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In Section A, we recall some basic terminology for stationary discrete-time stochastic processes, and for the conve-
nience of the reader we present the proof of the structural equation process representation, which is taken from [7].
In Section B, we construct finite-dimensional spaces of infinite-order SVAR processes such that their frequency
representations remain in the field of rational functions. Section C is about rational functions and contains the
proofs regarding the conjugation map on the field of rational functions used in the main paper. In Section D, we
adapt the proof of the Gessel Viennot Lemma to the frequency representation of SVAR processes. In Section E,
we adapt the proof of the LF-HTC identitfiability to the frequency representation of SVAR processes.
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Appendix A: Stationary discrete-time processes and the SEP
representation of SVAR processes

A.l. Stationary discrete-time stochastic processes

A multivariate discrete-time process X = (X(7));ez is called weakly stationary if for all t, s, k € Z:
E[X(1)] =E[X(s)], E[X(0)X (1~ k)] =E[X(s)(X(s = k))T].

The mean of a weakly stationary process X is u = E[X(z)]. The autocovariance sequence (ACS) of X
is £ = (X(k))kez whose entry at index k is given by Z(k) = E[X (1) (X(t - k))T].

A stochastic process can be equivalently represented in the frequency domain. This is called the
spectral representation of the process. The general formulation can be found in [2][Theorem 11.8.2],
which we do not need in this paper. Instead, the spectral density will be relevant to us. To define the
spectral density of a process, we need the Fourier isomorphism

F:{*(Z,C) — L*([0,2x]),

where L%([0,2x],C) is the Hilbert space of square-integrable functions, and ¢%(Z,C) is the Hilbert
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summable sequence o € £2(Z, C) to the function F(co) that evaluated at w € [0, 27] is

(F(0))(x) = Z o (k) exp(—ikx).

keZ

The inverse of F maps a function f € L?([0,27],C) to the sequence F~!(f) whose entry at index
keZis

(F (F) (k) = / exp(ik) £ (x) .
[0,27]

The Fourier isomorphisms naturally extends to matrix-valued sequences and functions, which are
entry-wise square summable resp. square integrable, by applying the Fourier isomorphism resp. its
inverse entry-wise.

Suppose X is a weakly stationary process with absolutely summable ACS Z, i.e.

Il =) > [Zw(i)l <o,

keZv,weV

where X, ,, (k) = E[X, ()X, (¢ — k)]. Then X has a spectral density S, see [2][Chapter 11.8, Remark
3], which evaluates at w € [0, 27] to the matrix

S(w) = (F(2))(w) = Z exp(=ikw)Z (k).

kezZ

The convolution and the (tilted) convolution (which is the term used in [7]) are operations on the space
of sequences that are central to the SEP representation of SVAR processes. Let u, A be two absolutely
or square summable sequences, then the convolution of u and 4 is the sequence u * A (which is again
absolutely resp. square summable), its value at entry ¢ € Z is given by

o A(t) = Z,u(s)/l(t—s).

se€Z

Similarly, the tilted convolution of u and A is the sequence p#*A (again absolutely resp. square
summable) whose value at index ¢ is equal to

LEA(F) = Z,u(s+t)/l(s).

seZ

The (tilted) convolution is compatible with the Fourier transformation in the following sense:

Fux ) (w) = (F(u)(w)(F()(w)), F (i) (w) = (F (1) (w)) (F (1) (w))".

Hence, the Fourier transform turns convolution into point-wise multiplication of functions, and it turns
tilted convolution into point-wise multiplication after complex conjugation of the second term.

A.2. Linear filtering of stochastic processes

In the following, a filter is an absolutely summable sequence of V x V-dimensional matrices, i.e. A €
i imensi iscrete-time i e hen A + X is the process X linea
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filtered by A. At time ¢ € Z, this filtered process is defined as follows:

(A=) (1) = > AR)X(t - k).

kezZ

If X has bounded autocovariance (i.e. there is C > 0 such that ||X(k)|| < C for all k € Z), then the
filtered process A * X is well-defined almost surely [6][Proposition C.9]. If X is a Gaussian process,
then A * X is also a Gaussian process. The ACS of the filtered process A * X is given by

AxZEAT,

where ¥ is the ACS of X, and A is the element-wise transpose of A, i.e. AT (k) = (A(k))T, see
[71[Appendix C, Lemma 4].

Suppose (A™),5 is a sequence of absolutely summable filters converging to an absolutely
summable filter A with respect to the ||-||;-norm, i.e. [[A?™ — A]l; — 0 as n — oo. Then A" * X
converges to A * X in squared mean, i.e.

E[(A"™ + X = AxX) (A" «X - A+ X)T] -0,

which means in particular that A x X converges to A * X in distribution. Finally, if we denote by
¥ (") the ACS of the filtered process A" « X and by X the ACS of A * X, then absolute convergence
of filters implies that (") converges to X point-wise, i.e. ") (k) — (k) as n — oo for every k € Z.

A.3. The SEP representation of an SVAR process [7]

For the convenience of the reader, we include the necessary material on the Structural Equation Pro-
cess (SEP) representation of SVAR processes, as the work in the main paper relies on this result. All
material in this section is taken from [7]. Compared to [7], we drop the assumption of 7, i.e. that the
generating (stationary) white noise process of the SVAR process is Gaussian, since this assumption was
not necessary in the first place. As in the main paper, we assume 7 to be a random vector with mutually
independent components and finite positive variance. We write n for both the stationary white noise
process and the random vector. We also add Proposition 3, which is a refinement of [7][Appendix C,
Proposition 4].
The k-fold convolution of a filter A € £1(Z,RY*Y) is the filter that is defined by the recursion

0 t#0,

where Iy is the V x V-dimensional identity matrix. We call a filter A stable if

S(A) = )" Ak

k>0

is absolutely summable.
Suppose G is a time series graph for a process graph G and let ® € R? be a SVAR parameter
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at index k is

Z ¢w,w(j)/lv,w(k - ]) Ve w,
/lv,w(k) o J<kiw—j;w (1)
G+ > PNk =))  vorw.

Jj<kw—iw

In particular, A, ,, is the zero filter if v /> w on G. In the following, A = (1, )y, wev refers to the
matrix-valued filter with entries defined by (1).
Furthermore, we define a filter ¢,, for each process index v € V whose value at k € Z is

> v k=) v P,
j<k:v—;iv
k)= ;’v,v(k;"' Z v (v (k=) V=KV, @
Jj<kv—jv
and the associated internal dynamics X! of v as the filtered process
XL =Ly ¥7y, 3)

where n = (,)yey is a white noise process with independent component processes. The multivariate
process x! = (XIV)%V are the internal dynamics. The Fourier transformation of these link filters are
the link functions defined in the main paper.

