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We present an optimization framework for retrieving the layer thicknesses and refractive indices of multi-
layered spherical particles from either angular scattering patterns or spectral scattering/extinction data. The
forward problem is solved using the T-matrix formalism, with multiple recurrence schemes and analytical
derivatives enabling efficient and accurate sensitivity analysis. The inverse problem is addressed within a global
optimization setting that combines bound-constrained parameter estimation with optional data transformations
for enhanced stability and reduced dimensionality. A MultiStart strategy is employed to explore the parameter
space and identify distinct candidate solutions, followed by local refinement. As a point estimate, the minimum-
residual solution is determined, while the associated uncertainties are computed using the covariance matrix

approximation at the minimum-residual solution, and the marginal posterior expectation. The developed
optimization tool is publicly available at https://github.com/DmitryEfremenko/MLSI.

1. Introduction

Light scattering is ubiquitously used for non-invasive characteriza-
tion of various objects, constituting a broad field of inverse scatter-
ing [1]. This inversion is the easiest when the corresponding particle
model allows fast direct simulations. The obvious example of the
latter is the Lorenz-Mie theory for homogeneous spheres. For such
shapes, plenty of methods have been developed in three broad classes:
low-dimensional inversion, nonlinear regression and neural networks
(machine learning). The first class incurs measurement of only a few
signals, e.g., in flow systems [2,3], or compressing the quasi-continuous
signal, e.g., through the parameters of its Fourier spectrum [4,5]. These
methods are very fast and typically robust, but do not have explicit
error control.

Nonlinear regression is conceptually the simplest method, as it
is based on fitting theoretical simulations to 1D or 2D experimental
signals [6,7]. However, the corresponding inverse problem is typically
ill-posed and nonconvex, requiring one to use global optimization and
seek compromise between speed and robustness. Estimating uncertain-
ties of model parameters is integral to the regression; however, it
may become ambiguous if the real particle differs from the idealized
model [8,9]. Machine learning can be considered as enhancement
to the above approaches, naturally fitting the scenarios where large
training datasets are readily available. Specifically, the corresponding
surrogates have been trained on both angular and spectral forward
models and validated on real measurements [10,11].
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Ongoing development of computational capabilities made the in-
version perfectly viable for non-spherical models as well, although
the forward simulation may take minutes for a single set of input
parameters. It is based on large precomputed datasets which are either
used directly, e.g., with the nearest-neighbor interpolation [12,13] or
through training a neural-network surrogate [14,15]. However, the
main challenge in this case is not the computational time for a single
particle shape per se, thanks to efficient methods like the discrete
dipole approximation (DDA) [16], but rather due to the increased
dimensionality which hampers both building a dense enough forward
dataset and robust inversion. Thus, only relatively simple shape models,
described by a few parameters, have been considered so far.

In this paper, we focus on multilayered spheres—a compromise
between generality and computational feasibility. This shape has a lot
of relevant applications in aerosol science, nano- and biophotonics.
The forward map—from layer radii and complex refractive indices to
measured observables—can be instantiated in several ways: angular
intensity patterns, their Fourier spectra, and spectral responses such
as scattering or extinction cross sections. All inversion methods for
spheres allow natural generalization to such case. An example of non-
linear regression is Strokotov et al. [8], who used a coated-sphere
model to characterize lymphocytes from light-scattering patterns mea-
sured with the scanning flow cytometry. Spectral methods do not
aim to retrieve all shape parameters, but can provide one or two

Received 6 May 2026; Received in revised form 5 June 2026; Accepted 8 June 2026

Available online 13 June 2026

0022-4073/© 2026 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/jqsrt
https://www.elsevier.com/locate/jqsrt
https://orcid.org/0000-0002-7449-5072
https://orcid.org/0000-0002-3524-0093
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
https://github.com/DmitryEfremenko/MLSI
mailto:dmitry.efremenko@dlr.de
https://doi.org/10.1016/j.jqsrt.2026.110034
https://doi.org/10.1016/j.jqsrt.2026.110034
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jqsrt.2026.110034&domain=pdf
http://creativecommons.org/licenses/by/4.0/

A. Doicu et al.

sizes [17]. Deep learning has accelerated spectral inversions for mul-
tilayered nanospheres, either by accelerating forward model [18] or
training the inverse network after preliminary compression of extinc-
tion spectrum [19]. However, despite explosive development of deep
learning, such methods are still “black-box” in the sense that outliers
(large errors) are always possible in practical applications [20]. In
principle, the same concerns apply, albeit in a lesser extent, to any
method based on global optimization. However, its careful consider-
ation for multilayered spheres, including stability of forward models,
noise-aware regularization, robust global-to-local optimization, data
richness (angle, wavelength), and good initialization, is still missing.

In the following, we present an optimization algorithm for deter-
mining the layer thicknesses and refractive indices of a multilayered
spherical particle from either (i) the angular dependence of the scat-
tered intensity or (ii) the spectral dependence of the scattering or
extinction cross section. The algorithm is designed around three guid-
ing themes. First, we compute angular intensities and spectral cross
sections using stable recurrence relations and differentiate them ana-
lytically with respect to the layer radii and refractive indices. Second,
we enforce box constraints, which can be viewed as a simple form
of regularization, and provide optional data transformations (dimen-
sionality reduction or low-pass filtering). Third, we solve the inverse
problem using a MultiStart strategy, ensuring both basin discovery and
accurate refinement. As a point estimate, we determine the minimum-
residual solution, while the associated uncertainties are computed using
the covariance matrix approximation at the minimum-residual solution,
and the marginal posterior expectation.

2. Scattering by a multilayered particle

The electromagnetic scattering theory for a coated sphere was orig-
inally formulated by Aden and Kerker [21], whose approach became
the foundation for most later numerical studies. Bohren and Huffman
[22] subsequently presented a clear description of this problem and
even provided an accompanying computational program. Despite the
apparent simplicity of the formulation, numerical evaluations based
on these classical expressions often encounter difficulties: round-off
errors can accumulate, and for large or strongly absorbing spheres,
some quantities may reach magnitudes that cause numerical overflow.
To mitigate these issues, Toon and Ackerman [23] reformulated the
standard expressions for a single-layer sphere in a manner better suited
to stable numerical computation. Later, Bhandari [24] derived a com-
plete set of scattering coefficients for multilayered spheres, introducing
a recursive scheme that connects the coefficients of an #-layer sphere to
those of a (¢ — 1)-layer configuration. Wu and Wang [25] subsequently
proposed an elegant recursive method, which was later refined by Wu
et al. [26] to handle efficiently both plane-wave and Gaussian-beam
illumination. This improved algorithm offers a compact representation
and enhanced numerical stability. Johnson [27] also developed a re-
lated recurrence formulation of different structure, while Mackowski
et al. [28] applied recursive techniques to study the thermal behavior
of particulate systems.

For finely stratified or highly absorbing spheres, Kai and Massoli
[29] introduced a method based on Taylor-series expansions to com-
pute ratios of Riccati-Bessel functions more accurately, while Yang
[30] proposed a simplified and numerically robust recurrence scheme,
particularly effective for large particles with thin absorbing shells.
Finally, Lock [31] developed a parallel iteration procedure for com-
puting scattering by multilayered spheres. The procedure employs a
successive-doubling strategy applied to four sets of multiple-scattering
amplitudes and is reminiscent of the fast Fourier transform algorithm.

For spheres with many concentric layers, it is often advantageous
to reformulate the problem in terms of transfer matrices. In this ap-
proach, each interface is represented by a 2 x 2 matrix that relates
the inward and outward field amplitudes across that interface, and
the response of the entire particle is obtained by matrix multiplication
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from the core outward. Moroz [32] presented a general recursive
transfer-matrix solution that is both numerically stable and able to
compute internal fields, stored energy, and emission. Qiu et al. [33]
applied this method to the design and optimization of multilayered
plasmonic nanoparticles, making it popular in nanophotonics. More
recently, Rasskazov et al. [34] proposed a compact recursive transfer-
matrix algorithm and released the open-source STRATIFY code, offering
robust results even for highly absorbing or finely stratified particles.
Further refinements aimed at improved stability for extremely thin
shells have been introduced by Zhang [35].

Besides forward modeling, many applications require sensitivities
of the scattering quantities with respect to size parameter or refractive
index — for example, in inverse problems or uncertainty quantifi-
cation. Grainger et al. [36] derived analytic derivatives of the Mie
coefficients and scattering efficiencies, while Li and Bowler [37] ex-
tended these results to derivatives with respect to complex permittiv-
ity and permeability, proposing numerically stable expressions using
logarithmic derivatives.

Among the various methods available for modeling light scattering
by multilayered spheres, we employ the T-matrix formalism as the
principal solution approach. This method is particularly suitable for
the present application, and numerically stable recurrence relations for
evaluating the T-matrix elements were derived by Doicu et al. [38].
These relations were originally formulated for multilayered axisym-
metric particles and subsequently specialized to the case of a sphere.
Appendix A summarizes the theoretical background for computing
the scattered intensity and cross sections, along with their derivatives
with respect to layer radii and refractive indices. In particular, it
presents three alternative sets of recurrence relations for the diagonal
elements of the transition matrix. The first set (Egs. (A.27)—(A.28)) cor-
responds to the formulation given in Doicu et al. [38], while the other
two sets (Egs. (A.36)-(A.37) and (A.41)-(A.42)) represent equivalent
variants. The last set, in particular, closely resembles the recurrence
scheme proposed by Wu and Wang [25]. For completeness, Appendix
A also includes a brief description of an alternative algorithm based on
the transfer-matrix method, which is used solely for computing cross
sections and is not part of the main solution procedure.

Our numerical simulations, shown in Figs. 1 and 2, indicate that
all methods produce nearly identical results for the computation of the
forward model (intensity or scattering cross section). However, when
evaluating derivatives, slight differences were observed between the
first method and the other two methods, which themselves yield almost
identical outcomes.

3. The inversion algorithm

The inversion algorithm presented in this work is designed as a
general framework for the solution of nonlinear ill-posed inverse prob-
lems. It combines statistical modeling, regularization techniques, and
global optimization strategies in a unified approach that is applicable
to a broad class of problems beyond the specific application considered
here. In particular, the algorithm is able to incorporate data-error
correlations, prior information, and multiple sources of uncertainty in
a consistent Bayesian setting.

In the following, we present the main features of this general algo-
rithm, including the formulation of the inverse problem, the modeling
of data covariance, the use of data transformations, the maximum-
likelihood and Bayesian formulations, the whitening strategy, residual-
based uncertainty quantification, and the global optimization proce-
dure based on a MultiStart strategy.
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Fig. 1.

