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1 LIST OF SYMBOLS

1

LIST OF SYMBOLS

a(t): scale factor of the universe, normalised so that a(tg) = 1.

t: cosmic time.

k: spatial curvature parameter.

ds?: line element of the FLRW metric.

c: speed of light.

H(t): Hubble parameter (expansion rate at time ¢), defined as a/a.
Hy: present-day Hubble constant (H (t)).

p: total energy density of the universe.

p: total pressure of the cosmic fluid.

A: cosmological constant (dark energy).

pe: critical density, p. = 3HZ/(87G).

Q;: density parameter of component i, ; = p;/pe.

Q,,: matter density parameter (includes baryonic + dark matter).
Q,: radiation density parameter.

Q\: dark energy density parameter.

Qg: curvature density parameter.

z: cosmological redshift, related to the scale factor by a = 1/(1 + 2).

G: Newton’s gravitational constant.
D, (t): linear growth factor.

V' volume.

A: area or wave amplitude.

R(t): scale factor of the universe .
o: mass surface density.

X: position in real space.

k: wave vector in Fourier space.
p(x,t): mass density .

(
d(x,t): mass density fluctuation.
(

§

P(k): radial power spectrum.

r): radial two-point correlation function.

ng: spectral index of primordial power spectrum.
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f: polar angle.

o: azimuthal angle.

Yom (0, ): spherical harmonics function.

d€2: solid angle element.

AT(0,p): temperature field.

£: angular scale.

Cy: angular power spectrum coefficient.

Ggm: spherical harmonic coefficient.

WO2 0. Minkowski Tensor.

«: net orientation index.

(: intrinsic anisotropy index.

1,7: index for the pixel number.

t;,1: current time step.

Ui, &5 ¢,» multi-dimensional time series at time ¢;.

7;: reservoir state at time ¢;.

Wi /out: input/output matrix of the reservoir.
Otin/nonlin, i linear /non-linear feature vector at time ¢;.
k: delay depth of the Next Gen Reservoir Computing instance.

: delay spacing of the Next Gen Reservoir Computing instance.

V)

a: regularization parameter in the regression.

c: wave velocity.

I

: wave displacement.
V2: spatial Laplacian.

Ny: total amount time steps of a simulation.

ltin/nontin: number of elements in the linear /non-linear feature vector.

SSP(x1,x2): Surface Similarity Parameter between x; and xs.
Fyx(k): Fourier transformation of field x.

m: mass (distribution).

w1: mean of an observable.

o: standard deviation of an observable.

RMSE(t;): root mean square error at time step ¢;.

o: surface mass density field-
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e ¢: phase of coefficient of Fourier transform.

e D: gradient field of the Fourier phases.

e f(D): probability density function of the gradient values.
e S(t;): entropy at time step ¢;.

The index 0 in mathematical symbols (£2,,%g, etc) is referring to the present day value of that
quantity.
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From the beginning of time, humanity’s gaze has been pulled skyward not merely in search of physical
horizons but in search of understanding, meaning, and perspective. Just as the European navigators
of the fifteenth century ventured across uncharted seas to discover “new worlds,” so too does modern
science push outward, into realms far beyond the reaches of Earth, probing the cosmos for deeper
truths. Today, cosmology stands at the intersection of observation, mathematics, and philosophy,
asking fundamental questions about the origin, evolution, and ultimate fate of the universe, and in
doing so reflecting back on our own place within it.

Over the past century, cosmology has advanced dramatically, advanced by increasingly precise obser-
vations of cosmic microwave background radiation, the distribution of galaxies, and the accelerating
expansion of the universe. Both theory and observation have unveiled a universe filled with phe-
nomena that challenge our intuition, from dark matter and dark energy to the very beginning of
space and time itself. These discoveries, in turn, lead to philosophical questions: What does it mean
to explain the universe? The aim of this thesis is to contribute its small part to the exploration
of these grand themes, from the mathematical frameworks that describe cosmic evolution to the
conceptual foundations that shape our interpretation of them. However, any attempt to provide an-
swers to these questions inevitably involves engaging with complex systems in one form or another.
Complex Systems occur across various fields. Be it in natural science like the non-laminal flow of a
fluid, in economics (for example the trend development in a free market) or in social sciences like
the settlement development of urban areas. And while there is not a single ubiquitous accepted
definition for complex system, one can still identify a few common characteristics (Hasselblatt and
Katok) [2003)).

1. They consist of multiple reciprocally interacting elements or actors.

2. They show non-linear behaviour, meaning that in many cases small changes in the input suffice
to cause large disproportionate changes in the general behaviour of the system. This can, for
example, happen when there is a feedback loop implemented in the system, which means that
the output of a smaller part of the system will get redirected back to itself as a new input.

3. They often show emergent behaviour, which means that the system as a whole has properties
that each single element does not have. This can often allow these systems to be perceived as
pseudo-intelligent, since they can adapt to some degree even though each of their elements is
not conscious at all.

Because of their widespread presence, it is of great interest to be able to functionally describe those
systems and predict their behaviour as well as possible.

For this thesis, the complex system of interest is the development of mass density fields in the universe
over time. These fields form the largest known structures in the universe and take the form of a
complicated network called the cosmic web (Bond et all|{1996). The cosmic web also clearly exhibit
the aforementioned properties. Every particle acts as a separate element of the whole, interacting
with other particles, following simple physical laws. And yet small perturbations in the mass of a
cluster can lead to the cluster becoming much larger than this initial change. Since the accumulated
mass is responsible for its gravitational force and thus its ability to accrete more mass, a feedback
loop is also present.

Since the fundamental mechanism governing the interaction of matter on cosmological scales, namely
gravity, is well understood, a natural approach to predicting the evolution of the mass density field
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is to perform numerical simulations. In practice, this is achieved through N-body techniques, where
the matter distribution is represented by a large number of particles that evolve under gravita-
tional forces within a specified cosmological model. Such simulations are of utmost importance for
interpreting cosmological observations and for connecting theoretical predictions with measurable
quantities.

However, high-resolution N-body simulations are computationally expensive and often require sub-
stantial processing time and memory resources (Teyssier et all 2009). Generating a single realiza-
tion can require millions of CPU hours and robust cosmological analyses typically require many
simulations spanning different cosmological parameters. These practical limitations may result in
simulations that are incomplete, restricted in volume, or lacking sufficient temporal or spatial reso-
lution.

These challenges motivate the development of fast surrogate approaches. In particular, it is desirable
to construct mock simulation data from partially available or lower-resolution simulations while
preserving the essential statistical and structural properties of the true mass density field. Machine
learning methods provide a powerful framework for this task. Rather than explicitly solving the
underlying physical equations at every step, they learn effective dynamical mappings directly from
the data. Such approaches do not require full knowledge of the exact governing equations, yet
they can still reproduce the key characteristics of the physical system with significantly reduced
computational cost (Lu et al. [2017)), (Soo et al.;|2023)), (Li et al., 2025).

In this thesis, cosmological simulations are predicted using machine learning methods and sub-
sequently evaluated against the corresponding reference simulations to assess their validity. One
particular approach is known as Next Generation Reservoir Computing (NGRC) (Gauthier et al.l
2021)), which emerged as a further development of the classical Reservoir Computing (RC) frame-
work (Jaeger} 2001). This machine learning architecture offers several advantages: it is less energy-
intensive and demonstrates improved efficiency in predicting spatio-temporal time series. In addition,
unlike classical RC, NGRC does not require a dedicated warm-up phase during training and demands
less training data to achieve high-quality predictions.

To the best of the author’s knowledge, this work presents the first implementation of the NGRC
framework for data defined on a spherical surface pixelization scheme, which is then validated us-
ing simple wave simulations. Afterwards, a novel extension of the local states method (Pathak
et al.l [2018)), named adaptive local states, is developed and verified using wave simulations on a
planar two-dimensional domain. The newly established spherical NGRC framework is then applied
to predict cosmological simulations defined on a spherical surface, and the resulting predictions are
compared with the corresponding reference simulations. Finally, two-dimensional planar cosmologi-
cal simulations are predicted using NGRC, and the synthetic results are again compared to the true
simulations with the focus on capturing their non-linear dynamics.
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3.1 Foundations of Cosmology

In the following the basic cosmological concepts used in this thesis are explained following |Carroll
and Ostlie| (1996). Cosmology is the scientific discipline that tries to understand the universe as a
whole: its origin, its evolution over time, its current content and structure, and its eventual fate.
In contrast to studies of individual astronomical objects like stars or galaxies, cosmology focuses on
the largest structures the universe has.

Cosmology combines general relativity, particle physics, and statistical mechanics with observational
evidence, such as the expansion of the universe, the cosmic microwave background radiation, and
the distribution of matter on cosmic scales, to reconstruct models to understand the cosmic history.
Modern scientific cosmology has established that the universe began in an extremely hot, dense state
approximately 13.8 billion years ago and has since expanded and evolved into the structured cosmos
we observe today.

The Lambda—Cold-Dark-Matter model (ACDM model) is the currently favoured theoretical frame-
work that describes the dynamics, composition, and expansion history of the universe (Blanchard
et al., [2024), (Turner, |2022). It is based on the cosmological principle namely the assumption that
on sufficiently large scales the universe is homogeneous and isotropic, and its geometry is described
by the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric,

dr?

d2:_2dt2 2t o
s c +a“(t) T2

+ 72 (dé’2 + sin? 6 d¢2) . (3.1)

Here, a(t) denotes the scale factor of the universe, normalized to unity at the present time ¢,
ie.,
R(t)
a(t) :== . (3.2)
)= Rito)
The function R(t) represents the (dimensional) cosmic scale factor, describing the overall expansion
of the universe. Substituting this metric into Einstein’s field equations

8rG
G;uj + Ag;,w = A T;uja (33)
with
1
Guw = Ry — 3 Ry (3.4)

yields the Friedmann equations, which govern the expansion of the universe:

LN\ 2 2 2
s (@) _ G B kc Ac
H*(t) := (a> =3 Pmr = gt (3.5)
a drG 3p Ac?
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To express the relative contributions of different components of the universe, one defines dimension-
less density parameters with the critical density p. at the present epoch ty:

3H?
Q P = s ith = 70,
0, . with  pe = o5

In this notation, the first Friedmann equation can be rewritten as

H?(z) = H§ [Q(1+2)* + Qn(1+ 2)° + Qu(1 4 2)> + Qa ], (3.7)
where the redshift z and the energy densities scale with (1 + z) according to their equations of state
(e.g., pm o< (1 + 2)3 for matter and p, (1 + 2)* for radiation).
In the flat ACDM approximation (Q = 0), these density parameters satisfy

Qo + Q. +Qp =1, (3.8)

with contemporary measurements indicating Q5 ~ 0.7 and €,,, ~ 0.3 (Aghanim et al,|2020). ACDM
thus provides a minimal parametrisation of the universe’s expansion history and matter content that
is consistent with a wide range of cosmological observations.

Next it is examined how small initial density fluctuations evolve under gravity into the galaxies, clus-
ters, and cosmic web observed today. These fluctuations are described by the density contrast

,t) — p(t

6(x,t) = plx1) — pit) ,) at ), (3.9)
p(t)

where p(x,t) is the local matter density and p(t) is the mean density of the universe.

