strategies are defined for revolute and prismatic joints. Since
this thesis only considers robots with revolute joints, the corresponding regrouping relations
are reported in Table 3.2.

It is worth noting that the relations in Table 3.2 are valid for the modified Denavit-
Hartenberg convention. The recursive procedure is applied sequentially, starting from the
most distal link and proceeding toward the base.

Table 3.2.: General regrouping relations for revolute joints, where ¢; = cos(a;) and s; =
sin(a;).

Parameter | General regrouping relation
XX | XX; —YY;
XXy | XXi_1 + YY + 2dimZ; + dim;
YY | YYiii + Y, + 2d,2mZ; + (a% + d%c,?) m;
27}y | 2Zia+ IV +2disimZi + (aF + dsF) my

XYl-l_l XY;_1+a;simZ; + a;d;s;m;
le{_l XZ,-_1 — aicimZi — aidicimi
YZ;_1+cs;YY; +2d;cisimZ; + d?cisimi

mX! | | mX;_q +a;m;

!/
mY; ;| mY;_q —s;mZ; — d;s;m;

i
mZL1 mZi_1+ cimZ; + dicim;
/
i

m;_q | mi_1+m;

3.2.2. Base Parameters of the Franka Research 3

In the following section, the methods introduced above are applied to determine the base
parameters of the Franka Research 3.

First, following Rule 1 and Rule 2, the parameters with no effect on the dynamic model are
identified. As a result, nine inertial parameters from joint 1 are directly removed. Second, the
regrouping relations in Table 3.2 are applied to links 2 through 7, allowing three parameters
to be regrouped for each link. The recursive regrouping algorithm was implemented in
MATLAB using the modified D-H parameters reported in Appendix B.
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This procedure results in a total of 43 base parameters, which satisfies the upper bound
of 46 obtained from Eq. (3.15). The resulting base parameter set is provided in Appendix B.
Table 3.3 provides a visual summary of the results obtained in this section. The union of the
parameters marked in green Hand purple [ forms a set of 43 base inertial parameters for
the FR3.

In the same way, the elimination and regrouping procedure is applied to the columns of
the full regressor matrix. After removing the dependent columns, the reduced regressor Yj is
obtained with rank(Y;,) = 1, and can be used together with the base parameter vector.

Table 3.3.: Classification of the standard inertial parameters according to their role in the
parameter reduction.

my | mXy | mYy, | mZy | XXq | YY) | 271 | XY | XZ1 | YZ,
my | mXo | mYy | mZy | XXo | YYo | ZZp | XYo | XZp | Y2,
ms | mXz | mYs | mZs | XX3 | YY3 | ZZ3 | XY3 | XZ3 | YZ3
my | mXy | mYy | mZy | XXy | YYy | 274 | XYy | XZ4 | Y24
ms | mXs | mYs | mZs | XXs5 | YY5 | ZZ5 | XY5 | XZ5 | YZ5
me | mXe | mYe | mZeg | XX¢ | YYo | ZZ6 | XYe | XZo | YZs
my | mXy | mYy | mZy | XXz | YY7 | ZZ7 | XYy | XZ7 | YZ7

I:I Regrouped parameters D No-effect parameters

I:I Combined parameters D Independent parameters

To verify that the regrouping and elimination strategy was correctly implemented, the joint
torques obtained from the full model, Y7, are compared with those from the reduced model,
Y,b. The comparison is performed along the optimal trajectory introduced in Section 3.4.
Only the result for joint 5 is shown in Figure 3.2 and the maximum errors for all joints remain
on the order of 10~1* Nm.

22



3 Related Work
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Figure 3.2.: Comparison of joint 5 torques computed with the full and reduced regressors.

3.3. Physical Consistency of Inertial Parameters

Early inertial parameter identification methods often did not explicitly account for the fact
that not every identified parameter vector corresponds to a physically valid rigid body. The
requirement of positive mass is straightforward, but it is only one part of the problem. The
three-dimensional rotational inertia must also be physically meaningful, since arbitrary values
may not correspond to any real mass distribution. Using such parameters in a robot model
can result in unstable control performance and unrealistic simulations [7].

This motivated several approaches for incorporating physical feasibility into the identi-
fication process. Previous works addressed this in different ways, for example by using
CAD inertial parameters as prior information or by enforcing constraints within semidefinite
programming formulations. In many of these approaches, positive definiteness of the inertia
matrix was considered sufficient to guarantee physical consistency [7, 25, 26, 27, 28].

Traversaro et al. showed that positive definiteness is necessary, but not sufficient, for full
physical consistency [6]. In addition, the principal moments of inertia must satisfy the triangle
inequalities:

h<h+ R<h+ls  B<Li+). (3.19)

This distinction allows identification methods to be compared in terms of semi-consistency,
where only positive definiteness is enforced, and full physical consistency, where the triangle
inequalities are also satisfied.

Based on this distinction, different methods have been proposed to enforce full physical
consistency during identification. Traversaro et al. formulated the identification problem
as an optimization problem on manifolds. A key advantage of this approach is that the
inertial parameters remain physically valid at every iteration, unlike standard constrained
optimization methods, where feasibility is typically guaranteed only at convergence.

A different approach was proposed by Wensing et al. [17], who incorporated physical
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consistency directly into the identification problem using linear matrix inequality constraints.
These convex constraints can accelerate convergence and improve robustness to measurement
noise. The concept of density realizability with respect to the frame origin is introduced in
this work. It is useful because it provides a criterion for verifying whether the identified
inertial parameters correspond to a physically valid rigid body. Let the rotational inertia
tensor of link k be expressed through its eigendecomposition as

I, = RJR7, R €SO(3), J=diag(J1, )2, /3), Ji>0. (3.20)

Then, I is density-realizable if and only if the principal moments of inertia [, |, and J3 satisfy
the triangle inequalities in (3.19). The condition R € SO(3) ensures that the eigenvectors
define a valid rotational frame.

Definition (Full Physical Consistency). A set of standard inertial parameters is said to
be fully physically consistent if and only if, for each link k,

my >0 and I is density realizable. (3.21)

In summary, physical consistency can be enforced either by adding constraints to the identifi-
cation problem or by using a parametrization that only permits physically valid parameters.
The latter usually improves physical interpretability, but often increases computational com-
plexity.

3.4. Exciting Trajectories

The trajectory followed by the robotic manipulator during the identification experiment is
essential for improving parameter estimation accuracy [29]. A sufficiently exciting trajectory
reveals the influence of each base parameter on the robot dynamics and improves the
conditioning of the identification problem. Proper excitation can also improve the convergence
speed of the estimation process and increase its robustness against measurement noise [30].

Since the 2000s, the generation of optimal excitation trajectories has been a recurring
research topic in the robot identification community [20]. The design of excitation trajec-
tories generally involves two main choices: the parameterization used to describe the joint
trajectories and the loss function of the optimization problem.

A common strategy is to parameterize the joint trajectories using finite Fourier series, which
provide smooth periodic motions and allow analytical computation of joint velocities and
joint accelerations [30, 31, 32, 33]. Due to their periodicity, Fourier-based trajectories can be
repeated over several cycles, allowing redundant measurements to be collected and used
to improve the signal-to-noise ratio. Other works formulate the problem directly in terms
of polynomial or spline trajectories, which can incorporate boundary conditions and joint
constraints [34, 5].

Accurate inertial parameter identification requires trajectories that make the robot dynamics
sufficiently informative while respecting the physical limits of the manipulator. For this reason,
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trajectory design is typically formulated as a constrained optimization problem. A generic
trajectory optimization problem can be formulated as

min  J(W(6))

st gmin < q(£0) < qmaxs
qmin < (%, 0) < qmax, (3:22)
dmin < 4(t,0) < dmaxs
Tmin < T(£0) < Trmax, Vit e [0,T],

where 6 denotes the trajectory parameters, W is the observation matrix, and J(-) is the chosen
loss function.

