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Abstract: This paper presents a methodology to 

enhance the GSOC Collision Avoidance System  

(CAS) for better assessing collision risk during long-

term close approaches. The technique employs 

Differential Algebra (DA) to model the non-linear 

relative motion via high-order Taylor polynomial 

expansions, with accuracy maintained with 

Automatic Domain Splitting (ADS) that subdivides 

the initial uncertainty set. By sampling the initial 

relative conditions and evaluating the polynomial 

expansions over time, the method reduces traditional 

Monte-Carlo (MC) integration to a one-dimensional  

polynomial evaluation. Computational efficiency is 

further improved by integrating the Subset 

Simulation (SS) algorithm, an estimation technique  

that drastically reduces the required samples by 

reformulating a rare event as a sequence of more 

probable conditional events. The methodology’s 

performance is evaluated, using representative 

synthetic benchmark scenarios from the literature as 

well as a real long-term encounter. 

 

I. INTRODUCTION 

With the rapid advancement of space technology, 

spacecraft launches have become more frequent, leading 

to increased congestion in Earth’s orbits. This growing 

density, driven largely by the accumulation of space 

debris, poses escalating risks to spacecraft operations. 

The situation is expected to worsen with the expansion 

of large satellite constellations, further crowding key 

orbital regions. As a result, operators face more frequent 

close-approach warnings and must carry out a rising 

number of Collision Avoidance Manoeuvres (CAMs) to 

ensure mission safety [1]. A key aspect of managing 

these events is the assessment of their criticality, which  

mainly relies on evaluating the Probability of Collision 

(Pc) between the objects involved. 

Collision risk assessment methods are tailored to 

different types of conjunctions, typically classified as 

short-term or long-term encounters. In short-term cases, 

satellites follow markedly different orbits, leading to 

very high relative velocities and encounters lasting only 

a few seconds. The relative motion can be approximated 

as linear with a constant relative velocity vector, and 

associated uncertainty negligible. As a result, the 

combined positional uncertainty remains constant and 

can be described by fixed covariance matrices. This 

simplified scenario has been widely studied, with  

numerous established methods available in the literature 

[2, 3, 4, 5, 6, 7, 8]. 

Long-term encounters, on the other hand, typically 

occur between satellites on similar orbits, such as 

Geostationary (GEO) spacecrafts at close longitudes or 

during operations like rendezvous and formation flying. 

These cases involve low relative velocities and 

prolonged proximity, often lasting a significant fraction 

of an orbital period. Unlike short-term encounters, the 

relative motion is non-rectilinear, with the relative 

velocity vector changing in both magnitude and 

direction. As a result, the uncertainty in the relative state 

evolves over time rotating and deforming, leading to a 

time-varying covariance and complex, difficult-to-

integrate collision geometries.  

Collision risk assessment for long-term encounters has 

been less extensively studied than for short-term cases. 

Early approaches in the literature [9, 10, 11] discretize 

the collision tube into small segments, treating each as 

an independent short-term encounter. Other methods 

[12, 13] improve the geometric description of the 

collision volume by representing it as a swept envelope 

of ellipsoids, but they generally neglect velocity 

uncertainty. Reference [14] on the other hand, presents 

a more comprehensive framework that, for the first time, 

incorporates velocity uncertainty into the formulation. 

However, the method assumes a single continuous 

encounter geometry and does not explicitly address 

situations involving multiple distinct close-approach 

intervals within the same screening window, limiting its 

applicability to more complex long-term encounter 

scenarios. In addition, the method assumes that the 

uncertainty distribution remains Gaussian throughout its 

evolution, a constraint that can significantly restrict its 

use in more general scenarios. Currently, Monte Carlo 

(MC) based techniques [15] are among the most 

comprehensive approaches for long-term encounters Pc 

estimation, as they can account for uncertainties in both 
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position and velocity, handle complex encounter 

