
1

Geometric and Model Priors in Motion Primitives
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Abstract—When learning probabilistic policies from human
demonstrations, data-efficient learning is a key requirement. Of-
ten, only few demonstrations or even only probabilistic via points
are available for movement modeling. Probabilistic machine
learning techniques such as Kernelized Movement Primitives
(KMPs), Linear Quadratic Tracking (LQT) or Nadaraya-Watson
kernel regression allow for modeling a rich set of motions with
specific priors using scarce data. Traditionally, these methods are
however only defined for Euclidean data. We show an extension
to manifolds commonly used in robotics, allowing us to model
full poses or other Riemannian manifolds. Each method induces
distinct priors on the modeled primitives, resulting in different
characteristics of the generated motions as seen in the evaluation.

I. INTRODUCTION

Probabilistic representations of movement primitives are key
in applications with requirements in robustness and safety
guarantees, as for example in space robotics [1], underwater
robotics [2] or healthcare assistance [3]. Especially when
executing tasks in Shared Control, it is often desirable to
provide guidance when only via points or few demonstrations
are available. Key for the applicability of such methods for
robotics problems in task space is the ability to model full
poses on SE(3), including the orientation on SO(3). Often,
this curved manifold is linearized at a single tangent space
(STS), leading to distortions [4]. Our goal is thus to find
formulations respecting the geometry of the manifold. Fur-
thermore, different charts on SE(3) [5] (Fig. 1) can help to
also incorporate geometric priors into the model.

We consider three different models in this work. Nadaraya-
Watson kernel regression [6], [7] allows to model a movement
primitive from demonstrations in a non-parametric manner,
using kernels as weighting functions. Lopez et al. [8] extend
this method to manifolds and provide a method for estimating
the aleatoric uncertainty. In Section III-A, we show how the
method can be formulated utilizing the Riemannian Gaussian
distribution [9], [10]. This method is particularly useful for
large motions on curved manifolds between data points, as
no linearization points are required for computing the mean.
It is best suited when relatively dense demonstration data is
available, e.g., from trajectory demonstrations.

Next, we consider Kernelized Movement Primitives (KMPs)
which provide estimates for both aleatoric as well as epistemic
uncertainties – contrarily to Nadaraya-Watson regression. This
allows for detecting out of distribution scenarios. While a
linearized version on a STS has already been shown [11], we
provide a Riemannian derivation based on formulating KMPs
as a Gaussian conditioning (Section III-C).
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(a) M1 : R3 × SO(3). (b) M2 : S1 × R2 × SO(3). (c) M3 : S2 × R1 × SO(3).

Fig. 1: Charts on SE(3) used in this work, proposed by [5]. Cylindrical (M2)
or spherical (M3) coordinates allow to express e.g. rotationally symmetric or
pointing tasks more data-efficient compared to Cartesian (M1) coordinates.
Coordinate systems in each image depict the unit quaternion (0, 0, 0, 1)⊤ for
different positions on the manifold. Attention must be paid to a singularity at
the coordinate origin of M2 / M3.

Finally, Linear Quadratic Tracking (LQT) induces a strong
motion bias and is thus well suited to derive smooth motion
policies. A STS variant of this algorithm has been presented in
[10]; based on a modified version of the cost function in [12],
we derive a Riemannian formulation of LQT (Section III-C).

We compare the approaches in Section III-B and summa-
rize the findings in Section V. Background on Riemannian
geometry, optimization and statistics is provided in Section II.

II. BACKGROUND

Many quantities in robotics, such as orientations in SO(3),
cannot be modeled using Euclidean geometry. Riemannian
manifolds allow for a principled treatment of such non-
Euclidean geometries [10]. Product manifolds can be con-
structed to represent a full pose as seen in Fig. 1. Common
to all smooth manifolds M is that a logarithm function
u12 = LogMx1

(x2) maps a point x2 ∈ M onto the tangent
space Tx1

M at x1 ∈ M, with the exponential function
locally performing the inverse, calculating x2 = ExpMx1

(u12).
Parallel transport moves tangent vectors between tangent
spaces at different points on one manifold, while the Jacobian
JM as given in [13] transforms tangent vectors between
tangent spaces of different manifolds M that are related via
a smooth map F : M → M1. Optimization on manifolds
can be performed using geodesic regression [14] (multivariate
case: [15]), making use of parallel transport to approximate a
small update in the vicinity of the current linearization point.

The Riemannian Gaussian distribution [9], [10] uses
manifold-specific distances of the log map and is given as

N (x|µ,Σ) =
1√

(2π)
D
det(Σ)

e−
1
2Log

M
µ (x)⊤Σ−1LogM

µ (x),

(1)
with mean µ ∈ M, covariance Σ ∈ TµM⊗ TµM and D
the dimension of TµM. Using the default metric of each M
through its log map, we obtain different distances and thus
different covariances depending on the chosen manifold.
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III. RIEMANNIAN MOTION PRIMITIVES

A. Nadaraya-Watson Regression

Euclidean Nadaraya-Watson [6], [7] regression calculates
the output ξ for a query s∗ based on known outputs µi for si

ξ (s∗, s) =

N∑
i=1

wi (s
∗, si)µi, (2)

with weights calculated through a kernel function k (·, ·)

wi (s
∗, si) =

k(s∗, si)∑N
j=1 k(s

∗, sj)
. (3)

Lopez et al. [8] propose a covariance estimate

Σ (s∗, si) =

N∑
i=1

wi (s
∗, si) (µi − ξ(s∗)) (µi − ξ(s∗))

⊤
.

