
Modelling thermoacoustic stability of
cryogenic rocket engines with novel
acoustic network model elements

Nicolas de Jong Cantarino1,2 , Wolfgang Armbruster1 , Justin Hardi1 ,
Michael Börner1 , Jan Martin1 and Barry Zandbergen2

Abstract
Reliable and computationally efficient prediction capabilities for combustion instabilities in liquid propellant rocket com-
bustion chambers are still rare. This study uses a low-order tool based on the well-known acoustic network model prin-
ciple to map the stability limits of two different research rocket combustors with different cryogenic propellant
combinations. New elements were derived capable of describing any isentropic background flow field in a contoured
chamber, resolving acoustic chamber modes in three dimensions, and supporting distributed flame response models.
Furthermore, an improved boundary condition element for the sonic throat of a rocket nozzle was implemented.
The new network elements were benchmarked against two different research rocket combustion chambers, one single
injector experiment using liquid oxygen and natural gas, exhibiting longitudinal mode instabilities and one multi-element
thrust chamber with transverse mode instabilities. The acoustic resonant frequencies are predicted with an average abso-
lute error of less than 5% for both cases. The tool is capable of predicting stability based on classical time lag and gain
parameters applied to the new distributed flame model. The resulting stability maps are consistent with the benchmark
cases for flame response time lags which are close to those reported in literature from computational fluid dynamics
simulations and experiments.
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Introduction
High-frequency (HF) combustion instabilities present a high
risk for the development and testing of liquid-propellant
rocket engines.1,2 In the environment of extreme power dens-
ity of rocket engine combustion chambers, pressure oscilla-
tions can potentially rapidly grow in amplitude leading to
the destruction of the engine in a fraction of seconds.

Even though the phenomenon and the basic principle of
thermoacoustics has been known for decades, predictive
capabilities are still quite limited.2–5 Consequently, instabil-
ities are typically observed late in the engine development
cycle during full-scale testing. In that case, a long and costly
re-design and additional tests are required to solve the sta-
bility issue. A recent example is the Japanese LE-X demon-
strator, a forerunner to the LE-9 cryogenic main engine,
which also suffered from thermoacoustic instabilities.6,7

High-fidelity computational fluid dynamics simulations,
like large eddy simulation (LES), have been reported to be

able to predict combustion instabilities in sub-scale rocket
combustion chambers. However, using LES to model the
stability of full-scale flight engines is currently not feasible
due to the very high computational costs. Nevertheless,
great progress has been made in the modelling of sub-scale
research combustors.8–12 Some apply scale resolving
approaches to reproduce instabilities.13 Schmitt et al.14,15

were able to simulate the natural transition to instability
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using this approach. An example of a less computationally
expensive approach is the combination of Reynolds-averaged
Navier-Stokes (RANS) and linearized Euler equation (LEE)
simulation performed by Schulze.11

On the other hand, lower order models, like currently
existing acoustic network models, have only limited success
in predicting combustion instabilities in cryogenic rocket
engines, even though they have been applied extensively to
gas turbines. Specially due to the compact flame assumption,
valid for gas turbines, being very far off from reality for
rocket engines. Nevertheless, low-order approaches remain
attractive for iterative design and quick parametric studies
in the pre-development phases of new engines, or for time-
critical analysis of engine test data.

In this article, a series of new low-order models will be
presented. Said models are based on the same principles
as the simpler wave equation approach and are therefore
compatible with network model elements.

The analytical solution of the wave equation for constant
background flow (derived in Poinsot16) shows that the
acoustic variables can be related to a forward (f ) and back-
ward (g) propagating wave as shown in equation (1). In this
work, it will be shown that for a more complex background
flow (with axially-varying properties), the acoustic vari-
ables relate differently to the f and g waves.

p̂

ρ0c0
= f + g (1)

û = f − g (2)

The principle of network models, which the new devel-
opments are still compatible with, consists in representing a
complex acoustic system through a series of simple ele-
ments. Based on geometry and flow properties, the system
is divided into a series of elements for which the evolution
of f and g is described analytically. At the interface between
two elements f and g share the same value, which allows to
describe the evolution throughout the entire system by
building a system matrix containing the transfer matrices
for f and g of the different simple elements. Special ele-
ments are designed for geometric discontinuities and for
flow discontinuities (such as a compact flame). These ele-
ments also match the values of f and g at the interface
with their adjacent elements, even though they are discon-
tinuous themselves.

Once the system transfer matrix is set up, along with
appropriate boundary conditions at the upstream and down-
stream boundaries (and at the radial and periodic boundaries
for three-dimensional (3D) axisymmetric models), the
acoustic resonant frequencies of the system can be obtained.

In summary, given the potential damage caused by com-
bustion instabilities, their prediction early in engine devel-
opment phases is critical. This study aims to improve the
description of acoustics and flame response in rocket com-
bustion chambers with newly derived models. These

models were benchmarked against two different experimen-
tal cryogenic rocket combustors.

This article is structured as follows. First, a review of the
state-of-the-art of low-order models is presented. Next, the
derivation of the newly developed models is shown. Then,
the experiments used for benchmarking are described.
Finally, the comparison between simulation results and
experimental data is presented.

State-of-the-art acoustic network models
Great introductions to acoustic network models are given
by Poinsot16 and Polifke et al.,17 where the simple duct
element with constant mean flow is presented.
Application in gas turbines is common, such as the works
by Huber18 or Palies et al.19 The application to rocket
engines is more limited, with most work being focused on
injector acoustic analysis.11,20,21

There have been multiple models developed with the aim
to characterize the acoustics of systems with gradients in its
background flow. Karthik et al.22 obtain exact solutions
with gradient background flow, but requires a constant tem-
perature gradient and a very small Mach number. The
model by Sujith et al.23 allows for an arbitrary temperature
gradient, but neglects the effects of mean flow (M = 0). Li
and Morgans24 developed a model for background flow gra-
dients. It assumes all gradients are proportional to the dens-
ity gradient, which for complex combustion processes such
as a rocket engine is not applicable. It does not include area
variations and it is only valid for longitudinal modes.
Nicoud and Wieczorek25 showed a model capable of
describing gradients in background flow, which also con-
siders the effects of the flame and entropy fluctuations.
Nevertheless, the model is only capable of computing lon-
gitudinal modes. Schaefer and Polifke26 developed a model
that can describe arbitrary gradients, as well as cross-section
area variations. The model offers great results for longitu-
dinal mode prediction, but cannot model radial of tangential
modes, which are of great importance for rocket engines.
Cummings27 also presents a model that allows for arbitrary
background flow gradients. Although the model starts with
the wave numbers of all three axis into consideration, in
order to reach the desired analytical expression, it proceeds
to consider only the plane mode (longitudinal), as well as
assuming large frequencies of oscillation.

The simplest boundary conditions (BCs) are the ‘open’
and ‘closed’ ends, with reflection factors of −1 and 1,
respectively. Many authors have worked on improving
descriptions for BC, one example is the work by
Davies28,29 who offers a more complex BC for open ends,
which depends on the frequency and the Mach number of
the background flow. Experimental evidence shows that
the reflection factor is bounded between the ideal open
end and Davies model.
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Regarding the description of the BC at the choked throat
of a nozzle, of great interest for rocket engine applications,
there are some relevant works to be mentioned. Firstly, the
work of Marble and Candel30 described a sonic BC at the
throat, which is valid for low frequencies of osccilation.
A later work by Duran and Moreau31 expands on this
work, extending the validity of the sonic BC to higher fre-
quencies. This new model offers very good results when
compared to experimental data, but requires a significantly
more complex description than that of Marble and Candel.

There are various openly available tools for the model-
ling of thermoacoustic instabilities, all designed with gas
turbine combustors in mind. One of said tools is
‘OSCILLOS’,32,33 developed by the Imperial College of
London. A different tool that uses the network model to
simulate combustion instabilities is taX,34 developed by
the Thermo-Fluid Dynamics Group at TU München.
Another open source solver, developed by Ekici et al.35 is
Helmholtz-X. A widely used open-source software is
Nektar++ by the Imperial College of London.36,37

The tools presented are mainly meant for the simulation
of combustion instabilities in gas turbines which typically
have low Mach-number flow in the combustion chamber
and only experience heat addition in a thin flame region.
These conditions are remarkably different to a rocket engine
in which flow speeds are higher and the flame is much
longer (as shown in Figure 1). This further shows the
need to develop a tool with a greater focus on rocket
engines, in order to attempt to achieve consistent predic-
tions of their stability in an early design phase.

In summary, great advances have been made in low-
order acoustic modelling of complex flows. Nevertheless,
the modelling of 3D modes (tangential and radial) is still
an open problem. Furthermore, only the model by
Schaefer et al. is capable of considering arbitrary gradients
and area variations simultaneously. Lastly, none of the men-
tioned models can combine these effects with a distributed
flame response throughout the entire chamber.
Consequently, the need of new developments for rocket
engine thermoacoustic simulation is clear.

Flame response modelling
The most common approaches to implement the flame
response are flame transfer functions (FTFs), which are cre-
ated from experimental data, and analytical models, which
require an expression for the unsteady heat release. The
most widely used unsteady heat release model is Crocco’s
simple time lag model.38 There are other models, such as
the ones by Polifke39 with dual time delay models and dis-
tributed time delay models, as well as frequency dependent
time delays. The report published by Casiano40 summarizes
multiple time lag models.

The time lag models need to be combined with a flame
model. Examples valid for laminar premixed flames include
the work by Polifke,39,41 as well as from the OSCILLOS
team.32 These models are used to represent conical and
wedge flames. Another work by Polifke et al.42 slightly
modifies the model based on the Rankine-Hugoniot equa-
tions and simple time lag model by introducing losses in
the flame element. It introduces the pressure losses as a
freely adjustable coefficient and names the model ‘τ − ζ
model’, since it is based on Crocco’s simple time lag also
known as ‘n− τ model’.

Experimentally measured FTF can also be included in
the network models, as shown by Schuermans et al.43

This approach has become very common for gas turbine
combustor modelling. A common approach to obtain the
FTF is the multi-microphone method.44

In rocket engines, the measurement of time lags and
gains is much more difficult than in gas turbine combustors.
The work by Martin et al.45 managed to obtain the time lag
values for a sub-scale combustor, thanks to its large optical
access. Obtaining an accurate experimental FTF for a rocket
engine is yet to be achieved.

Limitations of existing network model elements for
rocket combustion chambers
In the combustion chamber of a rocket engine, the gradi-
ents in the mean flow variables are significant. This is

Figure 1. Image of a liquid oxygen-methane flame from experimental combustor Brenkammer N (‘BKN’).47
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especially so for the speed of sound and density, which are
key variables for acoustic analysis. Furthermore, these
gradients extend throughout a significant length of the
chamber, not allowing to consider them as discontinuities,
contrary to the usual approach for gas turbine combustors.
Moreover, the rocket engine nozzle also presents these
strong gradients in mean flow along with a significant vari-
ation in area. Most importantly, tangential and radial
modes are of high relevance for rocket engines, as they
have been the cause of instability in the past.46 As stated
before, this generated a need to develop a set of new
acoustic elements.

In gas turbine combustors, the compact flame assump-
tion allows to model the entire flow as isentropic, with an
entropy discontinuity at the flame. For rocket engines, due
to slower atomization, evaporation and mixing, the flame
length is of the order of the combustion chamber length
(see Figure 1). This invalidates the compact flame assump-
tion. Consequently, the entire flow-field needs to be solved
as non-isentropic. This motivated the development of a dis-
tributed flame element which allows the spatial extent of the
flame to be captured, as well as the previously described
gradients in mean flow.

Novel models
In this section, the novel elements developed will be pre-
sented, showing their mathematical description and high-
lighting some key aspects. The full derivation for all the
presented models is present in the Appendix.

