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Epidemiological studies, e.g., on atomic bomb survivors, have shown that
exposure to ionizing radiation increases the risk of developing breast cancer.
Typically, these studies correlate intrinsic and extrinsic contributing factors
with the observed cases of breast cancer in a defined population. In this
study, we attempt to model these relationships at the cellular level. For this,
a nine-stage model of the epithelial cells in the milk ducts is developed,
considering transition probabilities between the stages. As a proof of principle,
the transition probabilities between the stages of our model are fit for scenarios
with and without exposure to ionizing radiation. Although this model simplifies
the complex interactions of external and internal factors and diverse cell types,
we believe that these methods can be used to understand carcinogenesis from
a different perspective.
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1 Introduction

It is well-known that exposure to ionizing radiation increases the probability of
developing cancer (1, 2). It is essential to understand and control these risks for people
who have been exposed to ionizing radiation at levels above the natural background on
Earth. This is the motivation for this study. Instead of using phenomenological relations
between the estimated or measured dose received and the number of observed cases, we
attempt to simulate cellular responses and outcomes during and after radiation exposure.
Since cancerous cells may only appear years after radiation damage has been inflicted, we
investigate a scenario of temporarily increased radiation exposure, such as those resulting
from medical treatments, after nuclear reactor accidents, or during space travel.

Typically, such simulations are performed using Monte Carlo simulations. Although
these are very versatile and effective, the computational power required for large-scale
simulations may quickly become problematic. Therefore, we apply an approximation
method that is able to estimate the probability of developing cancer much faster. In addition
to this approximation, we exploit the symmetries of the model to reduce the computational
effort even further.

The use case for this project is breast cancer originating from the milk ducts in the
breast, i.e., ductal carcinoma. This develops predominantly in the single layer of epithelial
cells forming the inner side of the milk duct. We approximate these layers as long tubes
of aligned cells, as shown in Figure 1. This provides our use case with rotational and
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FIGURE 1

Three layers of the lattice used to model the ducts. The dashed lines indicate neighboring cells. The gray spheres indicate the cell nuclei.

translational symmetry, meaning that all cells have the same
probability of being in a certain state. As a result, only a single
cell needs to be considered in our simulations, which results in a
considerable speed-up.

The use case considered as an example of our method is
radiation-induced cell damage. It is well-known that space travel
exposes astronauts to considerable radiation doses, leading to an
increased risk of developing radiation diseases, such as cancer.
To determine the health risks for the astronauts caused by space
radiation exposure, top-down models, such as the NASA Space
Radiation Cancer Risk model (3), are used. Top-down, in this
context, means that the risks are derived from epidemiological
studies and transferred from one population (Japanese atomic
bomb survivors) to another population (astronauts) considering
differences in the exposure characteristics (radiation quality, dose
rate, total dose, dose distribution in the body) and between the
populations (genetic, epigenetic and environmental factors), while
the cellular and molecular level is not considered directly. They
are based on assessing the radiation exposure during a specific
mission by radiation transport models, and assigning a health risk,
e.g., cancer risk from epidemiological data (Japanese atomic bomb
survivors), which are translated to the specific radiation quality in
space by means of a Quality factor. This Quality factor is derived
from a large set of radiobiological experiments with space-relevant
radiation qualities such as heavy ions of different energies (4–6).
Furthermore, a dose and dose rate reduction factor is applied to
account for the lower dose rates of exposure during space missions
compared to atomic bomb explosions.

For a better understanding of the risks, alternative methods,
such as a bottom-up approach for specific organs, could be used.
Bottom-up means in this context from the individual cell that was
hit by an energetic particle to the whole organ and finally the
whole organism, e.g., the astronaut. Such models implement insight
into cancer initiation and promotion by space radiation (7) and
may improve risk assessment by considering available knowledge
on early and late cellular reactions to space radiation exposure.
However, developing such models requires large-scale simulations,
which are expensive and time-consuming with standard methods.
This is the main motivation to study faster methods.

The scenario considered looks as follows. As the risk of
malignant transformation varies between organs, it has to be
determined for each organ or organ system. Here, the approach is
exemplified for the breast. Cancer of the breast arises from breast
epithelial cells that acquire genetic alterations in tumor suppressor
genes or oncogenes (8, 9). The breast of an astronaut is exposed
to a certain dose of radiation during a space mission. The genetic
changes this induces will not be visible directly, but may lead to
cancer development in the future. In general, breast cancer risk
is associated with age, menopausal status, family history of breast
cancer (10), and lifestyle factors. A small percentage of breast
cancer patients have a strong genetic predisposition [mutations of
the BRCA1 and BRCA2 genes, or of the ATM (11, 12) or TP53
gene (13)]. Breast cancer is most often sporadic with mutations in
other genes than BRCA, and predispositions might be caused by
mutations in other DNA repair genes (14), or in genes that control
the cell cycle (15).
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To test our approximation method, a radiation-induced cell
damage model will be used. This model will be presented in
Section 2.1. It differs in various ways from reality, but this is
not problematic, since the main purpose of this model is to
highlight the qualities and shortcomings of our approximation
method, introduced in Sections 2.2–2.4. The data and set-up of
the experiment for this study are introduced in Section 3.1, and
the results are presented in Section 3.2. This study is concluded in
Section 4.

