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Abstract—Tensor decompositions are mathematical methods
for joint analysis and information extraction from multidimen-
sional data. This work combines model-free algebraic tensor
decompositions with physical synthetic aperture radar (SAR)
models and introduces a novel framework for geophysical
parameter retrieval from multidimensional SAR tensors. To
demonstrate parameter retrieval, we combine information from
polarimetric, temporal, and spatial data dimensions and invert
soil moisture over vegetated agricultural areas. We formulate
parameter inversion as a constrained optimization problem and
retrieve the parameters by fitting the physical model to the
observed SAR tensor. Compared to methods that operate on
matrices, multidimensional tensors offer a larger observation
space, reduce inversion ambiguities, and allow inversion of more
complex models that cover a larger range of field conditions and
crop types. The proposed method represents the signal as a sum
of three components, separates the surface, dihedral, and vol-
ume signal contributions, and allows estimation of crop-specific
volume scattering polarimetric signatures. With the increasing
availability of multidimensional SAR data, model-based tensor
decompositions gain relevance and provide a flexible, extensible,
and explainable way to jointly analyze the information across
multiple data dimensions.

Index Terms—Optimization, physical models, polarimetry, soil
moisture, synthetic aperture radar (SAR), tensor decompositions,
time series.

I. INTRODUCTION

YNTHETIC aperture radar (SAR) satellites continuously
monitor the Earth from space and retrieve important infor-
mation about dielectric and structural properties of the objects
on the surface. In contrast to optical sensors that are affected
by clouds, SAR is weather-independent and enables the acqui-
sition of systematic and reliable time series. SAR systems
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can provide different data dimensions, including polarization,
incidence angle variability, baselines between flight tracks,
subapertures, frequency bands, and time series of acquisitions.
Analyzing these datasets requires advanced algorithms and
provides valuable information for different applications [1].
Classical techniques like polarimetry [2], interferometry [3],
or tomography [4] focus on a single data dimension. In
recent years, more advanced methods combining multiple data
dimensions have been developed, for example, polarimetric
interferometry [5] or the sum of Kronecker products (SKPs)
decomposition [6].

Multidimensional SAR datasets are becoming increas-
ingly available through experimental airborne campaigns and
recently launched missions like BIOMASS [7], supporting
the development of future SAR systems and calling for
new methods to jointly analyze multiple dimensions. Tensor
decompositions offer a direct way to process multidimen-
sional data and are increasingly used across different research
areas [8]. The remote sensing community actively uses tensor
decompositions for hyperspectral data analysis [9]. In recent
years, the concepts started to enter the SAR domain [10],
[11], [12]. The classical tensor decompositions [13], [14], [15]
are algebraic, i.e., they do not impose physical constraints on
the solution. Recently, SAR-specific constrained variants have
been proposed [16].

An advantage of the SAR domain is the availability of
many physical models that explain the SAR signal properties
for different data dimensions and applications. The physical
models provide a link between the signal and the underlying
geophysical parameters, for example, forest height [17], forest
biomass [18], sea ice topography [19], and others. The current
models explain some of the data dimensions, and it may be
difficult to extend them to others directly. The integration
with tensor decompositions is a promising direction since it
enables the combination of different physical models for each
dimension into a single framework. So far, this integration is
largely unexplored.

In this article, we address this gap by combining con-
cepts from algebraic model-free tensor decompositions with
physical SAR models. From the perspective of SAR, this
step generalizes matrix-based methods (e.g., polarimetric
decompositions [2], [20], [21]) to tensor-based methods
operating on a larger observation space and, therefore, capa-
ble of reducing ambiguities and inverting more complex
models with additional parameters. From the perspective
of model-free tensor decompositions, we impose additional
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model-based constraints and require a physically interpretable
solution.

We focus on high-resolution estimation of soil moisture,
an important geophysical parameter for hydrology [22] and
agriculture [23]. Soil moisture estimation is an active research
area with a large number of proposed methods that can be
categorized by the data dimensions. Some works focus on the
backscatter intensity [24], [25], [26], [27], while others exploit
time series of acquisitions for short-term change detection
[28], [29], or differential interferometry [30], [31], [32]. While
promising results have been obtained over bare areas, the
estimation of soil moisture in the presence of vegetation still
remains challenging. To improve the separation of the ground
and vegetation signals, several works proposed to include
polarimetry in combination with physical models [33], [34],
[35]. Furthermore, polarimetric data have been used as an
input to machine learning models [36], [37] or in methods
combining physical modeling with machine learning [38],
[39].

In this work, we include polarimetry as our main data
dimension to enable soil moisture estimation under vege-
tation. Section II introduces the relevant concepts of SAR
polarimetry, describes the datasets, and discusses polarimet-
ric physical models that account for both the ground and
the vegetation scattering. Since polarimetric data is typically
stored as matrices, an extension to tensors is required to
combine polarimetry with additional data dimensions. Sec-
tion III covers multidimensional data, combines the physical
models with tensor decompositions, and describes a general
model inversion strategy based on numerical optimization.
Section IV analyzes the model sensitivity and discusses single-
matrix inversion ambiguities. We show that the temporal and
spatial data dimensions have different information content
and demonstrate that the expanded observation space reduces
inversion ambiguities and allows the estimation of more phys-
ical parameters. In Section V-A, we focus on geophysical
parameter estimation and formulate a soil moisture inversion
algorithm from multitemporal polarimetric data. We validate
the algorithm using airborne SAR data in the presence of
changing vegetation and quantify the performance over dif-
ferent crop types. Furthermore, in Section V-B, we propose
a method to estimate crop-specific polarimetric scattering
signatures from the data and analyze the temporal behavior
of polarimetric scattering mechanism power ratios. Section VI
discusses the different data dimensions and physical models
for other applications. Section VII concludes this article.

II. SAR POLARIMETRY

In this article, polarimetry is the main data dimension
enabling the separation of ground and vegetation scattering.
This section discusses the polarimetric data format and prop-
erties, introduces the datasets, and summarizes the relevant
polarimetric physical models for soil moisture estimation.

Fully polarimetric SAR systems measure the complex-
valued scattering coefficients of the four combinations of
the transmitted and received, horizontal (H) and vertical (V)
polarizations, and obtain the scattering matrix § € C>*2 for

every pixel
S = [SHH gHV} (1)
Vv

Svu
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S is symmetric in monostatic configurations (Syy = Svyg)
[1]. Commonly, the coefficients are grouped into the scattering
vector k in the Pauli basis [40]

1| Sum A+ Svy
k=— Sun — Svv
V2 Suv + Svu

Compared to the lexicographic basis, the Pauli basis carries the
same information but offers a simpler physical interpretation.
The matrix S and the vector k completely describe determin-
istic scatterers.

