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Abstract: This paper presents a methodology to
enhance the GSOC Collision Avoidance System
(CAS) for better assessing collisionrisk during long-
term close approaches. The technique employs
Differential Algebra (DA) to model the non-linear
relative motion via high-order Taylor polynomial
expansions, with accuracy maintained with
Automatic Domain Splitting (ADS) that subdivides
the initial uncertainty set. By sampling the initial
relative conditions and evaluating the polynomial
expansions over time, the method reduces traditional
Monte-Carlo (MC) integration to a one-dimensional
polynomial evaluation. Computational efficiency is
further improved by integrating the Subset
Simulation (SS) algorithm, an estimation technique
that drastically reduces the required samples by
reformulating a rare event as a sequence of more
probable conditional events. The methodology’s
performance is evaluated, using representative
synthetic benchmark scenarios from the literature as
well as a real long-term encounter.

I.  INTRODUCTION

With the rapid advancement of space technology,
spacecraft launches have become more frequent, leading
to increased congestion in Earth’s orbits. This growing
density, driven largely by the accumulation of space
debris, poses escalating risks to spacecraft operations.
The situation is expected to worsen with the expansion
of large satellite constellations, further crowding key
orbital regions. As a result, operators face more frequent
close-approach warnings and must carry out a rising
numberof Collision Avoidance Manoeuvres (CAMs) to
ensure mission safety [1]. A key aspect of managing
these events is the assessment of their criticality, which
mainly relies on evaluating the Probability of Collision
(Pc) between the objects involved.

Collision risk assessment methods are tailored to
different types of conjunctions, typically classified as
short-term or long-term encounters. In short-term cases,
satellites follow markedly different orbits, leading to
very high relative velocities and encounters lasting only

a few seconds. The relative motion can be approximated
as linear with a constant relative velocity vector, and
associated uncertainty negligible. As a result, the
combined positional uncertainty remains constant and
can be described by fixed covariance matrices. This
simplified scenario has been widely studied, with
numerous established methodsavailable in the literature
[2,3,4,5,6,7,8].

Long-term encounters, on the other hand, typically
occur between satellites on similar orbits, such as
Geostationary (GEO) spacecrafts at close longitudes or
during operations like rendezvousand formation flying.
These cases involve low relative velocities and
prolonged proximity, often lasting a significant fraction
of an orbital period. Unlike short-term encounters, the
relative motion is non-rectilinear, with the relative
velocity vector changing in both magnitude and
direction. As a result, the uncertainty in the relative state
evolves over time rotating and deforming, leading to a
time-varying covariance and complex, difficult-to-
integrate collision geometries.

Collision risk assessment for long-term encounters has
been less extensively studied than for short-term cases.
Early approaches in the literature [9, 10, 11] discretize
the collision tube into small segments, treating each as
an independent short-term encounter. Other methods
[12, 13] improve the geometric description of the
collision volume by representing it asa swept envelope
of ellipsoids, but they generally neglect velocity
uncertainty. Reference [14] on the other hand, presents
a more comprehensive framework that, forthe first time,
incorporates velocity uncertainty into the formulation.
However, the method assumes a single continuous
encounter geometry and does not explicitly address
situations involving multiple distinct close-approach
intervals within the same screening window, limiting its
applicability to more complex long-term encounter
scenarios. In addition, the method assumes that the
uncertainty distribution remains Gaussian throughout its
evolution, a constraint that can significantly restrict its
use in more general scenarios. Currently, Monte Carlo
(MC) based techniques [15] are among the most
comprehensive approachesfor long-term encounters Pc
estimation, as they can account foruncertaintiesin both
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position and velocity, handle complex encounter
geometries, and avoid restrictive assumptions on the
evolution of the uncertainty distribution. They also
provide a natural framework for Pc computation without
explicitly defining the integration volume, makingthem
a common benchmark for validating new methods due
to their high accuracy. Their main drawback, however,
is the significant computational cost. To address this,
recent work by the authors [16, 17] are relying on
Differential Algebra (DA) [18] to significantly reduce
computational time while preserving the advantages of
a standard MC approach. The methodology in question
models the dynamical evolution of the relative state of
the objectsinvolved in a close approach asa patched 7D
continuum, where each patch is represented by a high-
order Taylorexpansion with respect to both time and the
initial conditions at t,. The integration accuracy of the
dynamicalflow is controlled by the Automatic Domain
Splitting (ADS) algorithm [19], which adaptively
subdivides the initial domain of the combined
covariance to preserve the precision of the Taylor
approximation. The initial combined covariance is then
sampled to generate specific realizations of the relative
state at t,. Each patch is then evaluated accordingly to
obtain a time-dependent Taylor expansion of the miss
distance, which can be directly manipulated through
polynomialalgebra to compute the Pc,avoidingthe need
for conventional MC sample-by-sample propagation
and collision checking.