In the very beginning of the universe, the mass (both baryonic as well as dark matter) was distributed
randomly in a Gaussian field. These initial fluctuations later grew rapidly during the inflationary
phase (Linde). The dark matter component started earlier with the gravitational collapse, while the
baryonic component started only after decoupling from photons when the last scattering surface was
emitted (Padmanabhan| [1993]).

In the linear regime (|| < 1), perturbations grow according to a second-order differential equation
that describes the competition between gravitational attraction and cosmic expansion. On sub-
horizon scales in a matter-dominated universe, the linear growth equation is

6+ 2H(t)6 —4rG pd = 0. (3.10)

The term 2H § represents the damping effect of cosmic expansion, while 471G p ¢ drives gravitational
growth.

In an Einstein—de Sitter universe (pure matter with 2, = 1), the growing solution scales as
04 (t) < a(t), (3.11)

i.e., the density contrast grows in proportion to the scale factor a(t). To characterise growth more
generally, one defines the linear growth factor D(a),

(3.12)
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normalised so that D(a = 1) = 1 today. A related quantity is the growth rate

dIn D
fa) = dlrrlla7 (3.13)

which measures how fast structures are growing at a given epoch. Once dark energy dominates
the cosmic energy budget, the Hubble expansion accelerates, increasing the friction term in the
growth equation and suppressing the growth of perturbations relative to an Einstein—de Sitter uni-
verse.

3.2 Power Spectrum

Next the power spectrum is going to be introduced which is a important statistical tool used to
characterise the distribution of matter across spatial scales in the universe. Starting from the matter
overdensity defined in equation (3.9) its Fourier transform is defined as,

5k, 1) = / P 6(x, 1) kX, (3.14)

where k is the comoving wavevector. Or in the case of finite data, i.e. without infinitely continuous
or periodic data, the discrete Fourier transform is defined as

M-1N-1

O(k,t) =Y > o(x,t)e2milex) (3.15)

=0 y=0

In other words, one assume here that the distribution represents one period of periodic data. The
data is wrapped around the x- and y-axes, so to speak.
Using the continous Fourier transform he matter power spectrum P(k,t) is defined via

<S(k, £) 5% (K, t)> = (27)2 63 (k — ¥) Pk, ), (3.16)

which quantifies the variance of the density field as a function of scale. The two-point correlation
function £(r) defined as

E(r) = (0(x1)0(x2)) with r=|x3 —xa.

relates to the power spectrum by

dgk ik-r
) = [ oy P (317)
and a dimensionless form is given by
A%(k) = L P(k) (3.18)
272 ’

which represents the contribution to variance per logarithmic interval in k. There are also equivalent
to the power spectrum functions to describe higher than two-point correlations like the bispectrum

10
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(for three-point correlations). In linear theory, the time evolution of the matter power spectrum is
governed by the growth factor D (1),

P(k,t) = D3 (t) P(k,to), (3.19)

where P(k, 1) is the spectrum at a reference epoch. A common parametrisation of the primordial
spectrum is a power law,

Py(k) o< Ag k™, (3.20)
with amplitude A and spectral index n;. The shape and amplitude of P(k) are sensitive to cosmo-
logical parameters such as the matter density ,, and the spectral index n;. By computing P(k)
for a given cosmological model and comparing to observational estimates from galaxy clustering,
weak lensing, or other large-scale structure probes, one can perform a likelihood analysis to infer
posterior constraints on the parameters (Bolliet et all [2018))(Bridle et alJ, [2003). This makes the
power spectrum a central observable in precision cosmology.

Now, in many cosmological observations (such as the CMB temperature anisotropy), the observed
field is on a spherical manifold, motivating a different approach to calculate a power spectrum. The
scalar field over the celestial sphere can be decomposed into spherical harmonics Y, (6, ¢), which
form a complete and orthonormal set of functions, i.e., a basis:

1/57”1(97 ()0) }/;m’ (97 @) dQ = 6@(’ 6mm’7 (321)
g2

where dS) = sin 6 df dp.

A scalar field on the sphere, for example the temperature fluctuations of the CMB AT'(6, ), can

thus be expanded as
oS V4

AT0,0) = > amm Yem(0,9), (3.22)
=0 m=—4¢
with coefficients ay,;, that quantify the amplitude of each spherical harmonic mode. The angular
power spectrum CY is defined as the variance of these coefficients at a fixed multipole moment:
¢

— 1 2
Coi= 577 > (laml*), (3.23)

——
and for a statistically isotropic field,

(aem @y ) = Ceboer Oy - (3.24)

The angular power spectrum characterises how the variance of the field is behaving as a function
of angular scale, with lower ¢ corresponding to larger scale variations and higher ¢ to finer angular
features. The two-point correlation function on the sphere,

C(0) = (AT () AT () ), (3.25)
with # the angular separation between directions 71 and 7., is related to Cp via
20 +1
c(9) = ; % Cy Py(cos 6), (3.26)

which shows that C; and the correlation function are spherical analogues of the Fourier power
spectrum and two-point correlation in flat space. The statistical properties of a Gaussian random
field on the sphere, such as the primary CMB anisotropies, can be fully described by the angular
power spectrum C,.

11
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3.3 Cosmic Time

Because light travels at a finite speed, one does not see distant astronomical objects as they are now,
but as they were when the light one observes was emitted. This time delay means that the further
away an object is, the further back in time we are looking when we observe it. To formalize this,
cosmologists use the concept of lookback time, which quantifies exactly how far back in the history
of the universe we are seeing an event. The lookback time t,(z) to an object at redshift z is defined
as the difference between the present age of the universe ¢y and the age of the universe t.(z) when
the light was emitted:

tL(2) ==t — te(2). (3.27)

Comsological simulations often times only give the redshift as the time stemp of their snapshots. To
relate lookback time to redshift, one uses the fact that in an expanding FLRW universe the scale
factor a(t) and redshift z are related by

1
142 (3.28)

where, by convention, the scale factor today is a(tg) = 1. Because the expansion history of the
universe determines the relationship between cosmic time and redshift, computing the lookback time
requires integration over the expansion rate parameterised by the Hubble parameter H(z).

Starting from the definition of cosmic time through the scale factor,

da
dt = 3.29
aH(a)’ ( )
and substituting a = 1/(1 + z), one obtains the differential relation
dz
dt = — ———. 3.30
(1+2)H(z) (3.30)

The lookback time to redshift z then follows from integrating this expression from z = 0 (today) to
the redshift of interest z: ; 5
z
t = _ . 3.31
0= [ e 330

This expression depends on the cosmological model through the functional form of the expansion
rate H(z). In general, this integral does not have a closed-form solution for arbitrary cosmological
parameters and must be evaluated numerically. The result is that lookback time increases with red-
shift and asymptotes to the age of the universe as z — oo. The lookback time directly corresponds
to the amount of cosmic time that has passed since the light was emitted. For example, a galaxy
observed at z ~ 3 has a lookback time of over ~12 Gyr in typical flat ACDM cosmologies, meaning
we are observing it as it existed more than 12 billion years ago when the universe was only a small
fraction of its current age.

Because lookback time depends on the full expansion history H(z), it provides a complementary
probe to other cosmological measures such as teh luminosity distance or the angular diameter dis-
tance and is sensitive to the values of Q,, o, {240, and Hy.

12
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3.4 Minkowski Functionals and Tensors

There are many statistical descriptors beyond two-point statistics that are essential for captur-
ing non-Gaussian features and the morphology of cosmic structures such as the skewness, which
quantifies the asymmetry of a distribution (a non-zero skewness indicates that positive and nega-
tive fluctuations are not equally likely) or kurtosis, which describes the tailedness of a distribution
(meaning that extreme values occur more frequently than in a Gaussian model) (Ben-David et al.)
2015). Minkowski Functionals (MFs) and their tensorial generalisations, known as Minkowski Ten-
sors (MTs), provide a mathematical framework to quantify the shape, connectivity, curvature, and
anisotropy of spatial patterns in cosmological fields. These descriptors originate from integral geome-
try and have been applied to the analysis of large-scale structure, CMB maps, and weak gravitational
lensing fields, such as for example the detection of bubble-like interstellar structures in optical emis-
sion line images (Collischon et al.| [2021]).

For a field defined on a domain, one constructs excursion sets by selecting regions where the field is
above a threshold value. In d dimensions, Hadwiger’s theorem guarantees the existence of exactly
d—+ 1 independent scalar Minkowski Functionals that completely characterise the morphology of the
excursion sets. For example, in three dimensions there are four scalar functionals interpreted geo-
metrically as volume, surface area, mean curvature, and Euler characteristic. For a two-dimensional
field, the Minkowski Functionals are defined as

1 1 1
Vo= = dA, V= — dl, Vo= ——
A Jow) 4A Joq) 21A Joq(w)

kdl, (3.32)
where A is the domain area, 9Q(v) is the boundary of the region above threshold v, and x denotes
curvature (Appleby et al., 2018).

One can further generalize Minkowski Functionals to Minkowski Tensors that capture not only the
overall morphology of a spatial structure but also its orientation and anisotropy. Unlike scalar
functionals, which integrate scalar geometry measures, Minkowski Tensors weight these measures
with tensor products of vectors such as position (r) and the normal (n) on the boundary of the
structure. In three dimensions, second-rank Minkowski Tensors in the Cartesian representation are
defined as

Wt = / reordy, (3.33)
K

1

W = 7/ ror do, (3.34)
3 Jox
1

w3l =2 Hr®rdo, (3.35)
3 Jox
1

w2 = f/ n®n do, (3.36)
3 Jox
1

W2 => [ Hnondo, (3.37)
3 Jox

where H is the mean curvature on the surface 0K of the excursion set K, dV and dO are volume and
surface area measures, and ® denotes the symmetric tensor product. These definitions extend the

13
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scalar measures such as volume, surface area, and integrated curvature to tensorial shape descriptors.
The eigenvalues \; of a second-rank Minkowski Tensor yielded via

W WOl sin?(9)\ [v° 0 - 0205
= with W' = (W;"*)% (3.38)
W Wit sin?(9) ) \v! vl

describe the relative spread of structural features along different directions, and thus encode infor-
mation about the anisotropy of geometric features (Collischon et all [2024). For instance, in two
dimensions, one can define a net orientation index « and an intrinsic anisotropy index [ via

a= <Am§"‘> B= <Amax> , (3.39)

Amin

where angle brackets denote averaging over individual structures. Since Wlo 2 s symmetric (i.e.
its eigenvectors are orthogonal), for a statistically isotropic field, such as the cosmic microwave
background under ACDM, one expects a =~ 1 within uncertainty otherwise it hints at a preferred
orientaiton of the structure.

Now that the basic theoretical concepts used in this work were introduced, the code and methods
that are used to produce the results can be explained.

14
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4 METHODS

As a subdiscipline of artificial intelligence (AI), machine learning (ML) includes methods that try to
make inferences from given data. Often, the advantage of these methods lies in the fact that one does
not need to (fully) know a priori the exact model that describes the system [Lu et al.| (2017)). With
recent progress in machine learning, a new set of approaches has become available to analyse, predict,
and control complex systems. One specific design of these machine learning algorithms is Reservoir
Computing (RC), originally formulated in 2001 (Jaeger| (2001)). Here, one makes use of a network,
also called a "reservoir". Currently, Reservoir Computing is one of the machine learning algorithms
best suited for dynamical systems using observed time-series data (Gauthier et al| (2021)).

