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 a b s t r a c t

The brain combines short- and long-term memory to process, store, and recall multiple different pieces of infor-
mation. Inspired by this and recent results on multifunctional and parameter-aware learning, we extend a new 
machine learning technique that combines short- and long-term memory units, specifically, a system consisting 
of a next-generation reservoir computer (NGRC) and extremely randomized trees (ERT), to process, store, and 
recall multiple different strange attractors. We train the combined NGRC+ERT system using a two-shot learn-
ing approach which significantly improves performance by filtering out unnecessary features, thereby avoiding 
extensive hyperparameter optimization. We first show that an NGRC+ERT system achieves highly accurate re-
construction of the short- and long-term dynamics of both the Lorenz and Halvorsen chaotic attractors when using 
an exponential filtering scheme. We validate these findings by training the NGRC+ERT system to reconstruct 16 
different attractors and show that sufficient index-based separation in feature space suppresses unwanted switch-
ing dynamics, thus stabilizing long-term memory recall. Finally, we identify that defects in short-term memory 
processing can provoke failure modes in long-term memory recall resulting in confabulation.

1.  Introduction

The brain has been a constant source of inspiration for advancing 
and understanding the capabilities of artificially intelligent systems. The 
mathematics of dynamical systems theory often acts as a bridge between 
these worlds where developments in one area can inform the other (Raut 
et al., 2025). In this paper we take inspiration from the brain’s ability 
to combine short- and long-term memory to rapidly process, store, and 
recall multiple complex temporal patterns. To do this, certain biologi-
cal neural networks use ‘multifunctionality’, when a single network ex-
ploits its capacity for multistable dynamics to perform multiple different 
tasks (Dickinson, 1995; Getting, 1989; Marder & Calabrese, 1996). With 
advances in machine learning, researchers are increasingly focused on 
developing computational models that capture key characteristics of bi-
ological neural networks, including their ability to process, store and re-
call temporal information or adapt to changing inputs (Kim et al., 2021; 
Yamazaki et al., 2022). These efforts bridge neuroscience and modern 
machine learning, offering new tools for modeling neural computation. 
In particular, recent studies demonstrate that multifunctional reservoir 
computers (RCs) in the form of recurrent neural networks (Flynn et al., 
2022, 2021a,b; Herteux & Räth, 2020; Kong et al., 2024) and tenseg-

∗ Corresponding author.
 E-mail address: daniel.koeglmayr@dlr.de (D. Köglmayr).
1 These authors contributed equally to this work.

rity robots (Terajima et al., 2025), provide an effective framework for 
storing and retrieving temporal information from multiple dynamical 
systems within a single system. While traditional networks, such as 
Hopfield networks are limited to storing static patterns, RCs can pro-
cess, store, and recall multiple strange attractors through either index-
based (location-addressable/parameter-aware) or multistability-based 
(content-addressable/multifunctional) approaches (Kong et al., 2024). 
Building on these memory storage capabilities, researchers have began 
investigating the associated failure modes and limitations of RCs (O’Ha-
gan et al., 2025).

Training a single RC to reconstruct more than one attractor comes 
with significant challenges. In the case of multifunctionality, optimizing 
the RC requires extensive hyperparameter tuning, particularly when re-
constructing overlapping attractors (Flynn et al., 2022, 2023). Classical 
RCs use high-dimensional recurrent networks with fixed weights and 
a trainable readout layer, typically trained using ridge regression. Re-
cent work proved the mathematical equivalence of nonlinear autore-
gressive models and RCs (Bollt, 2021), inspiring next-generation reser-
voir computing which replaces recurrent networks with explicit mono-
mial expansions of time-delayed data points, offering reduced com-
putational cost, fewer hyperparameters, and improved interpretability
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Fig. 1. Feature importance filtering improves attractor reconstruction in VAR feature model for the Lorenz and Halvorsen task. A Overlapping trajectories of the 
Lorenz and Halvorsen attractors after normalization. B Comparison of filtered versus initial features for three approaches: No filtering (base model) (top), uniform 
filtering (middle), and exponential filtering (bottom) for measured feature importance FI. C-E Long-term measurement error for VAR hyperparameter configurations 
without FI filtering. F-G Long-term measurement error using uniform filtering. I-K Long-term measurement error (LTME) using exponential filtering. Each data point 
represents the mean over ten random initializations of ERT instances.

(Gauthier et al., 2021). More recently, Giammarese et al. (2025) demon-
strated that the output layer of a next-generation reservoir computer 
(NGRC) can be successfully trained using Extremely Randomized Trees 
(ERT), a tree-based ensemble method, rather than conventional ridge re-
gression and show their approach exhibiting improved robustness and 
high-fidelity prediction of chaotic attractors. Crucially, the tree-based 
approach enables extraction of feature importance measures directly 
from the trained trees, allowing for substantial improvements in hyper-
parameter tuning by retraining with features identified as relevant for 
the specific task.

Given that NGRC+ERT systems achieve superior performance with 
less hyperparameter tuning than traditional RCs, and that traditional 
RCs require extensive hyperparameter tuning for multifunctional and 
parameter-aware learning, in this paper we extend the capabilities of 
NGRC+ERT systems to these domains, yielding a new machine learning 
framework that efficiently processes, stores, and recalls multiple com-
plex temporal patterns without extensive tuning. Further, in the brain, 
short-term memory is primarily associated with the prefrontal cortex, 
long-term memory with the cerebral cortex, and the hippocampus serves 
as the critical bridge between these regions to enable memory consolida-
tion (Queensland Brain Institute , n.d.; Tulving, 1995). In our case, the 
NGRC acts a short-term memory unit, the ERT as a long-term memory 
unit, and by combining these we produce a NGRC+ERT system capable 
of achieving accurate short-term predictions and long-term reconstruc-
tion of multiple strange attractors. We introduce a two-shot learning 
methodology which significantly improves performance and reduces the 
need of extensive hyperparameter tuning than single-shot learning.

For the first-shot, we use NGRC hyperparameter configurations 
to generate an initial feature representation of the input data and 
train an ERT model. For the second-shot, we employ feature impor-
tance metrics to identify important features, to train a new and re-
fined NGRC+ERT system which significantly outperforms the initial 

first-shot NGRC+ERT system. Interestingly, the refined NGRC+ERT 
systems place a greater emphasis on features relating to short-term 
memory processing. To scale this approach for learning multiple dy-
namical attractors, we use an index-based (location-addressable) ap-
proach similar to Kong et al. (2024) which allows the NGRC+ERT 
system to operate in either a multifunctional or parameter-aware style
setup.

Our overall approach offers two key advantages over current meth-
ods. First, it enables interpretable separation of short-term and long-
term memory capabilities of a single system, the NGRC+ERT system, 
with the NGRC unit handling the short-term memory processing through 
time-delay features and the ERT unit handling the long-term memory re-
call of the temporal dynamics. Second, it enables optimization via the 
tree-based feature importance measures, making extensive hyperparam-
eter optimization superfluous. We develop and test the approach on the 
well-studied overlapping Lorenz and Halvorsen task (Flynn et al., 2022; 
Herteux & Räth, 2020; O’Hagan et al., 2025) and validate our findings 
on similar Chua and Halvorsen, and Rucklidge and Windmi tasks. When 
applied to a 16-overlapping-attractor task, we find that without suffi-
cient feature separation the NGRC+ERT system suffers from unwanted 
switching dynamics like in Flynn and Amann (2024) and Kabayama 
et al. (2025), indicating long-term memory recall problems. We further 
apply this method on a 49-attractor task and show that the NGRC+ERT 
system can perform location-addressable memory itinerancy by chang-
ing the active index during recall. Consequently, the interpretable na-
ture of short-term memory processing through time-delay features al-
lows us to analyze how defects in short-term memory, resembling
deterioration of the system in ‘on-chip’ applications, trigger long-term 
memory recall errors, causing the NGRC+ERT system to generate con-
fabulations in the form of ‘generated attractors’ - a malfunction that may 
represent a fundamental characteristic shared across various learning 
systems (O’Hagan et al., 2025).
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2.  Results