Weighted intensity and its derivative with respect to the outer radius of the sphere r, as functions of the scattering angle. The results correspond to

a coated sphere with a core radius of 3.0 pm and an outer radius of 3.65 pm, placed in buffered saline solution with a refractive index of 1.337. The relative
refractive indices of the core and the shell in vacuum are 1.44 and 1.38, respectively. The wavelength in vacuum is 0.488 pm, and the angular domain of analysis

ranges from 12° to 50° with an angular spacing of 0.5°.
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Fig. 2. Scattering efficiency and its derivative with respect to the outer radius of the sphere r, as functions of the wavelength. The results correspond to an
eight-layered sphere with individual layer thicknesses of 0.07 um and alternating refractive indices of titanium dioxide and silica. The refractive index of silica
is fixed at 1.428, while the refractive index of titanium dioxide is wavelength dependent and given by mq;o (1) = \/ 5.913 +0.2441/(A%2 — 0.0803), where A denotes
the wavelength. The scattering cross section is normalized by a reference radius of 1.0 pym. A total of 200 spectral points were chosen in a wavelength interval

ranging from 0.4 pm to 0.7 pm.

3.1. Inverse problem formulation

The inversion algorithm is designed for nonlinear inverse problems
of the form
Fx) =y’

where F : R” — R is the forward model, x € R” is the unknown state
vector, and y° € R™ is the measured data vector. The measurements

are assumed to be contaminated by additive Gaussian noise with zero
mean and covariance matrix Cy, i.e., y° = y + 8, where 6 ~ N(0,C;)
and y denotes the true data vector. The objective is to estimate the
unknown parameter vector, quantify the uncertainty of the solution,
and incorporate prior information and data-error correlations in a
consistent statistical setting.

A key element of the formulation is the decomposition C; = 62%;
with trace(;) = m, where o2 represents the overall noise variance
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(i.e., the magnitude of the data errors), and & is the shape covari-
ance matrix, which describes the correlation structure of the errors
independently of their scale. This decomposition separates the noise
level from the correlation pattern of the measurement errors and is
particularly convenient for whitening, regularization, residual analysis,
and discrepancy-based stopping criteria.

3.2. Data covariance model and synthetic measurements

Several practical situations are distinguished according to the avail-
able information on the data covariance.

1. When the true covariance matrix is known, it is normalized
directly to obtain the shape covariance matrix.

2. When only the covariance shape is known up to a scale factor,
the missing scale is inferred from a prescribed signal-to-noise
ratio.

3. If no covariance information is available, a diagonal covariance
model is adopted, again with the variance estimated from the
signal-to-noise ratio.

4. For synthetic tests, a covariance model can be generated artifi-
cially and then scaled so that its overall variance is compatible
with a prescribed noise level.

For inverse problems involving multilayered spheres, in addition to
measurement noise, uncertainties in the forward model parameters
also contribute to the overall data uncertainty. These include, for
example, (i) deviations of the layer boundaries from perfect spherical
geometry and (ii) offsets of the layer centers relative to the particle
center. In principle, such uncertainties can be quantified by employing
a scattering model for nonspherical particles and performing a Monte
Carlo analysis under the assumption that the statistics of the model
parameters are known. The outcome of this procedure is a covariance
matrix of the forward model parameter errors in the data space, which
can serves as input for the inversion algorithm (Case 1 above).

For synthetic problems, the shape covariance matrix may be chosen
as €5 = DP(¢)D, where D is a diagonal scaling matrix derived from
pointwise standard deviations and P(¢) is a correlation matrix defined
through a parametric autocorrelation function. The correlation struc-
ture may be modeled, for example, by exponential, Gaussian, damped
cosine, Matérn, AR(1), Wendland, or rational quadratic kernels. In this
context, synthetic measurements are generated by adding Gaussian
noise with the prescribed covariance to the exact forward data. If €5 =
RRT is the Cholesky factorization of the normalized covariance shape
matrix, then a realization of the data error is obtained as € = o Rz,
where &° is an a priori estimate of the data-error variance and z ~
N(0,1,). The measurement vector is then computed as y° =y + &.

3.3. Forward model and data transformations

The forward model considered in this work is representative of
inverse problems arising in Mie-scattering applications. Depending on
the measurement configuration, the data may consist either of weighted
scattering intensities sampled over the scattering angle or of scattering
cross sections sampled over wavelength. In the intensity-based setting,
a weighting function can be introduced to emphasize specific angular
regions of interest.

To improve robustness or reduce dimensionality, several data trans-
formations may be applied before solving the inverse problem.

1. Principal Component Analysis (PCA) projects the data onto a
low-dimensional subspace spanned by dominant eigenvectors of
a sample covariance matrix.

2. Low-pass filtering based on the Discrete Cosine Transform (DCT)
retains only the dominant low-frequency components of the
data.
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3. A differential model with polynomial detrending removes a
low-order polynomial trend from both simulated and measured
data.

In each case, the transformed inverse problem retains the same sta-
tistical structure, but with a modified covariance matrix and a re-
duced effective data dimension. A detailed description of the data
transformation techniques is provided in Appendix B.

3.4. Maximum-likelihood and Bayesian formulation

Under the Gaussian data-error model 6 ~ N'(0, 62%;), the likelihood
leads to the generalized least-squares functional

P = 3% = F) 6 (v — Fo).

Its minimizer provides the maximum-likelihood estimate when the
covariance shape matrix is known.

A Bayesian extension is obtained by assigning a Gaussian prior
to the unknown vector, x ~ N(x,,C,), where C, = 02%, is the a
priori covariance matrix, o2 represents the overall variance (i.e., the
magnitude of the prior uncertainty in the state vector), and & is the
shape covariance matrix describing the correlation structure of the
prior errors independently of their scale. This leads to the regularized
objective function

Fa(X) = % [° - Fx)TE; ' (v° - Fx) + a(x —x,) 6. (x - x,)] ,

where a = ¢2/02 is the regularization parameter. This establishes the
connection between Bayesian estimation and Tikhonov regularization.

In addition to point estimates, e.g., xX* = arg miny F,(x), marginal
posterior expectations may be approximated by importance sampling
or Metropolis—Hastings sampling. In the present work, the marginal
posterior expectation constitutes a central component of the inversion
methodology, as it provides a statistically consistent estimate of the
solution and its uncertainty. In particular, it enables the computation
of posterior mean values and covariance matrices that incorporate both
data noise and model-induced variability. To account for correlated
residuals, an effective number of degrees of freedom is introduced,
leading to a modified posterior distribution that better reflects the
true information content of the data. The resulting expectations are
efficiently evaluated by importance sampling (IS), with proposal distri-
butions constructed around the local minima of the objective function,
or by Metropolis-Hastings (MH) sampling, in which the mean and
variance are estimated from samples generated by a Markov chain
targeting the posterior density. A detailed description of this approach
is provided in Appendix C.

The objective functions F,(x) and F,,(x) are minimized subject to
simple bound constraints on the variables. Constraining the solution to
the box X =[a;,b;1X[ay,b,]...X[a,,b,], i.e.,a; <x; < b, fori=1,...,n,
provides control over the magnitude of the state vector and reduces
instabilities caused by data errors. In maximum-likelihood estimation,
such bounds can be viewed as a simple form of regularization: by
limiting the admissible domain, they prevent unbounded solutions and
implicitly penalize large parameter values, in a manner analogous
to an ||x||>-type regularization. Although not a substitute for explicit
regularization schemes, box constraints represent a practical option
when no prior information on the solution is available.

3.5. Whitening and least-squares reformulation

A major computational simplification is achieved through whiten-
ing. If €; = RRT,then the whitening matrix W = R™! transforms the
generalized least-squares problem into an ordinary one,

N PN
Fe) = S 1I5° = FoII%,

where §° = Wy’ and F(x) = WF(x). In the whitened space, the
transformed data error 6 = Wé is Gaussian with covariance 6?1, so the
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problem becomes a classical least-squares problem with uncorrelated
homoscedastic errors. A similar transformation may be applied to the
regularization term: if the a priori shape covariance matrix is factorized
as %, = RyRY, then the regularization matrix is defined as L = R_!,
which leads to an augmented least-squares formulation that combines
data fidelity and prior information in a single residual vector.

3.6. Discrepancy principle and regularization strategy

In Bayesian estimation, the discrepancy principle and the choice
of the a priori state vector, regularization matrix, and regularization
parameter play a central role.

1. Discrepancy principle. Given an a priori estimate 5~ of the data-
error variance, the squared error level is defined by 4% = ms-.
A computed solution is accepted if its whitened residual norm
R(x%) = ||¥||? satisfies R(x?) < 742, with 7 a safety factor close to
one. Since the expected residual norm after fitting n parameters
is (m—n)o?, this criterion is conservative. In practice, when the a
priori estimate of the noise level is uncertain, the ratio between
the achieved residual norm and the prescribed error level is best
interpreted as a diagnostic indicator.

2. A priori information and regularization matrix. When only
bounds ¢; < x; < b; are available, the a priori vector is chosen
as the midpoint of the admissible interval, x,, = (a; + b;)/2,
and the prior standard deviations are estimated by o; = (b, —
a;)/3.92, which corresponds to interpreting the bounds as an
approximate 95% confidence interval of a Gaussian prior. This
yields a diagonal prior covariance matrix and a regularization
matrix that penalizes strongly constrained parameters more
heavily than weakly constrained ones. Specifically, the diagonal
elements of the regularization matrix are [L];; = \/02/0;, where
62 = (1/n) ¥, o7 is the average of the component-wise prior
variances.

3. Regularization parameter. The regularization parameter « can be
kept constant during the iteration, or it can be varied. In the
latter case, it is chosen in a practical manner: relatively large
values are used at the beginning of the iteration to stabilize the
problem and suppress undesirable local minima, and « is then
decreased gradually during the iteration. This strategy is closely
related to iteratively regularized Gauss-Newton methods.

3.7. MultiStart strategy

Because the objective function may possess several local minima,
the inversion algorithm uses a MultiStart strategy to explore the ad-
missible domain more broadly [39-46]. The method is organized into
a sequence of configurations. At each configuration, a set of candidate
points is generated, the objective function is evaluated at these points,
and only the most promising candidates are retained for local optimiza-
tion. The resulting local minimizers are then compared with the set of
previously accepted solutions to determine whether a genuinely new
solution has been found. In this way, the method seeks not only the
minimum-residual estimate but also the collection of distinct admissible
solutions compatible with the data.

3.7.1. Generation and validation of starting points

Candidate starting points may be generated by pseudo-random
number generators [47,48], chaotic methods [49-51], low discrep-
ancy methods (Halton, Sobol, and Faure sequences), Latin hypercube
sampling [52], quasi-oppositional differential evolution [53,54], and
centroidal Voronoi tessellation [55]. In the present implementation,
pseudo-random generators and low-discrepancy sequences are used.

At a given configuration, a set of Ny candidate points is generated
in the admissible domain. The objective function is evaluated at these
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points. If the global accumulation option is enabled, the newly gen-
erated samples and their objective values are added to the collection
accumulated from previous configurations. Otherwise, only the points
generated in the current configuration are used. The objective values
are sorted in ascending order, the candidate points are reordered con-
sistently, and only the best N, points are retained as effective starting
points for local optimization.