Lemma 1 ([7][Lemma 1). Suppose ® € R? is such that for every v € V it holds that
Dbkl <1.
k

Then for v,w €V the evaluation of the link function resp. the function of the internal dynamics at z € S'
are as follows:

evw(z) 1

hv,w(Z) = T(ﬁv,w)(Z) = m’ H (@) =F(w)(2) = m

Proof. Let p be the order of the SVAR process, i.e. every causal effect has time lag of at most p, and let
v,w € V be two distinct process indices. We define the vectors a, b € RP*! by specifying their entries
at index 0 < k < p as follows

an = ¢w,w(k) w =W, by = ¢v,w(k) V—=rWw,
ke 0 w e w, ke 0 VA w.
With these two vectors we can express the link filter 4,,,, via the recursion
k-1
D aidvw(k=j)+bi  0sk<p,
/lv,w(k) = j;l
Zaj/lv,w(k_j) k>p.

J=1
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Let z € S! be a point on the complex unit circle. The direct transfer function evaluated at that point is

hv,w (Z) = Z /lv,w (k)Zk

k=0
P
= /lv,w(k)zk + Z /lv,w(k)zk
k=0 k>p
)4 k-1 P
=Y bkt Y ajdy (k= N2+ (Y] ajdk - )2k
k=0 j=1 k>p j=1
p p .
= Z brz* + Z a;jz! hyw(z).

>~
1l

0 Jj=1

This gives an equation for &, ,,(z), which is solved by setting
25{):0 bkzk

1- Zle a ij

_ ev,w(z)
1= w(z)

hv,w(z) =

Note that £,,,, is well defined for every z € S!, since the inequality (4) is assumed. The second identity
of this lemma follows by exactly the same argument. O

Before moving to the main result and its proof, we provide a simple criterion for the SVAR coef-
ficients that ensure that associated SEP filter A with entries defined by Equation (1) is stable. If ® is
an SVAR parameter, then we denote by |®| the element-wise absolute value of ®, and we write ||,
resp. |t], to refer to the link-filter (1) resp. (2) associated with |®|.

Lemma 2. Let ® € RP and v,w €V, then it holds for every k € Z that
Ay (k) < Ay, (K), ty (k) < [ely (k).

Proof. This follows from ¢, ,, (k) < |¢y (k)| for all k € Z and the recursive definition of the link
filter A, ,,. An analogous arguments applies to the filter defining the internal dynamics. O

Proposition 1. Let ® € R? be a SVAR parameter, A and  the associated filters for the links on the
process graph and the internal dynamics resp. If © is such that for every v € V:

D bl <1, @)

kiv—opv

then A and ¢ are absolutely summable. In addition, if G is such that the associated process graph G is
acyclic, then A is stable.

Proof. Let v # w €V such that v — w is a link on the process graph. Lemma 2 implies that

”/lv,wnl < ”l/llv,w ”1 .
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In particular, to show absolute summability of A, ,, it suffices to show that |4], ,, is absolutely
summable. Using the definition of the Fourier transform we compute

ALl = 1Al 0 (K)
keZ
= [l (1)
_ Zk:v—>kw |¢v,w(k)|
1= % i [ (DI

The expression on the last line exists because we assume condition (4). Hence, we conclude that A is
absolutely summable. Analogously one can show that the filters for the internal dynamics are absolutely
summable.

It remains to show that S(A) is absolutely summable if, in addition to inequality (4), the associated
process graph G is acyclic. If G is acyclic, then P(v, w) is a finite set for every pair of process indices
v,w € V. Hence, every entry of S(A) is a finite sum of absolutely summable filters. In particular, S(A)
is absolutely summable. O

Proposition 2 ([7][Appendix C, Proposition 4). ] For a SVAR parameter ® € R? such that

DT Il <1, )

veVueV kiu—ypv
the filter A with entries defined by Equation (1) is stable, and for every z € D' it holds that
S(H(z))=(I-H(z)™". (6)

Proof. The filter A is absolutely summable since inequality (5) implies that inequality (4) holds for
every v € V. To prove the proposition we will show that

DY IAKG) <o,

k>05>0

i.e. that S(|A|) is absolutely summable. Applying the Fourier transform we see that

ISAAD I = D7 Y 1A G = > 1HIF(1) = ISAHD (D).
k>0 7>0 k>0
Inequality (5) ensures that the expression on the right exists because

VoEw v,w k
Z ]y (1) = Zicvogw [Pv.w (K)]

v.wev v.weV 1_Zj:v—>jv|¢v,v(j)|

<=7 37 g (Rl

v,weV k

<1,

where @ = minycy{), jv—v |¢y v (j)|}. Finally, Equation (6) follows from the chain of inequalities

IH ()l < IHI(D] < 1.




We now use Proposition 2 to refine condition (5). The following proposition is not from [7]. First,
observe that we can partition the set of vertices

V=CiU---UCy, CinNnCj=0ifi+j.

Foreveryi € [m] ={1,...,m} the set C; is such that v,w € C; if and only if v € anc(w) and w € anc(v).
Furthermore, we choose the ordering such that for every i < j and every pair of vertices (v,w) € C; XC;
it holds that w ¢ anc(v).

Proposition 3. LetV=C,U---UC,, be a partition as defined above. If ® € R? is such that for every

i € [m] it holds that
DD vl <1, ()

v,weCi kiv—rw
then the filter A, with entries defined by Equation (1), is stable and for every z € D' it holds that
S(H(z))=(I-H(z)™". 8)

Proof. To show the claim we use the spectral path rule [7][Proposition 1] together with Proposition 2.
Leti < j € [m] be two indices and (v,w) € C; X C; a pair of vertices. Using path rule we get that

[SM)]vw= Y a7,

neP(v,w)

Let 7 € P(v,w) be a path, then the definition of the partitioning sets Cy implies that there exists i =
X1 < -+ <x, =j such that 7 decomposes as a concatenation of the following form:

T= (7TX|’e.X] ,xz;ﬂxz9exz,X3»' o ’exn_],xn,ﬂ'xn)’

where 7, € P(Cy,,Cx,) and ey, x,,, € DNCy, X Cy,,,. Combining this decomposition with the path
rule yields the identity

n

[SWlcc,= Y. SUAle,.c)*|[ [[Aley,.c., #SUTAlc,.c,) | ©)