One-dimensional (1D)-chamber with varying
background mean flow and area
In this model, all the background flow variables are consid-
ered to be a known function of the axial coordinate. Both
the background and acoustic flows are isentropic. The
model allows for the computation of the longitudinal reson-
ant frequencies of the system. The acoustic pressure and
velocity are described as follows:

p̂ = ρ0c0 fe−ik f ,p(x) + ge−ikg,p(x)
( )

eiωt (3)

û = fe−ik f ,u(x) − ge−ikg,u(x)
( )

eiωt (4)

where the wave numbers k f ,p, kg,p, k f ,u, and kg,u are a
function of the axial coordinate and need to be computed.
They can be obtained by solving a set of four uncoupled
first-order ordinary differential equation (ODE):

i 1−M 2
0

( )∂kf ,p
∂x

= M2
0 +2M0ηf −1

( ) 1
u0

∂u0
∂x

+ 1−M2
0

( ) 1
c0

∂c0
∂x

− 1

A

∂A
∂x

+ ηf −M0

( ) iω
c0
(5)

i
∂k f ,u
∂x

= M0

ηf
− 2

1−M2
0

+ 1

( )
1

u0

∂u0
∂x

+ 1

ηf

M0

1−M 2
0

1

A

∂A
∂x

+ 1

M0
1− 1

ηf

ηf −M0

1−M2
0

( )
iω

c0

(6)

The equations for kg,p and kg,u are identical to the ones
for k f,p and k f,u respectively, but substituting ηf for ηg. The
solution for the f and g waves differs due to the different
upstream boundary conditions:

ηf (0) = 1, ηg(0) = −1 (7)

The function η is computed as η(x) = e−i(ku(x)−k p(x)). The
values of k for the acoustic pressure and velocity need to
be different, or the expressions would not be a solution
to the acoustic equations. If the gradients of background
flow are removed, then they become equal and the
solution corresponds to the uniform flow duct from litera-
ture (see explanation after equations (42) and (43)). For
more details and the full derivation consult the
Appendix (‘Full derivation of 1D isentropic acoustics
with area variation’).

Sonic boundary condition
The expression for a sonic BC at the throat of a rocket
engine (convergent to divergent transition) is:

iω
p̂

ρ0c0
− iω+ 2

∂u0
∂x

( )
û = 0 (8)

Its derivation is present in the Appendix (equation (88)).
The BC is meant to be used in this shape for the 1D isen-
tropic element. Nevertheless, for a qualitative feel of what
the BC represents, the acoustic pressure and velocity will
be substituted by f and g (without correction factors),
resulting in:

RSonic = g

f
=

∂u0
∂x

iω+ ∂u0
∂x

(9)

Note that for low frequencies, this approximate reflec-
tion factor equals 1 (closed BC) and for very high frequen-
cies it approximates 0 (non-reflecting BC), which matches
experimental measurements.31,48 Keep in mind that this
reflection factor is only qualitative, as it has been shown
that for this model the expression for the acoustic velocity
carries a correction factor for the f and g waves. For
more details, consult the complete derivations in the
Appendix (see equation (40)).

The sonic BC for an acoustic 3D non-isentropic flow is
shown next. To obtain the 3D isentropic BC it is sufficient
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to substitute ρ̂ = p̂
c20
in the non-isentropic expression.

iω− (1− γ)
∂u0
∂x

+ ∂c0
∂x

( )
p̂

ρ0c0
− ∂u0

∂x

( )
ρ̂

ρ0/c0

+ −iω− γ + 1

γ

∂u0
∂x

+ 2

γ

∂c0
∂x

( )
û+ c0

π2β2m,n
R2

χ = 0

(10)

3D element with varying background mean flow to
model transverse acoustic modes
This model considers a known, purely axial background
flow and a 3D acoustic flow. Both are considered isentropic.
Cross-section area needs to remain constant. The model
allows for the computation of the longitudinal, radial and
tangential resonant frequencies of the system. The acoustic
variables are described as follows:

p̂

ρ0c0
(z, r, θ, t)= Jn πβm,n

r

R

( )

· fe−ikf ,p(z)+ge−ikg,p(z)
( )

Pe−inθ+Qeinθ
( )

eiωt

(11)

ûr(z, r, θ, t)=
∂Jn πβm,n

r

R

( )
∂r

· ηr,f fe
−ikf ,p(z)+ηr,gge

−ikg,p(z)
( )

Pe−inθ+Qeinθ
( )

eiωt

(12)

ûθ(z, r, θ, t)= Jn πβm,n
r

R

( )

· ηθ,f fe
−ikf ,p(z)+ηθ,gge

−ikg,p(z)
( )

Pe−inθ−Qeinθ
( )

eiωt

(13)

ûz(z, r, θ, t)= Jn πβm,n
r

R

( )
· fe−ikf ,u(z)−ge−ikg,u(z)
( )

Pe−inθ+Qeinθ
( )

eiωt

(14)

where the exponents kf ,p, kg,p, kf ,u, and kg,u need to be
solved for along with the correction factors
η f ,θ, ηg,θ, η f ,r, and ηg,r. Said correction factors can be
related to χf , and χg, leading to a system of six uncoupled
first-order ODE:

i 1−M2
z,0

( )∂kf ,p
∂z

=−π2β2m,n
R2

χf Mz,0

+ M2
z,0+2Mz,0ηz,f −1

( ) 1

uz,0

∂uz,0
∂z

+ M2
z,0+1

( ) 1

c0

∂c0
∂z

+ Mz,0(ηz,f +Mz,0)−1
( )1

A

∂A
∂z

+ (ηz,f −Mz,0)
iω

c0
(15)

i
∂kf ,u
∂z

= iω

Mz,0c0
+ 1

uz,0

∂uz,0
∂z

+1/ηz,f
Mz,0

M2
z,0−1

( ) 1

uz,0

∂uz,0
∂z

+ 1

c0

∂c0
∂z

− 1

A

∂A
∂z

− i
∂kf ,p
∂z

[ ]
(16)

Mz,0
∂χf
∂z

= 1− χ f
iω

c0
− iMz,0

∂k f ,p
∂z

( )
(17)

The equations for f and g are once again identical to each
other, with the difference residing in the upstream boundary
conditions. Said boundary conditions can be found in the
Appendix (see equation (79)), along with a careful deriv-
ation of the equations.

Distributed flame response model
The background flow is assumed to be purely axial but not
isentropic, as there is a heat release along the length of the
element function of the axial coordinate. The model allows
to compute the resonant frequencies of the system, along
with its stability. The acoustic pressure and velocity are
described as shown for the 1D isentropic element in equa-
tions (3) and (4). For the distributed flame model, the acous-
tic density needs an additional description as follows:

ρ̂ = ρ0
c0

ηρ,f fe
−ik f ,p(x) + ηρ,gge

−ikg,p(x)
( )

eiωt

ηρ,f = e−i(k f ,ρ−k f ,p), ηρ,g = e−i(kg,ρ−kg,p)
(18)

The wave numbers for pressure, velocity, and density
need to be solved for, leading to a system of six uncoupled
first-order ODE:

−i
∂kρ
∂x

ηρ = − iω

c0

1

M0
+ 1

c0

∂c0
∂x

[ ]
ηρ

+ 1

M0
i
∂ku
∂x

+ 1

u0

∂u0
∂x

[ ]
ηu

(19)

i
∂ku
∂x

= M0

u0

∂u0
∂x

[ ]
ηρ
ηu

+ iω

c0

1

M0
+ 1

u0

∂u0
∂x

[ ]

+ − i

M0

∂kp
∂x

+ 1

M0ρ0

∂ρ0
∂x

+ 1

M0c0

∂c0
∂x

[ ]
1

ηu

(20)

−i 1−M2
0

( )∂kp
∂x

= − iω

c0
− 1− γ

γ

M0

A

∂A
∂x

[ ]
ηu

− γ+ 1

γ

M0

u0

∂u0
∂x

+ 2

γ

M0

c0

∂c0
∂x

[ ]
ηu −

M2
0

u0

∂u0
∂x

[ ]
ηρ+

+ iω

c0
M0 + 1− γ

( )
M2
0 − 1

( ) 1

ρ0

∂ρ0
∂x

+

+ M2
0 − 1

( ) 1

c0

∂c0
∂x

−M0 γ− 1
( )

n flame
γQ0

ρ0c
3
0

e−iωτ

(21)
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Once more, the equations for the f and g waves are iden-
tical, differentiated through the upstream boundary condi-
tions. For details, as well as the expressions of the 3D
element, please refer to the Appendix (see ‘Full derivation
of 1D distributed flame model with area variation’ in the
Appendix).

For the results that will be subsequently presented, the
unsteady heat release was modelled as follows:

ˆ̇Q(t, x) = Q̇(x)n flame(ω, x)e−iτ(ω,x)ω p̂(t, x)
p0(x)

(22)

Furthermore, in this work, due to the limited experimen-
tal data available, both n and τ will be considered constant.
Nevertheless, as is shown in detail in the Appendix, introdu-
cing any other description for the heat release is possible
with this model as long as it is a linear function of the acous-
tic variables.

Verification of models
Multiple verification steps were taken for the first model.
First, the expressions for the acoustic variables are a solu-
tion of the acoustic equations, as they have been derived
fully analytically. Furthermore, if the gradients of area
and background flow are removed from the isentropic ele-
ments, the solutions for the 1D and 3D incompressible ducts
are retrieved, respectively, (see the Appendix, equations
(42) and (43)). This shows that the new model correctly
describes incompressible flows.

Further verification was performed using cases with
moderate gradients in background flow and/or area. The
new models require only one element to describe this
behaviour. They were compared with network models
made of multiple basic elements from literature. One of
these verification cases is highlighted next.

The results of the novel 3D element are compared to the
results of the literature 3D incompressible tube, those of
simulating the system discretized into 100 3D uniform
flow elements (approximation 1) and those of the same dis-
cretization but with added compact discontinuity elements
between the 3D uniform flow tubes (approximation 2).
Input parameters are summarized in Table 1. The results
are shown in Table 2. Given its simplicity, it was to be
expected that the single 3D uniform flow element would
differ the most from the novel element. Furthermore,
approximations 1 and 2 both match very closely the real
part of the solution from the novel element, but only
approximation 2 shows a similar behaviour of the

imaginary component (to be expected given that approxi-
mation 1 only contains elements that conserve acoustic
energy). This shows that the new model adequately
describes resonant frequency and damping rate for moder-
ate gradients. Note that, for the more extreme gradients pre-
sent in a rocket engine and especially regarding the flame,
the approximations made from the basic elements get
worse, which is why the new elements are needed. Their
performance in more complex systems will be shown in
the Results section.

A more extreme example was also tested, where two
tubes connected through an area discontinuity are consid-
ered. Both have a length of 0.05 m, left tube with area
10−5m2 and right tube 10−4m2. The upstream conditions
are 10 bar, 200 K and 0.001 kg/s, with nitrogen as the work-
ing fluid. No losses are considered. A comparison is made
between the new 1D isentropic element (capable of model-
ling the entire system on its own) and a combination of two
uniform flow ducts and the area discontinuity element from
literature. In Figure 2, the results for the new model are
shown and in Figure 3, the results of the literature model
are superimposed on top of the new models. Both match
very close both in resonant frequency and mode shape.
This shows that the new model also converges to the com-
pact limit. Note that the new model is not meant to be used
in such a simple case where literature elements fit better, but
it does show that the new element is capable of modelling
very large gradients in background flow.

Consequently, the new models have been shown to con-
verge to the incompressible and compact solutions (no gra-
dients and ‘infinite’ gradient, respectively), as well as
always being solutions to the acoustic equations. This justi-
fies going further into validation against experimental data.