Before launching a local optimization, candidate starting points
may be screened in order to avoid repeated descents into already
known basins of attraction. Several validation tests are available in the
framework [43]. In the present implementation, only a basin-exclusion
test is activated. A candidate starting point x, is rejected if there exists
a previously found solution xg, such that ||xy, —xg,|| < Rgg(n), where
Rgp(n) is an estimate of the basin radius associated with xg,,.

3.7.2. Residual statistics and uncertainty quantification

The statistics of the residuals provide the basis for variance estima-
tion and uncertainty analysis. Under a local linearization of the forward
map around the accepted solution xg, the whitened residual vector
T =Wr=% - f‘(xs satisfies ¥ »~ (I, — A)3, where A = RKTK)~IKT
is the influence matrix, provided that the whitened Jacobian K has full
column rank. Hence, E{||f||?} = (m — n)?, and, in the unregularized
case, the data-error variance can be estimated by

A~ | PN
87 = —IIFII. @
m-—n

When regularization is present the influence matrix becomes Kl, =
K(KTR+aLTL)~1KT, and the unbiased residual-based variance estimator
involves the denominator m — 2trace(/A\,1) + trace(f&i).

The same linearized framework yields expressions for the covari-
ance matrix of the estimation error. In the unregularized case,

G =82K'E 'K, )

whereas in the regularized case the Laplace approximation gives éx =
2K K+ alTL)~

3.7.3. Local optimization and distinct-solution test

Each validated starting point is refined by a local optimizer. Two
local solvers are available. The first is the routine DRN2GB from
the PORT library [56,57], a derivative-based algorithm for bounded
nonlinear least-squares problems that combines Gauss-Newton steps
with quasi-Newton corrections. The second is the limited-memory BFGS
method [58], which approximates the inverse Hessian by a small num-
ber of correction vectors and is well suited for medium- and large-scale
problems.

After each local search, the candidate minimizer is compared with
the set of already accepted solutions. A newly computed solution xg is
considered distinct if

”XS - XSn” > Tmax(”XS”a “xSn”)a n=1,.. ’NS’

where 7 > 0 is a prescribed tolerance. If this condition is satisfied for
all n, the candidate is inserted into the solution set; otherwise, it is
regarded as numerically identical to a previously found solution.

3.7.4. Hybrid variants and algorithmic structure

In addition to the pure MultiStart strategy, one may combine a
global exploration method with a second-order local refinement. Possi-
ble global methods include DIRECT [59], JADE [60], LSHADE [61], and
LJADE [62]. Their purpose is to reduce the sensitivity of the algorithm
to the initial sampling strategy. In the present implementation, how-
ever, the logical variables controlling the hybrid stage are set internally
to false, so the reported results correspond to the pure MultiStart
variant.

The pseudocode for the multistart algorithm is presented in Algo-
rithm 1. The input parameters of the inversion procedure are the noisy
data vector y°, the number of effective starting points per configuration
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Ny, the total number of candidate points generated at each config-
uration Nyc, the number of configurations N, and the tolerance
used in the distinct-solution test. The algorithm initializes the number
of distinct solutions Ng = 0, the set of distinct solution Xg, the
corresponding set of objective-function values Fg, the set of residual
vectors Rg, the set of data error variance estimators Vg, the set of the
diagonal elements of the covariance matrix of the estimation error Vg,
the set of basin radii associated with each distinct solution Rgg, and the
minimum of the objective function over all configurations and starting
points Fp;,. For each successful local search, the algorithm stores the
minimizer xg, the objective value F,(xg), the whitened residual vector
T(xg), the estimator of the data-error variance 6%(xg), the diagonal
elements of the covariance matrix of the estimation error 62(xg) =
diag(éx(xs)), and an estimate Rp(xg) of the basin radius. The final
output is the set of admissible solutions together with their residuals,
variance estimators, covariance information, and the minimum-residual
estimate. In particular, the minimum-residual solution is selected as the
point estimate of the unknown parameter vector.

Algorithm 1 Multistart algorithm. The meaning of the variables is
described in the text.

1. Inputs: y®, Ny, Nyc, N¢, and 7.

2. Initialization: Set Ng =0, Xg =0, Fs=0, Rg =0, Vis =0, Vis =0,
Rgg = @, and Fp, = 1030,

3. Configuration Loop:

For each configuration k, k = 1,..., N¢ do:

* Generate Starting Points: Generate a random set of N, points and
store them in .Sc. At each point, evaluate the objective function
and store the results in Fyc. If the global accumulation option is
enabled, append this set to the global collections: Nyy = kN,
Soa = Sap U Soes Foa = Foa U Fyc. Otherwise (independent
treatment per configuration), set Ngx = Nyc, Soa = Soes Foa =
Foc- Sort Fy, in increasing order, applying the same permutation
to Syo- Select the first N, columns of S, to form the effective set
Sp-

* Solution Search:

- For each starting point xy; € Sy, j = 1,..., Ny do:

x Validity check: If the MultiStart algorithm is selected,
accept xy; only if it lies outside all known basin
Rgp(Ng) around Xg; otherwise, accept x; directly.

* If x; is valid:

- Optional preliminary global steps: If the DIRECT
algorithm or a stochastic algorithm is selected,
run the algorithm from x, ; to obtain xg and set
Xp; = Xg-

- Second-order refinement: Run PORT or BFGS,
with or without regularization, starting from x;
to obtain xg, Fy, T, 6%, 02, and Ry. If xg & Xg
with tolerance 7, (i) set Ng = Ng + 1, Xg =
XgU({xg}, Fs(Ng) = Fy, Rg = RgU{T}, Vys(Ng) =
6%, Vyqs = Vis U {02}, and Rgg(Ng) = Ry, and
(ii) track the minimum-residual solution so far:
if Py < Prin, update Frin = Fx > Xgmin = Xs»

=52, and o2 2

—_0 A2 —
in =T, 0 xmin — Ox'

r .
min

mi

4. Outputs: Return the sets Xg, Fs, Rg, Vis, and Vig 2corresponciing
to all solutions, and the quantities Xgmin, Frin> Tmins Opy,e a0d 07
corresponding to the minimum-residual solution.

4. Numerical simulations

We consider a multilayered sphere with L concentric layers of
thicknesses d, and relative refractive indices m, with respect to the
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ambient medium. The radii of the layers are computed as

o rptdy, £=1,...L-1,
"7 4. ‘=1,

meaning that the core of the particle has radius r; = d;, and the radius
of the outermost layer (i.e., of the entire sphere) is r,.

The inverse problem based on the angular distribution of the scat-
tered intensity is referred to as Problem 1, whereas that based on
the spectral dependence of the scattering cross section is Problem 2.
In Problem 1, we aim to reconstruct both the layer thicknesses and
refractive indices. The wavelength of the incident radiation is 4 =
0.488 um, the particle is immersed in liquid, and the angular range
is from 6,;, = 12° to 6, = 50°. Problem 2 involves only the
reconstruction of the layer thicknesses for a particle in vacuum. In this
case, we consider N, = 200 spectral points in a range from A;, = 0.4 pm
t0 Amax =0.7pm, and choose alternating refractive indices mrg, (1) =
V/5.913 +0.2441/(A2 - 0.0803) (Titanium dioxide) and mgo, = 1.428
(Silica).

The inverse problem is solved using the maximum-likelihood es-
timate, and the PORT optimizer. For the Multistart algorithm, the
number of effective starting points per configuration is set to N, = 50,
and the total number of starting points generated at each configuration
step to Nyc = 1000.

4.1. Data affected by forward model errors

In the first test we consider a coated-sphere model, i.e. a specific
case of Problem 1, to characterize lymphocytes from light-scattering
patterns measured with the scanning flow cytometry [8]. We consider
the displacement of the core (nucleus) relative to the particle center as
an example of forward model errors. Simulations of light scattering by
the nonsymmetric optical model of a lymphocyte are performed with
the ADDA computer code (v. 1.5.0-alpha3). This is an efficient DDA
implementation on a cluster of computers, parallelizing a single DDA
computation [63,64]. Default code parameters were used.

The parameters of the coated sphere, which are the components
of the true state vector x', are chosen as d'f =0.65 pm, d; =3.0 pm,
m;r = 1.38, and m; = 1.44. The coated sphere is placed in a buffered
saline solution with a refractive index of 1.337. The core is shifted along
the x-axis (only positive direction, since negative is equivalent for the
computed quantity), and along the z-axis (both positive and negative)
in steps of 0.1 pm. For a beam propagating along the positive direction
of the z-axis, the scattered intensity is computed at a set of discrete
angles in the interval [12°,50°] with a step of 40 = 0.5°, averaged over
the azimuthal scattering angle, and weighted by the angular function

w(o) = ;—: exp (21 59; ) ®3)

These intensities, illustrated in Fig. 3, represent the synthetic measure-
ments y° for the inverse problem, while y = F(x") denotes the true data
vector.

The inverse problem is solved assuming an isotropic shape covari-
ance matrix, i.e.,, €5 = I, and the following simple bounds on the
variables: d; € [0.6,0.7] pm, d, € [1.4,3.8] um, m; € [1.34, 1.41],
and m, € [1.41, 1.58]. The minimum-residual solution x° is computed
using the MultiStart algorithm, and the posterior expectation of x,
i.e., E{x} = (x) is evaluated using marginal posterior estimation via
IS and MH sampling. Referring to Appendix C, the latter is computed
as (cf. Eq. (C.15))

_ [ xpx | y®)dx
[ px | yhdx’
where (cf. Eq. (C.14))

E{x}

p(x | ¥°) o [R®)] /2
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is the marginal posterior, R(x) = ||r(x)||? is the residual energy, r(x) =
y® — F(x) is the whitened residual at x,

m2

m+2 0 (m - k)p?

is the effective number of independent observations (cf. Eq. (C.10)), and
py is the autocorrelation function at lag k, computed using Egs. (C.37),
(C.38), and (C.42). The autocorrelation function is computed from the
residuals at x%, i.e., r(x’) = y° — F(x%). Tapering is not applied, as
the autocorrelation function remains significant over the entire range.
Typical examples of this function are shown in Fig. 4. The expectation
E{x} is computed using (i) diagonal-covariance importance sampling
with Ny = 10* samples and (ii) Metropolis-Hastings sampling with a
total chain length of N = 3 x 10%, a burn-in length of N, = 10*, and
Nieep = 10* retained samples (see Appendix C).

Under the Laplace approximation, the posterior distribution is lo-
cally approximated by a Gaussian distribution centered at the mini-
mum-residual solution. Accordingly, the posterior covariance matrix
can be approximated by the covariance matrix of the estimation error.
To estimate this covariance matrix, we consider both the minimum-
residual covariance approximation and the marginal posterior expecta-
tion.