The loss function is typically defined using numerical properties of the observation matrix..
An optimality criterion commonly used is the condition number of the observation matrix
[35, 33, 36], defined as
Omax (W)
Omin (W) ’

where 0max (W) and omin (W) are the largest and smallest singular values of W, respectively.
A smaller condition number indicates a better-conditioned observation matrix and therefore
a more robust estimation problem. Other commonly used criteria include maximizing
the smallest singular value, minimizing the Frobenius condition number, and maximizing
determinant-based measures of the information matrix W' W [35].

Regardless of the chosen criterion, the resulting optimization problem is generally non-
convex. Therefore, the global optimum is difficult to guarantee, and different initial conditions
may lead to different locally optimal excitation trajectories.

cond(W) = (3.23)

3.4.1. Creating Optimal Trajectories

The trajectory design approach used in this work adopts the Fourier-based parameterization
proposed by Park [31]. The desired joint trajectory is expressed as the sum of a polynomial
component and a Fourier component. The implementation in this work follows this dual
parameterization, but uses a different optimization objective.

This choice of parameterization is motivated by two main advantages. First, the period-
icity of the trajectories can improve the signal-to-noise ratio, since repeated cycles provide
redundant information. Second, the use of trigonometric functions gives smooth analytical
expressions for the position, velocity, and acceleration. For joint 7, the joint position is

qi(t) = Ai(t) + (1), (3.24)

where the polynomial term A;(t) is used to satisfy the boundary conditions, while the Fourier
term J;(f) provides periodic excitation. These two components are defined as

Ai(t) = Ajg + Aigt 4 Ajot® + Aiat® + Apat + A58, (3.25)
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and
M

6i(t) = Y ajm cos (mewyt) . (3.26)
m=1

Here, A;; are the polynomial coefficients, 4;, are the Fourier coefficients, M is the number of

harmonics, wy = 271/t is the fundamental pulsation, and ¢y is the trajectory duration. The

boundary conditions for position, velocity, and acceleration are written as

7:(0) = A;(0) +6:(0), qi(tr) = Ailty) +6i(ty),
ql(O) = )\1(0) + (;Z'(O), C]Z(tf) Az(tf) + 5i(tf)/ (3.27)

§i(0) = A;(0) +6:(0), Gilts) = Ai(ts) + di(ty).

The boundary conditions provide six equations, which are sufficient to determine the six poly-
nomial coefficients analytically. Therefore, only the Fourier coefficients remain as independent
optimization variables. They are collected in 6 € R"™:

a1 - A4M
0 = vec(A), A= -~ . (3.28)

A1 - GnM

Using this parameterization, the trajectory optimization problem is formulated as

6" = argmin  10g(0max (W(6))) — 10g(0min(W(6)))
s.t. qmin S q(t/ 9) S Jmax, (329)
qmin S Q(f, 6) S qmax;
qmin S q(tr 6) S qmax/ Vt 6 [O/ tf]/

where W is the column-normalized observation matrix, obtained by scaling each column of
the observation matrix W by its Euclidean norm. The quantities 0max(W) and omin(W) denote
the largest and smallest singular values of W, respectively. Thus, the objective corresponds to
minimizing the logarithm of the condition number of the normalized observation matrix.

3.4.2. Trajectories for the Franka Research 3

This section presents the results obtained using the trajectory optimization method described
previously.

Because the optimization problem is non-convex, the optimization was repeated five times
with different initial guesses. The trajectory with the lowest final loss was selected.

The optimization problem was implemented in MATLAB and solved using fmincon . Each
run was computationally expensive: on a laptop with an Intel Core i7 processor and 16 GB of
RAM, 50 iterations took on average more than nine hours. Evaluating the objective function
at every trajectory sample would have made the computation even more expensive. To reduce
this cost, the objective function was evaluated at 80 equally spaced samples between 0 and
tr. The full trajectory was discretized with a sampling time of 0.1 s. Position, velocity, and
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acceleration constraints were enforced at all trajectory samples, even though only the 80
selected samples were used in the objective function. Once the optimal Fourier coefficients 6*
are found, the trajectory can be resampled at a higher resolution.

The initial and final joint positions, ;(0) and g;(tf), were set to the default joint config-
uration of the Franka R3, listed in Appendix B. Five harmonics were used in the Fourier
parameterization. The velocity and acceleration limits were taken from the Franka R3 specifi-
cations, also reported in Appendix B.

As shown in Fig. 3.3, the optimized end-effector path exhibits an out-and-back motion: the
arm moves away from the default joint configuration, reaches an intermediate position around
tr/2, and then returns along the same path. The corresponding joint-position trajectories are
shown in Fig. A.2. All imposed constraints were satisfied.

The cost function decreased from 7.4006 to 1.6897. Since the objective minimizes the
logarithm of the condition number, these values correspond to condition numbers of approxi-
mately 1636.9663 and 5.4178, respectively. This indicates a substantial improvement in the
conditioning of the normalized observation matrix.

0.8
0.6
0.4

0.2

-0.6 -0.6

Figure 3.3.: End-effector path generated by the Fourier-based optimal trajectory. The green
marker denotes the coincident start and end position. Axes are in meters.

27






4. Gradient-based Inertial Parameter
Identification

4.1. Reformulation of the Inverse Dynamics Model

Given a dataset containing N measurements, the generalized joint torques can be predicted
using the inverse dynamics model introduced in Eq. (2.34). For a candidate inertial parameter
vector 7t, the estimated torque at sample i is obtained from the inverse dynamics model:

T(i) — IDM <q(i),q(i), 'q(i), 71') , i=1,...,N, (4.1)

est

Expanding the inverse dynamics expression in terms of the contributions of the individual
robot links yields the expression below.

. Minks . R i ; () ;
= 2 (To) MG+ 430 M Y
k=1 (4.2)
T(i i) ke(@) (i T(i
+ kJO,gc) kCI(c) kJ(()}c q( ) — k]o}() kwk,grav) .

The inertia matrix M depends directly on the inertial parameters of link k, as described in

Section 2.4.1. The body Coriolis matrix ka(Z) and the gravitational wrench wy ¢4, can then
be substituted. In addition, the kinematic relationship *vox = ¥Jx q is applied, yielding the
following equation:

R P ) (i T(i (i) (i
= P e
k=1
+ 490 ("Meadi 7)) — adj’ (“vf)) "My ) vy
kck(i)

~ 458" (*MiAdy) 0,0,-,0,0,0]7) ]

Wi, erav

The first term of the body Coriolis matrix vanishes because the Lie bracket operator is applied
to the same velocity vector that defines it, as shown in Eq. (2.24). After removing this term,
the common factor ¥JT, kM can be extracted. In addition, the term involving the inverse
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adjoint transformation can be simplified.
Myinks . . . .
T(l) _ Z k](])ig{l) kMk kx(()l,]){ _ k](j)"’g) adjT(kv((]i])() kMkaO,k] (43)
k=1

Here, X, « is the body acceleration vector of link k, which includes the translational, rotational,
and gravitational contributions. It is defined as:

Sox = Toud "+ Topa +

T
"Ry [0,0,8]" (4.4)
031

The compact form of the inverse dynamics model in Eq. (4.3) makes its dependence on the
inertia matrices, and therefore on the inertial parameters, explicit.

