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Calculation of the Plane Supersonic Flow through Cascades using the
*
Method of Analytical Characteristics

- ABSTRACT

The two-dimensional irrotational supersonic flow through straight blade
cascades is calculated analytically. The flow fields found differ
substantially depending on whether the axial components of the inlet

flow and the outlet flow are subsonic or supersonic. Neutral inlet

and outlet characteristics are determined as limits of the cascade shocks.

Entropy changes due to the infinite number of cascade shocks are also given.

* -
This paper also appears as a thesis accepted by the Faculty of Mechanical
Engineering of the Rheinisch-Westf#lische Technische Hochschule of Aachen
for the degree of "Doktor-Ingenieur".

(Technical University of the Rhineland and Westphalia
at Aachen)
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List of symbols used

A3 ()

A%

Parameter defined by equations (5.20) and (5.24)
Abbreviation of equation (2.29), for initial values
Parameter defined by equation (2.22)

Parameter defined by equation (2.22)

Parameter defined by equation (6.11)

Parameter defined by equations (5.20) and (5.2h4)
Abbreviation of equation (2.28), for initial values
Width of the cascade, normal to the plane of calculation
Length of arc along the shock in the x,y plane
Length of arc along the shock in the &,n plane.
Parameter defined by equations (5.20) and (5.2h)
Parameter defined by equation (2.1T)

Parameter defined by equation (2.16)

Parameter defined by equation (6.11)

Speed of sound

Critical speed of sound

Parameter defined by equations (5.20) and (5.2k)
Parameter defined by equation (2.17)

Parameter defined by equation (2.16)

Parameter defined by equation (6.11)

Parameter defined by equation (5.13)

Abbreviation of equation (2.28), for initial values
Parameter defined by equation (5.13)

Abbreviation of equation (2.28), for initial values
Integration limit of the inclination conditions
Integration function of the inclination conditions (Oth approximation)

Integration limit of the inclination conditions




h(g) Integration function of the conditions of inclination
(0th approximation)

I(l)(n) Integration limit of the compatibility conditions

J(l)(g) Integration limit of the compatibility conditions

Kij Parameter defined by equation (3.7)
~ij Parameter defined by equation (347)
Lj Parameter defined by equation (2.12)
i Chord of cascade blade
M Mach No.
M# Velocity related to the critical speea of sound, é*
ij Parameter defined by equation (5.9)
m Mass flow
ﬁj Parameter defined by equation (5.9)
P, Abbreviation for equation (5.10)
be Static pressure
Qi Abbreviation for equation (5.10)
R Gas constant
5, Parameter defined by equation (2.32)
s Specific entropy
1y Absolute temperature
t Pitch of blade cascade
i Parameter defined by equation (6.8)
W Velocity (normalized by equation (2.3)
X Abscissa in Cartesian coordinates (normalized by equation (2.3)
y Ordinate in Cartesian coordinates (normalized by equation (2.3)
Zi Parameter defined by equation (5.29)
7.2 Parameter defined by equation (5.29)




73 Parameter defined by equation (5.29)

2 Variable introduced by equation (5.22)
a Mach angle
B Flow angle related to cascade face

B =18"°+6+ 8 -2

Bs Stagger angle
Y Shock angle
n Coordinate of the right-handed characteristics

(normalized by equation (2.3))

8 Angle of the direction of flow related to the x-axis
(normalized by equation (2.3))

K Ratio of specific heats
v Prandtl-Meyer function (defined by equation (2.9))
£ Coordinate of the left-handed characteristics (normalized

by equation (2.3))

p Density

) Angle of cascade face to x—axis

w = (Pges e Pges)/(Pges = pl) Loss coefficient
Subscripts

Anf Initial point

ax Component normal to cascade face

Env Envelope

ges total condition

k Boundary values along blade contour

N Neutral Mach line of a single blade aerofoil

o Tips of cascade blade aerofoils

P Characteristics through the tip of the subsequent cascade aerofoil
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s Reference parameter for the development of the characteris-
tic coordinates of the one sheet of the convolution in the
characteristic coordinates of the other sheet

St Shock

v Streamlines

il Inlet flow valuss of the double-infinite cascade

2 Qutlet flow values of the double-infinite cascade

© Reference parameter (in chapter 5.2 constant inlet flow
for the semi-infinite cascade)

Superscripts

(1)

A

»

Order of approximation and summation index
Values in the upstream sheet of a convolution

Values in the sheet situated farthest downstream if
two successive convulutions occur
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1. Introduction

The object of this paper is the calculation of the steady two—dimensional
supersonic flow through a siraight blade cascade. For simplification
let an irrotational flow and a thermally and calorifically ideal gas be
assumed. The problem is solved by aﬁplication of the method of
analytical characteristics developed by Oswatitsch [ﬁ, 2], which also
provides for the calculation of weak compression shocks and the centred

Prandtl-Meyer expansions that occur.

The fundamental ideas of the method of analytical characteristics were
already found by Lin [j], who also calculated the plane steady supersonic
flow by an analytical method, whereas Fox [h, 5] used the same method to
determine the one-dimensional non-steady flow. Fox was moreover able

to determine in his work the position of the weak compression shocks.

The principle of this method consists in that, in addition to the variables
of state, the position coordinates are also introduced as dependent
variables into the calculation of a supersonic'flow. The characterisﬁic
coordinates represent the independent variables. A perturbation
formulation is then put for the new dependent position variables in which
the individual perturbation quantities each differ by one order of
magnitude. These formulae are introduced into the differenﬁial

equations, and it is necessary that terms of the same order of magnitude

satisfy them in each case.

For the special case of the two-dimensional flow investigated, closed
solutions are obtained for the variables of state even without using
the perturbation formulae, so that it would be possible to avoid them.
But to obtain the simplest expressions possible, the closed solution is
also subsequently developed in this work according to the perturbation

variables.

The perturbation formulae for the previously independent position
variables result in solutions being obtained in this way even 1if the
conventional perturbation formulae fail in the dependent variables of

state; see also Van Dyke [6]. The reason for the failure is, among

.—12_




other things, that the Mach cone is defined by the undisturbed flow
and that it does not change in approximations of a higher order.
Outside the sphere of influence resulting from this Mach cone, no

improvement in results can therefore be achieved; see Oswatitsch [T].

A perturbation formulation for the independent variables was introduced
for the first time by Poincaré [8] » Lighthill [:9, 10:] and Kuo [:11, 12:]
(PLK method). Whitham [13] calculated the flow around bodies of
revolution, by substituting in the equations of the acoustics theory

a family of characteristics resulting from this theory as straight
lines by their actual eguation. With this method, which i1s valid even
at a great distance from the body, he was able in Dlﬂ to calculate,

approximately, shock fronts in the axisymmetrical case.

In the first part of this paper, chapters 2, 3 and 4, the equations

of the steady supersonic flow are solved with given specific boundary
values and initial values. These results are then used in part 2,
chapter 5, specifically for the calculation of the supersonic flow
though straight blade cascades. The analytical character of the
method also makes it possible for the conditions, and above all the
compression shocks; to be considered at infinity. Thus, with this
method, the neutral entrance characteristics of a cascade with super-
sonic inlet flow can be determined, but with upstream effect, which

had been found by Kantrowitz [:15] , Schwaar [16] , Levine [lT, 18] 5
Yamaguchi [19] and lately also by Novak [20:[ and Starken [21] by other
methods. The flow after the entry region in the channel of the cascade
is calculated step by step. In this, the initial values of a new
section are adopted from the solution of the preceding section.

Lastly, with the aid of the method it is possible also to determine

the supersonic outlet flow from the infinite cascade and the associated
neutral cascade exit characteristics. The equations for the determin-
ation of the entropy change as a result of the compression shocks are
given in chapter 6. These equations are then applied to the calcul-

ation of the losses due to the infinite number of cascade entry shocks.

_13._




Using the method by Oswatitsch, a number of problems have already been
solved analytically in the last few years: Oswatitsch [22, 23],
Schneider [24, 25], Rothmann [26, 27], Sun [28, 29], Leiter [30, 31],
Leiter and Oswatitsch [32], Stuff [33, 34], Pékorny [35] and Somn [36] -

This thesis has much in common with the works by Lin, Schneider [2&],.

Pokorny and Sonn.

21 Method of analytical characteristics

2.1. General equations

The method of analytical characteristics is used to calculate the flow
through a straight blade cascade. The differential equations describing
the flow must be hyperbolic to ensure the existence of true characteristic
lines. Tor the further simplification of the subject, the flow must

satisfy the following assumptions:

Let the flow be steady
Let the flow be two-dimensionally plane

Let the flow velocity be everywhere greater than the
velocity of sound

Let no sources of mass be present in the flow
No action of external forces

No heat conduction

Let the flow be inviscid

Let no energy transfer take place

Let the flow be isoenergetic

Let the flow be irrotational
The flow medium shall satisfy the following conditions:

Let the gas be thermally and calorifically ideal
Let the specific heats of the fluid be constant

A further hypothesis of significance in the method, is the requirement
that the approach flow shall be subject only to small changes from the
steady condition (small perturbations). For steady flow, the

requirement that supersonic velocity prevails everywhere is the

= il —




necessary and adequate condition for the system of differential equations,
which being hyperbolic, characterize the flow. Under these hypotheses,
the differential equations describing the flow are derived as follows (see

Oswatitsch [3f], equations (8.42) and (8.53):

an Saae Onl
2t tg(e-a) o 0
{2.1)
=+ tg(6+a) 5y O as conditions of inclination
and o
28 & cheo  aw o 0
9E W gE.
(2.2)

38 _ ctga 9w _ 0 as conditions of compatibility.
on W on

x,y are the Cartesian position coordinates; w = the velocity; 8 = the

direction of flow, measured against the x-axis; g, n = the characteristic
variables. a is the Mach angle which is a function only of the Mach
Number. This in turn is a function of w, under the assumption made.
This dependence is indicated in Table 1; also indicated in the table
are further conversion formulae which are valid under the above
assumptions. However, the normalization in equation (2.3) has already

been used in the formulae given in the table.

By changing to the inverse form in equation (2.1) and introducing the

non-dimensional quantities:

X =

i
<t
"
<

pa i
1]
R
et
1]
(ol =]

{2532
&

oo

: < w
— — — - 1
6-8 w =
the following system of equations is derived from equations (2.1) and

(2.2); (the tilde symbol ~ will be omitted since in the subsequent

discussions only these non-dimensional gquantities will be used):

_15_




3 t oW _ 39 _ ctgo 3w _
R R R T T
- 3 ) X
(2.5) ¥ - 8648 -a) ¥ = O i GG

w_ and 6 _ are reference quantities for which the incident flow
 quantitiés are normally selected. 1 1is a random dimension of
length of the object having the flow around it. The problem to

be solved, i.e. to determine & and w as functions of x and N

is expressed in parametric form by the conditions of compatibility
(2.4) and the conditions of inclination (2.5). The characteristic
quantities £ and n are the parameters which occur in the equations

as independent variables, whereas B, w and x,y are dependent variables.

Equations (2.4) and (2.5) are the initial equations of the method of
analytical characteristics used here. Perturbation formulae are then

written for the four dependent variables 6, w, and x, y; see Rothe;

Szabo [39].

TEEl s
(2.6) & =j§1 eld) W _jzl W

@ : i 1)
(72.7) X =jZO x(J) y —jZO Yy

The successive terms in the progressions (2.6) and (2.7) must differ
from each other by one order of magnitude. The jth term of these
progressions contains the jth power of a perturbation parameter which
is determined by the boundary conditions. The progressions for 0,

w, where 6 and w represent, as agreed, the quantities 8, w defined
by equation (2.3), begin with the index 1 since in the undisturbed flow

® and w vanish, and therefore also the Oth approximation in the

=i l6—




perturbation area. The terms of the progressions for x and y on the
other hand begin with the order O, since even in the undisturbed flow
the dependence of the position coordinates on the characteristic

quantities already exists.

The formulae (2.6) for the variables of state can be introduced into

thé closed solutions of the compatibility conditions which are obtained
in the next chapter, whereas the formulae (2.7) for the position -
coordinates are inserted directly into the inclination conditions (2.5).
The equations and differential equations are then written according to
terms of equal order of magnitude, the requirement being that the terms
of equal order of magnitude each by themselves satisfy the equations and
differential equations. In this, the expressions of equal order of
magnitude are in general the terms which also have the same sum index

in the perturbation quantities.

2.2. Solution of the compatibility conditions

The compatibility conditions (2.4) can be processed as a line integral.
The resulting solutions represent epicycloids in the hodographic plane.

These are, see also Zierep [38].