In the distributed scattering scenario, each resolution cell
contains a large number of individual scatterers, and the
vector k follows a zero-mean complex Gaussian distribution
[41]. Therefore, the scattering process has to be characterized
statistically, using the coherency matrix T € C**3 in the Pauli
basis to describe the second-order moment. T is estimated
from the data by combining n scattering vectors k' from a
close spatial neighborhood (typically the pixels within a local
estimation window)

2)

| ,
T=— kK o K®* (3)
where o represents the outer product and #* denotes the
complex conjugation. T completely describes the polarimetry
of distributed scatterers assuming the Gaussian distribution.
By construction, T is Hermitian, positive semi-definite (PSD),
and has real and non-negative eigenvalues. We refer to the
individual matrix elements with the index notation. For exam-
ple, T(1,;7 denotes the matrix element found at index [, 1].
The diagonal elements Ty, ,, are real and nonnegative, while
the off-diagonal elements are complex-valued.

A. F-SAR Datasets

The fully polarimetric L-band datasets used in this article
were acquired with the airborne F-SAR [42] sensor by the
German Aerospace Center (DLR) during two experimental
campaigns.

The CROPEX 2014 campaign took place over the Wallerf-
ing test site in southern Germany and provides seven L-band
acquisitions covering a long-term period from May 15 to July
24. Ground teams accompanied the F-SAR flights to collect in
situ soil moisture and vegetation measurements (e.g., biomass
and crop height) over the selected fields. Surface soil moisture
(top 5 cm) was measured at multiple positions across the fields
using portable probes, with multiple samples taken at each
position. Further details about the CROPEX 2014 campaign
can be found in [43].

Fig. 1 shows a polarimetric time series over a maize field
(outlined by the yellow boundary) with vegetation starting
from a few centimeters and growing to about three meters
in height. The change in the backscatter and polarimetric
signature is strongly influenced by the vegetation growth, as
illustrated by the Pauli RGB images (middle row). Early dates
appear blue (HH + VV polarization, related to surface) and
relatively dark (weak backscatter). As the crops grow, red
(HH - VV polarization, related to dihedral) and green
(HV + VH polarization, related to volume) colors become
dominant, and the total backscatter increases. The bottom row
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June 18, 2014
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Fig. 1. Time series of polarimetric acquisitions over the maize field during the CROPEX 2014 campaign. (Top row) Photos of the crops taken during the in
situ measurements. (Middle row) Pauli RGB images (HH + VV polarization in blue, HH - VV in red, and HV + VH in green) and field boundaries (in yellow).
(Bottom row) Visualization of polarimetric coherency matrices averaged over the field. The circle area is proportional to the absolute element magnitude, and
the line direction indicates the phase. For example, a real-valued positive number (phase 0°) points right, an imaginary number i (phase 90°) points up.

visualizes the elements of the 3 x 3 polarimetric coherency
matrices estimated over the whole field, for each date. The
element magnitude is proportional to the circle area, while
the line direction indicates the phase. Larger circles illustrate
the backscatter increase for the later dates. Despite the veg-
etation growth, as seen in Fig. 1, the reflection symmetry
[44] assumptions commonly used for natural scatterers mostly
hold with matrix elements Tj; 3 and T3 being small over
time.

The second campaign, HTERRA 2022 (SARSimHT-NG),
was performed in the province of Foggia in Italy, eight years
later. Compared to CROPEX 2014, the data were acquired in
a different climate zone, over fields with different irrigation
practices, and at different incidence angles. The campaign
provides a short-term time series with four flights in two days,
acquired in April and then repeated in June. Several fields
were irrigated before or during the campaign, leading to large
soil moisture differences but similar vegetation between the
acquisitions. Similar to the CROPEX campaign, in situ soil
moisture and vegetation measurements have been collected for
validation. More details about the HTERRA 2022 campaign
can be found in [45].

B. Polarimetric and Dielectric Physical Models

Several physical models have been developed to connect
physical parameters (e.g., soil moisture) to the SAR signal.
This section provides an overview of the relevant polarimetric
and dielectric models and the corresponding soil and vegeta-
tion parameters.

1) Moisture to Dielectrics: The radar signal is sensitive
to the target’s dielectrics, which are directly influenced by
the moisture content. Several empirical models [46], [47]
have been proposed to connect the volumetric (m?/m?) soil
moisture w, to the soil dielectrics &;. In this work, we
use the model from [47] to convert the moisture w, to the

complex-valued dielectrics &;
HA (w;) = &;. “4)

Internally, the model uses additional physical parameters
including the radar frequency f and the soil texture (sand #
and clay ¢, contents), where the latter has a smaller influence
compared to the moisture wy. In this work, we constrain wy
to a feasible range from 5% to 45% and use the soil texture
values from a reference database [48].

Considering the vegetation, the empirical relation proposed
in [49] provides a mapping from the plant gravimetric (kg/kg)
moisture content wy to the complex-valued plant dielectrics &4

UL (Wd) = &q. (5)

The empirical relation was established for maize leaves and is
expected to be valid for several crop types. In this work, we
constrain w, to range between 50% and 70%.

2) Polarimetric Surface Model: The X-Bragg model [33],
[50] describes the scattering from a slightly rough surface and
has been used for bare soil. The model parameters are the
soil dielectrics &, [derived from w; using (4)], the radar inci-
dence angle 6 (known from geometry), the surface backscatter
amplitude m;, and a surface roughness depolarization term as.
In this work, we constrain as to range between 15° and 75°.

The horizontal (H) and vertical (V) Bragg scattering coef-
ficients By and By are given by

cosf— eg— sin® @
By = (6)
cosf+ Ve — sin® 0

By = (g5—1) (sin2 60— &, (1 + sin® 9)) ‘ o

2
(ss cosf+ e — sin® 9)
Then, the scattering intensity f; and the ratio 8 are defined as
m2 BH - BV

;= = |Bu+By? B=———.
fy= 7 1Bu+Bvl" Bu 1 By

®)
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Note that no additional non-negative constraints are required
for my, since the term m? is always non-negative. Finally, the
full X-Bragg coherency matrix Ty is given by

I x; 0
T, = XB(ms,ws,a5) = f; | x1 x2 0 9

0 0 X3

where
1
x1 = Bsinc 2as) x; = 5 18I (1 + sinc (4as))
i 1

sine (x) = %C x = 5 1BP (1 = sine (4a) (10)

3) Polarimetric Dihedral Model: The dihedral model
describes a double reflection on two scattering planes and is
adapted from [51]. In the context of soil moisture estimation,
the two planes are the soil (s) and the vegetation stems,
enabling the dihedral scattering (d). The model parameters
are &y, 60, the dihedral scattering amplitude my, the vegetation
dielectrics g4 [derived from w, using (5)], and the differential
propagation phase a, introduced by the vegetation. Some
previous works [33] fix the phase a, = 0°, assuming no
vegetation effects. In our case, we allow a, to influence the
model and allow a range between —30° and 30°.

