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ARTICLE INFO ABSTRACT

Keywords: Structural intensity is a response quantity that allows visualization and quantification of the
Structural intensity vibrational power flow in structures. Numerical simulations allow for easy calculation, i.e., by
Power flow analysis combining standard result datasets of finite element analysis. However, this is not the case for
Structural response experimental data, where usually an incomplete set of response quantities (i.e., just translational
responses) of a subset of the degrees of freedom of the corresponding finite element model serves
as the fundamental dataset to compute the structural intensity. This paper provides a compre-
hensive guide for a hybrid method that allows the calculation of structural intensity on arbitrary
surfaces in three-dimensional space. The hybrid method utilizes experimentally acquired struc-
tural response data as an input. The corresponding measurement point locations build a mesh
with associated trial functions. Furthermore, a verification of the methodology utilizing numer-
ical data to quantify the method’s accuracy is performed. Moreover, comparing structural in-
tensity fields acquired from a numerical model and measurement data helps to validate the
proposed approach further. Finally, the methodology supports engineers and researchers in uti-
lizing the concept of structural intensity to optimize mechanical systems in terms of structural
dynamics, e.g., the smart application of damping elements to control system dynamics efficiently.

1. Introduction

Structural intensity (STI) allows visualization and quantification of the vibrational power flow in structures. This analysis is
possible by calculating STI vectors from structural response data evaluated for a finite number of discrete locations. Multiplying the
local stress tensor by the local vibration velocity response vector yields the local STI vectors. These local STI vectors indicate the
direction and magnitude of the power flow at the corresponding locations. A specific postprocessing method, i.e., vector field
decomposition, allows the identification of sources and sinks of vibrations in these STI vector fields. Ideally, this enables the efficient
placement of countermeasures for vibration reduction.

Since the first papers on the STI topic in the 1970 s, research has focused on approximating vector fields from measurement data.
Researchers have applied state-of-the-art measurement techniques used in vibration and acoustics, such as accelerometers [1-5], laser
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Doppler vibrometers (LDVs) [6-9], acoustic holography [10,11], and digital image correlation [12-14]. These measurement tech-
niques allow the acquisition of deformation or velocity fields on the surface of structures. Thin-walled structures or beam-like
structures, such as plates, beams, and pipes, are prone to vibrations and are therefore the main subject of investigation. The STI
flow in the thickness direction has been neglected because of the assumption that the acquired responses on the surface are constant
over the structure’s thickness for thin-walled structures. With respect to plate-like structures, the required stresses are approximated
via plate constitutive equations according to Kirchhoff (classical plate theory) [15] or Mindlin-Reissner plate theory [15], assuming
known material properties and known geometric shapes. The focus of investigations is not only on simple academic structures but also
on more complex but still thin-walled structures. Investigations have been performed on structures in engineering fields with a high
focus on noise reduction for passenger comfort, such as automotive applications [16-18] and aerospace applications [19-22].
Additionally, investigations focused on damage detection are ongoing [23-25].

Pavic et al. [2] have formulated the eight-sensor method, which is a commonly used approach to solve the plate equation for
missing stresses to calculate the STI. This method uses the finite difference method for calculating derivatives. The eight-sensor method
has the drawback of not being generally applicable to arbitrary surfaces. In the case of curved surfaces, e.g., cylinders, the shell
equations require an adaptation to the given coordinate system via a curved-linear implementation [26]. This circumstance increases
the difficulty of evaluating structures, especially for arbitrarily shaped surfaces in three-dimensional space (2-manifolds). Therefore, a
general methodology is necessary that allows the calculation of the STI on the basis of response data of arbitrarily shaped surfaces.

In 2018, Biedermann et al. [20] have presented an approach that uses finite element method (FEM) theory to calculate the missing
data required for the STI calculation from experimentally acquired response data. The basic idea is to combine experimental responses
with approaches from the FEM. The approach uses measured structural response data at discrete measurement points as input.
Furthermore, the measurement points are regarded as the nodes of an FEM-like mesh. Bilinear shape functions for four-node shell
elements are set up to calculate nodal rotations at the nodes of the element and forces, as well as moments in the centroid of the
element. Compared with the previously mentioned finite difference method, the use of four-node shell elements allows the calculation
of STI vectors with a subset of measurement points. Owing to the utilized FEM approach, this method also allows a direct comparison at
the node and element levels to respective evaluations with an FEM model. Considering that researchers usually use numerical and
experimental approaches in synergy, this is a significant advantage when considering the updating procedure of finite element (FE)
models. The results of Biedermann et al. [20] look promising but lack a detailed evaluation of the method's accuracy regarding the
approximated data, i.e., nodal rotations and elemental forces and moments. Additionally, an exhaustive description of the method-
ology, including the FEM approach, is missing. Pires et al. [12] have published an approach similar to that of Biedermann et al. that
uses six-node triangular shell elements. Six-node elements—and, more generally, elements with mid-edge nodes—allow the use of
quadratic shape functions, which provide a clear advantage. They allow the computation of transversal forces with high accuracy
because two consecutive derivatives can be performed. However, such accurate transversal forces are needed only when the conditions
for moderately thick plates, as defined by Mindlin [27], are met. The hybrid method focuses on efficiently analyzing thin-walled
structures. For this reason, four-node elements are used in this work because they allow STI vectors to be computed efficiently while
aiming to reduce measurement effort in large-scale structures.

Building on the hybrid method concept introduced by Biedermann et al. [20], this work provides a comprehensive description and
verification of the methodology. Furthermore, a validation of the approach is performed through experiments on a laboratory
structure. The hybrid method combines experimental structural response data with the FEM approach for calculating elemental forces
and moments. In this work, four-node quadrilateral shell elements are used, as they can acquire the necessary internal element forces
via Kirchhoff plate theory with a low number of nodes. The reason is the chosen thin-walled geometry used for the numerical model
and the equivalent experimental structure. Furthermore, this paper covers a detailed verification of the hybrid method. This concept
includes an evaluation of the accuracy of the approximated nodal rotations and the elemental forces and moments in comparison to a
ground truth FEM dataset. The hybrid method is subsequently applied to experimentally acquired structural response data of a plate
structure. The STI vector field calculated from the measurement data is compared to a set of STI vector fields acquired from a numerical
FE model representing the experimental structure. Afterwards, the vector fields are compared qualitatively, in terms of their flow
characteristics, and quantitatively, in terms of their magnitudes.

The paper is organized as follows: Section 2 describes the fundamentals of structural intensity and the basic approach for calcu-
lating the respective vectors. Section 3 outlines the hybrid method, which allows the calculation of the STI from measurement data.
Section 4 covers the verification of the hybrid method. The hybrid method’s accuracy is quantified by comparing the STI calculated
with a full FE dataset to a dataset based on the same FE dataset but using only its nodal translatory response data. Section 5 covers the
comparison of experimentally and numerically acquired STI vector fields. The paper closes with a section stating a conclusion and an
outlook containing suggestions for developments to further improve the hybrid method.