6 + v

B - v

const along n = const

(2.8)

const along £ = const

where v as a Prandtl-Meyer function is defined as:

1
1 M*2-1 K+1 M*°-1

K+
(2.9) v =\[=—= arctg - arctg ~

where M¥* 1is a non-dimensional velocity. The reference quantity is
the speed of sound c¢¥*, which occurs at the position where the speed just
reaches sonic velocity. Under the assumptions made above, c¥* 1is a

constant in the whole flow field; see Table 1.

In order to simplify, at a later stage, the inclination conditions, we
use in the further development of the calculations not the closed solution
(2.8), but instead an approximate solution which is derived from

equation (2.8) and which converges towards the exact solution as the

- 17 -




approximation progresses. In order to obtain the required approximation,
the Prandtl-Meyer function 1s expanded to a series at the w = O position.
This is possible because M¥ depends only on w, and because on the other
hand only small perturbations related to the incident flow are allowed

in this work, i.e. w itself is to be of a small order of magnitude.

Hence:

s e [(9—) w]k vw) .
' Te LERA

In applying the operator (g; w)k to Vv, w =0 is put in the differentiated

d
expression of v (w). This is indicated in the formula by the subscript
w = 0: This expression is introduced into the eguation (2.8) together
with the perturbation formula (2.6). Arranging this then according to
(1) (1)

we obtain:

terms of equal magnitude and solving towards 6 > ctgo - w

| gt il s o Big))
(2:31)
c i- ‘ 5
coga, w1 =) Lo+ 2 (1 my - sy

For abbreviation, the following was put:

b ; (=) % wh i 2 viw) .
(2.12) j (ETZRETE it

In doing this, it should be observed that on the right hand side of this
equation only those terms may be taken into account which have the sum index
e I(i) (n) and J(i) (E) are arbitrary functions of the variables

Es Tis They will be defined further on by boundary values and initial
values. The L. expressions found on the right hand side under the sum

(k)

i.e. 1-1 maximum. For this reason, the right hand sides have already

index contain only w terms with a Xk index which is smaller than i,

been calculated in the preceding approximations, being therefore given
functions for the approximation of the 1 order. The value for first

approximation of 'Lj is then:

- 18 -




§ g i i 2
ey 7 M (1)
Ve 3 e ctga [ 121 3 ] ;

In the squared expression only those terms may be taken into account

in this case which have the sum index 1.

2.3. Solution of the inclination conditions

Before integrating the inclination conditions (2.5), the coefficients

tg (6 +6_+ o) and tg (6 + 6_ - a) occurring in it are expanded in

a Taylor series. The Mach Number M and consequently also the Mach

angle o are here only functions of the velocity w. It is therefore
possible to express the two coefficients as functions of 6 and w and
since these two guantities of state are, according to the assumption,

to be of a small order of magnitude, both expressions can be expanded

in a series at the positions w =0 and & = 0; this is (see also

Rothe [LO]):

(2.14)

3
Q O+ (ﬁ] 8=0
0 w=0

ne~18
(Y

tg(6+6_Fa(w)) = tg(0+8 _%a(0)) + : L [(%—5)8

w

x tg(o+e *talw)) .

By inserting in these equations the perturbation formulae (2.6) and
introducing the equations thus obtained together with the perturbation
formulae (2.7) into the inclination conditions, there is obtained for

terms of the same order of magnitude:

(13 (i) i (i-j
ay 2 i dx ) ax (1-3)
€ tg(e,-a,) 3E = jgi Cj 5% along n
(2.15)
(3) (i} i (i= :
%'ﬁv' - tg@ta,) %rﬁ} = E DJ. g_:‘_] Sk along £

To abbreviate this, we put:

_19_
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(2.16) cj = % C
where

Ci‘

k 1 9
(0T Ses S [(5‘5‘]

k

x tg (@40 _+a(w)) .

The upper sign denotes the quantities CK whereas the lower sign denotes
DE . The subscript expressions w =0, § =0 for the partial
derivative symbols (%3) and (%;) indicate that w =0 and 6 = 0 will

hY

be put in the differentiated expressions of tg (6 + 8t aj.

In the expressions on the right hand sides, only those terms may be taken

into account where the sum index is j.

The equations (2.15) are linear partial differential equations for the
position coordinates x(i), y(i) of the drder T The right hand sides
of these equations are perturbation functions of the linear differential
equations which are already known from the preceding approximations,
because they contain the variables of state §, w only up to the terms
of the order of i, and the position coordinates only up to the order of

=1

The first two approximations for the coefficients C; " Di result in:
o o i = s
' = & S L
(2.18) g s |_1 + tg2 (8w+am)l % e( ) + tgamL1 s Mm—] -
DY 1=1 -
E : P
£ Wi
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Q

2
bt

(2.18) = {2 ta(8,%0,) [1+tg2(6m:am)]( ) a(l)}
1=1

o
% ow

2 tg(o %a,) 1+tg2(6w3am)] tgaw[1+ == Mﬂ x

14+

(L) (L)

1=1

x E+tg2(0w1u,>]-[.+_tsa,(1+%imfi - (er)M?) -

- 21 25 2uaceion] [ 1)1

where o, stands for a(o).

Tn these equations, once again only those terms may be considered where
the sum index is Jj. The integration of the differential equations
(1)

(2.15) gives, solving also for x -, y(l), the solution of the

inclination conditions which is to be found:

(2.19)
E
: ri (X3
= : X 2
x " (EN) = TR Fa) - tBM, %) jzi i e i
n
i (i-3) h
- E D.Bx dn'
o 3| an
dodke s N
11 ey
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(2.19) | ;

(i)(g n) E 1 tg(e i ) % C.ax(i-j) dE -
y . TE@ *0.) - tEE ~a.) S O P
n
i [ Bx(i_j) T
Bes = ¢« D—me———— d .
g(eoo aw)azl J J an 3
i) (g

The lower limits of the integrals G(l)(n) and H(l)(g) are arbitrary
functions of £ and n. They can be eliminated using the initial and
boundary values which are to be prescribed (see Section 2.4). From

the equations, the solution of the Oth order is obtained as:

(2.20)
o) ) :
X - telo_*a,) - tglo,-a,) feln) = nte)}
(0) _ !
VU Egle e - taleay (8(8utan) g(n) - tg(e,ma,) h(E)}.

The two functions that occur, g (n) and h (& can be chosen
arbitrarily; they cannot be specified by initial and boundary values.
To determine them, a linear formula is expressed incorporating two

constants A¥ and A¥%:

.
hi{E) = = |tg(em+am) = tg(am-om)l i

a(n) = + [tele,e0,) - tg(em—am)J A*n.

These expressions substituted in equation (2.20) then provide the

position coordinates in the 0th approximation:

x(o) = A%n + A%¥E

(2.24)
y(O)

1"

*
£g(0,+x,,) A n + tgle -a) A*YE.
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él), w(l) of the compatibility conditions only terms
(i) y(:1)

of the lSt order are taken into account, and in the solutions x 5

If in the solutions
of the inclination conditions only terms of the 0th order, then the

results obtained are the same as those in the theory of acoustics. In

the latter, conventionally (see Oswatitsch [Bf])

i 1

* = Sy * % = e

(2.22a) A 5 A 5
are selected.

Another selection is:

I

(2.22b) A oot pes (6m+aw) A¥¥ cos (Gm—am)

Here, &, n correspond exactly to the curved length of the characteristic

@) .00

lines (which are straight lines in this case) in the x' ', y plane.

The values chosen for the constants A¥, A*¥¥ are of no consequence, they -

merely alter the numbering of the characteristic lines.

2.4, Boundary conditions and initial values

The boundary values of the problem to be solved are normally given in
the physical plane, i.e. in the x, y plane. In the case considered here,

let the contour of the body be given as
y o= (%

The subscript k indicates that for the quantities concerned the values
at the boundary are used. For a given body contour, the distribution
of angles along the boundary of the body is specified at the same time,

for which the following is valid:

dy

k
= = _ -+ —_—
(2 23&) 3} G arctg =5

where i is the reference angle and 6, the contour angle (see also

k
equation (2.3)). To be solved, however, is the problem of the flow

around a body in the characteristic &, n plane. It is therefore

.-23._




necessary that the boundary conditions given in the physical plane be
transferred to the characteristiec plane. The equation for the blade
contour in the characteristic coordinates is required to be found
either as n = Ny (E). or as & = €y (n). It will be seen that the
first form is required if in addition to the blade boundary conditions,

initial values along a left-handed Mach line are given (see Fig. 1),

=
A
whereas the second form is necessary if initial values along & right-

handed line are given (see Fig. 2).

i\
We 1imit ourselves here to the case where the initial values given run

along the left-handed characteristic Corresponding expressions

Eon
A
can also be derived for the case where the initial values given run

along a right-handed line n The equation for the wall contour in

X
characteristic coordinates is required in terms of n = Ny (BN

In the x, y coordinates, the equation applicable to the contour is then

written as:

y = v (o)) s x = x (en(0)).

The angle 6, of the body boundary is then:

k
o= o, (., (8)) .

If the formula (2.7) is substituted in the equation for the blade contour,
we obtain:
5 (0) (1) (2)
B ey e R T e
Using the approximation of the zeroth order for the coordinates x, y,

equation (2.21) then gives:

(1) (2)

¥y & tgle o JA¥n (E) * tele o ) A% + ¥ B

Solving the equation for n = nk(g) then provides the required relation-

ship for the body contour in the characteristic coordinates.

= BN




(2.24)
il (e e

R e s e (va () e vy G [yl (A

As the argument for Fpo KiE X, (g, N (E)) = X, (0) + xk(l) = es
to be put on the right side of this equation. The equation can,
however, be solved only by iteration, since the relationship Ny (),
which is to be found, is also contained on the right side in the

e (€)) and ¥ (8» 0, (E)). ' The order

of the terms xk and yﬁé) » Which are considered in equation (2.24),

relationships for X (BN

determine the order of the approximation for Ny (E): This means that

for a zeroth order approximation, only the xﬁo) term need be considered
(o> (1)
x

T and

and for a 1° g order approximation only the terms Xy

Vk(l)'

If the iteration is to be avoided, then the next lower approximation

can be put for n,_ 1in the equations of the right hand side. This

k
would of course result in reduced accuracy. For the zeroth
approximation, a separate consideration will then be necessary because
no previous approximation exists for the right side. In this case,

the approximation

Yo tgqn xk = 0

is used. This relationship can be considered as the most extreme
approximation for the condition that the extension of the body contour
in a direction at right angles to the incident flow is to be small,

i.e. precisely O. Hence, with equation (2.21) this yields

to(8 ~a. ) - tle,) « A"

(00) ~— =

(2.25) Ny i tele_+o_) - tzle.)

The contour angle Bk as a function of the characteristic coordinates

results from equation (2.23a), where, however, x 1is not independent,

but where =% (&, U (£)) along the contour is a function of the
characteristic quantltles. Therefore:
= i
™ k
CEE2) . e ) = =6, & avcte o0 -,

k

[?'Pranslator's note: These numbers are as per original:
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In this equation, the accuracy of the expression is given by the order

of the terms which are taken into account on the right side for
(1)
%

Sesln)
xk = xk + K L S L

Having shown the interrelationship of the boundary values in the physical
and characteristic planes, the integration limits I(i) (1) J(i) ()
for equation (2.11) and G(i) (n), H(i) (£) for equation (2.19) must
be determined from the boundary and initial values. There occur the
characteristic initial value problems, and characteristic mixed boundary
and initial value problems, in solving the differential equations
established in this work. In the case of the pure initial value
problems, the initial values along left-handed initial characteristics
and right-handed initial characteristics are given (see Bip. 3). Both
initial characteristics limit the range of certainty of the solution.

In the case of the boundary/initial value problems, initial values along
the initial characteristics EA or n, and boundary values along the
non-characteristic boundary line e (£) or By (n) are given (see
Figs. 1 and 2). In this case, the initial characteristics and the
boundary line of the range of certainty determine the solution. The
variables of state 6, w and the coordinates X, ¥ cannot be freely
selected along the initial characteristics. They must satisfy the
differential equations (2.4) and (2.5) which are valid along the
characteristic line in question. Details of the characteristic initial
value problem and the mixed boundary and initial value problem were
found by Sauer [Pi]. Let us now first consider the case of the mixed
characteristic boundary/initial value problem. Thus, the initial values
are given along the initial characteristics ¢ = EA = const., and the

boundary values along the blade contour which are represented as

N Ny kE Y Along EA:

e'l) - e(i)(EA,n) wil) - w(i>(£A,n) s x(i)(ﬁA:”3

y(i)

13

y(i)(EA,n)

If the initial values are written into the equations (2.11), then

gl (£) can be eliminated and solved for I'i) (n):

= 06 =




: : . i-1
1) = 0y n) + otga, wPig,m - T (L)

‘]:1 qj EA,n )

Substituting this expression in the 5 equation (2.11) and considering

the equation along the boundary curve obtained, n = e (£), the

second integration limit J(l) (£) can be determined as:

1P ey = 200 (£,m, (03] - [0F) (g, ,n(8)) + ctaa, WP (g, 00)] 4

3%l

Writing the quantities I(l) (n) and J(l) (£) thus established
into equation (2.11) finally gives

(2.26)
oli) g 0y = eﬁi)(a,nk(z)] + % {[e(i)(gA,n) + ctga, w(i)(EA,n)] z

'[e(i)(EA,nk(E)] + ctga, w(i)(EA’nk(E))J u

i-1 i-1
% D g,m = - o (g,n () +ifl o
Bl ¥ R K > 551 97Esm

+ %[[a(i)(gA,n) + ctEo, w(i)(EA,n)} +

+[e(i)(£A,nk(E)] + ctga_ w(i)(EA,nk(E)]] =

153

1=
- (L) - (L.) Js
jzl J7Epan jzl J &y, (E)
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This is now the definitive solution of the compatibility conditions

including the given boundary and initial values.