4.1 Reservoir Computing

Although classical Reservoir Computing was not used for the results presented in this thesis, it is
nonetheless helpful to familiarize ourselves with the computational principles of reservoir computing,
as we will later introduce the Next-Generation Reservoir Computing framework which will be used
for the results presented in Chapter [f] It is expected that less energy-demanding architectures, like
Reservoir Computing, will play an increasingly important role in the future, especially in compu-
tationally expensive applications as well as applications where energy supply is heavily limited (for
example in planes, satellites, etc.) (Meyer, 2024). Another advantage of Reservoir Computing is
that it proves to be surprisingly efficient in predicting chaotic time series (Chattopadhyay et al.
2020). The RC algorithm works as follows: Given a multi-dimensional discrete time series (for
demonstrative purposes we have chosen 3 dimensions):

where i is the time step index of the time series.

We proceed to introduce a network called the reservoir A, in which the data is fed into, coupled by
a input matrix W,.

Both the input matrix as well as the reservoir are static in the sense that they are generated once
in the beginning and stay fixed throughout the training, which makes Reservoir Computing once
again very computationally cheap. The reservoir state r; for the next time step is then calculated
according to

P = AT+ W, 7 . (4.1)

Now, this equation alone would not be able to capture non-linearities. For this reason, one usually
takes the right-hand side of equation as the argument of a non-linear function. The tanh
activation function is particularly suitable in this context because it maps input values to the bounded
interval (—1,1). This produces zero-centred outputs, which help prevent systematic bias in the
activations and promote more stable and balanced learning dynamics.

7:;+1 = tanh(A Fz + Win 1_};) (42)

15
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Usually, the adjacency matrix of a random network is used for the reservoir A, with non-zero entries
drawn randomly from the interval [—b,b] with b € R, and the network connectivity fixed from the
beginning. The reservoir states are then multiplied with the output matrix Wyt

17i+1,RC = Wout ’F;Jrl, (43)

and then the difference to the real time series ;11 is minimized via Ridge Regression (van Wieringen)
so that the output matrix is calculated via

> Bire — Uil + ol [Wout|%, (4.4)
—T<i<0

where |[Wout||? stands for the sum of the squares of all the matrix elements and the parameter «
has the purpose of preventing overfitting (the larger the parameter the less accurate the fit becomes).
Matrices V and R can be constructed by stacking all the vectors ¥; and 7; within a training time
interval —T <4 < 0. Then Wyt can be calculated via

Wou = VR (RRT +al) . (4.5)

Additionally there is the possibility to concatenate a constant term to the reservoir vector

ii= (7). (4.6)

which updates equation (4.3]) with a bias capturing feature to become

7:%+1,RC = Wout 7;1 = Wout 7?1 + g . (47)

Breaking the symmetry ensures that the dynamics do not accidentally produce a reflected version
of the trajectory in the opposite region of state space, a phenomenon known as a mirror attractor
(Herteux and Rathl |2020).

4.2 Next Generation Reservoir Computing

In this thesis, the Next Generation Reservoir Computing (NGRC) machine learning framework is
used for the results presented in Chapter [o} This choice was mainly due to the limited amount of
data available for the systems analysed both in terms of spatial and temporal resolution. In contrast
to classical Reservoir Computing, NGRC at its core creates features using a non-linear expansion of
time-shifted input data, hence eliminating the need for randomly connected recurrent networks while
require less hyperparameters to be optimized. Recent work has demonstrated that NGRC requires
significantly less training data than traditional machine learning approaches while still capturing
dynamical behavior effectively (Gauthier et al., |2021; |Barbosa and Gauthier} [2022; |[Haluszczynski
et al| 2023; [Koglmayr and Rathl 2024). Furthermore, Next Generation Reservoir Computing offers
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better interpretability in the sense that the features in combination with the optimized output
layer, can be used for identifying the underlying equations of dynamical systems, via its trained
weights.

This framework creates its reservoir state vectors, first through a linear time-delay feature vector
Oy, analogous to takens time delay embedding (Takens| [1981)) with hyperparameters k and s, where
k stands for the number of past data points taking into this state vector, and s defining the time
interval between those data points.

T;
Vi—1s

Oiin =

Vi—ks

We will later see that an optimal choice of hyperparameters especially that of k and s are essential
for accurate predictions as well a fast training and prediction of the NGRC. In NGRC, the linear
feature vector is used to calculate an additional non-linear feature vector O,oniin by calculating
unique monomials of elements of the linear feature vector up to a given degree. For example, when
the degree is set to two for a linear feature vector of a three dimensional system with hyperparameters
k = 2 and s = 1 the non-linear feature vector contains all unique monomials of order two, which is
equivalent to the Kronecker product of the linear feature vector

Z;T;
TiTi—1
Z;iYi
@nonlin,i = ©2,i = ©lin,i 0y @Iin,i = . (48)

Ti—1%5—1
Ti—-1Yi
ZiZi—1

Zi—1%i—1

To get the final feature vector, the linear and non-linear feature vectors are concatenated for each

time step of the time series
Ol i
o) - in,s )
tot1 (©nonlin,i

Similar to the traditional Reservoir Computing this feature vector is trained to predict the next
point in time using ridge regression, so that

gi—l—l = T; + Wout @tot,i~ (49)

The matrix Wy is trained to learn the difference between the current and the next time step and it
is determined via Tikhonov regularization (see equation ) Since in Next Generation Reservoir
Computing, the model does not rely on a large random recurrent reservoir but instead builds an
explicit set of polynomial features from time-delay embedded input data each weight of the output

17



4.3 Local States 4 METHODS

Matrix Wy directly corresponds to a specific term in the feature library. This means that the
learned weights can be interpreted as coefficients of a data-driven surrogate model that reflects the
structure of the underlying dynamics, giving a rough sense of how the governing equations might
look.

Throughout this thesis, the monomials used to construct the feature vectors are of first and second
order . Additionally, a bias element is consistently included in the feature vector . Al-
though these details will not be explicitly repeated later, they are always implicitly assumed.

4.3 Local States

As was illustrated with the three dimensional vector ¥; the time series can generally be of any dimen-
sion. Put in other terms, one can also use normal Reservoir Computing as well as Next Generation
Reservoir Computing to predict a (pixelized) map that is evolving in time where every pixel rep-
resents its own dimension. The computational resources needed for predicting such a map increase
super-linearly with the number of pixels. How exactly the demanded resources increase is dependent
on the degree of the monomials of O,0n1in,; as well as the exact choice of the hyperparameters k and
s. To solve this problem, one can introduce an own NGRC instance for every dimension/pixel and
its locally closest pixels (Pathak et al.| [2018; [Barbosa and Gauthier} 2022). Thus, for N dimensions
we end up with N reservoirs, each of which only predicts the next time step of a single core dimen-
sion while being fed with the previous time steps of the core dimension/pixel and its neighbouring
dimensions/pixels.

18



4.3 Local States 4 METHODS
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Fig. 1: Schematics showing the basic concept of normal Reservoir Computing (a) and Reservoir
Computing using local states (b). In normal Reservoir Computing, the current time steps of all
dimensions (z;_3,...,Z;, ..., Ti+3) are fed into a single reservoir to predict the next time step of all
dimensions (y;—3, ..., Yi, ---, Yi+3) together. In the local states approach, only the current time step
of the core and its neighbours is fed into one of many reservoirs, each predicting the next time step
of the corresponding core dimension. The schematic itself is sourced from (Baur and Réth, 2021)

The implementation of local states allows the required computational power to scale linearly with the
number of dimensions or map pixels. Depending on the exact choice of neighbours for a given core,
the quality of the prediction and the required computations can vary greatly. One can furthermore
choose solely the neighbours of a core dimension based on the quality of prediction, regardless of their
spatial proximity to the core; this would be called generalized local states (Baur and Réathl [2021)).
Since this approach was not used because all interaction all entirely spatial, no further detailed
explanation is provided.

Since the reservoirs are enumerated "one dimensionally" with 7 as can be seen in[I]one only needs to
find a function that maps the pixel index of a map progressing in time of any dimension to predict
this map. In the classic flat two dimensional (N, x N,) pixel grid the task of finding such a function
as well as the neighbouring pixels to a given pixel core is an easy one. The conversion of the two
dimensional Index of a pixel z; ; (i) two a one dimensional one z}, (t) is simply

i'=i+j-N, (4.10)

As for the local states, the neighbouring pixel indices of a core index i, j can be determined via
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Neighbour(i,j) ={(i—1,7—1),(,5—1),(i—1,5 — 1), (4.11)
(i - 1’j)’ (7' - 17j)7 (7/ - 1’j + 1)7 (17.7 + 1)’ (Z - 17j + 1)} (412)

and then with their one dimensional index can be obtained. The resulting neighbours can be
represented by a matrix.

0 2 - 6 8 10 12 14

Fig. 2: Local states Matrix for a 4x4 pixel map. The axis show the pixel index of each pixel (going
from 0 to 15). The Core pixel is shown as in yellow in each row while the turquoise pixel represent
the neighbour pixel. Notably all pixels outside the boundaries of the 4 x 4 map are not taken into
account.

For our purposes, it is of interest to enumerate all pixels of a spherical map, similar to above,
with a one-dimensional index and to find the neighbours in spatial (or rather angular) proximity
to a given core. Before presenting the solution used in this work, a brief introduction to Healpy is
sensible.

4.4 Healpy

The study of functions defined on spherical domains plays a fundamental role in the physical sci-
ences and engineering. This importance is especially evident in areas such as astronomy, cosmology,
geophysics, and atomic as well as nuclear physics. Healpy offers a pixelation scheme the Hierarchical
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Equal Area isoLatitude Pixelization (HEALPix) embedded in Python (Healpy) with which it is pos-
sible to visualize spherical maps as well to perform transformations on them (Gorski et al.| (2024)).
As the name implies, HEALPix is hierarchically structured, meaning the full sky is recursively sub-
divided into smaller areas. This allows, first, easier downsampling of the resolution of a given map,
and second, computational advantages, since spatially close areas are also close in the tree structure
of the database.

15 | 13 T 5
3 1 [11]|11, |[11]l 01, |[01]| 11, |[01]| 01,

Prograde. 14 12 6 4
Lz 01, ‘Iﬁllmz [11]/ 00, J[01]| 10, |[01]| 00,

Degrade 11 9 3 1
2 0 ‘

[10]|11, |[10]| 01, |[00]| 11, |[00]| 01,

10 | 8 | 2 | 0
10, 00, 10| 10, |[10]| 0o, |[80]| 10, |[50]l 0o,

Fig. 3: Quadrilateral tree pixel indexing: The coarse coordinate patch on the left consists of four
pixels, which can be labeled using just two bits. To achieve higher resolution, each pixel is subdi-
vided into four “daughter” pixels, as shown on the right. These daughter pixels inherit the index of
their parent (highlighted in a box) and are assigned two additional bits to form a new, unique
index. Multiple such curvilinearly mapped patches, twelve in the case of HEALPix, are joined
at their edges to cover the entire sphere. Each pixel’s index also contains a prefix (not shown
here) indicating the base-resolution pixel from which it originates. The schematic is sourced from
https://healpix.sourceforge.io/pdf/intro.pdf.