K=

1. Minimum-residual solution. Let x® be the minimum-residual so-
lution, and assume that the forward map is locally linearized
around x°. Then the data-error variance can be estimated by (cf.
Eq. (1))

A~ 1 a
6 = 712, “

m-—n

and the posterior covariance matrix by (cf. Eq. (2)) éx =
52(KTR)~1, where K is the whitened Jacobian matrix at x®. This
expression is valid provided that K has full column rank.

2. Marginal posterior expectation with effective degrees of free-
dom. When the solution is defined in terms of the marginal pos-
terior expectation, the posterior covariance matrix is computed
c,i\irectly from the posterior second central moment (Eq. (C.15)):
Cx = E{(x — (x))(x — (x))T}.

The results in Table 1 illustrate the effect of forward-model errors
on the reconstruction accuracy when scattering data generated by a
nonsymmetric optical model (a displaced core) are inverted using a
concentric coated-sphere model. The displacement introduces a model
discrepancy that propagates into the reconstructed parameters. The
table reports the empirical signal-to-noise ratio, defined as the ratio
between the signal energy and the energy of the realized noise vector

2

liyll
a—
lly* =l
and the relative errors obtained using the minimum-residual solution
and the marginal posterior expectation, namely,

I Y
C Tl

respectively. Note that this definition gives more weight to the sizes
in comparison to the refractive indices, since the ratio of full width of
admissible parameter range to its true value is 15%-80% vs. 5%-12%,
respectively. To address this imbalance and to assess the statistical
calibration of the uncertainty estimates, we introduce the normalized
errors.

x:‘s_xj7 < 1> <xi>_xj-

L= Z;y= ———— i=1,...,n, 7)
l Si (5:)
where s, are the standard deviations s; = 1/(C,);; obtained from the

minimum-residual covariance matrix C, = 62(KTK)~!, whereas (s,-) are
the same, but for the marginal posterior covariance matrix.

SNR, = 5)
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Fig. 3. Scattering intensities of a core-shell particle for different core displace-
ments. The shell and core thicknesses are 0.65 pm and 3.0 pm, respectively,
and the corresponding refractive indices are 1.38 and 1.44. The coated sphere
is embedded in a buffered saline solution with a refractive index of 1.337.

We also introduce the combined indicators
n 1/2 n 1/2
O, = (Z Z,2> , Ony = <Z<Zf>2> . ®
i=1 i=1

Let e = x° — x' denote the estimation error and assume that e ~
N(0,C,), where C, is the (unknown) true covariance matrix. If the
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Fig. 4. Residual autocorrelation functions for different core displacements. The geometrical and optical parameters of the coated sphere are the same as in Fig.
3.
Table 1 values not exceeding 13095 ~ 3.08 are still statistically consistent,
Empirical signal-to-noise ratio, relative reconstruction errors, and uncertainty X T 2 Lo X
calibration indicators for the minimum-residual solution and the marginal while values larger than 4090 ™ 3.64 indicate underestimated

posterior expectation. The marginal posterior expectation is evaluated using
importance sampling (IS) and Metropolis-Hastings (MH) sampling. The geo-
metrical and optical parameters of the coated sphere are the same as in Fig. 3.

Axis Displ. SNR Min.imum Marginal po.sterior
[pm] residual expectation
IS MH
e[%] Oy e [%] Oy e [%] O
0.1 1271 0.076 5.3 0.054 1.1 0.072 1.4
0.2 103 0.42 8.1 0.31 2.1 0.27 1.4
. 0.3 29 1.3 12 0.43 2.6 0.32 1.4
0.4 14 15 82 14 39 14 23
0.5 9 15 93 15 43 15 24
0.6 6 15 99 15 36 15 21
0.1 681 0.47 12 0.47 4.7 0.47 3.6
0.2 180 091 13 0.91 4.4 0.88 3.7
2 0.3 87 1.3 14 1.1 4.9 1.1 3.5
0.4 49 1.5 12 1.1 4.3 1 2.4
0.5 31 1.6 11 1.4 6.4 0.89 1.7
0.6 22 1.7 12 1.5 9 0.91 1.6
0.1 516 0.53 10 0.52 3.2 0.53 2.9
0.2 124 1.1 10 0.92 3.1 0.94 2.8
s 0.3 54 1.5 9.1 1.1 4.4 0.93 2.1
0.4 30 1.5 6.5 0.71 1.4 0.78 1.5
0.5 19 1.5 5.4 0.5 1.3 0.55 1.3
0.6 14 1.5 4.9 0.39 1.4 0.9 1.8

components z; are independent, i.e., if C, is diagonal, then z; ~ N'(0, 1)
and Q2 = Y| z2 ~ y2. In the general case of correlated errors, this
distribution does not apply. Assuming Gaussian distribution of these
correlated errors, the Mahalanobis distance QIZVI = eTC; le does satisfy
le\/[ ~ 2 . However, after replacing the practically unknown C, by its
estimate C,, the corresponding statistic
A2 _ oTE-1

O, =eC e ()
is only approximately y2-distributed. Nevertheless, for practical pur-
poses, even Q, remains a useful diagnostic indicator: for n = 4, a value
of O, close to \/; = 2 indicates a well-calibrated covariance estimate;

uncertainty. The results in Table 1 show the effect of forward-model
errors on the reconstruction accuracy and uncertainty calibration, and
allow a comparison between importance sampling (IS) and Metropolis—
Hastings (MH) sampling for the marginal posterior expectation. The
effect of forward-model errors depends strongly on the direction of the
displacement.

1. For displacements along the x-axis, the empirical signal-to-noise
ratio decreases rapidly as the displacement increases. For small
displacements (0.1-0.3 pm), the marginal posterior expectation
yields small reconstruction errors, comparable to or slightly
smaller than those of the minimum-residual solution. However,
for larger displacements (> 0.4 pm), the relative error increases
abruptly and saturates at approximately 15% for all methods.
This value is determined by the parameter ranges and defini-
tion of Eq. (6). Such large model error can be explained by
symmetry-breaking shift combined with further azimuthal aver-
aging, which greatly reduces the contrast (oscillation amplitude)
at intermediate scattering angles. This cannot be, in principle, re-
produced by a symmetric model within the specified parameter
ranges.

2. For displacements along the z-axis, the reconstruction errors
remain significantly smaller (< 2%), which can be explained by
preservation of the axial symmetry. In this regime, the marginal
posterior expectation continues to yield improved accuracy com-
pared with the minimum-residual solution.

3. A direct comparison between IS and MH shows that both meth-
ods produce similar relative errors, indicating that they ap-
proximate the same posterior distribution consistently. Some
differences are observed for large axial shifts, but they are hard
to generalize.

The indicators O, and Q, provide additional information beyond
the relative errors by assessing the statistical calibration of the esti-
mated uncertainty. We stress that the latter is even more important for
the overall reliability of inverse method in practical applications than
the parameter errors themselves.
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1. For the minimum-residual solution, the values of O, are well
above the reference thresholds, indicating a systematic under-
estimation of uncertainty.

2. For the marginal posterior expectation, both IS and MH lead to
substantially smaller Q-values, indicating improved calibration.
In particular, for —z displacements, the values approach or fall
below the 95% threshold, and in some cases are close to the ideal
value \/7:

3. Comparing IS and MH, the MH-based estimates tend to yield
smaller Q-values, especially for moderate to large displacements.
This suggests that MH sampling provides a more reliable char-
acterization of the posterior spread.

4. A notable exception is large axial shifts, where all methods fail.
In this case, large model error leads to large effect of assumed
parameter boundaries on the obtained results and confidence
intervals [8]. Even elaborate methods that we use do not account
for that.

Overall, Table 1 leads to the following conclusions.

1. The reconstruction accuracy is much more sensitive to transverse
displacements than to axial ones, probably due to breaking of
axial symmetry.

2. The marginal posterior expectation significantly improves un-
certainty calibration compared with the minimum-residual so-
lution, especially when MH sampling is used.

3. All methods conceptually fail for large model deviations, when
all of the admissible idealized models lead to comparable devi-
ation from the data.

4.2. Forward model transformation

In the next test, we consider synthetic data and analyze the accuracy
of four forward models defined as follows:

1. Forward Model 1: based on the weighted scattering intensities
sampled over angle or scattering cross sections sampled over
wavelength,

2. Forward Model 2: based on data reduction using Principal Com-
ponent Analysis (PCA),

3. Forward Model 3: based on low-pass filtering using the Discrete
Cosine Transform (DCT),

4. Forward Model 4: based on a differential representation obtained
by removing a smoothing polynomial.

In the simulations, an approximation error epcy = 5 x 1072 is used for
the PCA model, energy fraction pgpr = 0.99 is used for the DCT model,
and a quadratic function is employed as a smoothing polynomial (see
Appendix B).

An a priori estimate of the data-error variance is defined in terms
of the signal-to-noise ratio (SNR) as the ratio of signal power to noise
power:

= e ll?

" mSNR’
where SNR = 500, and y,.; = F(x,) is a reference spectrum correspond-
ing to the a priori state x,. The entries of the a priori vector are chosen
as the midpoints of the admissible intervals of variation of the state
vector components.

For Problem 1 we consider four layers (L = 4) and the following
simple bounds on the variables: d; € [0.6, 0.7] pm, d, € [0.2, 0.5] pm,
dy € [02,03] pm, d; € [1.0,3.0] pm, m, € [1.3570, 1.3574], m, €
[1.368, 1.427], m; € [1.38, 1.48], and m, € [1.41, 1.58]. The multilayered
sphere is immersed in a buffered saline solution with a refractive index
of 1.337. The shape covariance matrix is generated as €; = DP(¢)D,
where D is a diagonal matrix with entries

Oi
[Dl; =

—
1 m 2
Vm =1 O

i=1,...,m, (10)

Journal of Quantitative Spectroscopy and Radiative Transfer 362 (2026) 110034

Table 2

Relative state vector errors and uncertainty calibration indicators for Problems
1 and 2 and different forward models using the minimum-norm solution
and marginal posterior expectation. The marginal posterior expectation is
evaluated using importance sampling (IS) and Metropolis-Hastings (MH) one.

Forward Minimum Marginal posterior
Problem ) .
model residual expectation
1S MH
sl o RO R O TR O R )
1 1.7 1.6 1.1 2.5 0.85 2.6
1 2 1.9 1.6 1.1 2.5 1.1 2.7
3 1.9 6.6 1.1 2.7 0.85 21
4 0.89 1.1 0.34 2.7 0.45 2.6
1 4.8 3.8 4.7 3.1 4.5 2.8
9 2 4.3 3.6 4.5 2.7 4.1 2.2
3 2.5 13 2.5 4.6 1.4 1.4
4 4.9 3.5 4.8 2.8 4.6 2.5

and P(¢) is a correlation matrix defined by an autocorrelation function
p depending on parameters ¢. Specifically, the variances 0',.2 are defined
as

6,.2=Var1 +Var2yfeﬂ., i=1,...,m, (11
where
w, 1-w
Var, = —2— 2 Var, = —2, 12
1 mSNR”yrer” 2= SNR 12)

and w, = 0.8. The correlation matrix is defined on the sample grid
0; = Omin + (i — D40 as [P(P)];; = p(0;;5 ), where 0; = li—jl4o for
i,j =1,...,m. The autocorrelation function is the damped cosine

2(0: 6, ) = exp ( —%) cos(wd),

with © = 1046 and w = 27 /(3040).