For the determination of the integration limits G(l) (n) of the
inclination conditions it is necessary to consider the equations (2.19)

for the initial characteristies £ = Ey- This gives:

Ep

: i & {i=)
y(l)(EA,n) - tele,~2,) x(i)(EA,n) 2 jzi c. =

&y 2 £y £ 2
R e i [ s
gty ey e G e
- E - - -
Hence, the integral : can be substituted by the initial
G(l) (T])j

values along Ep and by an integral having the fixed lower limit EA'

§ By £ _
J + [ = y(l)(EA,n)-tg(f}m-am) x(l)(EA,nH
gy e n) . g,
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If this expression is written into the equation (2.19) of the coordinates,
then this leaves only the integration limit H(i) () stiil to be
determined. To establish.the function H(i) (£), a value can be freely
selected along the boundary curve n = My (£). We take, as

Schneider [24]:

e ] = ) e ) oot

i.e. the y values for the first and all subsequent approximations are
regarded as constants. Following the establishment of G(i) (n) and the
selection of y(i) (g, My (£)) it is possible to eliminate from the
equations (2.19) the quantity H(i) (£), and the solution of the
inclination conditions including the béundary and initial values is

obtained as:

(2.27)
(i)

xcl)(e oA yk [EA,nk(EA)) ; 1 z

3 tg(em-u’m) tg(em+am)-tg(6m-um)
L (i-3) Lo sa ) 1 (i-3)
X{ z j C-ax dE & oo o [? C.ax dE) %

& 3 et 528 ~h. ). < 3 ek
J=1 £, J=1 = N (&)

i (i-3) : ) ‘
-jzl ? Djai—yﬁ———dn +[§‘1)(5A,n)-tg(em-aw) x(l)(gA,nz]-
i1 n (&)

tg(6m+um) ] ;
g = v (g, 0, (8))-te(8, ~a_) xfl)(eA,nk(g>1]]
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(1) ey :
(E,ﬂ) = yk [EA’nk(EA)J + tg(em+aw)-tg(6¢;-am) {tg(am+am) it

i 4 (i-5) gk (£=1)
i c e e
j=1 JEal e n, (€)

A A k

i (i=])
= EEle A L) D2 3 dn + tg(® _+a ) x
J.=1 J n o0 [~ -]
n (&)

(T (5pum-tao,-ay) s e =

- ' (g, 0n, (8)) -ta(o ma) x(i)(EA:”k<5’)]]}'

If the initial values along a right-handed characteristic line are given,
or if the pure initial value problem is concerned, then the expressions
equivalent to the equations (2.26) and (2.27) are obtained. These are

given in Table 2, the following being put as an abbreviation:

i=1

ctgamw(i)(EA,n) 3 Zi(L.)

(1) (1)
B0 ing s BTO0E Lan)
A sq 13840

-+

H

81 (g)

(1) (i) ey =
RNy ) = chee wR Sy ) +-§1(Lj)€,nA

J
(2.28)

E(i}(n) = y(i)(EA,ﬂ) tg(em"um) x(i)(EA,n)

Py = vy e,n) - tate e x4 0,

_.30._




2.5. Streamline equations

The differential equation of the streamline is written in Cartesian

coordinates, observing the normalization conditions (2.3) as:

(2.29) e g B )

The subsecript ¥ indicates that streamlines are concerned. By transition
to the characteristic coordinates we obtain from equation (2.29), using

also the equations (2.5), the streamline equation in the &, n plane as:

x
(2.20) (Q&g Sty cos@+ 9+a)
dg ] 9x cos(f + 8 —q)
oan s

Substituting the series (2.6) and (2.7) for 6, w and X,y then enables
the streamline to be calculated by integration of the differential equation
(2.30) as ny = ny () if an initial point (EAnf’ nAnf) is also given.

The accuracy of this streamline is governed by the order of the terms taken

into account on the right side of equation (2.30).

In some cases, a simplification can be achieved by a series expansion of
the right side of equation (2.30). ~ Expanding the second factor at the

position w =0, 6 =0, we then obtain:

(2.31)

where
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(2.52)

cos(6_+o_) sini2 o )
B o SiEEas
cos (6 _-a_) cos (0 _~a )
s Kml ed A .
sin(2 ©_) 13 == M sin(@ -~o ) sin(2 o)
53 = 5 ® - Su = = Do 3
cos“ (& —-a ) s cos” (8 _-a )
) oo Moo i oo oo
- 2
sin(0-a,) sin (2 6,) (1+ 551 w?)
cos (0_-a_) MeL L
sin(2 8,) 1+ Siwm2 o i
o - 7 [2 M) - (k1) Mm+1_l
cos“(8_-a_) (M =il)
cos(e +a ) 1+ L 2
S, = 2
6 ) %
eos™ (0 _~a ] 'sz 3 1'
3 Weak compression shocks as a convolution of the characteristics

3.1. General shock equations

Using the equations established in Chapter 2 it is possible to calculate

the flow conditions 6, w
initial and boundary values
to be developed which makes
when an oblique compression

considered.

at every x, y position provided the required
are given, In this Chapter, an equation is
the calculation of the form of the shock possible,

shock configuration occurs in the flow field

For the derivation of this equation it is assumed here that

the conditions at a certain distance upstream and downstream of the shock

are known, whereas the position of the shock itself is yet to be determined.

In the supersonic flow around bodies there may be areas in the physical

X, ¥ plane in which characteristics of the same family (e.g. left-handed
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characteristics) intersect. This occurs in flows around aerofoils whose
contours have a concave shape (see Fig., 4) or have a concave break
(see Fig. 5). In the case shown in Fig. 4 the characteristics generate

an envelope, see Courant, Friedrichs [hg]. The area between the two

branches of the envelope is triply covered by Mach lines of the same
kind: If there is no concave shaped contour but rather a concave break,
then no envelope formation will occur. In that case, the two character-
istics, which run through the break point, occur instead of the envelope.
The area between the two Mach lines is doubly covered by characteristics
of the same kind. There are therefore points in the physical x, y
plane which are correlated to three or two points respectively in the
characteristic £, n plane. Since each point in the characteristic plane
is also associated with a specific value of the variables of state Byt

the qualitative configurations shown in Figs. 6 and 7 are obtained by

plotting the surface of state for 8 or w over the X, ¥ plane. It as
seen in Fig. 6 that three different variables of state are obtained for

one paired value of x, y coordinates in the area bordered by the enfelope.
For the case shown in Fig. 7, the calculation gives two different conditions
for a point in the flow field if this is situated within the two

characteristics running through the break point.

Physically, of course, to have two or thrae different conditions at one
position is nonsensical. These doubly or triﬁly covered zones are called
convolutions of the flow field. The choice of the name convolution
becomes apparent in Fig. 6, where the surface of state 6 or W, plotted
above the physical plane, folds over exactly in that area. A condition

of instability, i.e. a compression shock, occurs in the convolution area.
Upstream of this shock front, the solution shown by the lower (upper)

sheet of the convolution applies whilst downstream the condition given

by the upper (lower) sheet applies. The middle sheet, which possibly
occurs in the case of the concave shaped wall, has no physical significance,

and the flow values given by the position of this sheet will not be taken
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into consideration in what follows. The shock front which separates
the two different areas of the surface of state is a priori unknown.

It originates in the cusp of the envelope at zero value and runs between
the two branches of the envelope, The cusp of the envelope, i.e.

the initial point of the shock is also an unknown priori. This must

be determined by a separate consideration. This is undertaken in

Chapter 3.2.

In the case where the shock occurs as a result of a concave break,
Fig. 5, it begins at this break position with a finite strength and runs

between the two Mach lines passing through this point.

To calculate the shock front, we have the shock equations. They are
velid under the hypothesis mentioned in Chapter 2; they do, however,
still apply even if the conditions of isoenergy and irrotation are
abandoned. Likewise, the supersonic approach flow, M_ > 1 need not
be found, but instead only the supersonic flow ahead of the shock is
required. The shock equations are found, e.g. by Oswatitsch [}T].
Introducing polar coordinates 6, w into his equations, observing
equation (2.3), =end following some transformations, the slope of the

shock front is then derived as:

M* cos(§+ﬁm) -m* cos(E+0 )

Gt tgy = (§X) = :
oY (dx]St M* sin(@+8_) - R* sin(6+0 )

and the shock equation (shock polars) as:

{5.2)
3 = o~ 1
*3 4 fi*e [-oM* cos(B-B) - 2. M* tg(0-6) sin(6-0) - =}
7 { ( e~ M* cos(D-6)
¥ *
+§Q*{M*2+2+—'—Eg—'—=o
cos(0-0)

The quanfities provided with the symbol * identify the conditions directly
after the shock, whilst the quantities not marked express the state

directly ahead of the shock. The shock polars are derived from a relation-
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ship between the four quantities 9, w, 8, W. Being a cubic equation
in ﬂ*, it yields three different solutions for one value of 6. This
is shown qualitatively in Pig. 8. In this illustration, point 1
identifies the solution of the weak shock, and point 2 the solution

of the severe shock whilst the 3rd possible solution at point 3 has

no physical significance. In this work only the weak solution is
used. It is apparent in equations (3.1) and (3.2) that the state
after the shock can be calculated by the two equations, if the

shock inclination and the state ahead of the shock are given. Here,
further on, the reverse is pursued, namely the inclination angle is
calculated from the conditions ahead of and following the shock. The
shock is therefore arranged in the flow field in such a way that the
shock equations (3.1) and (3.2) are compatible with the flow field ahead
of, and after the shock.

In order to obtain the differential equation for the shock front,
equation (3.1) is used for the inclination of the shock front and the
differential (%ﬁ)St is written instead of +tgy, and characteristic

coordinates are introduced into this differential. The result is:

ay (df ay
sElaml g, * o

d st
(3.3) tgy = (aﬁ)st = waE L X
9 ‘dn St an

Substituting the relationships (2.5) for Gl Qﬁ-, we obtain in
solving for (QQ) :
an‘St -

9X
(3.4) [%Q] b gi ! 1 - ctgy tglo+e_+a) .
ik 3L 1 - ctgy tg(0+0, _-a)

with equation (3.1) and after some transformetions it follows that:
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(545)

9X =
; == g8 Vtoa |4 %
{g'%) L 32 5 *[M*cos(6+0 ) - M¥cos(e+0 ) -
St 3 l—tg(Bw‘Bw)tga

- M¥sin(0+0 )tglp+e,) + ﬂ*sin(Smm)tg(awm)-

& ﬁ*tga{cos(gmm)tg(emm) = sin(3+6m)}J/{ﬁ*cos(§+em)

- M¥cos(6+6_) - M*sin(6+0_)tg(0+6_)+
+ M*sin(8+e_)tg(0+0_) + M*tga{cos(8+0 )tg(e+e_) -

- sin(8+ﬁm)}

The expression in squared brackets is a funciion of the four quantities

W0y W, B Taking the shock equations (3.2) into account, W can

be considered as a function of the remaining quantities, The expansion
N

of the bracketed expression at positions W = wy, 8 = 0, and the

subsequent series expansion of the coefficients occurring at positions

w = 0 and 6 = 0 gives:
(3.6)
9x y =
e il [“‘11 t Kjow + Kig @4 Ky 5=+ Kyow 16 2
SE ﬁ

for left-handed shocks.