geometries, and avoid restrictive assumptions on the 

evolution of the uncertainty distribution. They also 

provide a natural framework for Pc computation without 

explicitly defining the integration volume, making them 

a common benchmark for validating new methods due 

to their high accuracy. Their main drawback, however, 

is the significant computational cost. To address this, 

recent work by the authors [16, 17] are relying on 

Differential Algebra (DA) [18] to significantly reduce 

computational time while preserving the advantages of 

a  standard MC approach. The methodology in question 

models the dynamical evolution of the relative state of 

the objects involved in a close approach as a patched 7D 

continuum, where each patch is represented by a high-

order Taylor expansion with respect to both time and the 

initial conditions at 𝑡0 . The integration accuracy of the 

dynamical flow is controlled by the Automatic Domain 

Splitting (ADS) algorithm [19], which adaptively 

subdivides the initial domain of the combined 

covariance to preserve the precision of the Taylor 

approximation. The initial combined covariance is then 

sampled to generate specific realizations of the relative 

state at 𝑡0 . Each patch is then evaluated accordingly to 

obtain a time-dependent Taylor expansion of the miss 

distance, which can be directly manipulated through 

polynomial algebra to compute the Pc, avoiding the need 

for conventional MC sample-by-sample propagation 

and collision checking. 

Within the scope of this research, this paper presents a 

further enhancement of the methodology, marking an 

important step toward its operational implementation. In 

particular, the proposed improvement integrates the 

Subset Simulation (SS) technique [20, 21, 22, 23], into 

the problem formulation, furtherly optimising the 

computational speed and significantly enhancing the 

capabilities of the DLR German Space Operations 

Centre’s (GSOC) Collision Avoidance System (CAS).  

In operational conjunction risk assessment, the Pc is 

typically very small, meaning that a standard MC 

approach requires a very large number of samples to 

achieve statistically reliable estimates. This makes SS 

particularly well suited for orbital conjunction problems, 

as it is specifically designed for rare-event Pc estimation 

while substantially reducing the required sampling 

effort. More specifically, the algorithm described in [17] 

is adapted to estimate the final Pc by decomposing the 

rare collision event into a sequence of intermediate 

conditional events of progressively increasing 

criticality. This guides the sampling process toward the 

regions of the initial relative state uncertainty that are 

most likely to generate collision trajectories at future 

times. Compared with alternative techniques, the 

proposed methodology avoids restrictive assumptions, 

such as neglecting velocity uncertainty or assuming the 

covariance evolution as Gaussian, while remaining 

robust in complex encounter scenarios involving 

multiple close approaches. At the same time, unlike 

standard MC simulations based on sample-by-sample 

propagation, it exploits a polynomial representation of 

the covariance evolution over time. This enables 

collision assessment through the evaluation of mono-

dimensional time polynomials, significantly reducing 

computational cost and providing a flexible framework 

for integrating MC acceleration techniques such as SS. 

The paper is structured as follows: Section II reviews the 

standard MC formulation for Pc estimation. Section III, 

details how DA and ADS are employed to model the 

dynamical evolution of initial conditions. Section IV 

introduces the SS algorithm and its integration, while  

Section V validates the approach on benchmark and 

real-world conjunction scenarios, in terms of accuracy 

and computational efficiency. Finally, Section VI 

summarizes the main findings. 

 

II. PROBLEM DESCRIPTION 

The statistical event 𝐹 , for which a collision occurs, is 

introduced as follows: given the initial distribution of 

the state for two space resident objects at time 𝑡0, the 

Hard-Body Radius (𝐻𝐵𝑅) [3] and a maximum period of 

interest 𝑇, a  collision is deemed to occur if there exists a 

time 𝑡, within the interval 𝐼 = [𝑡0, 𝑡0 + 𝑇], such that the 

norm of the relative distance vector 𝒅(𝑡), is less than or 

equal to 𝐻𝐵𝑅. To assess the likelihood of 𝐹  occurring, 

and consequently characterize the Pc in a 

comprehensive and general manner, we introduce the 

relative state vector of the two objects engaged in the 

encounter, 𝒙(𝑡) as  

in which 𝒗𝒓𝒆𝒍 is the relative velocity of the secondary 

object with respect to the primary. It is important to 

emphasize that 𝒙(𝑡) is defined as the difference, 

expressed in an inertial reference frame, between the 

individual states of the two objects involved in a close 

approach denoted as 𝒙𝒑
(𝑡)  and 𝒙𝒔

(𝑡) , respectively. 