The local incidence angles for both scattering planes are
given by

0, =6 edzg—e. (11)
The Fresnel coefficients for soil horizontal Fyj, soil vertical Fy,
stem (dihedral) horizontal F¢, and stem vertical F {1, scattering

are
/ : 2
Ccos G{S,d] - E{s,dy — SIN 0{5‘(1]

Fi? = (12)
o8 Ojsa) + /sy — SIN* Oy
15.d) &{s,d) COS 9[5‘(1; - Els,d) — sin2 G{S,d}
FyY = . 13)
E(5,d) COS Ops.q) + 1/ E(sa) — sin’ Os.a)
Then, the scattering intensity f; and the ratio « are
MG | s s pod Nk
fa= |FiF + FYFY exp (iay)| (14)
FyF& — FyFexp (iay) (15)
a= .
FyF& + FyF&exp (iay)
Finally, the dihedral coherency matrix is given by
e a 0
Td = DH (md, We, W4, a¢) = fd a’ 1 0 (16)

0 0 0

4) Polarimetric Volume Model: Volume scattering depends
on several factors, including the vegetation type and pheno-
logical stage. Different volume models have been proposed
(see [21], [33]), often approximating the vegetation as a cloud
of particles with a specific shape and orientation. Some of
the proposed volume coherency matrices include randomly
oriented dipoles T™ or horizontally oriented dipoles T

(2 0 o L[5 =50
T;“dzz 0 1 0 T*;fzzﬁ =5 7 0]. 17
0 0 1 0 0 8
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More complex models employ a parametric form and require
additional parameters [51].

In this work, we use randomly oriented dipoles T™! as
the most general form of volume scattering applicable to a
wide variety of crops. The matrix T™! scaled by the volume
amplitude m, in the volume model

2
T, = VL (m,) = %T;“d. (18)
In addition, instead of using a predefined volume scattering
matrix, we discuss the estimation of T, directly from the data
with the proposed method in Section V-B.

C. Three-Component Model

Agricultural fields have a rather complex and dynamic
polarimetric signature that depends on soil roughness, soil
moisture, and the amount, type, and phenological stage of the
vegetation. A single model-based component like X-Bragg is
often not able to reconstruct the data well. Polarimetric model-
based decompositions [52] typically use a sum of several
components to approximate the coherency matrix T. Similar
to the approach in [33], we use a three-component model

T ~ XB (my, wy, as)
+ DH (mg, ws, wa, a,)

+ VL (m,). (19)

In the next step, we consider the number of observables and
model parameters. All three model components are designed
for natural scatterers and assume reflection symmetry [44].
The matrix elements T3, and T3 (and their conjugate
counterparts T3;; and Tj3,;) are assumed to be zero and
ignored by the model. This leaves us with five observables:
three real-valued elements on the diagonal and one complex-
valued off-diagonal element Ty 3;. The observation space is
further reduced when a purely real-valued model is used that
is unable to fully represent the phase of T .

In contrast, the three-component model in (19) has seven
parameters: my, mg, m,, Ws, Wg, ds, and a,. Even more
parameters are required if a parametric volume model is used.
This can lead to an ambiguous inversion problem: there may
exist different sets of parameters that result in the same or
very similar reconstruction.

There are two major ways to deal with this ambiguity.
The first option is to simplify the model and reduce the
effective number of parameters. For example, components
can be removed using specific criteria (e.g., by picking the
dominant scattering mechanism), some parameters can be set
to a reasonable fixed value, parameters can be constrained to a
specific value range, or only certain combinations of parameter
values can be allowed (e.g., orthogonal vectors). The second
option is to expand the observation space by adding additional
data dimensions while sharing some parameters along the
new dimensions. This brings the advantage of being able to
invert more parameters and, therefore, use more complex and
accurate models. In this work, we combine both options to
address the inversion ambiguities.

III. TENSORS

Tensors are multidimensional arrays that extend matrices
to three or more dimensions and offer a natural way of
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working with multidimensional data. In this article, we use
the tensor formalism to combine polarimetry with additional
data dimensions. Compared to an approach that reshapes
data into matrices or vectors, using tensors provides a clear
interpretation for each dimension and simplifies indexing.
Furthermore, physical modeling is more flexible, as we can
independently choose a different physical model for each data
dimension. We follow the notation adapted from [8] with a
few extensions. Bold lowercase letters, e.g., X, represent 1-D
vectors, bold capital letters, e.g., X, indicate 2-D matrices,
and calligraphic letters, e.g., X, denote multidimensional
tensors.

We refer to individual tensor elements with the index
the individual elements of X found at index [i,...,ix]. A
colon indicates all elements along a dimension, similar to rows
or columns of a matrix. For example, let ) € C>*3%%_ then
Vij € C® is a vector found at index [i, j], extending along
the last dimension of ). Multiple colons indicate all elements
along several dimensions, e.g., V.. € C3%6 denotes a matrix
found at index [i], extending along the second and the third
dimensions of ).

The norm || X|| of X € C'*2>xxIv i5 given by

1 I 1
Il = \/Zillzl Ziz:l "'Zi:=1 | .. iN]|2

and is equivalent to the Frobenius norm in the 2-D case.

(20)

A. Algebraic Tensor Decompositions

Algebraic tensor decompositions extend matrix factorization
methods, e.g., the singular value decomposition (SVD) [53],
and directly operate on multidimensional tensors. We consider
the algebraic decompositions to be model-free, as they do not
enforce a specific physical meaning or assign a model to each
component. Two commonly used methods are the canonical
polyadic (CP) [13], [14], and Tucker [15] decompositions. A
detailed review of tensor decompositions can be found in [8].

This work extends the CP decomposition with model-based
physical components. The original model-free formulation fac-
torizes a d-dimensional tensor X into a sum of R components.
Each component is an outer product of d factor vectors. In the
3-D case (d = 3), the decomposition of X' € C!*/*K ig defined
as

R
X~ aob.oc 1)
r=1

where a, € C/, b, € C’, and ¢, € CK are the factor vectors. The
factors run along different dimensions and are an important
concept for this work.

B. Model-Based Tensor Decompositions

In this article, we combine tensor decomposition concepts
with the physical SAR models to define a model-based tensor
decomposition. Several possible SAR data dimensions can be
combined: polarimetry, interferometry, time series, incidence
angle diversity, subapertures, multifrequency acquisitions, or
spatial variability. The criteria for picking data dimensions
mainly depend on data availability and the capabilities of
the physical model to use the information along the new
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- Model components (matrices) Data matrix
3 Parameters
iooo B-0-08 -
= Surface Dihedral Volume

Shared parameter Model components (tensors) Data tensor
w
P Foe
g /A + + ~
= ~

Factor parameter Surface Dihedral Volume

Fig. 2. Expansion from matrices (top) to tensors (bottom). Shared parameters
are constant while factor parameters are allowed to have different values along
the new data dimension.

dimension. In this article, we demonstrate the combination of
polarimetry with temporal and spatial dimensions.

In general, we extend the observation space from a single
polarimetric coherency matrix T € C**3 to a multidimensional
tensor D, for example, a stack of N matrices resulting in a
data tensor D € CVN*3*3, Fig, 2 illustrates the decomposition
expansion from matrices to tensors. The decomposition prob-
lem becomes

D~R=Ci+Cs+C, (22)

where the data tensor D is approximated by the model
reconstruction R. The three component tensors Cy, Cy4, C, are
internally using the surface, dihedral, and volume models from
Section II-B, respectively.

