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Motivation: Learning to regularize in a supervised fashion 4#7 Institute of
DLR Lightweight Systems

Task Bilevel problem (empirical risk)

use R

via via

Variational problem Paired training data

learn R

from
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Motivation: Learning to regularize in a supervised fashion 4#7 Institute of
DLR Lightweight Systems

Task Bilevel problem (true risk)

use R

via via

Variational problem Uncorrelated random variables

learn R

from
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e Recap of noise weighting

e Six different variational regularization formulations:

Tikhonov, quadratic, Lavrentiev — with and without noise weighting + LMMSE estimator

e Investigation of possible performance gaps between methods

Numerical experiments
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Noise weighting

e D(Ax,y) = ||Ax — y|* implicitly assumes
e=y— Ax ~ N(0,0%Iu)

o If e ~ N(0,diag(o3,...,02)) then the ML
discrepancy term is
|diag(a, ..., 0%) " (Ax — y)|I?

e If ¢ has correlated components and
e ~ N(0,%.) then the ML discrepancy term
is [|[Z21(Ax — y)|I?

e In the following, we consider

[Q(Ax — y)|I> = ||Ax — y|§ for arbitrary
symmetric and positive semidefinite Q
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Interpretation: Stronger penalty for residuals in
components with low uncertainty / noise whitening



Types of regularization ~ gMethed()) — y/Methed,,  pMethod 4#7 nstitute of
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Method Minimization problem Map Parameters 6

Tikhonov w/ noise weight LlAx = ylI3 + LIR(x — xo)I? %0(y) = (ATQA+ RTR)"1(ATQy + RTR) Q€587
W= (ATQA+RTR)1ATQ R € R7XN
b= (ATQA+RTR)"1RT Rxg xp € R"

Tikhonov w/o noise weight LAx = yII? + LIR(x — x0)|I? 20(y) = (ATA+ RTR)"1(ATy + RTRx) R e R"XN
W= (ATA+RTR)~1AT xp € R"
b= (ATA+ RTR)"IRT Rxy

Quadratic w/ noise weight LlAx — ylI3 + L(x — x0, M(x — x0))  Ro(y) = (AT QA + M)~L (AT Qy + Mx) Qe s,
w=(ATQA+ M)~1ATQ M e s
b= (ATQA+ M)~ Mx x0 € R"

Quadratic w/o noise weight LjAx — ylI2 + 3(x — x0, M(x — x0))  Rp(¥) = (ATA+ M)~L(ATy + Mxp) Mes”
W= (ATA+ Mm)~1AT xp € R
b= (ATA+ M)~ 1Mx

Lavrentiev w/ noise weight - 20(y) = (ATQA + M)~ Y (AT Qy + Mx) Qe S’;O
W= (ATQA+ M)~ 1ATQ M € R™X"
b= (ATQA+ M)~ tMx xo € R"

Lavrentiev w/o noise weight - 20(y) = (ATA+ M)~L(ATy + Mxp) M € R"%"
w=(ATA+ M)~ taT xp € R"

b= (ATA+ M)~ Mx
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First estimate of optimal risks 4#7 Institute of
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e Generalization of all methods: x)™(y) = WAy 4+ b with parameters WA and b

e Optimal risk of each method: Ricinod = infg E,i . [|%5""(AxT + b) — xT||?

e Then, by construction:

Riav < Rquad < Rrikn

Rags <
A= { Riav@) < Rauad(@) < Rrikn(e)
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LMMSE vs. Tikh(Q)

# Institute of
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Theorem (LMMSE Estimator)

minimize E. 1% (Ax" +¢) — xT|?

is solved by

W=3% AT(AZ AT +3X.)"' and
b=(1—WA"A)u:.

Theorem (Optimal Tikh(£2))

minimize EXT’SH?J'M(Q)(AXT +e)—x"|?
»X0

Q,R
is solved by
Q=3", RTR=X7", xo=pu

and it holds that )" = 27\F.

<? ? <7
= Raf = Riav(@) = Rauad(@) = Rrikn@) < Riav < Rquad < Rrikn
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Theorem (Optimal Lav) Theorem (Optimal Quad)
mirAl/’imize IEXT78|\>A<9LSV(AXT—|—5)—XT||2 mirl\1/’imize IEXTYS||>“<;3”ad(AxJr +¢) — x'|]?
»X0 »X0

is solved by is solved by

M=ATT.AATA) ' and

M=N"'—ATA and xo €, + ker(M)
X0 € i + ker(M).

with B = AT(AZ + AT + X.)A and N being the unique
symmetric solution of ATAY ; + % +ATA = NB + BN.