Within the scope of this research, this paper presents a
further enhancement of the methodology, marking an
important step toward its operationalimplementation. In
particular, the proposed improvement integrates the
Subset Simulation (SS) technique [20, 21, 22, 23], into
the problem formulation, furtherly optimising the
computational speed and significantly enhancing the
capabilities of the DLR German Space Operations
Centre’s (GSOC) Collision Avoidance System (CAS).
In operational conjunction risk assessment, the Pc is
typically very small, meaning that a standard MC
approach requires a very large number of samples to
achieve statistically reliable estimates. This makes SS
particularly well suited fororbitalconjunction problems,
asit is specifically designed forrare-event Pc estimation
while substantially reducing the required sampling
effort. More specifically, the algorithm described in [17]
is adapted to estimate the final Pc by decomposing the
rare collision event into a sequence of intermediate
conditional events of progressively increasing
criticality. This guides the sampling process toward the
regions of the initial relative state uncertainty that are
most likely to generate collision trajectories at future
times. Compared with alternative techniques, the
proposed methodology avoids restrictive assumptions,
such as neglecting velocity uncertainty or assuming the
covariance evolution as Gaussian, while remaining
robust in complex encounter scenarios involving

multiple close approaches. At the same time, unlike
standard MC simulations based on sample-by-sample
propagation, it exploits a polynomial representation of
the covariance evolution over time. This enables
collision assessment through the evaluation of mono-
dimensional time polynomials, significantly reducing
computational cost and providing a flexible framework
for integrating MC acceleration techniques such as SS.
The paperis structured asfollows: Section 11 reviews the
standard MC formulation for Pc estimation. Section 111,
details how DA and ADS are employed to model the
dynamical evolution of initial conditions. Section 1V
introduces the SS algorithm and its integration, while
Section V validates the approach on benchmark and
real-world conjunction scenarios, in terms of accuracy
and computational efficiency. Finally, Section VI
summarizes the main findings.

Il. PROBLEM DESCRIPTION

The statistical event F, for which a collision occurs, is
introduced as follows: given the initial distribution of
the state for two space resident objects at time ¢,, the
Hard-Body Radius (HBR) [3] and a maximum period of
interest T, a collision is deemed to occur if there exists a
time t, within the interval I = [t,, t, + T], such that the
norm of the relative distance vector d(t), is less than or
equalto HBR. To assess the likelihood of F occurring,
and consequently characterize the Pc in a
comprehensive and general manner, we introduce the
relative state vector of the two objects engaged in the
encounter, x(t) as

w0 = (40 @

vrel(t)

in which v, is the relative velocity of the secondary
object with respect to the primary. It is important to
emphasize that x(t) is defined as the difference,
expressed in an inertial reference frame, between the
individual states of the two objects involved in a close
approach denoted as x,(t) and x,(¢), respectively.
These two quantities represent six-dimensional general
multivariate random variables, which may follow
arbitrary distributions. However, within the scope of this
study, they are assumed to be statistically independent,
implying that their cross-covariance is zero. Let x(t,) =
xo denote the relative state vector at t,. Given its

associated PDF, p,(x,t,), the Pc can be defined,
without loss of generality, as:

Pc=P(F) = P(x9 € V) = [, po(xg, o) dxy  (2)

where V < R® represents the initial set for which a
collision occurs at some future time ¢. The set V takes
the name of failure region and can be interpreted asa
sub-region of the multi-dimensional space R in which
every realization of the random vector x, inevitably
leads to a violation of the condition lld(¢)ll < HBR at
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a future time t; in MC methods terminology this
condition is commonly referred to as the performance
function. The set V is mathematically represented as:

V="{x, eR0:atel:ldOIl-HBR <0} (3)

By definition of PDF, the 6D integral of the initial
statistic overthe set V yields, in fact, the probability that
xo € V and therefore the likelihood of the statistical
event F occurring. Notably, the integrand in Eq. (2)
represents the PDF of an arbitrary distribution. Hence,
the methodology outlined in the following section is
capable of handling the dynamical evolution of any
statistical distribution, provided that its form is known a
priori att,. Although the approach is not limited to any
specific distribution, for the purposes of the present
analysis, po(xo,t,) is modelled as Gaussian. This
choice is justified by the factthat, at least at ¢,, the
relative state x, typically results from an orbit
determination process, for which the Gaussian
assumption is generally considered reasonable. Thus:

e(_%(xo—ﬂo)TPo_l(m—uo)) 4)
\/(217.')61/ Py

where u, and P, represent respectively the mean and
the covariance matrix of x,. One way of computing the
integral in Eq. (2) is via a MC-based method. In fact,in
such cases, the initial conditions x, are sampled and
trajectories over the time interval [t,,t, +T] are
computed according to some dynamical model that
propagates the relative state from time t, to T. The
dynamics are usually expressed as an Ordinary
Differential Equation (ODE) of the form:

Po(xg, t)) =

{i‘(t) = f(x(ty), x(@®),u),t) (5)

x(ty) = x, ’

where the vector u(t) representsan eventually modelled
maneuver in the relative dynamics. It is worth noting
that even when the initial conditions are modelled as
Gaussian, their propagation through the dynamics
described in Eq. (5), which, in the context of long-term
encounters, are nonlinear, generally leads to a loss of
Gaussian properties in the state distribution at future
times t. Finally, to compute the Pc, each sample
trajectory is analysed to verify if, atsome futuretime, a
collision occurs. If one hit is recorded for a specific
sample, it means that it originally belonged to the set V.

I1l. METHODOLOGY

DA is used to model the dynamical evolution of the
initial relative conditions. It provides a computational
framework in which functions are represented as n
order Taylor polynomial expansions within a computer
environment, ratherthan beingtreated solely as floating-
point values. Accordingly, the time t can be expressed

as a DA variable T and scaled with respect to the
maximum time of interest T, such that t € [-1,1]:

Z ) g (6)
T

Similarly, we introduce a vector of DA variables, 6x;,
representing the deviation of the initial relative state
vector from p,. Each component is normalized by the
maximum expected variation, Ax,, such that it is
defined within the interval [-1,1]. This is
Sxy = ko )
Axq

The relative stateata given scaled instant z, can now be
computed via integration of the dynamics described in
Eq. (5) and expressed in the DA framework as:

x = T,(t,6xy) . 8)

x is a vectorof high order polynomialsthatare functions
of 7 and the initial normalized relative statistics, §x;.
The Taylor map 7, establishes a relationship between
the perturbed initial state vector and the corresponding
state vector at a specified time within 1, utilizing the
dynamicalmodeldefined in (5). This mappingfrom the
initial set to the final one bears conceptualsimilarity to
the mathematical notion of a manifold. Within the
context of this research, the employed dynamical model
may be arbitrarily complex and may include highly
nonlinear relative motion. The only requirement is that
it must be described by ananalytical lawthat establishes
a functionalrelationship between the stateattime t and
the initial conditions at t,. Utilizing DA in this context
offers several advantages. Firstly, it enables the
representation of an infinite set solely through its Taylor
expansion coefficients. This preserves a specific
analytical structure in contrast to a mere point-wise set
representation.  Secondly, and perhaps most
significantly, it allows the propagation of entire sets
through a function using straightforward DA arithmetic
operations. Unlike a standard MC simulation, where the
ODE flow of Eq. (5) is integrated for each sample, in
this scenario, only a single integration is required. The
resulting DA expansion represents the outcome of
propagating all points from the initial domain through
the ODE in (5).