2.1.  Two attractor task

This subsection presents results for the overlapping Lorenz and 
Halvorsen task (see Methods). We train an NGRC+ERT system to re-
construct both the Lorenz and Halvorsen chaotic attractors (Fig. 1A) 
using different amounts of linear time-delayed features (VAR feature 
model, see Methods). We compare the performance of NGRC+ERT sys-
tems that are trained without two-shot learning and with two-shot learn-
ing using different feature importance metrics. The number of features 
created for each NGRC+ERT system after the first shot of learning is 
𝑁𝑓 = 𝑘 × 𝑑, where 𝑘 is a time-delay parameter used to denote the num-
ber of time-delayed data points and 𝑑 = 3 represents the dimension of 
the corresponding Lorenz and Halvorsen systems. We evaluated the per-
formance of each NGRC+ERT system for different choices of 𝑘 from 2 to 
200. Note, we keep the time steps between the time-delayed data points 
fixed at 𝑠 = 1. Here, we employ an index-based separation strategy to 
distinguish between attractors in feature space. Specifically, we add a 
scaled constant 𝜃0 = −1 times scaling parameter 𝛾 = 1 to each feature 
derived from the Lorenz data, likewise 𝜃1 = 1 times 𝛾 = 1 to the fea-
tures derived from the Halvorsen data. This modification enables the 
NGRC+ERT system to differentiate between the two attractors during 
both training and prediction (see Supplementary Note S11). Hence, the 
NGRC+ERT system reconstructs a different attractor depending on the 
choice of 𝜃. We assess attractor reconstruction accuracy using metrics 
that quantify short- and long-term prediction behavior, as detailed in the 
Methods section. Results on short-term prediction behavior are provided 
in Figure S2 of the Supplementary Materials, along with supplementary 
analysis for the NVAR and NML feature models. Fig. 1(𝐂-𝐄) show the 
long-term measurement error (LTME) of the reconstructed attractors vs. 
𝑁𝑓  for different training sizes 𝑇  when the NGRC+ERT system is trained 
without two-shot learning. We observe a minimum in the error metric 
for a similar 𝑁𝑓  across all training sizes, indicating that there is an opti-
mal choice of 𝑘 that enables the NGRC+ERT system to perform accurate 
long-term reconstruction of each attractor. Notably, this performance 
deteriorates significantly when 𝑘 is too large but can be improved by 
using larger 𝑇 .

In the following analyses we train NGRC+ERT systems that are 
trained with our two-shot learning approach. We evaluate the feature 
importance (FI) measure inherent to the ERT (see Methods) to optimize 
the feature configuration. In short, we train a new NGRC+ERT system 
with features whose importance exceeds the threshold I𝑐 . We employ the 
‘uniform filtering scheme’ introduced in the TreeDOX framework (Gi-
ammarese et al., 2025), in which the threshold is defined as I𝑐 = 1∕𝑁𝑓 . 
Fig. 1(𝐅 −𝐇) show the resultant LTME from uniform filtering. We find 
that long-term reconstruction improves in all analyzed training sizes, 
with the improvement being particularly prominent for larger train-
ing sizes. Comparing Fig. 1(𝐂) to (𝐅), we observe that uniform filtering 
broadens the range of 𝑁𝑓  values where similar long-term measurement 
errors are obtained, specifically 𝑁𝑓  between approximately 60 and 350. 
For small values of 𝑁𝑓 , the uniform filtering approach results in higher 
errors, while for 𝑁𝑓 > 350 no notable improvement is observed. Results 
on short-term prediction behavior and supplementary analysis for the 
NVAR and NML feature models are provided in Figure S3 of the Supple-
mentary Materials.

To counteract the increasing error distribution observed, we intro-
duce an ‘exponential filtering scheme’. We set the cut-off threshold to 
the mean lifetime of exponential decay, calculated as I𝑐 = Imax∕𝑒, where 
Imax is the maximum measured feature importance value. This way the 
threshold is positioned at the steep decay between clusters of high-
importance features and the tails of low-importance features in the fea-
ture importance distributions observed (Supplementary Note S2). We 
compare this threshold in Supplementary Note S3 against alternative 
tree-based importance metrics derived from SHAP and permutation im-
portance.

In Fig. 1(𝐈 −𝐊) we plot the resultant LTME from exponential filtering 
versus 𝑁𝑓 . These show that the exponential filtering scheme provides 
low and constant LTME for each 𝑁𝑓  and that increasing 𝑇  results in 
marginally smaller LTME.

Furthermore, our results reveal other distinct differences between 
the uniform and exponential filtering schemes. For instance, Fig. 1𝐁
shows the number of filtered features versus the number of features that 
are used to initially train the NGRC+ERT system. For uniform filtering 
(blue curve) we observe an almost linear relationship for 𝑁𝑓 > 100. In 
contrast, exponential filtering (green curve) converges toward a con-
stant number as 𝑁𝑓  increases. Further, for small 𝑁𝑓 , exponential filter-
ing performs no feature reduction, whereas uniform filtering does, i.e., 
deviates from the orange curve. Based on these results, the increase in 
LTME for 𝑁𝑓 > 350 in Fig. 1(𝐂-𝐄) may be correlated with the number 
of filtered features increasing past a certain point in the uniform filter 
case. Supplementary Figures S4– S6 show the short-term prediction be-
havior, reconstructed attractors obtained with exponential filtering, and 
relative improvements achieved by both filtering schemes compared to 
results without filtering, respectively. The exponential filtering scheme 
achieves LTMEs across all 𝑁𝑓  similar to the minimal LTME obtained 
without filtering, thereby eliminating the need for extensive hyperpa-
rameter optimization.

In the Supplementary Materials we add further weight to our state-
ment that two-shot learning with exponential filtering eliminates the 
need for extensive hyperparameter optimization. We validate our find-
ings by showing that similar behavior is observed across hyperparameter 
configurations before filtering when using different attractors as train-
ing data, specifically, we analyze the proposed exponential filter scheme 
on overlapping Chua and Halvorsen attractors as well as on an overlap-
ping Rucklidge and Windmi attractors in the Supplementary Notes S4 
and S5.

Supplementary Note S2 complements these results by showing the 
feature importance distributions obtained after the first-shot for the 
three overlapping attractor tasks, and comparing the resulting uniform 
and exponential thresholds and how the approaches differ in retaining 
features. Additionally, we benchmark the two-shot learning approach 
with exponential filtering against multifunctional traditional RC (Her-
teux & Räth, 2020) and multifunctional NGRC+Ridge (Köglmayr, 2022) 
on the well-studied non-overlapping Lorenz and Halvorsen task in Sup-
plementary Note S6. The NGRC+ERT system reproduces the climate 
of both attractors within the published tolerances and substantially out-
performs NGRC+Ridge in multifunctional success rate, though its short-
term prediction accuracy on the non-overlapping Lorenz and Halverson 
task does not match that of the reported results for RC.

2.2.  Multiple attractor task

This subsection presents results from training an NGRC+ERT sys-
tem to reconstruct more than two attractors. Specifically, we train the 
NGRC+ERT system on the 16-overlapping-attractor task specified in the 
Methods section, see Fig. 2𝐀 for a plot of these attractors overlapping in 
the same space. Informed by Fig. 1, we keep the training parameters as 
𝑇 = 20,000, 𝑘 = 100, 𝑠 = 1, choose 𝛾 = 25 and assign a unique identifier 
𝜃 ∈ {−8, −7, … , 7, 8} ⧵ {0} to each attractor. We train the NGRC+ERT 
system using the same two-shot learning approach with the exponential 
filtering scheme. For this task we provide a more detailed breakdown of 
the individual terms used to compute the LTME from before and addi-
tional error metrics. Specifically, we assess performance by computing 
the forecast horizon, largest Lyapunov exponent (LY), and correlation 
dimension (CD) of each reconstructed attractor and compare them with 
the metrics obtained from the test data. We compute the mean and stan-
dard deviation of these metrics for each attractor based on the trajecto-
ries obtained from 100 different random initializations of the ERT unit 
within the NGRC+ERT system.

In Table 1 we list the attractors we consider and the integration time 
step used to generate a trajectory on the attractor in the first and second 
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Table 1 
Performance metrics for the 16 overlapping attractor task. Measurements performed on 100 predicted trajectories 
(Each using a different random seed for the ERT regressor) and 100 test time series initialized from distinct starting 
points.