The equation for right-handed shocks follows by exchanging £ for n and
~

substituting K:. by K..
L 13

Indexing the quantities in the downstream sheet with the symbol *~, the
differential shock equation in the coordinates of the downstream sheet

of the convolution is obtained from equation (3.6) by substitutirg the
quantities §, é, 6, %, of the 2nd sheet for x, &, n and w and
replacing by 8.
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The coefficients Kij and K.. for approximations up to the Qnd order

ij
follow as:
(3.7)
K 4

31 1+tgd_ tga_ K+l M

o=l : R T
g 17tg6_ tga, 8  (M2-1)
K12 K+1 Mu 1+ k-1 M2

o 2 co X

12 8 (u2-1)3/2 [17tge_ tga_]°

=~

x {+[M2-4]-tgo, tga [2 M2ttgo, tga_(M2-4)]}

g el M 1+tg2 o,

o

13 4 (M2-1)2  T1¥tge_ tga ]’

=t

K 4

21 1ttgd  tga, K+1 M
o i : T T {MZ(k-1)+2} .
K21 17tge,_ tga, 8  (M2-1) |

One further quantity, namely 6(£, n) must be expressed in the coordinates
of the other sheet in the differential equation (3.6). The required

relationship

-~

(3.8) £ = Elg,n) n = n(g,n)

1s obtained in the implicit form if it is observed that

(3-9) X(E,n) = ;{(g:a) Y(Ean) = §(g,ﬁ)

is valid for the convolution range.
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This equaticn expresses the fact that in the convolution region two
(real) pairs of value £, n and é, ﬁ of the characteristic
coordinates are associated with one point in the physical x, y plane.
It is seldom possible to solve this problem analytlcally. It is
simpler to expand the equations (3.9) at one position g = g P iy

n = ns(g, n) and then to solve for 5 and n. This can be implemented
explicitly up to terms of the 2nd order; it leads to biquadratic

equations. Considering only terms up to the 1St order, we obtain:

(3.10)
{iﬁJA [%(E n)-X(E_,n )] [EEJA- p [?(E,n)-§(§s,ﬁs)]
~ - IN‘E .,m an Es,ns
EXE % > P +o.
S e e B . B
28/, A LR e, A RV E A LAlE LA
{3:] xemR@LA ][] [vemFE, )]
. dEsE T 13 EgoM
- S +d
S S el e
an’ A LE Eyally WORE JA_VOEVE A

A~

9 , (E, n ) can also be expanded in series. To a first order of

accuracy, it is:

A oA AN A 36 F a‘\Q n=-7
8 (g, =9 g )+[-—-JA (g-¢ )+{ A]A L ATER LY Aaul
(#.11) ft.n) (& fig g s i Es’ns s

Substituting in equation (3.11) the above relationships (3.10) for the
variables E and n and introducing the resulting expression for &
into equation (3.6), then the differential equation for the shock front

is derived in the form: (&) = r (£, n). The solution of the

dn)St 4
resulting ordinary differential equation of the 1°° order will in most

cases have to be carried out numerically. Choosing the gquantities

-

e and §S, for left-handed shocks we have: ES

correspondingly for right-handed shocks: A

A

s = Manf> 85 T8 &g
and Nanr @Fe the values in the initial point of the shock. A further
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improvement in accuracy can be achieved if those £, n values are adopted
which belong to the compression shock point calculated last, instead of

the values in the initial point of the shock.

EAnf’ ﬁAnf
Equations (3.10) and (3.11) are valid for the case where the quantities
of the downstream sheet are taken as a function of the quantities of the
upstream sheet. Substituting in equations (3.10) and (3.11) for the
guantities of the one sheet the corresponding quantities of the other
sheet, then the variables of state ahead of the shock are obtained as

a function of the values after the shock front.

3.2. Determination of the initial shock points in the flow around
concave curved walls

It has been shown in Chapter 3.1. that in the flow along a concave curved
contour, there occur interesections of Mach lines of the same family.
This area in the physical x, ¥y plane in which there is a triple cover

is bounded by an envelope which is formed by these Mach lines (Fig. L4).

In calculating the envelope, we consider the characteristic £, n lines

of the x, y plane as families of curves given in the parameter form

x=x (g, n), and y=y (g, n) having the two family parameters £, 7.

The equation of an envelope whose generating element is given in parametric

form is given by

pe O o R 9y :.
(3.12) 5 e an 3E £ LE 4 1m) 0

see Ostrowski [hj]. Using equation (2.5), (3.12) can be further simplified
to

" —f [%gte+g+a) = tg(e+qm—aﬂ = O.

Since the bracketed expression is generally unlike O, 1t follows that

(3.13) %g- %ﬁ = 0.

Since a product is zero if one of the factors is zero, we then have
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B_JE = 0 or -a_}s == 0

]
(3.1h) Y 3n

= (£)

nEnv Env
which is to be found if the envelope concerned applies to left-handed

These equations yield in the implicit form the equation
characteristics.

The cusp of the envelope which is to be found and which is the initial
point of the shock is then yielded as the minimum of the curve, i.e.

the coordinates of the cusp are obtained from %g Env = 0.

In the case of the envelope of the left-handed Mach lines, equation (3.14)

and

2 2
(3.15) 3—% = 0 or dx
9E an d&

then yield the coordinates of the cusp.

The accuracy with which the envelope and also its cusp are calculated of
(i)

course depends once again on the order of the terms x(l), ¥y used in

(3.14) and (3.15).

In the intersection of the right-handed Mach lines, by the corresponding

Env EEnv (n)
whereas the coordinates of the envelope cusp can be calculated again from

treatment, equations (3.1L4) give the envelope equation as: £

equations (3.15) by interchanging £ and n.

L.  CenteredPrandtl-Meyer expansions

In a flow around aconvex corner, a centered Prandtl-Meyer expansion forms
in the flow (Fig. 9). The expansion fan is limited upstream by the Mach
line EA and downstream by EE' The whole region between these two
characteristics is shown in Fig. 10 projected on one single Mach line

in the x(o) y(o) plane in the zeroth approximation (acoustics theory).

2

(0) _(0)

This means in the equations for the calculation of the X Y
coordinates that retaining n a like value for x(o), y(o) must be allocated

for two different values gA and EE and even for all in-between values of

B [y S




the characteristic coordinate £. This can be realised, according to
Schneider [2#] by dropping the dependence of £, i.e. by putting
A¥¥= 0 in equation (2.21) in the domain of & centred Prandtl-Meyer

expansion.

An arbitrary function can be selected in £ as boundary values to be given
for the flow direction 6 in the cusp A - E which represents for

€ = &, the direction of the flow (GK)A at the wall ahead of the corner
and for £ = £y the direction of the wall (GK)E after the corner. A

linear relationship is assumed here as the simplest function:

£ = g
(b.1.) B =) e M s ey e e
S [ s ¥ 4] 5T Ea

The numerical value EE —- £, 1s an arbitrarily given value which,

A
like the selection of the function, varies only the numbering
of the Mach line. All the other equations for the calculation of
x(l), y(l), -6(1) and w(l) retain their validity observing A**= 0,

The disadvantage of the agreement A*¥= O is that as a result the universal

validity of equation (2.21) is no longer true. For £ > %: values,
(@ = wn vt e - (g - gy

(4.2)

o tQ)

te@ ta,) A'n + tg@a) A ¥l - (5 - )]

is then valid instead of (2.21).

Equation (2.21) and (4.2) must be appropriately expanded if several centered
Prandtl-Meyer expansions occur. If instead of left-handed Mach lines,
centering of the right-handed characteristics occurs, then A¥ = 0 must be
put in the centred Prandtl-Meyer expansion domain., £ is then to be
substituted by n in equation (4.1), and in (L4.2) the n coordinate is to

be supplemented appropriately instead of £.
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e Flow through plane, straight blade cascades

5.1. General

A double infinite plane, straight blade cascade can be imzgined as
generated by applying a co-axial section through a spatial, axial rotor
or stator of a compressor or turbine stage which is then projected into
the plane and extended at both ends to infinity. The section of this
type of cascade is shown in Fig. 11 together with the most impoftant

notations.

In the supersonic approach flow to a double infinite cascade, a distinction
must be made between two flow configurations which are significantly
different from each other. With the one flow form, perturbations run,

in spite of the flow being supersonic, from the blade suction sides
upstream ahead of the cascade inlet front (Fig. 12). 1In this case, the
axial component Ml . sinBl of the approach flow lies in the subsonic
range, and an effect on the approach flow due to the cascade occurs.,

The special peculiarities resulting from this flow condition are described
in detail in Chapter 5.2. If, on the other hand, the axial component

of the approach flow lies in the supersonic range (Fig. 13), then there

is no such effect on the approach flow by the cascade because all the

disturbances originating in the aerofoils run into the cascade passage

and not upstream ahead of the cascade front.

In order to represent the conditions in a cascade wind tunnel better, a
semi-infinite blade row is considered here instead of a double infinite
one, For an axial subsonic approach flow, the flow image of a semi-

infinite cascade (Figs.1l, 15, 16) is different from that of a double

infinite cascade (Fig. 12). It will be seen, however, that for the
irrotational supersonic flow the calculation of the semi-infinite flow
field also determines the double infinite flow field. For the axial
supersonic approach flow, Fig. 13 and Fig. 17, this differentiation in
respect of the incident flow between the single and the double infinite
cascade is not necessary. Borderline cases do occur if a shock

configuration passes exactly through the cusp of the next blade (Fig. 18)
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or if a Mach line of the centered Prandtl-Meyer expansion falls exactly
in the cascade front, (Fig. 19). 1In the first case, for a double
infinite czscade, a reduction in the incident flow flow Mach No. gives
a sudden transition to an approach flow with an axial subsonic incident
flow component, whereas in the second case the axial component of the

double infinite cascade is exactly 1.

To calculate the flow through the blade cascade, the whole flow field

is sub—divided into several zones which require different treatment.

Such an area, for example, is given where a family of characteristicé
comes from a zone of constant state. In the case of the entrance region
which will be investigated in the next chapter, a Mach line family comes

for example always from a constant state region.

5.2. Entrance region

5.2.1. Equations of flow in the entrance region

The entrance region is the front part of the cascade in which there is a
family of characteristic lines running from a constant state zone. In
a semi-infinite cascade, this constant state prevails in front of the

first Mach line issuing from the lowest blade.

For the calculation of the flow in the entrance region, this constant

state is selected in this chapter to serve at the same time as the reference
quantity in equation (2.3); it is therefore identified by the = symbol.

The state of the incident flow in the semi-infinite cascade (index =) should
be carefully distinguished from the incident flow state for the double
infinite cascade (index 1). In Fig. 20, the entrance region of the cascade
illustrated is characterized by the right-handed lines n = constant coming
from the area of the incident flow. This area is limited upstream by

the left-handed Mach line which passes through the point of the bottom
aerofoil, or through the left-handed shock front if a compression shock
occurs. The other demarcations form the right-handed Mach lines which

pass through the aerofoil tips if right-handed shocks are formed there.
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The flow configuration shown in Fig. 21 produces two entrance regions

which differ from one another: a lower region denoted I and an upper
region denoted II. Right-handed characteristics once again run from

the constant approach region in area I and the left-handed characteristics
run into area II. The downstream characteristics and the appropriate
compression shocks through the aerofoil tips limit the areas I and " II.
The right-handed lines limit area iT upstream and area I downstream
whilst the left-handed oneslimit area I upstream and area II downstream.
The same conditions as those in the entrance region of a blade cascade are
also obtained in the flow around a single aerofoil if its approach flow has
a constant Mach Number (Fig. 22). In the range above the aerofoil, the
right-handed Mach lines are coming from the constant region whereas the
left-handed Mach lines below the body are coming from the incident flow
rarea. For this reason, all the equations valid in the entrance range

are also valid for the single aerofoil. In order to obtain the equations
for the flow states 6, w and the coordinates x, y in these particular
flow ranges, we restrict ourselves initially to the case where the right-
handed Mach lines come from the undisturbed incident flow region (Fig. 20,
and Fig. 21 for region 1I). The equations applicable to the case where

the left-handed characteristics come from the constant region, are derived

similarly.
The state 6(1) =0, w(l) = 0 prevails everywhere in the constant region
upstream of the cascade. This then gives by equation (2.11) a relation-

ship valid along right-handed characteristics:

: . 1=1
(5.1) 6(*)(£,n) + ctgaww(l)(a,n) )

(L), o Ay sl
i1 :

This is the linearised form of the equation 6 + v = constant along n =
constant which, because of the irrotational flow required, is also valid
for left-handed shocks. By equation (5.1) a relationship between the
flow direction 6 and the velocity w is given which is valid for the

whole entrance region considered. This relationship (5.1) is of course
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also valid along the initial line EA so that by its application the

initial values ocecurring in equation (2.26) can be immediately eliminated.

Hence for the initial values of the coordinates in equation (2.27), since
(0)

in the undisturbed approach flow x = x(o), y =y T valid (4.6,
x(l) =0, y(l) =0 for i21):

-

i (1) s, L
y( )[gAsn) - tg(ﬁm-am) X [EA’n) = 0.
With the initial conditions thus established, the required variables of
state and the position variables result from equations (2.26) and (2.27)%
Because of the periodicity of the boundary conditions and the irrotationality,
it is possible to transform the equations so that the consideration can be

limited to one single blade.