Computational framework
The software LORESA was developed at DLR, in which
these new models were implemented. Said software was

Table 1. Input parameters for the verification of the
three-dimensional (3D) isentropic acoustic element.

L R Pinj Tinj ṁ Fluid

0.05 m 40 mm 10 bar 150 K 10 kg/s Nitrogen

Table 2. Resonant frequencies of three-dimensional (3D)
straight tube with major compressibility effects.

Mode Novel element 3D uniform flow

T1 2379.22 + 48.23j 2513.62–1.63e−04j
T1L1 3983.05 + 49.26j 4234.04–1.33e−04j
T1L2 5735.99 + 49.67j 6105.33–6.50e−05j
T1L3 7533.85 + 49.43j 8022.61 + 1.08e−03j
T1L4 9350.69 + 49.55j 9959.34 + 4.12e−04j

Mode Appr. 1 solutions Appr. 2 solutions .

T1 2380.23 + 1.39e−04j 2383.01 + 37.21j
T1L1 3987.29 + 4.58e−05j 3986.14 + 48.80j
T1L2 5740.57 + 1.29e−04j 5737.22 + 52.39j
T1L3 7538.70 + 1.00e−03j 7533.53 + 53.99j
T1L4 9355.87 + 4.36e−05j 9349.01 + 54.95j
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used to obtain the validation results. The software is not
publicly available, but a complete description of the models
is present in the Appendix.

The solution procedure is simple: once the desired model
is chosen, it can be computed for a given frequency. Only
for the resonant frequencies of the system will the longitu-
dinal downstream BC be satisfied. Therefore, using a mini-
mization algorithm the set of frequencies that satisfy said
BC can be found. Other approaches, such as a sweep of
values of the frequency are also valid, although might be
more computationally demanding.

In order to perform the computation for a given fre-
quency, the ODE of the given model need to be integrated.
This can be done with any stiff ODE solver library. It is
recommended to use a stiff or adaptive solver, as the gradi-
ents in the background flow of a rocket engine can be quite
large.

Running the non-optimized Python code on a single
thread on a regular desktop, the average computation time
required to compute the longitudinal resonant frequencies
of the system are of 15 minutes for the isentropic models
and around 20 minutes for the flame model. To compute

Figure 2. Modelling of a compact discontinuity between two straight tubes with the newly introduced one-dimensional (1D)
isentropic element.

Figure 3. Modelling of a compact discontinuity between two straight tubes. Solution obtained with the state-of-the-art network
element for a compact area discontinuity superimposed with that of the newly introduced one-dimensional (1D) isentropic model.
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the main longitudinal, tangential and radial resonant fre-
quencies with the 3D flame model, the expected time is
around 1 hour.

Experimental test cases
The described modelling environment was benchmarked
with two published rocket combustor experiments of differ-
ent scale and propellant combinations (liquid oxygen and
hydrogen (LOX/H2) and liquid oxygen and natural gas/
methane (LOX/NG)). Both combustion chambers showed
operating conditions with stable combustion and unstable
combustion.

Further information on the first combustor,
Brennkammer D (BKD), can be found by Armbruster
et al.,46 Gröning et al.,49 Armbruster et al.,50 Gröning
et al.51 and Armbruster et al.52,53 and previous studies about
its stability behaviour include4,9–12,15,54–57

For the second combustor, Brenkammer N (BKN), infor-
mation can be found by Martin et al.45,58,59

Results
In this section, the results obtained for two load points of the
BKD engine and four load points of the BKN engine, com-
puted using the new models implemented in the software
‘LORESA’ (Low-Order Rocket Engine Stability
Analysis), are shown. In both cases, the results of the purely
acoustic simulation (isentropic models) obtained with
LORESA are presented first, followed by the stability ana-
lysis performed with LORESA using the novel distributed
flame elements.

BKD
The background flow data for the following simulations of
BKD was obtained from the work performed by Schulze.11

The system is modelled using a single new isentropic

element with an ideal closed BC at the inlet of the combus-
tion chamber and the novel sonic BC at the throat of the
nozzle.

Chamber acoustics. The values of the acoustic resonant fre-
quencies computed with LORESA are compared to the
experimental values obtained at DLR. The data for the
so-called LP4 is shown in Table 3 and for LP3 in
Table 4, respectively. The absolute error in the resonant fre-
quencies obtained is between 0.29% and 5.18% and the
mean error is 3.30%.

It is noted that LP3 presents slightly higher errors and
that higher frequencies are typically predicted worse than
low frequencies. It is also notable that the imaginary part
representing the damping rate (negative growth rate) is
positive for all the simulated frequencies. This is to be
expected as the acoustic effect of the flame is not considered
and, therefore, there are no excitation mechanisms.

Chamber stability. The stability of the chamber is studied
using the newly developed distributed flame elements.
The acoustic response of the flame is included, as well as
its effect on the mean flow. The values of the boundary con-
ditions are kept the same: closed at the inlet and the new
sonic condition at the nozzle’s throat.

Given that for both load points of BKD no
experimentally-measured gain nor time lag were available,
a sweep of possible values was first performed. Using said
sweep, a set of ‘stability maps’ was generated, for which the
stable and unstable combinations of gain and time lag were
identified. In Figures 4 and 5, the stability maps for the T1
and R1 modes, respectively, of LP4 are presented and in
Figures 6 and 7, for LP3. The white region represents the
stable combinations, the rest of the regions represent the
unstable configurations, with darker colours indicating a
larger number of unstable modes appearing in the
simulation.

It is observed that the stability maps for both load points
show instability for given time lags even at low gains, while
for other time lag values, the system is stable even for very

Table 4. Resonant frequency comparison between experimental
and acoustic simulations for BKD LP3.

LORESA Experiment Error

L1 2735.014 + 412.53j 2716 0.70%
L2 5660.03 + 517.76j 5533 2.30%
T1 9252.61 + 92.25j 9723 4.84%
T1L1 11684.43 + 502.42j – –

T2 14433.91 + 25.62j 15393 6.23%
T2L1 17921.81 + 271.23j – –

T3 19031.25 + 5.66e−05j 20892 8.90%
R1 17571.75 + 3.99j – –

BKD: Brennkammer D; LORESA: Low-Order Rocket Engine Stability
Analysis.

Table 3. Resonant frequency comparison between experimental
and acoustic simulations for BKD LP4.

LORESA Experiment Error

L1 2851.67 + 362.52j 2951 3.37%
L2 5867.31 + 527.12j 5850 0.29%
T1 10178.01 + 167.18j 10220 0.41%
T1L1 11466.28 + 345.56j 11660 1.66%
T2 16195.05 + 88.03j 16680 2.91%
T2L1 19032.06 + 547.71j – –

T3 21601.12 + 43.38j 22780 5.18%
R1 19887.71 + 53.95j 20460 2.8%
R1L1 23033.39 + 287.50j – –

BKD: Brennkammer D; LORESA: Low-Order Rocket Engine Stability
Analysis.
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large gains. This can be easily related to the Rayleigh criter-
ion. For some time, lags there is a strong coupling between
the heat release and acoustic pressure, leading to instability
even if the gain is low. On the other hand, other time lags
are completely off-phase with the acoustic pressure, leading
to stable configurations even for large gains.

For LP4, the experiment showed instability in the T1
mode. From experiment, it was found out that the R1
mode is also excited, but its amplitude is much less than
the T1 mode. From the findings by Urbano and Selle,55 it
is known that the Rayleigh Index for the R1 mode is
much smaller than that of the T1 mode. Furthermore, the
T1 mode contributes significantly to the amplitude of the
R1 mode. Thus, going to the stability map, we would expect
to be at the limit between stable and unstable for the R1
mode (marginally unstable). Combining this with the
clearly unstable T1, a gain around 3 and a time lag around
0.095 ms were estimated. Using these values resulted in a

stable T1 mode for LP3 and an unstable T1 mode for LP4
(Table 5). For LP3, this gain and time lag also showed
unstable T1L1 and R1L1 (Table 6). As the LP3 was stable,
there might be some differences in the gain and time lag
between LP3 and LP4 or some improvement to be made
to the modelling. Nevertheless, the simulations correctly
identified that the T1 mode was unstable for LP4 while
stable for LP3.

Using these values of gain and time lag, the resonant fre-
quencies were computed again. The results for LP3 are pre-
sented in Table 6 and for LP4 in Table 5. The average error
of the resonant frequencies is 2.41%. There is a general
decrease in this error as compared to the results of the
purely acoustic approach. The largest errors are now found
for the lower frequencies instead of the larger ones (spe-
cially in the LP3 L1 mode). It is considered that the larger
errors in the longitudinal modes, when compared to the
acoustic case, could be due to a necessity to introduce a

Figure 4. Stability map of Brennkammer D (BKD) LP4 T1Lx
modes.

Figure 5. Stability map of Brennkammer D (BKD) LP4 R1Lx
modes.

Figure 6. Stability map of Brennkammer D (BKD) LP3 T1Lx
modes.

Figure 7. Stability map of Brennkammer D (BKD) LP3 R1Lx
modes.
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different dependence between unsteady heat release and
acoustic pressure based on the mode under consideration,
since tangential and longitudinal oscillations affect the com-
bustion process differently. If this is true of longitudinal
modes, it could explain why the T1L1 and R1L1 are
wrongly predicted as unstable.

For both load points, experimental values for the damp-
ing rate of the T1 mode were computed by Schulze.11 For
LP3, damping was computed to be between 180 and 390
rad/s, while LORESA giving a lower value of 57 rad/s.
For LP4, the damping ranges between −29 and −40 rad/
s, with LORESA computing it at −40 rad/s. The damping
seams to be underpredicted by LORESA, which is to be
expected, as many of the effects leading to damping, such
as a 3D background flow or viscosity were not accounted
for.

BKN
The background flow data for the simulations of BKN was
obtained from a radial average of a 3D RANS simulation
performed at DLR. As this 3D RANS simulation was per-
formed for a different chamber configuration than the one

considered in this work, the data was scaled accordingly
for each load point using the chamber and flame length.
The system is modelled using a single new isentropic elem-
ent with an ideal closed BC at the inlet of the combustion
chamber and the novel sonic BC at the throat of the nozzle.

Chamber acoustics. The values of the acoustic resonant fre-
quencies computed with LORESA are compared to the
experimental values obtained by DLR. As LP1 and LP2
have the same chamber configuration and flame length, it
results in the same scaling of the background flow. In con-
sequence, they are treated as a single simulation case and
compared with both experimental cases in Table 7. The
comparison for LP3 is performed in Table 8 and for LP4
in Table 9. The mean error of the BKN simulations is
2.84%.

The results for LP4 are considerably worse than for the
other cases, while LP1, 2, 3 have similar errors to BKD.
It is believed that this might be caused by the background
flow data scaling, as the flame length for LP4 case is
unknown since it extended beyond the end of the window.

Once again, all the frequencies are predicted with posi-
tive damping rates and thus as stable since the excitation
caused by the unsteady heat release is not included in this
purely acoustic analysis.

Chamber stability. The stability of the chamber is studied
using the newly developed distributed flame elements.

Table 5. Resonant frequency comparison between experimental
and distributed flame simulations for BKD LP4.

LORESA Experimental Error

L1 2971.70 + 252.65j 2951 0.70%
L2 5664.08 + 476.19j 5850 3.18%
T1 10561.71 – 39.76j 10220 3.34%
T1L1 11897.98 + 33.70j 11660 2.04%
T2 16887.43 + 379.88j 16680 1.24%
T2L1 17690.56 + 1432.07j – –

T3 22335.67 + 67.39j 22780 1.95%
R1 20683.09 + 62.74j 20460 1.09%
R1L1 22832.44 – 129.14j – –

BKD: Brennkammer D; LORESA: Low-Order Rocket Engine Stability
Analysis.