The next important property of HEALPix is that every element of the full sky partition is of equal
area. This ensures that no region on the sky is neither over nor under-represented though the shapes
of the elements may differ from each other as this is unavoidable with every full sky partition.
Finally, the last relevant property is that the center of every pixel element share a latitude with other
pixel center. The advantage of this setup is that later when calculating the spherical harmonics for
a given pixel map it is no longer necessary to calculate the Legendre polynomial P/ (cos(6)) of every
pixel but only of the fewer latitudes on which several pixel center are lying.

The HEALPix pixelization starts off with 12 elements each of which can be further subdivided into
a power 2.
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Fig. 4: Orthographic view of the HEALPix partition of the sphere: The overlaid equator and meridians
illustrate the octahedral symmetry of HEALPix. Light-gray shading highlights one of the eight
identical polar base-resolution pixels (four in the north, four in the south), while dark-gray shading
highlights one of the four identical equatorial base-resolution pixels. Moving clockwise from the
upper-left panel, the grid is hierarchically subdivided with the resolution parameter set to Ngjqe =
1,2,4,8, resulting in a total number of pixels N = 12 X stide =12,48,192,768. All pixel centers
lie on Nying = 4 X Ngiqe — 1 rings of constant latitude. Within each panel, all pixels have identical
areas. The schematic is sourced from https://healpix.sourceforge.io/pdf/intro.pdf.

4.5 Hyperparameter Optimization

As was already mentioned, the chosen hyperparameters of the NGRC play an essential role in the
quality of the prediction. The most naive way to determine these hyperparameters would be to
define a loss function in order to quantify the quality of the prediction and then start a grid search,
meaning one creates (in the case where we are looking for the hyperparameters k, s, ) a three-
dimensional matrix with triples of hyperparameters in a given interval. Afterwards, one simply
starts the training and prediction for every combination of hyperparameters and then takes the
triple with the best result according to the cost function. This method has several disadvantages.
For one, it requires a lot of computational resources/time, the higher dimensional the matrix of
hyperparameters becomes, not to mention that a run with a single set of hyperparameters also takes
a long time until it provides its prediction results. Furthermore, the sets of hyperparameters are
distributed equally over the multidimensional space, meaning the promising areas are not scanned
more thoroughly than areas in which it is unlikely to find suitable hyperparameters.
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These problems can be avoided with more elaborate algorithms, which are implemented in various
Python packages, one of them being Optuna (Akiba et al.,[2019). It offers several methods for finding
the optimal hyperparameters, but we will focus on the one used here, which is the Tree-structured
Parzen Estimator (TPE). It works as follows: At the beginning, random sets of hyperparameters
are generated and the cost function is applied to the predictions with these hyperparameters. Then
the sets are assigned either to a suitable category of hyperparameters or a category for bad hy-
perparameters. For the good hyperparameters, a Gaussian kernel distribution is overlaid to get a
density function describing the "landscape" of the loss function. The same is done with the bad
hyperparameters. In the second phase, new sets of hyperparameters are generated in places where
the distribution value of good hyperparameters is high and the distribution value of bad hyperpa-
rameters is low. This method allows a balanced approach in terms of exploitation (the information
of the distribution of good and bad parameters is used to generate new hyperparameter sets) as well
as exploration (in the initial phase, sets of hyperparameters are randomly generated without using
prior knowledge). One last advantage Optuna offers is the possibility to run several hyperparameter
sets in parallel, which again speeds up the whole optimisation process.
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After these introductory remarks, we can finally have a look at the results of our machine learning
architecture on various examples.

5.1 Next Generation Reservoir Computing on the Sphere

Here we explain how it is possible to feed spatio-temporal maps on a spherical lattice into the
next-generation Reservoir Computing framework and predict them afterwards. The first problem,
namely, feeding two-dimensional maps into a one-dimensional NGRC, was already solved and ex-
plained. Conceptually, we assign every pixel in the map a unique number and then find all pixel
indices that are in the spatial vicinity of a given core pixel to define our local states. Luckily, Healpy
provides the function hp.get_all_neighbours(), which returns, for a given core pixel, the indices
of all surrounding pixels. Using this, it is fairly straightforward to create the matrix in which the
information about the local states is encoded. Once the matrix with the local states is created, one
can proceed as described before with training and prediction.

Alternatively, one can also get the indices of all pixels within a radius of a direction vector using
hp.query_disc(). This method also allows including more than just the direct neighbours for the
local states. However, due to the extended computational cost, this method was not used.

Next, this new method of NGRC with spherical pixelisation scheme will be tested on non-linear
synthetic data, namely a wave simulation created on the sphere (Faires and Burden, |{1995). Consider
the classical second-order wave equation:

2
% = V?u. (5.1)

We can discretize equation (5.1)) to get to first order
it = 24h — bt 4 (e At V3l (5.2)

As the initial state, we place a Gaussian peak on the empty spherical surface and let the wave
evolve according to equation (5.2)). After a few time steps, we obtain the following state (see figure

5.
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Fig. 5: Mollweide projection of a snapshot of a wave simulation generated with the discretized wave
equation. The colour bar is showing the amplitude of the wave A. The simulation has a spatial
resolution of Ngq.=32 and a temporal resolution of N; = 3000.
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The Simulation has in total N; = 3000 time steps of which 2700 were used for the training and
300 in the prediction. The optimal hyperparameters were determined using Optuna with a smaller
excerpt of the full sphere surface of size 1000 pixels.

Hyperparameter  Value

« 0.00624
k 15
s 50

We can then start the prediction of the spherical wave and get the following result (see figure

).
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Fig. 6: Representation of the real and predicted wave simulation on the surface of the sphere. The
horizontal axis shows the time step after the beginning of the prediction phase while the vertical
axis shows the index of the pixels of the 1000 pixel field. At the bottom the absolute of the relative
difference between the prediction and the real simulation is shown in percent.

As we can see, the prediction is in very good agreement with the actual simulation. In particular,
the wave crest of the original simulation is captured very well, which is the important behaviour
to predict. Deviations in predicting the flat areas with values close to zero are naturally more
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pronounced, since the bottom plot is normalized by the pixel values of the test simulation. These
results show that the implementation of the NGRC on the sphere was successful, and we can continue
using it for predicting cosmological simulations on the sphere.

5.2 Adaptive Local States

Here, a new method is presented as an improvement to the classical local states approach called
adaptive local states, that allows faster and higher quality prediction of simulation data. To illustrate
the problem and motivate this method more vividly, we work for now with simulations of water waves
presented as a two-dimensional time series since they exhibit a clear preferred orientation throughout
the whole simulation domain.
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Fig. 7: Snapshot of the wave simulation at the 500th time step. The wave crest and trough of the
amplitude A are clearly visible, propagating from left to right. The axes denote the pixel indices
(X,Y), yielding a total spatial resolution of 256 x 256 pixels. In physical units, 256 pixels correspond
to a length of 1000 meters in real space. Each time step represents 0.1 seconds, and the simulation
has a temporal resolution of N; = 1000.

We can again employ our local states NGRC machine learning architecture to predict the behaviour
of the wave simulation.

In the case of this 2D-flat data, for every core pixel, we take the 8 surrounding neighbouring pixels
into account in both the training and the prediction phase. In the case of a core pixel lying at the
edge of the 2D patch, we only consider the neighbouring pixels that are within the 2D patch. Thus,
in the case of a core pixel being at the edge, there are 5 neighbouring pixels, while there are 3 pixels

27



5.2 Adaptive Local States 5 RESULTS

in the case where the core pixel is located in one of the four corners of the patch.

For the training of the output matrix using the wave simulation data both during hyperparameter
optimization and for all the subsequent full predictions, a total of N.qin = 850 time steps were used.
The prediction phase begins immediately after the 850th time step. Note, however, that the time
step length varies among predictions, which can be directly inferred from the corresponding plots.

A smaller patch of 16 x 16 pixels was taken from the simulation to optimize the parameters for
the included time steps k and s, as well as the regularization parameter «. Since only the direct
neighbours were used for the local states of a given core, one could hypothetically also choose a
smaller patch. However, at that point, the effect of the ratio between the number of core pixels
at the edge of a patch and the number of core pixels inside the patch was not examined, which is
why it was decided to use a not too small patch. For optimization, the package Optuna was used as
described in the earlier chapter.

Both the predicted 7, as well as the original time series Z; can be represented as a vector at time
step t, where each component z;; represents a pixel i. The cost function then works as follows:
First, we calculate the absolute of the relative difference between the original time series and the
predicted time series

s

%

Tipx — Tier

(5.3)

X, t*

Then, the average over several time steps is calculated to account for the possibility that the deviation
may be exceptionally high at a single time step, while it is fairly small at the surrounding time steps.
Empirically averaging over 10 time steps appears to be good compromise between robustness and
precision, as averaging over all time steps would not give any new information.

tx
g D¢
avges = %. (5.4)

The first t* where avgy« over 50% is the returned value of the reward function, meaning we try to
maximize this value for various test hyperparameters.
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With this method and after testing 100 sets of hyperparameters in the intervals

a € [10741]
k € [2;6]
s €[1;9]

we finally get the best hyperparameters

Hyperparameter  Value

« 0.00367
k 4
s 6

Tab. 1: Parameters obtained through optimization with the python package Optuna. In the opti-
mization a 16 times 16 pixels patch was used.

After that the best parameters were used over for the prediction of the full 256 x 256 pixel patch.
The results can be seen in figure

29



dim

5.2 Adaptive Local States 5 RESULTS

Simulation

107!
20000 1072

40000 1073

60000

Prediction

20000

-1073
40000 _10—2
60000 -1071
At; (%)
0 100
80
20000
60
40000 40
20
60000

0 20 40 60 80 100 120 140
ti

Fig. 8: Representation of the original and predicted wave simulation. The x-axis shows the time step
after the beginning of the prediction phase, while the y-axis shows the index of the pixels of the 256
x 256 pixel field. At the bottom, the absolute value of the relative difference between the prediction
and the original simulation is shown in percent.

If we calculate the average deviation between the original and predicted simulation over 10 time
steps we get a value of 45%.

We can also observe that the deviation does not grow uniformly across all pixels. Instead, the error
first emerges in a single pixel and as a result propagates to the surrounding pixels. This behavior is
expected, since the local states are defined through the spatial neighborhood, consequently, inaccu-
racies in neighboring pixels affect the prediction of the central pixel.

One issue with simply considering at the relative difference is that we still do not have a performance
baseline to compare it to. The easiest way to predict the evolution of the waves without considering
any prior knowledge would be to simply assume that the waves remain constant. Therefore, we can
now compare how much better our elaborate NGRC prediction performs compared to this naive
prediction.
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Fig. 9: Relative difference between the original wave simulation and one of two prediction methods.
For each time step, the absolute value of the difference across all pixels was calculated. The first
method simply assumes that the waves freeze at the first time step, so a constant snapshot is
compared to a dynamic wave simulation. The second method is the prediction made by the NGRC
local states method.