2. Fundamentals of structural intensity

The structural intensity (STI) describes the vibrational power flow per cross-sectional area in a structure as a vector. The STI is
related to the concept of sound intensity, which quantifies the magnitude and direction of energy radiated by a sound source in a fluid
such as air. The instantaneous sound intensity is calculated with the scalar pressure p and the particle velocity vector V in the time-
domain [28]. In the subsequent outlines, subscripts t and f denote the functional dependency on time and frequency, respectively. In
the case of the STI, the scalar pressure value is replaced with the stress tensor S for a solid material [28]; see Fig. 2.1. Therefore, the

instantaneous STI vector I at an arbitrary point in a solid is calculated by
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where the normal stress ¢ and the shear stress 7 [28]. The negation is necessary because the stress convention describes compression
with negative values.
The following time-dependence of the harmonic vibrations is considered by

u(t) = Re{g exp(j ant)} (2.2)

with the complex displacement u, the imaginary unit j, the frequency f and the time t. The expression Re{ e } describes the real
part of a complex number. The complex displacement is described by

u = Uexp(jd) (2.3)

with the displacement amplitude U and the phase ¢.

Acquiring the full stress and velocity fields of relevant structures built up from full material is almost impossible with the standard
measurement techniques used in acoustics and vibration. Therefore, the STI is commonly used to assess the vibroacoustic behavior of
thin-walled structures, and plate or shell elements are used mainly in FEM analyses [30]. In the case of thin-walled structures, the z-
components of the stress tensor in Eq. (21) are neglected and set to zero (see Fig. 8.1 in the Appendix as a reference for internal loads in
thin-walled structures). This simplification allows flexural deformations of the structure, which lead to bending moments that require
inclusion in the description. The instantaneous power flow P for plate-like structures, i.e., quadrilateral plate elements in the FEM, is
calculated by using the normal forces N, the transverse shear forces Q and the moments M in combination with the structural response
in the form of velocities and the respective angular velocities o [31] by

. Ny Ny Q Vy My, My O Wy
PplateAt = - Nyx Ny Qyz Vy + MY Myx 0 @y 2.4)
0 0 0 \ 0 0 O0f]|w

The forces and moments are assumed to act in the element centroid. Any relevant values defined only at the nodes, i.e., translatory
velocity and angular velocity, must be mapped to the element center. For regular FE meshes, this step can be carried out by simply
averaging the nodal values associated with the element. In the case of irregular meshes, a more appropriate method is necessary, e.g.,
the shape function approach (see Eq. (8.22) through Eq. (8.25) in the Appendix as a reference).

Considering the harmonic excitation of a damped structure, the response is assumed to reach steady-state behavior after a finite
time. Accordingly, the time-averaged STI in the frequency-domain is acquired by using the complex frequency-domain values of the
forces, moments, velocities, and angular velocities

N 1 Ny Mxy sz E{A Mxy M; O %{W
I platef = — ﬁ N(;'x Moy %rz Yy; + Moy Moyx 8 Qy; (2.5)
v, [

where A is the cross-sectional area in the flow direction that transforms the power flow into an intensity, the asterisk superscript
indicates complex conjugate values, and the underscore indicates complex values.

The real part of the STI is the so-called active part of the energy or power flow. It is the part of the energy that forms a flow
throughout a structure and is ultimately dissipated. The imaginary part on the other side is the reactive part and describes the exchange
of potential and kinetic energy. The active and reactive parts of the STIs are related to the respective active and reactive powers known
from electrodynamic theory. Maysenholder [32] has conducted a comprehensive investigation of the reactive STI. According to his
investigation, one can describe the sources and sinks of the reactive STI by the mean time-averaged difference in kinetic and potential
energy. Imaginary power emerges in regions where the time-averaged mean kinetic energy exceeds the respective potential energy and

X Y

Fig. 2.1. Stress tensor in the 3D orthogonal coordinate system [29].
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vanishes for prevailing potential energy. Overall, the energy is conserved. Maysenholder has stated that the reactive part of airborne
wavefields allows the energy flow density to be calculated as a function of time, the time average of the Lagrangian density, and the
rotational part of the active STI. However, he has concluded that the mentioned benefits do not apply to structure-borne wavefields.
Importantly, the active part can only emerge for existing damping or any effect that results in a phase shift between the excitation and
the structural response. This circumstance is described with an instantaneous power injection into a structure by [32]

Pt =Fv= Re{E exp(j 2tht)} Re{y exp(j 21tf'[)} (2.6)

with the complex representations F = F exp(j¢) and v = V exp(jy) of a harmonic point force F and the driving point velocity v. The
values with a roof on top describe the amplitudes, and ¢ and y are the respective phases. By including the complex representations of
force and velocity in Eq. (2.6) and considering a harmonic excitation with a cosine character, the injected power is described by [32]

1~
Pint = EF V [cos(¢p + y + 4nf t) + cos(p — )] 2.7)
Accordingly, the time-averaged injected power is represented by [32]
1~ 1~ . 1
Pig = EF veos(p—y) = EF VRe{exp(j(¢ —y) } = ERe{ Fv } (2.8)

Only for (¢ — y) # (2n — 1) with n € N is power injected into the system [33]. The phase shift between F and ¥ is induced by any
damping mechanism or a combination of these, i.e., material damping, a local dashpot damper, acoustic radiation, or an actively
controlled mechanism that attenuates the system’s response at a local point. An ideal phase shift of (¢ —y) = (2n — 1) occurs for
nonexistent damping at a resonance. In this case, only a reactive STI is present in the system [32].
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Fig. 3.1. Overview of the sequential steps of the FEM and the hybrid method process chain.
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Considering Eq. (2.5), one can easily calculate the STI for FE models, as all necessary data are available as a result of the simulation.
The completeness of results is usually unavailable for experimental investigations of structures. With common experimental methods
in acoustics and vibration, i.e., accelerometers, LDVs, and digital image correlation, one can only directly acquire the translatory
velocity components on the surface of structures. Estimating angular velocity components or stresses is theoretically possible, but the
measurement is only possible with disproportionate effort. Hence, the missing values require approximation. The approach to
approximate the missing information is covered in the following section.

3. Hybrid method for structural intensity analysis

The fundamental idea of the proposed approximation method is to utilize the FE approach for calculating element stresses and
forces on the basis of shape functions applied to measured responses from discrete measurement degrees of freedom. The flow chart in
Fig. 3.1 describes both branches of the process chain: the analysis method, which is purely based on simulated responses, and the FEM
and the proposed approximation methods, which use experimental data and the FE approach for the estimation of missing responses.
The FEM process chain includes model generation with the building of system matrices and solving the respective equations of motion.
The approximation process, however, uses measured structural response data, i.e., displacement, acceleration, and velocity fields, and
the estimation of nodal rotation to acquire the desired element stresses and forces.