Table 6. Resonant frequency comparison between experimental
and distributed flame simulations for BKD LP3.

LORESA Experimental Error

L1 2904.00 + 174.49j 2716 6.92%
L2 5418.83 + 373.05j 5533 2.06%
T1 9828.50 + 57.10j 9723 0.95%
T1L1 11550.18 – 129.86j – –

T2 15185.52 + 182.81j 15393 1.35%
T2L1 18671.65 + 309.67j – –

T3 20041.63 + 65.33j 20892 4.07%
R1 18547.80 + 109.26j – –

BKD: Brennkammer D; LORESA: Low-Order Rocket Engine Stability
Analysis.

Table 7. Longitudinal acoustic resonant frequencies comparison
between simulation and experiment for BKN LP1 and LP2.

LORESA Experimental Error

L1 823.33 + 67.42j 815 // 806 1.02% // 2.15%
L2 1653.12 + 82.89j 1625 // 1615 1.73% // 2.36%
L3 2488.84 + 90.30j 2448 // 2426 1.67% // 2.59%
L4 3329.33 + 87.40j 3257 // 3230 2.22% // 3.08%
L5 4172.43 + 77.41j 4077 // 4041 2.34% // 3.25%
L6 5015.32 + 72.02j 4889 // 4844 2.58% // 3.54%

BKN: Brenkammer N; LORESA: Low-Order Rocket Engine Stability
Analysis.

Table 8. Longitudinal acoustic resonant frequencies comparison
between simulation and experiment for BKN LP3.

LORESA Experimental Error

L1 922.37 + 86.21j 920 0.26%
L2 1864.38 + 102.23j 1830 1.88%
L3 2817.53 + 90.53j 2758 2.16%
L4 3772.16 + 81.28j 3743 0.78%
L5 4727.10 + 90.29j 5679 1.03%

BKN: Brenkammer N; LORESA: Low-Order Rocket Engine Stability
Analysis.
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The acoustic response of the flame is included, as well as its
effect on the mean flow.

For BKN, the time lag values for all four load points
were experimentally measured60 and provided in
Table 10. As the gain is still unknown, the stability maps
were once again generated via a sweep of various combina-
tions of gain and time lag values. The stability map of the
longitudinal modes for the short chamber (LP1 and LP2)
is presented in Figure 8 and for the long chamber (LP3
and LP4) in Figure 9. Once again, the white region repre-
sents the stable combinations, the rest of the regions
represent the unstable configurations, with darker colours
indicating a larger number of unstable modes appearing in
the simulation.

The first finding to be drawn, is that the lengthening of
the chamber offsets the region of stability. The longer
chamber (corresponding to LP3 and LP4) results in larger
time lags needed for stability at high gains. As the length
fundamentally changes the resonant frequency of the sys-
tem, this once again shows that the code predicts coupling
of the acoustic pressure and unsteady heat release based
on the time lag value.

Using the stability maps and the experimentally mea-
sured values of the time lag, as well as the observed stability
behaviour, an estimate of the gain can be obtained. Given
that all four load points are relatively similar, a common
gain value will be assumed. Since LP4 was at the boundary
of stability (growth rate close to zero) and the other load
points unstable, it is concluded that the gain should be close

to 1. This gain results in matching stability between experi-
ment and simulation.

Using the experimentally measured time lag values
along with the gain values obtained from comparing the sta-
bility maps with the experimental observations, the four
load points were once again simulated. The resonant fre-
quencies computed using the distributed flame model are
compared with their respective experimental measurements
in Tables 11 to 14.

For the results of load points 1, 2 and 3, the imaginary
part was not included. The resonant frequency was mea-
sured at the limit cycle at which, due to the longitudinal
instability, there is a significant shortening of the flame.
On the other hand, given the linear nature of the code, the
stability prediction needs to be done at low amplitudes,
while the acoustic oscillations are still small.
Consequently, the flame length used for stability prediction
is much larger than the one used to predict the resonant

Table 9. Longitudinal acoustic resonant frequencies comparison
between simulation and experiment for BKN LP4.

LORESA Experimental Error

L1 893.81 + 99.80j 828 7.95%
L2 1829.96 + 80.00j 1728 5.9%
L3 2767.17 + 88.15j 2556 8.26%
L4 3685.54 + 93.86j – –

L5 4616.72 + 77.89j – –

BKN: Brenkammer N; LORESA: Low-Order Rocket Engine Stability
Analysis.

Table 10. Experimental determined time lag values for the four
BKN LPs.60

LP Pcc (bar) ROF Time lag (ms) Uncertainty

2,H2 64.3 5.8 0.025 ±0.05
1,CNG 66.8 2.8 0.1 ±0.1
1,LNG 62.9 3.5 0.15 ±0.05
2,LNG 65.4 3.0 0.12 ±0.05
3,LNG 41.3 3.4 0.17 ±0.1
4,LNG 40.5 2.5 0.2 ±0.1

BKN: Brenkammer N; LP: load point; ROF: ratio of oxidizer to fuel; CNG:
compressed natural gas; LNG: liquefied natural gas.

Figure 8. Stability map of Brenkammer N (BKN) short chamber
Lx modes.

Figure 9. Stability map of Brenkammer N (BKN) long chamber
Lx modes.
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frequency of the shorter flame configuration present at the
limit cycle. Note that, for the longer flame (corresponding
to the linear case), modes 1, 2 and 3 are correctly pre-
dicted as unstable, as shown in the stability maps, it is
just for the shorter flame (corresponding to the behaviour
at the limit cycle) where the damping rates are not cor-
rectly predicted.

The average error for all BKN simulations with distrib-
uted flame is 3.78%. This error is slightly larger than the
one for the acoustic analysis. This could be related to the
frequency being simulated with a linear tool but being mea-
sured at the limit cycle. Additionally, the distributed flame
model generally exhibits larger errors on longitudinal
modes than transverse modes.

Summary and conclusions
A set of new models for acoustic network elements have
been developed which allow for a more accurate description
of the acoustic field in rocket engine combustion chambers
compared to the models highlighted in the state-of-the-art.
The new models predict the acoustic resonant frequencies
of the system for both longitudinal, tangential and radial
modes as well as their stability. The models were imple-
mented in an acoustic network environment tool called
‘LORESA’. LORESA is capable of simulating both the

injectors and combustion chamber including the convergent
nozzle of a rocket engine.

The most notable of the new elements is the distributed
flame model, which can be used to predict the stability of
the longitudinal, tangential and radial modes of a rocket
engine combustion chamber. The model accounts for typ-
ical characteristics of cryogenic rocket combustion cham-
bers, such as a long flame, non-isentropic behaviour and
strong axial gradients in speed of sound and density.

The average error in the prediction of resonant frequen-
cies obtained with the acoustic model was 3.4%. The errors
for the predictions of the distributed flame model had an
average of 3.56%. The stability of the main modes was cor-
rectly predicted for all the validation cases. The average
error for the flame model was slightly higher than for the
acoustic modelling. Nevertheless, for the cases in which
most of the resonant frequencies were measured in the lin-
ear regime (BKD), the results proved to be much better for
the stability modelling than for the purely acoustic
modelling.

In conclusion, the newly developed models are able to
give a stability prediction both for LOX/H2 and LOX/
NG. The model also correctly differentiates the stability
behaviour of two load points based on differences of inlet
conditions or chamber length. The prediction of thermoa-
coustic resonant frequencies is achieved with low errors
even across the different propellants and geometries tested.
The linear stability analysis of the benchmarking test cases
was successful, identifying values of gain and time lag that
gave a correct stability behaviour across the different load

Table 11. Longitudinal acoustic resonant frequencies
comparison between distributed flame simulation and experiment
for BKN LP1.

LORESA Experimental Error

L1 781.41 815 4.12%
L2 1674.73 1625 3.06%
L3 2520.02 2448 2.94%
L4 3180.62 3257 2.35%
L5 4147.52 4077 1.73%
L6 4880.48 4889 0.17%

BKN: Brenkammer N; LORESA: Low-Order Rocket Engine Stability
Analysis.

Table 12. Longitudinal acoustic resonant frequencies
comparison between distributed flame simulation and experiment
for BKN LP2.

LORESA Experimental Error

L1 827.17 806 2.63%
L2 1669.99 1615 3.40%
L3 2454.50 2426 1.17%
L4 3410.55 3230 5.59%
L5 4232.78 4041 4.80%
L6 4978.41 4844 2.77%

BKN: Brenkammer N; LORESA: Low-Order Rocket Engine Stability
Analysis.

Table 13. Longitudinal acoustic resonant frequencies
comparison between distributed flame simulation and experiment
for BKN LP3.

LORESA Experimental Error

L1 854.58 920 7.11%
L2 1914.49 1830 4.62%
L3 2689.61 2758 2.48%
L4 3744.72 3743 0.05%
L5 4744.65 4679 1.40%

BKN: Brenkammer N; LORESA: Low-Order Rocket Engine Stability
Analysis.

Table 14. Longitudinal acoustic resonant frequencies
comparison between distributed flame simulation and experiment
for BKN LP4.

LORESA Experimental Error

L1 888.78 + 72.39j 828 7.34%
L2 1882.69 + 38.96j 1728 8.95%
L3 2782.50 + 56.51j 2556 8.86%

BKN: Brenkammer N; LORESA: Low-Order Rocket Engine Stability
Analysis.
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points for each combustion chamber, matching their experi-
mental behaviour.
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Appendix

Full derivation of 1D isentropic acoustics with area variation.
Under the assumptions of no heat transfer, no viscosity or
losses, no body forces and no chemical reactions, the result-
ing continuity, momentum and energy equations read:

A
Dρ

Dt
+ ρ

∂ uA( )
∂x

= 0 (23)

ρ
∂u
∂t

+ ρu
∂u
∂x

+ ∂p
∂x

= 0 (24)

ρT
DS

Dt
= 0 (25)

In order to model the acoustics, it will be considered that
pressure, density and velocity have a ‘background flow’
component and an ‘acoustics’ component, where the acous-
tic component is small in comparison with the background
flow value. Consequently, these variables can be expressed
as shown in equation (26). Furthermore, all background
variables are purely a function of the longitudinal variable,
explicitly written in equation (27).

p = p0 + p̂(t, x), ρ = ρ0 + ρ̂(t, x),

u = u0 + û(t, x), c = c0 + ĉ(x, t)
(26)

u0 ≡ uo(x), p0 ≡ p0(x), ρ0 ≡ ρ0(x),

c0 ≡ c0(x), A ≡ A(x), M (x) = u0(x)

c0(x)

(27)

Since the substantial derivative (denoted with a capital
D) of the entropy is zero, for a perfect gas it follows that
the substantial derivative of the pressure is proportional to
the substantial derivative of density, as shown in equation
(28). If we consider zero temporal derivatives of entropy,
we can further simplify the expression and linearization a
simple relation between acoustic density and pressure is
obtained, as shown in equation (29).

dS = ∂S
∂p

( )
ρ

dp+ ∂S
∂ρ

( )
p

dρ �

0 = Dp

Dt
+

∂S
∂ρ

( )
p

∂S
∂p

( )
ρ

Dρ

Dt
� Dp

Dt
= c2

Dρ

Dt

(28)

dp

dt
= c2

dρ

dt
� d p̂

dt
= c20

dρ̂

dt
� p̂ = c20ρ̂ (29)

Equation (28) is used in the continuity equation to sub-
stitute the density derivatives. Then, equations (26) and
(27) are substituted into equations (23) and (24). The back-
ground flow already satisfies the equations and that the
acoustics are linearized (products of two or more acoustic
variables are removed from the equations). Afterwards,
equation (29) is used to substitute the acoustic density.
The resulting expressions are shown subsequently:

A

c20

∂ p̂
∂t

+ u0A

c20

∂ p̂
∂x

+ A
p̂

c20

∂u0
∂x

+ u0
p̂

c20

∂A
∂x

+ ṁ
1

u0

∂û
∂x

− û

u20

∂u0
∂x

( )
= 0 (30)

ρ0
∂û
∂t

+ ρ0u0
∂û
∂x

+ ρ0û
∂u0
∂x

+ p̂
u0
c20

∂u0
∂x

+ ∂ p̂
∂x

= 0 (31)

Note that the relation ∂(ρ0u0A)/∂x = 0 has been used to
remove the derivatives of the background density, this will
be done repeatedly in the following steps. Reorganizing the
previous relations, equations (32) and (33) are obtained.