In the calculations, the difference was clipped at 100%, causing it to gradually saturate at this value;
without this clipping, the difference would be expected to exceed 100%. As noted earlier, the average
difference between the original simulation and the NGRC prediction barely reaches 50% by the 150th
time step. In contrast, if the waves are assumed to remain constant in time for the prediction, the
difference does not simply keep increasing; instead, it begins to oscillate once it approaches roughly
80%, likely reflecting the waves inherent periodicity.

We can verify this possible explanation by calculating the average time a wave needs to fully pass
a pixel. The wave simulation consists of several waves with different periods, but the peak of the
Fourier spectrum T}, as well as the real time corresponding to a single time step At, are given. The
number of time steps until a wave fully passes a pixel is then roughly

N, =T, x At =80.04 , (5.5)

which matches the observed periodicity in the graph.
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Another interesting observation is that the relative difference at the first time step does not start at
0% but instead at around 5%, and then increases much more slowly than 5% per time step.

Now one can also examine what influence the selection of local states has on the prediction quality of
the core pixel. As previously explained in subsection 3] choosing the correct local states can greatly
speed up the training as well as the prediction process. The reason why this is demonstrated using
wave simulations is that wave dynamics show a clear preferred orientation, namely the direction
in which the flat wave front propagates (from left to right). The existence of a preferred direction
motivates investigating whether the orientation of the neighbouring local-state pixels has an influence
on the quality of the prediction.

The following cases are studied: taking the neighbouring horizontal (left and right) pixels as local
states; taking the neighbouring vertical (up and down) pixels as local states; and taking both vertical
and horizontal, but not the diagonally neighbouring, pixels as local states. For the solely horizontal
or vertical local states, not only the direct neighbours but also the second-nearest neighbours were
chosen.

The matrices for the local states can be found in figure[I0] Using these matrices, we can then finally
start the predictions of the wave simulations. Since we are only interested in how well the different
local states perform relative to eachother we can also simply predict an 8 x 8 pixel excerpt of the
whole simulation to speed up the process.
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Fig. 10: Local states used for predicting the 2D wave simulation on a 4 x 4 pixel field. The axes show
the pixel indices; yellow marks the core pixel, and blue marks the pixels used as local states. Plot
A uses only the left and right neighbours, Plot B includes the second-nearest horizontal neighbours,
Plots C and D show the same for vertical neighbours, and Plot E uses all surrounding neighbours
except the diagonals, effectively combining horizontal and vertical neighbours.
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Fig. 11: Comparison between the predicted and original behaviour of a simulated wave. (a) is showing
the case where the pixels to left and right where taken as local states while (b) is showing the case
where the two pixels to the left and the two pixels two the right of the core pixel were taken for the
local states.
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Fig. 12: Comparison between the predicted and original behaviour of a simulated wave. (a) is showing
the case where the pixels above and below were taken as local states while (b) is showing the case
where the two pixels above and the two pixels below the core pixel were taken for the local states.
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Comparison between the predicted and original behaviour of a simulated wave. (a) is showing
the case where all the 8 surrounding pixels were taken as local states while (b) is showing the case

where the vertical and horizontal neighbours of the core pixel were taken for the local states.
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We can observe in the plots [T} [[2] and [[3] showing the absolute of the relative difference how the
difference for certain time steps increases even above 50%, only to decrease in the following time
steps, showing once again the importance of including several time steps when checking whether the
average of the relative difference is above 50%.

If we now take into account at which time step the average over the next time steps exceeds 50%,
we obtain the following values (see table .

Setup Reward Function Value
Normal 82
Cross 81
Vertical 26
Vertical 2 28
Horizontal 59
Horizontal 2 83

Tab. 2: Measured values for different local states

These values generally also reflect the visual impression one gets regarding the quality of the pre-
diction from the plots. We can see that the worst-performing local states setup is the use of vertical
neighbours. This congruent with our expectations, insofar as, since the wave is moving from left to
right, there is very little information encoded in the pixels above and below the core pixel to predict
its value at the next time step, and the pixels above and below have little influence on how the core
pixel will behave in the future.

Nonetheless, taking more than just the pixel immediately above and below, by also including the
second pixels above and below, increases the "forecast horizon," simply because more information
is fed into the training.

Next in the performance hierarchy is the horizontal setup, which is partly due to the fact that it
only considers two pixels, which is relatively few compared to the other setups. However, if we take
not only the very next horizontal neighbour but also the second horizontal neighbour for the local
state (Horizontal 2), the forecast horizon increases much more than the increase observed from the
vertical to the vertical2 setup. This is likely due to the direction of wave propagation along the
horizontal axis, which makes every additional pixel in the horizontal direction provide additional
information, whereas additional pixels along the vertical axis do not add as much.

If we take both the vertical and horizontal neighbours for the local states (cross), we again observe
a rather large increase in the forecast horizon. This is again due to the fact that the horizontal and
vertical axes are not correlated, so they encode “different information,” so to speak.

To conclude, the largest forecast horizons are observed with the cross setup, the normal setup (which
includes all 8 surrounding neighbours of the core pixel), and the horizontal2 setup.

Now, looking solely at the reward function values, one might get the impression that, since the nor-
mal setup performs more or less as well as the cross or horizontal2 setup, the choice of local states
has minimal influence on the prediction quality. However, the number of pixels taken into account
also affects the time required for training and prediction. While a total of 9 pixels are included in the
construction of the feature vector for the normal setup, we only take 5 for the cross or horizontal2
setups. The corresponding feature vectors Oy, and Qponi, thus have the following lengths:

lcross,horizontalQ = llin + lnonlin ) (56)
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where the length of the non linear feature vector l,oniin With the number of local states (and with the
core) Npg and a monomial of order 2 and the hyperparameter value k is calculated as follows

kXNLS (kXNLs)!
ln nlin = = . .
onl < 2 ) (k x Npg — 2)1(2)! (5.7)

The calculation for the linear feature vector [j;, is simply

hin =k x Ngs, (5.8)

with & = 4 according to table [I] and Nps = 5 in the cross and the horizontal2 or Nypg = 9 in the
normal the corresponding total feature vectors have the length

lcross,horizontalQ =210
lnormal = 666 .

This means that our feature vector is a factor of l,ormal/leross horizontal2z = 3.17 longer compared to
the cross or horizontal2 setup. Our forecast horizon with the cross or horizontal2 setup is just as
good as in the normal case with all surrounding pixels as local states, while requiring much fewer
computational resources!

In this wave simulation, the dominant orientation remains constant over time. However, there are
many cases where the directions of the waves change over time. If we were to set our local states
to be constant in time, the local states could align with the wave orientation for some time steps
but not for others, leading to suboptimal predictions. Ideally, we would be able to automatically
determine the "direction of the flow" in our simulations and then choose our local states dynamically
according to that direction.

The requirements become even more complicated when we expect the simulation data not only to
change direction over time but also to show different directions in different regions of the simulation.
In that case, the local states are not only changing over time but also need to differ for different core
pixels at a given time step.

While previously the direction of flow was intuitively clear from looking at the wave simulation, we
now need to operationalize finding the flow direction in order to automate the process for each time
step. One method that works particularly well with wave simulations is to take the direction with
the highest gradient at the position of the core pixel as the flow direction of the wave. To obtain
"adaptive" local states for a core pixel, the indices of all eight surrounding pixels are determined.
Then the two pixels with the highest difference/gradient relative to the core pixel are chosen as the
local states. In this way, the flow direction can be individually determined for every core pixel.

To dynamically change the local states over time, one simply predicts one time step ahead before
recalculating the new local states. The challenge here is that, for predicting a new time step, all
the {1s,2s, ...,k - s} previous time steps are used to construct the feature vector. This means that
up to k- s time steps before the predicted step, the local states cannot be changed, and thus a flow
direction averaged over this period must be used. As long as the simulation changes slowly compared
to this k- s period, this is not a problem. For fast-changing simulations, this limitation must be kept
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in mind.
We can now check whether this method of using the gradient to determine the flow direction works
well. For example, the local states matrix would look as follows when using the local states method

(see figure [14)).
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Fig. 14: Neighbourhood matrix being generated by using the new adaptive local states method which
incorporates considering the two pixel with the highest gradient towards the core pixel as local states
pixel.

Interestingly, we get a different impression than what we would obtain if we simply assumed that
the entire wave is moving horizontally to the right. Comparing the adaptive local states matrix with
the one generated by taking only the horizontal neighbours (see, we see that only one of the two
surrounding pixels with the highest gradient lies horizontally next to the core pixel. A clearer picture
emerges if we choose the two pixels with the highest gradient out of all the neighbours forming a
cross around the core pixel (see . We then obtain the following neighbourhood matrix in figure
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Fig. 15: Neighbourhood matrix being generated by using a modified version of the new adaptive local
states method which incorporates considering the two pixel with the highest gradient towards the
core pixel as local states pixel taken from the set of neighbours laying crosswise next to the core
pixel.

As we can see, the local states pixels now lie to the left and right of the core pixel, meaning that
in the classical adaptive local states matrix, the second neighbour lies diagonally to the core pixel.
This is reasonable because, although the wave as a whole may move to the right, there can be local
regions where the flow direction shifts slightly upward or downward. What would be problematic
is if the pixels with the highest gradient were aligned directly above and below the core pixel along
the vertical axis, but this was not observed.

With all the preliminaries discussed, we can now examine the results generated using the adaptive
local states method.
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Fig. 16: Prediction made with the help of the analytical local states method. In the k- - - time steps
preceeding the current time step the two neighbouring pixels with the highest gradient to the core
pixel will be chosen as local states of that time step.

Comparing the the results of the adaptive local states method with that of the classical constant
local methods we see that the forecasting horizon of the adaptive local states method is much higher
than that of the constant one.

A limitation of the adaptive local states method is that the weights in the output matrix W, must
be retrained at each predicted time step. This retraining uses a segment of the full training time
series spanning from the current time step back to k - s steps prior. Although the reduced length
of the training segment accelerates individual training iterations, this procedure must be repeated
for every time step, resulting in a higher computational cost for generating complete predictions
compared to the conventional constant local states approach.

Motivated by this problem, one can instead train the output matrix with the full training time
series for all surrounding neighbours (i.e., using the classical constant local states). Then, during
prediction, one considers only two pixels for the local states, exactly as in the adaptive local states
approach. The information from the trained weights of the other six neighbours is, for the current
time step, effectively discarded. However, it can be used again in the prediction of the following
time step if the corresponding pixel indeed had a high gradient relative to the core pixel in that
step. This semi-adaptive approach mitigates the significant speed loss of the fully adaptive method
while still ensuring better prediction quality than the constant local states approach.
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Fig. 17: Prediction made with the help of semi analytical local states method. While the training is
running with constant local states the prediction choses only the two pixels with the highest gradient
similar to the adaptive local states method.

Using the reward function defined earlier in equation (5.4) to quantify the difference we get the
following "forecast horizon":

Setup Reward Function Value
Adaptive 32
Semi Adaptive 31
Constant 29

Tab. 3: Forecast horizon determined via reward function 1) for different local states methods.