The approximation of nodal displacements and rotations within the hybrid method is a linear analysis step to obtain the desired
results, as a subset of the nodal response data already exist from the measurements. A mesh with desired shell elements using either
linear or quadratic shape functions, i.e., triangular, quadrilateral, eight- or nine-node elements, is created for the set of nodes used to
acquire the measurement data. Afterwards, the required shape functions are set up for the respective mesh. Combined with the known
material properties and the assumed plate theory, e.g., Kirchhoff or Mindlin-Reissner, this allows the calculation of the element forces
and stresses. In general, one can consider elements with quadratic shape functions to increase the accuracy in terms of transverse
forces. The reason is that a quadratic shape function allows for two consecutive derivatives. However, transverse forces are only
eligible for consideration when the conditions for moderately thick plates are met [27]. Therefore, four-node elements should result in
similar results when fewer nodes are used.

The measurement data captured via the LDV are initially available in the time-domain. According to the description of the hybrid
method, frequency-domain data is needed. Therefore, transforming the time-domain data into frequency-domain data is necessary.
One advantage of frequency-domain data is the possibility of easily transforming between velocity and displacement values at discrete
frequencies by using

v(f)

u(f) = j2rf 3.1
where the complex velocity v, the complex displacement u, the frequency f, and the imaginary unit j assemble this relation [34]. This
calculation is necessary to acquire displacement values for the force and moment calculation and the nodal rotation approximation.

In the Appendix (Section 6.1), the equations Eqgs. 8.1-8.28 describe the analysis of element stresses, forces, and moments for four-
node quadrilateral plate elements. Plate elements use the Mindlin—Reissner plate theory, which includes transverse shear forces
considering moderately thick plates. According to Mindlin [27], moderately thick plates are present when the existing wavelengths in
the structure become shorter than five to ten times the plate thickness. The equations in Section 8 describing the Mindlin-Reissner
plate theory also hold for the Kirchhoff plate theory when the transverse shear forces Q are neglected.

FEM calculations provide nodal displacement and rotations, on which the element forces and moments are calculated. In the case of
the hybrid method, only measurement data for translational degrees of freedom are available, and nodal rotations are missing. When
acceleration sensors are used for response measurements, the mesh grid of the experimental response degrees of freedom is typically

Fig. 3.2. Exemplary calculation of nodal rotation based on shape functions and nodal displacements.
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coarser than that of a finite element model. However, a reasonably fine mesh resolution is possible with automated optical response
measurement systems, such as LDVs.

The missing nodal rotations about the x- and y-axes, which are necessary to calculate the strains in Eq. (8.20) and Eq. (8.21) (see
Appendix), are calculated via the partial differentials from Eq. (8.27) and the nodal displacements in the z-direction u, via

_ auz _ le 6N4 T

Qx. elm — W - { ay ay } {uJ,l o Ugg } (32)
" )\ oN, T

gy.elm - _E - { *X *X {Qz.l e Ugzg } (33)

The basic idea of the nodal rotation approximation is to utilize the known shape functions N to N4 and their partial derivatives and
the known nodal displacements in the normal direction of the element. The elemental rotations about the x- and y-axes are the
weighted sums of the individual rotation contributions of the participating nodes one through four. In Fig. 3.2, an example for
calculating the nodal rotation in radians about the y-axis with the rotation contribution of the displacement of node three is shown.

The individual rotation contribution ¢, ; based on the displacement of node three in Fig. 3.2 according to Eq. 3.4 is ¢gy3 =

—0N3 / 0x e u, 3. The negation is necessary according to the conventions for the coordinate directions.

In general, every node is connected to more than one element. To obtain a continuous field of nodal rotations throughout the model,
the calculated elemental rotations require averaging at every node, considering the adjacent elements. In the frequency-domain, the
elemental rotations are complex values. Therefore, an averaging is performed by calculating the mean value of the summed elemental
rotations participating at a node by

N
Z Qn.element (3 . 5)
n=1

zl~

Pnode =

where ¢, represents the complex elemental rotations in the centroid about the x- or y-axis and N represents the number of summarized
values at the investigated node for the respective direction. The nodal rotation values are necessary to calculate the strains for bending
moments and transverse shear in the respective elements. The calculation of the STI vectors is performed in the element centroids;
therefore, elemental rotations about the x- and y-axes are required at these positions, which are acquired directly by Eq. (3.2) and Eq.
(3.3). In addition to the force and moment calculations, the availability of the rotations at the nodes allows a direct comparison of the
nodal rotations between the FEM results and the approximated results from the experimental data. Notably, the averaging itself in-
troduces an error to the nodal rotation. This topic is covered in more detail in the verification in chapter 4.1.

4. Verification of the hybrid method

The hybrid method proposed in Section 3 allows the approximation of missing response data for calculating structural intensity
vectors according to Eq. (2.5). The data required to perform this approximation are the translational components of the nodal re-
sponses; the geometry data, such as the coordinates of the nodal response points and the plate thickness; and the fundamental law of
elasticity of the plate material. This material law may include only a few parameters, such as the Young's modulus, shear modulus,
Poisson's ratio, and density, in the case of isotropic materials following Hooke’s Law, e.g., aluminum, steel, or titanium. In the case of
composite materials, the properties of multiple layers are compromised via laminate theory into an orthotropic material law. This
section presents a verification of the method, which utilizes two datasets. The first dataset consists of FEM simulation results for a plate

14

12

10r

Wavenumber [1/m]
co

2 1 1 Il | 1 1 1 | 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000

Frequency [Hz]

Fig. 4.1. Wavenumber over frequency of the utilized plate FE model.
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structure. This dataset contains all the necessary information to calculate STI vectors, including translational and rotational nodal
responses and element forces and moments in the centroids of the elements. The FEM dataset is referred to as the 'reference dataset' in
the following subsections. The second dataset is based on the same FEM dataset, but only the translational nodal responses are used.
Therefore, the second dataset, referred to as the 'reduced dataset', only contains data that can be obtained from a structural response
measurement of a plate in an experiment. In this case, the available quantities are vy, vy and v,, assuming that an LDV is used to
measure the structural response. The nodal rotations as well as the elemental forces and moments require an approximation for the
reduced dataset. A comparison of the approximated data in the reduced dataset and the respective data in the reference dataset allows
one to quantify the accuracy of the hybrid method. This validation is performed by using relative errors for the rotational nodal data,
the elemental force and moment data, and the resulting STI vector fields. The FE model represents a simple rectangular plate with
dimensions of 450 mm x 300 mm in the x- and y-directions, respectively, with clamped edges. A mesh with a node spacing of 12.5 mm
in both plane directions is used. A mesh density is chosen that allows accurate simulation of the structural response up to 2000 Hz. The
calculation is based on a wavenumber analysis under the assumption that six linear elements per wavelength are sufficient to capture
the structural response properly [35]. An FE model of the plate with a node spacing of 5 mm is the basis for creating the wavenumber
over frequency in Fig. 4.1. Because of the maximum wavenumber of 13 m™}, the conditions for moderately thick plates have not been
met according to Mindlin [27] (see Section 3). The material properties of aluminum are used, considering Hooke’s law of linear