The contribution of this study is that we demonstrate
that an efficient evaluation of larger models is possible with
numerical approximation techniques. Instead of the Monte
Carlo simulation of a model, we consider a simulation of
the individual cells. This is done in a highly symmetric case
that allows us to massively reduce the computation time
needed. Furthermore, our model may be seen as a quantified
version of the phenomenological two-stage clonal expansion
model1 (17, 18). The data and model used in this study
are too limited to draw biologically relevant conclusions from
these experiments.

2 Method

2.1 The cell model

To test the approximation method, a model for cells and
radiation damage is used. This model is simplified in several
aspects. The milk duct is considered a cylinder with 15 cells forming
a single ring. The inner surface of the milk duct is covered by
mammary epithelial cells with three major cell types: mammary
stem cells-enriched basal cells, luminal progenitors (LPs), and
mature luminal cells that form the inner layers of cells that line
the ducts (19, 20). The basal stem cells generate myoepithelial cells
that surround the luminal cells and can contract, and LPs. Mature
luminal cells in ducts of the resting adult gland (i.e., one that is not
currently in a gestation, lactation, or involution state) and mature
lactocytes during lactation derive from LPs (19, 21). For modeling
convenience, and as it is not fully known which normal cell in
the breast is the key target for malignant transformations2 (9),
we do not differentiate between these cell types and between the
different maturation stages of the breast (after birth, pregnancy,
lactation, involution, different stages of the ovulatory cycle, pre-,
peri-, and post-menopause) and assume that the cells lie in a
regular cubical lattice, as depicted in Figure 1. Approximating the
cylinder as infinitely long results in translational and rotational

1 The two-stage clonal expansion model of carcinogenesis encompasses

initiation, during which a susceptible stem cell acquires one or more

mutations resulting in partially escaped growth control, promotion with

clonal expansion of initiated cells, and malignant conversion, during which

one of the initiated cells acquires the further genetic changes (16).

2 Evidence accumulates that stem or progenitor cells within the epithelial

compartment are the cells of origin in which breast cancer initiation

takes place (22). However, transformation under exposure to damaging

environmental factors such as ionizing radiation might also occur in

differentiated mammary cells (23).

symmetry. This makes each cell identical, which simplifies the
computations significantly.

In this simplified model, cells can be in nine different states
as depicted in Figure 2. The default state is the healthy (H) state.
Spontaneously or through radiation-induced processes, the cell
may acquire growth-promoting mutations. Accumulation of such
mutations might lead to the loss of growth control, a hallmark of
cancer cells. In this model, a cell that has undergone seven relevant
mutations is considered cancerous. This means that there are six
mutated cell states (M1-M6) and the cancerous state (C). As a result
of a mutation that does not promote malignant transformation, a
cell may induce programmed cell death or may be recognized by
the immune system as hostile. These cells will die, e.g., by apoptosis
or mitotic catastrophe, which is the 9th state (D) in this model. Dead
cells will be removed by the immune system and, depending on the
regenerative potential of a tissue, replaced by a new healthy cell.

The following transitions should be recognized. There is a
transition probability pmut that a growth-promoting mutation
occurs, e.g., in the proto-oncogene c-MYC (2), and the result is
stable and long-living. Based on available epidemiological data on
breast cancer incidence after exposure to ionizing radiation in the
course of medical treatment, after nuclear reactor accidents, or by
the Japanese atomic bombings, we know that pmut is not only dose-
and radiation quality-dependent, but also age-dependent (24–
29). The radiation quality, based on linear energy transfer (LET),
affects the spatial distribution of ionizations. Dense ionization
tracks caused by high-LET radiation are a cause of more clustered
(complex) DNA damage that is difficult to repair and can lead
to genomic instability (30, 31). The transition probability pmut
might also be influenced by the availability of DNA double-strand
break repair pathways: Non-homologous end joining is error-
prone and available throughout the cell cycle, while homologous
recombination can be error-free but is only available in mammalian
cells when the sister chromatid is synthesized, meaning during S,
G2 phase, and mitosis (32, 33). Genetic defects in these pathways,
such as BRCA1/2 deficiency, result in impaired homologous
recombination (34, 35), meaning that the cells have to rely on error-
prone non-homologous end joining and alternative end joining. In
this model, an average probability of growth-promoting mutations
induced by radiation exposure was assumed for all cell cycle stages
and genetic states.

Alternatively, mutations may result in a cell with genomic
instability or eventually cell death. The probability for the latter
to occur is pdie. This probability depends on extrinsic factors
(radiation quality, dose rate, fractionation) and intrinsic factors.
An important intrinsic factor is the cell cycle stage of the
cell hit by radiation. Cell cycle stage determines sensitivity to
cell killing by radiation, with the highest sensitivity during
the G2 phase and mitosis, and resistance during the late S
phase (36). Therefore, in the epithelial compartment of the
breast, several subpopulations with differing radiosensitivity can
be expected, and the percentage composition depends, among
other things, on the tissue type, developmental stage, menstrual
cycle, breastfeeding, and menopausal status. Additionally, radiation
exposure can induce cell cycle delays (36) and thereby transiently
alter the percentage composition of cell cycle stages in the tissue.
Furthermore, genetic factors such as ATM heterozygosity can
increase the risk of radiation-induced genomic instability (37). For
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FIGURE 2

The states of a single cell as mentioned in Table 1 with their transition probabilities. Cancerous cells that were not affected by the immune system are
considered the final state. H, healthy; M, mutated; C, cancerous; D, dead.