4.2. Optimization Problem

The reformulated inverse dynamics model expresses the predicted joint torques explicitly as
a function of the inertial parameters. The identification problem can therefore be formulated
by minimizing the torque-prediction error over all N samples:

T

N
m* =argmin L(r), L(m)= % Y Gi (4.5)
i=1

For sample i, the weighted torque prediction error is defined as :

Gi— 1+ (T@ () )TW (Tm () > 4.6)

5 \Test ~ Tmsrd est — Tmsrd
where W € R"*" is a diagonal positive-definite weighting matrix defined as

W = diag(ws, ..., wy). 4.7)
The weights are determined automatically from the measured torques in the training set:

W L 1 4
o % 227:1 wy ' o Trzms,k +o? 9
where Tysx denotes the RMS measured torque of joint k, and ¢ = 0.5 is a regularization
parameter. This choice normalizes the torque errors with respect to their joint magnitudes,
preventing high-torque joints from dominating the cost while ensuring that the mean diagonal
weight is equal to one.

Directly solving this optimization problem with respect to 7t does not guarantee that the
resulting parameters satisfy the physical-consistency conditions introduced in Section 3.3. To
avoid such solutions, an alternative parameterization of the standard inertial parameters is
introduced.
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4.3. Lambda Parametrization

The purpose of the alternative parameterization is to guarantee physical consistency by
construction, rather than by imposing constraints on the optimization problem. For each
link k, the parameterization guarantees positive mass and density realizability, as defined in
Section 3.3.

(Positive Mass) Since the exponential function is strictly positive, the mass of link k is
parameterized as
my = elk, 4.9)

(CoM position) In contrast to the standard inertial parameter vector, the CoM position is
optimized directly:

T
Mrcom =[x vk oz - (4.10)
(Valid Rotation) The orientation of the principal axes of inertia is parameterized by the

rotation vector wy. As mentioned in Section 2.2, the exponential map on SO(3) takes a
three-dimensional vector and outputs a valid rotation matrix:

W1,k
exp(w) = Ry with wp = |wok| - (4.11)
w3 k

(Triangle Inequalities) To satisfy the triangle inequalities in Eq. (3.19), the principal mo-
ments of inertia are parameterized as

h=b>+ca? h=a’+c? Jz=a’+b (4.12)

The identification problem can therefore be reformulated as an unconstrained optimization
while ensuring that every solution corresponds to a physically consistent inertia. Collecting
the newly introduced optimization variables gives the parameter vector of link k,

M = [ Moo Xk Yoo 2k Wik, Wok, W3k, g, by, o] € R (4.13)

In this way, the inertia matrix of link k can be expressed equivalently as a function of the
lambda parameters:

etz 3 [ ek £y com X ]T
M, (A) = ) (4.14)

[eM frcom™ | ko — € [*fcom> | [Ffecomx |

Using the principal moments defined in Eq. 4.12 and the rotation matrix introduced in Eq. 2.7,
the inertia tensor of link k, expressed at its CoM, is reconstructed as
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Lo (Ax) = Rediag(J1, J2, J3) Ry (4.15)

Finally, the nj;,xs parameter vectors are collected into the complete parameter vector

A=A o Ay, € ROk (4.16)

Niinks

4.3.1. Mapping

In some cases, attaching a gripper or other accessories to the manipulator may alter its inertial
parameters in ways that are difficult to predict. Therefore, a reasonable initialization for the
optimization algorithm is the set of standard parameters currently assumed to represent the
system. On the other hand, after completing the optimization process, it may be necessary to
recover the physically interpretable standard parameters. Both procedures can be performed
through a consistent forward and inverse mapping, once an eigenvalue ordering and rotation-
vector convention are fixed.

Forward Map

For link k, the standard inertial parameter vector is transformed into the physically consistent

parameterization through
M) = Ax (4.17)

The steps required to perform this mapping are described below. First, the logarithm of the
mass is computed as

pux = log(my), (4.18)

and the CoM coordinates are recovered from the first moments of mass:

X 1 ka
froom = |vk| = —— [mYi| . (4.19)
Zy k mZy

The inertia tensor is then transferred from the link-frame origin to the CoM using the
parallel-axis theorem:

Ty = Ie + mu[* k. Com X ] f kCoM X (4.20)

An eigenvalue decomposition is applied to obtain the principal moments of inertia and the
orientation of the principal axes:

Ii.,, = Ridiag (J1,]>, J3) Ry . (4.21)

The rotation vector wy is obtained from the rotation matrix Ry using the logarithmic map (see
Section 2.2):
W1k
wp = |wok| = log(Ry). (4.22)
W3k
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Finally, the parameters ay, by, and ¢, are obtained from the principal moments:

o = /]2+]23—h’
bk: /]1+]23_]2’
o = /]1+]22—]3‘

The resulting parameters are then collected into the vector:

/\k = [,ukr Xk, yk/ Zk, Wik, Wk, W3k, Ak, bk/ Ck]T (423)

Inverse Map

For link k, the physically consistent parameter vector can be transformed back into the
standard inertial parameter vector through

MM = my (4.24)

The mass is first recovered from py as

my = elk, (4.25)
The first moments of mass are then obtained from the CoM coordinates:
ka
mYe | = me* fr com (4.26)
mZk

The orientation of the principal axes is recovered from the rotation vector using the
exponential map (see Section 2.2):
Ry = exp(wy) . (4.27)

The principal moments of inertia are computed as
Ji = b +ct,
o = c; +az, (4.28)
Js = ai + b},
Using the rotation matrix from Eq. 4.27 and the principal moments from Eq. 4.28, the inertia
tensor at the CoM is reconstructed as

Ircom = Ry diag(Jix, Jox, J3x) Ry - (4.29)

The inertia tensor is then transferred from the CoM to the link-frame origin using the
parallel-axis theorem:

I = Iy, — i [kf k,CoM X] [kf k,CoM X] (4.30)

Finally, the inertia components are extracted from the symmetric matrix Iy, and the standard
inertial parameter vector is assembled as

e = [my, mXy, mYy, mZi, XXp, Yo, ZZ, XYoo XZg, YZi )T (4.31)

33
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4.4. Gradient Computation

The optimization problem requires the gradient of the loss function with respect to the
parameter vector A. This gradient is available in closed form. Using the chain rule, the
contribution of sample i is

O\" 3G
VG = (aaT ;“) aa% € R10Minks, (4.32)
T,

est

Since W is symmetric, the derivative of the sample-wise loss with respect to the estimated

torque is
dG; i i "
= W (Tl — Tk ) ER". (4.33)
aTes’c

The torque Jacobian with respect to the complete parameter vector will be denoted by

o T(i)

T;LSt = [Dgi) ce D7(7il2nks:| € R™*10Minks (4.34)
where D,(f) is the block associated with link k:
D(l) _ aTSS)’E _ [d(l) d(l) :| c Rl’leO (4 35)
k _T/\k_ k1 T k,10 : ’

Each column gives the derivative of the estimated joint-torque vector with respect to one
element of Aj. For the p-th parameter of link k, the corresponding column is

(i)

(i) _ 9Test
dk,p = aAk,p (
4.36)
— k]T(i) akMk kx(l) _ adjT<k1/(i)> akMk k1/ ) cR"
0,k oA kp 0,k 0,k oA kp 0,k 4

for p € {1,...,10}.

Because of the serial kinematic structure, the inertial parameters of link k contribute only
to the generalized torques of joint k and its parent joints. Therefore, rows k +-1,...,n of D]((l)
are zero.

The partial derivatives of the inertia matrix with respect to selected elements of the lambda
vector are reported in Appendix A. The derivatives with respect to the remaining parameters
lead to very large symbolic expressions and are not written explicitly. These expressions
are computed symbolically in MATLAB and used directly in the implementation. Their
evaluation represents one of the main computational bottlenecks.