elasticity, for the FEM model withE =71.4GPa, p = 2660 X and v = 0.34. The plate thickness is t =1 mm. The plate is excited in the

m3]
lower right corner (location: x = 337.5mm, y = 75 mm) with a point force of unit magnitude Fexe = 1 N, having equal components in
all three directions Fey. = [0.577Nx, 0.577Ny, 0.577NZ]. The excitation in all three directions allows the generation of the relevant
wave types, i.e., in-plane and bending. A global stiffness proportional structural material damping of G = 0.005 [36] is specified. This
means that the damping physically takes place in the elements, whereas the equivalent modal viscous damping is approximately 0.25%
for all eigenvectors of the plate.

Additionally, a local dissipation sink is included in the FE model in the form of a dashpot damper (location: x = 112.5mm, y =
225mm) with a viscous damping of d = 20 Ns/m marked by the circle in Fig. 4.2. This source-sink pair is meant to introduce visible
paths in the STI vector field in the structure that flows from source to sink. According to Eq. (2.8), a shaker only injects active power
into a structure for a nonzero phase shift between the excitation force and structural response. Therefore, damping is necessary for an
active STI field to emerge. However, modeling damping is a complex topic, and modeling it accurately for a wide frequency range is
difficult even for a simple plate. Therefore, emerging STI fields are difficult to compare when numerical and experimental data are
considered. The use of a discrete point of damping follows the idea of introducing a discrete location with increased damping to enforce
the formation of distinctive paths with a well-known source and sink. Ideally, this should help to validate the hybrid method because it
is easier to identify characteristics in the emerging STI vector field.

Throughout the following subsections, the relative error €, of quantities q is calculated via

Gred — Gref
Erel = (4.1)
Qref

where q,.¢ and q,.q specify the quantities of the reference and reduced datasets, respectively. The errors are presented as the median of
the nodal and elemental error values per frequency line. The application of the median allows a robust view of the errors without
distorting the overall relative error per frequency due to outliers.

4.1. Approximation of nodal rotation data
The relative error over the frequency of the nodal rotation approximation about the x- and y-axes is presented in Fig. 4.3. The
complex nodal rotation is split into magnitude and phase to show both errors. The relative magnitude error is linearly dependent over

the investigated frequency range, resulting in a maximum error of approximately 25% at 1980 Hz. The linear increase in the error is
also apparent with the phase. However, the overall relative errors are two orders of magnitude lower than the magnitude, showing that

b

Fig. 4.2. FEM model of the utilized plate with indicators for excitation (x) and a dashpot damper (o).
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Fig. 4.3. Median of the relative error of complex nodal rotation values (magnitude and phase) between the reference and reduced datasets about
the x- and y-axes, top: magnitude, bottom: phase.

the approximation has nearly no impact on the phase.

The error emerges because the approximation is performed only on the basis of the nodal displacement. This means that the
approximated rotations represent only the geometric rotations that match the current displacement field. However, in the FEM, the
nodal rotations of shell elements are used as degrees of freedom during the simulation. Therefore, the resulting rotations from the FEM
simulation not only represent the rotations of the current displacement field but also include shear- and bending-related rotations. In
the case of this work, only bending-related rotations, such as the Kirchhoff plate theory, are applied.

The linear trend of the rotation approximation error is only linear in the investigated frequency range considered in this work. The
actual trend of the approximation error rather follows a root-function. The reason for this is the constant mesh density that is used over
the investigated frequency range. The wavelength decreases over frequency, and the fewer elements are available per wavelength A,

the larger the error of the rotation approximation ¢,. In other words, the error is inversely proportional to the wavelength €,o, with

the wavelength being proportional to the inverse of the root of the angular velocity }\.O(\/ﬁ. This means that the error of the rotation

approximation is described by ¢,v/2xf, but in the investigated frequency range, the root function trend is not yet recognizable.
This also implies that the accuracy of the approximation is sensitive to the mesh resolution. Considering the same setup of the
numerical model but using different mesh densities, this effect becomes apparent. In Fig. 4.4, the rotation approximation error over
frequency is shown for three mesh densities. The mesh density ‘m’ represents the density specified earlier in this chapter. The densities
‘2m’ and ‘m/2’ represent the approximation errors for meshes with twice and half the number of elements in both room directions,
respectively. The trends of the approximation errors for the three mesh densities show that a doubling of the elements in both room
directions results in an error reduction of a factor of four. Conversely, the error increases by a factor of four when the number of
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Fig. 4.4. Influence of the element density on the nodal rotation approximation error between the reference and reduced datasets.
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elements per room direction is reduced by a factor of two. Also, in case of the mesh density ‘m/2’, the root function trend, described in
the previous paragraph, becomes recognizable. The error curve shows a decreasing slope above roughly 1000 Hz compared to the
region below 1000 Hz.

At this point, an error, which is introduced during the calculation of the nodal rotations, needs to be addressed. That is, the
averaging of the elemental rotations on adjacent nodes (see Eq. (3.5) as a reference). The rotations in the reference dataset exist only on
the nodes and are a result of the FE simulation. In the case of the reduced dataset, the rotations are calculated in the element’s centroid,
and only after that, the averaging takes place to acquire approximated nodal rotations. Therefore, a direct comparison to quantify the
impact of averaging is not possible. Accordingly, the following approach has been chosen to investigate the averaging error. The shape
function approach (see Eq. (8.22) through Eq. (8.25) in the Appendix as a reference) ggjement = i1 Ni ® @node,i 18 utilized to calculate
the elemental rotations for the reference dataset. While this might also introduce an error, it is assumed that this error is significantly
smaller than the error introduced by the averaging procedure in the reduced dataset. By comparing the two elemental rotation
datasets, the error that results from the elemental rotation approximation in the reduced dataset is acquired; see Fig. 4.5. A maximum
error of approximately 10% at 1980 Hz is introduced during the approximation. Considering the results of the total rotation
approximation error from Fig. 4.3 at 1980 Hz, the averaging procedure to acquire the nodal rotations in the reduced dataset is
responsible for the remaining error increase of approximately 15%. Even though averaging introduces an error, it is a pragmatic
approach that allows efficient acquisition of nodal rotations while considering regular grids. In the case of irregular grids, averaging
might have a much greater impact. A detailed evaluation of this error and an alternative approach to acquire nodal rotations from the
elemental rotations for irregular grids lies beyond the scope of this work.