Similar to expanding the data, we expand some of the
parameters driving the physical models. We distinguish
between shared parameters that have the same value and
factor parameters that are allowed to have different values
along the new data dimensions. Choosing which parameters
are shared is an important step and requires setting assump-
tions. For example, when working with a time series with N
acquisitions, we may assume that the soil roughness remains
similar (shared parameter as € R) while the soil moisture
changes for every acquisition (factor parameter w, € RV).
When more than one dimension is added, parameters can be
chosen to be factors along some of the dimensions and remain
shared along others. For example, soil moisture can vary
over time but be shared across pixels within a small spatial
neighborhood.

C. Inversion With Numerical Optimization

The physical models discussed in this article are forward
models: functions that map the parameters to polarimetric
coherency matrices or tensors approximating the data. The
inverse problem considers the reverse direction of going from
the data to the physical parameters, an important topic for
practical applications. Many previous works present a specific
model together with a specific way to invert it. In this article,
we adopt a more general approach for model inversion based
on optimization.

The main objective is to find a set of physical parameters
that provides a good reconstruction of the data. A distance
metric (also called the loss function) is required to evaluate the
quality of the reconstruction. The distance metric is a function
that takes two tensors (e.g., data and reconstruction) and
returns a single real number indicating the distance between
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them. In this article, we use the squared error loss function
that can be expressed with the matrix norm in (20)

ID - RIP. (23)

This loss function is also minimized by the standard CP
decomposition or by low-rank approximations based on the
SVD, such as the SKP decomposition [6]. It should be noted
that the choice of the loss function makes implicit assumptions
on the data distribution [54]. For polarimetric data, several
specialized distance metrics exist, and an overview is provided
in [55]. In the context of model-based tensor decompositions,
any differentiable loss function can be used, and we pick
the squared error loss in (23) for its simplicity and low
computational cost.

We treat the inversion as a constrained optimization prob-
lem and minimize the distance between the data tensor D
and the model reconstruction R subject to model-dependent
constraints (e.g., feasible parameter ranges)

argmin ||D — RIP.

parameters

(24)

There are several minimization methods available, and in
this article, we use an iterative method based on gradient
descent. Each iteration, we adjust the model parameters based
on the gradient with respect to the loss function, taking into
account the constraints. The minimization is implemented in
PyTorch [56] and uses the first-order Adam optimizer [57].
The gradients are computed using automatic differentiation,
and there is no need to provide analytical expressions for each
parameter.

This inversion approach has several advantages. First, itera-
tive optimization allows fine control over parameter constraints
to ensure physical validity. The constraints may range from
simple rules like minimum and maximum bounds (e.g., to
ensure the inverted physical parameters stay within a rea-
sonable range) to more advanced concepts like manifolds
of PSD matrices [58]. Second, there is no need to define
an explicit inversion algorithm as it is implicitly defined
through the optimization of the loss function. This avoids
the pitfall of prioritizing some model components over others,
for example, by first inverting the volume model parameters
that may result in a nonphysical residual surface component.
Third, the inversion strategy remains the same for different
physical models or applied constraints. This allows for focus
on experimentation and model improvements without the need
to adjust the inversion algorithm after each model or constraint
change.

At the same time, numerical optimization based on gradient
descent has some limitations. The optimizer can converge to a
local minimum if the combination of the physical model and
the loss function is not convex. Some physical models may
provide a combination of very large and very small gradients
for different model parameters, resulting in a complicated loss
landscape and slowing down the convergence. Related to that
is the relatively high computational cost proportional to the
number of iterations. In this article, we use 500 iterations in
most experiments.

The challenges can be addressed in several ways. Stricter
constraints and regularization can help to eliminate the local
minima and make the optimization problem convex. For
nonconvex problems, it is possible to run the optimizer
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several times with different starting conditions and hyper-
parameters (e.g., the learning rate) and then choose the
best solution. Finally, adjusting the optimizer hyperparame-
ters and using reasonable starting conditions can speed up
the convergence. The tensor formalism simplifies implemen-
tation and is a natural choice for efficient parallelization
on GPUs, partially offsetting the computational cost of
optimization.

IV. MODEL SENSITIVITY AND AMBIGUITIES

The inversion of the three-component model from Sec-
tion II-C is ambiguous when the model achieves the same
minimal distance to the data with different sets of physical
parameters. When inverting a single polarimetric matrix, the
same reconstruction loss can be achieved with different mois-
ture values by adjusting other parameters. In this section, we
illustrate this issue by examining the loss landscapes and show
that the extension of the observation space from matrices to
tensors reduces the inversion ambiguities and improves the
sensitivity to soil moisture.

A. Polarimetric-Spatial Ambiguity Reduction

In the first example, we combine polarimetry with spatial
variability to increase the number of observables. The main
benefit of the spatial dimension is that only a single SAR
image is required. To form the data tensor, we define N
adjacent nonoverlapping spatial patches, estimate a coherency
matrix for each patch, and stack the matrices into the polari-
metric spatial tensor DS € CV*3X3_In this experiment, each
spatial patch is 8 x 8 m in size, resulting in 80 independent
looks per patch. The spatial grid is shown on the left of Fig. 3,
where the central patch is marked in red. A different number of
patches can be combined into the tensor DFS. In this section,
we compare inversion ambiguities for a single patch (N = 1,
equivalent to inverting a single matrix), N = 25 patches, and
N = 81 patches.

Regarding the model parameters, we assume that soil con-
ditions (moisture and roughness) do not vary significantly
between adjacent patches in the field. At the same time,
motivated by the high resolution of the F-SAR system, we
allow differences in the vegetation and backscatter: some
patches may have taller plants with stronger dihedral and
volume backscatter. These assumptions lead to shared param-
eters wy, Wy, ds, d, and factors my, my, m, € RY. The model
approximates the data DS by the reconstruction RFS. Each
reconstruction slice RE‘?,:] is given by

R = XB (myg, ws, a)
+ DH (md[i], We, Wy, a¢)

+ VL (mv[,-]) . (25)

To study the inversion ambiguities, we consider the land-
scape of the loss function (distance between the data and
the reconstruction) for different values of the input physical
parameters. Since the model has 3N + 4 parameters in total,
visualizing the whole loss landscape is not feasible. However,
we can visualize a 2-D slice by fixing two of the parameters
and finding the optimal values for the others. We set the
shared moisture w; and the surface amplitude for the central
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Fig. 3. Comparison of inversion ambiguities for a different number of jointly
inverted matrices from adjacent spatial patches. Inverting a single matrix is
ambiguous since the same optimal loss can be obtained with different moisture
values. With more matrices, the ambiguities are reduced, and the white regions
where the loss is close to the optimum become smaller. The left plot shows
the placement of the spatial patches.

patch Mygeenrqn to fixed values x, y, and solve the following
constrained optimization problem to obtain the loss LS:
min

mg,my,m,,
Ws,Wa,ds,dy

P (x,y) = ”DPS _RPS ”2

S.t. M central] = X

Ws =Y. (26)

Then, we analyze the loss difference ALPS between LS and
the overall optimal loss (across all possible combinations of
Wy and mx[central])

ALPS (x,y) = LPS (x,y) - I;llyn L™ (¥,). (27)
Fig. 3 compares the resulting AL™S landscapes for a differ-
ent number of jointly inverted patches. White areas indicate
combinations of fixed wy and Mycenran achieving the overall
optimal loss. It becomes evident that the inversion of a single
patch is ambiguous, since different values of w, can be picked,
resulting in the same optimal loss (white region in Fig. 3). In
contrast, jointly inverting multiple patches reduces the size of
the white area and indicates a more compact minimum.
Provided that there is variability across the spatial patches,
using more patches imposes stricter constraints and is more
effective in reducing the inversion ambiguities. The downside
of this approach is the reduced spatial resolution of the
estimated shared parameters. In terms of the spatial area, the
resolution of shared parameters is reduced by the factor of N
as only one parameter value is estimated across all N patches.