As expected, the forecast horizon of the semi-adaptive method lies between that of the constant
local states and the adaptive local states approaches.

Since we are currently examining data consisting of a superposition of waves, there is the possibility
to use a different metric more suitable for oscillatory spatio-temporal data, namely the Surface
Similarity Parameter (SSP). The SSP is defined as follows: (Perlin and Bustamante] 2016

V1P () — B (k)] di
VI 1B 00 i 4/ | P ) i

SSP(X],XQ) = (59)

where Fx(k) denotes the Fourier transformation of x(¢). The advantage of this metric over other
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methods, such as calculating the RMSE or using the previously introduced reward function, is that
the SSP is more uniformly sensitive to deviations in the phase, wavelength, and amplitude of a wave
composition (Wedler et al.,|2022). In contrast, the RMSE or simply calculating the relative difference
in percent is oversensitive to deviations in the amplitude, as these deviations are not bounded. It is
therefore of interest to apply the SSP to the results produced so far for the wave data and to check
whether this new metric qualitatively changes the observations made.

We calculate the SSP for each time step SSP(¢;) for every local states setup to get qualitatively the
following plot (see figure [I8)).
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Fig. 18: SSP for each time step SSP(¢;) for the classical local states method which includes all
surrounding pixels of the core pixel for neighbourhood matrix.

We can observe how the SSP exhibits now monotone behavior which stems again from the oscillatory
nature of the simulation data.
Then we calculate the average SSP over all time steps:

Ny
— 1
P=— P(t;). 1
SSP = - ;::188 (t:) (5.10)

The average SSP is calculated for every local states setup and presented in table
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Setup SSP
Normal 0.0251
Cross 0.0338
Vertical 0.0844
Vertical 2 0.0798
Horizontal 0.0535
Horizontal 2 0.0231

Tab. 4: Measured SSP values for different local states.

We see that the overall picture has not changed and the ranking of the different local states set ups
regarding their SSP performance stays the same though the relative difference between the best and

the worst performing local states set up is now slightly larger.
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5.3 Magneticum Pathfinder

We now want to apply all the aforementioned methods to astrophysical simulations, starting with
the Magneticum Pathfinder Simulation Suite (Dolag et al|(2025)). The Magneticum simulations
are designed to track the formation of cosmological structures across a wide range of scales. They
consist of a series of hydrodynamical simulations of varying cosmological volumes, each sampled with
a very large number of particles, providing high spatial resolution. Numerous physical processes are
included.

For our analysis, we used the mass maps of Box2 and Box2b. The mass maps were created by
considering the mass distribution in full-sky cones within a given redshift interval. The mass within
each cone was then projected along the radial axis, resulting in a two-dimensional distribution in
the Mollweide projection.

Shellz=1.2-1.44 10x10x10 replicated to fill full sky
\ Box2b/hr

e Pz

Fig. 19: Hlustration showing the geometry of one slice for the full tSZ sky light-cone from Box2b/hr
on the left. The right panel shows the full sky map of the whole light-cone with a zoom onto one
galaxy cluster.

The simulation is using about 2 - 20003 particles with particle masses for dark mater and gas of
mpay = 6.9 - 103Mg /h and Mgas = 1.4 - 108Mg /h. For the simulation the WMAP7 cosmology

(Komatsu et all, [2011]) was used with cosmological parameters in table
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Cosmological Parameter Value

Qi 0.272
Qa 0.728
Hy 70.4
n 0.963
os 0.809

Tab. 5: WMAP7 cosmological parameters used for simulation

In total there are 14 full sky light cones each with a given average redshift z;. Assuming a WMAP7
cosmology equation [3.31] for the age of the universe can be specified to

o0 1 ,_ o0 1 z/
=) = / T+ HE) / (1+2) Ho/Qn(1+2)3 + Qyp 4 (510

This integral has no analytical solution, however one can calculate a value numerically. Using the
python library Astropy one can calculate with the list of the redshift the corresponding age of the
universe at that redshift. The results can be found in table [Gl

Cone Redshift = Age of Universe (Gyr)

1 0.03367115 13.29683801
2 0.06740759 12.86013230
3 0.10224509 12.42995381
4 0.17536824 11.59050129
) 0.21372931 11.18187268
6 0.25334240 10.78105554
7 0.29424834 10.38834261
8 0.33648937 10.00400833
9 0.38010904 9.62830739
10 0.42515233 9.26147130
11 0.47166573 8.90370584
12 0.67340373 7.56648266
13 0.90279626 6.38328163
14 1.18107610 5.29361009

Tab. 6: Redshifts and corresponding ages of the Universe for each cone.

We can also view the first and last snapshot of the simulation data to get a first impression how the
time series evolves with time.
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Fig. 20: First and last time step of the projected mass distribution of the Magneticum Pathfinder
Simulation Suite in Mollweide projection. The original data had N; = 14 and after interpolation
N; = 161.
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Which may appear surprising at first glance are the lower masses at later times. If we take a closer
look we get following behaviour (see ﬁgure.
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Fig. 21: Mean 77 and maximum m,,,, mass for each time step of the original data from the spherical
cosmological simulation.

The plot is plausible insofar as the mean and maximum of the mass distribution are initially the
same and start deviating from each other over time. However, even the structures formed at late
times counterintuitively have less mass than small mass fluctuations in the early phase. This can
be explained by the different redshifts of the full-sky time cones: the "slices" come not only from
different ages of the Universe but also from different positions, meaning that the same pixel represents
a larger cube in real space the higher the redshift/radial distance to us is. Feeding this time series
of mass distribution into the NGRC setup presents several problems.

The first problem is that there are simply not enough time steps to train the weights in the output
matrix Wy,t, which becomes even more critical considering that some of the 15 time steps must be
reserved to compare the synthetic simulations with the original simulation. One way to address this
problem is to interpolate between the time steps to ensure smooth transitions, allowing the output
matrix to better adjust.

Naively, one could assume that, given 14 time steps, a polynomial of order 13 would suffice, where
for each pixel the polynomial would be fitted to pass through each value at its corresponding time
step. One could also take a polynomial of lower order if one accepts that the resulting fit will not
pass exactly through every data point. The problem with this approach is that using a polynomial
of any order would make the system, by definition, non-chaotic. The NGRC setup would then have
no problem predicting such a simple system.

Instead, to better preserve the chaotic nature of the sparsely time-resolved original data, one can
take advantage of Piecewise Cubic Hermite Interpolating Polynomials (PCHIPs). While PCHIPs use
polynomials of order 3, similar to cubic splines, they have the advantage of being shape-preserving;:
they do not introduce artificial changes in the monotonicity of the original data and do not create
new local maxima or minima (Rabbath and Corriveaul 2019). Granted, no interpolation method can
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fully preserve the nonlinear dynamics of the original system (after all, these are still polynomials).
However, this effect is mitigated the more data points the original dataset contains.

Moreover, this prediction should be considered a proof of concept, as it will later be applied to data
with sufficient temporal resolution, making interpolation unnecessary.

T J— T T T T T
Yk-2 [ b,
Yot F O Data 4

————— Linear

— — — Cubic (spline)

Cubic (pchip)
Uk i
Ye+1 [ i

=

Yev2 _
Yre+3 [ i

1 L 1 1 L 1
T2 Ti-1 Tk T4l Th42 Tri3

&

Fig. 22: Example of interpolating data points using different methods. The simplest method is linear
interpolation, which has the clear disadvantage of not maintaining smooth transitions in the slope of
the resulting curve. Interpolation with cubic splines or higher-order polynomials ensures smoothness
in the first and even higher derivatives but can create artificial extrema. PCHIPs ensure smoothness
in the first derivative while preserving the dynamics, in the sense that they do not create new
extrema. The figure was taken from (Youssef et al. 2020).

Now that we have interpolated the original data, the next step is to decrease the resolution of each
snapshot. Currently, each snapshot is saved as a Healpy file with Ngq. = 4096, which is equivalent
to about 200 million pixels. With the given hardware limitations, prediction for more than 100,000
pixels is not feasible. For this reason, the data for each time step will be reduced to Ngq. = 128,
meaning that we now have about 200,000 pixels per time step. Thankfully, Healpy provides the
function pixelfunc.ud_grade (), which allows for an easy computation of a lower-resolution frame.
Each frame still represents the integrated mass along the radial axis, meaning that the observable
scales linearly with the number of pixels, which in turn scales with the square of Ngqe. Thus, to
ensure that the total mass in each frame remains invariant after the transformation, we need to

-2
Nside,out )

normalize each pixel value by ( S
side,in
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Fig. 23: Power spectrum of the first snapshot of the cosmological simulation calculated both for the
original resolution as well as the lower resolution which was created by normalizing each pixel with
an additional term to ensure mass conservation.

Unfortunately, normalizing each pixel value after the transformation using this term will lead to
a shifted power spectrum (see equation 7 since multiplying each pixel value also results in
uniformly higher or lower variations at all scales, as can be seen in Figure One way to mitigate
this problem, at least for large scales in real space, is to omit the normalization.
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Fig. 24: Power spectrum of the first snapshot of the cosmological simulation calculated both for the
original resolution as well as the lower resolution which was created without normalizing.
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While mass conservation is no longer ensured, the resulting power spectrum is no longer orders of
magnitude larger than the power spectrum at higher resolution. However, it begins to deviate from
the higher-resolution power spectrum at larger ¢. This is simply due to the fact that all small-scale
structures (smaller than the pixel size at the lower resolution) corresponding to large £ are necessarily
removed when decreasing the resolution.

An approximate estimation can be derived as follows: In Healpy, the maximum number of samples
around a ring (i.e., at constant latitude) is 4- Ngqo. To resolve all the m modes of spherical harmonics,
one needs at least 2/ + 1 samples. Equating both terms and dividing by two gives then

lmax = 2 - NSIDE = 256

So we can expect to see increasingly large differences emerging between the new and old power
spectra at values larger than l,.x = 256. Non-conserved power spectra (and also higher-order
point correlations) further limit the extent to which the true nonlinear interactions of the original
simulation are preserved.

With the caveat in mind that lowering the resolution will always lead to different power spectra,
we continue by taking the logarithm of the pixel values, since within a time step, pixel values span
a wide range over many orders of magnitude, which would negatively influence prediction fidelity
when used for training.

Finally, since the 200,000 pixels are still too many to be fed into the NGRC setup, a small patch of the
whole sphere is extracted to further reduce the number of pixels being predicted. Hypothetically, it
would also be conceivable to reduce the resolution of the whole sphere even further instead of taking
a patch. However, this would only remove additional small-scale structures. The main concern with
predicting several patches instead of the whole sphere, namely that the higher boundary-area-to-
inner-area ratio reduces prediction quality will be examined later.

Lastly, all pixel values are normalized so that the standard deviation becomes 1, and the smallest
pixel value is then subtracted from each pixel so that the minimum value becomes 0. One could also
subtract the mean instead, but having both negative and positive pixel values reduces prediction
quality. The final result can be seen in figure
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Fig. 25: Mass ditribution after lowering the resolution to Nggqe = 128, taking the logarithm and
normalizing and shifting all pixel values so that that the standard deviation is 1 and the smallest
pixel values is 0. This snapshot represents the last time step (see plot b) in

We see that, as intended, the smallest pixel value is 0, and that smaller structures that could previ-
ously be resolved are now somewhat smoothed out. Interestingly, sharp and straight edges appear
on the map after lowering the resolution, these result from the pixelization in Healpy.