Another impact on the rotation approximation needs to be addressed, i.e., discontinuities in the structure. In the case of this work,
discontinuities exist along the boundary conditions of the plate only, i.e., the clamped edges. The rotation approximation uses the
translatory response of the nodes. Nodes that are part of the boundaries do not experience a translatory response. However, elemental
rotations about both axes, i.e., the x-axis and y-axis, are calculated according to Eq. (3.2) and Eq. (3.3), respectively. A rotation acting
perpendicular to an edge, which is calculated by using the boundary nodes, results in a value that is not physically accurate. The reason
is that the rotation that results is only based on the translatory response of the two nodes, which are not part of the boundary.
Therefore, either no rotation or torsion of the element can result, depending on the phase relation between the two nonbounded nodes.
This subsequently affects the resulting STI vector near the boundaries. Special care should be taken when evaluating STI results in the
vicinity of discontinuities. The first line of elements along discontinuities is especially prone to this error. A possible way to handle this
error close to discontinuities is to increase the local mesh density.

4.2. Calculation of the elemental force and moment data

The relative errors for the magnitudes of the elemental forces and moments over frequency are presented in Fig. 4.6. The errors for
the normal forces are not displayed, as they are zero (exactly zero, considering a rounding of the resulting percent values to two
decimals) and therefore neglected. The normal forces are calculated precisely. The moments are computed via the approximated nodal
rotations. The relative errors of the moment magnitudes are approximately 24% at their maximum. The reason for this error is that
during the calculation of the moments, the rotational nodal data are used directly and therefore propagate the error into the elemental
moment values.
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Fig. 4.5. Median relative error of complex elemental rotation values (magnitude and phase) between the reference and reduced datasets about the
x- and y-axes; top: magnitude; bottom: phase.
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Fig. 4.6. Median of the relative magnitude error of the elemental forces (Ny,Ny, Nyy) and moments (My, My, Myy) over frequency between the
reference and reduced datasets.

4.3. Error in resulting structural intensity vector fields

The STI vectors are calculated via Eq. (2.5) for every element. The resulting STI vector fields combine the translatory and rotational
nodal values and the elemental rotation, force and moment values. Errors in the forces and moments are propagated to the resulting STI
vector fields. Therefore, it is necessary to quantify these errors. This subsection presents an approach to compare vector fields in terms
of their similarity in magnitude and phase. The reference (‘ref’) and reduced (‘red’) datasets are subsequently compared to quantify the
errors in magnitude and phase.

The relative magnitude error of a vector field over the whole geometry at a specific frequency is calculated by

b = || a6 |~ [Tt | 2| Tustt) “.2)

where T is a matrix of dimension (nx 3), where n describes the number of individual vectors and the second entry is the number of
spatial dimensions (X, y, z). The @-operator describes the Hadamard division [37], an elementwise division of vectors or matrices with
the same dimensions. The relative error of the overall vector field direction is calculated on the basis of the cosine similarity while
calculating the actual angle difference and referencing it to = with

- 1 -1 T>ref.f(n) T)red.f(n)
v (n cl ) D WY p(n) = _cos - - (4.3)
‘ I reﬂf(n) ‘ I red.f(n)

The vector matrices are normalized, and the dot-product ( e ) is calculated for every vector pair. Taking the arc cosine of the product
gives the absolute angle difference between vector pairs in radians. By dividing by =, a relative error is obtained. The error ranges
between zero and one, with one describing a phase difference between the vectors of = or 180° when considered in degrees.

The median relative errors of the magnitude and phase of the STI vector fields over frequency are presented in Fig. 4.7. The relative
error of the magnitude is approximately 19% at its maximum and shows a similar linear trend as the nodal rotation error in Fig. 4.3 in
this investigated frequency range. The phase error does not exceed 1% at its maximum and shows a linear upward trend as well;
however, the slope is significantly smaller than the magnitude.
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Fig. 4.7. Median of the relative error for vector-pair magnitudes and angle deviation per frequency line of the STI vector fields calculated with the
plate FE model.
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5. Validation of the hybrid method with experimental results

Experiments are conducted to validate the proposed method and to demonstrate how well the hybrid method performs on
experimental data, as well as the accuracy of the comparison between the numerical and experimental results. For validation, a set of
STI vector fields calculated from experimental data is compared with a vector field obtained from numerical results generated with an
FE model. The hybrid method is used to obtain the STI vector fields from the experimental data. Consistent with the previous eval-
uation of the numerical data, the Kirchhoff plate theory is applied to evaluate the forces and moments at the element centroids. For the
numerical data, the full set of FEM results is used, providing all necessary information to calculate the STI vectors according to Eq.
(2.5).

Fig. 5.1 shows the CAD geometry of the laboratory structure used in the experiment. However, the FEM model only consists of an
inner bending panel with a size of 450 mm x 300 mm. The frame is idealized as a clamped support for the inner bending panel. The
laboratory structure has been manufactured from a tempered monolithic aluminum block by milling to create a clamped plate-like
bending panel with a minimum residual stress. Owing to the accurate milling process, the resulting bending panel only contains
minimal uncertainties along its edges regarding the stiffness between the plate section and the frame because of the fillet radius from
the milling tool. The backside of the plate is the original surface of the aluminum block and is flat over the entire structure. The
laboratory structure is characterized by a Young’s modulus of E=70 GPa, a density of p=2660 kg/m?, and a Poisson's ratio of v=0.34.

The following setup aims to provide an easy-to-set measurement capable of creating a reproducible source-sink characteristic in a
structure that leads to STI vector fields showing distinctive paths. The reason for using a source-sink characteristic in the structure for
this paper has been explained while setting up this FE model of the plate structure in Section 4. In short, more distinctive STI vector
fields should be produced when a setup with a discrete source and sink is used than when material damping alone is considered the
dissipative mechanism. Furthermore, the acquired measurement data allow the testing of dedicated path identification techniques on
experimental data in future studies.

The plate structure is excited via two electrodynamic shakers (TIRA 51120-MOSP) attached perpendicular to the surface, as shown
in Fig. 5.2, which utilize appropriate stingers to prevent excitation via moments. A glue connection has been used for attachment to the
plate. The excitation is performed with two signals, of which the second has a 180-degree phase shift. Both shakers use the same
excitation signal as a pseudorandom signal with band limits of 10-2000 Hz at a sample rate of 12.8 kHz. At both attachment locations,
impedance heads (PCB - ICP model 288D01) are used to measure the acceleration and force response simultaneously. Both shakers are
set up to excite the structure with a similar magnitude. During a test measurement, the root-mean square of the force signal time-series
determines the magnitude of the setup's excitation force.