 Predictions  Test Data
 Attractor Δ t  Forecast Horizon  Larg. Lyapunov Exp. (LY)  Corr. Dim. (CD)  LY  CD
𝐶.𝐵𝑢𝑡𝑡𝑒𝑟𝑓 𝑙𝑦_0  0.08  5.07 ± 0.59  0.13 ± 0.01  2.19 ± 0.04  0.17 ± 0.0  2.25 ± 0.01
𝑅𝑜𝑒𝑠𝑠𝑙𝑒𝑟_1  0.1  4.65 ± 0.45  0.08 ± 0.01  1.88 ± 0.07  0.08 ± 0.0  1.85 ± 0.01
𝐶ℎ𝑢𝑎_2  0.02  2.55 ± 0.37  0.3 ± 0.03  1.98 ± 0.07  0.35 ± 0.01  1.93 ± 0.01
𝐶ℎ𝑒𝑛_3  0.005  2.98 ± 0.74  2.02 ± 0.18  2.12 ± 0.03  1.94 ± 0.1  2.12 ± 0.01
𝐻𝑎𝑙𝑣𝑜𝑟𝑠𝑒𝑛_4  0.02  1.61 ± 0.07  0.69 ± 0.04  2.11 ± 0.0  0.79 ± 0.02  2.11 ± 0.0
𝐶ℎ𝑢𝑎_5  0.02  2.65 ± 0.43  0.3 ± 0.04  1.96 ± 0.05  0.35 ± 0.01  1.93 ± 0.01
𝐿𝑜𝑟𝑒𝑛𝑧_6  0.02  5.41 ± 1.25  0.85 ± 0.03  2.06 ± 0.01  0.84 ± 0.01  2.06 ± 0.01
𝑅𝑜𝑒𝑠𝑠𝑙𝑒𝑟_7  0.1  4.04 ± 0.38  0.07 ± 0.01  1.9 ± 0.07  0.08 ± 0.0  1.85 ± 0.01
𝑊 𝑖𝑛𝑑𝑚𝑖_8  0.08  2.41 ± 1.02  0.08 ± 0.01  1.99 ± 0.04  0.07 ± 0.01  1.96 ± 0.03
𝑅𝑢𝑐𝑘𝑙𝑖𝑑𝑔𝑒_9  0.08  3.28 ± 0.61  0.2 ± 0.01  1.94 ± 0.05  0.21 ± 0.01  1.94 ± 0.03
𝐶ℎ𝑒𝑛_10  0.005  2.61 ± 0.18  1.85 ± 0.31  2.12 ± 0.09  1.94 ± 0.1  2.12 ± 0.01
𝑊 𝑖𝑛𝑑𝑚𝑖_11  0.08  2.43 ± 0.77  0.07 ± 0.01  1.95 ± 0.05  0.07 ± 0.01  1.96 ± 0.03
𝐶.𝐵𝑢𝑡𝑡𝑒𝑟𝑓 𝑙𝑦_12  0.08  4.86 ± 0.14  0.13 ± 0.01  2.21 ± 0.04  0.17 ± 0.0  2.25 ± 0.01
𝐻𝑎𝑙𝑣𝑜𝑟𝑠𝑒𝑛_13  0.02  1.63 ± 0.07  0.69 ± 0.05  2.11 ± 0.0  0.79 ± 0.02  2.11 ± 0.0
𝑅𝑢𝑐𝑘𝑙𝑖𝑑𝑔𝑒_14  0.08  3.25 ± 0.62  0.19 ± 0.01  1.93 ± 0.05  0.21 ± 0.01  1.94 ± 0.03
𝐿𝑜𝑟𝑒𝑛𝑧_15  0.02  4.75 ± 1.05  0.8 ± 0.03  2.06 ± 0.01  0.84 ± 0.01  2.06 ± 0.01

Fig. 2. Multi-attractor reconstruction. A Experimental setup defined by 16 overlapping attractors in state space, each normalized to zero mean, unit standard 
deviation and random rotation. B NGRC+ERT predictions with exponential filtering applied.

columns, the mean forecast horizon, LY, and CD of the reconstructed at-
tractor, together with their standard deviations, in the third, fourth, and 
fifth column and compare these results to the corresponding LY and CD 
of the original attractors in the sixth and seventh columns. NGRC+ERT 
with exponential filtering achieves a mean forecast horizon of 3.39 Lya-
punov times, a LY mean absolute error of 0.041, and a CD mean absolute 
error of 0.019 averaged across all attractor reconstructions, demonstrat-
ing strong short-term prediction accuracy and successful long-term re-
construction of the chosen attractors.

We find that by choosing the scaling parameter 𝛾 to be small, predic-
tions become susceptible to failure modes such as switching dynamics 
or recalling attractors from different 𝜃. Fig. 3𝐁 shows examples of this 
switching behavior for a purely content-addressable approach (imple-
mented by setting 𝛾 = 0); see panels titled ‘Chua_2’, ‘Chen_3’, ‘Chua_5’, 
‘Lorenz_6’, ‘Windmi_11’, and ‘Lorenz_15. These switching dynamics re-

semble an attractor consisting of two quasi-attracting regions that cor-
respond to two attractors that may have previously coexisted for a dif-
ferent choice of hyperparameters. We note that similar phenomena has 
been found when training traditional RCs to achieve multifunctionality; 
see Flynn and Amann (2024) and Kabayama et al. (2025) for further 
details.

To obtain further insight into these switching dynamics for specific 
𝛾, we analyze which output leaves of the ERT are traversed during pre-
diction of a given attractor. Specifically, we define an overlap measure 
as the ratio of leaves active during prediction to those associated with 
each unique identifier 𝜃 during training. An overlap smaller than 1 in-
dicates that parts of the predicted trajectory follow different dynamics 
to those used during training, which we classify as switching dynam-
ics. We quantify this behavior for scaling parameters 𝛾 ranging from 0 
to 25. In Fig. 3𝐀, we plot the corresponding overlap measure for each 
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Fig. 3. Effect of scaling parameter 𝛾 on attractor reconstruction. A Overlap metric as a function of 𝛾 for all 16 attractors in the multi-attractor reconstruction. B
Predicted trajectories for 16 attractors with 𝛾 = 0 (content-addressable approach), showing spontaneous switching between trained attractors in panels titled ‘Chua_2’, 
‘Chen_3’, ‘Chua_5’, ‘Lorenz_6’, ‘Windmi_11’,and ‘Lorenz_15’.

attractor across different scaling parameters, taking into account the 
inherent randomness of ERT by performing the analysis over 10 ran-
dom initializations of the ensemble. The results show that larger scal-
ing parameters reduce the frequency of switching behavior, with some 
large scaling parameters completely suppressing the switching behavior 
across all reconstructed attractors. Large scaling parameters, and hence 
larger separation of dynamics in feature space, provide a mechanism 
to stabilize predictions by controlling the susceptibility of the ERT unit 
to switching between leaves assigned to different attractors during pre-
diction. Supplementary Note S11 shows how increasing 𝛾 separates the 
attractors in feature space, suppressing the switching behavior and en-
abling stable long-term memory recall. Although we do not claim that 
this method achieves the highest precision forecasts in systems trained 
to perform multi-attractor reconstruction, our results demonstrate that 
this index-based approach enables the NGRC+ERT system to success-
fully reconstruct the dynamics of multiple attractors without extensive 
hyperparameter optimization. We extend this to a 49-attractor task in 
Supplementary Note S7, where the attractors are arranged on a 7×7 
grid. There we show that memory itinerancy (Kong et al., 2024) is 
achievable by changing the unique identifier during prediction to re-
call target attractors.

2.3.  Failure modes from defects in short-term memory processing

In this subsection we conduct a more detailed analysis on the re-
tained features from the two-shot learning, i.e., features that remain 
after filtering. More specifically, we examine how the retained features 
are distributed across the time-delay features of the x, y, and z compo-
nents of the output after applying (i) the exponential filtering scheme 
and (ii) the uniform filtering scheme. We consider six sub-tasks involv-
ing the reconstruction of 4, 9, 16, 25, 36, and 49 overlapping attractors, 
respectively. The hyperparameter configuration is fixed across all sub-
tasks to 𝑘 = 100, 𝑠 = 1, 𝛾 = 25 and 𝑇 = 20,000 for each attractor. In Fig. 4 
we show the optimized feature configurations for each sub-task, by de-
composing the retained features into the constituent z (top), y (middle), 
and x (bottom) components. We refer to this decomposed representation 
as the optimized short-term memory processing being performed by the 
NGRC+ERT system. Additionally, we display for each retained feature 
the obtained feature importance in green, where a darker shade cor-

responds to a greater importance. We find that the feature importance 
measure tends to assign the largest importance to features closest to the 
current time for both schemes. For the exponential filtering scheme, we 
find that retained features tend to be similar across each sub-task and do 
not involve time-delay terms greater than 15, i.e., no features beyond 
𝑧(𝑡 − 15) are used. In contrast, for the uniform filtering scheme, we find a 
more diverse range of retained features across each sub-task with much 
larger time-delay terms used, where even 𝑧(𝑡 − 51) is deemed to be of 
importance.