=x1<---<Xp=j =2

where [] denotes convolution. The right hand side of (9) is a finite sum in which every summand is
absolutely summable, since each factor (of the convolution) is absolutely summable, which follows
from inequality (7) and Proposition 2. This suffices to conclude that S(A) is absolutely summable.
Equation (8) can be shown in an analogous way as Proposition 2. O

Theorem 1 (Structural equation process representation [7][Theorem 1). | Let G be a time series
graph with associated process graph G = (V, D) and n a white noise process, and let X be a SVAR
process specified by a parameter ® € RY, such that for every v € V

D a0l <. (10)

kiv—pv




If the link filter A, with entries defined by Equation (1), is stable, then
X=A+X+X. (11)

Proof of Theorem 1. We start by showing (11). Let us fix two processes u,v € V. In the following
we will denote the coefficients parameterizing the auto-dependencies of v by ay = ¢, (k). With the
recursively defined filter

0 if j <0,
) if j=0,
W)= p
Z arty(j—k) otherwise,
k=1

we express the internal dynamics as X{, =1, *1,. Note that the entry ¢, (;) is the sum of all path-
coefficients of the paths from v(¢ — j) to v(¢) (on the time series graph) that only consist of auto-
dependency links. Furthermore, we rewrite the direct effect filter as

p
A () =D bun (k)i (j = k), (12)
k=0

Recall that the state of the process v at time ¢ is defined by the SVAR-equations:
P P
Xo)= D D un (Xt = k) + > arXy (e = k) +70(),
uepa(v) k=0 k=1

where we implicitly set ¢, (k) =0 if u /¢ v. In a recursive manner, we expand the states X, (¢ —
j) while leaving all other state variables that appear during this procedure untouched. For arbitrary
recursion step 7 this yields

o= 37 DA DRt = )+ Y a DR =)+ ) T =D (g3,

uepa(v) j=0 Jj=0 Jj=0
where
aj ifl<j<p,
(=41 ifj=0,
0 otherwise,
and

p
WG =D (R (- k),
k=

1

n
w6 =38 ).

=1

n p
A =D a0 (=),
k=0

=1
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Note that Lf,") (k) is the sum of path-coefficients that are defined by auto-dependency paths of length
n going from v (¢ — k) — v(¢), which implies Lé")(k) =0 whenever k <nork >p-n.If n>j, then
L‘(,<"+1) (J)=w()), as Lé<"+1) () is the sum over all path-coefficients of paths from v(z — j) to v(¢) that
consist of at most #n + 1 auto-dependency links. Since an auto-dependency link is lagged by at least one
time-step, a path composed of auto-dependency links from v(z — j) — v(z) has at most j edges. Since
the set of directed auto-dependency paths can be partitioned by (path-) length we can decompose

L= Z [ (14)
n>1

Combining equations (12) and (14) yields the following expression for the direct effect filter

p
(1) =) dun () D" (G = ),
k=0

n>1

Using matrix-valued filters we summarize the process-wise expansion (13) by
K= (A 4 YT oo X 4 (<) s, (15)

where A(<"*1) is the matrix-valued filter (/l,(:v'”l))u,vev. The filters ¢ and (<) are defined anal-
ogously. Note that () (k) resp. (<"1 (k) are diagonal matrices for every k € Z. We prove (11) by

showing the following convergence in distribution statements

lim (AC™D 4+ YT X = AT « X, (16)
n—oo
nlETgoL(QHI) *nle (17)

Since X is stationary, it suffices to check that /l,(fvn ) converges to A, ,, and that L5<") converges to iy,

and that L\(,") converges to the zero element in £!. We show these convergence statements entry-wise.

To prove these three £! convergence statements we show that

Z Z 16§ (k)] < oo, (18)

n>1k=0

by employing the stability condition (10), which ensures that

lai|+---+lap| < 1. (19)

The absolute convergence of ¢, follows from Proposition 1. Let us denote by |L|f,") the filter whose val-
ues follow the same recursion as ¢"”) but with the absolute values of the auto-dependency coefficients
|ak| instead of aj. Then it holds for every j € Z that

1§D ()] < 1S (). (20)

Using this inequality, we compute

PPN CGIEDIPNIERT)

J2unzt J2Uunzt
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=D ()

70

= > (lar|+ -+ +lap))’

=
_ 1
1= Yy lakl’

where the first equality is due to equation (14), and the last expression is well defined because of (10).

Hence, we conclude with (18) and with the convergence of L‘(f") to ¢ in ¢!, which can be seen by

combining (18) with the inequalities

n—1
PG ENSAGHIES WO ESIEUE]
=1

j=0 720 m>1

=X 1> w0

j=0 mzn

<M G

j=0m>n

The last expression goes to zero as we let n go to infinity because of (18). Analogously, one argues for
the ¢! convergence of (") to the zero element, and the ¢! convergence of /1,(4"3 to Ay,,. This allows us
to conclude with the convergence in distribution (16) and thus the statement of the theorem. O

Appendix B: Finite parametrizations of infinite order SVAR
processes

In this section, we construct finite-dimensional subsets of infinite-order SVAR processes. The results
from the main paper apply to these processes just as well as to finite-order SVAR processes.

B.1. A motivating example
We start with an example to avoid confusion with the notation in the general construction.

Example 1. We consider a time series model consisting of five component processes with two main
processes

(1) = pux Xt = 1) + by <Xy (1-1) + 71 (1),
Ky() =y y Xy = D+ ¢y, yXo, (1 = D+ by X (1 = 1) + ¢y, yKy, (1= 1) +17y(2),
and three auxiliary processes
X () =Py 0, Koy (1= 1) + ¢, X (1 - 1),
Ky () =ve y vy Ko, = 1) + b (Kt - 1),
Kpy (1) = vy 0, Xy (1= 1) + ¢y 0, Xy (2 - 1).




[ Time series graph ] Process graph

Figure 1: This figure illustrates the graphical modeling of a finitely parameterized SVAR process for
the components x, y of infinite order.

The mutual influences between the main and auxiliary processes is represented by the time series graph
in Figure 1. Since the auxiliary processes are determined by the main processes, i.e. the auxiliary
processes do not have their own generating noise processes, we can summarize this SVAR process (of
order one) as an infinite order SVAR processes for the processes X, X, as follows:

Xe(1) = D G (XKt = 1) +72 (1),

k>0
Ky ()= D By (K)Xy (1 =0+ Y Gy (Nt = ) + 7y (1),
k>0 j>0

The coefficients of this infinite order SVAR process are as follows:

- brox k=1,
dxx(k)=9"" _
o Gr 5 bux k>,

- by.y k=1,
by,y(k) = _

> ¢y,vy¢\]§y,%)y¢\/y,y k>1,

) by k=1,
Gxy(k)=9""" _

Y Px,vyy ¢]\ij,vx,y Bveyy k>1.