The idea behind this setup is to create a discrete number of states in the system at which the phase of Shaker 2 (upper left shaker in
Fig. 5.2) and the phase of the plate's response, at the shaker attachment location, are ideally shifted by 90°. This concept would mean
that this position on the plate is attenuated and should act as a local dissipation sink. Therefore, paths between the source, with Shaker
1 (the lower right shaker in Fig. 5.2) and Shaker 2, should emerge in the resulting STI vector fields. This claim is an open question as to
whether only an exact shift of 90° results in sufficient attenuation of the plate or if deviations from this ideal phase shift are sufficient.
The reason that attenuation over the full frequency range is not possible with this setup is as follows. Both shakers are driven with a
pregenerated signal that is not altered throughout the excitation. The plate acts as a transfer element between the shaker attachment
locations. Before the measurement, it is impossible to estimate the plate response behavior exactly; therefore, it is impossible to design
a driving signal for the shaker that allows attenuation of the plate at a certain point over a wide frequency range.

Alternative approaches to acquire a state of attenuation over a wide frequency range would require dissipating components such as
a viscous damper or a controlled feedback loop. A dissipative component in the form of a viscous damper has its own frequency-
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Fig. 5.1. Laboratory plate structure overview.
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Fig. 5.2. Experimental two-shaker setup (left) and attachment connector (right).

dependent behavior, and including its behavior in an FE model is not trivial. A controlled feedback loop controls the driving signal of
Shaker 2 via a second stationary LDV scanning point near the attachment location of the shaker. By tuning the control loop to minimize
the plate's response, one acquires attenuation over a specific frequency range. However, this approach requires additional equipment
and is time-consuming and cost-intensive. Therefore, the chosen two-shaker setup is preferable because of its simplicity and ability to
be easily rebuilt in the laboratory. Even though only a discrete number of frequency lines will result in sufficient attenuation, these data
will help validate the theory and test new developments in the future.

The structural response of the plate is measured via an LDV. The flat backside of the plate acts as the measurement surface and is
prepared with a retroreflective spray to ensure a sufficient signal-to-noise ratio of the laser beam. A total of 925 points are measured in
the area of the bending panel of the plate. An acquisition time of 15 s per point and a sample rate of 12.8 kHz have been used. The
measurement grid contains only 37 points along the x-axis and 25 points along the y-axis on the inner bending panel. All the points are
equally spaced, resulting in a geometric resolution of 12.5 mm between the measurement points. The mesh matches the mesh of the
numerical model, described in Section 4, exactly. Accordingly, the mesh can capture the plate's structural response up to 2000 Hz.
Model updating has been performed to match the structural response of the FEM qualitatively to the structural response acquired
during an experiment that is later covered in Section 5. The updating has been performed via the frequency-domain assurance criterion
(FDAC) [38] as the basis for the objective function, and a gradient-based optimization method [39] has been used to adapt the
optimization parameters (Young’s modulus and density) iteratively. The material parameters used follow the values stated in Section
4.

The time-series data that has been acquired with the LDV is transformed into the frequency-domain via discrete Fourier

Table 5.1
Frequencies of matching STI vector fields for the experimental and numerical datasets
with deviations in reference to the numerical dataset.

FEM Measurement Deviation
85 Hz 85 Hz 0%
265 Hz 265 Hz 0%
330 Hz 330 Hz 0%
420 Hz 440 Hz 5%
670 Hz 690 Hz 3%
750 Hz 770 Hz 3%
875 Hz 890 Hz 2%
950 Hz 965 Hz 2%
1040 Hz 1065 Hz 2%
1330 Hz 1360 Hz 2%
1710 Hz 1745 Hz 2%
1875 Hz 1930 Hz 3%

12
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Fig. 5.3. FDAC evaluation between the experimental and numerical datasets at discrete frequencies that show distinct path characteristics in the STI
vector fields.

transformation. For the estimation of frequency response functions (FRFs), Welch's method [40] is used, utilizing the H1 estimator
with the response spectra referenced to the force spectrum of the impedance head of Shaker 1. The H1 estimator is selected because it is
assumed that the noise in the response signal is more significant. A Hanning window with an overlap factor of 0.66 is used as a window
function.

5.1. Comparison of experimental and numerical datasets

During the evaluation of the measurement data, 12 discrete frequencies have been identified that show STI vector fields with
distinct path characteristics. The frequencies have been identified by visually comparing the STI vector fields from the experimental
and numerical datasets in a similar frequency range. The discrete frequencies are spaced out over the full considered frequency range
of 10-2000 Hz; see Table 5.1. Even though the FE model has been updated, small deviations in frequency persist. The deviations in the
frequencies show that, compared with the laboratory plate structure, the FE model slightly underestimates the frequency response of
the plate.

A correlation of the structural response datasets has been performed via FDAC. FDAC uses the FRFs of two datasets to calculate a
normalized scalar product over all considered frequencies. In this work, only the scalar products of the frequency pairs shown in
Table 5.1 are calculated; see Fig. 5.3. This analysis allows an investigation of how well the respective plate responses of the experi-
mental and numerical datasets are correlated. The plot indicates a high correlation between the structural response of the experimental
structure and the numerical model. The lowest correlation value is 0.7 at the frequency pair 950 Hz/965 Hz.

Additionally, the previously discussed phase shifts between the force signal of the impedance head at the attachment location of

140 o ;

Phase shift [°]
B (=23 @ 5\
o o o o

N
=3
T

T

500 1000 1500 2000
Frequency [Hz]

o

o

Fig. 5.4. Phase shift between the reference signal and structural response at the location of shaker 2 for the experimental setup.
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Fig. 5.5. Normalized STI — numerical (left) and measurement (right) at 85 Hz, 265 Hz, and 330 Hz.
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Fig. 5.6. Normalized STI — numerical (left) and measurement (right) at the frequency pairs of 420/440 Hz, 670/690 Hz, and 750/770 Hz.
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Fig. 5.7. Normalized STI — numerical (left) and measurement (right) at the frequency pairs 875/890 Hz, 950/965 Hz, and 1040/1065 Hz.
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Fig. 5.8. Normalized STI — numerical (left) and measurement (right) at the frequency pairs 1330/1360 Hz, 1710/1745 Hz, and 1875/1930 Hz.
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Shaker 2 and the plate response at the respective location are investigated. In Fig. 5.4, the phase shifts for the frequencies in the
'Measurement' column of Table 5.1 are presented. The phase shift is close to 90° only for the 670 Hz, 750 Hz, and 950 Hz frequencies.
For all other frequencies except at 330 Hz, 875 Hz, and 1330 Hz, the phase shift ranges from +30° to the desired 90° phase shift. Even
though the phase shift is not close to 90° for all identified frequencies, the following STI vector field comparison shows that source-
sink pairs exist in the structural response of the structure. Therefore, creating a perfect 90° phase shift is unnecessary to acquire a
source-sink characteristic to create distinct paths in a structure.