From here we analyze how defects in short-term memory processing 
influence long-term memory recall. By defects we mean that features 
are manually placed at incorrect positions within the retained feature 
vector the ERT was trained with to perform long-term memory recall. 
We conduct the analysis by keeping the trained ERT unit fixed, while 
varying the feature configuration. This experimental paradigm models 
how variations in short-term memory processing can induce untrained 
behavior in learning systems, with implications for hardware-level ap-
plications of our approach. We investigate the 4-attractor sub-task with 
the exponential filtering scheme applied (Fig. 5). Starting from the re-
tained feature configuration (Fig. 5A1), we simulate processing delays 
of 𝑛 time steps for features associated with 𝑧, e.g., feature 𝑓𝑗 processes 
𝑧(𝑡 − 𝑛) instead of 𝑧(𝑡). We find that by introducing this defect, the sys-
tem starts recalling deformations of the attractors it was trained on, 
exhibiting confabulations in the form of ‘generated attractors’ (O’Hagan 
et al., 2025). Fig. 5 (middle and bottom row) shows the predicted dy-
namics with processing delays of 𝑛 = 3 and 𝑛 = 17. Comparing some of 
the changes from the top row, in Fig. 5 (C2) we see the inner loop of 
the Windmi_1 attractor vanishes and the period of the limit cycle re-
duces. In contrast, in Fig. 5(C3) the Windmi_1 attractor displays chaotic 
behavior. Key changes to the other attractors also occur for different 
𝑛. For the Windmi_1 attractor we systematically analyze the dynamics 
for increasing processing delays up to 𝑛 = 40 and visualize in Fig. 6 the 
attractor recall by plotting the changes in the local maxima versus pro-
cessing delay 𝑛 in the 𝑧 component, see Figures S21– S22 in the Supple-
mentary Materials for corresponding state space diagrams. Interestingly, 
near 𝑛 = 3, 20, and 30, we observe a major change in the generated dy-
namics; specifically, a sudden contraction/expansion in the size of the 
attractor, which is indicative of an interior crisis taking place. We find 
that these defects can result in various generated attractors, including 
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Fig. 4. Filtered short-term memory representation for different attractor tasks. Left panels show filtered short-term memory representation using exponential feature 
importance filtering for varying numbers of learned attractors, displayed for groups consisting of z (top), y (middle), and x (bottom) components where each group 
corresponds to the different number of attractors. Right panels show corresponding results using uniform filtering. Each lag represents one time step in the past.

periodic and chaotic attractors, that the system was never trained on. 
Further, interior crises take place at various locations in these in Fig. 6, 
thus highlighting the significant role played by unstable equilibria in 
state space whose presence we observe indirectly. In Supplementary Fig-
ures S19-S20, we observe similar behavior when processing delays are 
applied to two retained features across all x, y, and z components.

3.  Discussion

In this paper we extend a two-shot learning approach introduced by 
Giammarese et al. (2025) to train a single machine learning system to 
store and recall multiple strange attractors. In short, we apply this ap-
proach to a system consisting of a short-term and long-term memory 
unit, specifically a next generation reservoir computer (NGRC) and an 
extremely randomized tree (ERT) ensemble, and take inspiration from 
multifunctional and parameter-aware reservoir computing approaches 
to multi-attractor learning (Flynn, 2023; Flynn & Amann, 2024; Flynn 
et al., 2022, 2021b, 2023; Kim et al., 2021; Köglmayr et al., 2026; 
Köglmayr & Räth, 2024; Kong et al., 2021, 2023; Morra et al., 2023) to 
train the combined NGRC+ERT system to reconstruct multiple strange 
attractors. The two-shot learning approach significantly improves per-
formance without the need for extensive hyperparameter optimization 
by (i) identifying important features of the NGRC+ERT system and 
(ii) training a new NGRC+ERT system based on these features. This 
is achieved by the exponential filtering method we introduce. The sep-
aration between short-term memory processing (NGRC) and long-term 
memory recall (ERT) also enables greater interpretation of the two-shot 
learning process. We show how the information obtained from the first-
shot informs the second, specifically, after an initial optimization we 
find subsequent training focuses exclusively on short-term memory fea-
tures that prove important for the given task, thereby improving per-
formance without further hyperparameter tuning. In short, we show 
the NGRC+ERT achieves excellent performance and does so for a wide 
range of NGRC parameter settings when the two-shot learning method 
with exponential filtering is applied. This result motivates a broader in-
vestigation of feature selection methods for reservoir computing more 
generally, where feature filtering has so far played a limited role.

Moreover, our results shed light on the relationship between short- 
and long-term memory and how they work together to store and recall 
memories, in our case several different strange attractors. More specif-

ically, we study the factors that disrupt this relationship by highlight-
ing that stable storage and recall of multiple attractors requires clear 
separation in feature space. When the separation is insufficient, the 
NGRC+ERT system exhibits a tendency to recall or ‘switch between’ dif-
ferent trained attractors. We show that this behavior can be prevented 
through adequate feature separation. Building on this, we investigate re-
call properties when defects are introduced during short-term memory 
processing. We find that the system exhibits momentary confabulations 
in the form of generated attractors, attractors that partially resemble the 
original attractor. This is a qualitatively different outcome than recall-
ing the wrong trained attractor, rather, the NGRC+ERT confabulates in 
the sense of O’Hagan et al. (2025). Additionally, we show that memory 
itinerancy (Kong et al., 2024) is achievable by changing the identifier 
during recall.

Our findings may inspire future studies on the relationship between 
short- and long-term memory in other learning systems, like classic 
reservoir computers, where short-term memory processing is facilitated 
through a network structure and influenced by node saturation through 
the activation function. Our approach performs long-term memory re-
call through trees, whereas classical reservoir computing compresses 
this task into a matrix typically obtained from ridge regression. These 
represent qualitatively different learning methodologies as trees can 
grow dynamically, while matrices are finite-dimensional. However, it is 
important to note that despite their structural differences, these method-
ologies exhibit similar failure modes, like the emergence of generated 
attractors and switching dynamics. This may point towards the exis-
tence of a more universal principle governing failure modes in learning 
systems.

4.  Methods

4.1.  Extremely randomized trees

This subsection introduces the key principles of the Extremely 
Randomized Trees (ERT) algorithm (Geurts et al., 2006), a machine 
learning-based approach for solving classification and regression tasks.

4.1.1.  Overview of decision trees
A decision tree is a non-parametric model made up of hierarchi-

cally structured nodes connected by branches that represent if-then-else 
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Fig. 5. Two-shot learning of four attractor system and processing delay effects. Top: Optimized short-term memory representation obtained from two-shot learning 
using exponential filtering. Panels show the four attractors: chaotic Chua, periodic Windmi, chaotic Windmi, and chaotic Lorenz. Middle: Lag 3 - Processing defects in 
the z coordinate induce transitions to generated attractors during long-term memory recall. Bottom: Lag 17 - Increased processing defects generate diverse generated 
attractor behaviors during recall.