An important observation is that the frequency SEP representation remains to be parameterized by
rational functions. The internal spectra are given by the rational functions

Sl=(1=hyep by )" SLU = by by )"
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S)I; =(1- hy,vyhvy,y)_lS;(l - hy,vyhvy,y)_*,

where SL = (1 - ¢y x) Twy(1 = ¢yx)~* and S§ =(1- <py,y)‘la)y(l — ¢y,y)~". The link function
parameterizing x — y is given by the sum

hx,y = hx,y + hx,Vx,thx,y»y'

B.2. The general construction

In the rest of this section, we generalize the construction of the previous example. Let us fix a finite
directed process graph G = (V, D) and for each vertex v € V, we choose a finite set M, = {m} |i €
[n,]}, and for each link (v,w) € D we choose a finite set M,, ,, = {ml.v’W | i € [ny,w]}. Then consider a
directed graph G’ = (VU M, D U D’), where M = My U Mp and

My =) m,, Mp= || My
vev (v,w)eD

For (x,y) € D’ to be a directed link on G’, it must hold that x # y. Additionally, one of the following
must hold:

1. Thereisav €V suchthatx,ye {v}UM,.

2. There are u,v € V with (u,v) € D such that one of the following holds:
a) x=uandyeM,,,
b) x,y € My, v,
c) y=vandx € M, .

By construction G is a subgraph of G’.

Let us take a time series graph G’ = (VU M) X Z, D U D’) € T(G’), where D is the set of edges
between nodes in V x Z, and D is the set of edges involving at least one node from the set M x Z.

Next, we parameterize the time series graph G’ with a linear SVAR process (which, strictly speaking,
is not an SVAR process). Let therefore = (17,)y ey be an arbitrary noise vector (with finite and positive
covariance) whose components are mutually independent and whose mean is zero, i.e., E[n] = 0. Let
(D,) € RS%UD' be a stable collection of SVAR coefficients for G’, where ® parametrizes the edges
in O and @’ parametrizes the edges in D’.

For v € V, we define

X ()= D D, bunOXu(t=k)+ Y by (DX (= k) +1y,
uepa’ (v) kiu—yv Jiv—jv
where pa’(v) are the parents of v with respect to the graph G’. For v € M, we define
X (0= > D bun Xt + D (DX (1= k).

uepa’ (v) kiu—gv Jjiv—jv

Note that the processes indexed by M do not contain an additional noise term. In particular, the pro-
cesses in M are entirely determined by the processes indexed by V. In a similar way as in Example 1,
we can express the processes Xy as an SVAR process

(0= D > GunXu(t =R+ D G ()X (= k) +70(1),

uepa(v) kiu—yv kiv—pv

here f i+ of verti v te x —ss v if either of the followine holds:
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1. There is a lag k effect between x and y on the time series graph G’.
2. There is a directed path on G’ of the form

x(t—k) = mi(t—k+j) == m(t—k+j) = y),

withm; € My yifx#yandx — y,and m; € My if x=y.

Note that this SVAR process has infinite order if there is at least one vertex m € M such that there is a
time lag k > 0 with m — m on G’.

B.3. The SEP representation
Now let us represent X as an SEP. That means for v e V:

Ay # X, +X0 ifvev,
X, = uepa’ (v) .
Au,v*Xu ifve M.

uepa’ (v)

Since Xy is determined by Xy, we can summarize the above as an SEP of the processes Xy (i.e Xps
does not need to be modeled explicitly).
In order to do that, we define the matrix valued filters

A{) = (/lX,y)x,yE{v}UMv’ ATV = (/lx,y)x,yeMu,vU{u,v}’ (21)

where we set A, =0if (x,y) € D’. We proceed by taking power-series of these matrix-valued filters
and selecting the appropriate entries, i.e.

L= ) Ak e (AH)"] : (22)
k>0 v,V k=0 u,v
Now we can express the processes indexed by V as follows
X, = Z Zu,v*Xu+Zv*77v
uepa(v)
= Z (/lgflv +A,,) * Xy + (1) * Ay s,
uepa(v)

Note that only processes indexed by V appear on the right-hand side. The filters /lg‘fv resp. Lﬁ“ come

from the finite order SVAR relation, i.e. they parameterize the direct effects resp. internal dynamics
that are due to the edges D on the time series graph G’ = (V.U M, D U D’). The filters A;;,, resp.
1y, parameterize the effects resp. internal dynamics that are modulated by at least one m € M. Note
that these filters exist and are absolutely summable due to the choice of the parameter vector (®, ®).
Applying the Fourier transform to (22) gives the following

Fi)=[(-Fah)];, Fuw = (= F(A"),

=F()F (1), =pfin 4 p

v,w?
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where hgf‘w =F (/lf}‘,‘w) and hy’,, = F(A%). Note that all these functions are rational functions. We
conclude with the frequency SEP representation of this process, which is specified by the transfer
function and internal dynamics, i.e.

A=H"+H> Sl= (F(®)F())QF ()F (&))" = F(©™)SLF ()", (23)

where Hf" resp. H® are the matrix-valued Fourier transforms, and F (™) resp. F (1) are diagonal
matrices whose v-th entry on the diagonal is given by F(:i") resp. F(.&). Note that all matrices in
Equation (23) are matrices over R(z). We conclude with the following parametrization

For : REVD xRY — RD (2) x PDy (R(2),0), (24)

which sends a parameter pair (®,®’,Q) to the matrix of link functions and internal dynamics (23).
Recall from the main paper that PDy (R(z), 0) is the set of diagonal matrices B € R(z)¥V*V for which
there exists a diagonal matrix A € R(z)V*V such that each entry on the diagonal of A is non-zero and
B=AA".