For Problem 2 we consider eight layers (L = 8) and the bounds
d, €[0.03, 0.07] pm for £ = 1, ..., 8. The shape covariance matrix is the
identity matrix, i.e., €5 =I,,.

In the simulations, we assume a solution pair (x',y = Fx")),
generate a noisy version of the true data vector y as y° = y + & with
5 ~ N'(0,C; = 5°%;), and solve the inverse problem for the synthetic
measurement vector y°. For Problem 1, we solve a generalized least-
squares problem (since the shape covariance matrix is not the identity
matrix), whereas for Problem 2, we solve an ordinary least-squares
problem. The true state vector is given by d;r = 0.605 pm, d; =0.428 pm,
d} = 0243 pm, d] = 1.898 pm, m| = 1.3572, m} = 1.3788, m} = 13997,
m] = 15157 for Problem 1, and d] = 0.049 pm, d] = 0.063 pm, d] = 0.031
pm, d] = 0.052 pm, d] = 0.039 pm, d] = 0.05 pm, d; = 0.059 pm,
d;' =0.033 pm for Problem 2.

The true, measured, and retrieved data vectors are shown in Fig. 5
for Problem 1, and in Fig. 6 for Problem 2. For these simulations, the
relative errors obtained using the minimum-residual solution and the
marginal posterior expectation are reported in Table 2. The marginal
posterior expectation is evaluated using IS and MH sampling. For both
problems, n = 8, so values of Q, close to \/Z ~ 2.83 indicates a

well-calibrated covariance estimate, values exceeding ~ 4.48

Z 5,099
suggest underestimated uncertainty, whereas values below Zg,o.os ~
1.56 indicate overestimated uncertainty. In practice, values significantly
below about 2 already point to a tendency toward overestimation. The
results can be summarized as follows:

1. Problem 1. Forward Models 1-3 yield comparable accuracy. The
marginal posterior expectation reduces the relative error from
about 1.7-1.9% to approximately 1.1%, with similar accuracy
for IS and MH. The uncertainty indicators also show a clear
improvement of posterior-based estimates over the minimum-
residual one with respect to the ideal range.
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Fig. 5. True, measured, and retrieved data vectors for Problem 1 using Forward Models 1 (upper left), 2 (upper right), 3 (lower left), and 4 (lower right).

2. Problem 2. The reconstruction errors are larger (about 4%-5%).
The marginal posterior expectation provides only limited im-
provement in accuracy (except for MH for forward model 3),
indicating that the posterior is strongly concentrated around
the minimum. However, the uncertainty calibration is still im-
proved, with noticeable superiority of MH over IS.

4.3. Statistical analysis of retrieval errors

In the third test we consider the same scenario as in the second
test and assess the accuracy of Forward Model 1 over a set of noisy
data vector realizations. In the simulations, we assume a solution pair
&',y = F(x")), produce N, = 200 noisy versions y? of y with & ~
N(@©,Cs = 52%5), and solve the inverse problem for each measurement
vector y,‘z. For the minimum-residual solution x?, we compute the
(absolute) relative errors in x, ey, = xz —x||/||x"|| for k =1,..., Ny.
The histograms of the relative state vector errors are illustrated in Fig.
7. For Problem 1, the mean relative error is 0.35% with a standard
deviation of 0.16%, whereas for Problem 2, the mean relative errors is
5.6% with a standard deviation of 5.1%.

The results highlight a clear difference in the distribution of re-
construction errors between the two problems. For Problem 1, the
histogram is strongly concentrated near zero, with small mean error
and low variability, indicating that, under the considered noise real-
izations, the reconstructed solutions remain close to the true state. In
contrast, Problem 2 exhibits a much broader error distribution with
a pronounced right tail, reflecting a higher variability of the recon-
struction errors and the occurrence of larger deviations for some noise
realizations. These differences in absolute error levels are primarily
influenced by the specific characteristics of the problem, including
parameter scaling and sensitivity of the forward model.

10

4.4. Uncertainty analysis and calibration of confidence intervals

In contrast to the previous test, where the data are affected by
forward-model errors, we now consider Problem 2, in which the mea-
surements are corrupted by additive Gaussian noise with an identity
shape covariance structure. This setting allows us to assess the perfor-
mance of the uncertainty estimation methods in a regime where the
statistical assumptions underlying the inversion are satisfied and the
forward model is consistent with the data-generating process.

4.4.1. Confidence intervals

In Fig. 8, we illustrate the 99% confidence intervals obtained using
the minimum-residual covariance approximation, and the marginal
posterior expectation. All methods produce intervals that contain the
true solution for most components, indicating a qualitatively consistent
description of uncertainty.

4.4.2. Normalized-error analysis

To assess the statistical calibration of the uncertainty estimates, we
consider the normalized errors z; defined in Eq. (7), the combined
indicator Q, defined in Eq. (8), and the Mahalanobis-distance indicator
QM defined by Eq. (9). As before, values of Q near to \/Z ~ 2.83
indicate good calibration of the covariance estimate, with [1.48,4.19]
being a 95% equal-tailed confidence interval. The computed values of
Q, are 2.4 for the linearization method, 1.9 for the marginal posterior
expectation with IS, and 1.8 for that with MH sampling. Computation
of Mahalanobis-distance indicator Oy, is sensitive to potential ill-
conditioning of éx, since its inverse can then strongly amplify errors
along (noisy) directions associated with small eigenvalues. To mitigate
this effect, we compute QM both with and without the contribution of
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Fig. 6. True, measured, and retrieved data vectors for Problem 2 using Forward Models 1 (upper left), 2 (upper right), 3 (lower left), and 4 (lower right).

the smallest eigenvalue (of order 1079 — 10~!!). The resulting values
are 12 and 3.1 for the linearization method, 4.6 and 2.1 for the
marginal posterior expectation with IS, and 2.0 and 1.9 for that with
MH sampling. Fig. 9 shows the absolute normalized errors |z;| together
with the reference levels 1 and 2, corresponding approximately to the
two-sided 68% and 95% quantiles of the standard normal distribution,
respectively. The results can be summarized as follows:

1. The obtained values of Q, are all below the reference value
\/_ ~ 2.83, but within the 95% confidence interval. Specifically,
the posterior-based methods exhibit slight overestimation of
uncertainties.

. Mahalanobis-distance indicators better agree with the expected
z* behavior, but only if negligibly small eigenvalues of the
covariance matrix are discarded during the inversion.

. The normalized errors |z;| confirm these findings: most values
lie below the threshold 2, indicating that all methods provide
a qualitatively consistent uncertainty description, while the sys-
tematically smaller values for IS and MH reflect wider confi-
dence intervals and thus a tendency to overestimate uncertainty.

5. Conclusions

We developed an optimization tool to recover the layer thicknesses
and refractive indices of a multilayered spherical particle from either
(i) angular scattering patterns or (ii) spectral scattering/extinction data.
The scattering by a multilayered spherical particle is computed using
the T-matrix formalism. Three alternative recurrence schemes are im-
plemented for the computation of the T-matrix elements, and analytical
derivatives with respect to the layer radii and refractive indices are
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provided. The resulting inverse problem is solved using an optimization
tool that is publicly available.

The proposed approach integrates accurate forward simulations
with a robust global optimization strategy. The admissible parame-
ter space is controlled through bound constraints, and optional data
transformations are employed to improve stability and reduce dimen-
sionality. The MultiStart framework enables the identification of mul-
tiple candidate solutions and their subsequent refinement. The final
estimate and associated uncertainties are obtained from the minimum-
residual solution and corresponding covariance-matrix approximation
or through the marginal posterior expectation.

In the numerical analysis, several tests were performed:

1. Data affected by forward model errors. In the presence of forw-
ard-model errors, the reconstruction accuracy was found to de-
pend strongly on the structure of the model discrepancy. Trans-
verse perturbations lead to a rapid degradation of the solution
due to structural inconsistency of the model, whereas axial per-
turbations preserve the effective symmetry and allow accurate
parameter recovery. In this regime, the residuals are correlated
and non-Gaussian, and the minimum-residual covariance ap-
proximation systematically underestimates the uncertainty. By
contrast, the marginal posterior expectation, which accounts
for the effective number of independent observations, provides
improved robustness and more reliable uncertainty estimates.

. Forward model transformation. The analysis of forward model
transformations showed that PCA- and DCT-based reduced mod-
els provide efficient data compression while maintaining recon-
struction accuracy comparable to the full forward model.

. Statistical analysis of retrieval errors. The statistical analysis
over multiple noisy realizations highlighted a clear difference
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Fig. 7. Histograms of the relative state vector errors (based on minimum-
residual solution) obtained from 200 noisy data vector realizations for Problem
1 (upper) and Problem 2 (lower).

between the two problem settings. Problem 1 exhibits stable
and accurate reconstructions with small variability, whereas
Problem 2 is more sensitive to noise, resulting in larger errors
and increased variability.

4. Uncertainty analysis. The uncertainty analysis demonstrated that
all methods provide qualitatively consistent confidence inter-
vals containing the true solution. However, the calibration of
these intervals depends on the method and the error structure.
For Problem 2, where the statistical assumptions are satisfied,
the minimum-residual covariance approximation yields well-
calibrated uncertainty estimates, while the marginal posterior
expectation tends to slightly overestimate it, as indicated by
values of O, below the reference level ﬁ, but still within 95%
confidence interval. The overestimation is reduced when using
the Mahalanobis-distance indicators, but only if negligibly small
eigenvalues of the covariance matrix are discarded during the
inversion.

Overall, the results indicate that the choice of uncertainty quan-
tification method should be guided by the underlying error structure.
Posterior averaging is advantageous in the presence of model dis-
crepancies and correlated residuals, whereas the linearization-based
covariance approximation remains reliable when the forward model is
consistent with the data and the noise is Gaussian. The commonly used
x-type indicators provide useful qualitative diagnostics, but their quan-
titative interpretation must be treated with care, as they are sensitive
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Fig. 8. 99% confidence intervals for the solutions of Problem marginal
posterior expectation with either importance sampling (middle) or Metropolis—
Hastings one (lower).

to covariance ill-conditioning and may vary significantly depending on
the noise realization when only a single measurement is available.

The developed optimization tool can be applied to a wide range
of inverse problems of various dimensionality, given a routine that
evaluates the forward model and its Jacobian at a given state vector.
In future, we plan to integrate modern first-order adaptive gradi-
ents (e.g., Adam-family), momentum/accelerated schemes (Nesterov),
proximal methods for sparse/structured priors (FISTA-Fast Iterative
Shrinkage-Thresholding Algorithm), and scaled conjugate-gradient al-
gorithms.
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Appendix A. Scattering by a multilayered spherical particle

In this appendix, we first outline general theoretical considerations
regarding the computation of the scattered intensity and the associ-
ated cross sections for an arbitrary particle, and then specialize the
discussion to the case of a multilayered spherical particle. For this class
of particles, we provide a set of recurrence relations for computing
the diagonal elements of the transition matrix and, finally, present
an algorithm based on the transfer-matrix method for the numerical
evaluation of the scattering and absorption cross sections.