The characteristics through the blade tips are denoted by EO’ N Ifia

compression shock occurs at the aerofoil tips, then £

characteristic in the downstream sheet of the convolution. If a centered

represents the

Prandtl-Meyer expansion occurs, then go is the characteristic, farthest
downstream, through the blade tip. The coordinates are correspondingly
called xo(i), yo(i). The variables of state B{i) and w i) are then,
because of the periodicity, a function only of the quantities £ - EO and
N~ Ng. Hence, from equation (2.26) it follows, with (5.1), that:
B(i)(ﬁ'EO’”'”o] - a&l)(g—ﬁo,(n-no)k]

ctga,w 1) (6-5,n-n5) = - {1 (g5 ,(n-n),) r 1 (o3

The quantity (n - nO)k’ which is to be formedlalong the aerofoil boundary,
represents a function only of ¢ - &O. The first.of the equations (5.2)
reveals immediately that the direction of flow e(l) depends also on

E - EO alone. In the second equation, the first item on the right side
is also(?)function only of & - EO' In the calculation of the velocity

term w of the order i , the second item contains the preceding
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(k)

approximations w' ’. Since the index is k ¢ i - 1 and the first

W) o 41 (

approximation gives w £ - EO), the second summand is also

a function only of § - EO. The direction of flow as well as the

velocity are therefore a function only of a characteristic coordinate
(the simple wave, see e.g. Zierep [35]). The coordinates are derived
from equation (2.27) if it is observed that the quentities Cj and D.
(k) 4 (k) ;
]

are functions of w which depend only on & - €y due to

equation (5.2), so that the integration can be carried out for N as

follows:
(5.5)
g£=§
0
(4=
i) ATy - 1 9 (x- Xq )
X -xo i tg(6m+am)-;g(ew—amj {J_Z [}  « a(f; EO) (E...go) =
0
b= EO e
tg(e, +a_ ) [ a(x-xo)(l'J) : ]
a d(g-¢ 1L
t8e,-a,) 4{&-%4) 0 ] i
0 (n=noly
" > {1=3)
DJ.(x xk) ]}
( ) (l) . 1 bt r
R T 73 T I ) {j§1ltg(e’m+%>’
ErE
0 Sy
) ( B(x-xo)(l'-])
*1] C = d(g-E.) -
b J 3 (g 50) 0
0
E-~§
0 £y,
[ 73 (x-xg) (179)
1] St d(E-g )J _
J ElE~E. ) 0
J © (n-no)kJ
0
- tg(0,~a,) Dj(x-xk)(i‘j)}}_

For the zeroth approximation, eguation (2.21) yields:
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<(0)_ (0)

A*(n-ny) + A**(£-£.)

(5.4) ;
te(8,ta,) A*(n-ny) + tg(8 -a ) A**(g-£4) .

y(O)_y(()O)

The equation of the aerofoil contour (y - y.) is a given function of
Yy = Yo'k

(x - xO)k' This yields for the angle 8 along the wall contour:

k

(5.5) Gk = - Bm + aPCtg[aT;:;aT;]
(x"xo)k

Equation (2.24) then gives the boundary contour (n - n.). in
0’k

characteristic coordinates:

(5.6)

al = - *(F- - .
(n—no)k = A*tg(ﬁm+am) { tg(Bw ﬂm) A* (E EO) + ((y yo)k](x—xo)k}

)(i)
k
The equations of the variables of state of the first order are then:

It should be observed that (y - ¥ = 0 was selected for 12 1 .,

oM (g-gy,n-ng) = o'V (g-gy, (n-n) ) = 8{P(e-g,)

(5.7)
ctgagw’ ) (6-g5,n-ng) = - o{1) (k¢ )
where
3(x—xo)(0) : 3(X-XO)(O)
= A%X = A*

The equations of the lSt order of the coordinates are obtained:

(5.8)
E-EO

r _
(x=xg) M) = awemny | 0{V (eg) ace-gy) + amnyel) (6-0)+ [nn, ]

J

0

(y-yO)(l) = A*tg(em-am) Nlel-(ti)(g_eo).[n-nk] N
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In +his:

Ml ki tgtem-um:
(5.9) ,
B Fs "%
Ny = - te(o_+a_) - tg(8,-a,)
in which
Py = 1 + tg2(6w-am)
= 20 +a )
P2 =1+ tg ® Feo
(5.10) T
q; = 1 - tefa (1 557 M)
: =1 e
Q, = 1+ tgla_(1+ == M2)

In the derivation of the equation (5.8) it was observed that the direction

coordinate Bk = ek (g-—go) acting as the integrand is only a function of

i EO’ so that

E=t &~Eq
_[f
0 0 , (n-ng),

is valid.

Interchanging in equations (5.6), (5.7), (5.8) and (5.9) the guantities
£, n and A¥, A¥¥ gnd Pl’ P, and substituting -o_ for o_, yilelds the
equations for the case where the left-handed Mach line comes from the

constant approach flow region.

For the calculation of the streamlines to the lSt approximation, the series

of formulae for the variables of state and the coordinates are inserted in

e




the differential equation (2.31).

account, this gives:

o ax(o)
(5.11) (%ng = {8 & 85 00 4 B EETGT +
) n
ax(D) 35(0)  5.(0) 5 (1)
+ S 98 dan = 352 an
i

ax(o)
an

One obtains from this for the entrance region of the cascade by

substitution of the equations (5.4), (5.7) and (5.8):

R (d(n-no)) :
= :ha(n.—n + F
d(g &g v 0
in which
(5.13)
(1)
06
£E=8 0 K

Tsking only the first terms into

B = (1184} » {8 .[é** + A*M 9(1)_ A*N 3Bé1) o (n=n.), =
1 17k 1 BEE-EOi 0’k .
3(n-ny)
. A*e(l) 0’k

1y b Ny
Kk —am— - A* Nlek :'+ A x* [52 th‘.mS}J

(1)
O

fes

E and F are only functions of (£ - EO), and equation (5.12) is therefore

a normal differential equation whose closed integration is possible except

for a remaining quadrature. The equation of the streamline in character-

istic coordinates is then:




(5.14)

£-£, (E=£,)
. f
[e-ate-goy: e
(E"_E’O)Anf = [ (E-EO)Anf ']
(”'”O)w = e L(n-no)p + J F se d(E-EO) :
(E'EO)Anf

(¢ - EO)Anf and (n - nO)Anf are 1nitial values of the considered

streamline which are to be pre-assigned.

By the above transpositions, the equations are obtained for the second
boundary initial value problem. If within the entrance region of the
cascade there is a flow around a concave contour, then the equation of
the envelope which arises, being the envelope of the characteristics of
the same family, is calculated from equation (3.14). With the aid of

equation (5.8) it is apparent that in this case only 258 28 oon yield

ag
the solution. This is for a 15% order approximation:
ax(0) 5y (1) ~ (1) 20 ")
- * % x % * -
(5.15) ag + 3 A + A Mlek + A N [-—(-E—ET (n nk
- 0(1) a(n-no)k] = 0
e F(E-E) ;

From this, the equation of the envelope can be given in the explicit form

ae(l)

3(n-nn)
(5.16) Moy ~ M = (1/ “TE—E_T { (1) 0’k

T

[axs/(A*N )] [1 + W 6(1)]}

From d(nEnv - no)/d(g - go) = 0 the coordinates of the cusp of the envelope
being the initial point of the shock are then obtained in the implicit form

as:
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(5.17)

26(1) (1) 32(“'“0)k aeﬁl) : [2 3(n-ng)y A**ﬁij

kK -
] = ~
ety 1% see? | e P TEEY T

+

24(1) 3(n-ny)
3°0
k Ak ~ (1)] (1) 0’ky . 0,5
+ — |1 + M@ =8 ]
2(E-£)°  A*N, e g

)

The iterative calculation yields (& and substitution in

)

Env’Anf?

equation (5.16) yields

(nEnv Ant*

The formulae for the flow domain corresponding to equations (5.16) and
(5.17), in which the left-handed Mach lines come from & constant state

domain, are once again obtained by the transpositions given above.

5.2.2. Equations of the shocks in the entrance region

The differential equation of the left-handed shocks in characteristic

coordinates is derived from equation (3.6):

a(ﬁ-“o)
d(E-€ ) 3(M-A.) %
{ - fo 5 oo ey R I B eSO
d (R n0) o 8(x—x0)

3(E-Eg)

The quantities having a "~ symbol are the states and coordinates prevailing
in the sheet of the convolution which lies downstream of the shock, whereas
the non-identified quantity 6 is to be formed in the sheet of the convolution

which lies upstream of the shock.

If only an approximation of the j38 order is considered and if it is observed

that in forming 3(x - xo)/a(g - go) that part of the 15% order approximation
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is to be taken into account which contains n - n as a factor since

k

this becomes large in relation to B(l) - 5(1) for large n - n, values,
then we have:
B A 0 MR o
{d(E EO)] : A*K11 (& © )
d(R-,) " 26
0% St A** 4 NlA* ——1—§f—'(ﬁ'ﬁk)

If a domain of constant state exists upstream of the shock, then 6(1) =
constant, and the equation can be integrated immediately, at least

numerically. In the other case, 9(1)

must be expressed with the aid
of equations (3.10) and (3.11) as a function of é, N to make an
integration possible, Observing the relationship 36(1) /dn = 0, which

is valid here, we obtain from equation (3.11):

A (1)
31 _ a1 o (1) L (e(1)) - [ = ] x
= 8

3(E-E,)
a(y-yo) I . =, }
xl[3T33357]s {(X-Rg) - (x=xg) g+ Kg=x%g)} -

3(x=x)1 "
0 T T A - x
[ETﬁ:HBTJS {lyugd = oggle® Uy yo)}]

3(x-x0) 3(y-yq) B(x-xo) 3(y-y4)
UlstEmEy gy TRy STEEQ

The subscript s signifies that the quantities are to be formed at the
position (& - Eo)s' For the selection of (£ - EO)s and (n - nO)s’

please refer to Chapter 3.1. The magnitudes of the numerator in large
brackets are of the ISt order, and for this reason only terms of the zeroth
order and those of the lSt order which become large in relation to the
corresponding lSt order terms of the variables of state are taken into account

in the expressions

3 (x-x4) 9 (x-x4) I(y-yy) I(y-yqy)
&6y ° Bfneng) 0 TEELY S Thimn)
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CARRETAER {[tg(0m+um)-tg(6m—am)]'{A**Eé(l)-(ﬁ(l))s] E

; R
A(i)[ 36 1 . - A =7 - - N - S
+ A*N,© lmTT" 3 Js Lr_(nS M+ -Ng)-(n -ng) g+ (A, no)} *

L) ,
o(® " o S
+ A**[WJS [(ﬁ Eo)s (& EO)]} +
(E—EO)S

- (1)
* A**Mltg(ﬁmmm) {%m}'[ Jﬁ(l)d(g‘go) =
S
0

5

e
31y 2.2 ] L [(" ~¥o)-t8 (8, ta,) (XX )q}"
- | 8T aE-Eg)] SIEEEE T L Yo Yo e 4 0_‘
0

e ae(i) 7
x1/{ [tg(ewi-am)—tg(em-am)]-[A**-i-A*Nl[W]S (n-nk)SJ }

By selecting n, = n and taking into account in the above equation only

terms of the 1lst order, it follows that:
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(5.18)

6(1)—6(1) = (t (6_+a )-tg(®_-o )]-A**(g(l)-ﬁ(l))+[ 38(1) ] x
L g 4 oo g o oo s E_(-E_—T 5

< {ane (65 (8- | B DasT, [(A, A 0)-(n,=ng) +

+('ﬁo—no) ]+tg(6w+aw)[(x§1) (1)) SR ( ). i(()

+ {_(§O—yo)—tg(0m+am) ('fo—xo)J }] /{[tg(8m+am)—tg(6w-am)]x

* & *N 36(1)
x {A**4+A*N [‘TE*E‘T] [<n Mg d=(ny~mgd 4 (A0 O)]}]

This then gives the Riccati equation as the shock equation

The quantities A, B, C, D are functions only of é - EO and (g - EO)S

and give:
(5.20)
~ Cx)
s e ald) o 1) 30 1
L= A*Klltﬁ (© 05 )+[—TE—E—T L(E EO B - (- E ] &

+6(1)A*ﬁ1[kﬁk-ﬁo)-(nk—n0)5+(ﬁo-no)1 +

+{Fg(6m+am)[(xé1) (1)) % 1) 1 )J [F§O'yo)*tg(6m+am).x

x(xo-xo)lJ/q}g(em+aw)-tg(3m-am)]}}

- ~(1) (1)
i'n (A*N1) 26 30 )

f
3(e-E) ka(a-so) ;
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(5.20)

& (1) 1
C = A*A**Ni[ 28" +[ ae(1) ] ]+(A*N ) 8(1) [ 5e(1) ] 5

98-y lace-gy)) 288, lace-gy)
x[(ﬁo—no)-(ﬁk-ﬁ0>~(nk—no)s]
o (1), ~(1)
D = A**pA%aypkkpa)N {[_;22___ [(n “n~)=(n, -n ) T 06 ~ =~
, P (g ) L0707 M0 s 3 (E-E,) i o8

o o 26 [ 28 J [ﬂ i o
A*ENS ‘ Rrare s it el
a(€-€b) 3(6-60)7 e noj L(no ng)-(n, ”o)sJ

From equation (5.19) it follows that:
A-fly -

A

(5.21) (E-E =B g ) & d(R-7
“olse Anf | B(A-Rg)Zsc(A-R D | "o’
(N6) Ans

In this equation, the upper integration limit can converge towards =.
The right hand integral then becomes an improper integral. In numerical
integration it is therefore appropriate to carry out a transformation of

variables which transforms the improper to the proper; see F.A. Willers

Dﬂﬂ:

(5-22) ﬁ_ﬁo =

N

+ (ﬁ—ﬁo)Anf =3 .