The challenging part of this approach arises from the
nonlinear dynamics involved usually in long-term
encounters. When the Taylor map needsto approximate
a strongly non-linear function, the convergence of the
ODE expansion across the domain becomesinaccurate.
Consequently, the DA map, which is a local
representation of the function, poorly represents the
actualevolution overthe whole domain, even though the
description is accurate in the vicinity of the centre of the
expansion. To address this issue, we employ the
technique proposed in [19]. The ADS algorithm detects
when the polynomial expansion of the ODE flow over
the initial conditions no longer provides a sufficiently
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accurate representation of the dynamics. When this
occurs, the original expansion domain is split along one
of the expansion variables into two subdomains. This
procedure is repeated iteratively until the desired
accuracy is maintained, resulting in the initial 7D
domain, defined by the variables T and §x,, being
partitioned into multiple subdomains. As a result, the
dynamicalevolution of the initial condition assumesthe
shape of a patched 7D continuum, mathematicaly
defined as a manifold object. A Taylor expansion in T
and éx,, locally approximating the dynamical flow,
corresponds to each patch ata given time. Once a single
integration has been performed and the evolution of the
initial  condition is approximated by patched
polynomials, our methodology proceedsto calculate the
function d? within the DA framework:

d?= Tp2(z,8x,) ©)

Here, d? is a high order polynomial representation of the
relative distance squared expressed as function of time
and the initial state. It is again piece-wise defined, and
its definition interval depends on the ADS accuracy
control algorithm. At this stage, the performance
function can be formulated within the DA framework as:

g(t,8x,) =d?— HBR? (10)

The expression in Eg. (10) represents the DA
formulation of the condition introduced in Eq. (3) and is
fully equivalent to it, providing the criterion for
identifying the failure region V. The methodology then
proceeds by sampling x,. Each realization X, of the
random vector is linked to its respective initial patch and
evaluated only in space and velocity. This evaluation
reduces the dimensions of the d? polynomials, resulting
in a set of one-dimensional Taylor expansions
depending solely on time:

9, () = d*(z,6x, = X, ) — HBR? (11)

This expansion holds significant importance as it
enables collision assessment for each sample, replacing
the classical MC propagation with the treatment of a
high order polynomial approximation of the sample
trajectory.

1V. SUBSET SIMULATION ALGORITHM

This section focuses on the sampling process introduced
in Eg. (11) and explains how the DA expansions are
finally used to compute the final Pc. Specifically, it
introduces the underlaying principles of the SS
algorithm and how it has been integrated into the DA
formulation with the aim of reducing the total number of
samples required and drastically reducing the final
computational time. Readers interested in a more
detailed description of the SS algorithm are referred to
[21, 22]. The core idea of SS is to reformulate the
estimation of a small rare-event probability P(F) asa

sequence of more frequent conditional probability
events. To achieve this, the event F, described in section
I, can be seen as the union of a nested sequence of m
intermediate collision events F, each one with
corresponding failure region V;:

FEoED>DFE>- DE,=F (12)

This simple intuition is crucial, as it enables the use of
the probability chain rule, allowing P (F) to be rewritten
as the product of conditional probabilities across
consecutive subsets:
m-1 (13)
P = P(E) | | PCn 1 )
i=1

Where P(F;., | F;) represents the probability of F,
conditional to F,. In Eq. (13), each conditional
probability is deliberately selected to be much larger
than the final P(F). Intuitively, these intermediate levels
can be understood as a sequence of statistical events in
which the collision threshold in Eq. (10) is artificially
enlarged, making collisions progressively more likely
than in the original problem:

cy>c¢, >c¢;> >, = HBR? (14)

The method begins with a standard MC sampling of the
initial uncertainty, generating a starting set of N
samples at the so called first Conditional Level (CLO),
denoted as X§° withk=1,..,N,. The DA
representation of the performance function in Eq. (10) is
evaluated as described in Eq. (11), yielding for each
sample a time-dependent polynomial representation of
its trajectory, piecewise defined accordingto the domain
bounds of each polynomial patch. The minimum value
of each gk(r), and therefore of each patched trajectory,
is computed. The initial set of N samplesis then ranked
in ascendingorderbased on the corresponding minimum
value of the performance function.