Finally, the gradient of the complete loss function is obtained by averaging the contributions
of all samples:

1 N
Vil = — VaG;. 4.37
A Ni; A (4.37)
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4.5. Gradient Verification

To verify the correctness of the analytical gradient used in the optimization procedure, a
numerical consistency check based on the first-order Taylor expansion of the loss function is
performed.

Let £ : R%ins — R denote the loss function, and let V£ denote its implemented
analytical gradient. For a reference parameter vector A € R'%"inks and a perturbation direction
A € R19inks | the first-order Taylor approximation is

LA+eN)=L(A)+eVALA)TA+O(), (4.38)

for sufficiently small € > 0. The corresponding Taylor remainder is defined as

R(e) =LA +eA) — L(A) —eVLA)TA. (4.39)

If the implemented gradient is correct, the first-order term cancels and the remainder
satisfies

R(e) = O(€). (4.40)

Test. The remainder is evaluated for decreasing step sizes € along a randomly sampled
direction A. As shown in Figure 4.1, |R(€)| decreases quadratically with e over more than
five orders of magnitude. In a log-log plot, this quadratic relation appears as a straight line
with slope two:

log |R(€)| = 2log e + const. (4.41)

The observed quadratic scaling validates the analytical gradient implementation.

4.6. Optimizer

Any suitable first-order optimizer can be used to update the physically consistent parameter
vector A. In this work, the Adaptive Moment Estimation optimizer, commonly known as
Adam, is used because it is computationally efficient and widely adopted. Adam combines
momentum-like updates with adaptive learning rates based on estimates of the first and
second moments of the gradient [37]. Let g, = V£ denote the gradient of the loss function
at iteration h. Adam computes exponentially weighted estimates of the first and second
moments of the gradient:

my, = Brmy_1 + (1 — 1)gy, (4.42)
vy = Bavp—1 + (1= B2)(8n © 8n), (4.43)

35



4 Gradient-based Inertial Parameter Identification

100 L |—o—|R(¢)|

| |- - - - Slope-2 reference

107° |

| B(e)]

1010 ]

1078 1076 104 102 10°

e (step size)

Figure 4.1.: Log-log plot of the Taylor remainder |R(e)| and the corresponding slope-two
reference.

where my, and v), are the first- and second-moment estimates, respectively, and ® denotes
element-wise multiplication. The bias-corrected moment estimates are given by

my

iy, = , (4.44)

1-pf

A~ Oh

oy = . (4.45)

14

The parameter update is then computed as
fity,

A=A — ——n—, 4.46
w1 = A (4.46)

where 7 is the learning rate and € is a small constant used for numerical stability.

4.7. Implementation Pipeline

This section provides an overview of the pipeline used to solve the inertial-parameter iden-
tification problem. It connects the formulation developed in the previous sections with its
implementation. Figure 4.2 summarizes this workflow.

The required signals are the joint positions, joint velocities, joint accelerations, and joint
torques. Depending on the robot, some of these quantities may not be directly available. If
joint velocities or accelerations are not provided, they must be obtained through numerical
differentiation of the measured position or velocity signals. If joint torque sensors are not
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available, the joint torques may need to be estimated from the motor currents. After data
collection, the signals should be preprocessed to reduce the influence of measurement noise.
In this work, window averaging is used for this purpose. Next, the processed dataset is
divided into training, validation, and test sets.

The CAD inertial parameters are mapped from the standard parameter vector 7t to the
physically consistent parameter vector A. This vector provides a good initial guess to start the
optimization.

For every sample, the kinematic quantities required by the inverse dynamics model,
including the body Jacobians, their time derivatives, body velocities, and body accelerations,
are computed once and stored. These quantities depend only on the measured robot motion
and are therefore precomputed before the optimization.

It is worth noting that the optimization is not performed in a classical epoch-based manner
over all training samples. Instead, each iteration uses a randomly selected mini-batch from
the dataset. The estimated torques, the loss function, and the analytical gradient with respect
to A are then evaluated for this batch. This was found to be sufficient while significantly
reducing the computational cost, since the derivatives with respect to the inertial parameters
are evaluated only for a subset of samples.

The parameter vector is updated using a gradient-based optimization algorithm, such
as Adam; however, other suitable first-order optimization methods can also be used. The
validation loss is evaluated periodically. The parameter vector yielding the lowest validation
loss is retained. The optimization terminates when the maximum number of iterations is
reached or when the validation loss does not improve for a specified patience period.

The best parameter vector can be mapped back to the standard inertial parameter vector 7.
Finally, the generalization capability of the identified model is evaluated on an independent
test dataset by comparing the predicted joint torques with the measured joint torques.
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Figure 4.2.: Gradient-based inertial parameter identification workflow. Shaded elements
represent the iterative optimization algorithm.
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5. Experimental Evaluation and Results

This chapter evaluates the potential and limitations of the proposed gradient-based inertial-
parameter identification algorithm in both simulation and real-robot experiments. The
simulation studies provide a controlled environment, allowing convergence behavior, robust-
ness, and physical consistency of the proposed method to be analyzed. Different experimental
conditions are considered, including ideal noise-free data, different training trajectories,
additive torque noise, and a comparison against the PC-IDIM-OLS method.

After the simulation analysis, the proposed method is evaluated using measured data
from the real FR3 robot. In this case, the true inertial parameters are not available, and
the evaluation therefore focuses on the ability of the identified model to improve torque
prediction on unseen trajectories. The real-robot experiments evaluate whether the proposed
algorithm can fine-tune CAD inertial parameters and adapt to changes in the robot dynamics
caused by an unknown payload, while preserving physical consistency and generalizing
beyond the trajectory used for training.

To obtain more statistically meaningful results, the experiments are repeated over multiple
Monte Carlo trials. The main evaluation criteria considered in these experiments are:

¢ Physical Consistency: The percentage of trials in which the identified parameters
correspond to a fully physically consistent set of inertial parameters ,according to the
conditions described in Section 3.3.

¢ Number of iterations: The number of iterations required by the algorithm to reach
convergence is recorded. Convergence is determined according to two stopping criteria.
First, early stopping is applied when the validation error does not improve for a
prescribed number of consecutive iterations, referred to as the patience parameter.
Second, a maximum number of iterations is manually imposed to prevent excessively
long runs.

¢ Computation time: The average time required for the algorithm to run and converge is
measured. For reference, all simulations were performed on a laptop equipped with an
Intel Core i7 processor and 16 GB of RAM.

¢ Joint-wise relative torque prediction error: The torque prediction error is evaluated
on an unseen test trajectory with r samples, which was not used during training or
validation. For each joint j, the error is normalized by the measured torque norm and
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computed as

(5.1)

2
Vo (ae - )
ej = 100 .
r

" 2
rue
()

The resulting value is reported in percent and represents the torque prediction error
normalized by the measured torque magnitude of the corresponding joint.

For these experiments, the initial parameter vector for Monte Carlo trial (i) is generated as
/\(()i) = /\true + p /\truee(i)/ e(i) ~ N(O, 1)' (5'2)

This perturbation strategy is suitable for the Monte Carlo analysis because it generates
statistically independent initial guesses centered around the true parameter vector. The scalar
p defines the relative perturbation level.

5.1. Simulation

In the following section, the proposed inertial parameter identification algorithm is evaluated
in a MATLAB simulation environment. In particular, the experiments are designed to evaluate:

1. The behavior of the algorithm under ideal conditions.
2. The influence of the trajectories used during training.

3. The robustness of the algorithm when torque noise is introduced, making the simulation
closer to a realistic experimental setting.