For the training of the output matrix using the Magneticum simulation data—both during hyperpa-
rameter optimization and for all the subsequent full predictions, a total of Ny.q;n = 129 time steps
were used. The prediction phase begins immediately after the 850th time step and it has a length
of Npreq = 32. The following results were using the classical local states method.

Now that all necessary transformations have been applied to our original data, we can determine
the hyperparameters required for optimal predictions. To do this, we proceed as described earlier
using Optuna, noting that the optimization was performed on a small patch of the sphere rather
than the full sphere. We then obtain the following hyperparameters, which will be used from this
point onward.

Hyperparameter Value

« 0.112
k 8
s 9

Tab. 7: Optimal hyperparameters for the prediction of the spherical Magneticum cosmological simu-
lation.

Finally we can predict a large patch of the simulation of the sphere in figure
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Fig. 26: Representation of the original and predicted patch of the spherical simulation. The X-axis
shows the time step after the beginning of the prediction phase, while the Y-axis shows the index
of the pixels in the 20,000-pixel field. At the bottom, the absolute relative difference between the
prediction and the original simulation is shown in percent.

We can see that after 25 time steps, the deviation from the original simulation starts becoming
increasingly large. Specifically, using equation [5.4 we find that the forecast horizon is reached
at 32 time steps. However, this provisional reward function was introduced only to develop the
necessary code. For a more detailed analysis, we will now compare using the root mean square error

(RMSE):

N
RMSE() = | 1 3 (37'(6) ~ () (5.12)

where t indexes the current time step and i is the pixel index. This measure is independent of the
resolution (i.e., the number of pixels per time step) and of the mean and standard deviation of the
data (which is why we standardized the mean and standard deviation beforehand). We can then
calculate the RMSE for each time step (see figure .
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Fig. 27: RMSE per time step of a patch of the full spherical simulation after the logarithm of the
original data was transformed to have suitable mean and standard deviation.

Qualitatively, the overall impression did not change. However, since the calculated RMSE(¢) is now
independent of the number of pixels in each snapshot /time step, we can compare how the prediction
quality varies with the size of the excerpt taken from the full sphere. This is particularly interesting
because it allows us to estimate how much better the prediction quality would be if we directly
predicted the whole sphere at a lower resolution, instead of the current procedure where the full
sphere has higher resolution but we perform several predictions on patches/excerpts taken from the
sphere.

When comparing predictions of patches with varying pixel numbers/sizes, it should be considered
that if the patches are too small, differences in prediction quality might simply arise because larger
patches include information that is generally harder to detect. For example, a smaller patch might
include only a void, while the largest patch includes several large-scale structures, which naturally
leads to different prediction quality. To address this problem, we chose our smallest patch such that
key statistical metrics, like the mean and standard deviation, no longer change with increasing patch
size.
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Fig. 28: The mean and standard deviation of all pixel inside of excerpt of the whole sphere as function
of the size of the excerpt.

We see that at a patch size of about 4000 pixels the mean and the standard deviation we reach a
plateau. From there on we start several predictions where the patches get larger by 200 pixels with
every step. If we now compare how the RMSE(#) evolves in time for the different patches (see figure

29).
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Fig. 29: RMSE(t) between the prediction and the original simulation for patches of the sphere that
get larger sizes in 200 pixel increments.

As we can see, the error does decrease with increasing patch size, meaning that indeed the ratio
between the number of core pixels in the boundary zone and the ones inside the patch has an
influence on the prediction quality. Thus we can not use several smaller patches instead of the whole
sphere to predict its behavior and expect the same forecasting fidelity.

Another reason why it is of interest to predict the full sphere is the qualitative difference of not
having periodic boundaries when predicting a patch.

Now, the resolution of the sphere will be reduced to Nggo = 32, corresponding to about 13,000
pixels. The result of the prediction can be seen in
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Fig. 30: Representation of the original and predicted full spherical simulation with Ng4e = 32. The
X-axis shows the time step after the beginning of the prediction phase, while the Y-axis shows the
index of the pixels. At the bottom, the absolute relative difference between the prediction and the
original simulation is shown in percent.

Again, the prediction and the original simulation are in agreement up to the 27th time step. From
there on, the original and predicted time series evolve increasingly differently, but this alone does
not mean that the predictions are invalid. It may still be the case that the prediction conserves the
values of some summary statistics, such as the power spectrum (encoding the 2-point correlation),
the bispectrum (encoding the 3-point correlation function), or other higher-order point correlations.
There is also a plethora of other summary statistics to compare the distribution of cosmological

simulations such as a mass or peak histogram (Perraudin et al. [2019).

For now we start by calculating the power spectrum using equation [3.23] for each time step, both
for the prediction and for the original simulation, and then compute the difference between the
two.

€(£ + 1) Cf,ti,pred - Cl,ti,test
2 Cot, test

APy, = (5.13)

While this power spectrum does not contain physical information per se, since we applied transfor-
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mations to the original data before feeding it to the reservoir training, we can still compare the two
power spectra, as both have undergone the same transformations.
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Fig. 31: Power spectra of the original and predicted simulation with Ngq. = 32 for each time step.
The vertical axis shows the values of ¢, which scale inversely with length in real space. The horizontal
axis represents the time step t;. The bottom plot shows the calculated difference between the two.

Interestingly, even though the pixel-wise differences in the raw values are very small and below 50%
for the most part (ﬁgure7 the corresponding power spectra show deviations of over 100%, indicat-
ing that after a short amount of time, the two-point correlations—especially on small scales—start
deviating from the original simulation.

We could now continue calculating and comparing the bispectrum and examine higher-order corre-
lations, but this becomes increasingly computationally expensive. One way to address this problem
is by using Minkowski Functionals and Minkowski Tensors. Specifically, we calculate the ratio of
the Eigenvalues of Wl0 2 (see equation ) to obtain information about a preferred orientation
in the structures. For this we use the python package Litchi (Collischon| [2024)) and binarize the
spherical maps with a threshold to then calculate VVl0 2 13 times each with a different threshold
ranging from the 1st to the 99th percentile pixel value. Afterwards we take the average of those
13 Minkowski maps to get the final Minkowski map «;, where ¢ denotes the pixel index. Then we
calculate the pixel wise relative difference between the Minkowski map of the original simulation
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and the Minkowski map of the predicted behavior

Utest,i — Qpred,i

Aa; = (5.14)

Qtest,i

The result can seen in figure
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Fig. 32: Relative difference in the net orientation field Ac; between the the net orientation of the
original and of the predicted simulation for the time step t; = 135.

We can see that for the most part the percentage difference in the net orientation is in the single
digit range and it is only for small minority of pixels on the sphere where the deviation is larger
than 100%. One possible explanation is that the large differences are the result of areas with very
high or very low mass leading to difficulties in the prediction for the NGRC setup. We want to test
this hypothesis and examine these areas in more detail by first calculating the 30 positions of the
spots with angular radius of three degrees (the size of the spots in the net orientaion map with high
deviation) in the spherical mass maps that have the highest {Ucysteri} and also the lowest mass
{Vyoid,i}- So now we have five clusters as well as five voids with a radius of three degrees.
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Zoom 3.0° around (lat=14.478, lon=57.656) Zoom 3.0° around (lat=-3.583, lon=-45.000)
(57.656,14.478) (-45,-3.583)
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(a) (b)

Fig. 33: Zoom in on a three degree cluster on the left (a) and on the right the three degree large void
(b). The excerpt are both from the original mass distribution m after taking the logarithm, lowering
the resolution and normalizing and shifting the data.

Finally we calculate the average of the deviation in all of the clusters as well as in all of the voids and
get results that are effectively equal and, more notably, exhibit a very large spread/variance.

Aopyster = 60 50
Ayeiq = 60 £ 50

and indeed we can observe if we plot the rank (starting from most dense to least dense cluster and

vice versa for the void) that that the two lines are from the beginning close to each other as can be

seen in [34]
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Fig. 34: Relative difference in the net orientation field Ac; between the the net orientation of the
original and of the predicted simulation for the time step t; = 135.

Furthermore they both neither decrease nor increase. From this we can reject our hypothesis as it is:
it is neither areas with high nor areas with very low pixel values that show high deviations in the net
orientation between surrogate and original simulation. Thus we can reject earlier stated hypothesis
that there is the pattern that extrema in the mass distribution are responsible for deviations in the
net orientation.

5.4 COMPASS Simulation

Next, we want to apply our NGRC setup to the zoom-in simulation data from COMPASS
wandel et al., |2023)). The simulation that is being predicted is a cube with dimensions 3.59 - 10* x
3.59-10% x 1.79 - 10 kpc® evolving in time. For each time step, the mass distribution of the cube is
summed along the z-axis to obtain a surface density. As a result the data is formatted as a flat 2D
plane with a resolution of 2048 x 2048 pixels.

Another major difference compared to the spherical Magneticum simulation is that here it is always
the same cube used for the simulation data, whereas in the Magneticum simulation, changes in the
mass distribution arise not only from gravitational interactions between particles but also because
the same pixels at different time steps correspond to volumes in real space at different positions
and with different sizes. Thus, with this new dataset, we can examine in an isolated manner the
prediction quality on non-linear physical processes free from effects of how the mass distribution was
discretized.
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Fig. 35: Projected mass density distribution along the z axis for one snapshot of the Compass simula-
tion. The x and y axis show the pixel indices along the axis. The Simulation has a spatial resolution
of 2048 x 2048 pixels and a temporal resolution of N; = 780.

Before we can feed the data into our algorithm, we need to apply a few transformations, similar to
those used for the spherical simulation data: First, we take the logarithm of the original data. Then,
we scale down the resolution of the data to 64 x 64 pixels. We do so by averaging the density over
the original pixels corresponding to one new, lower resolution, pixel as the density is an intrinsive
whose sum over the whole domain is not being conserved. Finally, we normalize by the standard
deviation of the pixel values and subtract the smallest pixel value from all pixels so that the standard
deviation is now one and the smallest value of the data set is zero.
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Fig. 36: Projected mass density distribution along the z axis for one snapshot of the Compass simu-
lation, after decreasing the resolution, taking the logarithm and normalizing and shifting the pixel
values. The x and y axis show the pixel indices along the axis.

For the training of the output matrix using the COMPASS simulation data, both during hyperpa-
rameter optimization and for all the subsequent full predictions, a total of Ny.qin = 850 time steps
were used. The prediction phase begins immediately after the 850th time step with varying time
step lengths. The following results were using the classical local states method.

Again before starting the prediction on the full simulation we optimize the hyperparameters on a
smaller patch, here with dimensions 32 x 32 pixel.

Hyperparameter  Value

« 0.0301
k 10
s 17

Tab. 8: Optimal hyperparameters for the prediction of the planar 2D cosmological COMPASS sim-
ulation.

Using the hyperparameters in table [§] we can now predict the full 2D flat plane.
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Fig. 37: original and predicted evolution of the Compass simulation after taking the logarithm, low-
ering the resolution to 64 x 64 pixel and normalizing and shifting the pixel values.