A constantintermediate probability of failure, P, , is then
selected and maintained across all subsequent CLs. P,
identifies the samples belonging to the failure region by
selecting those with performance function values
smaller than orequalto the P, N;th element of the sorted
sample set. Equivalently, this defines an intermediate
threshold, c,, selecting the trajectories that satisfy the
corresponding collision condition at CLO. Starting from
these selected samples, new conditional samples X5-*
are generated using a Markov Chain Monte Carlo
(MCMC) approach, ensuring that the new candidates
remain within the identified subset. In this work, the
adaptive-sigma Metropolis-Hastingsapproach proposed
by [22] is employed. The same procedure is then
repeated to determine successive intermediate failure
regions and generate additional conditional samples,
progressively driving the simulation toward the target
failure domain until the actualfailure region is reached.
The final algorithm can be summarised with the
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following steps:

1. Initialise a counter i = 0 that iterates over m
CLs.

2. Generate Ny samples X§i° with k =1,..., Ny,
for CLO by classic MC sampling.

3. Evaluatethe DA Taylorpolynomialmap ineach
XS} asin Eqg. (11) and compute the minimum
of 9, (D).

4. Sort the Ny samples in ascending order,
according to the minimum value of their
corresponding gk(r).

5. Choosethe intermediate threshold value c;, ; as
the FyN;th value of the sorted list. The next
event is defined as F,,; = {d®< ¢;;,} By
definition, the  associated  conditional
probability is:

P(F, 1 F)=P(d*<cy,1d*<¢;) =P,

6. Ifc;,, < HBR? go to step 9, otherwise identify
the BN, samples as the ones belonging to CL
i+1.

7. Using MCMC, generate (1 — B)) N, additional
conditionalsamplesstartingfrom the previously
selected seeds belonging to F; ;.

Seti =i+ 1 and return to step 3.
9. Stop the algorithm and compute the final
probability of collision as:

®

P(: — R)m—l N_F’ (15)
Nt

Where m denotes the total number of CLs generated
during the iterative procedure, N is the number of
samples at each CL and N represents the number of
colliding samples at the last conditional level m.
A visual interpretation of how the algorithm works is
provided in Fig. 1, based ona test case that is described
in details in the following section. Fig. 1—(a) illustrates
the samples generated through a crude MC simulation,
with failure regions framed in an orange rectangle and
the corresponding hitting samples in blue. Fig. 1-(b)
shows the samples generated by the SS algorithm for the
same initial conditions. Samples from different CLs are
shown in different colours, highlighting how the
algorithm progressively drives the sampling process
toward the failure region and the collision-causing
subsets of the uncertainty domain.
The SS offers the advantage of reducing the number of
required samplesto N = N + (m — 1)(1 — P,) N, and
to thus lower the computational time compared to a
classical MC approach. Despite this, the main bottleneck
remains the evaluation of the performance function.
This step is computationally demanding, since it would
require sample-by-sample orbital propagation over the
desired time span. The main advantage of combining SS
with DA (DASS) is that the stochastic sampling is
performed on a precomputed representation of the
dynamics in Eqg. (5), thereby avoiding repeated
numerical integration during the Pc estimation. This last

is then obtained by evaluatingthe patched continuum in
the state space and computing the minimum of a series
of high-order polynomial in time, all without imposing
assumptions on the evolution of position and velocity
uncertainties.

V. TESTING

The performance of the methodology was first assessed
using test cases #2 and #5 from [15], two well-
established benchmark scenarios commonly adopted in
the literature for long-term orbital conjunction analysis
conjunctions. Test case #2 is particularly relevant
because it exhibits two clearly separated failure regions,
asshown in Fig. 1. Test case #5, on the other hand, is
characterized by a moderately large number of collision
samples, making it well suited for evaluatingand tuning
the algorithm parameters. The efficiency of the DASS in
fact relies on the proper selection of the intermediate
probability of failure P,, the number of samples per
conditionallevel N, andtheshape of the proposal PDF
for the generation of the Markov chain.