Remark 1. Suppose G = (O UL,Dp U Dp) is a process graph equipped with a latent structure satis-
fying Assumption 1 from the main paper. If G’ = (V U M, D U D’) is a graph satisfying the condition
described in the previous subsection, then we can decompose My resp. Mp as follows:

My =Mp U Mo, MLZMDOUMDL, D/ZDbUDIL.
Hence, for a G’ € 7(G”) we get the latent factor parameterization

For :RDVD xRY - RDO(2) x PDo (R(2), D1),

which sends @ = (®p, Dy, CD’O, @’L, Q) to the pair

[(Hlo.0=[H™o.0+[H®]0.0, SU=[S0.0+([AlLo) [SULc([AlLo). (25

Appendix C: An involution on the rational functions with real
coefficients

The field of rational functions with real coefficients is constructed from the ring of polynomials, i.e.

d
R[z] = U {Z axz¥lax R, ay # o} .

d>0 (k=0

The degree of a polynomial f = Z?f:o ayz* is deg(f) := max{k : ay #0}. The field of fractions of the
ring R[z] is made by

f
R(z) = {—If,geR[Z] )
8 ~
where g ~ g—,, if fg’ = f’g. We will refer to R(z) as the field of rational functions with real coefficients.
e element with respect to multiplication is the constant function with value one, written
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Since n - 1 =0 iff n =0, the field R(z) has characteristic zero, and this means that when considering
vector spaces over R(z), we can apply the basic concepts from linear algebra without restriction.

For a rational function r = g € R(z) such that f and g are coprime, i.e. they do not share a common
divisor in R[z], the degree of r is defined as deg(r) := max{deg(f),deg(g)}. Since every rational
function admits a unique representation as a fraction of polynomials that are coprime, the degree of
a rational function is well defined. Whether two polynomials f = Y axz¥, g = Z;.”:O B jzj € R[z], with
an # 0 and B, # 0, have common divisior in R[z] can be decided by analyzing the resultant. The
resultant of f, g is defined as

(g a1 ar - ame1 am 0 0 - 0]
0 a a1 - ama2 @p-1 an, 0 --- 0
o o o --- o7} ay a @3 - Ay
res(f,g) =det
(/.8) Bo Bi B -+ Bu-t P O 0 ... 0
0 Bo B = PBn2 PBn1t Bn O ... 0
(00 0 - fBo B B2 Bz -+ PBnl

The matrix above has dimension (n + m) X (n + m). The polynomials f, g have a common divisor in
R[z] if and only if res(f,g) = 0. We refer the reader to [4][Chapter 12.1] for a detailed exposition.
Suppose G € 7 (G) is a time series graph and v — w a link on G. To see that ¢, ,, and 1 — ¢, ,, are
generically coprime it suffices to show that the polynomial

resy y =1es(@y,w, 1 — Oyw.w) € R[P]

is non-zero. Given that G is known, we define m = max{k : v - w} and n = max{k : w —; w}. Using
the definition of the determinant, we express the resultant as

n+m+1
Iesy w = Z 1_[ Ai,o-(i)’
oeSpime1 =1
dv.w(k) I<i<nandk=j—-iandv —pw,
A= 1 n<i<n+mandj=i-n,
’ — Py (k) n<i<n+mand j=k+i-nandw —iw,
0 otherwise,

where S;,1m+1 18 the symmetric group of of size n +m + 1 and sgn(o) the sign of the permutation o.
Now observe that the monomial ¢, ,, (m)" appears exactly once in res,, ,,, which shows that res,, ,, is
non-zero in R[®].

Lemma 3. The map ()" : R[z] — R[z] is compatible with multiplication, i.e. for any two f,g € R[z]
it holds that

(fe) =r"g"
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Proof. Let f =3}, arzFand g =3 j=0P jzf be polynomials such that @, # 0 and 3, # 0. Accord-
ingly, the product of f and g is a polynomial of degree n + m and has the following form

n+m

d
fg= Z yaz?, Yda= Z aq-1P.
prar =0

The conjugate of the product, i.e. (fg)* is therefore >/ Ynsm—-az®. On the other hand, we have the
polynomial representation of the product of conjugates

n+m d
g = Z daz?, 0a = Z Un—d+1Bm-1-
d=0 =0
Hence, we need to show that y,1,,—qg =d4 for all d =0, ...,n+ m. To see that, note that

m d
Yntm-d = Z An+m-d-1P1 = Z An-d+l’ Bm-1r =04,
I=m~d =0

where in the first equation we used that @y =0 for k > n and 8; = 0 for j > m, and for the second
equation we introduced the index I’ = m — [. This finishes the proof. 0

Proof of Proposition 2 in the main paper. First, we need to show that the map ()* is well defined,
i.e. let f, g, h € R[z] be polynomials. It follows from Proposition 3 that

(ﬁ)*_ (FR)" deg(g)+dea(h)—deg(f)~deg(h) _ S dea(g)-dea(s) _ (i)
- * z T sk < - .
gh (gh) g*h g

This shows that the conjugate of a rational function does not depend on the choice of representative.
Next, we need to show that conjugation commutes with multiplication in R(z). Let us therefore fix
four polynomials f;, g; € R[z] where i = 1,2. It then holds by Proposition 3 that

(M) _ (12" e (e))4dea(er) ~dea(fi) ~dee( ) (ﬁ) (é) .
8182/  (8182)" g1) \&

To show that conjugation of rational functions is linear, i.e.

(o2 (2
81 82 81 82

we begin with the case where g = go = 1 € R[z], i.e. the constant monomial. Furthermore, we set
dy =deg(f1) and dp =deg( f>) and w.l.o.g. we assume that d| > d;. Let

d; dy
A=), fr=) B
k=0 =0

The first case is that d| > d; so that deg( f + f2) = d;. In this case it holds that

di k di j
(fl +f2)* _ Ly Ve kZH Do By
1 - 4d|

\ - /
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=(£)*+ il dzz 70 Bay- J’ZJ

1 dy

AN

- ( 1) \r)
where we set 8; =0 for j > d5, and in the third equation we used the index translation j = dj —dy + j'.
In the second case (d = d| = d»), one has to consider the situation in which the degree of the sum
decreases, i.e. deg(f1 + f2) < d;. This happens when some of the coefficients of f; and f, offset each

other. So, let y; = a; + 8; and suppose that y; =0 for all d’ <[ < d, i.e. deg(fi + f») =d’ < d. Then we
compute as follows

Z

1 1

d
_ Zk:() 7d—lZl

74

-d' yd
Zm:() Ydr-mZ™
d

Z
(f1+f2)*
] ,

where we used the index translation / =d — d’ + m.
We conclude with the linearity of the conjugation of rational functions. Precisely,

(ﬁ+ﬁ)*: (f182 +f281)*

81 &2 8182
:(flgz + e 1 )*
1 8182

(5] (5 ) 5e)
(&) (&)

For the third equation we used that conjugation and multiplication of rational functions commute and
that conjugation respects addition on the subring R[z] € R(z). For the last equation we used again that
conjugation and multiplication of rational functions commute.