General considerations

Consider a particle embedded in a homogeneous medium of
wavenumber k. Outside the smallest sphere that circumscribes the
particle, the scattered field can be expanded in terms of radiating
spherical vector wave functions:

E(r) =) ) [fM, (k) + g, N2, (kr)],

n=1 m=-n

(A1
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whereas the incident field, as an entire solution to the Maxwell equa-
tions, admits an expansion in regular spherical vector wave functions:

Ey®) =Y [a,,M., (kr) + b, N, (kr)]. (A.2)

n=1 m=—n
The expansion coefficients of the scattered field f,,, and g,,, are linearly
related to those of the incident field q,,, and b,,, through the transition
matrix T, i.e.,

L=l |

gl’l‘l"

In the far-field region, and assuming a time dependence of the form
exp(—jwt), where w is the angular frequency and ¢ is time, the scattered
field takes the asymptotic form

(A.3)

elkr N 1
Er)= [Em(r) +0 (-)] r > oo, (A4)
r r
where T = r/r is the radial direction. The leading term Eg, known
as the electric far-field pattern, satisfies the transversality condition

~

- Ey, = 0. Its expansion in terms of vector spherical harmonics reads

IO, o~ -
B @)=, ; m;,f—]) L M ®) + 8 (B)]- (A5)
The vector spherical harmonics are defined by
m,, (0, p) = [jmz!"(0)0 — 7\l (0)@1el™, (A.6)
2n(n+1)
1,0, 9) = ———— [ (0)0 + jmz!" 1™, A7)
n(n+1)

where T = (0, p) denotes the angular coordinates and (T, @, @) are the
spherical unit vectors associated with r. The angular functions z and
7" are related to the associated Legendre functions P)" by
P (cos 0) d

m — Y pm
g 7,'(0) = a P (cos 0).

() = 7

(A.8)

For a plane-wave incidence, the amplitude matrix S describes how
the transverse components of the incident electric field are transformed
into the transverse components of the scattered field in the far-field
region. To make this relationship explicit, we first express the scattered
electric field in the far-field as

Eo(®) = Ego o) 0 + Eq, ,(®) §. (A.9)

Similarly, we represent the incident field as a plane electromagnetic
wave propagating along the direction §:

Eo(r) = (Eg B+ Eg, @)&°T, (A.10)

where (5, B @) form a right-handed orthonormal triad associated with
the incident direction. The transverse components are parameterized by
the polarization angle a,,: Ey 5 = cos @y, and E;, = sina,,, where we
have assumed a unit incident amplitude (E, = 1). The relation between
the incident and scattered transverse components is then

|:Esoo,9(£):| =S®,5) [Eo,p] L S= Slz] )

Esoo,(p(r) EO,a S22

For the special case of normal incidence (s = Z), the columns of S are
obtained by exciting the system with two orthogonal polarizations:

Sll

(A.11)
SZl

* For apy =0 (incident field polarized along ﬁ =X):

S5110,9) = Eio 9(0,9), $21(0,9) = Eg, ,(0, ). (A.12)
+ For a,, = /2 (incident field polarized along & = ):
S12(0,9) = Eg (0, 9), 52,(0,9) = E, ,(0, ). (A.13)
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The measurable quantities that characterize scattering are the angular
distribution of the scattered intensity and the wavelength-dependent
cross sections:

1. Scattered intensity: For a macroscopically isotropic and mirror-
symmetric scattering medium, the scattered intensity — corre-
sponding to the first component of the Stokes vector — is given
by
1(0)

1 2 2
= 53S0 =0 +[$120.0 = 0)

2 2
+[Su@.0 =0 +|50n0.0=0)|) (A14)

2. Extinction and scattering cross sections: These are computed
from the expansion coefficients f,,,, &un> @G> and b,,, as

Cext = =25 Z Z Re{ fruna’, + Eunb%, - (A.15)
n=1 m=-n
and
scat - k2 Zl mz_n(|fmn + )gmn 2), (A.16)

In the case of a multilayered sphere, several simplifications occur:

1. With the incident plane wave propagating along the z-axis, only
the azimuthal modes m = +1 contribute. Consequently, the

infinite sums Y>>, > __  are truncated as Zf,i | Lmes1» Where
N is the maximum expansion order.

2. The expansion coefficients take simple forms:
ay, =—a_p, =j""Van+1, (A.17)
by =b_,=7"""V2n+1, (A.18)
for a plane wave polarized along the x-axis, and
ay, =a_,=j"V2n+1, (A.19)
by =—b_, ="V + 1. (A.20)
for a plane wave polarized along the y-axis

3. The transition matrix becomes diagonal
Ty = T Bom S Ty = T rumy O (A21)
so that the scattered-field coefficients are simply
fetn= Tnlail,n’ Exln = T,,l byt (A.22)

Recurrence relations for T-matrix calculations

Consider a multilayered sphere with L concentric layers of radii
Fpo> o > > r; (outside to inside) and relative refractive in-
dices my,m,, ..., m; with respect to the ambient medium. Let k be the
ambient-medium wavenumber and define

e {Xh T m}n’ o (A.23)

Xp=krp, X, = m, = p .
me_1xg, €22, ey 722,

and

Zp =My Xp = MpXy. (A.24)

Denote the Riccati-Bessel and Riccati-Hankel functions by w,(z) =
zj,(z) and &,(z) = zhf,l)(z), where j,(z) and hfql)(z) are the spherical
Bessel function and the spherical Hankel function of the first kind,
respectively. Their logarithmic derivatives are defined by

wl(2) & (2)

A =
D=L £

and B,(z) =
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Following Doicu et al. [38], the recurrence for the diagonal elements
of the T-matrix is initialized at the core boundary # = L as

[mLAﬂL) + %] W (Ep) = Wy (R1)
L

;}L) __ , (A.25)
[ my A, (Z) + = ]5 Gep) = &1 (xp)
A _
[% + _—] wa(x) — w1 (X))
(2) L
__ (A.26)
n,L A
I A
mL X

For the remaining layers, # = L — 1,L — 2,...,1, the downward

recurrence reads

(1)

[(”m[A (zf)+pnf_r' ]'I/n(xt’)_ M‘I/n 1X0)
(1)

R (A.27)

nt
AR XA R P es
A,(zp)
[5,2; i +PE,2;_n ]V/n(_[)— nfllln 1x0)
T7® = _ A.28
" 0 AnEe) 20 (*-29
L ,,f_ &,Gxp) — ff,. 1(X/)
where the layer-coupling coefficients are
=1+ Tn(lfjl C,Z,), (A.29)
A2 =1+107 D,Gp). (A.30)
with
'(z B
C,(z) = G D,(z) = é”,( ) _ ﬁcn(z). (A.31)
v,(2) vi(z)  A,(2)

By construction, p(l 2 and r(l’z) depend on the current-layer param-

eters ¢, = (mg,xz) through C,(z;) and D,(z,), and on all inner
layers {;, ..., ¢, through T(1 2) . Each T(1 2 therefore depends on the
parameters of layers L, L — 1 f Wthh we write succinctly as

(”)(gL,gL 1,...,@).

The total diagonal T-matrix elements are

(1.2) _
Tn,f

(1.2 _ (1.2)
L =T (A32)
An equivalent recurrence follows from the identities
wi(2) =w, (2) - gw,,(Z), (A.33)
(D) =612 = 25,2, (A.34)
which enter D,,. Introducing
1 vu(2)
R,(z) = = s (A.35)
" Ci(2)  &§,(2)
we obtain
A (1)
A Gxp)
mer ¢
T(l) —R,(%)— :']f (]) (A.36)
=B B G
(2) (1)
mep, A, (Xp)
T = -R (xf)+ (A.37)
rop,—mep, B, (xz)
where now
Py = RGA+T (A.38)
K2 = R,GA,G) + T, B,Gp). (A.39)
Defining the ratio
(1,2) (1,2)
an_ i _ RCIMGO+ B, AT, (A.40)

nl 12

j R,z +T"E?

nf+1
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the previous expressions compactify to

—
o - m'f’Tn(,l)_An(;f)
Tn,fz_R”(xf)_ 1) _ (A41)
meT, " — By(xp)
7)) —
@) - Z:E/)_mfA"&f)
TC) = —R,G) 2. (A.42)
T,,[ _men(x{')

The spherical Bessel, spherical Neumann, and Riccati-Hankel func-
tions are obtained as follows.

1. The spherical Bessel functions j,(z) are computed using the back-
ward Miller recursion, which proceeds through the following
steps:

(a) Compute

o= sin z j sinz  cosz
= jj=—- .
0T 22 z

(b) Choose M > N + 5 and initialize small nonzero seeds:
Fya1 =0and j, = 107100,
(c) Sweep backwards using

2n+1

. @) =Tz, n=M,M—1,...,1.

Juei(2) =

(d) Normalize the sequence using a known reference:

o= L@/, i 1ol > il
1(2)/7,(z), otherwise.

(e) Scale all terms: j,(z) = cfn(z), n=0,1,...,N.

2. The spherical Neumann functions y,(z) are computed using sta-
ble Wronskian-based recurrences, rather than direct forward
recursion, as follows:

(a) Compute

COS Z

Cos z sin z
y()(z)z_ > yl(Z)=— 5
z z

zZ

(b) For k > 2, compute

. i —1 2 )
’k(‘z)yjk‘+/z, 1ot 2 Ligoals
yk(z) =

Je(2) Yia(2) — 2k = 1)/23

- , otherwise.
Jr—2(2)

3. The Riccati-Hankel functions &,(z) = zhﬁql) (2) = zlj,(2) + jy,(2)]
are computed either by an upward recurrence for £, or by
reconstruction from j, and y,, as follows:

(a) Compute

&(2) = —je, &i(2) = - (1+ J;) wp = sinz

and
_1&(2)]
p= .
[wol

(b) If p < 107, use the three-term recurrence relation

2n—1
z

¢a(2) = Sis1(2) =&, 0(2), n=2,3,....N,

with the seeds &, and &, from Step 1; otherwise, form the
Riccati-Hankel functions as

&,(2) = zlj,(2) +jy,(2)], n=0,1,...,N.

The coefficients A, and B, are computed by continued fractions.
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1. For A,, use the downward recurrence

n+1 1
N T
zZ n
An+1(z)+7

N

= Nmax —

A (z) = 1, Ny = 2501,

(A.43)

with Ay (z) =0 and Ny, chosen sufficiently large.