Fig. 6. Attractor recalls of Windmi_1 for processing delays. Changes in local maxima in NGRC+ERT system’s output of x (a), y (b), and z (c) components for changes 
in processing delays in 𝑧 reveals rich generated dynamical behaviors including periodic and chaotic regimes.

rules. We introduce the following notation to describe a decision tree 
in greater detail. Let 𝐷 = {(𝐫𝑖, 𝐲𝑖)}𝑇𝑖=1 be the training data set, with 𝑇  el-
ements. Elements of this set, known as training samples, consist of the 
following pair, a feature vector, 𝐫𝑖 ∈ ℝ𝑍 , where 𝑍 ∈ ℕ is the number 
of features, and a target vector 𝐲𝑖 ∈ ℝ𝑑 , where 𝑑 ∈ ℕ is the number of 
components of the vector. A feature is a quantity derived from elements 
of the training data set and used as input to, in this instance, the de-
cision tree. To simplify the notation below, we define a set of indices 
 = {1,… , 𝑇 } to reference the training samples, where 𝑖 ∈  references 

the training sample (𝐫𝑖, 𝐲𝑖). A tree starts with a single node, called the 
root node, which represents the entire set of indices , hence the entire 
training data set.
Training the tree:  Starting from the root node, the tree ‘grows’ by 
recursively partitioning the training data set into two smaller subsets, 
forming the left and right child nodes. Each child node is split again, 
and the process continues until a stopping criterion is reached, such as 
a maximum depth of the tree, defined as the number of instances that 
new branches are created, or a minimum number of training samples 
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Fig. 7. Structure of an extremely randomized tree. The tree receives an input 𝐫, which traverses the branches by comparing input values with feature thresholds at 
each node until reaching a leaf, where it outputs a prediction ̂𝐲.

per node. A node that is not split further is called a leaf node, or simply 
a leaf. Each leaf stores a subset of training samples, identified by their 
indices. Once the stopping criterion is reached, the tree-building pro-
cess is complete, i.e., the tree is trained. The splitting rule at each node 
depends on the specific tree method, we introduce the splitting rule for 
ERT later.
Making predictions with the tree:  Given a new input 𝐫 ∈ ℝ𝑍 , the 
tree makes a prediction by ‘routing’ 𝐫 from the root node through the 
tree’s branches to the respective leaf. More specifically, at each node, the 
splitting condition learned during the tree building process determines 
whether 𝐫 is forwarded to the left or right child node. This process con-
tinues until a leaf node is reached. In a regression setting, the prediction 
of a tree for an input 𝐫 is the arithmetic mean of the target vectors of 
the training samples that reached the same leaf. If 𝐫 reaches leaf 𝑙 the 
prediction is given by, 

𝑡𝑟𝑒𝑒(𝐫) = 1
|𝑙|

∑

𝑖∈𝑙

𝐲𝑖 = 𝔼[𝐲𝐢 ∣ 𝑖 ∈ 𝑙] = 𝐲̂, (1)

where 𝑙 denotes the set of indices of training samples assigned to leaf 𝑙. 
𝔼 denotes the arithmetic mean of the target vector samples in 𝑙. Specif-
ically, the sum is element-wise for target vectors with 𝑑 components.

4.1.2.  Overview of extremely randomized trees
Extremely randomized trees (ERT): Many tree-based machine 

learning methods suffer from high prediction variance (Geurts et al., 
2006), a consequence of their hierarchical structure. As the splitting 
process depends on the training data, small perturbations in the train-
ing samples can produce different splits, and these differences propa-
gate through the tree, making the learning process sensitive to small 
changes in the training data. The ERT algorithm trains an ensemble of 
independent trees, averaging their predictions after training to address 
this issue.

Training extremely randomized trees: The ERT algorithm builds 
𝑀 trees independently. Each tree follows the same construction rules 
but introduces randomness at each split, resulting in 𝑀 distinct trees. Let 
𝐷 = {(𝐫𝑖, 𝐲𝑖)}𝑇𝑖=1 denote the training data set, where 𝐫𝑖 ∈ ℝ𝑍 is the feature 
vector and 𝐲𝑖 ∈ ℝ𝑑 is the target vector for the 𝑖th sample. Equivalently, 
we define the feature matrix 𝐑 ∈ ℝ𝑍×𝑇  and the target matrix 𝐘 ∈ ℝ𝑑×𝑇 , 
where 𝑍 is the number of features, 𝑇  is the number of samples, and 𝑑 is 
the dimension of the ‘target vector space’, with 𝑍, 𝑇 , 𝑑 ∈ ℕ. In our case, 
the feature vectors are constructed using NGRC. During tree construc-
tion, the training data set is partitioned into subsets, each tracked by 
a corresponding index set. Let  ⊆ {1,… , 𝑇 } denote such an index set. 
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Fig. 8. Feature importance computation and filtering in extremely randomized trees. At each node, the weighted variance reduction is calculated for every split. 
These values are summed across the tree and normalized so that the total importance equals one. At the ensemble level, importance measures are averaged across 
all trees, yieldinga final feature importance value for each feature. Features are then classified as important or irrelevant by comparison with a threshold I𝑐 .

At each node 𝑛, let 𝑇 ′ = || denote the number of training samples that 
reach this node, and let 𝐑′ ∈ ℝ𝑍×𝑇 ′  denote the submatrix of 𝐑 restricted 
to these samples. The splitting rule at each node is defined as follows. 
From the 𝑍 features, 𝐾 ≤ 𝑍 features are randomly selected, indexed 
by {𝑓1,… , 𝑓𝐾}. For each selected feature 𝑓𝑖, let 𝐑′

𝑓𝑖
∈ ℝ1×𝑇 ′  denote the 

corresponding feature row of 𝐑′. A random threshold 𝑎𝑖 is then drawn 
uniformly from the interval [min(𝐑′

𝑓𝑖
),max(𝐑′

𝑓𝑖
)], yielding 𝐾 candidate 

splits {(𝑓1, 𝑎1),… , (𝑓𝐾 , 𝑎𝐾 )}. Each candidate split partitions the training 
data at node 𝑛 into two subsets: 
𝐷(𝐿)

𝑖 = {(𝐫𝑗 , 𝐲𝑗 ) ∣ 𝑗 ∈ , 𝐑𝑓𝑖 ,𝑗 ≤ 𝑎𝑖}, 𝐷(𝑅)
𝑖 = {(𝐫𝑗 , 𝐲𝑗 ) ∣ 𝑗 ∈ , 𝐑𝑓𝑖 ,𝑗 > 𝑎𝑖},

(2)

corresponding to the left (L) and right (R) candidate child nodes. Let 
𝑇 (𝐿)
𝑖 = |𝐷(𝐿)

𝑖 | and 𝑇 (𝑅)
𝑖 = |𝐷(𝑅)

𝑖 | denote the number of samples in each 
candidate subset, with 𝑇 (𝐿)

𝑖 + 𝑇 (𝑅)
𝑖 = 𝑇 ′. Each candidate split is evalu-

ated using the squared error loss,
𝐿(𝑓𝑖, 𝑎𝑖) =

∑

𝑗∈(𝐿)
(𝐲𝑗 − 𝐲̂𝐿)2 +

∑

𝑗∈(𝑅)
(𝐲𝑗 − 𝐲̂𝑅)2, (3)

where 𝐲̂𝐿, 𝐲̂𝑅 ∈ ℝ𝑑 are the mean target vectors in each subset defined 
by

𝐲̂𝑝 =
1
𝑇𝑝

∑

𝑗∈(𝑝)
𝐲𝑗 , 𝑝 = 𝐿, 𝑅. (4)

Minimizing this loss is equivalent to maximizing the variance reduction. 
The best splitting pair and with that the learned splitting rule at node 𝑛
is

(𝑓 ∗, 𝑎∗) = arg min
𝑖∈{1,…,𝐾}

𝐿(𝑓𝑖, 𝑎𝑖). (5)

The partitioning is recursively repeated at each new node until the tree’s 
stopping criterion is reached.
Making predictions with the extremely randomized tree:  Once all 
𝑀 trees are constructed, they can be used for prediction. For an input 
𝐫 ∈ ℝ𝑍 passing through node 𝑛, let (𝑓𝑗𝑛 , 𝑎𝑛) denote the splitting pair se-
lected during training, where 𝑗𝑛 ∈ {1,… , 𝑍} is the index of the selected 
feature. If 𝐫[𝑗𝑛] ≤ 𝑎𝑛, the input is routed to the left child, otherwise, it 
is routed to the right child. This process continues recursively until the 
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input reaches a leaf node, where the prediction is given by Eq. (1). Each 
of the 𝑀 trees independently process the input 𝐫 and produces a pre-
diction. The final ERT prediction is the average across all trees:

ERT(𝐫) = 1
𝑀

𝑀
∑

𝑚=1
𝑡𝑟𝑒𝑒𝑚(𝐫) (6)

A schematic of the above process for one extremely randomized tree is 
provided in Fig. 7.
Implementation:  We implement the ERT algorithm using the scikit-
learn python library (Pedregosa et al., 2011). We use the default tree 
hyperparameters, except for setting the number of trees to 𝑀 = 100 for 
two-attractor tasks and 𝑀 = 50 for multiple-attractor tasks, and 𝐾 = 𝑍. 
The tree depth is not fixed, which leads to fully grown trees within the 
ensemble.