Possibly <? M not sym. MAU2d ot pos. def.
=" Raff = Riav(@) = Rauad(@) = Rrikn() < Riav < Rquad < Rerikh
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LMMSE vs. Lav Z e
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Theorem
Examples with ATZEPker(AT) =0:

e ker(AT) = {0}
o ker(A) = {0} (here fulfilled

The following are equivalent:

1. The best linear map for Lavrentiev regularization

WLav — (ATA + ATzaA(ATA)flz*Tl)*lAT for invertible A € Rnxn)
is equal to the linear map from the LMMSE estimator ° X.=0°l
o Y. =2l +72AAT (e.g.,
LMMSE _ T T -1 N
w =LA (AT AT + 1) when y = A(x + &x) +¢y)

2. The noise covariance . leaves the kernel of AT
invariant, i.e., exactly if ATy, Pker(AT) =0.

Possibl
=" Ratt = Riav2) = Rquad(2) = Rrikn(@) < Rlav < Rquad < Rrikn
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Deconvolution of plateau functions under structured noise 4#7 nstitute of
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e 50.000 discretized versions x; of plateau functions 10+ ot
x;(t)= 1‘5:1(3124’0'01))([9'—@-, ¢+5;1 (1) with n = 200 for training, —_—y
20.000 for testing 0.5

o yi = Ax| +&; € R® with conv. matrix A, c;~A/(0,diag(0?,...,02))
and decaying variance from o2 = 1072 to 02, = 5-107*

0.0
0 50 100 150 0 100 200
0 510152025303540 1.0
Risks of theoretically optimal

0.5 maps on test data:
0.0

~05 Rage 23.12

o Riav 23.23

Rquad  23.50
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Deconvolution of plateau functions under structured noise 4#7 nstitute of
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— not positive semidefinite (smallest EV ~ —0.19)
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Deconvolution of plateau functions under structured noise 4#7 nstitute of
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Dereverberation of speech signals under wind noise 4#7 nstitute of
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e Speech data from IEEE-Harvard Corpus

L 0.00010
(n =500, 21.147 frames x,f for training, <
4.601 for testing) = 3
— -
o =
oy — AX:'T +nw; € R2"1 with @ 8
. . . . = I 0.00005 =
reverberation matrix A, different noise g 2
. . c
levels n and wind noise w; z E
c
@
® W, X perturbation o modulation o low-pass o Brownian %
. . -} 0.00000
e Theoretically optimal maps + learned
. . Start ‘Warm-start Warm-start Warm-start End
via grad|ent descent Tikhonov Quadratic Lavrentiev LMMSE
Gradient steps
Learned Ragr minyy p # pori| W,v,v4r15—><l]L 112
Learned Ry, mingt s 7 Sy AT A+M) ~HAT yg) —xf |12
Learned RQuad  ming o s 210y AT A+ LT (AT i) = 112
t Learned Rriky  ming ) n S IAT A+RT R (AT yxg) =i |12
Pl 3.
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Dereverberation of speech signals under wind noise

Results on Training data

# Institute of
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Noise level n 0.1 0.2 0.3 0.4 0.5

Optimal Rag 7.05e-05 1.98e-04 3.80e-04 6.03e-04 8.56e-04
Optimal R,y 7.28e-05 2.05e-04 3.93e-04 6.24e-04 8.84e-04
Optimal RQuad  9.16e-05 2.31e-04 4.25e-04 6.62e-04 9.29e-04
Learned Rag 7.10e-05 1.99e-04 3.79e-04 6.03e-04 8.55e-04
Learned R .y 9.38e-05 2.54e-04 4.67e-04 7.11e-04 9.80e-04
Learned RQuad 1.02e-04 2.68e-04 4.82e-04 7.29e-04 1.00e-03
Learned Rrikn  1.06e-04 2.76e-04 4.86e-04 7.32e-04 1.01e-03
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Dereverberation of speech signals under wind noise

Results

on Test data

# Institute of
DLR Lightweight Systems

Noise level n 0.1 0.2 0.3 0.4 0.5

Optimal Ra 7.51e-05 2.11e-04 4.05e-04 6.41e-04 9.06e-04
Optimal Ry 7.35e-05 2.05e-04 3.93e-04 6.22¢-04 8.81e-04
Optimal RQuad 8.92e-05 2.25e-04 4.17e-04 6.48e-04 9.08e-04
Learned Rag 7.50e-05 2.10e-04 4.01e-04 6.36e-04 9.05e-04
Learned R, 9.48e-05 2.53e-04 4.66e-04 7.11e-04 9.86e-04
Learned RQuad 1.01e-04 2.62e-04 4.72e-04 7.15e-04 9.88e-04
Learned Rrikn  1.04e-04 2.69e-04 4.76e-04 7.18e-04 9.91e-04
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If the noise is not too simple and you don’t learn the noise weight,

you leave something on the table.

Paper: Banert, S., Brauer, C., Lorenz, D., Tondji, L. (2026). Why the noise model matters: a performance gap
in learned regularization. Inverse Problems, 42(2), 025005.

Questions?
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