Lastly, we check that conjugation is the inverse to itself. Let f =3}, ayzF and g = ZT:O B jzj be
two polynomials in R[z]. Then we compute

*
k 0 0 Onem—k2 \)
J

Yni—m Bma.m_i A
= /

mZk 0%n— ka
X Bm-jzt
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Zn+0 a'kZ

" -
;l (')n:BJZJ

In the lines above we used the augmented coefficient vectors @, B € R™™_which are defined as follows

R g if0<k<n, B B if0<j<m,
ar = =
o ifn<k<n+m, o ifm<j<n+m.
The last claim follows as z* = z~! for z € §' and direct inspection. O

Appendix D: Proof of the spectral Gessel-Viennot Lemma

The proof works conceptually along the same lines as the classical Gessel-Viennot Lemma [5]. The
main difference comes from the fact that one reasons over the field of rational functions R(z). For the
convenience of the reader we spell out the details of the proof.

Proof of Proposition 4 in the main paper. We show this by induction on the cardinality of X resp.
Y. Say that / indicates the size of X. If [ = 1, then the statement follows from the spectral path rule,
which is the frequency domain version of [7][Proposition 1]. Assume the statement holds for any pair
X’,Y’ such that | X’| = |Y’| =1 — 1. We now wish to show that this implies that the statement also holds
for set cardinality equal to [, i.e., X = {xq,...,x;} and B={y1,...,y;}. In the following, we write H*
to abbreviate (/ — H) . We employ the Leibnitz expansion of the determinant

det([H™]x.y) = thly< D" my .

where m; ; =det([H™]x,,y;) and X; = X \ {x;} resp ¥; =Y \ {y,}. Applying the induction hypothesis

we get that
my ;= Z sgn(IT) l_[ R,
HENo(Xl,Yj) rell

On the other hand, we know from the spectral path rule that

D).y, = Z h'.

nePy(x1,yj)

Let us fix a path 7 € Py(x(,y;) and a system of paths IT € Py(X(,Y;). Hence, IT U {7} constitutes a
system of directed paths from X to Y.

The system IT U 7 induces a permutation on the set of / elements. To see that sgn(IT U x) =
(—=1)"*Jsgn(IT), one can use the description of the sign of a permutation as the determinant of its
corresponding permutation matrix. Hence, we conclude with the formula

det([H®]x.y) = Z Z Z sen(ITUm)A ™ g™, (26)

j 1 ITGP()(xl,yj) HGN()(XI,YJ')
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Assume that 7 has an intersection with at least one of the paths in I1. We can then find a path 7’ € I
and node v € V such that 7 and n’ intersect in v, and such that v is the first node visited by = that is
also visited by some path in IT. Since IT is non intersecting it follows that the node v and the path 7’
are unique. The directed path 7’ connects some x; € X to some yx € ¥;. Then we can write the paths
7 and 7" as the concatenations

’ ’

nznx],veanv,yj, w =7rx[’v@7r

’
Vo Vk®

We use the symbol & to denote concatenation of paths. Using this concatenation we proceed by con-
structing two new paths

——
=T ®Tyy;.

Then IT" =11\ {n'} U {7} € P(X|,Y%) is a system of non intersecting directed paths from X; to Y%.
That the system is non intersecting follows from the choice of v and n’. Furthermore, # is a directed
path from x; to y;. It follows that

R0 g Z () ()

Let us denote by y the permutation associated with IT U &, and by ¥ the permutation associated with
IT" U #. It holds that sgn(y) = —sgn(7). This is because § can be obtained from y by post-composing
with a transposition. Specifically, we define 7 to be the following transposition

T(Yj) = Yis (Vi) =yj.

Using this transposition we see that 9 = T o v, which combined with the multiplicativity of the sign
yields sgn(9) = —sgn(vy).

It remains to show that det([/ — H ];(,ly) is non-zero if and only if there there is at least one system
of non-intersecting paths from X to Y. First, if there is no such system then it follows by the identity
we just showed that the determinant must be zero. So suppose P(X,Y) = {I1, ..., II;}. We now wish
to show that the rational function

AW 4 g e R (@, )\ {0}, @)

i.e. that this is a non-zero rational function in the indeterminates ® and z. In order to show this claim
we introduce a few polynomials. Let 7 be a directed path, then

p(ﬂ): l_[ ©v,w CI(’T): 1_[ 1_‘PW,Wa

vVowen Vowen

of which the first is the numerator and the second is denominator of the path function 2("). These
are polynomials in R[®, z] and note that the coefficient of the degree zero monomial of ™) is equal
to one. Now suppose that 7 € Py(x,y) is a directed path that visits every vertex at most once and
IT € P(X,Y) a system of directed paths, then we introduce the following polynomials

p(H) = 1_[ p(ﬂ)7 q(H) = l_l q(ﬂ)_

rell nell
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Again, we read all of these polynomials as elements in the polynomial ring R{®, z]. The rational
function (27) is non-zero if and only if the polynomial

!
pMQ 4.+ pMQ, e R[D, 7], where 0; = [ ") eR[®,z]
J#i

is non-zero. We show this by identifying a monomial x that has non-zero coefficient in p?M)Q; and
that has the zero coefficient in p?(l )Qj for all j > 2. We set

x= 1 [T ewlmewz™, My = min{k | v — w}.

nell] vowen

Note that the coefficient of x in p™M)Q, is equal to one, which can be seen from the fact that the
coefficient of the monomial with degree zero is equal to one in every Q;. It remains to show that the
coefficient of x in p()Q j is zero for all other j. Let us therefore consider the sets of links D; = {v —
w|v —w e nr,nell;}. Note that for any two distinct 7, j the assumption I1; # I1; are systems of non-
intersecting paths implies that also the corresponding sets of edges are different, i.e. D; # D . This
implies that the monomial x has a non-zero coefficient only in the polynomial p (M )Q1. This allows us
to conclude that the rational function (27) is indeed non-zero.

Note that for a fixed z € S! (i.e. non-zero), the monomial x(z) € R[®] is non-zero. In particular,
det([I - H (z)];(}y) is non-zero as an element in C(®), which shows the last statement of the spectral
Gessel-Viennot Lemma. 0

The proof of Proposition 5 in the main paper works along the same lines as in the case for linear
Gaussian SCM’s, see [8]. For the convenience of the reader we spell out the adapted version for SVAR
processes represented in the frequency domain.

Proof of Proposition 5 in the main paper. For the proof of this Proposition it will be useful to ex-
pand the determinant det([S]x,y) using the Cauchy-Binet formula, i.e.

det([Slxy) = > det([(I - H) 'x,s5) det([S"]s) det([(1 = H*)]s,y). (28)
ScV:|S|=r

This expansion implies that det([S]x,y) considered as a rational function in R(®, &, z) is zero if and
only if every summand is zero, and each summand is zero if and only if either det([(/ — H)™!] X.5) Of
det([( - H)_I]S,y) is zero.