4.2.  Feature importance

The feature importance (Altmann et al., 2010; Breiman, 2001; Geurts 
et al., 2006; Pedregosa et al., 2011) quantifies how much each feature 
contributes to reducing the loss function in Eq. (3) across all splits in the 
ensemble. We use this measure to optimize the feature configuration of 
the NGRC framework, eliminating the need for extensive hyperparam-
eter tuning typically required to obtain an optimized feature configura-
tion. To describe how feature importance is calculated, we first recall 
that at each node 𝑛, the selected split (𝑓𝑗 , 𝑎𝑗 ) partitions the samples into 
child nodes 𝑛𝐿 and 𝑛𝑅. Let 𝑇𝑛, 𝑇𝑛𝐿  and 𝑇𝑛𝑅  denote the number of samples 
in these nodes and let 𝐼(⋅) denote the impurity at a given node, which is 
the variance of the target values within these nodes. The contribution 
of the split to the feature importance calculation of 𝑓𝑗 is the weighted 
variance reduction,
Δ𝐼𝑚(𝑛, 𝑓𝑗 ) = 𝑇𝑛𝐼(𝑛) − 𝑇𝑛𝐿𝐼(𝑛𝐿) − 𝑇𝑛𝑅𝐼(𝑛𝑅). (7)

This quantity is computed for every split in the 𝑚th tree and normalized 
across all features, such that
Imp𝑚(𝑓𝑗 ) =

∑

split 𝑖
Δ𝐼𝑚(𝑛𝑖, 𝑓𝑗𝑖 ), (8)

Imp𝑚(𝑓𝑗 ) =
Imp𝑚(𝑓𝑗 )

∑

𝑓 ′ Imp𝑚(𝑓 ′)
(9)

where the sum in Eq. (8) is computed over all nodes split by 𝑓𝑗 and 
Eq. (9) specifies the normalization across all features. To obtain the fea-
ture importance of 𝑓𝑗 , we take the average of the normalized impor-
tances computed in Eq. (9) across the ensemble, yielding the feature 
importance (FI)

FI(𝑓𝑗 ) =
1
𝑀

𝑀
∑

𝑚=1
Imp𝑚(𝑓𝑗 ). (10)

A schematic of the above process is provided in Fig. 8.

4.3.  Next-generation reservoir computing

Next-generation reservoir computing is a machine learning approach 
introduced by Gauthier et al. (2021) with applications in, for instance, 
time series prediction, attractor reconstruction, and control (Barbosa 
& Gauthier, 2022; Gauthier et al., 2021; Haluszczynski et al., 2023). 
Unlike traditional reservoir computers (RCs) that rely on random net-
works (Jaeger & Haas, 2004; Maass et al., 2002; Verstraeten et al., 
2007), feature vectors for next-generation reservoir computers (NGRCs) 
are constructed in a deterministic manner by computing unique mono-
mials of time-shifted input variables.

While RCs and NGRCs are typically trained via ridge regression, Gi-
ammarese et al. (2025) recently introduced a new technique for train-
ing NGRCs which improves their attractor reconstruction capabilities 
by incorporating an ‘Extremely Randomized Tree’ (ERT) unit as a train-
able output layer using their TreeDOX framework (Tree-based Delay

Overembedded eXplicit memory learning of chaos). In this paper, we 
extend the results of Giammarese et al. (2025) by introducing a new 
technique for training NGRCs to reconstruct multiple attractors from dif-
ferent dynamical systems, thereby extending the TreeDOX framework to 
multifunctional (Flynn & Amann, 2024; Flynn et al., 2022, 2021b) and 
parameter-aware (or index-based) learning (Kim et al., 2021; Köglmayr 
et al., 2026; Köglmayr & Räth, 2024; Kong et al., 2021, 2023).

Training an NGRC system to perform attractor reconstruction: 
The aim in attractor reconstruction tasks is to use a time series de-

scribing a trajectory on a given attractor to train some system to re-
construct the future ‘climate’ of the attractor, i.e., mimic the long-term 
dynamics, while at the same time provide reasonable short-term predic-
tions on the trajectory’s future.

When using an NGRC for attractor reconstruction tasks, the first step 
is to construct features using the procedure outlined below.

For a given data point in the ‘input time series’, 𝐗 ∈ ℝ𝑑×𝑇 , contain-
ing 𝑇 > 0 data points each consisting of 𝑑 > 0 components, which cor-
responds to discrete-time samples of a trajectory on a given attractor, 
we first construct an initial ‘linear time-delay feature vector’ using 𝑘 ≥ 1
past data points each separated by 𝑠 ≥ 1 time steps. Therefore, there is 
a fixed ‘warm-up phase’ of 𝛿𝑡 = (𝑘 − 1) ⋅ 𝑠 + 1 time steps needed to cre-
ate the initial feature vector, reducing the effective training data set 
to 𝑇 − 𝛿𝑡 samples. The ‘final feature vector’ 𝐫𝑖 at time 𝑡𝑖 is obtained by 
computing unique monomials up to order 𝑂 from the components of 
this linear time-delay vector, introducing nonlinearity into the feature 
construction process. Here, unique means that each monomial term ap-
pears exactly once. Thus, when given 𝐗, we define the ‘feature matrix’ 
as,

𝐑(𝐗, 𝑘, 𝑠, 𝑂) = [𝐫𝛿𝑡, 𝐫𝛿𝑡+1,… , 𝐫𝑇−1] ∈ ℝ𝑍×(𝑇−1−𝛿𝑡), (11)

where 𝑍 denotes the number of features as before. Note, there are 
𝑇 − 1 − 𝛿𝑡 columns in this matrix, we explain why below. The type of 
features used depend on the choice of 𝑂 and 𝑘. In this paper we con-
struct features in three distinct ways and refer to each of the resulting 
sets of features as a ‘feature model type’ to further stress that the fea-
tures are a ‘model’, i.e., mapping, of the input data; see Figure S1 in 
the Supplementary Materials for an illustration of each feature model 
type. In short, the feature model types are created by (i) setting 𝑂 = 1
and 𝑘 > 1, which reduces the NGRC to a vector autoregression (VAR) 
model containing only linear time-delayed features, (ii) setting 𝑂 > 1
and 𝑘 > 1, thereby including higher-order monomials which yields a 
nonlinear vector autoregression (NVAR) model, and (iii) setting 𝑂 > 1
and 𝑘 = 1, which produces a nonlinear memoryless model (NML) that 
discards temporal information. Given the feature matrix 𝐑, the training 
target matrix 𝐘 specifies what the NGRC is trained to predict the future 
of. Specifically, we employ the NGRC as a ‘one-step-ahead integrator’ 
like in Gauthier et al. (2021), training it to predict the difference be-
tween future consecutive states. Accounting for the warm-up phase, the 
‘target matrix’ is hence defined as
𝐘 = [Δ𝐱𝛿𝑡,Δ𝐱𝛿𝑡+1,… ,Δ𝐱𝑇−1] ∈ ℝ𝑑×(𝑇−1−𝛿𝑡), (12)

where we define Δ𝐱𝑖 = 𝐱𝑖+1 − 𝐱𝑖 which, by construction, enables the 
NGRC to act as a one-step-ahead integrator and, as a consequence, only 
𝑇 − 1 − 𝛿𝑡 data points of 𝐗 are used to train the NGRC. In other words, 
we train the NGRC to ‘learn’ the mapping 𝐫𝑖 ↦ Δ𝐱𝑖. After training, we 
obtain a predicted trajectory on the attractor by iterating the following 
‘NGRC system’ forward through time,
𝐱𝑖+1 = 𝐱𝑖 + 𝐺(𝐫𝑖), (13)

where 𝐺 describes the trained output layer and maps feature vectors to 
the difference between successive predicted points on the trajectory. To 
be more explicit, we use the known value of 𝐱𝑖 at time 𝑖 = 𝑇  to obtain a 
prediction of 𝐱𝑖 at time 𝑇 + 1, and so on.