These two quantities represent six-dimensional general 

multivariate random variables, which may follow 

arbitrary distributions. However, within the scope of this 

study, they are assumed to be statistically independent, 

implying that their cross-covariance is zero. Let 𝒙(𝑡0
) =

𝒙𝟎  denote the relative state vector at 𝑡0 . Given its 

associated PDF, 𝝆𝟎 (𝒙𝟎 , 𝑡0), the Pc can be defined, 

without loss of generality, as: 

where 𝑽 ⊆ ℝ6 represents the initial set for which a 

collision occurs at some future time 𝑡. The set 𝑽 takes 

the name of failure region and can be interpreted as a 

sub-region of the multi-dimensional space ℝ6 in which 

every realization of the random vector 𝒙𝟎  inevitably 

leads to a violation of the condition ‖𝒅(𝑡)‖  ≤ 𝐻𝐵𝑅 at 

𝒙(𝑡) = (
𝒅(𝑡)

𝒗𝒓𝒆𝒍(𝑡)
) , 

(1) 

Pc = P(𝐹) =  P( 𝒙𝟎 ∈ 𝑽) = ∫ 𝝆𝟎
(𝒙𝟎, 𝑡0

)
𝑽 𝑑𝒙𝟎   (2) 
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a future time 𝑡; in MC methods terminology this 

condition is commonly referred to as the performance 

function. The set 𝑽 is mathematically represented as: 

 

𝑽 = {𝒙𝟎 ∈ ℝ6: ∃ 𝑡 ∈ 𝐼: ‖𝒅(𝑡) ‖ − 𝐻𝐵𝑅 ≤ 0}  (3) 

By definition of PDF, the 6D integral of the initial 

statistic over the set 𝑽 yields, in fact, the probability that 

𝒙𝟎 ∈  𝑽 and therefore the likelihood of the statistical 

event 𝐹  occurring. Notably, the integrand in Eq. (2) 

represents the PDF of an arbitrary distribution. Hence, 

the methodology outlined in the following section is 

capable of handling the dynamical evolution of any 

statistical distribution, provided that its form is known a 

priori at 𝑡0. Although the approach is not limited to any 

specific distribution, for the purposes of the present 

analysis, 𝝆𝟎
(𝒙𝟎, 𝑡0

) is modelled as Gaussian. This 

choice is justified by the fact that, at least at 𝑡0, the 

relative state 𝒙𝟎  typically results from an orbit 

determination process, for which the Gaussian 

assumption is generally considered reasonable. Thus:  

 

𝝆𝟎
(𝒙𝟎 , 𝑡0

) =  
𝑒

(−
1
2

(𝒙𝟎−𝝁𝟎)
𝑇

𝑷𝟎
−1(𝒙𝟎−𝝁𝟎))

√(2𝜋)6√‖𝑷𝟎
‖

  

(4) 

where 𝝁𝟎  and 𝑷𝟎 represent respectively the mean and 

the covariance matrix of 𝒙𝟎 . One way of computing the 

integral in Eq. (2) is via a MC-based method. In fact, in 

such cases, the initial conditions 𝒙𝟎  are sampled and 

trajectories over the time interval [𝑡0 , 𝑡0 + 𝑇] are 

computed according to some dynamical model that 

propagates the relative state from time 𝑡0 to 𝑇. The 

dynamics are usually expressed as an Ordinary 

Differential Equation (ODE) of the form: 

 

{
𝒙̇(𝑡) = 𝑓(𝒙(𝑡0

), 𝒙(𝑡), 𝒖(𝑡), 𝑡)

𝒙(𝑡0
) =  𝒙𝟎

 , 
(5) 

where the vector 𝒖(𝑡) represents an eventually modelled 

maneuver in the relative dynamics. It is worth noting 

that even when the initial conditions are modelled as 

Gaussian, their propagation through the dynamics 

described in Eq. (5), which, in the context of long-term  

encounters, are nonlinear, generally leads to a loss of 

Gaussian properties in the state distribution at future 

times 𝑡. Finally, to compute the Pc, each sample 

trajectory is analysed to verify if, at some future time, a 

collision occurs. If one hit is recorded for a specific 

sample, it means that it originally belonged to the set 𝑽.  