B. Polarimetric-Temporal Ambiguity Reduction

When a time series of SAR images is available, ambiguities
can also be reduced using the temporal dimension to avoid
the loss of spatial resolution. The polarimetric-temporal data
tensor DPT € CN*3*3 js a stack of coherency matrices
estimated from the same spatial patch but at N different times.
The Pauli RGB time series used in this section is illustrated
in Fig. 4.

The use of the temporal dimension requires setting different
assumptions on what parameters can be shared. We allow soil
moisture w, and the vegetation-related backscatter amplitudes
my, and m, to change over time (factor parameters), while the
remaining parameters m,, Wy, ds, and a, are shared across the
acquisitions. The reconstructed time series tensor is

Riiz.g = XB (ms, Wyiiy, as)
-+ DH (mgg), Wy, Wa» d)

+ VL (mvm) . (28)
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Fig. 4. Comparison of inversion ambiguities for a different number of jointly
inverted matrices from different dates. With more dates, the ambiguities are
reduced, and the white regions where the loss is close to the optimal become
smaller. The left plot shows the field conditions around the same spatial patch
at different dates.

For the ambiguity analysis, we fix the shared surface ampli-
tude m, and the soil moisture W, for one of the dates
(May 22) to constant values x, y, and solve the following
optimization problem to obtain the loss LFT:

. 2

LT (x,y) = min ||DPT—RPT||
mg,mg,m,,

W, Wi,y

s.t. my=x

Wo[ay] = V- (29)
Then, we analyze the loss difference ALFT between LFT and
the overall optimal loss (across all possible combinations of
ng and Ws[may])

ALYT (x,y) = LT (x,y) - Ti‘y LT (x,y). (30)

We consider the model inversion to be insensitive to mois-
ture when we can find moisture values that differ by more
than 10% and still obtain a loss close to the optimum for
both moisture values. Conversely, we consider the inversion
to be sensitive to moisture, when changing the moisture
value by 10% from the optimum significantly increases the
reconstruction loss. For example, the inversion using a single
date (N = 1, equivalent to inverting a single matrix) in
Fig. 4 is ambiguous and insensitive to moisture as we can
pick any moisture value from 5% to 40% and obtain a small
ALPT, staying in the white area. A short time series with
the first four dates reduces the ambiguous area but does not
provide enough variability. In contrast, the joint inversion of
seven dates provides a compact minimum and is sensitive to
moisture, as a change of moisture by 10% from the optimum
increases the loss (large ALPT, green area).

Comparing Figs. 3 and 4, we observe that the temporal
dimension provides a better ambiguity reduction than the
spatial dimension, due to higher variability in the time series
compared to the adjacent spatial patches, as well as different
assumptions on shared and factor parameters. Here, using
seven patches from different dates is more effective than using
81 adjacent patches from the same date.

C. Polarimetric-Temporal Moisture Sensitivity

In this section, we expand the soil moisture sensitivity
analysis from a single location to a larger agricultural area.
The polarimetric-temporal model (Section IV-B) and a joint
inversion of several dates are used to reduce ambiguities.

To quantify the sensitivity over a larger area, we perform
the following experiment. First, we invert the model to obtain
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Fig. 5. Change in the loss value when the soil moisture for a single flight
(May 22) is changed by 10% from the optimum. Ambiguous pixels appear in
white: the changed soil moisture value does not affect the loss. Well-defined
pixels appear in green: the loss increases when soil moisture is no longer
optimal. Inverting a longer time series reduces the ambiguities and results in
more well-defined green pixels.

the optimal soil moisture w, for each date and pixel. Then,
we change the moisture Wi,y for one selected date (May
22) by £10% and rerun the optimization with Wy, fixed
to that value. Rerunning the optimization allows the other
parameters to adjust to the fixed moisture value and find a
new loss minimum. Finally, we plot the loss difference AL'"%
between the optimal and changed moisture values for each
pixel in Fig. 5. White indicates areas where the inversion is
insensitive to moisture: change of soil moisture by 10% on
the selected date does not affect the loss (AL'"% ~ 0). Green
indicates pixels where the moisture is well-defined and cannot
be arbitrarily changed without increasing the loss.

Results in Fig. 5 are consistent with Fig. 4. The inversion of
a single matrix is ambiguous, while a longer time series with
sufficient variability provides a well-defined inversion solution
for most pixels.

V. GEOPHYSICAL PARAMETER RETRIEVAL

The previous section demonstrated the usefulness of a joint
multidimensional data inversion. In this section, we move
to more practical applications and demonstrate the inversion
of geophysical parameters. First, we discuss soil moisture
retrieval and irrigation detection. Then, we move to the polari-
metric volume signature estimation. Finally, we discuss the
component powers and the scattering ratios between different
polarimetric mechanisms.

A. Soil Moisture Retrieval

In this section, we combine polarimetric, temporal, and
spatial information to estimate soil moisture. We prepare the
multidimensional input data as follows. First, we estimate the
3 x 3 polarimetric coherency matrices for each of the N
dates and geocode the results onto the same spatial grid with
X x Y pixels. In our experiments, we use a pixel spacing
of 1 m, significantly oversampling the estimated coherency
matrices (80 looks resulting in 8-m resolution). Then, we stack
the data into a single polarimetric-spatial-temporal tensor
DPST ¢ CXXYXNX3X3 where first two dimensions (X x Y
pixels) represent the spatial information, the third dimension
(N dates) runs over time, and the last dimensions represent
the shape of each polarimetric coherency matrix (3 x 3).