First, we assume that det([S]x,y) =0, and we wish to show that any system of treks 7 from X
to Y has a sided intersection. If |top(T)| < |X|, then it follows that both Left(7") and Right(7") must
be systems of intersecting directed paths and, therefore, T has a sided intersection. If, on the other
hand, |top(T')| = | X|, then it follows by the above expansion that det([ (] — H)’l]x,top(r)) or det([( -
H *)_1]t0p(T)’Y) must be zero. So Proposition 4 in the main paper implies that Left(7) or Right(T)
must be a system of intersecting directed paths, and we conclude T(X,Y) = 0.

Now suppose that every system of paths from X to Y has a sided intersection. We show by con-
tradiction that det([S]x,y) is zero. Suppose there is a set S such that both det([(/ - H )71 x.s) and
det([(I-H )‘l]s,y) are non-zero, then according to Proposition 4 (main paper) there must be at least
one trek T € T(X,Y) with top(T) = S. Since this contradicts the assumption that every system of treks
from X to Y has a sided intersection, we conclude that det([S]x y) is the zero element in R(®, L, 7).

Analogously, one shows for every z € S! that det([S(z)] x.v) € C(z) is the zero element if and only
ifT(X,Y)=0 1
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Corollary 1. The spectral Gessel Viennot Lemma, i.e. Proposition 4 from the main paper, and Propo-
sition 5 from the main paper also hold for processes parameterized by the map (24).

Proof. Let G = (V UM, D U D) be a process graph as specified in Appendix B and G € 7(G) a time
series graph compatible with G. The parameterization of the graph G is given by H = H™™ + H*, which
maps into the space of matrices RSD[b(z). For equally sized sets X,Y c V it follows that

det([I — H];(’IY) = Z sgn(H)H(H),
HEP()(X,Y)

since this does not depend on the parameterization of H (see proof above). To see the other direction,
we need to show that det([/ — H]j‘(ly) is non-zero as an element in R(®, ®, 7). From the spectral

Gessel Viennot Lemma it follows that there is a @ € RS% such that det([/ — H(®, 0)];(1),) is non-zero
in R(z), and this implies the claim. The generalization of Proposition 5 of the main paper to processes
parameterized by the map (24) can be proven along the same lines. O

Corollary 2. Theorem 2 and Theorem 3 als hold for infinite order SVAR processes parameterized by
the map (24).

Appendix E: Proof of the spectral LF-HTC identifiability result

Suppose G is a time series graph with exogenous latent structure. In the main part of the paper we
introduced RS% as the space of SVAR parameters that are compatible with G and give rise to process
which can be represented as an SEP in the frequency domain.

We begin this section with an observation which we will use to prove Theorem 5 from the main
paper.

Let T € T(X,Y) be a system of treks from X to Y without sided intersection. Then let G(T') =
(VXZ,D(T)) be the time series subgraph of G, where v — w is a causal relation on G(T) if and only
if v —>; won G and v — w is a link that appears in the system of treks 7. Accordingly, G (T') denotes
the process graph of the time series graph G(T). Since D(T) is a subset of D, there is a canonical
embedding ¢7 : RS%(T) — Rs%. If T € T(X,Y) is such that G(T) acyclic, then for ® € Rﬁ(n one can
apply equation (12) from the main paper to get that

det([S(r(®).2)lxy)= Y, se@)ST) (r(@),2.2),
T’ETG(T) (X,Y)

where T (7)(X,Y) is the finite non-empty set of non-intersecting trek systems from X to ¥ on the
subgraph G (T). So it follows from Proposition 5 (in the main paper) that det([S]x.y) € R(®, €, z) is
non-zero.

We will use the following lemma to prove the spectral version of the latent factor half-trek identifi-
ability result stated in the main paper. The lemma is closely related to Lemma 1 in the supplementary
material of [3].

Lemma 4. Suppose X,Y C O are disjoint subsets and let T’ = (11, ...,7,) € T(X,Y) be a system of
latent factor half-treks without sided intersection. Then there exists a sub-system T = (1q,...,T,) €
T(X,Y) of latent factor half-treks together with an ordering of the elements in X and Y and T such
that:
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L. 7; € T(x;,y;) a latent factor half-trek such that T; goes through x j only if i > j and x; appears on
T; exactly once
2. the associated subgraph G (T) is acyclic.

For such T and associated parameter ® € Rﬁ(n it holds that

det([Sg(r)(®,Q)]x,y) =S (@,Q) (29)

In particular, det(Sg(r)) is non-zero as an element in R(®,€,z), and for any z € S it holds that
det(Sg(r)(2)) is non-zero in C(®,Q).

Proof. Using the same procedure as in the proof of Lemma 1 in the supplementary material of [3],
one can reduce the system 7’ to a system of latent factor half-treks 7 € T(X,Y) with property 2.) and
furthermore reorder the elements in X, Y and T so that 1.) holds.

To show the equation (29) we need to show that TG (7)(X,Y) ={T}. Let T’ = (7{,...,7,) be a trek
system without sided intersection from X to ¥ such that 7/ € T(x;, y o(;)), Where a is a permutation on
{1,...,n}. We need to show that 7" =T.

Each 7y is a latent factor half-trek, so it has one of the following two forms

xk<—lk—>z’f—>~-z';k=yk, Xk—)Z]f—>"'—)Z];k=)’k,

where [, € L and z? € 0. Each x € X has at most one outgoing link on G (7), this follows from the fact
that T has no side intersection and G (7)) is acyclic.

We start by showing that 7,, = 7,,. To construct a trek 7, starting at x,, we need an edge in D(T) that
either points to x, or emerges from x,. By assumption x,, appears only on 7,, and on 7, the vertex x,
appears exactly once. So there is exactly one edge involving x,, which means that the first link on 7,
must be the first link on 7,.

If the first link is x,, « I, then the second link on 7;, cannot be /,, — x, again, because X and Y
are disjoint and (in that scenario) there is no directed path from x,, to any y € Y on G(T). Since [/, has
exactly two emerging links on G(T), the second link on 7,, must be /,, — z;. In particular, if z; €Y,
then z| = y,. If 7| # y,, then there can only be one edge coming out of z; on G(T'), since T has no sided
intersection. So the next edge on 7, is z; — z;. This reasoning can be repeated until y,, is reached. The
case where 1, =x, — z; — - -- works analogously. So, we conclude that 7}, = 7,.