1

ρ0c0

1

c0

∂
∂t

+M0
∂
∂x

+M
1

A

∂A
∂x

+M
1

u0

∂u0
∂x

( )
p̂

+ ∂
∂x

− 1

u0

∂u0
∂x

( )
û = 0 (32)

1

c0

∂
∂t

+M
∂
∂x

+M
1

u0

∂u0
∂x

( )
û

+ 1

ρ0c0
M2 1

u0

∂u0
∂x

+ ∂
∂x

( )
p̂ = 0 (33)

Since these two equations do not have an analytical solu-
tion, the shape of the acoustic pressure and velocity will be
assumed, as shown in equations (34) and (35). This assump-
tions are made based on the analytical solution for 1D
acoustics with constant incompressible background flow.
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It is assumed that the exponents for the pressure and vel-
ocity are different, as well as their coefficients. It is shown
next that either only the exponents or only the coefficients
need to differ. Moreover, a notation change is included to
simplify the equations, shown in equation (36).

p̂ = ρ0c0 · Re eiωt fpe
−ik f ,p(x) + gpe

−ikg,p(x)
[ ]( )

(34)

û = Re eiωt fue
−ik f ,u(x) + gue

−ikg,u(x)
[ ]( )

(35)

1

a

∂a
∂x

≡
∂a
a

(36)

It should also be noted that the derivative of the acoustic
pressure with respect to the longitudinal coordinate is not as
trivial as that of the velocity or the incompressible case, as
the acoustic pressure is function of the density and speed of
sound which also vary with the axial coordinate.
Consequently, the derivative must be taken with care, as
shown in equation (37).

1

ρ0c0

∂ p̂
∂x

= 1

ρ0c0

∂ ρ0c0
( )
∂x

+ ∂ p̂/(ρ0c0)
( )

∂x

= ∂ρ0
ρ0

+ ∂c0
c0

− i
∂kp
∂x

( )
p̂

ρ0c0
(37)

Note that for the variable kp represents both k f ,p and kg,p.
The subindexes f and g have been dropped for conveni-
ence, as the equation is the same in both cases. This notation
simplification is done throughout the Appendix, as long as
the only difference between the equations for f and g reside
in the variable being used (note that k f ,p ≠ kg,p). Performing
the acoustic pressure derivatives in equations (32) and (33)
and substituting the values of the acoustic pressure and vel-
ocity given in equations (34) and (35) a set of four equations
is obtained, shown in equations (38) and (39). Given that
each equation needs to be verified independently for the for-
ward and backward waves (as both should be solutions of
the system), the resulting system consists of two continuity
equations and two momentum equations (one for
fp, k f ,p, fu, and k f ,u and another for gp, kg,p, gu and kg,u).

iω

c0
+M0

∂c0
c0

− iM0
∂kp
∂x

( )
fp
gp

[ ]
e−ikp

= ∂u0
u0

+ i
∂ku
∂x

( )
fu
gu

[ ]
e−iku (38)

M2
0 − 1

( ) ∂u0
u0

+ ∂c0
c0

− ∂A
A

− i
∂kp
∂x

( )
fp
gp

[ ]
e−ikp

= − iω

c0
+ iM0

∂ku
∂x

−M0
∂u0
u0

( )
fu
gu

[ ]
e−iku (39)

It should be noted that any difference between the coef-
ficients of the pressure and velocity could be ‘absorbed’ into
the exponents, as any complex number can be represented
as the exponent of a different complex number and the

product of exponential corresponds to the addition of
the exponents. Consequently, it would be useful to use
the same f and g for pressure and velocity
(fp = fu and gp = gu) and have the exponents be different
to represent the compressibility effects. To simplify nota-
tion, two new variables have been introduced, that represent
the difference between the pressure and velocity exponents,
as shown in equations (40) and (41). The negative sign for
ηg has been introduced in order to have equivalent notation
to the uniform flow case, where gp = −gu.

ηf (x) = e−i k f ,u(x)−k f ,p(x)( ) (40)

ηg(x) = −e−i kg,u(x)−kg,p(x)( ) (41)

Applying this in equations (38) and (39), four new equa-
tions can be obtained, shown in equations (42) and (43).

iω
c0
+M0

∂c0
c0

− iM0
∂k f ,p
∂x = ∂u0

u0
+ i

∂k f ,u
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( )
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M2
0 − 1

( )
∂u0
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+ ∂c0
c0

− ∂A
A − i

∂k f ,p
∂x = − iω

c0
+ iM0

∂k f ,u
∂x −M0

∂u0
u0

( )
ηf

⎧⎪⎨
⎪⎩

(42)

iω
c0
+M0

∂c0
c0

− iM0
∂kg,p
∂x = ∂u0

u0
+ i

∂kg,u
∂x

( )
ηg

M2
0 − 1

( )
∂u0
u0

+ ∂c0
c0

− ∂A
A − i

∂kg,p
∂x = − iω

c0
+ iM0

∂kg,u
∂x −M0

∂u0
u0

( )
ηg

⎧⎪⎨
⎪⎩

(43)

The reader can check that, if all gradients of background
flow and area are removed, the set of equations leads to ku =
kp and solving it yields the solution for the duct with uniform
flow. On the other hand, for the case under consideration, it is
required that ku ≠ kp in order to obtain a valid solution. This
system of four differential equations contains four unknowns
(the four wave numbers: k f ,p, k f ,u, kg,p and kg,u) and only
order one derivatives, consequently it can be simply solved
by a stiff ODE solver. To facilitate this task the system
will be re-arranged into a more useful shape:

i 1−M2
0

( ) ∂k f ,p
∂x

= M 2
0 + 2M0ηf − 1

( ) ∂u0
u0

+ 1−M 2
0

( ) ∂c0
c0

− ∂A
A

+ ηf −M0

( ) iω
c0

(44)

i
∂k f ,u
∂x

= M0

ηf
− 2

1−M 2
0

+ 1

( )
∂u0
u0

+ 1

ηf

M0

1−M2
0

∂A
A

+ 1

M0
1− 1

ηf

ηf −M0

1−M 2
0

( )
iω

c0
(45)

The equations for kg,p, kg,u are identical to the ones for
k f ,p, k f ,u but substituting ηf for ηg. The upstream boundary
conditions for the exponents are all 0, reasoning that in the
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incompressible case for x = 0 the exponents were also 0, as
the constant k value multiplied the x coordinate. It is also
assumed that the initial value of the coefficients is that of
the incompressible case (already accounted for in the pre-
sented set of equations). Therefore,

k f ,p(0) = 0, k f ,u(0) = 0, kg,p(0) = 0,

kg,u(0) = 0, ηf (0) = 1, ηg(0) = −1
(46)

Consequently, even if the equations for kg,p, kg,u have the
same structure as for k f ,p, k f ,u, the difference in upstream
boundary conditions between ηf and ηg results in a different
solution. Once again, removing all gradients of background
flow and area and using these upstream boundary conditions,
the solution for the uniform flow duct is obtained, where

k f ,p = k f ,u = ω/c0
1+M0

and kg,p = kg,u = −ω/c0
1−M0

.

Full derivation of 3D isentropic acoustics. Under the same
hypothesis of the 1D case, the resulting 3D equations of
continuity and momentum are as follows:

∂ρ
∂t

+ 1

r

∂ ρrur
( )
∂r

+ ∂ ρuθ
( )
∂θ

+ ∂ ρruz
( )
∂z

( )
= 0 (47)

ρ
∂ur
∂t

+ ur
∂ur
∂r

+ uθ
r

∂ur
∂θ

+ uz
∂ur
∂z

− u2θ
r

( )
= − ∂p

∂r
(48)

ρ
∂uθ
∂t

+ ur
∂uθ
∂r

+ uθ
r

∂uθ
∂θ

+ uz
∂uθ
∂z

− uθur
r

( )

= − 1

r

∂p
∂θ

(49)

ρ
∂uz
∂t

+ ur
∂uz
∂r

+ uθ
r

∂uz
∂θ

+ uz
∂uz
∂z

( )
= − ∂p

∂z
(50)

The same assumption is made regarding the variables
being composed of a ‘background flow’ and an ‘acoustic’
component, as shown in equation (51), including the
dependency with the other two spatial coordinates. The
background flow is given by equation (52), where the flu-
idic variables are now a function exclusively of the axial
variable but the tangential and radial velocities are zero.
Although the final result will only be valid for a constant
area tube, the area is initially considered a function of the
axial coordinate to show why the 3D incompressible elem-
ent with varying area cannot be obtained through this
method.

p = p0 + p̂(t, r, θ, z), ρ = ρ0 + ρ̂(t, r, θ, z),

u = u0 + û(t, r, θ, z), c = c0 + ĉ(t, r, θ, z)
(51)

ur,0 = 0, uθ,0 = 0, uz,0 ≡ uz,0(z), p0 ≡ p0(z),

ρ0 ≡ ρ0(z), c0 ≡ c0(z), A ≡ A(z)
(52)

Substituting said values into the continuity and

momentum equations, removing the terms function only
of the background flow (as it is a solution to the equations)
and linearizing the acoustics (removing products of two or
more acoustic variables), the following relations are
obtained:

∂ρ̂
∂t

+ 1

r

∂ ρ0rûr
( )
∂r

+ ∂ ρ0ûθ
( )
∂θ

+ ∂ ρ0rûz
( )
∂z

+ ∂ ρ̂ruz,0
( )
∂z

( )
= 0

(53)

ρ0
∂ûr
∂t

+ uz,0
∂ûr
∂z

( )
= − ∂ p̂

∂r
(54)

ρ0
∂ûθ
∂t

+ uz,0
∂ûθ
∂z

( )
= − 1

r

∂ p̂
∂θ

(55)

ρ0
∂ûz
∂t

+ uz,0
∂ûz
∂z

+ ûz
∂uz,0
∂z

( )
+ ρ̂uz,0

∂uz,0
∂z

= − ∂ p̂
∂z

(56)

The previous equations are re-arranged and the acoustic
density is substituted by the pressure using the relationship

shown in the 1D case (ρ̂ = p̂
c20
). This relationship is still valid

since the same assumptions also lead to an isentropic flow
in the 3D case. The following set of four equations is
obtained:

1

ρ0c0

1

c0

∂
∂t

+Mz,0
∂
∂z

− 2Mz,0
1

c0

∂c0
∂z
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1
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∂z

( )
p̂

+ ∂
∂r

+ 1

r

( )
ûr + 1

r

∂ûθ
∂θ

+ ∂
∂z

+ 1

ρ0

∂ρ0
∂z

( )
ûz

= 0

(57)

1

c0

∂ûr
∂t

+Mz,0
∂ûr
∂z

= − ∂ p̂/(ρ0c0)
( )

∂r
(58)

1

c0

∂ûθ
∂t

+Mz,0
∂ûθ
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= − 1

r

∂ p̂/(ρ0c0)
( )

∂θ
(59)

1
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∂ûz
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+Mz,0
∂ûz
∂z

+Mz,0
1
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ûz

= − 1

ρ0c0
M2

z,0
1

uz,0

∂uz,0
∂z

+ ∂
∂z

( )
p̂ (60)