TABLE 1 Left: Intrinsic transition probabilities P(Et | Et−1) between the states of cell i at timestep t (rows) and timestep t − 1 (columns). s = 1 − (pmut + pdie), all empty fields are zero. Right:

Spreading transition rates between the states of cell i at timestep t (rows) and cell j at timestep t − 1 (columns) that contribute to P(Et | EB,t−1). All empty fields are zero.

xi,t−1
xi,t

H M1 M2 M3 M4 M5 M6 C D xj,t−1
xi,t

H M1 M2 M3 M4 M5 M6 C D

H s 1 H

M1 pmut s M1 pspr

M2 pmut s M2 2pspr

M3 pmut s M3 3pspr

M4 pmut s M4 4pspr

M5 pmut s M5 5pspr

M6 pmut s M6 6pspr

C pmut 1 C

D pdie pdie pdie pdie pdie pdie pdie 0 D

FIGURE 3

The possible states a healthy state H can evolve into depend not only on the cell model, but also on the state of the neighboring cells. The spreading
of mutations that are relevant for cell division is modeled as spreading to neighboring cells. The probability of spreading is proportional to the
number of mutations. Contrary to intuition, cancerous cells do not spread in this model, as this would not influence the outcome of a computation.
Table 2 shows how this affects the transition probabilities.

simplification of the model, we consider a probability of cell killing
that is averaged over all cell cycle stages and genetic states.

As the mutations we consider are growth-promoting, cell
proliferation dynamics might change. This is done via a spreading
probability. A mutated cell may spread and replace a neighboring
cell, as shown in Figure 3. The cell model has a fixed topology,
making it difficult to implement the idea of (uncontrollable) cell
division. As a compromise, rapid cell division is modeled as

the spreading of mutated cells, resulting in the overgrowth of
neighboring cells. If a cell is healthy or mutated and its neighbor
is also mutated, there is a spreading probability pspr that it too
becomes mutated in the next time step as a result of the growth-
promoting mutation of the neighbor cell. The more mutations the
neighbor has, the larger the risk of spreading. For each mutated
neighbor in state Mn for some n = 1, . . . , 6, we model this
spreading probability by n × pspr.
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Unlike all other transitions in this model, this one depends
on multiple cells. The overgrowth can be explained by the
faster growth of the mutated cells compared to healthy cells,
leading to replacement of healthy by mutated cells during
the normal tissue turnover, or even mechanical compression
of the healthy cells, competition for nutrients. The cell dies,
and the mutated or cancerous cell divides, and one of the
daughter cells takes the place of the initial cell. Furthermore,
a bystander effect might occur: the neighboring cell was
hit by radiation, and damage also occurs in the cell under
consideration here. The spreading probability makes the model
harder to handle, so additional computational steps are needed for
good results.

Both mutated and cancerous cells are defined as quite
stable and long-living. However, they could be removed by
the immune system if they express a tumor antigen. This
means that a single cancerous cell that will escape the immune
system will develop into a tumor. The question to ask during
simulation, therefore, is what the probability is that at least
one cancerous cell will develop and survive. The spreading
probability of cancer cells correlates with the time until a
tumor develops.

To implement time evolution, periodic cell renewal is
considered. At the end of every time step, all cells are
renewed. During a time step, the state of the cells in the
duct is constant. From one time step to the next, all cell
states are updated according to the transition probabilities.
For these transition probabilities, there are two sets. One for
normal circumstances (only natural background radiation
exposure) and the other for radiation exposure above
natural background at a certain dose, for example, during
space travel.

As a result, the cell renewal rate remains constant during
the simulation and does not become lower with increasing
age. This could be corrected in a more advanced version
of this model. Besides this, many simplifications are made
here. These simplifications make it possible to perform fast
and efficient simulations of tumor cell development in the
milk duct. The purpose of this study is to see whether it is
possible to gain insight into the transition probabilities at the
cellular level, leading to the development of breast cancer after
radiation exposure.

2.2 The computational model

In this section, the computational steps used to estimate the
number of cancerous cells will be discussed. Before discussing the
mathematical details, an overview of the method is sketched.

The computation should yield the number of breast cancer
cases in an age cohort of a certain size. For this, the cells’ states
in the milk duct are simulated over time. When a cell becomes
cancerous, this will result in a cancer diagnosis after some lag time,
which we have set to 5 years. To estimate the probability that at least
one cancerous cell arises in the breast tissue, we need the single-
cell probability to be cancerous at a certain time in combination
with the number of cells in the tissue. The symmetry of the

TABLE 2 The possible stable states of a node in the radiation-induced cell damage model.

State Description

H Healthy

M1 1 growth-relevant Mutation

M2 2 growth-relevant Mutations

M3 3 growth-relevant Mutations

M4 4 growth-relevant Mutations

M5 5 growth-relevant Mutations

M6 6 growth-relevant Mutations

C Cancerous

D Dead

problem allows us to perform all computations on a single cell and
extrapolate the results to the entire tissue. Below, a mathematical
description of the model and its evaluation is given. In this way,
both the approximation and its shortcomings can be explained.

Let N be the number of cells that make up the tissue of interest.
We denote the set of cell indices by I = {1, . . . , N} and the set
of possible cell states by S = {H, M1, M2, . . . , M6, C, D}. For any
simulation timestep t ∈ T = {0, 1, . . . , tmax} and cell i ∈ I, let Xi(t)
be the S-valued random variable corresponding to the state of cell i
at time t. In particular, the initial condition that all cells are healthy
at time t = 0 can be expressed by the probability

P(Xi(0) = H) = 1 ∀i ∈ I.