The results of the analysis are summarised in Tab. 1,
where the performance of the DASS methodology is
compared with a standard MC approach under two
different relative dynamics models: the Clohessy-
Wiltshire (CW) [24] and the Yamanaka-Ankersen (YA)
[25] formulations. In all simulations, the maximum
initial variation Ax, forthe DA is assumed to be 5a,
while the intermediate failure probability B, is sett0 0.2,
consistent with the recommended range P, € [0.1; 0.3]
reported in [23], and N is fixed at 30,000. The proposal
PDF adopted in the MCMC sampling is a univariate
Gaussian distribution, with its variance adaptively
selected according to [22]. A first notable result is the
computational efficiency of the methodology, which
achieves speed-ups of one to three orders of magnitude
compared with crude MC, while keeping the estimation
error relative to reference below 0.58%. The standard
deviation of the final estimated Pc, on the otherhand, is
consistently about one order of magnitude higher than
that obtained with standard MC. This behaviour is
generally expected and represents the trade-off for
achieving a substantialreduction in the totalnumber of
samples. In fact, at each conditional level, the estimate
is based on a smaller number of samples than in crude
MC, which inherently increases sampling variability.
Moreover, these samplesare generated through Markov
Chains and are therefore statistically correlated,
reducing the effective sample size compared with an
equivalent set of independent samples. Since the
variance of a MC estimator scales inversely with the
effective sample size, both effects contribute to an
increase in the variance of the conditional estimates.
This uncertainty then propagates through the successive
conditional levels and accumulates in the computation
of the final Pc estimate through Eq. (13). Fig. 2-(a) and
(b) illustrate the impact of N, on the variability of the
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final estimates. Gaussian fits over 50 simulations with
different seeds for each test case show that increasing
Ny reduces the standard deviation, bringing it closer to
that of a crude MC, with a corresponding increase in
computational cost. These considerations regarding the
results variability are not particularly limiting, as this
effect becomesless significant when the target Pc is very
small. As the event becomes rarer, crude MC is
increasingly affected by few hit statistics, whereas SS
preserves statistically informative sampling through
intermediate conditional levels, resulting in a more
stable estimate. This is ultimately the relevant regime,

where Pcs in conjunction risk assessment operations are
Crude MC

® Crude-MC samples
® Crude-MC hitting samples

—200

E 400
=

—600 -

—800 1

—4‘20 —415 -410 —4b5
R[m]

(@)

typically on the order of 1e-4 or lower.

The methodology is also evaluated on a real long-term
conjunction scenario, whose details are reported in [17].
This caseis particularly relevantasit demonstrates both
the capability of the methodology to handle multiple
TCAs within the screening interval and its applicability
in anoperationalsetting. Fig. 3-(a) shows the evolution
of the relative distance of the hitting samples over a 2-
day period. The sample trajectories exhibit different
minima and impact times, and are color-coded
according to regions of the initial combined covariance

SS Sampling for real test case

@ Crude-MC samples
DASS CLO samples

® DASS CL1 samples
DASS CL2 samples
DASS CL3 samples
DASS CL4 samples
DASS CL5 samples

® DASS CL6 samples

Hitting Area in Crude-MC

—200

-400

T[m]

—600

—800 4

-420 -415 -410 —405 —400
R[m]

(b)

Fig. 1: Sampled initial combined covariance of Case #02 from [15] on the R-T plane of the primary: (a) samples generated by
crude MC Simulation and (b) by SS algorithm.

Gaussian fit of results in estimated Pc for case #02 (CW)
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Fig. 2: Effect of the number of samples per conditional level N; on the variability of the final Pc estimate for test cases #2 and #5.
Test-Case | Dynamics | Method | Tot. n° Samples | Mean Pc | % Err. | Estimationg | Cmp. Time [s]

cw MC 6.520e+06 0.015992 0.00 0.000057 3.9378e+03

42 DASS 7.800e+04 0.016015 0.14 0.000506 3.0883e+01
YA MC 6.520e+06 0.015625 0.00 0.000048 9.4998e+04

DASS 7.800e+04 0.015716 0.58 0.000445 4.0222e+01

cw MC 2.300e+06 0.049278 0.00 0.000144 1.6295e+03

45 DASS 5.400e+04 0.049215 -0.13 0.001094 2.1419e+02
YA MC 2.300e+06 0.049344 0.00 0.000143 3.5586e+04

DASS 5.400e+04 0.049587 0.49 0.000934 2.1810e+02

Table. 1: Performance comparison of DASS against standard MC for scenarios #2 and #5 from [15], using different relative
dynamical models.
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Colliding Samples for real test case