4. The comparison with PC-IDIM-OLS as another physically consistent identification
method.

Because the simulation environment provides access to the true inertial parameters, the
following evaluation criteria are considered for the simulation experiments:

¢ AIRM: The AIRM distance can be used to compare the generalized mass matrix obtained
from the identified parameters with the one obtained from the true parameters. This
metric is described in Section 2.5.2.

dAIRM(Mtruer Mest) (5~3)

¢ Frobenius norm: Similarly, the Frobenius norm is used to quantify the difference
between the true and the identified generalized mass matrices. This metric is described

in Section 2.5.1.
||the - MestHF (54)
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For reproducibility, the hyperparameters used in this section are summarized in Table 5.1.

Table 5.1.: Optimization hyperparameters used in the Monte Carlo simulation experiments.

Hyperparameter Value
Optimizer Adam (Sec. 4.6)
Adam first-moment decay, B1 0.9

Adam second-moment decay, 8, 0.999
Adam numerical constant, € 1x10°8
Learning rate, 1 1x1073
Mini-batch size 64 samples
Maximum number of iterations 1500
Early-stopping patience 25 iterations
Validation frequency Every 5 iterations

Unless stated otherwise, the training trajectory used in the simulation experiments cor-
responds to the best optimized excitation trajectory obtained in Sec. 3.4. Its joint positions,
velocities, accelerations, and torques are shown in Fig. A.2, and the corresponding end-effector
motion is shown in Fig. 3.3. The validation and test trajectories are selected as the trajectories
with the second- and third-lowest optimization losses, respectively.

5.1.1. Ideal Case

The first simulation study evaluates the potential of the proposed method under ideal
conditions. In this experiment, the joint positions, velocities, and accelerations are assumed
to be noise-free, and the joint torques are computed directly from the true robot model.

The identification procedure was repeated over three Monte Carlo experiments, each con-
sisting of 150 independent trials with different initial parameter guesses. Three perturbation
levels were considered, p € {0.05,0.15,0.25}. Typically, an initial estimate is available from
CAD inertial parameters. Therefore, a perturbation level of 5% is considered representative of
a realistic starting point. When external hardware, grippers, or other accessories are attached
to the robot, a moderate perturbation level of 15% is more appropriate. Finally, a perturbation
level of 25% is considered an extreme case, used to evaluate the robustness of the method
under poor initialization.

As shown in Table 5.2 , as the perturbation level increases, the final AIRM distance,
the Frobenius norm, the number of iterations, and the computation time also increase.
Nevertheless, the method consistently converges to physically consistent parameter estimates
in 100% of the Monte Carlo trials.
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Table 5.2.: Comparison of Monte Carlo simulation experiments under ideal conditions for
different initialization perturbation levels.
p=0.05 p=0.15 p =025
Final AIRM 0.0288 £0.0166 0.0402 £0.0409 0.1076 £ 0.1010
Final Frobenius norm 0.0005 #+ 0.0002 0.0015 + 0.0014 0.0044 + 0.0034

Avg. iterations 116.53 £64.21  690.22 +-323.22 766.03 & 446.84
Avg. time 88+51s 57442735 62.2+37.95s
Physical consistency 100% 100% 100%

The joint-wise relative torque error in Table 5.3 remains low for all joints, indicating that
the identified models reproduce the inverse dynamics accurately. Since the reported errors
are evaluated on a test trajectory that was not used during optimization, they indicate that
the identified parameters generalize beyond the training trajectory rather than only fitting it.

Table 5.3.: Joint-wise relative torque prediction error in percent averaged over Monte Carlo
trials for different initialization perturbation levels.

Joint p=005(%) p=015(%) p=0.25(%)
1 006+002 011+0.13 031+034
2 006+£002 015+0.09 033023
3 0054002 0104+014 028034
4 0074002 0144020 042-+0.51
5  030+0.11 0584079 1.76+£232
6 010+004 0162017 044-+048
7  048+023 0612081 1.50+1.33

Although the identified parameters do not necessarily match the true parameters, they
can still describe a dynamically equivalent system. Figures 5.1-5.3 show that the final AIRM
distance decreases during optimization for all perturbation levels. This indicates that the
proposed algorithm identifies parameters whose generalized mass matrix M is close to the
one obtained from the true inertial parameters.
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Figure 5.1.: Evolution of the average AIRM distance during training for an initialization
perturbation level of p = 0.05, averaged over 150 Monte Carlo trials. The shaded
band represents one standard deviation around the mean.
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Figure 5.2.: Average AIRM distance during training for p = 0.15. Compared with the p = 0.05
case, the method requires more iterations but still converges to a low AIRM
distance.

44



5 Experimental Evaluation and Results

0.5
( nwto
04k ——— Mean
= 0.3
o
<02t
01F
0 1 1 1
0 500 1000 1500

Iteration

Figure 5.3.: Average AIRM distance during training for p = 0.25. The larger initial perturba-
tion leads to a higher initial error and a wider standard-deviation band, but the
average AIRM distance decreases consistently over the optimization.

In summary, the ideal-case experiment shows that the proposed method behaves as expected
under controlled conditions. The results also show a clear dependence on the initialization.
Nevertheless, the AIRM curves indicate that the method consistently moves toward dynami-
cally equivalent inertial parameters. This study should be interpreted as a best-case validation.
More realistic conditions are considered in the following sections.

5.1.2. Influence of the Training Trajectory

According to the literature, the choice of training trajectory plays an important role in
the parameter identification process, as discussed in Sec. 3.4. In classical regressor-based
identification, optimized excitation trajectories are typically used to improve the conditioning
of the observation matrix and to make the influence of the inertial parameters more visible in
the measured data. Although the proposed approach does not explicitly rely on the classical
regressor formulation during the optimization, the training trajectory may still affect the
convergence behavior. This simulation experiment investigates whether optimized excitation
trajectories provide a measurable advantage over simpler sinusoidal trajectories.

The results obtained in the previous section using the optimal Fourier-based trajectory and
a moderate perturbation level of p = 0.15 are compared with those obtained using simple
sinusoidal trajectories. The validation and test trajectories were kept the same to ensure a fair
comparison. The training trajectories include random phase shifts ¢ and are generated as

q(t) = a+bsin(2t + ¢), (5.5)
§(t) = 2bcos(2t + ¢), (5.6)
j(t) = —4bsin(2t + ¢). (5.7)
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The corresponding joint positions, velocities, accelerations, and torques are shown in Fig. A.1.

Table 5.4 summarizes the results obtained with the sinusoidal and optimized trajectories.
Both experiments achieve full physical consistency, and the final AIRM distances are very
similar. The optimized trajectory leads to a slightly lower Frobenius norm, while the sinu-
soidal trajectory requires slightly fewer iterations and less computation time. However, the
differences between both cases are small.

Table 5.4.: Comparison between sinusoidal and optimized training trajectories under ideal
conditions for p = 0.15.

Sinusoidal Trajectory Optimized Trajectory

Final AIRM 0.0394 £ 0.0301 0.0402 4= 0.0409
Final Frobenius norm 0.0018 £ 0.0017 0.0015 £ 0.0014
Avg. iterations 675.5 +294.6 690.22 +323.22
Avg. time 55.8+249s 574+273s
Physical consistency 100% 100%

The joint-wise relative torque error in Table 5.5 shows that both trajectories lead to compa-
rable prediction accuracy on the test trajectory. The optimized trajectory gives slightly lower
errors for some joints, while the sinusoidal trajectory performs similarly for others.

Table 5.5.: Comparison of the joint-wise relative torque prediction error in percent obtained
with sinusoidal and optimized training trajectories under ideal conditions for
p = 0.15. Values are averaged over Monte Carlo trials.