2. For B,, introduce an auxiliary sequence {p,} via the upward

recurrence

P =) P =5 ! , n20, (A.44)
= Pu-1(2)

and then compute

Bn(z)=—§+pn_1(z), n=12..,N. (A.45)

Another algorithm for computing B,, due to Mackowski et al.
[28], performs a simultaneous update of the product y,&, and
the logarithmic derivative B,:

VD5 =, D D] - 4, [2 - B, @)
_ j
B,(z) = A,(2) + V/,,(Z)fn(z)’ n>1,

starting from
By(2) =, wo(2)é() = 5 (1 - %)

It is worth noting that, based on the above algorithms for
computing the logarithmic derivatives A, and B,, Mackowski
et al. [28] proposed the following forward scheme for the Riccati
functions:

V() = v 1 (9] 2 = Ay 2.
6= 6122 - B,y (@),

valid for n > 1.
3. The coefficient R, can be computed either directly as the ratio
v, (z)/€,(z) or by means of the upward recurrence:

B,(z) + 2
z

R,(2) =R, ((2) nx1,

A+ 2
zZ

with the starting value
yo(2)
&o(2)
Equivalently, taking logarithms yields the update formula

mm—mm]

k
A 3
«(2) + Z

Ry(z) =

1 o
= E(l—e 212).

n
InR,(2)=InRy(2)+ Y, m[l n
k=1

4. Similarly, the coefficient C, can be computed as the ratio
£,(2)/y,(z) or via the upward recurrence:

A2+ 2
C2)=Cp () —=, n21,
B"(Z)+ z

with the starting value

G 2
wo(z)  1—e%7

Co(z) =

The derivatives an“*” /om, and aT,fl’z) /0x, are computed by a set re-
currence relations obtained by taking the derivatives of the
Egs. (A.27)-(A.28), (A.36)-(A.37), and (A.41)-(A.42) with respect to
m, and Xx,, respectively. In particular:
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1. The derivatives of A,(z) and B,(z) follow from the Riccati-type
differential equations

Al(z) = —1-AX2), B\(2)=

1-B%(z). (A.46)

nn+1) n(n+1)
z2 2

2. The derivatives of C,(z),R,(z), and D,(z) are calculated as

C/(2) = C,(2)[B,(2) — A,(2)], (A.47)

R!(2) = R,(2)[A,(2) - B,(2)], (A.48)
C,(z) B B,(2)C! D, (z) A

D/(2) = (2) B,(2) + B,(2) C,(2) — D,(2) ,,(Z). (A.49)

A,(2)

The derivatives with respect to the physical parameters m, and r, are
computed as

(1,2) (1,2) (1,2) (1,2)
a7, a7, my 0T, a7,
e R (A.50)
om; om, m? om, 0%,
or"” 1 or™  myy, o1 o1,
=— -0 T kg ——, £=2,...,L—1,
om, my_y Omy m; onmy, 0Xpyy
(A.51)
(1,2) (1.2)
a7, a7,
L (A.52)
omy  mp_y dmp
and
(3T(1’2) 0T“’2)
= k———, (A.53)
ory 0x,
(1,2) (1,2)
a7, a7,
= km, | ———, £ =2,...,L, (A.54)
or, 0x,
respectively.

When the layer thicknesses d, are specified, the radii of the layers
are computed as

-~

and the derivatives of a quantity F (intensity or cross section) with
respect to the layer thicknesses are compute as

OF _9OF OF _ OF  OF

od, _or,’ od, od,,  or,’

£=1,..
=1L,

req tdg, ,L-1,

A.
dy. (A.55)

¢=2,..,L (A.56)

Cross-section calculation using the transfer-matrix method

Consider a multilayered sphere with L concentric layers of radii

Fi < rp < -+ < rp (inside to outside) and relative refractive indices

my, my, ...,m; with respect to the ambient medium (m;_, = 1). Define
- — — Mmeiy

Zp =kmgrp, Zp=kmp rp =mspzp, mp = , (A.57)
my

where k is the wavenumber of the ambient medium. Furthermore, let

v,(z) and y,(z) denote the Riccati-Bessel functions.

1. For each n =1, ..., Ny, build the cumulative 2 x 2 matrices for
TE and TM polarizations as ordered products of interface blocks:

MTE = MTE MIEL - MII? (A.58)

MTM MTMM}?{[ . . M™ (A.59)

Each interface block is

M;E = ABTE, MTM AB™, (A.60)

where

A )(,ifff) ~1n(Z¢) ] N [ vaZe)  anGe) (A61)
v, (zp)  w,(2p) wi(Zo) 20z
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and
BTE — v, (zp) )(,,(Zf)} BTM=[ w,(z4) Xn(Z¢)
wize) Az | mwi(ze) T x(z,)
(A.62)

In the above equations, y,(z) = zy,(z), where y,(z) denotes the
spherical Neumann function.

2. After sweeping all interfaces, form for each n, the effective
reflection coefficients:
My —j[MTE]21
[MTM]H —J[MT la1
MIM] ) +j[MIM],,

RIE = (A.63)

RIE = (A.64)

and compute the scattering and absorption cross sections as

Nrank
n 2 2
Cuon = 55 2 Crt DAL= R 411 = R, (A.65)
n=
Nrank 2 2
T
Cm =53 2 Cr+ D= IR = IR, (A.66)
n=
Note that, in terms of the modal amplitudes
f" _ 2n + 1 (1 RTM) 2n + 1 (1 _ RTE) (A67)
the scattering cross section takes the familiar form
Nrank
(A.68)

T
G = 17 2 U + 18

Appendix B. Forward model and data transformations

This appendix summarizes the forward model and the optional data
transformations used in the inversion procedure. The purpose of these
transformations is either to reduce the data dimension or to remove
smooth components, while preserving the Gaussian error structure. In
each case, the transformed inverse problem has the form
P =9+8

Fx) =57, (B.1)

where 3 is the transformed data error with covariance matrix éb After
applylng a transformation, the notation is reset for simplicity, that is,
F<—F,y «—¥9, 6(—6 and Cj; <—C5

Forward model for intensities and cross sections

For Mie-scattering inverse problems, the forward model is defined
componentwise by

F(x) =y;(x) = {W(Gi) 1(0;.x),
Cocat (4i5 X),

where 1(6;,x) is the scattering intensity at angle 6;, C,(4;,X) is the
scattering cross section at wavelength 4;, and w(6;) is a weighting
function. Typical choices are

intensity-based inversion, B.2)
cross-section-based inversion,

w@® =1, wo) == exp[ 21112(;%)] . w@® =sine.  (B.3)
The Jacobian matrix is given by

a1(o;,

w(®,) M intensity-based inversion,
oF, Y ox,
7% ¥ =90C, (%) (B.4)
Xj SC;‘—’ cross-section-based inversion.
X

J
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Principal component analysis

Let {yp};;’=1 C R™ be a training data set and y = (1/P) Z;;l Y,
its sample mean. In principal component analysis (PCA), the data are
approximated in a subspace of dimension mpc < m,

Y, RY+AY,,  §,=ATy,-¥) (B.5)
where A € R™mc is the basis matrix and A" is the Moore-Penrose

pseudoinverse. Applied to the inverse problem, this gives

Fx=AT(Fx-y), §F=AT("-5), b=A"s (B.6)
If 6 ~ N(0,Cy), then
Cs =ATC;(ADT, &, = AT ANT. (®.7)

In PCA, the centered data matrix Y = [y; —y,...,yp — y] defines the
sample covariance C = (1/P)YYT. Let C = UZUT be its spectral de-
composition. Choosing A = U formed by the first mpc eigenvectors,
yields

mpc?

G =,

mpc

A+:UT

mpc’

A (B.8)

mpc*

To preserve the trace normalization in the reduced space, one defines

m ~
%%nmm) = LA%(;, trace(?}"orm)) = mpc. (B.9)
trace(%s)
The corresponding squared error level and average variance are
2 —2 5> —2 I -
Apcp =0 trace(6y), Opca = m—PCAPCA. (B.10)

Note that the number of principal components mpc can be obtained by
imposing that the reconstruction error defined by

Hy,, -(y+ A?,,)H

Tl

is below a prescribed tolerance.

€pca = max (B.11)
p=1,...,

Low-pass filtering by the discrete cosine transform

Let M > m be the smallest power of two, P : R” — RM the zero-
padding operator, and Fpp the orthonormal discrete cosine transform
matrix. For z = Py, the DCT coefficients are Z = Fppz. Given an energy
fraction pppr € (0,1], the cutoff index M, is chosen such that the
retained coefficients contain the prescribed fraction of spectral energy.
Let M be the diagonal mask that keeps the coefficients 0, ..., M, and
let R : RM — R™ be the restriction operator. The low-pass filter is

S = RFL . MFpcrP. (8.12)
The transformed problem becomes

Fx)=SFx),  §° =sy’. (B.13)
If & ~ N'(0,Cy), then

Cs;=5C;ST, % =5%,S". (B.14)

With m, = rank(S), the normalization and corresponding noise quanti-
ties are defined in the same way as in Egs. (B.9)-(B.10), replacing mpc
by m,.

Differential model with polynomial detrending

Let the data be sampled on a uniform grid 6, = 6, + (i — 1)40,
i = 1,...,m, where 6; denotes either the scattering angle ¢ or the
wavelength 1. Define the normalized coordinates

_0,-0

f= —

0, — 0,
= 6, L=-"_71

, 0= ; 3 (B.15)

3=
M
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For a polynomial of degree K, define the design matrix T € R"™(K+D
by

M=t i=l..m k=1..K+1 (B.16)
The least-squares trend coefficients are

ex) = (TN TTy), (B.17)
and the associated projection matrix is

H=Ta™nIT. (B.18)
The detrended forward model and data are therefore

¥ =1, -Hyx), ¥ =(@1,-Hy’. (B.19)
Hence, & = (I,, — H)8, and, if 6 ~ A'(0,C;),

Cs =0, —HC@, -H". & =0, -HE,-H. (B-20)

Since I,, — H is a projection matrix of rank m, = m — (K + 1) the
effective data dimension is reduced accordingly. The normalized shape
covariance matrix and the associated squared error level and average
variance are then defined as in Egs. (B.9)—(B.10), with mp replaced by
m,.

In summary, PCA, DCT low-pass filtering, and polynomial detrend-
ing all preserve the Gaussian structure of the transformed inverse
problem while modifying the covariance matrix and the effective data
dimension in a consistent way.

Appendix C. Marginal posterior expectation with effective degrees
of freedom
Effective degrees of freedom from correlated residuals

Under local linearization, the whitened residual £ = §° — F(x®) has
covariance

Cov(F) = 621, — A), (c.1)
and its squared norm satisfies
E{|IFI*} = m—m)e?,  Var(IIF||*) = 2(m — n)o*. (€2

The matrix I, —Aisa symmetric positive-semidefinite projection matrix
and, in general, is neither a correlation matrix nor of full rank.