1) Polarimetric-Temporal-Spatial Model: The assumptions
on the parameters for the individual pixels are similar to
the polarimetric-temporal model from Section IV-B. The sur-
face scattering amplitude M, € RX*Y the plant moisture
W, € R¥*Y the surface depolarization A; € R**Y, and the
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differential phase A, € R**" are shared (constant) over time
but vary in space across pixels. The remaining parameters vary
both in space and time: the dihedral and volume scattering
amplitudes M, € R¥>*Y*N and M, € RXXY*N a5 well as the
soil moisture W, € R¥*Y*¥_ The model reconstruction tensor
is

PST —
R x| T XB (Ms[x,y]’ Ws[x,y,i]’ A&[x,y])

+DH(A@D%¢VWMN}“MQTAMWD
+ VL (Mv[x,y,i]) :

The spatial information is integrated through additional
regularization of soil moisture, inspired by the total variation
minimization [59]. We enforce a spatial smoothness constraint,
preferring solutions where adjacent pixels (e.g., at indices
[x,y] and [x + 1, y]) have similar moisture values. Note that the
regularization does not affect the temporal dimension, and soil
moisture values between dates are not required to be similar.
The regularization is not part of the model, but is enforced
through a regularization term r(W;)

€1y

N X-1Y-1

2
r(Ws) = Z Z Z (Ws[x,y,i] - Ws[erl,y,i])

i=1 x=1 y=1

+ (Ws[x,y,i] - Wlf[m‘*"])z

which is weighted by the regularization strength A,, and added
to the distance metric. Unless stated otherwise, we use A, =
0.01 in the experiments. Furthermore, we discuss the effect
of the weight in Section V-A4. The resulting optimization
problem is

(32)

| DPST - RPST “2 + A, rOV).  (33)

2) Validity Conditions: After solving the optimization prob-
lem, the optimizer always provides a locally optimal solution,
even when the model is not able to fit the data well. Therefore,
it is important to define validity conditions and discard some
solutions as invalid. There are several possibilities for defining
such conditions. Since we focus on soil moisture retrieval, we
regard all pixels as invalid where the inverted moisture reaches
the minimal or maximal limit defined by the constraints. In our
case, the feasible soil moisture range is between 5% and 45%.
For those cases, the model is not able to explain the data well,
and the moisture would further decrease or increase into an
unfeasible region without the constraints.

3) Soil Moisture Inversion Results: Detailed soil moisture
inversion results for the quinoa field of the HTERRA cam-
paign are shown in Fig. 6. The time series combines four
observations in April (bare surface) and four in June (quinoa
and spontaneous vegetation). A part of the field indicated by
the blue polygon was irrigated before the first acquisition
in April and June, and is drying out during the following
acquisitions. Each F-SAR acquisition was accompanied by in
situ measurements used to validate the inverted soil moisture.
The model successfully predicts high moisture in the irrigated
area and low moisture in the dry area. Pixel-level predictions
(8-m resolution) tend to have a high variability, and it is useful
to average the samples over a region. Here, we average the
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Fig. 6. Soil moisture inversion over the quinoa field during the HTERRA campaign. The top row shows the Pauli RGB images. The middle row shows
the estimated soil moisture (invalid pixels discarded). The field is subdivided into the irrigated (blue polygon) and dry (orange polygon) areas. Small circles
indicate positions of the in situ measurements and the measured soil moisture. The bottom row validates the in situ measurements against the estimated
values. Blue and orange samples are from the irrigated and dry areas, respectively. Black points with error bars show the mean soil moisture and the standard
deviation for all valid samples in the irrigated and dry areas. Coherency matrices are estimated with 80 looks and ,, = 0.01.
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Fig. 7. Soil moisture inversion results for different fields and dates. The
crop types include maize, alfalfa, sunflowers, and quinoa. The left plot shows
individual (pixel-level) samples. The right plot shows region (field-level)
statistics: all valid soil moisture samples are averaged to obtain the mean soil
moisture and the standard deviation (indicated with error bars). Coherency
matrices are estimated with 80 looks and 4,, = 0.01.

samples of the irrigated and dry areas to obtain field-level
predictions (black points in the bottom row of Fig. 6).

A summary of soil moisture inversion results over fields
with different crop types, including maize, alfalfa, sunflowers,
and quinoa across the CROPEX and HTERRA campaigns,
is shown in Fig. 7. The pixel-level predictions show a high
variability and achieve an RMSE of 10%, while the field-level
predictions obtained by averaging the samples over the field
improve the RMSE to 8%. In both cases, the model tends to
slightly underestimate the moisture with a bias of 3%—4%.

Note that the in situ measurements with portable sensors
come with calibration and measurement uncertainties and may
deviate from the moisture values in the field as seen by the
radar. Furthermore, the radar signal penetrates into the ground
to a certain depth that can be different compared to the depth
sampled with the portable sensors.

In our experiments, we identified some crop types, including
wheat, sugar beet, and cucumbers, where the model is not
showing useful results, at least when it comes to the absolute
soil moisture accuracy. For wheat, the model is sensitive to
large moisture changes, allowing it to detect irrigation events
as discussed in Section V-AS5. For cucumbers and sugar beet,
both test fields were located in near range (small incidence
angle), where the polarimetric diversity might be insufficient
to effectively separate the ground from vegetation.

4) Effect of Multilook and Spatial Regularization: The
spatial resolution of the estimated moisture is directly affected
by the size of the coherency matrix estimation window
(multilook). Small windows are preferred for high-resolution
products. However, if the number of samples (looks) in the
window is small, the estimated coherency matrix does not
accurately represent the signal statistics, leading to noisy
moisture estimates. This effect is visible in the left column of
Fig. 8 where a small number of looks leads to many invalid
pixels with extreme moisture values. On the other hand, a
larger number of looks creates a smoother map.

When spatial moisture regularization is added (4,, > 0), the
model is guided toward a solution with smoother moisture
maps as well. This helps to close some of the invalid gaps
and increases the inversion rate, which is defined as the
percentage of samples that we consider valid. However, strong
regularization might overly smooth the predictions, especially
on the borders of irrigated regions.

To quantify the effect of multilooking and spatial regulariza-
tion, we perform the inversion of all samples from Fig. 7 with
different numbers of looks and 4,,, and report the metrics in
Table 1. Here, sample metrics refer to all pixels where we have
the in situ measurements for validation, while field metrics
refer to all samples averaged over the field or a region with
similar conditions. For high-resolution pixel-level applications,
it is preferred to have a high inversion rate and better sample
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TABLE I
COMPARISON OF PERFORMANCE METRICS FOR A DIFFERENT NUMBER OF LOOKS AND REGULARIZATION STRENGTH

Setup Sample metrics Field metrics
Looks  Regularization A,,  Sample RMSE  Sample bias  Inversion rate (%) Field RMSE Field bias
20 0 (none) 10.65 -2.66 72.45 6.14 -2.56
20 0.01 (weak) 10.46 -5.48 91.02 8.24 -4.85
20 0.1 (strong) 10.17 -6.16 94.36 9.13 -5.37
80 0 (none) 10.35 -1.99 79.75 7.00 -2.27
80 0.01 (weak) 10.04 -3.58 92.17 8.24 -3.17
80 0.1 (strong) 9.98 -4.30 96.47 9.42 -3.63
320 0 (none) 10.13 -2.38 84.57 7.33 -2.32
320 0.01 (weak) 10.22 -2.42 92.26 9.15 -2.24
320 0.1 (strong) 9.94 -2.63 96.04 9.72 -247
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Fig. 8. Comparison of the estimated soil moisture values using different
multilook and spatial moisture regularization for the HTERRA quinoa field
on June 15 (AM). Larger coherency matrix estimation window (multilook)
and stronger spatial regularization (larger A,,) lead to smoother soil moisture
maps with fewer invalid pixels (gaps) but reduce the spatial details.