 

III. METHODOLOGY 

DA is used to model the dynamical evolution of the 

initial relative conditions. It provides a computational 

framework in which functions are represented as nth 

order Taylor polynomial expansions within a computer 

environment, rather than being treated solely as floating-

point values. Accordingly, the time 𝑡 can be expressed 

as a DA variable 𝜏 and scaled with respect to the 

maximum time of interest 𝑇, such that 𝜏 ∈ [−1,1]: 

Similarly, we introduce a vector of DA variables, 𝛿𝒙𝟎 , 

representing the deviation of the initial relative state 

vector from 𝝁𝟎 . Each component is normalized by the 

maximum expected variation, ∆𝒙𝟎 , such that it is 

defined within the interval [-1,1]. This is 

The relative state at a  given scaled instant 𝜏, can now be 

computed via integration of the dynamics described in 

Eq. (5) and expressed in the DA framework as:  

𝒙 is a  vector of high order polynomials that are functions 

of 𝜏 and the initial normalized relative statistics, 𝛿𝒙𝟎 . 

The Taylor map 𝒯𝒙 establishes a relationship between 

the perturbed initial state vector and the corresponding 

state vector at a  specified time within I, utilizing the 

dynamical model defined in (5). This mapping from the 

initial set to the final one bears conceptual similarity to 

the mathematical notion of a manifold. Within the 

context of this research, the employed dynamical model 

may be arbitrarily complex and may include highly  

nonlinear relative motion. The only requirement is that 

it must be described by an analytical law that establishes 

a functional relationship between the state at time 𝑡 and 

the initial conditions at 𝑡0. Utilizing DA in this context 

offers several advantages. Firstly, it enables the 

representation of an infinite set solely through its Taylor 

expansion coefficients. This preserves a specific 

analytical structure in contrast to a mere point-wise set 

representation. Secondly, and perhaps most 

significantly, it allows the propagation of entire sets 

through a function using straightforward DA arithmetic 

operations. Unlike a standard MC simulation, where the 

ODE flow of Eq. (5) is integrated for each sample, in  

this scenario, only a single integration is required. The 

resulting DA expansion represents the outcome of 

propagating all points from the initial domain through 

the ODE in (5).  

The challenging part of this approach arises from the 

nonlinear dynamics involved usually in long-term  

encounters. When the Taylor map needs to approximate 

a strongly non-linear function, the convergence of the 

ODE expansion across the domain becomes inaccurate. 

Consequently, the DA map, which is a local 

representation of the function, poorly represents the 

actual evolution over the whole domain, even though the 

description is accurate in the vicinity of the centre of the 

expansion. To address this issue, we employ the 

technique proposed in [19].  The ADS algorithm detects 

when the polynomial expansion of the ODE flow over 

the initial conditions no longer provides a sufficiently 

𝜏 =  
2(𝑡−𝑡0) 

𝑇
− 1 . (6) 

𝛿𝒙𝟎 =  
𝒙𝟎−𝝁𝟎 

∆𝒙𝟎
 . (7) 

𝒙 =  𝒯𝒙(𝜏, 𝛿𝒙𝟎 ) . (8) 
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accurate representation of the dynamics. When this 

occurs, the original expansion domain is split along one 

of the expansion variables into two subdomains. This 

procedure is repeated iteratively until the desired  

accuracy is maintained, resulting in the initial 7D 

domain, defined by the variables 𝝉 and 𝛿𝒙𝟎 , being 

partitioned into multiple subdomains. As a result, the 

dynamical evolution of the initial condition assumes the 

shape of a patched 7D continuum, mathematically 

defined as a manifold object. A Taylor expansion in 𝝉 

and 𝛿𝒙𝟎 , locally approximating the dynamical flow, 

corresponds to each patch at a  given time. Once a single 

integration has been performed and the evolution of the 

initial condition is approximated by patched 

polynomials, our methodology proceeds to calculate the 

function 𝑑 2 within the DA framework: 

Here, 𝑑 2 is a  high order polynomial representation of the 

relative distance squared expressed as function of time 

and the initial state. It is again piece-wise defined, and 

its definition interval depends on the ADS accuracy 

control algorithm. At this stage, the performance 

function can be formulated within the DA framework as: 

 

𝑔(𝜏, 𝛿𝒙𝟎
) = 𝑑 2 − 𝐻𝐵𝑅 2 (10) 

The expression in Eq. (10) represents the DA 

formulation of the condition introduced in Eq. (3) and is 

fully equivalent to it, providing the criterion for 

identifying the failure region 𝑽. The methodology then 

proceeds by sampling 𝒙𝟎 . Each realization 𝑿𝟎𝒌  of the 

random vector is linked to its respective initial patch and 

evaluated only in space and velocity. This evaluation 

reduces the dimensions of the 𝑑 2 polynomials, resulting 

in a set of one-dimensional Taylor expansions 

depending solely on time: 

This expansion holds significant importance as it 

enables collision assessment for each sample, replacing 

the classical MC propagation with the treatment of a 

high order polynomial approximation of the sample 

trajectory. 