SS Sampling for real test case
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Fig. 3: Real test case scenario showing (a) the evolution of the colliding samples and (b) the corresponding impact regions within
the initial combined covariance, which are accurately captured by the SS sampling process in (c).

shown in Fig. 3-(b). In particular, moving from right to
left, the orange samplesresult in impactsa few hundred
seconds afterthe start of the simulation, while the cyan
and magenta regions correspond to the second and third
TCAs, respectively. As reported in [17], the orange and
magenta samples contribute with a comparable increase
in Pc, onthe order of 10~7 over time, whereas the dense
cyan region vyields a contribution of approximately
10~*. Fig. 3-(c) shows the samples generated by the
DASS algorithm, which achieve a notable convergence
afterfive CLs toward the same failure regions identified
in Fig. 3-(b). The proposed methodology is compared
with a DA based MC simulation (DAMC); approach
developedin [17]. Using 50,000 samples per conditional
level, the SS algorithm requires a total of 2.5-10°
samples, compared with 2.5 - 10° MC samples needed
to achieve statistical significance with 5% accuracy and
95% confidence. The estimated final Pc is 1.46 - 10,
with a relative error of 0.13% with respect to the
reference method. In terms of computational time, the
advantage is significant, with DAMC requiring 3.65 -
10° s versus 7.75 - 10? s for DASS. Moreover, the
standard deviation of the estimate is substantially
reduced compared to test cases #2 and #5, reaching
9 - 107°, consistent with the increased rarity of the event
by approximately two orders of magnitude.

V1. CONCLUSIONS

Within the context of this work, we presented an

improvementand a further step towards the operational
implementation of an established methodology
proposed by the authors for computing the Pc between
two space objects, particularly suited for long-term
encounters characterized by relative velocities on the
order of meters per second. The proposed approach
combines the computational efficiency of the SS
algorithm with a DA representation of the evolution of
the initial conditions in a non-linear dynamical scenario.
Specifically, DA is used to model the non-linear time
evolution of the multivariate initial relative state vector
as a patched 7D continuum, where each patch is
represented by a high-order Taylor expansion in both

time and the initial conditions at t,. The integration
accuracy of the dynamical flow s controlled by the ADS
algorithm, which adaptively splits the initial domain of
the combined covariance to ensure precision of the
Taylor approximation. The initial PDF is then sampled
through the SS process, which reformulatesthe final Pc
estimation as a sequence of higher conditional
probability estimations. At each CL, the polynomial
patches are evaluated over a set of samples generated
through Markov Chains, each corresponding to a
specific realisation of the initial state-vector, to
accurately determine its time evolution. The minimum
of each resulting time-dependent polynomial is then
used to identify the samples belonging to the failure
region at that CL. The process is repeated until
convergence to the actual failure region is achieved,
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with a final number of samples significantly lower than
that required by a conventional MC approach. The
proposed methodology retains all the advantages of a
MC simulation while offering a substantil
improvement in computationalspeed. In principle, it can
be applied to any form of initial uncertainty, provided
thatthe initial PDF is known a priori, without requiring

the restrictive assumption of Gaussianity at t, or
throughout the evolution of the initial conditions.
Moreover, the approach can incorporate uncertainties in
velocity and naturally accounts for multiple TCAs
occurring within the screening interval. Additionally,
the technique is applicable to any form of relative or
absolute dynamics, provided that an analytical
formulation of the dynamics is available.

The technique has been validated and tuned against
benchmark test cases from the literature, and its
applicability has been further demonstrated on a real
operational scenario. In all cases, the estimated Pc
shows excellent agreement with the corresponding MC
and DAMC simulations used for validation, while
achieving a totalcomputationaltime that is consistently
one to three orders of magnitude lower.
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