Joint  Sinusoidal trajectory (%) Optimized trajectory (%)

1 0.15+0.06 0.11+0.13
2 0.14 £0.05 0.15£0.09
3 0.124+0.05 0.10£0.14
4 0.20 £ 0.09 0.14 +£0.20
5 0.59 £0.31 0.58 £0.79
6 0.10 £0.04 0.16 £0.17
7 0.63 =0.38 0.61 £0.81

This experiment indicates that optimized excitation trajectories do not provide a major
advantage over simple trajectories in the ideal simulation setting. However, under more
realistic conditions, the excitation quality of the training trajectory may become more relevant.

5.1.3. Robustness against Noise

This section evaluates the robustness of the proposed method under different levels of noise.
Since the optimization objective is formulated by minimizing the torque prediction error,
noise is injected only into the torque measurements, while the joint positions, velocities, and
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accelerations are kept unchanged. This allows the effect of corrupted torque to be isolated.
The noisy torque vector for Monte Carlo trial (i) is generated as

0 —rioe®, e A(0,T) (5.8)

noisy

Three noise levels are considered in this study. The standard case uses a torque noise
standard deviation of or = 0.05Nm, which is the same noise level used in BIRDy, an open-
source MATLAB toolbox for robot inertial-parameter identification [20]. In addition, a lower
noise level of oz = 0.01 Nm and a severe noise level of ¢ = 0.1 Nm are considered to analyze
robustness under different conditions. The initial parameter vector for all Monte Carlo trials
is randomly perturbed using a perturbation level of p = 0.15, following Eq. 5.2.

Table 5.6.: Simulation results of the Monte Carlo experiments for different torque-noise levels.
or = 0.01 Nm 0r =0.05 Nm o =01Nm

Final AIRM 0.2298 £0.0728  0.2540 £0.1505 0.2936 + 0.1505
Final Frobenius norm  0.0041 £0.0012  0.0037 £0.0012 0.0056 +£ 0.0015
Avg. iterations 471.06 £ 85.74 425.06 =43.77 318.43 4+ 136.52
Avg. time 3041 +13.4703s 23.45+738s 18.63 £ 798 s
Physical consistency 100% 100% 100%

The results, summarized in Table 5.6, show that the proposed method remains physically
consistent for all noise levels. As the torque noise increases, both the final AIRM distance and
the Frobenius norm increase, especially for the severe noise case with o = 0.1 Nm.

The critical factor is not only the absolute noise magnitude, but also its size relative to
the torque signal. When the measured torque is small, noise can dominate the signal and
lead the optimization to fit noise instead of the true dynamics. This is especially relevant
for joint 7, whose measured torque lies only in the range [—0.1193, 0.1231] Nm. Since the
gradient contribution of a distal link can also affect the updates of parent-link parameters, as
discussed in Sec. 4.4, noise-dominated measurements can propagate through the optimization
and degrade convergence.
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Figure 5.4.: Average AIRM distance during training for the third Monte Carlo trial with
0r = 0.1Nm. The full parameter update is compared with a modified update
in which the joint 7 update is deactivated. This leads to improved convergence
behavior and final accuracy.

Figure 5.4 illustrates this effect by comparing two minimization cases: a full parameter
update, in which all 70 parameters are optimized, and a modified update, in which the
gradient-based update associated with link 7 is deactivated and the corresponding diagonal
element of the weighting matrix W is set to zero. The comparison shows that excluding
unreliable gradient information can improve convergence and reduce the final AIRM distance.

Table 5.7.: Effect of torque-noise level on the joint-wise relative torque prediction error in
percent in simulation, averaged over Monte Carlo trials.

Joint o =0.01 Nm (%) 0; =0.05Nm (%) or=0.1Nm (%)
1 0.41£0.13 0.52 +0.18 0.60 = 0.17
2 0.33 +0.08 0.38+0.11 0.45 +0.12
3 0.39 +0.12 0.50 +0.19 0.59 £ 0.20
4 0.57 £ 0.19 0.76 = 0.240 0.90 +0.28
5 3.38+0.81 3.02 +1.50 4804179
6 0.69 +0.22 0.81 +0.29 1.07 + 0.240
7 2.85+0.23 358+ 1.19 430+ 1.68

Table 5.7 shows that the proposed method remains robust when torque noise is introduced
during identification. For most joints, the relative torque prediction error stays below 1%
across the tested noise levels, indicating good generalization to the unseen test trajectory.
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Even in the severe-noise case with o = 0.1 Nm, the errors remain bounded. These results
also highlight the importance of signal preprocessing, since filtering or window averaging
can improve gradient reliability and make the optimization more stable.

5.2. Real-Robot Results

After simulation, the proposed method is tested using data collected from the real FR3 robot.
The evaluation focuses primarily on torque prediction performance over unseen trajectories.

The real-robot dataset consists of measured joint positions, joint velocities, and joint torques
recorded from the FR3 manipulator. Friction is not modeled explicitly in this work. Joint
accelerations are obtained by numerically differentiating the measured joint velocities and
are preprocessed before being used. Because both numerical differentiation and torque
measurements are sensitive to noise, the measured signals are filtered using a window-
averaging method before parameter identification.

The proposed method is initialized from the CAD inertial parameters and its performance
is evaluated by comparing the predicted torques against the measured torques on both
trajectories. The hyperparameters used in this section are summarized in Table 5.8.

Table 5.8.: Optimization hyperparameters used for the real-robot data experiments.

Hyperparameter Value
Optimizer Adam (Sec. 4.6)
Adam first-moment decay, B1 0.9

Adam second-moment decay, B2 0.999
Adam numerical constant, € 1x10°8
Learning rate, 1 1x107*
Mini-batch size 64 samples
Maximum number of iterations 2500
Early-stopping patience 25 iterations
Validation frequency Every 5 iterations

5.2.1. Inertial Parameter Fine-Tuning

In the following section, the proposed algorithm is evaluated as a fine-tuning procedure for
the CAD inertial parameters. The optimization is initialized from the CAD inertial parameters,
which are slightly perturbed with p = 0.05 according to Eq. 5.2. The objective is to tune the
inertial parameters such that the predicted joint torques better match the measured torques.
This represents the typical practical use case, where an existing CAD-based model is available
but requires adjustment. The training trajectory, shown in Fig. A.3, is used for parameter
identification.

Across the Monte Carlo trials, the method preserves physical consistency in 100% of the
cases. On average, convergence is reached after 192.3 iterations, corresponding to 32.74
seconds.
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Fig. 5.5 compares the joint-wise relative torque prediction error before and after optimiza-
tion. For all optimized joints, the average error either decreases or remains approximately
unchanged. The larger relative errors for joints 5 and 7 should be interpreted carefully, since
these joints have small measured torque magnitudes. For example, joint 5 varies only between
approximately —0.9973 Nm and 0.5671 Nm Therefore, even small absolute prediction errors
can produce large relative errors after normalization.

120 T

100 T

I Before optimization
I After optimization ]

[0
o
T

(2]
o
T

1

AN
o
T
1

Relative Torque Error(%)

Joint

Figure 5.5.: Joint-wise relative torque prediction error before and after optimization in the
fine-tuning experiment. Bars show the mean over 150 Monte Carlo trials.

Table 5.9.: Joint-wise relative torque prediction error in percent before and after optimization
in the parameter-tuning experiment.