Hence, equation (5.21) is written:

(5.23)
1

E-E )~ (E=Eq), o= 2{B| (A-7) —{}2+c[}ﬁ-* )-1]+p} +
Z

+ z{2B[(ﬁ-ﬁO)Anf-%]+C}+B]

where O € z £ 1 for
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© > (A-n.) > (A-n.), ..
0 0’Anf

The special case of a compression shock, vhere a constant state prevails
upstream of the shock front, is contained in equation (5.21) if it =
VL) & constane ‘sna 502 mie £,) = 0. The
quantities A, B, C and D are then simplified to

considered that 8§

A e A*A**Kll(ﬁ(l)—e(l))

B =0
(5.24) s

C = Axaxsl, 28

2 (E-E,)
i ~(1)
D = A**E-A*A**Nl 32 s (=T )y,
a(g_go)

The character of the differential equation changes considerably because of
B = 0. The Riccati differential equation (5.19) transforms to a linear
differential equation of the lSt order, and the integration can be reduced
to a guadrature; see Kuipers, Timman [hﬁ]. However, the shock is in

o AR -

that case presented in the inverse form (n - ao)st =f (g - £o

will generally be necessary to carry out the quadrature numericalily.

Hence:
2 "EO
+ % d(f-gb)
(2-£,) e
(5.25) (ﬁ-ﬁo)st= € SR {(n-no)Anf B
E—EO
ot
E‘E = % d(g—go)
(8-2,) 5 coli=
+ % e O7Anf d(E_EO)}
(E—EO)Anf
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The similarly derived formulae for right-handed shocks in an entrance
region where the left-handed characteristics come from the approach flow region
are obtained here once again by the interchanging of £, n and A¥,

A¥¥ and P P, and substituting -a_for «a_.

1* 2

5.2.3. Calculation of the flow and of the shocks in the entrance region

With the aid of the equations derived in Chapters 5.2.1. and 5.2.2. it is
now possible to calculate the flow state for the entire entrance range.

It is useful to interpret the flow configurations obtaining for the cascade
aerofoils separately for a convex and a concave aerofoil suction side.

Let us consider first the blades with convex shaped aerofoils.

The bottom blade is subject to a convolution or a centered Prandtl-Meyer
expansion, depending on whether the direction of the approach flow is flatter
or steeper than the tangent of the blade suction side contour at the blade
tip; see Figs. 14, 15, 16. The illustrations show only the left-handed
characteristics and shocks and the one right-handed shock which defines the
entrance area, or the appropriate Mach line. To explaiﬁ the definitions
used, Fig. 23 shows the two bottom blades of a semi-infinite cascade and

some continuous left-handed Mach lines.

E_, 1s the characteristic of the undisturbed incident flow through the first

blade tip. EO
characterises the state of the flow disturbed by the aerofoil. The

is the characteristic passing through the blade tip which

numerical value for EO and £ has been chosen to be identical in the
case of the convolution as illustrated in the picture. In the case of
the centered Prandtl-Meyer expansion, Fig. 16, the difference EO and

£ is an arbitrary constant wvalue (see Chaper L), Downstream of the

o]

line EO there occurs, due to the convex curvature of the aerofoil, an

acceleration of the flow resulting in a lesser slope of the Mach lines.
If an expansion takes place at the blade tip, then the velocity along

the characteristic £ is already greater than the velocity of the

0
incident flow. Downstream of EO it will continue to increase for
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as long as the curvature of the aerofoil is convex. If a convolution
occurs at the blade tip, then the velocity along EO is lower than
the velocity of the incident flow. As a result of the expansion
downstream of EO’ there will be a line gN along which the velocity
and, because of the irrotationality, also the direction, agree with
the values of the incident flow. This characteristic is at the same
time the limiting position of the shock forming in the convoluted area
of the bottom blade; because if the shock assumes the direction of
this characteristic, then the states in front of and after the shock
coincide and the characteristic is now the limiting pesition of the

compression shock.

Let the characteristic which passes through the tip of the second blade
be defined as Ep; the velocity along this characteristic is higher
and the flow direction is flatter (small ©) than along the characteristic

On the other hand, the flow states between and EP, are

£ %o
identical on the second blade because of the periodicity already

established above. The characteristic é is therefore only a

0]

parallel displacement of the characteristic and the state along

3
go and EO is identical. Since the flow digection along EP is flatter
than along EO’ there occurs a convolution of the flow field at the second
blade and consequently the formation of a compression shock independent
of whether at the first blade a convolution occurs or a centered Prandtl-
Meyer expansion. The shock which occurs here has the effect that the
expansion existing at the first blade is revoked for the second blade,
precisely due to this compression shock. After this shock front, the
same expansion takes place again, and exactly the same flow conditions
prevail as those at the first blade. The characteristics originating in
the lower aerofoil, which run into the shock originating in the upper
aerofoil, are limited upstream by the characteristic El. The
characteristics of the upper aerofoil, which also run into this shock,

~N

are limited downstream by the line &£ Since the flow relationships

1
are the same on all blades, exactly the same shock formations as at the
second blade occur also on the 3rd and all subsegquent blades. For this

reason, the lines 3 and él must also be in complete agreement, i.e.
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these lines are also displaced parallel by one pitch. This line El’
which is an unknown priori and which is not so easy to calculate as
the position of line EN’ has the property of being the boundary
characteristic of the shock of the second blade and of all shocks
originating in the subsequent blades, after a displacement parallel
to the cascade front by always one pitch. Since the cascade shocks
originating in the blade tips, with the exception of a shock which
might be present at the very bottom blade, are perfectly identical,

they consequently correspond to the shock configurations occurring

A~ ~

on a double infinite cascade. The Mach lines E El’ El

which are completely homologous, characterize these shocks to infinity.

ebc,

The flow state on these characteristic lines is therefore exactly the
state which represents the state of the incident flow to a double

infinite cascade; Kantrowitz Eli], Ferri [HQ].

Since the constant state of the incident flow prevails ahead of a
compression shock which might arise at the very bottom blade, this first
shock is different from the subsequent shocks, no constant state prevailing
upstream in front of them. ° The first shock can now be infinitely steeper,
Fig. 1L, or flatter, Fig. 15, than the cascade shocks. This is decided
by whether g lies upstream or downstream of g In the first czse

the first shock is cancelled out atinfinity because it has blended with

a characteristic line, namely g » and no interaction with the subsequent
shock occurs. It the second case, where gN lies downstream of E the
first shock is flatter than the remaining cascade shocks and will impinge
on the second shock. The shosk originating after this interesection of
the two can be calculated exactly in the same way as the first shock,

the point of intersection being the initial point of the shock calculation.
Upstream of this shock, the constant incident flow condition again prevails
and behind it the flow state of the second aerofoil which is, however,
identical to that of the first aerofoil. The other form of this shock
front compared with the shock front of the Ffirst blade up to the point of
interesection with the cascade shock emerges only through the other initial

point of this shock. What is important is that the characteristic EN
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which is identical to EN apart from a one pitch displacement, is the
limiting line of this shock which is also the reason why the latter

must strike the 3rd shock, which of course has a Mach line corresponding
to El as 1ts limiting line. It is for this reason that the first
shock in this case also strikes all the subsequent shocks of the cascade.
At infinity, a finite shock strength is maintained which corresponds to

the difference in the flow states on the characteristic lines EN and

€y

If the aerofoils in the blade cascade have a concave shaped suction side
in the entrance region, then the following results are obtained:

If the lowest blade is subject to an incident flow arriving at an angle
which is flatter than the contour angle of the aerofoil tip, then an
oblique compression shock is formed in the tips, Fig. 2k. Since the
contour has a concave curvature, all the characteristics downstream

of the initial Mach line g, are inclined more acutely than go. Let
the characteristic passing through the next blade tip again be called

E Since the same image of characteristics appears again along each

b
blade, which means that the characteristics of the first aerofoil need

all be displaced only by integral multiples of the pitch, it is immediately

apparent that a centered Prandtl-Meyer expansion occurs at the tip of the
second aerofoil and consequently also at all the other aerofoil tips.

On the other hand, due to the concave boundary contours and subsequent

to the expansion there ceccurs a compression which leads to a convolution

with the formation of an envelope.

The shock resulting from this is intersected in the surrounding of its
initial point at both sides by & = constant characteristics, which
emanate from the concave aerofoil contour of the second blade. Starting
at the position where the shock intersects the Mach line EO’ upstream

of the shock the centered Prandtl-Meyer expansion Mach lines run into
the shock and downstream the characteristics emanating from the blade
contour run into the shock. If the shock intersects the characteristic
E , then upstream the characteristics of the Prandtl-Meyer expansion of

%
the second blade, and downstream the characteristics of the Prandtl-Meyer

d

expansion of the 3 blade, run into this shock. At infinity, the shock

will blend into a characteristic él, as boundary. This means that all

- 60 -




characteristics downstream of él and all characteristics upstream of

S A N
El run into this shock. The line El which is parallel to El’ El
is once again the boundary of the shock configuration forming at a
double infinite cascade. The value of £, is obtained by letting n

go to = in the shock equations (5.21).

If the flow conditions lead to the formation of a shock in the tip of

the first aerofoil, as in Fig. 2L, then this shock has as its boundary
line the approach flow characteristic £, Which passes through the

tips Since on the other hand all the characteristics downstream of

this first shock are more acutely inclined than € it will not be

able to take this boundary position. 21 is steeper than g and

the first shock will consequently run inEo the shock of the second
aerofoil and further into each of the following shocks originating in

the subsequent blades. At infinity there remains a finite shock strength
which corresponds with the difference in the states along ¢ and £y~
However, if the incident flow to the first aerofoil is such that a
centered Prandtl-Meyer expansion occurs there as well, then the shock
which now occurs at the first blade will be equal, at least at the
starting portion, to the shocks arising at the other blades. A criterion
as to whether this first shock runs into the subsequent ones is the
position of £, in relation to El' If £, is steeper or if it has the
same slope as El’ then the shocks are equal at all blades and no

interaction between them takes place.

The subsequent illustrations show the results of some calculated examples
for the different flow and cascade configurations. Figs. 12 and 25 show
the shock formations and the left-handed Mach lines in the entrance region
of a double infinite cascade: in the first picture for a cascade with
convex suction side contour, and in the second case for a cascade with

a concave suction side aerofoil contour in the cascade entrance region.
Figs. 14, 15 and 26 show a semi-infinite cascade where a compression shock
occurs at the tip of the first blade. In the first two cases the blade
upper sides are again convex shaped whereas in the 3rd case they are
concave. Figs. 16 and 27 show the appropriate cascade for the case

where a centered Prandtl-Meyer expansion occurs at the bottom aerofoil.




As a result of the periodicity of the flow in the entrance region, and
because of the constant approach flow values at infinity ahead of the
cascade, a coupling of incident flow direction and incident flow Mach
Number exists for double infinite cascades if the approach flow
-velocities have axial components which are smaller than the speed

of sound. This functional dependence Bi =f (Ml) is plotted in

Fig., 28 for a cascade having convex aerofoil suction sides. The left
hand branch of the curve is limited by the circumstance that sonic speed
is reached for the first time at the aerofoil tip after the shock and
that the calculation method used here fails for still smaller incident
flow Mach Numbers. Towards the right, the coupling is valid until the
axial component of the approach flow just reaches the speed of sound.
Above this right hand limiting point A, the line Ml - sin B, =1

which represents just axial sonic speed acts as the limiting curve.