Once again, as no analytical solution exists for this set of
equations, the shape of the solutions will need to be
assumed to aid the resolution process. The shape of the
acoustic variables will be assumed to be that of the analyt-
ical case (with the exception of the correction coefficients of
the axial velocity being absorbed into its exponent, much
like in the 1D case). The shape of the acoustic variables is
presented in equations (61) to (64), where Jn represents
the Bessel function of the first kind of order n (which will
be crucial later on in the derivation) and βm,n corresponds
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to themth zero of the derivative of the Bessel function of the
first kind of order n. This expressions have already
accounted for the radial and tangential boundary conditions:
zero radial velocity at the walls, finite radial velocity at the
axis and continuity of the tangential velocity and its deriva-
tive. The application of these BCs has not been shown as it
is identical to the process carried out for the incompressible
3D duct.

p̂

ρ0c0
(z, r, θ, t) = Jn πβm,n

r

R

( )
Re

fe−ik f ,p(z) + ge−ikg,p(z)
( )

Pe−inθ + Qeinθ
( )

eiωt
[ ]

(61)

ûr(z, r, θ, t) =
∂Jn πβm,n

r

R

( )
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Re

ηr,f fe
−ik f ,p(z) + ηr,gge

−ikg,p(z)
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Pe−inθ + Qeinθ
( )

eiωt
[ ]

(62)

ûθ(z, r, θ, t) = Jn πβm,n
r

R

( )
Re

ηθ,f fe
−ik f ,p(z) + ηθ,gge

−ikg,p(z)
( )

Pe−inθ − Qeinθ
( )

eiωt
[ ]

(63)

ûz(z, r, θ, t) = Jn πβm,n
r

R

( )
Re

fe−ik f ,u(z) − ge−ikg,u(z)
( )

Pe−inθ + Qeinθ
( )

eiωt
[ ]

(64)

The correction factors for the radial and tangential velocity
can be obtained by substituting the pressure and velocity into
the respective momentum equations, said factors are shown in
equations (65) and (66), respectively. Note that the same
equation applies to both the f and g correction factors of θ
and r, but the initial conditions will be different. As previ-
ously stated, the correction factor for the axial velocity is
absorbed into the exponents, consequently it can be repre-
sented as shown in equation (67), similarly to the 1D case.

ηr
iω

c0
+Mz,0

1

ηr

∂ηr
∂z

− i
∂kp
∂z

( )[ ]
= −1 (65)

ηθ
iω

c0
+Mz,0

1

ηθ

∂ηθ
∂z

− i
∂kp
∂z

( )[ ]
= i

n

r
(66)

ηz,f = e−i(k f ,u−k f ,p), ηz,g = −e−i(kg,u−kg,p) (67)

Note that, in equations (65) and (66), the derivation has
been conducted considering the value R in the argument of
the Bessel function to be constant. For a geometry of varying
area, this would not be the case and several new terms would
appear, as well as in the rest of equations that will be derived
later on, for simplicity, this terms will be omitted and it will
later be justified why it is chosen to do so. The example of

the extra terms that would appear is shown in the following
equation:

∂(ûθ)
∂z

= −ûθ i
∂k
∂z

+ 1

Jn

∂Jn
∂(r/R)

r

R2

∂R
∂z

[ ]
insteadof

∂(ûθ)
∂z

= −iûθ
∂k
∂z

(68)

Substituting the acoustic pressure and axial velocity into
the axial momentum equation and considering that the for-
ward and backward axial waves need to independently solve
the system, equations (69) and (70) are obtained.

M2
z,0 − 1

( ) 1

uz,0

∂uz,0
∂z

+ 1

c0

∂c0
∂z

− 1

A

∂A
∂z

− i
∂k f ,p
∂z

= − iω

c0
+ iMz,0

∂k f ,u
∂z

−Mz,0
1

uz,0

∂uz,0
∂z

( )
ηz,f (69)

M2
z,0 − 1

( ) 1

uz,0

∂uz,0
∂z

+ 1

c0

∂c0
∂z

− 1

A

∂A
∂z

− i
∂kg,p
∂z

= − iω

c0
+ iMz,0

∂kg,u
∂z

−Mz,0
1

uz,0

∂uz,0
∂z

( )
ηz,g (70)

Which can be re-arranged to express the derivative of the
velocity exponent with respect to the pressure exponent and
other variables, as shown in the following equation:

i
∂ku
∂z

= ±1
Mz,0

M 2
z,0 − 1

( ) 1

uz,0

∂uz,0
∂z

+ 1

c0

∂c0
∂z

− 1

A

∂A
∂z

− i
∂kp
∂z

[ ]

×
1

ηz
+ iω

Mz,0c0
+ 1

uz,0

∂uz,0
∂z

(71)

Substituting all acoustic variables into the continuity equa-
tion, which also needs to be independently solved for the for-
ward and backward waves, the following relation is obtained:

iω

c0
−Mz,0

A

∂A
∂z

−Mz,0

c0

∂c0
∂z

− iMz,0
∂kp
∂z

+ ηr
Jn

∂2Jn
∂r2

+ ηr
rJn

∂Jn
∂r

− in

r
ηθ ∓ i

∂ku
∂z

+ 1

A

∂A
∂z

+ 1

uz,0

∂uz,0
∂z

( )
ηz = 0

(72)

In order to find a solution to this equation, a new variable χ
will need to be introduced, which relates to the correction fac-
tors of the radial and tangential velocity as shown in equation
(73). Note that χ also has different solutions for f and g, due
to different initial conditions.

χ = −ηr, ηθ = i
n

r
χ (73)

Substituting this variable into the continuity equation and
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performing some re-arrangement, equation (74) is obtained.

r2
∂2Jn
∂r2

+ r
∂Jn
∂r

+ −1

χ

iω

c0
−Mz,0

A

∂A
∂z

−Mz,0

c0

∂c0
∂z

− iMz,0

([
∂kp
∂z

∓ i
∂ku
∂z

+ 1

A

∂A
∂z

+ 1

uz,0

∂uz,0
∂z

( )
ηz

)
r2 − n2

]
Jn = 0

(74)

If the reader is familiarized with Bessel equations, it will
be easily recognized that equation (74) corresponds to the
Bessel equation. Since Jn is the Bessel function of order n,
it will satisfy the equation as long as equation (75) is satisfied.
π2β2m,n
R2

= −1

χ

iω

c0
−Mz,0

A

∂A
∂z

−Mz,0

c0

∂c0
∂z

− iMz,0
∂kp
∂z

(

∓ i
∂ku
∂z

+ 1

A

∂A
∂z

+ 1

uz,0

∂uz,0
∂z

( )
ηz

)
(75)

At this point, it becomes clear why the terms that result
of the radius of the geometry not being constant (a function
of the axial variable) were disregarded. These terms contain
the derivative of the Bessel function with respect to the
radius, which would result in equation (74) no longer being
the Bessel equation (contrary to the other terms function of
the area variation that were kept in the derivation).
Consequently, the Bessel function would no longer be a
solution of it and the initial assumption of the acoustic pres-
sure and velocities shapes would also not be valid. The final
equation would be a partial differential equation of two vari-
ables (axial and radial) which would significantly increase
the computational cost and was, therefore, not implemen-
ted. As the area variation cannot be described with the
Bessel equation for the stated reasons, the terms function
of the area variation that were kept up to this point should
be removed.

For the 3D element with isentropic background flow but
constant area section, the set of six equations that need to be
solved are summarized next (equations (76) to (78)). The
equations are shown only for the f wave as the results for
g are identical for kp, ku, χ. The results for each wave are
differentiated through initial conditions.

i 1−M2
z,0

( ) ∂k f ,p
∂z

= − π2β2m,n
R2

χf Mz,0

+ M 2
z,0 + 2Mz,0ηz,f − 1

( )
1

uz,0

∂uz,0
∂z

+ M2
z,0 + 1

( ) 1
c0

∂c0
∂z

+ Mz,0(ηz,f +Mz,0)− 1
( ) 1

A

∂A
∂z

+ (ηz,f −Mz,0)
iω

c0
(76)

i
∂k f ,u
∂z

= 1

Mz,0
M2

z,0 − 1
( ) 1

uz,0

∂uz,0
∂z

+ 1

c0

∂c0
∂z

− 1

A

∂A
∂z

− i
∂k f ,p
∂z

[ ]

×
1

ηz,f
+ iω

Mz,0c0
+ 1

uz,0

∂uz,0
∂z

(77)

Mz,0
∂χf
∂z

= 1− χ f
iω

c0
− iMz,0

∂k f ,p
∂z

( )
(78)

Once more, the upstream boundary conditions for the
wave numbers and correction factors are taken to match
the results of the 3D incompressible tube. This way, if the
terms for background flow gradients are removed, the solu-
tions for the incompressible case are recovered. The initial
conditions are as follows:

k f ,p(0) = kg,p(0) = 0 (79)

∂k f ,p
∂z

(0)= ω/c0
1−M2

z,0

������������������������������������
1− πβm,n

R

( )2 c0
ω

( )2

1−M2
z,0

( )√
−Mz,0

⎛
⎝

⎞
⎠
(80)

∂kg,p
∂z

(0) = −ω/c0
1−M2

z,0

������������������������������������
1− πβm,n

R

( )2 c0
ω

( )2

1−M2
z,0

( )√
+Mz,0

⎛
⎝

⎞
⎠
(81)

χf (0) =
−i

ω/c0 −Mz,0
∂k f ,p
∂z

(0)

(82)

χg(0) =
−i

ω/c0 −Mz,0
∂kg,p
∂z

(0)
(83)

k f ,u(0) = ln iχf (0)
∂k f ,p
∂z

(0)

[ ]
+ k f ,p(0) (84)

kg,u(0) = ln −iχg(0)
∂kg,p
∂z

(0)

[ ]
+ kg,p(0) (85)

Full derivation of novel sonic BC. This new model employs
the continuity and momentum equations in their acoustic
form, following the assumptions from the 1D isentropic
case (equations (38) and (39)). At the throat of a rocket
engine nozzle (convergent to divergent transition), the
derivative of the area is zero, allowing to remove said terms
from the equations. Moreover, for a purely axial back-
ground flow, the background flow Mach number is unity
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at the throat. The resulting expressions are as follows:

iω+ ∂c0
∂x

− ic0
∂kp
∂x

( )
p̂

ρ0c0
+ − ∂u0

∂x
− ic0

∂ku
∂x

( )
û

= 0 (86)

∂c0
∂x

− ic0
∂kp
∂x

( )
p̂

ρ0c0
+ iω− ic0

∂ku
∂x

+ ∂u0
∂x

( )
û = 0 (87)

If the difference of both equations is taken, all the terms
containing kp and ku disappear, resulting in an expression
function only of the acoustic pressure and velocity (require-
ment for a BC):

iω
p̂

ρ0c0
− iω+ 2

∂u0
∂x

( )
û = 0 (88)

As the BC was derived from the same equations as the
acoustic model that describes the evolution of f and g,
one might think that this BC offers no new information,
as it should already be satisfied through the acoustic calcu-
lations. Nevertheless, in the equations of the acoustic mod-
els, such as equation (44), the derivative of the wave
number cannot be computed at the throat, as the term (1−
M2

0 ) is dividing, which results in an infinite derivative of kp
at the throat. Consequently, the acoustic model should not
be employed near the throat in that shape. On the other
hand, the BC avoids this issue altogether and can be applied
at the throat without any issue. As a result, the set of solu-
tions of the acoustic model which also comply with this new
sonic BC will correspond to the acoustic resonant frequen-
cies of the system.