Joint Before optimization (%) After optimization (%)

1 15.13 £0.07 15.12 £0.02
2 2.30 £ 0.69 1.32£0.03
3 9.05 £0.27 8.59 £0.04
4 3.56 £ 0.97 1.50 £0.32
5 87.03 £0.90 75.94 £ 0.57
6 19.41 +£0.84 14.00 £ 0.29
7 107.58 £ 0.00 107.58 £ 0.00

Table 5.9 shows that the optimization reduces the joint-wise relative torque prediction error
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for most joints. The largest improvements are observed for joints 2, 4, 5, and 6. These results
indicate that the proposed method can refine the CAD inertial parameters and improve torque
prediction on unseen real-robot data without compromising physical consistency.

5.2.2. Payload Adaptation

An important application of inertial-parameter identification is payload adaptation. This is
relevant when a new device is attached to the robot arm or when the robot manipulates
objects with unknown inertial properties. In such cases, adapting the inertial parameters can
improve the dynamic model of the combined robot-payload system. To evaluate this use case,
an experiment was performed with an unknown payload attached to the end effector. The
experimental setup is shown in Fig. 5.6 and the training trajectory is shown in Fig. A.4.

Figure 5.6.: Experimental setup for payload adaptation on the FR3 robot, with an unknown
payload attached to the end effector.

The joint-wise relative torque prediction error in percent before and after optimization is
shown in Fig. 5.7. The corresponding numerical values are reported in Table 5.10.
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Figure 5.7.: Joint-wise relative torque prediction error before and after optimization in the
unknown-payload adaptation experiment. Bars show the mean over 150 Monte
Carlo trials.

Table 5.10.: Joint-wise relative torque prediction error in percent before and after optimization
in the payload-adaptation experiment.

Joint Before optimization (%) After optimization (%)

1 29.72 £0.72 9.47 £0.17
2 24.22 +0.80 1.90 +0.37
3 30.26 £ 0.75 4.58 +0.09
4 30.02 £0.81 8.18£1.43
5 83.69 £ 0.55 54.92 £0.92
6 56.81 £+ 0.82 13.50 £1.99
7 105.44 £ 0.07 80.43 £0.10

The results show a clear reduction in the relative torque prediction error for all joints after
optimization. This indicates that the proposed method can adapt the inertial parameters to
the modified robot dynamics introduced by the unknown payload. The largest improvements
are observed for joints 1-4 and 6, while joints 5 and 7 remain with larger errors. A similar
behavior was also observed in the simulation section.
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5.2.3. Comparison against PC-IDIM-OLS

In this section, the proposed algorithm is compared against PC-IDIM-OLS on the real-robot
dataset. The comparison is performed for the two practical use cases considered in the
previous sections.

Tables 5.11 and 5.12 compare the proposed method with PC-IDIM-OLS on the real-robot
dataset. Both methods preserve physical consistency in all experiments. In the parameter-
tuning case, both methods achieve comparable joint-wise relative torque prediction errors,
while the proposed method requires considerably less computation time.

Table 5.11.: Comparison between the proposed method and PC-IDIM-OLS on the real-robot
dataset for parameter tuning and payload adaptation.

Our Approach  PC-IDIM-OLS

Avg. time 32.74+5.37 s 78.28 s
Parameter tuning Avg. iterations 192.3 £27.26 —
Physical consistency 100% 100%
Avg. time 194.00 =45.22 s 84.14 s
Payload adaptation Avg. iterations 1499.60 + 318.33 —
Physical consistency 100% 100%

The higher computation time of the proposed method in the payload-adaptation case
can be explained by its initialization. The optimization is initialized from the CAD inertial
parameters and therefore starts farther from a good parameter estimate, requiring more
iterations to converge. In contrast, PC-IDIM-OLS solves a constrained least-squares problem
directly and is not affected by the initialization.

Table 5.12.: Joint-wise relative torque prediction error in percent for the proposed method
and PC-IDIM-OLS on the real-robot dataset. Results are shown for parameter
tuning and payload adaptation.

Joint Parameter tuning Payload adaptation
Our approach (%) PC-IDIM-OLS (%) Our approach (%) PC-IDIM-OLS (%)
1 15.12 £ 0.02 16.52 947 +£0.17 9.23
2 1.32+0.03 0.95 1.90 +0.37 1.35
3 448 +0.04 8.08 4.58 +0.09 4.49
4 1.50 +0.32 1.25 8.18 £1.43 1.37
5 75.94 £ 0.57 74.29 54.92 +0.92 50.30
6 14.00 £ 0.29 13.90 13.50 £+ 1.99 8.54
7 107.58 4 0.00 99.82 80.43 +0.10 95.04

Figure 5.8 provides a visual comparison of the joint-wise relative torque prediction error
for the proposed method and PC-IDIM-OLS on the real-robot dataset. In both experiments,
the two methods achieve comparable torque-prediction performance. For some joints, the
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proposed method gives lower relative errors, while for others PC-IDIM-OLS performs slightly
better.
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Figure 5.8.: Comparison of joint-wise relative torque prediction error in percent for the
proposed method and PC-IDIM-OLS on the real-robot dataset.

The relative torque prediction error should be interpreted carefully. Joints 5 and 7 have
small measured torque magnitudes, approximately in the range of —1 to 1 Nm. Therefore,
even small absolute torque errors can lead to large relative errors after normalization. In
addition, when the torque signal is small, measurement noise can dominate the signal.

A similar consideration applies to joint 1. As discussed in Sec. 3.2, most of the inertial
parameters of the first link do not affect the inverse dynamics model of the FR3. As a result,
the optimizer has limited freedom to reduce the prediction error associated with joint 1,
making large improvements more difficult to achieve.
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6. Conclusion and Future Work

6.1. Conclusion

This thesis investigated whether physically consistent inertial parameters can be identified
using an unconstrained gradient-based optimization method. The proposed parameterization
guarantees positive masses and density-realizable inertia matrices by construction. Across all
simulation and real-robot experiments, the optimization produced physically valid parameter
sets in 100% of the experiments.

In the ideal noise-free simulation, the method preserved physical consistency in all Monte
Carlo trials and achieved low joint-wise relative torque prediction errors on unseen test
trajectories. The decreasing AIRM distance shows that the identified parameters produce a
generalized mass matrix close to the one obtained from the true inertial parameters. This
indicates that the algorithm not only fit the training torques, but also finds a dynamically
equivalent model. These results highlight the potential of the proposed algorithm.

The noise experiments showed that the method is sensitive to the signal-to-noise ratio of
the measured torques. Although physical consistency was preserved for all tested noise levels,
low torque magnitudes combined with measurement noise produced unreliable gradients
and degraded convergence. This was especially visible for joint 7, where disabling the
corresponding parameter update improved the optimization behavior.

The real-robot experiments represent the main practical result of this thesis. Two practical
use cases of inertial-parameter identification were considered: fine-tuning an existing CAD-
based model and adapting the model to an unknown payload. In both cases, the proposed
method improves the torque prediction performance, indicating that it can refine the robot
model and adapt to changes in the robot dynamics.

Although both real-robot experiments show improved torque prediction, the remaining
relative errors are still relatively high for high-precision model-based control. Based on the
simulation results, this can be partly explained by the quality of the measured signals: in the
ideal noise-free case, the method achieved much lower errors, while noisy torques, velocities,
and accelerations degraded the optimization performance. This suggests that improved signal
preprocessing could reduce the remaining errors and further improve generalization.

Overall, the proposed method represents a promising alternative to existing physically
consistent inertial-parameter identification approaches, especially when physical validity
should be guaranteed without relying on constrained optimization. The main findings can be
summarized as follows:

* The proposed parameterization guarantees physically valid inertial parameters at every
optimization step.
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¢ In the absence of noise, the method identifies parameters whose generalized mass
matrix is close to the one obtained from the true inertial parameters.

¢ The method showed limited dependence on optimized excitation trajectories, unlike
classical identification methods.

¢ The method can refine CAD inertial parameters and improve torque prediction on
unseen real-robot trajectories.