Denote by Bi ⊂ I the set of cells neighboring cell i. That is,
j ∈ Bi if and only if cell i and cell j are adjacent. Let x, y ∈ SN denote
the vectors describing the state of the cell system at time t and t−1,
respectively. As described in Section 2.1, the probability of finding
the state xi ∈ S of cell i at a time t > 0 depends only on the state
of that cell and its neighbors at time t − 1, yi and yj∈Bi respectively.
We abbreviate the condition of Xi(t) being equal to a specific state
by the event E(i, t) ≡ Xi(t) = si. In particular,

Et = E(i, t) ≡ Xi(t) = xi

Et−1 = E(i, t − 1) ≡ Xi(t − 1) = yi

EB,t−1 = E(Bi, t − 1) ≡ Xj(t − 1) = yj ∀j ∈ Bi.

The conditional probabilities

P(Et | Et−1, EB,t−1)

= P(Xi(t) = xi | Xi(t − 1) = yi, Xj(t − 1) = yj ∀j ∈ Bi)

can be expressed in terms of the intrinsic transition probabilities
pmut, pdie and the spreading probabilities pspr as described in
Section 2.1 and depicted in Table 3. Summing over the neighboring
cells j and all states yi gives the probability of finding the state xi of
cell i at time t

P(Et) =
∑
yi∈S

∑
j∈Bi

P(Et | Et−1, EB,t−1) .
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TABLE 3 The probabilities for the state X in Figure 3 as a result of the transition and spreading

probabilities. Normalization requires that γ = 1/(1 + 8 · pspr).

State of X Probability

H γ · (1 − pmut)

M1 γ · pmut

M2 4 · γ · pspr

M4 4 · γ · pspr

C 0.0

The following quantity is of interest to us. For any cell state
s ∈ S, let Ns(t) be the random variable that is the number of cells in
state s at time t. For instance, due to the initial condition, we have

P(NH(0) = N) = 1.

Clearly, the expected value of Ns(t) is given by

E(Ns(t)) =
N∑

i=1

P(Xi(t) = s) = N · P(X1(t) = s), (1)

where the latter equality follows from the symmetry of the model.
The variance of Ns(t) is given by

Var(Ns(t)) = E(Ns(t)2) − E(Ns(t))2.

Since

E(Ns(t)2) =
N∑

i=1

N∑
j=1

P(Xi(t) = Xj(t) = s)

the variance can be expressed as

Var(Ns(t)) =
N∑

i=1

N∑
j=1

(
P(Xi(t) = Xj(t) = s)

− P(Xi(t) = s)P(Xj(t) = s)
)

.

Due to the symmetry of the model, we may simplify this
expression to

Var(Ns(t)) = N ·
N∑

j=1

(
P(X1(t) = Xj(t) = s)

− P(X1(t) = s)P(Xj(t) = s)
)

= N ·
N∑

j=1

(
P(X1(t) = Xj(t) = s) − P(X1(t) = s)2

)
.

(2)

Note that for j = 1, we have P(X1(t) = Xj(t) = 1) =
P(X1(t) = 1).

2.3 The single-cell approximation

In this section, we describe an approximation method that we
will call the single-cell approximation. This approximation method
is based on the following two computational assumptions.

• (Symmetry assumption) For all times t ∈ T, the random
variables Xi(t) are identically distributed for all i.

• (Independence assumption) For all times t ∈ T, we may use the
following formula to compute the joint probability with Ei and
Ej according to Section 2.2:

P
(
Ei ∧ Ej

) = P(Ei) × P(Ej)

The symmetry assumption allows us to write X(t) instead
of Xi(t) in this section. As a consequence of the independence
assumption, at any time t, we only need to keep track of the
probabilities P(X(t) = s) for s ∈ S.

It should be noted that the independence assumption really
is an approximation, as the states of two cells are not truly
independent of each other for non-zero spreading probabilities.
However, we emphasize that the independence assumption does not
mean that spreading probabilities are not taken into account at all.
It is only the correlation between the states of different cells that is
omitted, not the interaction between different cells. In the regime
with low spreading probabilities, this approximation works quite
well, but for higher spreading probabilities, the approximation
starts to deviate. This will be demonstrated in Example 2 below.
Indeed, this is due to the fact that the random variables Xi(t) and
Xj(t) are not actually independent.

The state of a cell can transition from r ∈ S at time t−1 to s ∈ S
at time t in one of two ways:

1. The cell has been overgrown by a neighboring cell that was in
state s at time t − 1.

2. The cell has not been overgrown by any neighbor, and the cell
transitioned internally from state r to state s.

Writing |B| for the number of neighbors of any given cell, such
a transition can be expressed as

P(X(t) = s) =
∑
r∈S

P
(
X(t − 1) = r

)
(usr + ρsrvr) , (3)

where

• usr = 1 −
(

1 − P
(
X(t − 1) = s

)
τsr

)|B|
is the probability that a

cell in state r is overgrown by a neighboring cell in state s, and

• vr =
(∑

q∈S P
(
X(t − 1) = q

)
(1 − τqr)

)|B|
is the probability

that a cell in state r is not overgrown by any of its neighbors,

• τsr is the spreading probability, which is equal to n×pspr when
s = Mn, and zero otherwise.

• ρsr is the internal transition probability that a cell in state r
changes into s. The possible values of ρsr are 0, pmut, pdie or a
multiple of pspr, as visualized in Figures 2, 3.

Together with the initial condition, Equation 3 defines a
method to approximate the values of P(X(t) = x) for all times
t ∈ {0, 1, . . . , T} and all cell states x ∈ S.