To estimate an effective number of independent observations from
the residual correlations, an empirical surrogate model is introduced:

T~ N(0,62%R), (C.3)

where # € R™™ is symmetric positive semidefinite and has unit
diagonal. This model is used only for estimating the effective degrees
of freedom and is not identified with the linearized covariance (C.1).
Let R; = ||t]|?. Under assumption (C.3),

E{R;} =mo>,  Var(Rs) = 20* trace(#?). c.4
If % is Toeplitz with lag correlations p,, then
trace(#%) = m +2 mz_l(m - k)py. (C.5)
k=1
and hence
Var(R;) = 26* [m +2 mz_:l(m - k)pi]. (C.6)
k=1

Following a classical moment-matching argument, R; is approxi-
mated by a scaled chi-square law,

Ry = co’y?, (C.7)
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where « is interpreted as the effective number of independent observa-
tions. Since

E{xZ}=x,  Var(y})=2x, (C.8)
matching the moments (C.7) with the moments (C.8) gives
cK =m, Ay = trace(@z),
and therefore,
2

[ (a— (C.9

trace(%2)
Using Eq. (C.5), we obtain

2

K= n (C.10)

—1 °
m+2y0 (m— k)pi
This quantity is the classical effective number of independent observa-
tions.

Effective marginal posterior

To account approximately for correlated residuals, an effective
isotropic Gaussian surrogate is introduced. The correlated residual
vector is replaced by an effective isotropic residual vector with «
independent components,

F.x)~ NO.62D,  [F I~ IR, (C11)

where F(x) = §° — F(x). Matching the expected residual energies at the
solution x° yields

= mo?, 62 =
K

262

K

Under this effective isotropic surrogate, the likelihood is approximated
by

KO‘Z
K

(C.12)

Py’ |x,0%)  (63)~/? eXP<— >
2mo

K R(x)) ,

where R(x) = ||F(x)||>. Assuming the Jeffreys prior p(¢?) « 1/¢?, the
marginal posterior is

(x| ¥0) / (62)~K/2+D) exp<_ K R(x)) do2. (C.13)
0 2mo?
Using the result
/ z—<v+‘>exp<—€> dt =T (W™, v>0, >0,
0
we obtain
p(x|y°) & [RE)I™ /2. (C.14)

Thus, compared with the independent case, the exponent m/2 is re-
placed by the effective exponent /2. The posterior expectation of any
quantity f(x) is then approximated by

J F®)p(x | y°) dx
J p(x | y®)dx

In this work, we calculate the expectation value E{x} = (x) and the
posterior covariance matrix éx =E{(x—(x))(x—(x))T} using Eq. (C.15)
since in most cases the probability distribution is well described by a
Gaussian distribution.

E{fx)} = (C.15)

Importance sampling

Direct Monte Carlo sampling of Eq. (C.15) is generally inefficient
because the posterior mass is concentrated near the minimizers of R(x).
Therefore, importance sampling is used. Let ¢(x) be a proposal density
and N, the number of samples. Then

NS ~,
(foo) » M Y~ wy= (C.16)
Zk;l wy, q(xy)
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with unnormalized target density p(x) = [R(x)]™*/2 [65]. The proposal
is chosen as a Gaussian distribution centered at the minimum-residual

solution x?,

ax) = N(x | X, Cyn) (€.17)

din = 62(KTK)™! is the covariance matrix obtained from a
linearized model around the solution. The log-density of the proposal
is then

where C =

Ing(x) = —% [n In@27) + Indet(Cgin) + x — x3) T (Cin) ™ (x —x%)| . (C.18)

A useful diagnostic for the quality of the importance sampling
approximation is the effective sample size N, defined by [66]

1 (Zi "’k>2

N = = , (C.19)
haE B
where
~ Wy,
W= —— (C.20)
Zk=sl Wy

A rigorous interpretation of the effective sample size is as follows.
Since the importance sampling estimator is invariant under scaling of
the target density, we may assume without loss of generality that p is
normalized, i.e., fﬁ(x) dx = 1. From Eq. (C.19), we find

2
1§ Ns )
= w

Nete ( Ny Ll w

=3 _ ‘7 (C.21)
N, 1 N
s N, Ziei wi
so that, for Ny — oo, the law of large numbers yields
2
N E [w
eff ~ ( q[ ]) — 1 , (C.ZZ)
N E,[w?] E,[w?]
where
~ 2
E, [w] =/;7(x)dx= 1, E [uw?] =/&dx. (C.23)
4 / q(x)

The expected value Eq[wz] is directly related to the y2-divergence:

> _ 2
FEl o= / de=lﬁ)q[wz]— 1, (C.29)
q(x)
yielding
Netr 1 (C.25)

Ny 1+ 26
Thus, N measures the discrepancy between the proposal distribution
q and the target distribution p: it is large if ¢ ~ p, and small if the
two distributions differ significantly. In the extreme case of weight
degeneracy, where one weight dominates,

~ 1, k=k*
Wy, &
0, k#k*,

we have Zl]:/:“] zﬂi ~ 1, and hence N ; ~ 1. In this case, the proposal
distribution ¢ has very poor overlap with the target distribution p,
and the importance sampling estimator is unreliable. From a physical
point of view, the quantity R(x) plays the role of an energy or misfit.
The posterior density behaves as p(x) ~ R(x)™*/2, and for large «,
this distribution becomes highly concentrated around the minimizers of
R(x). Consequently: (i) the posterior mass is localized in a small region
of the parameter space, (ii) most samples drawn from ¢ fall in regions
where p(x) is very small, and (iii) a few samples near the minima
receive very large weights. This leads to a collapse of the effective
sample size. To improve the effective sample size, we construct the
covariance matrix as aéxlin, where « is a scaling parameter determined
by a grid search, based on monitoring N.; using a reduced set of
samples, for example, 0.2Nj.
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Instead of using the full covariance matrix C;,, we may use a
diagonal approximation ¥ = diag(c?,...,02) with 67 = [Cyili» i =
1,...,n. In this case, the log-density of the proposal is computed as

—% nln(2x) + Z ln(az) + Z ¥

I

Ing(x) = (C.26)

Metropolis—Hastings sampling

As an alternative to importance sampling, posterior expectations can
be approximated by a Metropolis—Hastings Markov chain Monte Carlo
method [67,68]. This approach is particularly useful when, for large
k, the posterior distribution is highly concentrated and importance
sampling suffers from severe weight degeneracy. As before, the target
density is the unnormalized marginal posterior p(x) = [R(x)]"*/2, where
R(x) = [F®)||2, and Cy;, = 52(KTK)~! is the covariance matrix obtained
from the linearized model around the minimum-residual solution x°.
Starting from an initial state x’, the MH method constructs a Markov
chain {x(")}l]:’;o1 of length N, whose stationary distribution is propor-
tional to p(x) (here N denotes the total number of MH iterations). The
chain is initialized at x©) = x, and a Gaussian random-walk proposal
is used,

ax | x®) = N (x| x®, aCypp), (€.27)

where « > 0 is a scaling parameter controlling the proposal size. Thus,
a candidate point is generated as

% =x® 4 p®, 7% ~ N (0, aéxhn). (C.28)

If box constraints are imposed, proposals outside the admissible param-
eter domain are rejected immediately. Since the Gaussian random-walk
proposal is symmetric, i.e., g(x' | x¥) = g(x® | x’), the acceptance
probability reduces to

~ —K/2
a(x® x"y = min< 1 pX') =min< 1 R) ! (C.29)
’ " x®) "\ R&x®) ' '
The next state of the chain is then defined by
&+ x/,  with probability a(x®,x’), (€.30)
X = .
x®,  with probability 1 — a(x®,x").

After discarding an initial burn-in period of length Ny, the remaining
samples are used to estimate posterior moments. If every Lth sample is
retained, the posterior expectation of any quantity f(x) is approximated
by

Nkeep

}jf@“U

keep j=

(fx) = (C.31)

where {k;} denotes the retained sample indices and Ny, is the number
of retained samples. In particular, the posterior mean and covariance
matrix are estimated by

Nkeep
(x) ~ x®D, (C.32)
Nkeep j=1
and
Nkscp T
Crg— 7 2 (V- - ) (C33)
keep — j=1

A useful diagnostic for the quality of the MH approximation is the
acceptance rate,

A= Nacc
N >

where N, is the number of accepted proposals [65]. If A is too small,
then the proposal variance is too large and the chain moves only rarely;
if A is too large, then the proposal variance is too small and the chain
explores the posterior only slowly. In practice, the scaling parameter

(C.39)
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« is tuned so that the acceptance rate remains in a moderate range.
Note that the generated samples are correlated, and the quality of the
approximation depends on the mixing properties of the Markov chain.
Consequently, a burn-in phase must be discarded and, if necessary,
thinning is applied to reduce serial correlation.

Instead of using a random-walk proposal, one may employ an
independence sampler, in which the proposal density does not depend

on the current state:
ax') = N(x' | x°, aCyin )- (C.35)

A candidate point is drawn independently as x’ ~ ¢g(x/). Since the
proposal is no longer symmetric, the acceptance probability is given

by (5(x) = [RX)]™*/2)
a(x®,x") = min{l PX) 4 ) g ®) } =min< 1 < R(X') >_K/ qx®)
’ * Hx®) q(x') * \ Rx®) o) [

(C.36)

The chain is updated according to the same rule as above.
Estimation of the autocorrelation function

In practice, the correlations p, are unknown and must be estimated
from the whitened residuals. Let

PN N L F= 7.

3=
M=

i

The empirical autocovariance function is defined by

K,

m—k

A 1 ~ ~

Pl = —— P =D =D k=0 Ko (€.37)
i=1

which is the usual approximately unbiased estimator. The correspond-
ing sample autocorrelation function is

plk) = M k=0,..., Ky (C.38)
7(0)
Replacing p, by p(k) in Eq. (C.10) gives the empirical estimate
m2
xK(K) = K=0,1,..., K- (C.39)

m+2 YK (m— k)pk?

To reduce the influence of sampling noise at large lags, a cutoff lag

K* is selected by monitoring the stabilization of x(K). Given a window
length L > 1 and a relative tolerance ¢, > 0, define

(K +J) — k(K[

4yin(K) = [ max TS (C.40)
Then the cutoff lag is chosen as
K*=min {K €{0,..., Ky — L} * Ayn(K) <€, }. (C.41)

Finally, the sample autocorrelation may be tapered to improve
stability. With taper weights w(k) € [0, 1], define

~ k)pk), 0<k<K*,
pmz{mmm

(C.42)
0, k> K*.

Typical choices are the Bartlett taper

k

wk)=1-—, 0<k<K",
K*

and the Tukey taper

wik) = <1+cos—k), 0<k<K*

K*
The tapered estimate of the effective degrees of freedom is then

m2

m+2 3 (m— ka2

which is generally more stable than the untapered estimator.

(C.43)

K=
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Data and code availability

The developed optimization tool together with detailed documen-
tation is available at https://github.com/DmitryEfremenko/MLSI. This
repository also contains the raw output of the DDA simulations.
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