Here too the prediction agrees with the original simulation up to the 40th (for most pixels the
difference between original and prediction is below 10%), before they start deviating from each
other. Interestingly, this time the error starts to grow rapidly and much faster compared to the
prediction of the spherical Magneticum simulation. Specifically, the pixel indices around the 500th
pixel deviate from the original simulation by 10,000% earlier than the other pixels. This is further
illustrated by examining the RMSE(¢) shown in figure
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Fig. 38: RMSE per time step of the prediction of the scaled and normalized full 2D flat COMPASS
simulation.

Once again, we see that while the RMSE between the prediction and the original is lower in the first
time steps compared to the spherical simulation , it also grows much faster over different mag-
nitudes, possibly indicating that the hyperparameters of the NGRC are not yet perfectly optimized.
Note that these surrogate simulations were created considerably faster than the original simulations.
In the case of the COMPASS simulation the production of the data required 3,000,000 CPU hours
while the surrogate created with NGRC framework would require only 30,000 CPU hours meaning
that this new methods improves the speed by a factor of 100. The 30,000 CPU hours of the NGRC
were obtained by extrapolating from the amount of computational resources that were used to pre-
dict the excerpt of the full simulation in figure Future efforts could focus on predicting the full
simulation on super computers and compare them with the extrapolated value of 30,000 CPU hours.
In addition to short term congruence we are interested in preserving the statistical properties of the
original simulation in our prediction. We can again calculate the power spectrum and its difference
between the original simulation and the prediction. This time, we use equation [3.15] since we are
no longer dealing with periodic data.
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Fig. 39: Power spectra of the original and predicted COMPASS simulation after taking the logarithm,
lowering the resolution to 64 x 64 pixels, and normalizing the pixel values.

We now see again that the error between the original and predicted power spectrum is initially small
but grows rapidly, becoming several orders of magnitude larger (a factor of roughly 10%) than the
error in the first time steps. Another observation is that the prediction is better at conserving the
statistical properties for small k£ values, corresponding to large scales in real space. This makes
using the NGRC method for generating and analysing small scale structures less favourable than for
analysing characteristics on large scales.

The incongruity between the results for the prediction of the power spectrum and raw pixel value
difference can be explained when we have a look at the reconstructed mass density distributions at
a time step where differences in the power spectra are small (¢; = 10) and a time step where the
power spectra of original and synthetic simulation deviate by orders of magnitudes (¢; = 44).
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Fig. 40: Comparison of the transformed mass density distribution between the predicted and original
simulation at time steps t; = 10 (a) and t; = 44 (b).

As can be seen in figure 0] the large deviation in the predicted power spectrum is primarily driven by
extreme errors in a small number of pixels located in the bottom-left region of the domain. Although
the number of affected pixels is small and their spatial extent is limited, their disproportionately
large deviation is sufficient to significantly distort the power spectrum. The origin of this sudden
error can be traced back to the boundary conditions of the simulation. In the original simulation,
new material continuously flows into the domain from the edges. However, at approximately 40 time
steps, the mass density entering from the bottom-left corner abruptly assumes a value of exactly
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zero. This stands in strong contrast to the typical pixel values at all other times, which are strictly
positive and significantly larger than zero. The resulting sharp discontinuity and the emergence of
an extended region of zero-valued pixels create a discontinuous spot in the data. This abrupt cut
acts as a seed for rapidly growing prediction errors, which subsequently propagate and manifest as
large deviations in the raw pixel value and finally the power spectrum.

Another aspect we want to examine is how well our NGRC method performs at varying stages of the
simulation. As was already explained in Chapter[3.1] initial Gaussian fluctuations started collapsing
in a first linear and then non-linear manner.

To determine the degree of this non-linearity following (Coles and Chiang} [2000), we can calculate
the Fourier transform of each time step and examine the phases for each (k;, k) pair.

Phase in Fourier Space

o
¢ (rad)

(a) First time step (b) Last time step

Fig. 41: Phases of the Fourier transform for two different time steps. (a) Shows the first time step in
the evolution of the mass density distribution, where the Gaussian random field exhibits no pattern,
compared to (b), which represents the last time step at which clear structures have formed.

As we can see in figure[4] as soon as structures emerge in the data, the phases of their corresponding
Fourier transform start becoming increasingly correlated. To quantify the level of correlation, we
first calculate the gradient along both the z and y axes for every k value.

Dy x = ¢k 41k, — Pky ok, (5.15)
Dy x = Ok, ky+1 — Phoy ey - (5.16)

The resulting gradient field for the aforementioned time steps appear in figure
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Fig. 42: Gradient field D, k of the phases of the Fourier transform for two different time steps. (a)
shows the first time step in the evolution of the mass density distribution, where the Gaussian
random field exhibits no pattern, compared to (b), which represents the last time step at which
clear structures have formed.

With the probability density function (PDF) of the values in the gradient field f(D,/, 1) we can
calculate an entropy S/, (t;) for both axes for each time step

Su(t;) = — _: F(Dy)log [f(Dyx)] dD, x (5.17)
27
Sy (ti) = — » f(Dyx)log [f(Dyx)] dDyx - (5.18)

The smallest entropy one can get is 0 while the largest entropy corresponds to a random Gaussian
field. In such a field there is correlation between phases and so the PDF is

1
(D) = —. 5.19
feau(D) e (5.19)
Plugging this PDF into the equation [5.17] yields
Sman(t;) = T e (R by = (27) ~ 1.84 (5.20)
mar(ti) == | 08 ( - ok = log(2m) ~ 1.84 . .
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Since we are not specifically interested in the entropy along a specific axis the arithmetic mean was
calculated for every time step and for the entropy of a Gaussian field

S(t:) = \/Sa(t:)? + S, (1:)? With Sy = \/2l0g(2m)> % 2.6 . (5.21)

Figure [3] illustrates the time evolution of the entropy in the original simulation.

2.6 —— Entropy Data
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Fig. 43: The blue line shows the entropy for each time S(t;) step while the red line representing the
theoretical maximum value of the entropy as a reference.

As expected, at the beginning of the simulation, when we are in the linear regime, the calculated
entropy has its highest value. This aligns with our expectations because, without any emerging
structures, the amount of information we can extract from the data is at its lowest 2022).
Over time, we enter the non-linear regime, where structures start forming, and thus the amount
of information we can extract from the data increases, causing the entropy to decrease accord-
ingly.

Now that we have established entropy as a proxy for non-linearity, we perform several predictions
starting at different time steps of the original data

torare € {160; 215, 270; 325; 380; 435; 490; 545; 600; 655; 710}

with a length of 40 time steps. We can then evaluate how fast the error between the prediction and
the original simulation grows per time step within this prediction time window

70



5.4 COMPASS Simulation 5 RESULTS

40 20

O A = Z Z Ypred,j (tz) — Ytest,j (ti) . Z Z Ypred,j (tz) — Ytest,j (tz) 7 (5-22)

t;=21 j ytest,j (tz) ti=1 J ytest,j (tl)

where j is the pixel index of the pixels of one time step. We decided to consider a time window
of 40 steps, as this is the duration after which the power spectrum between original and prediction
starts to deviate considerably (see figure . We can then plot the growth of the error against the
entropy (see figure .
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Fig. 44: Error growth per unit time between the original and predicted simulations, log(0A), within
a given time window plotted against the average entropy in that time window, S.

As we can see, there is no observable tendency for the error growth per time step, d;A, to increase
with decreasing entropy. However, a more definitive answer would require additional data points.
Continuing in the same manner by comparing the power spectra.
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Fig. 45: Comparison of the radial power spectra P(k) between the original and predicted simulation
for a given time step.

to equation [5.23] for the power spectra and plot the growth in the error per time step against the
entropy of the data

OAP =

Ppred,j (k) - Ptest,j(k)
n-n m 529)

> (%

t;i=21 \ k&

Pyreaj(k) = Prestj (k) -
)] [5(2

ti=1 k

where here £ is referring to the radial wave vector which is independent of direction. We then can
plot the error growth in the power spectrum against the entropy.
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Fig. 46: Power spectrum error growth per unit time between the original and predicted simulations,
< AP >, within a given time window plotted against the average entropy in that time window 5.

Again we can not see any tendency that the error growth of the power spectrum increases with
decreasing entropy further confirming earlier observation. We can conclude that the non-linearity
of the original simulation does not influence the quality of the predictions neither for pixel wise
difference nor for the power spectrum as summary statistic. However it should be noted that there
are currently only 18 data points so more data would give more significant results.
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6 SUMMARY AND OUTLOOK

To summarize, we started by investigating how different compositions of local states affect the pre-
diction quality of dynamical systems with a preferred orientation. In this context, we introduced
and validated the novel adaptive local states method, which enables both faster and more accurate
predictions.

Furthermore, we developed a framework for predicting spatio-temporal dynamics defined on a spher-
ical surface with the HEALPix pixelisation scheme. The functionality of this framework was verified
using synthetic chaotic wave simulations on the sphere using the scalar wave equation. We then
applied the framework for spherical data to predict the projected mass density of cosmological sim-
ulations. While the prediction of the raw pixel values performed better than the baseline (i.e.,
assuming the simulation remains frozen at the final training time step), other statistical measures,
such as the power spectrum, showed earlier and more pronounced deviations from the ground truth.
Using the RMSE as an evaluation metric, we additionally examined how the ratio between boundary
area and inner area of spatial region of the full spherical data influences prediction quality.

We applied a NGRC instance to predict simulations of flat, two-dimensional cosmological mass dis-
tribution evolutions. In this case, the pixel-wise error showed significantly faster growth compared to
the spherical simulations. We analysed both the temporal evolution of the pixel-wise error and the
deviation in the power spectra, relating them to the entropy at different simulation times. From this,
we inferred that the degree of nonlinearity in the structure formation does not appear to significantly
affect prediction quality. However, a more accurate study of this effect would require simulations
covering a longer time span.

It should also be noted that all NGRC instances in this work were trained using a loss function that
minimizes the pixel-wise error between prediction and simulation. Therefore, an interesting direc-
tion for future research would be to investigate training strategies that prioritize the preservation
of statistical properties over long time spans, even if individual pixel-wise deviations remain large
or even both where both short term pixel wise difference and long term deviations in statistical
properties are included.

Finally, it would be helpful to repeat the same analysis for the planar two-dimensional cosmological
simulations with new simulation data where the original data do not exhibit an abrupt decrease of
values to zero at certain regions after a few time steps in order obtain predicted power spectra that
are not by orders of magnitudes deviating from the original power spectrum and subsequently better
assess how non linearity influence the prediction quality.

Looking forward, further development of the NGRC framework could accelerate and enhance simula-
tion based cosmological inference by reducing the computational cost of large-scale simulations and
enabling rapid generation of mock simulations for comparison with observational data. Also such
surrogate or emulator-based prediction strategies could help focus costly high-precision simulations
on narrower regions of parameter space that are most relevant for specific observational targets by
creating mock simulations on a wide range of parameters and discarding the ranges deemed not
useful. In this way the can contribute to refine constraints on cosmic structure, dark matter, and
cosmic microwave background features subsequently on cosmological parameters.
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