The sonic BC for an acoustic 3D non-isentropic flow is
shown in equation (10), which has been derived in the same
fashion from equation (sec). Note that the heat release at the
throat has been disregarded. To obtain the 3D isentropic
BC, it is sufficient to substitute ρ̂ = p̂

c20
in the non-isentropic

expression.

Full derivation of 1D distributed flame model with area
variation. The employed hypothesis are no viscosity or
losses, no body forces and no heat transfer to the walls.
Moreover, the flow is treated as 1D and a heat addition
due to chemical reactions is considered throughout the
flame length. Consequently, neither the background flow
nor the acoustics can be considered isentropic throughout
the span of the flame. The heat release of the background
flow is assumed to be known, but the distributed flame
model requires an unsteady heat release model. The result-
ing continuity, momentum and energy equations are as fol-
lows:

∂ ρA
( )
∂t

+ ∂ ρuA
( )
∂x

= 0 (89)

ρ
∂u
∂t

+ ρu
∂u
∂x

+ ∂p
∂x

= 0 (90)

ρT
DS

Dt
= Q (91)

where a capitalD represents the substantial derivative andQ
represents the addition of heat due to chemical reactions
(per unit time and unit volume). Applying the entropy dif-
ferential (equation (92)), the energy equation can be written
in terms of density and pressure as shown in equation (93).
Then, employing the speed of sound definition and assum-
ing that the fluid is a perfect gas, the expression can be fur-
ther simplified to equation (94).

dS = ∂S
∂p

( )
ρ

dp+ ∂S
∂ρ

( )
p

dρ (92)

∂p
∂t

+ u
∂p
∂x

+

∂S
∂ρ

( )
p

∂S
∂p

( )
ρ

∂ρ
∂t

+ u
∂ρ
∂x

( )
= Q

ρT

1
∂S
∂p

( )
ρ

(93)

∂p
∂t

+ u
∂p
∂x

− c2
∂ρ
∂t

+ u
∂ρ
∂x

( )
= γ − 1

( )
Q (94)

In order to model the acoustics, it will be considered that
pressure, density, velocity, temperature and speed of sound
have a ‘background flow’ component and an ‘acoustics’
component, where the acoustic component is small in com-
parison with the background flow value. Consequently,
these variables can be expressed as shown in equation
(95). Furthermore, all background variables are purely a
function of the longitudinal variable, explicitly written in
equation (96). Note that, γ has been considered to not
have an acoustic component, this is done to reduce the com-
plexity of the model, since the chemical reactions generated
by the acoustics are not sufficient to generate a significant
change in the value of γ. On the other hand, the background
flow chemical reactions might change γ significantly, so its
value can be a function of the axial coordinate.

p = p0 + p̂(t, x), ρ = ρ0 + ρ̂(t, x),

u = u0 + û(t, x), c = c0 + ĉ(t, x),

T = T0 + T̂ (t, x)

(95)

u0 ≡ uo(x), p0 ≡ p0(x), ρ0 ≡ ρ0(x),

c0 ≡ c0(x), T0 ≡ T0(x), A ≡ A(x), γ ≡ γ(x)
(96)

The acoustic component of the temperature equation can
be easily expressed in terms of the acoustic pressure and
density through the equation of state, as shown in equation
(97). Furthermore, the acoustic speed of sound can also be
expressed in terms of the acoustic pressure and density
through its definition if the perfect gas relations are applied,
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as shown in equation (98).

T̂ = T0
p̂

p0
− ρ̂

ρ0

( )
(97)

ĉ

c0
= 1

2

T̂

T0
= 1

2

p̂

p0
− ρ̂

ρ0

( )
(98)

Equations (95) and (96) are substituted into equations (89),
(90) and (94). Considering that the background flow already
satisfies the equations and that the acoustics are linearized
(products of two or more acoustic variables are removed
from the equations), the resulting expressions are shown
subsequently:

A
∂ρ̂
∂t

+ u0A
∂ρ̂
∂x

+ Aρ̂
∂u0
∂x

+ u0ρ̂
∂A
∂x

+ ṁ
1

u0

∂û
∂x

− û

u20

∂u0
∂x

( )
= 0 (99)

ρ0
∂û
∂t

+ ρ0u0
∂û
∂x

+ ρ0û
∂u0
∂x

+ ρ̂u0
∂u0
∂x

+ ∂ p̂
∂x

= 0 (100)

∂ p̂
∂t

+ u0
∂ p̂
∂x

+ û
∂p0
∂x

− c20
∂ρ̂
∂t

+ u0
∂ρ̂
∂x

+ û
∂ρ0
∂x

( )

− 2c0u0
∂ρ0
∂x

ĉ = γ − 1
( )

Q̂ (101)

Following a similar approach to the isentropic elements,
the energy equation will be analysed first, in order to
achieve a correlation between the acoustic density and
acoustic pressure. For an isentropic background flow:
ρ̂ = p̂/c20, consequently, it will be assumed that, for the
novel more generic case, the shape is given by equation
(104). The shape of the acoustic pressure and acoustic vel-
ocity will be assumed to be the same as the one used in the
derivations for the isentropic elements, as shown in equa-
tions (102) and (103).

p̂ = ρ0c0 fp + gp
( )

eiωt

= ρ0c0Re f0e
−ik f ,p(x) + g0e

−ikg,p(x)
( )

eiωt
[ ]

(102)

û = fu + gu
( )

eiωt = ηu,f fp + ηu,ggp
( )

eiωt

= Re f0e
−ik f ,u(x) − g0e

−ikg,u(x)
( )

eiωt
[ ]

(103)

ρ̂ = ρ0
c0

(fρ + gρ)e
iωt = ρ0

c0
ηρ,f fp + ηρ,ggp
( )

eiωt

= ρ0
c0

Re f0e
−ik f ,ρ(x) + g0e

−ikg,ρ(x)
( )

eiωt
[ ]

(104)

η f ,u = e−i(k f ,u−k f ,p), ηg,u = −e−i(kg,u−kg,p),

η f ,ρ = e−i(k f ,ρ−k f ,p), ηg,ρ = e−i(kg,ρ−kg,p)
(105)

Substituting these expressions into the continuity,
momentum and energy equations, allows to evaluate the

various derivatives. This results in equations (106) to
(108), respectively.

iω

c0
−M0

c0

∂c0
∂x

− iM0
∂kρ
∂x

[ ]
ρ̂

ρ0/c0
+ −i

∂ku
∂x

− 1

u0

∂u0
∂x

[ ]
û = 0

(106)

M2
0

u0

∂u0
∂x

[ ]
ρ̂

ρ0/c0
+ iω

c0
− iM0

∂ku
∂x

+M0

u0

∂u0
∂x

[ ]
û

+ 1

ρ0

∂ρ0
∂x

+ 1

c0

∂c0
∂x

− i
∂kp
∂x

[ ]
p̂

ρ0c0

= 0 (107)

iω+ u0
(1− γ)

ρ0

∂ρ0
∂x

+ 1

c0

∂c0
∂x

− i
∂kp
∂x

( )[ ]
p̂

ρ0c0

− iω+ u0 − 1

c0

∂c0
∂x

− i
∂kρ
∂x

( )[ ]
ρ̂

ρ0/c0
+

+ ∂p0
∂x

− c20
∂ρ0
∂x

[ ]
û

ρc
= γ − 1

( )
n
Q0

p0
e−iωτ p̂

ρ0c0
(108)

In the energy equation, the expression for the acoustic
speed of sound (equation (98)) as well as Crocco’s simple
time lag model based on acoustic pressure for the unsteady
heat release (equation (109)) have also been substituted. A
different expression for the unsteady heat release could also
be used. As long as the unsteady heat release is a linear
function of the acoustic variables, the rest of the derivation
would be valid for any other description.

ˆ̇Q(t, x)
Q̇0(x)

= n(ω, x)
p̂(t − τ(ω, x), x)

p(x)

= n(ω, x) · e−iτ(ω,x)ω p̂(t, x)
p(x)

(109)

Next, the values of the acoustic pressure, density and
velocity will be substituted into the equations. The equa-
tions need to be satisfied both for the f and g waves. This
yields a total of six equations, in which the unknown vari-
ables corresponds to k f ,p, kg,p, k f ,u, kg,u, k f ,ρ and kg,ρ. The
continuity equation has been substituted into the energy
equations and all the equations have been re-arranged in
order to present the final system of equations to be solved:

−i
∂kρ
∂x

ηρ = − iω

c0

1

M0
+ 1

c0

∂c0
∂x

[ ]
ηρ

+ 1

M0
i
∂ku
∂x

+ 1

u0

∂u0
∂x

[ ]
ηu (110)

i
∂ku
∂x

= M0

u0

∂u0
∂x

[ ]
ηρ
ηu

+ iω

c0

1

M0
+ 1

u0

∂u0
∂x

[ ]

+ − i

M0

∂kp
∂x

+ 1

M0ρ0

∂ρ0
∂x

+ 1

M0c0

∂c0
∂x

[ ]
1

ηu
(111)
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− i 1−M 2
0

( ) ∂kp
∂x

= − iω

c0
− 1− γ

γ

M0

A

∂A
∂x

[

− γ + 1

γ

M0

u0

∂u0
∂x

+ 2

γ

M0

c0

∂c0
∂x

]
ηu −

M 2
0

u0

∂u0
∂x

[ ]
ηρ+

+ iω

c0
M0 + 1− γ

( )
M2

0 − 1
( ) 1

ρ0

∂ρ0
∂x

[

+ M2
0 − 1

( ) 1
c0

∂c0
∂x

−M0 γ − 1
( )

n flame
γQ0

ρ0c
3
0

e−iωτ

]
(112)

Once again, the equations look the same for the f and g
waves, the difference residing in the initial conditions:

k f ,p(0) = 0, kg,p(0) = 0, k f ,u(0) = 0,

kg,u(0) = 0, k f ,ρ(0) = 0, kg,ρ(0) = 0
(113)

η f ,p(0) = 1, ηg,p(0) = 1, η f ,ρ(0) = 1,

ηg,ρ(0) = 1, η f ,u(0) = 1, ηg,u(0) = −1
(114)

Full derivation of 3D distributed flame model. The hypothesis
are identical to the 1D case. In 3D, the resulting
equations of continuity, momentum and energy are as
follows:

∂ρ
∂t

+ 1

r

∂ ρrur
( )
∂r

+ ∂ ρuθ
( )
∂θ

+ ∂ ρruz
( )
∂z

( )
= 0 (115)

ρ
∂ur
∂t

+ ur
∂ur
∂r

+ uθ
r

∂ur
∂θ

+ uz
∂ur
∂z

− u2θ
r

( )
= − ∂p

∂r
(116)

ρ
∂uθ
∂t

+ ur
∂uθ
∂r

+ uθ
r

∂uθ
∂θ

+ uz
∂uθ
∂z

− uθur
r

( )
= − 1

r

∂p
∂θ

(117)

ρ
∂uz
∂t

+ ur
∂uz
∂r

+ uθ
r

∂uz
∂θ

+ uz
∂uz
∂z

( )
= − ∂p

∂z
(118)

∂S
∂t

+ ur
∂S
∂r

+ uθ
r

∂S
∂θ

+ uz
∂S
∂z

= Q

ρT
(119)

Similarly to the 1D case, employing the entropy dif-
ferential shown in equation (92), the energy equation
can be re-written in terms of the density and pressure,
assuming that the fluid behaves as a perfect gas. The
resulting expression is as follows:

∂p
∂t

+ ur
∂p
∂r

+ uθ
r

∂p
∂θ

+ uz
∂p
∂z

− c2
∂ρ
∂t

+ ur
∂ρ
∂r

+ uθ
r

∂ρ
∂θ

+ uz
∂ρ
∂z

( )
= γ − 1

( )
Q (120)