Note that the value of τsr does not actually depend on r. The
same holds for usr and vr .

In the single-cell approximation method, the expected value of
Ns(t) is computed from the probabilities P(X(t) = s) as in Equation
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1. The expression for the variance (Equation 2) reduces to

Var(Ns(t)) = N ·
(
P(X(t) = s) − P(X(t) = s)2

)

since only the term with j = 1 is non-zero.

Example 1. Let us demonstrate the single-cell approximation
method to a simplified cell mode, in which a cell is either healthy
(H) or cancerous (C), that is, S = {H, C}. Healthy cells have an
internal transition probability ρCH to become cancerous, as well
as a probability τCH to be overgrown by a neighboring cancerous
cell. We consider the following two scenarios, where it should
be emphasized that the numbers are not realistic, but chosen for
demonstrative purposes.

1. The case of weak interaction, where the interaction between cells,
τCH = 0.01, is less than the internal transition probability
ρCH = 0.05.

2. The case of strong interaction, where the interaction between cells,
τCH = 0.05, is greater than the internal transition probability
ρCH = 0.01.

For both of these scenarios, we compare the single-cell
approximation method to a Monte Carlo simulation of the cell model,
the result of which can be found in Figure 4. Note that in case (a), the
approximation works quite well, but in case (b), the approximation
starts to deviate significantly.

In terms of computation time (with respect to a standard office
laptop), the Monte Carlo simulation takes 75 s, i.e., 75 ms per trial,
whereas the single-cell approximation takes 0.1 ms in total.

2.4 The neighboring cells approximation

To address some of the shortcomings of the single-
cell approximation, we will in this section describe an
improved method. This method, which we will call the
neighboring cells approximation, is based on the following
two computational assumptions.

• (Symmetry assumption) For all times t ∈ T, the random
variables Xi(t) are identically distributed for all i.

• (Decoherence assumption) For all times t ∈ T, for every sub-
tissue A ⊂ I and every state x ∈ SA, and for every two cells
i1, i2 ∈ A with i1 �= i2 that have distance greater than 1, we may
use the following formula with the definition of EA according
to Section 2.2 to compute the joint probability:

P(EA) = P(Xi(t) = xi for all i ∈ A) = P
(
EA\{i2}

)
P

(
EA\{i1}

)
P

(
EA\{i1,i2}

) ,

Example 2 demonstrates this assumption.

Note that for the cells in the cylinder in Figure 1, the dashed
lines indicate that two cells are neighboring. Hence, each cell has
four neighbors, which are cells at distance 1, and each cell has eight
cells at distance 2, and so on.

FIGURE 4

Comparison of the single-cell approximation and the Monte Carlo
simulation on the two-state cell model. Two scenarios are
considered: the case of (A) (above) “weak interaction” and that of (B)
(below) “strong interaction.” The Monte Carlo simulation consists of
1, 000 trials of simulating 20 × 20 cells. The results are shown at time
t = 20. The computation time of the Monte Carlo method is 75 s,
and that of the single-cell approximation is 0.1 ms, on a standard
office laptop. (A) Weak interaction: ρCH = 0.05 and τCH = 0.01. (B)
Strong interaction: ρCH = 0.01 and τCH = 0.05. The overlap between
the Monte Carlo distribution and the predicted distribution can be
computed using the Bhattacharya coefficient (BC). (A) BC = 0.989.
(A) BC = 0.128.

Let us elaborate a bit longer on the assumption of decoherence.
This assumption tries to capture the fact that the states of cells that
are further apart are less correlated. This is taken to the extreme
for the single-cell approximation, as in the previous section, where
different cells are assumed to be completely independent. In the
neighboring cells approximation, cells are assumed to be correlated
to their neighbors, but not to cells that have a distance greater
than one.

Example 2. To make sense of the decoherence assumption as
stated above, consider a sub-tissue A = {1, 2, 3} consisting of three
consecutive cells. That is, cells 1 and 2 have distance 1, as well as cells
2 and 3, but cells 1 and 3 have distance 2. Since cells 1 and 3 have
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distance greater than 1, we may use the approximation

P
(
(X1(t), X2(t), X3(t)

) = (q, r, s))

= P
(
X1(t) = q and X2(t) = r

)
P
(
X2(t) = r and X3(t)) = s

)
P
(
X2(t) = r

)

for any q, r, s ∈ S.

As a consequence of the decoherence assumption, at any time t,
we only need to keep track of the probabilities

P(Xi(t) = q and Xj(t) = r) (4)

for all states q, r ∈ S of any two neighboring cells i and j, and of
the probabilities P(X(t) = s), for all s ∈ S. Note that by symmetry
considerations, we only need to consider the case i = 1 and j = 2.

The probability that a cell is in state x ∈ S at time t ≥ 1 can be
expressed completely analogous to Equation 3. The same holds for
the joint probabilities (Equation 4).

Together with the initial condition, these equations
approximate the values of P(X(t) = s) and P(X1(t) =
q and X2(t) = r) for all times t ≥ 0 and cell states q, r, s ∈ S. From
these probabilities, we can compute the expected value of Ns(t) as
in Equation 1.