¢ The method can also adapt the inertial parameters to changes in the robot dynamics
caused by a payload with unknown inertial properties.

¢ In the parameter-tuning experiment, the proposed method required less computation
time than PC-IDIM-OLS. In the payload-adaptation experiment, however, it required
more time due to the larger mismatch between the CAD initialization and the true
robot-payload dynamics.

¢ The main limitations are the sensitivity to the quality of the measured signals, including
joint torques, velocities, and accelerations, and the absence of explicit modeling of
friction.

6.2. Future Work

Future work should address friction modeling, since friction is not captured by the inertial
model and can explain part of the remaining torque-prediction error on real-robot data. A
possible extension is to combine the proposed inertial parameter identification method with
neural-network-based friction identification, for example by using one neural network per
joint to learn the corresponding friction torque. This is motivated by the ability of neural
networks to capture nonlinear friction behavior and learn relationships that may be difficult
to describe with classical friction models.

A second direction is to improve the preprocessing strategy used before identification. The
experiments showed that noisy measurements can produce unreliable gradients and degrade
convergence behavior. Better filtering and differentiation methods are therefore expected to
improve the identification performance.

Finally, the computational efficiency of the method could be further improved. Although
the computational cost was reduced by precomputing the kinematic quantities before opti-
mization, the evaluation of the gradients with respect to the inertial parameters remains one
of the main bottlenecks. A C++ implementation and parallelized gradient computation could
most likely make full-batch optimization feasible.
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A. Appendix

This appendix provides additional plots of the trajectories and measured signals used in the
simulation and real-robot experiments. It also includes selected analytical derivatives of the
reparameterized inertia matrix. The derivatives with respect to wy, wo, w3, a, b, and c are not
listed explicitly, since their expanded symbolic expressions are very large. These derivatives
are computed symbolically in MATLAB during the implementation.
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Figure A.2.: Joint positions, velocities, accelerations, and corresponding torques generated by
the Fourier-based optimal trajectory for all seven joints.
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Figure A.3.: Measured joint positions, velocities, numerically differentiated accelerations, and
measured joint torques for all seven joints of the real-robot training trajectory
used in the parameter-tuning experiment.
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measured joint torques for all seven joints of the real-robot training trajectory
used in the payload-adaptation experiment.
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B. Franka Research 3

The Franka Research 3 is a seven-degree-of-freedom collaborative robotic manipulator de-
signed for robotics research. Its integrated joint torque sensors, together with joint position
and velocity measurements from the control interface, provide the data required for the
inertial-parameter identification experiments in this thesis.

This appendix collects the main parameters used to model the Franka Research 3. These
include the modified Denavit-Hartenberg parameters, the standard inertial parameters
extracted from the URDF model, joint limits and one base inertial parameter set obtained
using the reduction procedure described in Section 3.2.

e
R

\\

Figure B.1.: Franka Research 3 from Franka Robotics. Image source: Husarion [38].
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Joint Limits and Default Configuration

Def. Pos. (rad)  gmin (rad) gmax (rad)

q1 —/2 -2.744 2.744
q2 —/4 -1.784 1.784
q3 0 -2.900 2.900
g4 —3m/4 -3.042 -0.152
qs 0 -2.806 2.806
de /2 0.5445 4.5169
q7 t/4 -3.0159 3.016

Table B.1.: Default joint configuration and position limits of the Franka R3.

Joint (max (rad/ S) {max (rad/ 52) Tmax (Nm)

1 2.620 10 87
2 2.620 10 87
3 2.620 10 87
4 2.620 10 87
5 5.260 10 12
6 4.180 10 12
7 5.260 10 12

Table B.2.: Velocity, acceleration, and torque limits of the Franka R3 .

Modified Denavit-Hartenberg Parameters

Link [L %1 a; di
1 0 0 0.333
2 —7t/2 0 0
3 /2 0 0.316
4 /2 0.0825 0
5 —mn/2 —0.0825 0.384
6 t/2 0 0
7 /2 0.088 0

Table B.3.: Modified Denavit-Hartenberg parameters of the Franka R3.
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Standard Inertial Parameters

Parameter Link 1 Link 2 Link 3 Link 4 Link 5 Link 6 Link 7

m 2.9275 2.9355 2.2449 2.6156 2.3271 1.8170 1.2543
mX 0.0000 0.0093 0.0914 —-0.1201 -0.0037 0.1085 0.0057
mY —0.0531 -0.2182 —0.0108 0.1649 0.0681 —0.0746 0.0108
mZ —0.1130 0.0259 —0.0650 —0.0223 —0.2264 —0.0185 —0.0203
XX 0.0293 0.0584 0.0260 0.0451 0.0756 0.0087 0.0009
YY 0.0268 0.0254 0.0253 0.0346 0.0699 0.0207 0.0008
Z7Z 0.0073 0.0780 0.0228 0.0572 0.0184 0.0256 0.0003
XY 0.0000 0.0009 0.0029 0.0208 —0.0056 0.0107 —0.0001
XZ —0.0001 0.0040 —0.0002 0.0091 —0.0039 0.0025 0.0002
YZ —0.0040 —0.0023 —0.0024 0.0004 0.0173 —0.0021 0.0004

Table B.4.: Standard inertial parameters of the Franka R3.

Lambda Parameters

Parameter Link 1 Link 2 Link 3 Link 4 Link 5 Link 6 Link 7

U 1.0741 1.0769 0.8087 0.9615 0.8446 0.5972 0.2266
X 0.0000 0.0032 0.0407 —0.0459 —0.0016 0.0597 0.0045
Y —0.0181 —0.0743 —0.0048 0.0630 0.0293 —0.0410 0.0086
z —0.0386 0.0088 —0.0290 -—0.0085 —0.0973 —0.0102 —0.0162
w1 —-0.0778 —2.0174 0.0255 0.7494 —0.3782 1.1721 —0.8127
w3 —-1.5610 —-2.1220 -—-1.1784 0.8385 —1.3277 —0.1688 —0.9066
w3 0.1123 0.0762 0.7770 22615 —0.7734 —0.5045 —1.6587
a 0.1424 0.1994 0.1195 0.1906 0.2119 0.1259 0.0223

0.0605 0.1523 0.1116 0.1227 0.1142 0.0408 0.0071
0.0495 0.0379 0.0686 0.0307 0.0047 0.0165 0.0071

Table B.5.: Lambda parameters obtained by mapping the CAD inertial parameters of the
Franka R3 from the standard parameter vector 7t to the physically consistent
parameter vector A.

Base Inertial Parameters

It is worth noting that the base parameter set is not unique, since different regrouping
strategies can lead to dynamically equivalent base parameter sets.
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Parameter Value Parameter Value DParameter Value

by 0.0327 bie —0.5655 b1 —0.0543
by 0.0093 b1y 2.0115 b3o —0.0210
b3 —3.3950 bis 0.6658 b33 0.0361
by 0.0009 b9 0.7860 b34 0.0089
bs 1.1412 bao 0.1731 b3s 0.0025
be 0.0009 by 0.0091 b3e —0.0021
by 0.0040 by 0.0004 bsy 0.0057
bg —0.0023 ba3 —0.0037 bss 0.0108
bg 0.7525 bo4 0.0866 b3g 0.0001
bio 0.0115 bas 0.0362 bao 0.0003
b1 0.0175 bae 0.0489 by —0.0001
bia 0.1487 ba7 —0.0056 bao 0.0002
b3 0.0010 bag —0.0039 bas 0.0004
b4 —0.0002 bag 0.0173

bis —0.0024 bso 0.2189

Table B.6.: Base inertial parameters of the Franka Research 3.
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