Once more, all the variables will be substituted by the
sum of their background flow component and their acous-
tic component, as shown in equation (121). Note that the
background flow is considered 1D even if the acoustics
are 3D, so the tangential and radial velocities are zero,
as stated in equation (122). The area is considered con-
stant, as it was seen that implementing a variable area
into the 3D formulation is not feasible with the current
approach.

p = p0 + p̂(t, r, θ, z), ρ = ρ0 + ρ̂(t, r, θ, z),

u = u0 + û(t, r, θ, z), c = c0 + ĉ(t, r, θ, z)
(121)

ur,0 = 0, uθ,0 = 0, uz,0 ≡ uz,0(z),

p0 ≡ p0(z), ρ0 ≡ ρ0(z), c ≡ c(z), γ ≡ γ(z)
(122)

As in the 1D case, the energy equation will be analysed
first in order to achieve a correlation between the acoustic
density and the acoustic pressure. Substituting all vari-
ables for their background flow and acoustic components
and linearizing, the energy equation can be written as fol-
lows:

∂ p̂
∂t

+ uz,0
∂ p̂
∂z

+ ûz
∂p0
∂z

− c20
∂ρ̂
∂t

+ uz,0
∂ρ̂
∂z

+ ûz
∂ρ0
∂z

( )

− 2c0uz,0
∂ρ0
∂z

ĉ = γ − 1
( )

Q̂

(123)

All the terms related to the tangential and radial spatial
dimensions have been eliminated through linearization.
Consequently, the same resulting expression for the
energy equation used in the 1D case can also be employed
in the 3D case, presented in the following equation:

iω+ u0
(1− γ)

ρ0

∂ρ0
∂x

+ 1

c0

∂c0
∂x

− i
∂kp
∂x

( )[ ]
p̂

ρ0c0

− iω+ u0 − 1

c0

∂c0
∂x

− i
∂kρ
∂x

( )[ ]
ρ̂

ρ0/c0
+

+ ∂p0
∂x

− c20
∂ρ0
∂x

[ ]
û

ρc
= γ − 1

( )
n
Q0

p0
e−iωτ p̂

ρ0c0
(124)

Substituting equations (121) into (115) and into (116)
to (118), the following relations are obtained:

∂ρ̂
∂t

+ 1

r

∂ ρ0rûr
( )
∂r

+ ∂ ρ0ûθ
( )
∂θ

+ ∂ ρ0rûz
( )
∂z

+ ∂ ρ̂ruz,0
( )
∂z

( )
= 0

(125)

ρ0
∂ûr
∂t

+ uz,0
∂ûr
∂z

( )
= − ∂ p̂

∂r
(126)

ρ0
∂ûθ
∂t

+ uz,0
∂ûθ
∂z

( )
= − 1

r

∂ p̂
∂θ

(127)
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ρ0
∂ûz
∂t

+ uz,0
∂ûz
∂z

+ ûz
∂uz,0
∂z

( )
+ ρ̂uz,0

∂uz,0
∂z

= − ∂ p̂
∂z

(128)

The shape of the acoustic variables in the 3D case are
as follows:

p̂(t, r, θ, z) = ρ0c0Jn πβm,n
r

R

( )
Re

fe−ik f ,p(z) + ge−ikg,p(z)
( )

Pe−inθ + Qeinθ
( )

eiωt
[ ]

(129)

ûr(t, r, θ, z) =
∂Jn πβm,n

r

R

( )
∂r

Re

ηr,f fe
−ik f ,p(z) + ηr,gge

−ikg,p(z)
( )

Pe−inθ + Qeinθ
( )

eiωt
[ ]

(130)

ûθ(t, r, θ, z) = Jn πβm,n
r

R

( )
Re

ηθ,f fe
−ik f ,p(z) + ηθ,gge

−ikg,p(z)
( )

Pe−inθ − Qeinθ
( )

eiωt
[ ]

(131)

ûz(t, r, θ, z) = Jn πβm,n
r

R

( )
Re

fe−ik f ,u(z) − ge−ikg,u(z)
( )

Pe−inθ + Qeinθ
( )

eiωt
[ ]

(132)

ρ̂(t, r, θ, z) = ρ0
c0

Jn πβm,n
r

R

( )
Re

ηρ,f fe
−ik f ,p(z) + ηρ,gge

−ikg,p(z)
( )

Pe−inθ + Qeinθ
( )

eiωt
[ ]

(133)

ηz,f = e−i(k f ,u−k f ,p), ηz,g = e−i(kg,u−kg,p),

ηρ,f = e−i(k f ,ρ−k f ,p), ηρ,g = e−i(kg,ρ−kg,p)
(134)

where the same shape as in the isentropic case has been used,
with the addition of the acoustic density. Employing the
expressions from equations (129) to (134) in the continuity
and momentum equations all the derivatives can be evalu-
ated, the following four expressions are obtained as a result:

c0
ρ0

iω

c0
+Mz,0

1

ρ0

∂ρ0
∂z

− 1

c0

∂c0
∂z

− i
∂kρ
∂z

( )[

+Mz,0
1

uz,0

∂uz,0
∂z

]
ρ̂+

+ 1

∂Jn/∂r
∂2Jn
∂r2

+ 1

r

[ ]
ûr + ∓in

r

[ ]
ûθ

+ −i
∂ku
∂z

+ 1

ρ0

∂ρ0
∂z

[ ]
ûz = 0

(135)

iω

c0
− iMz,0

∂kp
∂z

+Mz,0
1

ηr

∂ηr
∂z

( )
ûr = − ∂ p̂/(ρ0c0)

( )
∂r

(136)

iω

c0
− iMz,0

∂kp
∂z

+Mz,0
1

ηθ

∂ηθ
∂z

( )
ûθ

= − 1

r

∂ p̂/(ρ0c0)
( )

∂θ
(137)

iω

c0
− iMz,0

∂ku
∂z

+Mz,0
1

uz,0

∂uz,0
∂z

[ ]
ûz

= −M 2
z,0

1

uz,0

∂uz,0
∂z

[ ]
ρ̂

ρ0/c0

− 1

ρ0

∂ρ0
∂x

+ 1

c0

∂c0
∂x

− i
∂kp
∂z

[ ]
p̂

ρ0c0
(138)

Next, all acoustic variables can be written in terms of the
acoustic pressure using the conversion factors η.
Consequently, the acoustic pressure can be removed from
all five equations and the resulting expressions are as follows:

iω

c0
+Mz,0

1

ρ0

∂ρ0
∂z

− 1

c0

∂c0
∂z

− i
∂kρ
∂z

( )
+Mz,0

1

uz,0

∂uz,0
∂z

[ ]
ηρ+

+ ∂2Jn
∂r2

+1

r

∂Jn
∂r

[ ]
ηr
Jn

+ −in

r

[ ]
ηθ+ −i

∂ku
∂z

+ 1

ρ0

∂ρ0
∂z

[ ]
ηz = 0

(139)

ηr
iω

c
+Mz,0

1

ηr

∂ηr
∂z

− i
∂kp
∂z

( )[ ]
= −1 (140)

ηθ
iω

c
+Mz,0

1

ηθ

∂ηθ
∂z

− i
∂kp
∂z

( )[ ]
= i

n

r
(141)

iω

c0
− iMz,0

∂ku
∂z

+Mz,0
1

uz,0

∂uz,0
∂z

[ ]
ηz

= −M2
z,0

1

uz,0

∂uz,0
∂z

[ ]
ηρ

− 1

ρ0

∂ρ0
∂z

+ 1

c0

∂c0
∂z

− i
∂kp
∂z

[ ]
(142)

iω

c0
+Mz,0

(1− γ)

ρ0

∂ρ0
∂z

+ 1

c0

∂c0
∂z

− i
∂kp
∂z

( )[ ]

− iω

c0
+Mz,0 − 1

c0

∂c0
∂z

− i
∂kρ
∂z

( )[ ]
ηρ+

+ (1− γ)

γ

1

ρ0

∂ρ0
∂z

− 2

γ

1

c0

∂c0
∂z

[ ]

ηz = γ γ − 1
( )

n
Q0

ρ0c
3
0

e−iωτ

(143)

Similarly to the 1D case, Crocco’s simple time lag model
(equation (109)) has been used in this derivation, but any
other unsteady heat release model linearly dependent on the
acoustic variables could be used in its place and the derivation
would be valid. As was done in the isentropic case, an auxil-
iary variable will be introduced, which is related to the radial
and tangential velocity correction factors as shown:

χ = −ηr, ηθ = i
n

r
χ (144)

This auxiliary variable will then be substituted into the

continuity equation, which will be multiplied by r2Jn
χ and
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reorganized to yield the following equation:

r2
∂2Jn
∂r2

+ r
∂Jn
∂r

+ − iω

c0
+Mz,0

1

c0

∂c0
∂z

+ i
∂kρ
∂z

( )( )
ηρ

[[

± i
∂ku
∂z

+ 1

u0

∂u0
∂z

( )
ηz

]
r2

χ
− n2

]
Jn = 0

(145)

This equation corresponds to the Bessel equation of order
n, as it did in the isentropic case. Consequently, this equation
relates the variables kρ, ku. Along with the axial momentum
and energy equations, all the variables of interest can be deter-
mined. Reorganizing the equations, the final system to be
solved corresponds to:

−i
∂kρ
∂x

ηρ = − iω

c0

1

M0
+ 1

c0

∂c0
∂x

[ ]
ηρ

+ 1

M0
i
∂ku
∂x

+ 1

u0

∂u0
∂x

[ ]
ηu −

π2β2m,n
R2

χ (146)

i
∂ku
∂x

= M0

u0

∂u0
∂x

[ ]
ηρ
ηu

+ iω

c0

1

M0
+ 1

u0

∂u0
∂x

[ ]

+ − i

M0

∂kp
∂x

− 1

M0u0

∂u0
∂x

+ 1

M0c0

∂c0
∂x

[ ]
1

ηu
(147)

− i 1−M2
0

( ) ∂kp
∂x

= − iω

c0
− γ + 1

γ

M0

u0

∂u0
∂x

+ 2

γ

M0

c0

∂c0
∂x

[ ]

ηu −
M2

0

u0

∂u0
∂x

[ ]
ηρ +

iω

c0
M0 − 1− γ

( )
M 2

0 − 1
( )[

1

u0

∂u0
∂x

+ M 2
0 − 1

( ) 1
c0

∂c0
∂x

−Mz,0 γ − 1
( )

n flame
γQ0

ρ0c
3
0

e−iωτ

]

+ π2β2m,n
R2

Mz,0χ

(148)

Mz,0
∂χ
∂z

= 1− χ
iω

c
− iMz,0

∂kp
∂z

( )
(149)

where the equations for f and g are identical, with them being
differentiated by the upstream boundary conditions:

k f ,p(0) = kg,p(0) = 0, k f ,ρ(0) = kg,ρ(0) = 0 (150)

∂k f ,p
∂z

(0) = ω/c

1−M2
z,0

�����������������������������������
1− πβm,n

R

( )2 c

ω

( )2

1−M2
z,0

( )√
−Mz,0

⎛
⎝

⎞
⎠

(151)

∂kg,p
∂z

(0)= −ω/c

1−M2
z,0

�����������������������������������
1− πβm,n

R

( )2 c

ω

( )2

1−M2
z,0

( )√
+Mz,0

⎛
⎝

⎞
⎠

(152)

χf (0) =
−i

ω/c−Mz,0
∂k f ,p
∂z

(0)
(153)

χg(0) =
−i

ω/c−Mz,0
∂kg,p
∂z

(0)
(154)

k f ,u(0) = ln iχf (0)
∂k f ,p
∂z

(0)

[ ]
+ k f ,p(0) (155)

kg,u(0) = ln −iχg(0)
∂kg,p
∂z

(0)

[ ]
+ kg,p(0) (156)
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