Training an NGRC+ERT system to perform attractor reconstruc-
tion:  While standard NGRCs compute 𝐺 via ridge regression, the Tree-
DOX framework employs Extremely Randomized Trees (ERT) to learn 
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Fig. 9. Prediction loop of the NGRC+ERT system for multi-attractor reconstruction after training, the model predicts the next state of the 𝑗th attractor by constructing 
a feature vector using the NGRC framework, augmented with the attractor-specific parameter 𝜃𝑗 scaled by 𝛾. This vector is then projected onto a reducedfeature 
space containing only the important features identified during training. Each tree in the ensemble receives the reduced vector and produces a prediction. The final 
output is obtained by averaging across all trees and adding the result to the current state.

this mapping. We train using the same steps as above and use the ERT 
algorithm outlined in previous sections to obtain a predicted trajectory 
on the attractor by iterating the following ‘NGRC+ERT system’ forward 
through time,
𝐱𝑖+1 = 𝐱𝑖 + 𝐄𝐑𝐓(𝐫𝑖). (14)

Training an NGRC+ERT system to perform multi-attractor re-
construction:  We extend the work of Giammarese et al. (2025) 
to multi-attractor reconstruction by integrating their TreeDOX frame-
work with concepts from multifunctionality (Flynn et al., 2021b) and 
parameter-aware learning (Kim et al., 2021; Kong et al., 2021). This en-
ables the NGRC+ERT system to reconstruct the dynamics of 𝑁 distinct 
attractors with a single trained output layer. Each attractor 𝑗 is assigned 
a unique identifier 𝜃𝑗 ∈ ℕ, which is multiplied with a scaling parame-
ter 𝛾 ∈ ℕ0 and added to every element of the attractor’s corresponding 
feature vector, yielding the parametrized representation 𝐫′𝑗,𝑖 = 𝐫𝑖 + 𝛾𝜃𝑗 . 
The system operates in a multifunctional sense for 𝛾 = 0 and parameter-
aware sense for 𝛾 > 0. For each 𝐗𝑗 , the corresponding parametrized fea-
ture matrix 𝐑𝑗 = [𝐫′𝑗,𝛿𝑡,… , 𝐫′𝑗,𝑇−1] and target matrix 𝐘𝑗 are constructed as 
before. All 𝐑𝑗 and 𝐘𝑗 matrices are concatenated into larger 𝐑𝑁  and 𝐘𝑁
matrices for training, enabling the NGRC+ERT to learn the mapping 
𝐑𝑗 ↦ 𝐘𝑗 for each 𝑗 simultaneously. For prediction, selecting a specific 
identifier 𝜃𝑗 enables the system to recall the corresponding attractor dy-
namics by iterating the following forward through time
𝐱𝑖+1 = 𝐱𝑖 + ERT(𝐫′𝑗,𝑖). (15)

Two-shot learning:  We introduce a ‘two-shot’ learning approach 
in our experiments, training the NGRC+ERT system and then updated 
it to produce a more optimal system. Specifically, we use the feature 
importance measure 𝐅𝐈 provided by the trained ERT ensemble to filter 

the feature space for an optimized feature configuration. Only features 
whose importance exceeds a cut-off threshold I𝑐 are allowed to remain 
active in the updated NGRC+ERT system. For a given feature vector 
𝐫′ ∈ ℝ𝑍 , we construct the reduced representation 𝐫̃′ = ΠI𝑐 (𝐫

′) through 
a projection operator that retains only features 𝑓 satisfying 𝐅𝐈(𝑓 ) > I𝑐
(Fig. 8(b)), reducing the effective number of features from 𝑍 to 𝑍̃ = |{𝑓 ∣
I𝑓 > I𝑐}|. We then train a new ERT using the retained feature vectors, 
yielding a refined ERT that we denote by ẼRT. In the Results section, we 
analyze the performance of this two-shot approach using the following 
two feature importance thresholds I𝑐 . The first is a ‘uniform threshold’, 
similar to Giammarese et al. (2025), defined as I𝑐 = 1∕𝑍, where 𝑍 is the 
total number of features. The second is an exponential threshold defined 
as I𝑐 = max(𝐅𝐈(𝑓 ))∕𝑒, where 𝑒 is Euler’s number. The reconstruction of 
attractor 𝑗 is hence performed via,
𝐱𝑖+1 = 𝐱𝑖 + ẼRT(𝐫̃′𝑗,𝑖), (16)

and the same procedure is used to reconstruct the dynamics of each 
of the 𝑁 attractors (Fig. 9). We would like to remark that ‘feature op-
timization’ is an emerging area of interest in next generation reservoir 
computing; see Cestnik and Martens (2026) for an alternative approach.

4.4.  Description of tasks the NGRC+ERT system is trained to solve

We examine the performance of a NGRC+ERT system in different 
tasks, each of which involve training a NGRC+ERT system to recon-
struct the dynamics of 𝑁 attractors. All of the attractors we consider are 
subsets of the state spaces of the various continuous-time dynamical sys-
tems listed in the Attractors section below. Training data, i.e., elements 
of the input time series 𝐗 corresponding to each attractor, are obtained 
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by integrating the state of a given dynamical system from a chosen ini-
tial condition up to time (𝑇 + 5000)𝑑𝑡, using the 4𝑡ℎ-order Runge-Kutta 
method with integration time step Δ𝑡, and then discarding the transient 
of the first 5000 time steps. From this we obtain a time series of length 
𝑇  which describes a trajectory on a given attractor that we use as 𝐗. 
We continue to integrate the dynamical system for 𝑃  additional time 
step and reserve the corresponding time series of length 𝑃  as the ‘test’, 
i.e., ground truth, for assessing the NGRC+ERT system’s performance 
in predicting the dynamical system over a prediction length of 𝑃  time 
steps.

4.4.1.  Lorenz and Halvorsen task
We consider the Lorenz system described in Eqs. (31)–(33) and the 

Halvorsen system described in Eqs. (28)–(30), and obtain trajectories on 
the corresponding Lorenz and Halvorsen attractors by integrating both 
systems using the 4th-order Runge-Kutta (RK4) method with time step 
size Δ𝑡 = 0.02. We normalize both obtained trajectories to zero mean 
and unit standard deviation so that they overlap in state space to pro-
vide an additional level of difficulty; see Flynn et al. (2023) and Kong 
et al. (2024). For all tests, we apply the attractor reconstruction metrics 
(specified later) over a prediction length of 𝑃 = 15,000 time steps.

4.4.2.  16-Overlapping-attractor task
For the 16-overlapping-attractor task, we generate time series from 

two realizations of trajectories on attractors from each of the eight dy-
namical systems described in the Attractors section by integrating each 
system from two different initial conditions for 20,000 time steps each. 
Each trajectory we obtain is normalized to have zero mean and unit stan-
dard deviation. To add an extra level of difficulty to the multi-attractor 
task, we rotate each trajectory counter-clockwise around the 𝑥, 𝑦, and 
𝑧 axes by angles 𝜃𝑥, 𝜃𝑦, 𝜃𝑧. The NGRC+ERT system is trained on the 
rotated trajectories and evaluated against the correspondingly rotated 
test data, verifying that the model successfully learns the rotation im-
posed on the training data. The specific rotation angles used for each 
attractor are provided in Supplementary Note S10, Table S2. Addition-
ally, to further illustrate the NGRC+ERT system’s ability to reconstruct 
attractors from different dynamical systems, we add another level of 
difficulty by using different time step sizes for each system, specifically: 
Δ𝑡 = 0.005 for Chen systems, Δ𝑡 = 0.02 for Chua Circuit, Halvorsen, and 
Lorenz systems, Δ𝑡 = 0.08 for Complex Butterfly, Windmi, and Rucklidge 
systems, and Δ𝑡 = 0.1 for Roessler systems. We apply the attractor recon-
struction metrics, described later, over a prediction length of 𝑃 = 15,000
time steps across all tests.

4.4.3.  Multiple-overlapping-attractor task
The task involves 4, 9, 16, 25, 36, and 49 overlapping attractors 

from different dynamical systems. The training data from the different 
attractors we use in this task are obtained by cycling through the avail-
able dynamical systems (described in the Attractors subsection) ensuring 
roughly equal representation of each attractor. Each trajectory is nor-
malized to zero mean and unit standard deviation, and rotated along 
every coordinate axis. The time step Δ𝑡 for each system is the same as 
specified in the 16-overlapping-attractor task description.