RMSE. This can be achieved by using a higher number of
looks and strong regularization (larger A,,). For field-level
applications where only the average values over the whole field
are important, it is useful to disable the spatial regularization.
This lowers the inversion rate and creates more gaps. However,
the remaining pixels provide more accurate moisture estimates
with a better RMSE.

5) Irrigation Detection: In terms of the absolute soil mois-
ture estimation accuracy, the proposed model does not provide
accurate results for some growth stages of some crop types,
including wheat. This can be the case when the signal from
the vegetation and the ground cannot be separated or when the
signal from the ground is too weak. However, great changes
like irrigation can still be detected. To demonstrate this, we
focus on an HTERRA wheat field that was irrigated before and
during the first four flights in April. Fig. 9 shows the model

Orange, green, and red polygons indicate areas irrigated between the flights.
The histograms show the predicted moisture distribution in the polygons with
the matching color. The model is able to detect the irrigation events and
predict high soil moisture after irrigation.

predictions for different areas indicated by colored polygons.
The blue area was irrigated before the first flight and is slowly
drying out. The orange area was irrigated between the first
and the second flights, clearly showing a moisture increase
between the two acquisitions. The green and the red areas
correctly reflect irrigation between the following flights.

B. Polarimetric Volume Estimation

From the three model components, volume scattering from
vegetation is the most challenging component, since it depends
on many factors, including the crop type and the growth
stage. In the previous experiments, we used a general form of
volume scattering, randomly oriented dipoles T™, to describe
the volume scattering across all crop types. However, the
vegetation can be modeled more accurately by using a crop-
specific T,. In this section, we present a method to estimate
T, from polarimetric time series combined with known soil
and plant moisture values from the in situ measurements.
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We form the field-wide polarimetric-temporal data tensor
DFPT € CV*3%3 from coherency matrices averaged over a field
at N different dates. The coherence matrices are estimated by
combining all pixels from the whole field to get a good repre-
sentation of the typical signal statistics. In this experiment, we
use the time series over the CROPEX maize field as shown in
Fig. 1.

The goal is to find a matrix T™3?® that best reconstructs
the observed data together with the model-based surface and
dihedral components. We assume that the volume polarime-
try remains similar over time, but its intensity may vary.
Therefore, T™* is a shared parameter constant over time,
while the amplitude m, is a factor parameter allowed to have
different values along the temporal dimension. An important
consideration is the constraints imposed on T™¥#¢, The matrix
must be Hermitian and PSD to ensure physical validity and
interpretability. In addition, we restrict T, to be real-valued,
similar to the volume models in Section II-B4. Finally, we
require the matrix trace to be 1 to ensure that T, only describes
the polarimetric scattering mechanism, while the scattering
power is modeled by m,.

The constraints define a manifold of allowed matrices and
can be enforced by a function that maps an unconstrained
parameter set to the constrained manifold [58]. In this case,
the unconstrained parameter is a 3 x 3 real matrix U. The
constraint function transforms U to the constrained T™? and
is given by

Lnaize — UUT . (34)
tr (UU7)

The product UU7 is a 3 x 3 real PSD matrix by construction.

Dividing the product by its trace (denoted by tr) results in the

desired constrained mapping.

We account for the effect of soil and plant moisture on the
signal by using the in situ measurements. Soil moisture varies
over time and, therefore, is considered a factor parameter. We
fix w, € R7 to the in situ measurements averaged over the field.
For the whole duration of the campaign, the plant moisture
wy was high (between 68% and 92%). Therefore, we use the
highest available moisture value w; = 70% supported by the
model from [49]. Similar to the polarimetric-temporal model
from Section IV-B, we assume the parameters m;, as, and a,
shared over time, while the factor my is allowed to vary. The
reconstruction is given by

RE?T] = XB (ms, ws[i]7 a(S)
+ DH (md[i], Wil Wd» aso)
uu’r

r (UU7) 53

+ mv[,’] .

Using a free U to describe the volume increases the number
of parameters and can lead to inversion ambiguities when
the time series does not offer enough variability. For the
CROPEX maize time series, we apply regularization on a,,
preferring a solution with a small differential propagation
phase. In comparison, the previous work [33] ignores the phase
difference under the assumption of a random volume layer
and sets a, = 0. The regularization strength is set to a small
number A, = 0.001 and helps to avoid ambiguities between
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the dihedral and the volume components. The resulting opti-
mization problem is

arg min (36)

mg,Mg,m,,ds,d,,U

[DT = RITI + 4, -lag.

After solving the optimization problem, we obtain the uncon-

strained matrix U and convert it to T™* using (34), resulting
in

_ 1120 -7 0

"~ —|-7 2 0

(37)
3010 o 8

This solution is similar to the model-based horizontally
oriented dipole model T from (17). By repeating this
experiment for another maize field nearby, we obtain a similar
result.

Provided in situ measurements and a polarimetric time
series, the proposed model-based tensor decomposition frame-
work can estimate T, for different crop types and incidence
angles. This presents opportunities to improve the under-
standing of crop-specific volume scattering and suggest more
accurate scattering models compared to randomly oriented
dipoles.

C. Component Powers

The model-based decomposition represents the signal as
a sum of three components and can be seen as a polarimetric
decomposition similar to [21]. The main difference is the larger
observation space, allowing the use of detailed component
models with more parameters. Each component is associated
with a specific scattering mechanism, allowing the character-
ization of the signal in terms of the power ratios. Given a
coherency matrix T, the signal power is given by its trace
tr(T). This concept can be extended to the tensor case.

First, we focus on average field statistics and consider
polarimetric-temporal tensor RFFT € CV>*3X3 from (35). The
total power vector p*T € R" is defined as

Pl = tr(Riz)

The power can also be computed for each individual model-

(38)

based component. For example, the surface power ptf! at a
specific time i is given by
pf[};]T =1tr (XB (ms, ws[i],a(g)) . (39)

Fig. 10 illustrates the temporal dynamics of the surface,
dihedral, and volume component powers obtained from the
CROPEX maize field. In this decomposition, m; is kept con-
stant across time, and the only influence on the surface power
comes from the soil moisture. During the CROPEX campaign,
the volumetric soil moisture values averaged over the maize
field ranged from 9% to 23%. We observe that the variation
in the surface component power is rather small compared
to the dihedral and volume power variations. Therefore, the
estimation of soil moisture based only on the backscatter
power is difficult, as the vegetation has a much stronger effect
on the signal than the soil moisture. This illustrates the added
value of polarimetric and temporal information.

The second observation is that the dihedral and volume
powers grow significantly over time and are strongly correlated
with the vegetation height during the growth phase of maize.
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Fig. 10. Over the CROPEX maize field, the powers of the inverted dihedral
(red) and volume (green) components show a correlation to the vegetation
height (black points) measured during the ground campaign. The power of
the X-Bragg component (blue) varies only with soil moisture.