Now suppose we have shown that 7 = 7; for all m < k < n. We now want to show that 7,,, = 7. By
the assumption on 7', the node x,, can only appear on 7; with j > m. To construct a trek starting at x,,
we need either a link pointing to x,, or a link coming from x,,.

CASE 1: If x,,, only appears on 7, then we can repeat the same argument as above to show that
Th = Tm-

CASE 2: The node x,, also appears on some 7; =7/ with [ > m, i.e. xp, = L forajef2,....I; -1},
where [ and j are unique, since 7 is without sided intersection and G (T') is acyclic. In this case there
can be only one edge on G (T) starting from x,,, i.e. X, = zl/. — zi. +1- By assumption, this edge already
occurs at 7, = 7;. So the first edge on the trek 7, must point to x,, (otherwise 7;,, would have a sided
intersection with ‘rl’ ). There are now exactly two links we can choose to start 7, i.€. X, < I, or 7 — zi,,
where z is either zi._] or I; or x;. We now need to show that the first link on 7, is indeed x,,, < I,
Once we have shown that, we can proceed as above to prove that 7;, = 7, since 7,, cannot be of the
form X, <= I, — X, (then 7, would intersect with /).

Suppose j > 1 and also that there are some 1 <i < j such that zé =Xx4 € X. Otherwise, a trek 7,,

where the first link was x,,, « z could not reach a point in ¥, contradicting 7" € T(X,Y)
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Soleti* =min{i | i < j, zﬁ € X} and zﬁ* = x4, which means that the first link on 7, must be x4 < /.
In this case T,, = (X, < -+ <= x4 < ---). Given that 7;, ends in Y, there are two options for 7;,, namely

X == Xg — lg — xq, (30)

X o xg — g —> 7l (31)

The trek 7,, cannot be of the form (30), since this would lead to an intersection of ‘ré (i.e. the trek in
T’ starting at x4) and 7;. Nor can 7, be of the form (31), because then 7, or 7/ would have a sided

intersection with the trek T(’I. Since this argument can be repeated for every i < j such that zf. € X, we
conclude that the first link on 7;,, must be x,,, < I,,,. As mentioned above, this implies that 7,, = Ty,.
This concludes the proof for T(X,Y) = {T} implying equation (29). [

Proof of Theorem 3 in the main paper. Let G € 7 (G) be some time series graph and let (®,Q) €
]ngtb. We seek to construct the map Wp, , (v).v : PDo R(z)) — R(z)P20 () which maps the spectrum
Sg (@, Q) to the vector of link functions H (P, Q)pa,, (v).v = [Mu,vluepag, (v) € R(z)P20 ")*{v} n the
following we will write S to refer to Sg(®, Q) and H to refer to H(®P).

The construction of this map will go along the same lines as in the proof of the LF-HTC identifia-
bility result in [1]. The first step is to establish over the field R(z) the linear relationship

A 8] [H"a‘;fv””] =g (32)

where A € R(z)Y*P*0 (") and 8 € R(2)"*Y, and f € R(z)W, and g € R(z)¥. We begin with the
definition of the matrices A and B. For y € Y and u € pa, (v), we define the entry

A [(I-H)"S]yu if y ehtrp, (WU {v}),
e Sy,u 1fy ¢ htrL’(W U {V}),

and for y € Y and w € W the corresponding entry in the matrix 8 is

P {[(I—H)TS(I—H*)]y,W if y € htrp, (WU {v}),
y,w

[(SU=H)]yw if y ¢ htrp/ (WU {v}).

Finally, the component of the vector of rational functions indexed by y €Y is given as

JIU-H)TS]y,,  ifyehup (WU{v}),
TSy if y ¢ htrp (WU {v}).

The matrices A, B and the vector g are rationally identifiable by assumption, i.e. they can be con-
structed for almost all (®,Q) € ngtb. To construct f, note that due to the assumption that (Y, W, L")
satisfies the LF-HTC with respect to v, it holds that

[S"y.wotvy = [H]] 0[S0 [H]) o
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Proposition 5 (main paper) applied to the sub-graph G” = (O U L, D). So, for generic (®,Q) € R, ,

there is a f € R(z)" such that

[S"ly.wf=[S"]y...

Equation (32) follows by the same calculation as in [1]. Since we have performed the construction over
the field of rational functions R(z), all these relations hold for generic parameter choices, independent
of the underlying time series graph.

It remains to show that for generic parameter choices (®, Q), the matrix [ﬂ B ] is invertible. Let
us therefore write F = det( [ﬂ B]) which we view as an element in R(®,Q, 7). We need to show
that F is non-zero. Let Tr € T(Y, W U paj(v)) be the set of trek systems 7" that satisfy the following
conditions:

I. IfreT’isatrek fromy € Y Nhtry, (W U {v}) to u € pay(v), then Left(r) does not contain any
linkx - y€ Dg.

2. If T €T’ is atrek from y € Y to w € W, then Right(7) does not contain any link v — w € Dg. If
in addition y € Y N htry, (W U {v}), then it is also required that Left(7) does not contain any link
x—=y€Dop.

Suppose T' € T(Y,W U pay(v)) is such that G(T) is acyclic, then for (D, Q) € ngtb(T) it holds that

F(ir(®),Q,2) = > sen(1)S") (i (@), Q,2), (33)
TeTrNTg (T) (Y,WUpaO (v)

To see that F is not the zero element in R(®, Q) it suffices to identify some (A, €, z) such that F
evaluated at that triple is non-zero.

In order to find such a triple, we consider a system of latent factor half-treks 7 € T(Y, W U pa, (v))
of the form specified in Definition 8 (main paper) and that additionally satisfies the properties spelled
out in Lemma 4. Note that such a system of latent factor half-treks 7 is an element in Tz, which follows
from Definition 8 (main paper). Using Lemma 4 we conclude that T N T () (Y, W Upay (v)) ={T}.

For (A,Q) € ngtb(T) equation (33) reduces to

F(LT(A)’ Q, Z) = Sgn(T)S(T) (LT(A)7 Q, Z) = det( [SQ(T) (A’ Q, Z)] Y.,pap (v)UW)v

which suffices to conclude that F is non-zero as an element in R(®, <, z), and therefore that the
matrix [?l B] is generically invertible. It follows from Lemma 4 that for any z € S' the matrix
[ﬂ(z) B(Z)] is generically invertible, which shows the last statement of the theorem. O

Using the parameterization of infinite order SVAR models as discussed in Remark 1 we can gener-
alize the spectral LF-HTC to such models.

Corollary 3. Theorem 3 from the main paper also applies to infinite order SVAR processes parame-
terized by the map (25).
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