The expression for the variance (Equation 2) is not feasible to
compute, as it consists of too many terms. However, the difference
between P(Xi(t) = Xj(t) = s) and P(Xi(t) = s)P(Xj(t) = s) tends
to zero quickly as the distance between cell i and cell j increases.
Therefore, a good approximation is obtained by considering only
cells j with a distance d ≤ D from cell 1. For practical purposes, we
take D = 4. This way, we obtain extra correction terms with respect
to the single-cell approximation. In particular, we have

Var(Ns(t)) = N ·
(
P(X1(t) = s) − P(X1(t) = s)2

)

+ N · Md ·
D∑

d=1

∑
y∈S{2,...,d}

P

(
X1(t) = s and

(
X2(t), . . . ,

Xd(t)
) = y and X1+d(t) = s

)

where Md is the number of neighbors that a cell has at a distance
d away. E.g., M1 = 4 and M2 = 8. Using the independence
assumption, this reduces to

Var(Ns(t)) = N ·
(
P(X1(t) = s) − P(X1(t) = s)2

)

f + N · Md ·
D∑

d=1

∑
y∈S{2,...,d}

∏d
i=1 P

(
Xi(t) = yi and Xi+1(t) = yi+1

)
∏d

i=2 P
(
Xi(t) = yi

)

where we use the notation y1 = yd+1 = s.

Example 3. Let us repeat the experiment as described in
Example 1, now comparing the neighboring cells approximation
to the Monte Carlo simulation. All parameters are kept the
same, and the results are shown in Figure 5. Compared
to the single-cell approximation, as depicted in Figure 4, a
significant improvement in the case of strong interaction is visible.
Furthermore, this method gives a better estimate for the variance of
the distribution.

FIGURE 5

Comparison of the neighboring cells approximation and the Monte
Carlo simulation on the two-state cell model. Two scenarios are
considered: the case of (A) (above) “weak interaction” and that of (B)
(below) “strong interaction.” The Monte Carlo simulation consists of
1, 000 trials of simulating 20 × 20 cells. The results are shown at time
t = 20. The computation time of the Monte Carlo method is 75 s,
and that of the neighboring cells approximation is 0.5 ms, on a
standard office laptop. (A)Weak interaction: ρCH = 0.05 and
τCH = 0.01. (B) Strong interaction: ρCH = 0.01 and τCH = 0.05. The
overlap between the Monte Carlo distribution and the predicted
distribution can be computed using the Bhattacharya coefficient
(BC). (A) BC = 0.999. (A) BC = 0.971.

In terms of computation time (with respect to a standard office
laptop), the Monte Carlo simulation takes 75 s, i.e., 75 ms per
trial, whereas the neighboring cells approximation takes 0.5 ms
in total.

3 Results

The ambition of this study is to demonstrate that it is
feasible to determine the transition probabilities for growth-
promoting cell mutations that may result in breast cancer.
There are many studies emphasizing the many factors that
contribute to this. It is beyond the scope of this study to include
them all. Only the influence of ionizing radiation is treated in
this study.
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TABLE 4 Occurrence of breast cancer cases per 100, 000 population in an age group in Japan

in 2018, according to Figure 1B in Tada et al. (43).

Age group Cases Age group Cases

20–24 5 60–64 245

25–29 10 65–69 255

30–34 25 70–74 240

35–39 80 75–79 215

40–44 180 80–84 175

45–49 260 85–89 120

50–54 250 90– 60

55–59 230

3.1 Data

This immediately points to a problem. How to obtain useful
data in which (ideally) only the radiation exposure is different?
Large groups of women exposed to radiation can be found as
a result of the Chornobyl fallout (38, 39) and the survivors of
the atomic bombs in Japan (17, 40, 41). However, for a variety
of reasons, it is difficult to compare groups of subjects that are
spread geographically, culturally, and over decades (42). It is not the
ambition of this study to tackle this issue. Nonetheless, we hope that
an improved and extended version of this method to understand
breast cancer incidence may contribute to this.

To study the effects of radiation exposure on the transition
probabilities in a cell model, a reference group without (significant)
radiation exposure is needed to calibrate the model. For this
calibration, data from the annual report of the Japanese National
Clinical Database from 2018 is used (43). It is presented in tabular
form in Table 4.

Although this data set includes breast cancer incidence among
the survivors of the atomic bombs in 1945, this effect is small.
It also ignores the difference in breast cancer incidence [Figure 5
in (44)], for example, as a result of differences in lifestyle and
medical conditions between the younger and older parts of this
population. This is hard to overcome, as such differences will
remain for virtually any large calibration group.

Given that our definition of a cancerous cell is very different
from a real-world diagnosis resulting in incidence data, a lag period
should be considered. This is the period between the existence of
the first stable cancerous cell (in our cell model) and an observable
tumor. This lag time has been studied in the literature (17), where
the values 3.7, 5.1, and 6.1 years were found for different models.
All other models (18, 39, 45–47) known by the authors have chosen
a fixed lag time of 5 years.

Since the purpose of this study is to demonstrate the feasibility
of a computational method and since both the data and our model
are too limited to determine this parameter, a lag time of 5 years
will be used here, meaning that for the cases reported at an age of n
years, a cancerous cell is assumed to exist at n − 5 years.

Assuming that the number of cases follows a Poisson
distribution (41), it can be determined what the most likely
corresponding rate λ(a) as a function of age a is for each age group.
Ignoring all other aspects, this results in Table 5.

TABLE 5 Assumed Poisson rates in the absence of radiation exposure, where the occurrences

from Table 4 have been corrected for a five-year lag period.