4.5.  Attractor reconstruction metrics

We now describe the two metrics we use to assess how accurate the 
NGRC+ERT system learns the two attractor tasks in terms of long-
term and short-term behavior.
Long-term behavior: We define the ‘long-term measurement error’ in 
terms of how the largest Lyapunov exponent (Rosenstein et al., 1993) 
(LY) 𝜆 and correlation dimension (Grassberger & Procaccia, 2004) (CD) 𝜈
of a given reconstructed attractor compares to its corresponding ground 
truth across all 𝑁 analyzed attractors here. More specifically, we com-
pute the absolute relative error of the LY and CD of a given reconstructed 

attractor as,

Δ𝜆 =
|𝜆test − 𝜆pred|

𝜆test
, Δ𝜈 =

|𝜈test − 𝜈pred|
𝜈test

,

where test correspond to the ground truth and pred to the reconstructed 
attractor over the prediction interval defined by 𝑃 . We define the long-
term measurement error (LTME) as,

Long-term measurement error = 1
2𝑁

𝑁
∑

𝑖=1
(Δ𝜆𝑖 + Δ𝜈𝑖). (17)

We consider the NGRC+ERT system to reconstruct the ‘climate’ and per-
forms accurate long-term memory recall of both attractors in the sense 
of Lu et al. (2018) if the LTME ≤ 0.1 which was found empirically. If the 
LTME > 0.1 the reconstructions begin to break down.

Short-term behavior: We define the ‘short-term measurement error’ 
in terms of the ‘mean forecast horizon’ (MFH) across all 𝑁 attractors. 
More specifically, we compute the ‘forecast horizon’ (FH) of a given 
reconstructed attractor and its corresponding ground truth both over 
the interval defined by 𝑃  as the number of time steps for which the 
prediction time series, 𝐗pred, remains within a threshold 𝛜 ∈ ℝ𝑑 of the 
test time series 𝐗test across all 𝑑 variables:
𝜏 = argmax

𝑡
(∣ 𝐱𝑡𝑟𝑎𝑖𝑛(𝑡) − 𝐱𝑡𝑒𝑠𝑡(𝑡)| < 𝛜)

The threshold vector 𝛜 is defined element-wise as a fraction of the dif-
ference between the maximum and minimum values of 𝐱test(𝑡) in each 
variable. In our case we found the following
𝝐 = 0.15 ⋅ (max 𝐱𝑡𝑒𝑠𝑡(𝑡) − min 𝐱𝑡𝑒𝑠𝑡(𝑡)),

to be sufficient, where the max and min operators are applied separately 
to each variable. To quantify the short-term behavior for multi-attractor 
reconstruction, we compute the mean forecast horizon across all 𝑁 at-
tractors:

Mean Forecast Horizon = 1
𝑁

𝑁
∑

𝑖=1
𝜏′𝑖 , (18)

where each forecast horizon is expressed in Lyapunov time 𝜏′ = 𝜏 ⋅ 𝜆test ⋅
Δ𝑡. This normalization allows direct comparison across dynamical sys-
tems with different time scales (Δ𝑡) and largest Lyapunov exponents 
(𝜆test).

For the 16-overlapping-attractor task, we compare the LY, CD, and 
compute the FH of each reconstructed attractor individually against the 
corresponding ground truth over the prediction length 𝑃 .

Note, we do not assess the performance of the NGRC+ERT system 
using the so-called ‘memory capacity metric’ as this does not provide 
performance insights into what we consider as memory in this paper, the 
ability to process, store, and recall different attractors. More specifically, 
we consider each attractor that the NGRC+ERT system reconstructs as 
a memory that has been encoded in the system due to training using the 
terminology developed by Kong et al. (2024). The performance metrics 
we use assess the quality of this memory, i.e., how similar is the re-
constructed attractor to the original attractor. Moreover, in Flynn et al. 
(2022) it was shown that the memory capacity metric provides no in-
sight on tasks involving the reconstruction of multiple attractors.

4.6.  Attractors

4.6.1.  Chen system

𝑥̇ = 𝑎(𝑦 − 𝑥) (19)

𝑦̇ = (𝑐 − 𝑎)𝑥 − 𝑥𝑧 + 𝑐𝑦 (20)

𝑧̇ = 𝑥𝑦 − 𝑏𝑧 (21)

with parameters 𝑎 = 35, 𝑏 = 3, 𝑐 = 28 for the 16-overlapping-attractor 
task and an additional parametrization of 𝑎 = 33, 𝑏 = 3, 𝑐 = 28 for the 
multiple-overlapping-attractor task.
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4.6.2.  Chua circuit

𝑥̇ = 𝛼(𝑦 − 𝑥 + 𝑏𝑥 + 0.5(𝑎 − 𝑏)((|𝑥| + 1) − (|𝑥| − 1))) (22)

𝑦̇ = 𝑥 − 𝑦 + 𝑧 (23)

𝑧̇ = −𝛽𝑦 (24)

with parameters 𝛼 = 9, 𝛽 = 100∕7, 𝑎 = 8∕7, 𝑏 = 5∕7 for the two-
attractor task and the 16-overlapping-attractor task and an additional 
parametrization of 𝛼 = 8.5, 𝛽 = 100∕7, 𝑎 = 8∕7, 𝑏 = 5∕7 for the multiple-
overlapping-attractor task.

4.6.3.  Complex butterfly system

𝑥̇ = 𝑎(𝑦 − 𝑥) (25)

𝑦̇ = −𝑧 𝑥
|𝑥|

(26)

𝑧̇ = |𝑥| − 1 (27)

with parameter 𝑎 = 0.55 across all tasks.

4.6.4.  Halvorsen system

𝑥̇ = −𝜎𝑥 − 4𝑦 − 4𝑧 − 𝑦2 (28)

𝑦̇ = −𝜎𝑦 − 4𝑧 − 4𝑥 − 𝑧2 (29)

𝑧̇ = −𝜎𝑧 − 4𝑥 − 4𝑦 − 𝑥2 (30)

with parameter 𝜎 = 1.27 for the two-attractor task and the 16-
overlapping-attractor task and an additional parametrization of 𝜎 = 1.7
for the multiple-overlapping-attractor task.

4.6.5.  Lorenz system

𝑥̇ = 𝜎(𝑦 − 𝑥) (31)

𝑦̇ = 𝑥(𝜌 − 𝑧) − 𝑦 (32)

𝑧̇ = 𝑥𝑦 − 𝛽𝑧 (33)

with parameters 𝜎 = 10, 𝜌 = 28, 𝛽 = 8∕3 for the two-attractor task and 
the 16-overlapping-attractor task and an additional parametrization of 
𝜎 = 10, 𝜌 = 350, 𝛽 = 8∕3 for the multiple-overlapping-attractor task.

4.6.6.  Roessler system

𝑥̇ = −𝑦 − 𝑧 (34)

𝑦̇ = 𝑥 + 𝑎𝑦 (35)

𝑧̇ = 𝑏 + 𝑧(𝑥 − 𝑐) (36)

with parameters 𝑎 = 0.2, 𝑏 = 0.2, 𝑐 = 5.7 for the two-attractor task and 
the 16-overlapping-attractor task.

4.6.7.  Rucklidge system

𝑥̇ = −𝜅𝑥 + 𝜆𝑦 − 𝑦𝑧 (37)

𝑦̇ = 𝑥 (38)

𝑧̇ = −𝑧 + 𝑦2 (39)

with parameters 𝜅 = 2, 𝜆 = 6.7 for the two-attractor task and for the 
multiple-overlapping-attractor task.

4.6.8.  Windmi system

𝑥̇ = 𝑦 (40)

𝑦̇ = 𝑧 (41)

𝑧̇ = −𝑎𝑧 − 𝑦 + 𝑏 − 𝑒𝑥 (42)

with parameters 𝑎 = 0.7, 𝑏 = 2.5 for the two-attractor task and the 16-
overlapping-attractor task and an additional parametrization of 𝑎 = 0.7, 
𝑏 = 1.75 for the multiple-overlapping-attractor task.
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