(4)
We reformulate (2) and (4) for the Riemannian Gaussian using
a weighted Fréchet mean [9] and original weights (3)

∆ =

N∑
i=1

wi (s
∗, si) Log

M
ξ(s,s∗) (µi) , ξ (s∗, s)← Expµ (∆) ,

where, upon convergence, the covariance is given as

Σ (s∗, si) =

N∑
i=1

wi (s
∗, si) Log

M
ξ(s∗,s) (µi) Log

M
ξ(s∗,s) (µi)

⊤
.

B. Kernelized Movement Primitives

KMPs model the distribution of a probabilistic variable ξ
based on an input s∗. The goal is to closely approximate
a probabilistic reference D = {sn,µn,Σn}Nn=1 for known
input-output pairs which is often encoded in a Gaussian
Mixture Model (GMM) and retrieved using Gaussian Mix-
ture Regression (GMR). In Euclidean space, this mapping is
derived from a parametric function using basis functions [16],
where the kernel trick allows for the computation of outputs.

Observing the similarities between Gaussian Processes
(GPs) with noisy observations [17] and KMPs, we reformulate
KMPs to model a noisy function ξ(s∗) = f(s∗) + δ with
process mean function value e and δ ∼ N (0,Σs∗). The
prior on these noisy observations then becomes cov(ξ(s∗)) =
K + λΣ where Σ = blockdiag(Σ1,Σ2, . . . ,ΣN ). Similarly,
parametric noise models have been used before [18]. This
allows us to write[

µ
ξ(s∗)

]
= N

(
e,

[
K + λΣ k∗

k∗⊤ k(s∗, s∗)

]
︸ ︷︷ ︸

Σ′

)
(5)

which can be solved by minimizing the cost

J(ξ(s∗)) = c+ LogMξ(s∗)(e)
⊤ΛIOLogMµ (e)+

1

2
LogMξ(s∗)(e)

⊤ΛOOLogMξ(s∗)(e) (6)

where Λ = Σ′−1 and superscripts I and O refer to partitions
for µ and ξ(s∗), respectively. We assume both Σ as well as
the kernel function result to be in TµM⊗TµM respectively

Tξ(s∗)M⊗Tξ(s∗)M. This holds trivially for Σ as the Rieman-
nian Gaussian Distribution which is used as the probabilistic
reference expresses its covariance in TµM⊗ TµM. For the
kernel expressed as the Kronecker product between a scalar
output kernel and the constant kernel I this property also
holds. We can perform a Taylor expansion

J(ξ(s∗)) ≈ c+
(
LogMξ(s∗)(e) + ϵ

)⊤
ΛOILogMµ (e)+

1

2

(
LogMξ(s∗)(e) + ϵ

)⊤
ΛOO

(
LogMξ(s∗)(e) + ϵ

)
.

With ϵ ∈ Tξ(s∗)M, no parallel transport is required, giving

ϵ = −
(
ΛOO

)−1
(
ΛOOLogMξ(s∗)(e) +ΛOILogMµ (e)

)
= −LogMξ(s∗)(e) + k∗ (K + λΣ)

−1
LogMµ (e). (7)

When starting from an initial estimate ξ(s∗) = e, convergence
is given after one step through

ξ(s∗) = ExpMe

(
k∗ (K + λΣ)

−1
LogMµ (e)

)
. (8)

Finally, the covariance evaluates to

Σ(s∗) =
(
ΛOO

)−1
= k(s∗, s∗)−k∗ (K + λΣ)

−1
k∗⊤. (9)

C. Linear Quadratic Tracking

LQT as e.g. presented by [20] aims to track poses µ̂k

with covariance Σ̂k at time steps k for a double-integrator
dynamical system. In Euclidean space, we get the system[

xk+1

ẋk+1

]
︸ ︷︷ ︸
=ξk+1

=

[
I I∆t
0 I

]
︸ ︷︷ ︸

=A

[
xk

ẋk

]
︸ ︷︷ ︸
=ξk

+

[
0

I∆t

]
︸ ︷︷ ︸

=B

uk (10)

with optimal control inputs Û = [û1, û2, . . . , ûN ]
⊤

Û =
(
Su⊤Σ−1Su +R

)−1
Su⊤Σ−1

(
µ− Sξξ1

)
, (11)

where Sξ unrolls the state evolution and Su control actions.
R = blockdiag (R1,R2, . . . ,RN ) denotes the cost of control
actions at each time step.