 

IV. SUBSET SIMULATION ALGORITHM 

This section focuses on the sampling process introduced 

in Eq. (11) and explains how the DA expansions are 

finally used to compute the final Pc. Specifically, it  

introduces the underlaying principles of  the SS 

algorithm and how it has been integrated into the DA 

formulation with the aim of reducing the total number of 

samples required and drastically reducing the final 

computational time. Readers interested in a more 

detailed description of the SS algorithm are referred to 

[21, 22]. The core idea of SS is to reformulate the 

estimation of a small rare-event probability 𝑃(𝐹) as a 

sequence of more frequent conditional probability 

events. To achieve this, the event 𝐹 , described in section 

II, can be seen as the union of a nested sequence of 𝑚 

intermediate collision events 𝐹𝑖 , each one with  

corresponding failure region 𝑉𝑖 :  

 

𝐹1 ⊃ 𝐹2 ⊃ 𝐹𝑖 ⊃ ⋯  ⊃ 𝐹𝑚 = 𝐹  (12) 

This simple intuition is crucial, as it enables the use of 

the probability chain rule, allowing 𝑃(𝐹) to be rewritten  

as the product of conditional probabilities across 

consecutive subsets: 

𝑃(𝐹) = 𝑃(𝐹1 ) ∏ 𝑃(𝐹𝑖 +1 ∣ 𝐹𝑖 )

𝑚−1

𝑖=1

 

(13) 

Where 𝑃(𝐹𝑖+1 ∣ 𝐹𝑖 ) represents the probability of 𝐹𝑖 +1 

conditional to 𝐹𝑖 . In Eq. (13), each conditional 

probability is deliberately selected to be much larger 

than the final 𝑃(𝐹). Intuitively, these intermediate levels 

can be understood as a sequence of statistical events in 

which the collision threshold in Eq. (10) is artificially  

enlarged, making collisions progressively more likely  

than in the original problem: 

𝑐1 > 𝑐2 > 𝑐𝑖 > ⋯ > 𝑐𝑚 = 𝐻𝐵𝑅 2 (14) 

The method begins with a standard MC sampling of the 

initial uncertainty, generating a starting set of 𝑁𝑇  

samples at the so called first Conditional Level (CL0), 

denoted as 𝑿𝟎𝒌
𝑪𝑳𝟎  with 𝑘 = 1, … , 𝑁𝑇 . The DA 

representation of the performance function in Eq. (10) is 

evaluated as described in Eq. (11), yielding for each 

sample a time-dependent polynomial representation of 

its trajectory, piecewise defined according to the domain 

bounds of each polynomial patch. The minimum value 

of each 𝑔
𝑘

(𝜏), and therefore of each patched trajectory, 

is computed. The initial set of 𝑁𝑇  samples is then ranked 

in ascending order based on the corresponding minimum 

value of the performance function.  

A constant intermediate probability of failure, 𝑃0 , is then 

selected and maintained across all subsequent CLs. 𝑃0  

identifies the samples belonging to the failure region by 

selecting those with performance function values 

smaller than or equal to the 𝑃0 𝑁𝑇th element of the sorted 

sample set. Equivalently, this defines an intermediate 

threshold, 𝑐1, selecting the trajectories that satisfy the 

corresponding collision condition at CL0. Starting from 

these selected samples, new conditional samples 𝑿𝟎𝒌
𝑪𝑳𝟏  

are generated using a Markov Chain Monte Carlo 

(MCMC) approach, ensuring that the new candidates 

remain within the identified subset. In this work, the 

adaptive-sigma Metropolis-Hastings approach proposed 

by [22] is employed. The same procedure is then 

repeated to determine successive intermediate failure 

regions and generate additional conditional samples, 

progressively driving the simulation toward the target 

failure domain until the actual failure region is reached. 