The flow which corresponds to a point on this curve has qualitati#ely

the appearance shown in Fig, 19. On the right of this limiting curve,
the direction as well as the Mach Number can be selected independently,
and the flow image corresponds to that shown in Fig. 17. Beneath

point A there emerges a limiting curve which is given by flow conditions
as shown in Fig. 18. Here, the cascade entrance shocks pass exactly
through the aerofil tips of the subsequent blades. At the right of this
boundary, Bl and Ml are again independently selectable and the flow
which emerges is that shown in Fig. 13. For the calculation of these
flow configurations with shocks at the cascade entrance and axial
components which are in the supersonic range, the method of the 1st

order used here very soon yields inaccurate values, and for deflections
by the cascade entrance shock of more than 10°, even higher approximations
are to no purpose in view of the high incident flow Mach Numbers if
entropy changes are not also taken into account in the calculation of

the flow field. This boundary curve is therefore plotted in Fig. 28

only for a small change in the angle of incidence.

Fig. 29 shows how the interrelationship of Bl =% (Ml) changes for
three different pitch ratios +t/1 1if the stagger angle BS is maintained
constant. Conversely, Fig. 30 shows the effect of the stagger angle on

the angle of incidence for a constant pitch ratio.
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5.3. Channel region

The flow region of a blade cascade to which the characteristics of the
steady flow area do not extend is called the blade channel. In this
region, none of the flow states along the Mach lines are constant, and
these are consequently no longer straight lines, To calculate the
flow fields, it is therefore necessary to use the complete equations
(2.26) and (2.27). The considerations once again extend only to the
case where initial values along a left-handed characteristic £, eand
boundary values along a non-characteristic boundary nkfg) are given.
The equations for the other two characteristic initial and boundary

initial value problems are comprised in Table 3.

Once again we shall linit ourselves in what follows to terms of the
first magnitude. From equations (2.26) we obtain for the quantities

of state:

{5.26)
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is yielded for the position coordinates from equations (2.27).
The quantities P., Qi are the constant values given by equation (5.10).

A(l)(n) and E(l (n) are abbreviations for the initial values pre-assigned

along &p3 ‘these are in full:
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B (¢) and F (£) are the initial values along the right-handed
characteristic Npe They are required for the equations comprised in
Table 3 when the problems concerned are the pure initial value problems

or when the inital values along n, are pre-assigned in addition to

the boundary values.

The total flow field of a double infinite cascade is shown in Fig. 3.
The incident flow along an axial component which is smaller than the
speed of sound and an upstream effect is therefore achieved. The
resulting neutral cascade entrance characteristic is shown as a broken
line. The entrance region of the flow represented in the illustration

is limited upstream by the aerofoil suction side, the right-handed shock
through the aerofoil tip and the right-handed shock through the aerofoil
trailing edge. Since the two right-handed shocks do not intersect until
downstream of the cascade exit face, the entrance region extends in this
example even as far as behind the cascade exit face. The entire
remaining flow field between the blades and behind the cascade here
corresponds to flow through a channel. In the area between the blades
it is evident that one family of Mach lines originate in the suction

side and the other family in the pressure side and that consequently they
do not come from a constant domain. With respect to the zone behind the
cascade it is seen that the left-handed shock through the aerofoil
trailing edge in the example considered runs downstream behind the
cascade exit face. For this reason, l=ft-handed Mach lines issuing

from the aerofoil suction side also get behind the cascade exit face.
Since the aerofoils now continue pericdically in both directions and to
infinity, it is realised that the total flow field downstream of the

cascade exit face is covered by these left-handed characteristics which




issue from the aerofoil suction side. On the other hand, all the right-
handed charactersitics come from the aerofoil pressure sides, at least
after the intersection point of the two right-handed shocks (not shown

in the picture). Consequently, in this area, the conditions of a

flow through a channel are also satisfied. It should also be remembered
that the total flow state in the cascade is clearly established following
the selection of the incident flow, and that the outlet flow cannot be
affected from the rearward position. The axial outlet flow component

1s greater in this example than sonic speed which physically explains

that a reaction from downstream is not possible.

For the calculation of the outlet flow occurring at an infinite distance
behind the cascade it would be necessary to calculate to infinity the
right-handed as well as the left-handed shock issuing from the trailing
edge. There, both shocks pass over into the Mach lines, and the state
thus characterized is precisely the outlet flow quantity which is to be
found. Since with the exception of the two characteristics running
asymptotically into the shocks all Mach lines have been cancelled out

in infinity by the left and right-handed shocks, these two remaining
characteristics can be defined as neutral cascade exit characteristies.
However, the two Mach lines are not straight lines, nor is the flow
condition along them constant so that no significant gain of information
is related to their determination. They are therefore not included in
the illustration. The calculation of the cascade exit shocks has proved
considerably more difficult than than of the cascade entrance shocks
specifically because of the right-handed and left-handed shocks intersecting
an infinite number of times. Another method is therefore applied here
to the calculation of the outlet flow which is to be found. The
calculation of the flow field is discontinued for any position behind

the cascade, and the caleulation further downstream abandoned. However,
the entirely indispensable constant state at an infinite distance behind
the cascade is calculated based on the flow data in the cascade exit face
according to a method given by Scholz [FT] and applied to the supersonic
outlet flow for the first time by Amecke Dﬁﬂ. This method is based on

the application of the four conservation theories (continuity equation,

B




momentum theory tangential to the cascade face, and momentum theory
normal to the cascade face, energy theory) to the flow region between
the cascade exit face and the constant outlet flow behind the cascade.
The energy theory is a priori satisfied in the calculation method used
here because Tges = constant and need not be taken into account in
what follows. Since the flow values in the cascade exit face are known,
it is possible to calculate with the other three conservation theories

the unknown quantities LY 6 and also, beyond the procedure used

2
so far, the total pressure pgesE and as a result the shock losses
between the cascade exit face and constant outlet flow. The

conservation theories are given in equations (5.29):
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The resulting solution is:
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The loss coefficient w which incorporates the shock losses from the cascade
outlet face up to the balanced flow in the infinitely distant plane 2 is

therefore:
pgesi i ngs . —(pges / pgesl)

w = =

Pges1 ~ P1 e g e
1 -[}+ —~ M., |
2 1
) “\Poes / Pgesl)
- = -
(r+1] k-1 [k+1 M *E}K-i
K=-1 1

5.4. Outlet flow region

In Fig. 31, the outlet flow takes place via a supersonic axial component.
As has been shown in the previous chapter, the whole flow behind the
cascade is fixed by the selection of a specific incident flow. The back

pressure consequently also having been established cannot be continuously
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varied by throttling. Due to subsonic areas present in wakes, as a
result of side wall boundary layers, compression shocks and non-periodic
n0n¥steady processes, it is possible, however, to get from the outlet

flow previously considered to the flow shown in Fig. 32 discontinuously
by throttling. The blade aerofoil, cascade geometry and the incident
flow are in this instance identical to those in Fig. 31. Only that
section of the flow which lies downstream of the left-handed shock through
the aerofoil trailing edge is different from the flow image considered
first. The axial outlet flow component in the flow considered last is
smaller than sonic velocity and there are no left-handed characteristics
running from the aerofoil suction side to behind the cascade exit face.
The left-handed Mach lines which are situated behind the left-handed

shock through the aerofoil trailing edge now stem from the region at an
infinite distance behind the cascade. Since there again a constant
outlet flow is supposed to exist, the flow prevailing downstream of the
last left-handed shock is again a simple wave flow. This ares, which
occuples the whole region behind the cascade is defined as the outlet
region in a similar way to the entrance region. The right-handed Mach
lines here are straight lines, the state along them being constant. Once
an outlet flow, which is again perfectly periodic, exists, it can be

varied continuously by changing the back pressure without causing a

variation in the incident flow. In this case, the back pressure is
a new independent parameter. This reaction is physically explained
by the axial subsonic component of the outlet flow. The minimum back

préssure is achieved when the left-handed trailing edge shock runs through
the next adjacent blade tip. A further progressive reduction in pressure
is not possikle. A sudden jump into the flow state shown in Fig. 31 then
occurs, with an axial supersonic outlet flow component. The maximum
possible throttling is reached when the incident flow is still just not
affected by the outlet flow. However, since the calculation method
applied here pre-supposes a supecrsonic flow, the calculation must be
discontinued even before reaching this maximum back pressure, namely at
the time when the speed of sound occurs in the flow field for the first

time.
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The infinite axial subsonic outlet flow can be calculated in principle
by the same method as the infinite incident flow in the entrance region.
The only difference is that in one part of the outlet flow zone a purely
characteristic initial value problem is concerned. Here once again,
there exists a neutral outlet flow characteristic which, because of the
simple wave flow, represents a constant state, i.e. that of the outlet
flow. At infinity, the right-handed shock passes over asymptotically
into this sfraight Mach line. It is shown in Fig. 32 as a dotted line.
In calculating the different states of throttling it is appropriate to
pre-assign the flow angle at the blade trailing edge instead of the back
pressure and to calculate the pressure from the resulting outlet flow

quantities © W

2* 2°

For the flow shown in Figs. 31 and 32, the axial outlet flow component
lies in the unthrottled case in the supersonic range. Under other
approach flow conditions or for other cascase configurations, flow
conditions can occur, however, where in the unthrottled state all the
left-handed Mach lines issuing from the aerofoil suction side still run

into the cascade.

If with this type of flow configuration the flow direction at the blade
trailing edge coincides with that of the aerofoil suction side at the
trailing edge, then we speak of a matched flow condition. For more
throttling, a left-handed shock, which runs into the cascade, forms at

the trailing edge. The flow diagram then agrees qualitatively with

that shown in Fig. 32. If on the other hand, the back pressure is

further reduced beyond the matched condition, a centered expansion occurs
at the blade trailing edge, whose left-handed Mach lines, however, must
still run into the cascade. The minimum back pressure is achieved when
the last of the left-handed Mach lines of the fan just meets the next

blade trailing edge.. The axial outlet flow component just reaches the
speed of sound in this case. A further pressure reduction is not possible
because of the necessary periodicity. In this type of flow condition, the
axial outlet flow is therefore always subsonic and can reach at a max-

imum  sonic speed.
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5.5. Cascade flow with reaction of the outlet flow on the approach flow

In the flow conditions so far considered, the approach flow was freely
selectable within certain limits (axially supersonic), or there was a
coupling of the direction and the speed (axially subsonic) which is

fixed by the suction side contour of the blade aerofoils. The approach
flow, however, was in any case independent of the outflow from the
cascade. However, as a result of very high pitch ratios or big stagger
angles, flow configurations can emerge where all left-handed character-
istics issuing from the aerofoil suction sides run upstream in front of
the subsequent blade aerofoils, Fig. 33. In that type of flow, the

axial component of the approach flow as well as the outlet flow is below
sonic speed and a simple wave flow exists in the whole flow field. The
left-handed Mach lines issuing from the suction sides are straight lines
because all the right-handed characteristics in the area covered by them
come from the constant approach flow region. Likewise, the right-handed
Mach lines issuing from the aerofoil pressure sides are straight, because
all the left-handed characteristics there come from the constant outlet
flow region. In the flow field which is limited by the shocks issuing
from the trailing edge and the shocks issuing from the leading edge of the
adjacent blade, a constant flow condition does in fact prevail since there
the right-handed Mach lines come from the incident flow and the left-handed

ones come from the outlet flow.

Because of the simple wave flow, the formulae given in Chapter 5.2 for the
calculation of the entrance region can be used for the calculation of the
flow field. To calculate the approach flow to the infinite cascade, it
is necessary to calculate the left-handed shocks issuing from the trailing
edge and the next blade leading edge, up to their intersection point.

The calculation of the one shock which results after the intersection

must then be continued to infinity. The incident flow state

characterized by this limit is plotted as a broken line in the diagram
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as a neutral.left-handed cascade entrance éharacteristic. The
application of the same calculation method to the appropriate right-
handed shocks then yields the outlet flow at infinity behind the
cascade once again as the. limiting position of the shock. The right-
handed neutral cascade exit characteristic is also shown as a broken

line in the diagram.

For the convex aerofoil geometries considered, & centered Prandtl-Meyer
expansion can also occur for variable flow and cascade configurations
instead of the one of the two parallel shocks. This, however, does
not principally change anything in the behaviour of the flow under

consideration.

Two flow magnitudes can be freely selected for the calculation of this
cascade flow. If, for example, the inlet flow is fixed by Bl, Ml’ then
the entire remaining flow field is clearly defined, including
particularly the outlet flow 82, M2. If, on the other hand, the outlet
flow is pre-assigned, then the complete flow including the approach

flow, is fixed.