The STI vector fields for the first set of frequencies are presented in Fig. 5.5. The vector magnitudes are normalized to the largest STI
amplitude at the respective frequency. Cones are used to visualize the vectors. The width of the cones correlates with the color map.
This results in cones with a thinner base for low STI magnitudes and allows the observer to focus on the significant parts of the vector
field. The excitation location in the lower right corner is clearly visible in the numerical data. The vector fields at these relatively low
frequencies show simple paths due to the large wavelengths and the corresponding plate response with global characteristics. The
power flows take a more or less direct path to the sink in the upper left corner except for the STI vector field at 330 Hz, which flows in a
double curved path in the form of a letter 'S' lying on its side. The corresponding vector fields of the experimental dataset exhibit very
similar, almost identical, behavior.

The paths in the STI vector fields at 420 Hz, 670 Hz, and 750 Hz (referencing the frequencies of the numerical dataset) become more
complex because of the decreasing wavelengths (see Fig. 5.6). Additionally, for this set of frequencies, the experimental and numerical
data show high similarity between the fields. Even small details, such as curls, are represented in the measurement data. Additionally,
the visual comparison shows a good match between the experimental and numerical data for the following sets of discrete frequencies
in Fig. 5.7 and Fig. 5.8. The evaluated frequencies provide a concise picture of the applicability of the proposed hybrid method over the
full frequency range of the acquired measurement data.

6. Conclusion

This work aims to provide an exhaustive description and detailed quantification of the accuracy of the so-called hybrid method,
which allows the approximation of structural intensity (STI) vector fields from the measured vibration response of thin-walled
structures. The goal is to provide a comprehensive analysis of the hybrid method’s performance to allow researchers and engineers
in various fields to use this work in their evaluations or as a basis to adopt it for their work.

A verification via two artificial datasets from a finite element model is performed. One of the datasets holds all the necessary
information to calculate the STI vectors directly, whereas the second dataset contains only the translational nodal response data. Nodal
rotation and the elemental forces and moments require approximation for the second dataset. The verification of these datasets reveals
that STI vector fields are approximated with high accuracy in terms of qualitative aspects, i.e., flow characteristics. The median angle
deviation of the vector fields of both datasets results in values below 1%. The deviations in the magnitudes are more significant. The
magnitude error shows a linear dependency over the investigated frequency range and results in a maximum error of 19%. The reason
for this error is the approximation of the nodal rotations. The error of the nodal rotations also shows a linear dependency over the
investigated frequency range, with a maximum of 25%. The error during the nodal rotation approximation occurs because only the
geometric deflections of the structural response are used to approximate the rotation values. However, the nodal rotations in finite
element (FE) simulations are an additional degree of freedom. Therefore, the nodal rotation values not only represent the respective
structural response of the plate but also include rotation information concerning the bending moment and its respective energy
equilibrium calculated during the FE simulation. Furthermore, the averaging procedure to acquire the nodal rotations on the basis of
the approximated elemental rotations introduces an additional significant error. However, this error is already considered in the total
rotation approximation error stated previously in this paragraph. This opens the possibility of improving the hybrid method in the
future. A significant error reduction could be achieved by improving or bypassing the averaging procedure.

During the verification, the correlation between the nodal rotation error and the mesh density has been evaluated. The results
indicate that the approximation error decreases with increasing mesh density and vice versa. In terms of the observed characteristics of
the magnitude and phase errors during the verification of this work, the phase errors are two orders of magnitude lower than the
magnitude errors. However, a general statement remains impossible since only one structure has been investigated in this paper.
Additionally, special care is required when evaluating the STI near discontinuities, such as boundaries. The rotation approximation
introduces erroneous rotations in the first row of elements adjacent to these discontinuities. This occurs because the rotation is
computed from a set of nodes, some of which lack translational response because they are located on the discontinuity.

For the validation, an experimental setup, in the form of a two-shaker excitation acting on a plate structure, has been used. This
setup creates structural responses in the plate, leading to STI fields showing distinct path characteristics at twelve discrete frequencies.
The STI vector fields are validated against an FE model using the measurement data. The validation has been successful with respect to
the qualitative aspects of the vector fields. For all twelve frequencies, the vector fields present almost exact flow characteristics.

In conclusion, the verification and validation results indicate that the hybrid method provides accurate results regarding the
qualitative approximation of STI vector fields. The magnitudes of the vectors depend on the available information regarding the
damping factors and the applicable mesh density. The experimental setup performs well in terms of the generation of distinct path
characteristics in STI vector fields. This approach helps to perform repeatable measurements without a complex setup. This conclusion
is especially true with the respective FE model described in this paper. This method can be used to validate the hybrid method,
allowing for the testing of dedicated path identification approaches in the future.

Although referring to plate elements in this work, shell elements with the appropriate degrees of freedom have been used, meaning
that the acting loads in curved structures are still represented within the formulation. Therefore, this method is also suitable for large-
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scale structures with curvatures, such as aircraft components, i.e., fuselages, wings, and automotive structures, as long as thin-walled
structures are investigated. First numerical tests of the hybrid method applied to a curved structure, i.e., a simple cylinder shell model,
have indicated promising results. Accordingly, users are advised to proceed with caution, given that no definitive performance bounds
for the hybrid method on curved structures can currently be stated. For now, the hybrid method is recommended only for meshes
whose discretization yields elements that can reasonably be assumed to behave in a plate-like manner. An application to structures
featuring strongly warped elements might require other elements with higher-order shape functions or a finer mesh discretization with
4-node-elements and linear shape functions.
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Appendix

6.1. Calculation of element forces and moments

The fundamental concept of the FEM is the description of continuous displacements inside an element by using the nodal dis-
placements and a set of shape functions. This section describes the equations necessary to calculate the forces and bending moments in
the elements by using bilinear shape functions for quadrilateral four-node plate elements. The kinematics are defined by the Mindlin-
Reissner plate theory [27]

uy(z) =Ux+2zZgy (8.1)
Hy(z) =Uy —Z¢x (82)
u,(z) = const. (8.3)

with the complex displacement u and complex rotations ¢ in the frequency-domain (see Eq. (2.3) as a reference) according to the
global coordinate system (%, y, z). The z-axis in the shell-thickness direction originates in the mid-plane of the plate. In relation to the
STI calculation presented in Eq. (2.5) and considering the plate theory in Eq. 8.1-8.3, the missing forces and moments are calculated by
[41]

N, = %(gx.l + V& > (8.9
N, = 1E_7hvg(§y.l + V& > (8.5)
Ny = %hvz % Exyl (8.6)
Qu = % e 8.7)
Qy, = ;tzlyifj; €y, (8.8)
M, = % (exb + v%) (8.9)
M, = % (gy_b + vgx_b> (8.10)
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Eh® (1 +v)
M, =22 FY) 8.11
Py T30 )b 8.1

where N; describes the complex normal force, Q; represents the complex transverse shear forces, M; represents the complex moments,
€; represents the complex strains, all in the frequency-domain, and k; represents the through-thickness correction factor according to
Timoshenko et al. [15]. The subscripts 1 and b indicate longitudinal and bending strains, respectively. The material properties are
described by E the Young’s modulus, the shell thickness h, and Poisson's ratio v. In Fig. 8.1, the internal forces and moments for a plate
element are shown.