The final algorithm can be summarised with the 

𝑑 2 =  𝒯𝑑2 (𝜏, 𝛿𝒙𝟎
)  (9) 

𝑔
𝑘

(𝜏) = 𝑑2(𝜏, 𝛿𝒙𝟎 = 𝑿𝟎𝒌
) − 𝐻𝐵𝑅2

 (11) 
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following steps: 

1. Initialise a counter 𝑖 = 0 that iterates over 𝑚 

CLs. 

2. Generate 𝑁𝑇  samples 𝑿𝟎𝒌
𝑪𝑳𝟎  with 𝑘 = 1, … , 𝑁𝑇 

for CL0 by classic MC sampling. 

3. Evaluate the DA Taylor polynomial map in each 

𝑿𝟎𝒌
𝑪𝑳𝒊 as in Eq. (11) and compute the minimum 

of 𝑔
𝑘

(𝜏). 

4. Sort the 𝑁𝑇   samples in ascending order, 

according to the minimum value of their 

corresponding 𝑔
𝑘

(𝜏).  

5. Choose the intermediate threshold value 𝑐𝑖+1 as 

the 𝑃0 𝑁𝑇 th value of the sorted list. The next 

event is defined as 𝐹𝑖+1 = {𝑑 2 < 𝑐𝑖+1}. By 

definition, the associated conditional 

probability is: 

 𝑃( 𝐹𝑖 +1 ∣∣ 𝐹𝑖
) = 𝑃( 𝑑 2 < 𝑐𝑖+1 ∣∣ 𝑑 2 < 𝑐𝑖

) = 𝑃0. 

6. If 𝑐𝑖+1 ≤ 𝐻𝐵𝑅2 go to step 9, otherwise identify 

the 𝑃0 𝑁𝑇  samples as the ones belonging to CL 

𝑖 + 1. 

7. Using MCMC, generate (1 − 𝑃0
)𝑁𝑇  additional 

conditional samples starting from the previously 

selected seeds belonging to 𝐹𝑖 +1. 

8. Set 𝑖 = 𝑖 + 1 and return to step 3. 

9. Stop the algorithm and compute the final 

probability of collision as: 

 

𝑃𝑐 = 𝑃0
𝑚−1 𝑁𝐹

𝑁𝑇
, (15) 

Where 𝑚 denotes the total number of CLs generated 

during the iterative procedure, 𝑁𝑇  is the number of 

samples at each CL and 𝑁𝐹 represents the number of 

colliding samples at the last conditional level 𝑚. 

A visual interpretation of how the algorithm works is 

provided in Fig. 1, based on a test case that is described 

in details in the following section. Fig. 1–(a) illustrates 

the samples generated through a crude MC simulation, 

with failure regions framed in an orange rectangle and 

the corresponding hitting samples in blue. Fig. 1–(b) 

shows the samples generated by the SS algorithm for the 

same initial conditions. Samples from different CLs are 

shown in different colours, highlighting how the 

algorithm progressively drives the sampling process 

toward the failure region and the collision-causing 

subsets of the uncertainty domain.  

The SS offers the advantage of reducing the number of 

required samples to 𝑁 = 𝑁𝑇 + (𝑚 − 1)(1 − 𝑃0
)𝑁𝑇  and 

to thus lower the computational time compared to a 

classical MC approach. Despite this, the main bottleneck 

remains the evaluation of the performance function. 

This step is computationally demanding, since it would  

require sample-by-sample orbital propagation over the 

desired time span. The main advantage of combining SS 

with DA (DASS) is that the stochastic sampling is 

performed on a precomputed representation of the 

dynamics in Eq. (5), thereby avoiding repeated 

numerical integration during the Pc estimation. This last 

is then obtained by evaluating the patched continuum in 

the state space and computing the minimum of a series 

of high-order polynomial in time, all without imposing 

assumptions on the evolution of position and velocity 

uncertainties. 

 

V. TESTING 

The performance of the methodology was first assessed 

using test cases #2 and #5 from [15], two well-

established benchmark scenarios commonly adopted in 

the literature for long-term orbital conjunction analysis 

conjunctions. Test case #2 is particularly relevant 

because it exhibits two clearly separated failure regions, 

as shown in Fig. 1. Test case #5, on the other hand, is 

characterized by a moderately large number of collision 

samples, making it well suited for evaluating and tuning 

the algorithm parameters. The efficiency of the DASS in  

fact relies on the proper selection of the intermediate 

probability of failure 𝑃0 , the number of samples per 

conditional level 𝑁𝑇  and the shape of the proposal PDF 

for the generation of the Markov chain. 