For practical purposes, neither the approach flow nor the outlet flow

is pre-assigned in what folleows, but the constant state BE’ ME between
the cascade blades. As a result of the state along the A - B straight
line being constant, Fig. 34, connecting the aerofoil trailing edge with
the adjacent aerofoil leading edge, and of the pre-assignment of the
flow BE’ ME prevailing there, the rate of flow throﬁgh a cascade pitch
can be readily calculated. This rate of flow must now be equal to the
flow through a pitech t formed with the approach flow magnitudes and
also the flow formed with the outlet flow magnitudes, Fig. 3L. This

yields, following some intermediate calculations:
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Because of the simple wave flow, the relationship (5.1) must be valid
between the quantities of the incident flow and those in the E area.
A corresponding eguation with a negative sign is then valid between

the outlet flow and E. Hence, for J.St order terms following an

intermediate calculation:

ctga ctga,
Bp. + M* . = B, + M*
E M*_ E 1 M* 1
(5.32)
ctga ctga,,
Br - M. * = By~ M, *
€ me, E 2y

The equations (5.31) and (5.32) thus represent an equation system for the
four unknown quantities Bl’ M1 and 82, M2 that can be solved by iteration.

It is apparent from the equations with the interrelationship between
incident flow, outlet flow and state in the E region depend entirely

on the cascade geometry t/1 and BS, and not on the aerofoil contour.
This statement is still valid if instead of the two equations (5.32) which
constitute the lst approximation, the exact solutions of the compatability

conditions
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(5..33)
B ~ ¥ T 85 = Y3
are used. The equation of the aerofoil contour enters the relationship

between approach and outlet flow only if the loss effect due to shock on

the flow quantities is taken into account.
The reaction of the outlet flow on the incident flow was established for

the first time by Strauss (described by Oswatitsch [37])for an infinitely

thin plate cascade.

6. Calculation of the entropy losses in obligue shocks

6.1. Calculation of the entropy losses along an obligue compression shock

Let the oblique compression shock be given in the x, y plane as

Vgt = ySt(x), Fig. 35. Let the length of the curve along this shock be
ol The total entropy loss As from a selected initial point bA to a
random point b 1is then:

m(b)
(§-s)dm

)

m

—_—

m(bA

(6.1) As =

with s the specific entropy before the shock and & after the shock,
and m the mass flow through a pitch. Hence for dm :

(6.2) dm = Bep-w_(w+l)-sin(y-8 =g, ] db .

B is the constant side extension of the flow configuration under consideration,
at rightangles to the diagram plane. p is the density of the flow medium,

which because of the irrotationality is a function only of the flow velocity.
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For the transition from the curve length to the Cartesian coordinates

db = dx/cos y, where tgy = tgy (x) = (dy/dx)st
is valid as the shock angle in relation to the x-—axis. Equation (6.2)
then yields:
(6.3) dm = ﬁ'wmp(w+l)[fgy'cos (9+Qn)—sin(e+em5]dx :

When considering the shock in the £, n plane, a left-handed shock is

plotted as Eq = &gy (n), Fig. 36. The entropy loss from b, to b
is then:
m?b')
(S-s)dm
_ m(bﬁ)
(6.4) As =

m

b' 1is the curve length along the shock in the &, n plane. Substituting
then the characteristic coordinates into the equation (6.3) yields,

following some transformations:

(6.5)
5 1
o ] d
dm = mep(w+1) %% {cos(&+?m)[tg(8+em—a) 2; [a%}st+tg(e+8w+a)J—
ax an
- sin(8+0,) [ 2= (g5) +1}}dn.
3t
on

9x/9E | (g_‘;)
9x/9n dn’St
equation for right-handed shocks results from equation (6.5) by interchanging

Here, can be substituted by equation (3.6). The relevant

£ and n. The quantity s - s in equation (6.L4) is obtained as (see

Sauer D&Q]) :
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Here, M = M(w) and y =+y(w, 0, é); see equations (3.1) and (3.2).

The expansion into a series at the position & = & then gives, following

a further expansion into a series of the coefficients at the position
w = 0:

(6.7)
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For the first Vij coefficients one obtains:

‘ 6
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The top sign relates to the left-handed and the bottom one to right-handed

shocks. It is seen from equation (6.7) that the first approximation,

which differs from zero, is for -(s - s)/R a quantity of the 3rd order
in (8 - 8).
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6.2. Calculation of the shock losses in the entrance region of the
double infinite cascade with upstream effect

For a double infinite cascade with upstream effect, there emerges the
shock configuration of which Fig. 37 is an example. This diagram
shows the shocks as well as the dynamic streamlines which impinge on
the tips of the individual cascade aerofoils. The diagram shows that
each streamline has to cross an infinity of shocks before reaching the
cascade. In calculating the total shock losses between two adjacent
dynamic streamlines it is necessary to add up the losses along an
infinity of partial shocks which intersect the two streamlines. In
the example in Fig. 37, the losses are composed of losses which are the
result of integration along the partial shocks 1-2, 2-3, 3-L ete.
Howéver, due to the periodicity of the flow in front of the cascade,
all the shocks and streamlines are identical when they are displaced
parallel to the cascade face by complete pitch multiples. For this
reason, the partial shock 2-3 is identical to the partial shock 2'-3"
and likewise 3-4 to 3"-4"' etc. The shock losses arising upstream
of the cascade between two dynamic streamlines can therefore be
calculated by integrating one cascade shock from the initial point

of the shock to infinity (see Klapproth EBQ]). This consideration

is not restricted to conditions with attached shocks because it is

based only on the hypothesis of periodicity of the flow.

For the entropy change of the flow through a blade passage due to the
infinity of cascade entrance shocks we obtain, following some

calculations, to the i approximation:
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where the upper integration limit ;1 must be extended to «. The above
equation is also valid for cascade exit shocks if the incident flow
(index 1) is substituted by the exit state(index 2). For the right-
handed integral we then have in the entrance region taking the relation-

ships (5.18) and (5.9) derived in Chapter 5 into account:

(6.10)
ﬁ-ﬁo".m 1
3 i
[ @ -6 a-ng) - [ — 5 d
(A=00) ang {C+z- [D+C((A-Ag) pnr ~1)]}

The integration here must take place along the shock ESt = ESt(ﬁ) = 551;

The functions A, C and D are given by
(6.11)

(1)
b % A(l)_ (1) L——.— . * * = o A...A
R = A** (B Ba )+ [3(5"50)}3 {A [(ES o) (& EO)}

-

+A*N 6(1)L(HK-nO) (nK nO)S+(nO ”O)J} *

-

(1)
+1/[tg(ﬁm+am)~tg(0m““m)] . [m‘:@pi {tg(D,%a,)

)

X[(x}({l) (1))J ("(1) "(1))] + [‘?O—yojl-ﬂ tg(&n+am) X -Xol}

' (i)
SRR T
) A*Ni[a(a-ao)JS

(1)
= ~ (30 A
D = AxseAEN, a(‘:‘go)]s [(n0~no) = (”K—”O)SJ

depending only on £ - éo.

The coefficients, which contain only the entropy changes caused by the
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cascade entrance shocks, are plotted in Figs. 38 and 39 for a cascade
having convex aerofoil suction sides. In the first graph, the stagger
angle is keptconstant varying the pitch ratio whilst the second graph
shows the loss coefficent for a constant pitch ratio with different
stagger angles. The decrease in loss as the incident Mach Number
increases is remarkable. However, this is readily explained when it
is remembered that for the highest Mach Number considered here, the
incident flow takes place exactly as the axial approach flow component
reaches the speed of sound. In this case, the cascade entry shock
passes over into a Mach line which lies in the cascade face, and the
losses become zero as the shock vanishes. The diagrams also show that
the assumption of irrotation is justified, at least inthe entrance
region since the loss coefficients assume extremely low values (f 1%)

for the cascades of aerofoils with a small camber considered here.

7. Conclusion

In this paper, the method of analytical characteristics by Oswatitsch
for the plane irrotational supersonic flow, is developed and applied to
the calculation of the flow through straight blade cascades. The
characteristic coordinates serve as independent variables. The known
closed solution of the compatibility conditions is expanded for
perturbation quantities of the variables of state, for simplification.
For the solution of the non-linear slope conditions, a perturbation
formula in the position coordinates is additionally selected which
transforms the slope conditions to a sequence of linear differential

equations, which are then successively solved.

Weak compression shocks are subsequently fitted to regions of convolution
in such a way that the state on both sides of the shock is compatible
with the flow field already known. The resulting envelopes of
characteristics which limit the region of convolution, and the cusps
which are the deciding factors for the initial points of the shocks, are

also calculated.
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Using these general solutions, the plane supersonic flow through straight
blade cascades 1s then calculated, namely for semi-infinite as well as
for double infinite cascades. For an approach flow with an axial
component which is smaller than the speed of sound, the neutral cascade
entrance characteristic is obtained as the limiting position of the
entrance shocks. The associated coupling between the incident flow
direction and the Mach Number, can be stated both for aerofpils having
convex and concave suction sides. The flow with an axial supersonic
incident flow component, can also be calculated for angles of incidence
which are nét too large, and the limits arising can be specifically
stated. The flow between the bladés can be calculated as a flow
through a channel. In the case of an axial supersonic outlet flow
component, the channel area extends to infinity downstream of the cascade,
and the back pressure is uniquely established. If, on the other hand,
the axial outlet flow component is smaller than the speed of sound, the
back pressure emerges as a freely selectable parameter. In this case,

a simple wave flow exist once again behind the cascade.

Specifically, a flow through a cascade is considered where a reaction of
the outlet flow on the approach flow occurs in spite of the prevailing

flow being supersonic.

Finally, equations are given for entropy changes as a result of weak
compression shocks. Using these equations, the shock losses arising
in front of the cascade are calculated for a cascade with an approach

flow having a subsonic axial component.

Hanns-Jurgen Lichtfuss,

505 Porz-Wahn, Linder Hohe.
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10. Figures
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Figure 1: Range of certainty for the mixed, characteristic boundary/
initial value problem.
Initial values given along EA.
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Figure 2: Range of certainty for the mixed, characteristic boundary/
initial value problem.
Initial values given along Ny
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Fig. L: Generation of a convolution on a concave curved wall.

_95_




—

Fig. 5: Generation of a convolution on a wall having a concave break.

Fig. 6: Surface of state in the area of a convolution occurring on
a concave contour.




~y

Fig. 7: Surface of state in the area of a convolution occurring
on a contour having a concave break.

|
NSonic ling

8 Direction of flow ahead of the shock

8 Direction of flow after the shock

Y = Shock angle

M = C(Critical Mach Number ahead of the shock
M* = Critical Mach Number after the shock

e % Weak shock

2 = Severe shock

3 = No physical significance

Fig. 8: Shock Polars
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Fig. 9: Centered Prandtl-Meyer expansion in the physical plane.

y(0
,;II/AE
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Fig. 10: Centered Prandtl-Meyer expansion in the physical plane
(Acoustics Theory).
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Fig. 21: Entrance regions of a cascade with no upstream effect.

Compression shocks

——«—— Mach lines
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. Fig. 22: Flow regions on a single aerofoil.

Compression shocks
--—-—-——  Mach lines
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Notation for the left-handed Mach lines of a semi-infinite

cascade (concave shaped aerofoil suction side)

Double infinite cascade (concave shaped aerofoil suction side)
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Fig. 26: Semi-infinite cascade (concave shaped aerofoil suction side)
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Fig. 27: Semi-infinite cascade (concave shaped aerofoil suction side)
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Fig. 28: Interrelationship between the incident flow Mach

No. Ml and the incident flow direction 81.
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Fig. 29: Effect of the pitch ratio on the interrelationship between the

incident flow Mach Number and the incident flow direction.
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Fig. 30: Effect of the stagger angle on the interrelationship between the

incident flow Mach Number and the incident flow direction.
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Fig. 31: Illustration of a cascade with a supersonic flow passing
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Fig. 32: Flow field of a cascade with a supersonic flow through it.
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Fig. 33: Reaction of the outlet flow on the inlet flow for a cascade
with a supersonic flow through it
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Fig. 34: Notation for the reaction cascade
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Fig. 35: Notation for the compression shock in the physical
plane

e d

Fig. 36: Notation for the compression shock in the characteristic
prlane
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Fig. 37: Flow diagram of a double infinite cascade with upstream effect
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Effect of the pitch ratio on the loss coefficient of the

cascade entrance shocks

wi [ RN ST S T N e, ;
‘ il =10 ! -

poul‘pqrs i

Poes, “P,

0,01 T T ST

=

i

0,005+ - D

!

o e S ElCH i |

|

\ |

i |

o e I J

G 15 20 25 30 - M,

Effect of the stagger angle on the loss coefficient of the

cascade entrance shocks
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