On Riemannian manifolds, the state ξk consists of a pose
xk ∈ M and corresponding velocity ẋk in Txk

M. The state
evolution thus evaluates to

ẋk+1 = ẋk + uk ·∆t (12)

xk+1 = ExpMxk
(ẋk) (13)

where ∆t is the time between two consecutive steps and uk

the control action at k. In order to minimize the control actions
for the given tracking task, we consider the cost function

J(u) =

K∑
k=1

(
LogMµ̂k

(xk)
⊤
Σ̂−1

k LogMµ̂k
(xk) + u⊤

k Ruk

)
.

Setting u∗
k = uk + ϵ, we can compute the Taylor expansion

J(u+ ϵ) =

K∑
k=1

(
LogMµ̂k,ϵ

(xk)
⊤
Σ̂−1

k LogMµ̂k,ϵ
(xk)

+ (uk + ϵk)
⊤
R (uk + ϵk)

)
(14)
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(a) Gaussian Mixture Regression.
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(b) Nadaraya-Watson regression.
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(c) Kernelized Movement Primitive.
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(d) Linear Quadratic Tracking.

Fig. 2: Plots for writing the letter “B” of the handwriting dataset [19]. We fit the GMM using 10 Gaussians and use 20 reference points for KMP and 7 via
points for LQT; all these Gaussians are depicted with their mean and covariance ellipsoid. For the LQT, we furthermore plot its velocity as blue and the
command at each time step as green arrows. Note how it passes through the edge of the covariance ellipsoids, trading accuracy for control cost.

where we consider states modified by the update ϵ

LogMµ̂k,ϵ
(xk) = LogMµ̂k

(xk)+

k−1∑
j=1

Γxj→xk−1
ϵj∆t2·(k − j − 2) .

Γxj→xk−1
denotes the parallel transport with respect to the

Levi-Civita connection from TxjM to Txk−1
M along the

geodesics connecting the system states. Calculating the deriva-
tive of (14) and setting to zero gives

ϵ = −
((

Su⊤Σ−1Su +R
)−1

Su⊤Σ−1LogMµ̂ (x) +Ru
)
,

for iterating u← u+ ϵ, converging after a few steps with

Su =


0 0 . . . 0
0 0 . . . 0

Γ0,1∆t2 0 . . . 0

2Γ0,2∆t2 Γ1,2∆t2 . . . 0

.

.

.

.

.

.
. . .

.

.

.
(K − 2)Γ0,K−1∆t2 (K − 3)Γ1,K−1∆t2 . . . ΓK−2,K−1∆t2


where Γu,v denotes the parallel transport from xu to xv along
the trajectory, expressed as a rotation matrix for the manifolds
we consider [9]. Subsequently, the covariance evaluates to

Σ = Su
(
Su⊤Σ−1Su +R

)−1
Su⊤. (15)

IV. EVALUATION

In Fig. 2, we show results on the handwriting dataset [19]
projected on S2 for all three methods. Additionally, we plot
the output of Riemannian GMR [9] used to extract reference
points for KMP and via points for LQT. We use a radial basis
function kernel with length scales 0.02 (Nadaraya-Watson) and
0.1 (KMP) and set ∆t = 0.03 and R = 1e−4 · I for the
LQT. All methods except for LQT pass centrally through the
demonstrations, modeling their uncertainty accurately. Con-
trarily, LQT prefers a trajectory requiring less control action,
passing only through the edge of the covariance ellipsoids of
the via points. Note that this is exactly the behavior we expect
from LQT, balancing tracking accuracy and control cost.

Fig. 3 shows motion primitives on SE(3) expressed through
M1 and M2 fitted on 6 via points for a spiral trajectory. Ac-
cordingly, we plot both the position as well as the orientation
using the coordinate axes. We use a radial basis function kernel
with length scales 0.05 (Nadaraya-Watson) and 0.2 (KMP)
and set ∆t = 0.01 and R = 1e−4 · I for the LQT. Note
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(a) Nadaraya-Watson.
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(b) KMP.
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(c) LQT.

Fig. 3: Circular trajectory from 6 via points on M1 (top) and M2 (bottom).
Coordinate systems show predictions, longer arrows belong to via points. Gray
disks perpendicular to the trajectory depict the covariance estimate.

that Nadaraya-Watson regression has a strong bias towards the
known data points, resulting in a poor approximation when
only few data points are available. For time-based motions,
this would result in the system spending much time around
the via points and moving quickly in between. Not providing
an epistemic uncertainty estimate, the covariance furthermore
remains low even far from known points, unlike for KMP and
LQT. Finally, also the choice of manifold acts as a prior on the
estimated trajectory: on M2, an approximation of the spiral
trajectory is possible with less data as can especially be seen
from the smoother result of the Nadaraya-Watson regression.

V. CONCLUSION

We have shown extensions of Nadaraya-Watson regression,
KMPs and LQTs to the Riemannian setting. This enables their
use on curved manifolds without inducing distortions, e.g.,
through a STS approximation. An evaluation on different task
settings furthermore highlights priors induced both by method
as well as by charts M on SE(3) – while Nadaraya-Watson
regression allows for a smooth interpolation of dense mea-
surements, both KMPs and LQT excel at trajectory modeling,
with the latter furthermore introducing a strong motion prior.
In future work, we plan to extend those methods to mesh-based
manifolds [21] to leverage further geometry-induced priors.



4

REFERENCES
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