The results of the analysis are summarised in Tab. 1, 

where the performance of the DASS methodology is 

compared with a standard MC approach under two 

different relative dynamics models: the Clohessy-

Wiltshire (CW) [24] and the Yamanaka-Ankersen (YA) 

[25] formulations. In all simulations, the maximum 

initial variation ∆𝒙𝟎   for the DA is assumed to be 5𝜎, 

while the intermediate failure probability 𝑃0  is set to 0.2, 

consistent with the recommended range 𝑃0 ∈ [0.1; 0.3] 

reported in [23], and 𝑁𝑇  is fixed at 30,000. The proposal 

PDF adopted in the MCMC sampling is a univariate 

Gaussian distribution, with its variance adaptively 

selected according to [22]. A first notable result is the 

computational efficiency of the methodology, which  

achieves speed-ups of one to three orders of magnitude 

compared with crude MC, while keeping the estimation 

error relative to reference below 0.58%. The standard 

deviation of the final estimated Pc, on the other hand, is 

consistently about one order of magnitude higher than 

that obtained with standard MC. This behaviour is 

generally expected and represents the trade-off for 

achieving a substantial reduction in the total number of 

samples. In fact, at each conditional level, the estimate 

is based on a smaller number of samples than in crude 

MC, which inherently increases sampling variability. 

Moreover, these samples are generated through Markov 

Chains and are therefore statistically correlated, 

reducing the effective sample size compared with an 

equivalent set of independent samples. Since the 

variance of a MC estimator scales inversely with the 

effective sample size, both effects contribute to an 

increase in the variance of the conditional estimates. 

This uncertainty then propagates through the successive 

conditional levels and accumulates in the computation 

of the final Pc estimate through Eq. (13). Fig. 2-(a) and 

(b) illustrate the impact of 𝑁𝑇  on the variability of the 
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final estimates. Gaussian fits over 50 simulations with  

different seeds for each test case show that increasing 

𝑁𝑇  reduces the standard deviation, bringing it closer to 

that of a  crude MC, with a corresponding increase in 

computational cost. These considerations regarding the 

results variability are not particularly limiting, as this 

effect becomes less significant when the target Pc is very 

small. As the event becomes rarer, crude MC is 

increasingly affected by few hit statistics, whereas SS 

preserves statistically informative sampling through 

intermediate conditional levels, resulting in a more 

stable estimate. This is ultimately the relevant regime, 

where Pcs in conjunction risk assessment operations are 

typically on the order of 1e-4 or lower.  

The methodology is also evaluated on a  real long-term 

conjunction scenario, whose details are reported in [17]. 

This case is particularly relevant as it demonstrates both 

the capability of the methodology to handle multiple 

TCAs within the screening interval and its applicability 

in an operational setting. Fig. 3-(a) shows the evolution 

of the relative distance of the hitting samples over a 2-

day period. The sample trajectories exhibit different 

minima and impact times, and are color-coded 

according to regions of the initial combined covariance 

 

  
(a) (b) 

Fig. 1: Sampled initial combined covariance of Case #02 from [15] on the R-T plane of the primary: (a) samples generated by 

crude MC Simulation and (b) by SS algorithm. 

  
(a) (b) 

Fig. 2: Effect of the number of samples per conditional level 𝑵𝑻  on the variability of the final Pc estimate for test cases #2 and #5.  
 

Test-Case Dynamics Method Tot. n° Samples Mean Pc % Err. Estimation 𝜎 Cmp. Time [s] 

#2 

CW 
MC 

DASS 
6.520e+06 
7.800e+04 

0.015992 
0.016015 

0.00 
0.14 

0.000057 
0.000506 

3.9378e+03  
3.0883e+01 

YA 
MC 

DASS 
6.520e+06 
7.800e+04 

0.015625 
0.015716 

0.00 
0.58 

0.000048 
0.000445 

9.4998e+04 
4.0222e+01 

#5 

CW 
MC 

DASS 

2.300e+06 

5.400e+04 

0.049278 

0.049215 

0.00 

-0.13 

0.000144 

0.001094 

1.6295e+03 

2.1419e+02 

YA 
MC 

DASS 
2.300e+06 
5.400e+04 

0.049344 
0.049587 

0.00 
0.49 

0.000143 
0.000934 

3.5586e+04 
2.1810e+02 

Table. 1: Performance comparison of DASS against standard MC for scenarios #2 and #5 from [15], using different relative 

dynamical models. 
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(a) 

 
(b) (c) 

Fig. 3: Real test case scenario showing (a) the evolution of the colliding samples and (b) the corresponding impact regions within 

the initial combined covariance, which are accurately captured by the SS sampling process in (c).  