Age

group

Poisson

rate λ(a)

Age group Poisson

rate λ(a)

15–19 5 55–59 245

20–24 10 60–64 255

25–29 25 65–69 240

30–34 80 70–74 215

35–39 180 75–79 175

40–44 260 80–84 120

45–49 250 85– 60

50–54 230

To estimate the number of cases after radiation exposure, the
excess relative risk (R) is used. It modifies the Poisson rate (41) as

λ̃(a, d) = λ(a) × (1 +R(a, d)) , (5)

where Table 5 is approximately reproduced by the fit

λ(a) = 300
(

a
35 + a

)8
exp

[
−(

a/85
)6

]
.

A very relevant factor in the determination of the excess relative
risk (R) is age at menarche (41). The median age at menarche in
Japan is 12 years (48). The corresponding curve for a radiation
exposure of 1 Gy at age 30 [Figure 2 in (41)] is used to determine
the excess relative risk for our radiation exposure scenario with the
model assumption that the excess relative risk is linear in d.

In this way, the full excess relative risk is given by

R(a, d) = 5.2d
25

a − 10
.

This is all the information needed for a scenario with age at
menarche 12 and a radiation exposure of 0.1 Gy at age 30. This
leads to the hypothetical number of cases depicted in Table 6. It
should be emphasized here that the purpose of the data is to
demonstrate the method. The limitations of this study force us
to accept shortcomings in the data used, for example, treating all
breast cancer cases as ductal carcinoma, when this is evidently
not true.

3.2 Fits

Now that we have a cell model, described in Section 2.1, and an
efficient computational model, Section 2.2, to predict cases of breast
cancer, and we have Tables 5, 6 with plausible incidence rates, it is
possible to look for the parameters pmut, pdie and pspr that give the
best results, where

• pmut is the probability that a growth-promoting cell mutation
resulting in a stable cell occurs in a time step;

• pdie is the probability that a growth-stimulating cell mutation
resulting in an unstable or hostile cell occurs in a time step;
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TABLE 6 Assumed Poisson rates for age at menarche 12 years and an exposure to 0.1 Gy at age

30, according to the excess relative risk R from Equation 5.

Age

group

Poisson

rate

λ̃(a, 0.1)

Age group Poisson

rate

λ̃(a, 0.1)

15–19 5 55–59 343

20–24 10 60–64 319

25–29 25 65–69 288

30–34 98 70–74 250

35–39 269 75–79 206

40–44 337 80–84 158

45–49 360 85– 111

50–54 358

• pspr is the spreading probability that a growth-promoting
mutation of a mutated cell spreads to neighboring cells.

These parameters are found using a steepest descent
optimization method, with the objective of minimizing the
loss function given by the square of the relative differences between
the prediction and the number of cases in the table, summed over
all age groups. In the experiments performed below, the final value
for the loss function will be reported, and although this is hard
to interpret as an absolute value, the comparison with the other
experiments gives an indication of the fitting success.

Neither the uncertainty in the parameters nor the sensitivity
of the predictions with respect to these parameters has been
determined, although this is possible to do. The reason for this
is that the emphasis here is on the method, its feasibility, and a
possible relation between model, data, and optimization method.

The tissue model requires as input a number of cells N in
the tissue. For the experiments, we have chosen to use N =
1, 000, 000 cells. This number of epithelial cells might just represent
a subset of the cells present in a female breast. As the cell of origin
of breast cancer is not completely known, it remains difficult to
pinpoint the number of cells that could undergo radiation-induced
carcinogenesis. As absolute numbers of ductal epithelial cells in
the human breast are difficult to find in the scientific literature,
in contrast to the description of cell types and their relative
distribution in the female breast (49) and volumetric analysis of
branching (50).

The computation duration of such an experiment is
approximately 1 h on a standard office laptop.

3.2.1 Calibration

For the group not exposed to radiation, the same transition
probabilities are used at all time steps. For this group, the
parameters obtained by optimization are

pmut = 0.021, pdie = 0.495, pspr = 0.009,

with a loss value of 1.95 × 10−6. The corresponding Poisson rates
as predicted by the model are given in Table 7. It clearly indicates a

qualitative shortcoming of this model. It is not able to explain the
decreasing number of breast cancer cases with increasing age. As
a result of this, the method estimates the number of cases at ages
35 − 60 much too low.

This is inconvenient as this phenomenon dominates the
outcome of the experiment. This is also true for the experiments
below. Due to this fitting problem, the numerical outcomes of the
experiment are of limited value. Nonetheless, our main result is that
such experiments can be conducted.

3.2.2 Radiation exposure

For the group exposed to radiation, only the parameters
pmut, pdie and pspr are different at time steps around age 30. To be
more precise, during 6 time steps (i.e., 6 months), the different set
(p̃mut, p̃die, p̃spr) of transition probabilities is used. For all other time
steps, the transition probabilities from the calibration experiment
are used.

In this experiment, the parameters during radiation exposure
are fitted to yield the best results for the entire data set. The
parameters obtained by optimization are

p̃mut = 0.022, p̃die = 0.282, p̃spr = 0.008,

with a loss value of 8.60× 10−6. The corresponding incidence rates
as predicted by the model are given in Table 8.

3.2.3 Exposure duration

The previous experiment can be repeated with a shorter
exposure duration of 1 time step (1 month). As the total dose
remains constant, this would correspond to a 6 times higher
intensity during the period of radiation exposure. The parameters
obtained by optimization are

p̃mut = 0.051, p̃die = 0.091, p̃spr = 0.000,

with a loss value of 8.82× 10−6. The corresponding incidence rates
as predicted by the model are given in Table 9.