My
i SO
o
M,
z e ———
A
Y —
vd rd v
X »
My,

Fig. 8.1. Plate element internal forces

The calculations of element forces and moments are performed on the mid-planes of the elements. However, measurements of
vibrating structures are performed on the surface and not in the respective mid-plane of the structure. According to the in-plane plate
kinematics described in Eq. (81) and Eq. (82), one acquires the true mid-plane deformations by transforming the deformations
measured on the surface to the mid-plane. This transformation is performed by using ux = ux(z) —z¢y and uy = uy(z) +z ¢y for de-
formations in the x- and y-directions, respectively. Considering the missing rotational DOFs at the nodes of the acquired measurement
data, the transformation above is only possible after the respective approximation of the nodal rotations described in Section 3.

In relation to the chosen Mindlin plate theory, one calculates the respective strains in Eq. (8.4) to Eq. (8.11) by [42]

1= ‘;‘;x (8.12)
1= % (8.13)
€1 = %4‘% (8.14)
. 7% (8.15)
Ey.b = fa;;* (8.16)
b = a;,; - % (8.17)
, — %‘: +o, (8.18)
- ‘2“_; g (8.19)

In the FE context, one rewrittes the partial differentials in Eq. 8-12 to Eq. 8-19 by using shape functions N; for every node of an
element and their partial differentials oN;/dx and oN;/dy by

20



S.F. Zettel et al. Mechanical Systems and Signal Processing 257 (2026) 114615

[N N,

x 0 7 & U1
Ex1 ()Nl 6N4 HyAl
€1 ,=1|0 av 0 v : (8.20)
Exy.,l y y Uz 4
| dx dy dx dy
I oN; oNy |
0 0 -5 - 0 0 -5
()N] aN4 Uz
0 =X o0 - 0 = 0 =
Exb dy dy Px1
Eyb 0N1 6N1 6N4 0N4 (£y1
il Gl B 2 ol vl A (®:2)
Exz y X Y x Uz 4
&y Ny N . Na N Pxa
dx 0 ! dx 0 N Pya
0N, 0Ny
=1 N e =2 N 0
| dy ! dy ) i

considering four node shell elements [41]. The matrices containing the partial differentials of the shape functions are called
displacement differentiation functions. Owing to the setup of the equation system in Eq. (8.20) and Eq. (8.21), the term displacement here
also includes angular rotations. The shape functions depend on the chosen element type. In the case of a four-node quadrilateral plate
element, the linear shape function for the respective nodes is given by

N; :%(1—‘21)(1—“1) (8.22)
1

Ny = (1+8)(1-1y) (8.23)
1

N :Z(1+§3)(1+n3) (8.24)
1

N4 23(1754)(1“14) (8.25)

where ¢ and 1 are the orthogonal bases of the local coordinate system of element [41]; see Fig. 8.2. The shape functions are valued at
Ni» = 1 at the respective node coordinates &, and 1,,, for all element nodes m =1,---, 4, whereas all other functions are valued at zero.

f=-1,n=1 f n f=1,n=1

E=—-1,n=-1 E=1,n=-1

Fig. 8.2. Four-node quadrilateral element in the local - coordinate system with node coordinates

The partial differentials in Eq. (8.20) and Eq. (8.21) are calculated in the local coordinate system and result in the following values
for integration at the respective corner nodes of the element [43]:

Ny N Ny 0N, 111
a a o o 2 2 2 2

Blocal = é g g é = 2 2 2 2 (826)
Ny No Ny N |1 111
on on on on 2 2 2 2

However, to apply the partial differentials of Eq. (8.26) according to Eq. (8.20) and Eq. (8.21), a transformation into the global
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coordinate system is necessary by using [43]

Jx dx 0x  0x

Bgiobal = J 7 Blocal = 8.27
S T ©27
dy dy dy 0y
with the Jacobian matrix J using the nonnormalized coordinates in the local &-n coordinate system
ox dy mONp, mON,
0_§ 6_§ 21 0¢ X Zl 0¢ Ym
il PV oN oN (®.28)
X mON, mON,
CIE) B P e B el

where x,, and y,, are the corner-related coordinates in the global coordinate system.The resulting element forces and coordinates
exist in the global coordinate system. The hybrid approach allows a direct comparison of the approximated results with the FEM results
when the same mesh is used. However, in the case of NASTRAN, the result output for element forces and moments is provided in the
local coordinate system. The creation of the Jacobian matrix in Eq. (8.28) is required to use the local coordinates of the corner points to
acquire the local elemental values during the calculation with the hybrid method. Accordingly, the nodal coordinates of the mesh used
in the global coordinate system require a transformation into the local coordinate system. The matrix T used to perform trans-
formations between the global and local coordinate systems is described by

€x1 €x.2 ex,3
T= €1 €y2 €3 (8.29)
€1 €2 €3

with the basis vectors €; describing an element's local coordinate system axes in the global coordinate system [44]. To calculate the

necessary €, one requires a set of vectors a’j describing the geometry of the element in the global coordinate system; see Fig. 8.3. The
indices i and k describe the origin and destination nodes of the element, respectively.

Fig. 8.3. Geometry describing element vectors for the transformation matrix built-up

By utilizing the column vectors @'y, one acquires the basis vectors that describe the transformation matrix by

€1 = norm (?13> (8.30)
€53 = norm (?13 X ?24> (8.31)
Ty =€3x €, (8.32)

with the x -operator describing the cross-product of two vectors [44].
To align the local x-axis and local y-axis to the respective symmetry axes of the element, the local coordinate system requires
rotation about the normal axis such that

T=[e € R (8.33)
The rotation matrix R describes the rotation about the normal axis for the angle a. Following the case of a rotation about the local z-

axis
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cos(a) —sin(a) O
R=|sin(a) cos(a) O (8.34)
0 0 1

The rotation angle a is calculated by averaging the angles between the vector pairs (?12, ?13> and (?21, 334) and is calculated

the dot product ( e ) of a vector pairs by [44]

— — — —
COS(alg. 313) +COS<321. az4>

= — 3

(8.35)

The resulting transformation matrix T in Eq. (8.33) transforms from the global coordinate system into the local coordinate system. The
matrix requires a transposition to transform from the local coordinate system into the global coordinate system.

Data availability

Data will be made available on request.
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