 

shown in Fig. 3-(b). In particular, moving from right to 

left, the orange samples result in impacts a few hundred 

seconds after the start of the simulation, while the cyan 

and magenta regions correspond to the second and third 

TCAs, respectively. As reported in [17], the orange and 

magenta samples contribute with a comparable increase 

in Pc, on the order of 10−7 over time, whereas the dense 

cyan region yields a contribution of approximately  

 10−4. Fig. 3-(c) shows the samples generated by the 

DASS algorithm, which achieve a notable convergence 

after five CLs toward the same failure regions identified 

in Fig. 3-(b). The proposed methodology is compared 

with a DA based MC simulation (DAMC); approach 

developed in [17]. Using 50,000 samples per conditional 

level, the SS algorithm requires a total of 2.5 ⋅ 105  

samples, compared with 2.5 ⋅ 109  MC samples needed 

to achieve statistical significance with 5% accuracy and 

95% confidence. The estimated final Pc is 1.46 ⋅ 104, 

with a relative error of 0.13% with respect to the 

reference method. In terms of computational time, the 

advantage is significant, with DAMC requiring 3.65 ⋅
105  s versus 7.75 ⋅ 102 s for DASS. Moreover, the 

standard deviation of the estimate is substantially 

reduced compared to test cases #2 and #5, reaching 

9 ⋅ 10−6, consistent with the increased rarity of the event 

by approximately two orders of magnitude. 

 

VI. CONCLUSIONS 

Within the context of this work, we presented an 

improvement and a further step towards the operational 

implementation of an established methodology 

proposed by the authors for computing the Pc between 

two space objects, particularly suited for long-term  

encounters characterized by relative velocities on the 

order of meters per second. The proposed approach 

combines the computational efficiency of the SS 

algorithm with a DA representation of the evolution of 

the initial conditions in a non-linear dynamical scenario. 

Specifically, DA is used to model the non-linear time 

evolution of the multivariate initial relative state vector 

as a patched 7D continuum, where each patch is 

represented by a high-order Taylor expansion in both 

time and the initial conditions at 𝑡0 . The integration 

accuracy of the dynamical flow is controlled by the ADS 

algorithm, which adaptively splits the initial domain of 

the combined covariance to ensure precision of the 

Taylor approximation. The initial PDF is then sampled 

through the SS process, which reformulates the final Pc 

estimation as a sequence of higher conditional 

probability estimations. At each CL, the polynomial 

patches are evaluated over a set of samples generated 

through Markov Chains, each corresponding to a 

specific realisation of the initial state-vector, to 

accurately determine its time evolution. The minimum 

of each resulting time-dependent polynomial is then 

used to identify the samples belonging to the failure 

region at that CL. The process is repeated until 

convergence to the actual failure region is achieved, 
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with a final number of samples significantly lower than 

that required by a conventional MC approach. The 

proposed methodology retains all the advantages of a 

MC simulation while offering a substantial 

improvement in computational speed. In principle, it can 

be applied to any form of initial uncertainty, provided 

that the initial PDF is known a priori, without requiring 

the restrictive assumption of Gaussianity at 𝑡0  or 

throughout the evolution of the initial conditions. 

Moreover, the approach can incorporate uncertainties in 

velocity and naturally accounts for multiple TCAs 

occurring within the screening interval. Additionally, 

the technique is applicable to any form of relative or 

absolute dynamics, provided that an analytical 

formulation of the dynamics is available.  

The technique has been validated and tuned against 

benchmark test cases from the literature, and its 

applicability has been further demonstrated on a real 

operational scenario. In all cases, the estimated Pc 

shows excellent agreement with the corresponding MC 

and DAMC simulations used for validation, while 

achieving a total computational time that is consistently 

one to three orders of magnitude lower. 
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