In this case, the transition probabilities obtained are
significantly different. It is not surprising that the mutation
probability increases, and the much smaller value of p̃die might
be interpreted as a reduced functionality of the immune system.
For the spreading probability, the much smaller value is not
straightforward to interpret.

The resulting incidence rates in Table 9 are similar to Table 8.
Although this can be an artifact of the fitting method, it corresponds
to the idea that the transition probabilities depend on the radiation
dose rate, but the breast cancer incidence rate only depends on the
total radiation dose.

Although it is interesting to compare these numbers and align
them with the phenomena they represent, they should not be given
too much significance, as the data and model are not good enough
to draw conclusions from. In the end, the main goal of this study is
to show that they can be computed.
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TABLE 7 Model prediction of the breast cancer incidence rate per age group (per 100, 000) vs. data for the control group without excess exposure to radiation. The prediction was computed using

the neighboring cells approximation. The optimal parameter values were found to be pmut = 0.020, pdie = 0.565 and pspr = 0.016.

Age group Data Prediction Age group Data Prediction

15 − 19 5 4 50 − 54 230 233

20 − 24 10 25 55 − 59 245 240

25 − 29 25 64 60 − 64 255 241

30 − 34 80 112 65 − 69 240 238

35 − 39 180 156 70 − 74 215 230

40 − 44 260 192 75 − 79 175 221

45 − 49 250 217 80 − 84 120 209

TABLE 8 Model prediction of the breast cancer incidence rate per age group (per 100, 000) versus data for the control group with excess exposure to radiation at age 30. The prediction was

computed using the neighboring cells approximation, assuming an exposure window of 6 months. The optimal parameter values were found to be p̃mut = 0.022, p̃die = 0.289 and p̃spr = 0.000.

Age group Data Prediction Age group Data Prediction

15 − 19 5 4 50 − 54 358 238

20 − 24 10 25 55 − 59 343 242

25 − 29 25 64 60 − 64 319 240

30 − 34 98 173 65 − 69 288 234

35 − 39 269 186 70 − 74 250 226

40 − 44 337 206 75 − 79 206 215

45 − 49 360 226 80 − 84 158 204

TABLE 9 Model prediction of the breast cancer incidence rate per age group (per 100, 000) versus data for the control group with excess exposure to radiation at age 30. The prediction was

computed using the neighboring cells approximation, assuming an exposure window of 1 month. The optimal parameter values were found to be p̃mut = 0.051, p̃die = 0.091 and p̃spr = 0.000.

Age group Data Prediction Age group Data Prediction

15 − 19 5 4 50 − 54 358 237

20 − 24 10 25 55 − 59 343 241

25 − 29 25 64 60 − 64 319 240

30 − 34 98 170 65 − 69 288 235

35 − 39 269 176 70 − 74 250 226

40 − 44 337 204 75 − 79 206 216

45 − 49 360 225 80 − 84 158 204

3.2.4 Number of cells

As the value N for the number of epithelial cells in the milk
ducts is not known, experiments with a varying number N have
been performed. The values tested are N = 100, 000, N =
1, 000, 000 and N = 100, 000, 000 cells. Naturally, these numbers
lead to slightly different transition probabilities, but the qualitative
outcomes are quite similar.

This does not mean that the number of cells is not an
important parameter. Above, we have changed the number
of cells before fitting to the data, so that the optimizer
can adjust somewhat for this. In reality, however, the
transition probabilities should not depend (strongly) on the
number of cells, so that the number of cells is a relevant
parameter. As a result, a larger number of cells would lead
to increased incidence rates. As there are no observations

demonstrating this phenomenon, this is an interesting topic for
further research.

4 Discussion

In this study, we have introduced a cell-based numerical
approximation method to simulate and study the development
of cancerous cells from the epithelial cells of the milk
duct. Our methods are much faster than Monte Carlo
simulations, which would require computing clusters to
perform similar experiments. In this way, the transitions
at the cellular level that may lead to cancerous cells can
be studied.
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The outcomes of our model are not realistic, as a result of
oversimplification. The model fails to explain the falling breast
cancer incidence rates at higher ages. This complicates the analysis
of many other possible simulations as well. A slower rate of cell
renewal with increasing age may be a partial explanation for
this phenomenon. Additionally, following menopause and with
increasing age, regression and atrophy of glandular elements and
lobules occur (51). Additionally, a better-suited loss function to
optimize may also contribute to this.

Furthermore, considering subpopulations with different
sensitivities for radiation-induced cell killing based on cell cycle
stage and for radiation-induced mutations based on DNA double-
strand break repair pathway availability and genetic status of
the cell could refine the model. Additionally, time-dependent
transition probabilities could account for variation in sensitivities
due to various changing intrinsic and extrinsic factors.

Another improvement could be the implementation of
several subpopulations of cells that account for the different
radiosensitivities during the cell cycle (G1, S, G2 phase, and
mitosis; G0). The percentage of cells in these stages depends,
among other things, on tissue type, developmental stage, and
menstrual cycle, meaning that this percentage needs to be adapted
for these conditions.

A significant difference between this approach and many others
is the central role the number of epithelial cells in the milk ducts
plays. Although this is not a value that is accessible in surgical
practice, it is of crucial importance in this model.

As the aim of this project was to perform an efficient simulation,
several assumptions had to be made to reach this. In addition to
that, the data limitations have forced us to use a rather restricted
set of variables. Both these effects reduce the biological relevance
of the simulation results. The authors hope that in future studies,
a more complete collection of the relevant data, in combination
with a more accurate model, can be used to gain biologically
relevant insights.
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