This result indicates that the time series decomposition can,
to a certain extent, separate the ground from the vegetation
for the CROPEX maize time series. Therefore, we assume
that TS““ZC obtained in (37) is representative for maize volume
scattering over the field of study.

So far, this section has considered a time series of coherency
matrices estimated over the whole field. For a more detailed
spatial analysis, we use the polarimetric-spatial-temporal ten-
sor REST e CXX¥YXNx3x3 (gee (31) in Section V-A) that
contains a different time series for every pixel. We compute
the powers of each model-based component (surface, dihedral,
and volume) for each pixel, normalize them by the total pixel
power, and visualize them as a map. The normalized surface,
dihedral, and volume power range between 0 and 1 and can
be visualized in blue, red, and green, respectively. An example
for the CROPEX maize time series is shown in Fig. 11. For the
larger maize field, there are two different row orientations of
the maize plants. Depending on the phenological stage of the
plants, the row orientation can affect the dominant scattering
mechanism across the field.

VI. DISCUSSION
A. Data Dimensions

SAR systems provide different data dimensions depending
on the sensor and the acquisition setup. The type of informa-
tion varies across the dimensions, with some data dimensions
being more useful than others, depending on the application. In
general, the framework presented in this article benefits most
from data dimensions that offer the most variability, assuming
the physical models can make use of that information. In
this section, we discuss different data dimensions that can be
integrated into the decomposition.

1) Polarimetric: PolSAR systems provide images in
orthogonal transmit and receive polarizations with a larger
information content compared to a single polarization. The
main limitation is the availability of fully polarimetric (quad-
pol) data. While many space-borne SAR systems have
quad-pol capabilities, the operational mode typically only
includes no or reduced (dual-pol) polarimetry because of the
resolution or swath width tradeoffs. Recent SAR missions have
shown positive developments. For example, ESA BIOMASS
[7] provides quad-pol operational acquisitions.

We advocate for more operational quad-pol systems. First,
polarimetric data provide sensitivity to different scattering
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mechanisms and are important for ground-volume separa-
tion in the context of soil moisture estimation. Using only
a single polarization is challenging, since the backscatter
is significantly affected by the vegetation even for longer
wavelengths (e.g., L-band). Second, several physical models
(see Section II-B) have been developed for polarimetric data,
providing a direct link between the SAR signal and geo-
physical parameters, and enabling explainable physics-based
inversion. Third, polarimetric signatures can be estimated from
data as shown in Section V-B, offering the potential to create
better crop-specific models to improve soil moisture inversion,
especially combined with recent advances in crop classification
[60].

2) Spatial: Spatial information is naturally present in SAR
images and can be exploited in several ways. A joint inversion
of several adjacent patches improved the inversion stability in
Section I'V-A. In Section V-A, spatial regularization increased
the inversion rate and provided smoother soil moisture maps.
Spatial patterns can be explored furthermore, e.g., to perform
segmentation [61], [62], [63] to avoid averaging the coherency
matrices across field boundaries. In case of high-resolution
systems, spatial information can be used to detect row struc-
tures that can significantly affect the backscatter signal [64],
[65].

3) Temporal: A time series of acquisitions expands the
observation space and enables addressing more problems than
a single acquisition. Temporal information is often exploited
for change detection [66], [67], and has been used for soil
moisture estimation, usually focusing on short-term changes
[28], [29], [68]. In contrast, the proposed method can make use
of longer time series and separate the ground and vegetation
contributions. To improve the separation, it is helpful to have a
long time series that includes bare field conditions before the
vegetation starts growing. Expanding the observation space
with temporal information reduces the inversion ambiguities
as demonstrated in Section IV-B.

Another research direction uses the temporal information
for differential interferometry [30], [31], [32]. Here, the algo-
rithms retrieve soil moisture by exploiting the phase between
several zero-baseline acquisitions.

4) Angular: Several SAR techniques make use of the dif-
ferences in the incidence or observation angles. Across-track
interferometry [3] adds sensitivity to the vertical distribu-
tion of the scatterers. For datasets with several flight tracks,
multibaseline interferometry and tomography [4] can further
improve the ground-volume separation [43]. Larger differences
in the incidence angles (e.g., ascending and descending orbits)
also add variability that can be exploited for soil moisture
estimation, often combined with other data dimensions includ-
ing polarimetry [34] or time [69]. A further extension is
circular SAR [70], [71], where the same target is observed
from different angles and orientations, leading to an expanded
observation space. While this imaging mode is not available
with conventional satellites, SAR sensors mounted on UAV
systems [72] offer a viable monitoring platform. Finally,
the full bandwidth can be subdivided into several synthetic
apertures to synthesize and jointly analyze multiple lower
resolution images. A certain variability in the incidence angle,
frequency, and time can be obtained with this approach,



BASARGIN et al.: MODEL-BASED TENSOR DECOMPOSITIONS FOR GEOPHYSICAL PARAMETER RETRIEVAL

May 22,2014 June 4, 2014

May 15,2014

Pauli RGB

June 12,2014

4407816

June 18, 2014 July 3,2014 July 24,2014

Component powers

Fig. 11. Normalized component powers describe the ratios of the model-based scattering mechanisms (X-Bragg surface in blue, dihedral in red, and volume
in green). Plant growth and phenological changes strongly affect the dominant scattering mechanism. Yellow polygons indicate the maize fields.

especially when using systems with a large bandwidth or a
long integration time [73].

5) Frequency: Different frequency bands provide another
data dimension. For example, L- and C-bands have differ-
ent penetration depths into the medium and offer sensitivity
to objects of different sizes. The approaches in [74] and
[75] integrate information from several frequency bands and
focus on backscatter amplitudes for moisture estimation. With
operational and planned C- and L-band missions like ESA
Sentinel-1, NASA-ISRO NISAR, and ESA ROSE-L, the fre-
quency dimension is becoming more viable for operational
use.

6) Combining Dimensions: A major benefit of the proposed
model-based tensor decomposition framework is the ability to
combine any number of data dimensions. While this requires
making assumptions about shared and factor parameters, the
inversion strategy remains the same: minimize the distance
between the model reconstruction and the data. Techniques
combining polarimetry with interferometry [5] or tomography
[6] have been extensively explored in recent years and show
an improved separation of the ground and volume signal
contributions. Here, we see a potential for adding the temporal
dimension to monitor changes over time in more detail.
In addition, some interesting directions for future research
include a joint analysis of polarimetric time series in multiple
frequencies, or extension of multiangular multitemporal soil
moisture estimation [69] with polarimetric models discussed
in this article.

B. Geophysical Parameter Estimation in Different Domains

While this article focuses on soil moisture, the methodol-
ogy can be extended to different applications where physical
models for other parameters have been developed. In the
context of forest height estimation, interferometric [17], [76],
and polarimetric-interferometric models [5] are available, with
extensions to biomass estimation in [18]. In the agricul-
tural setting, models for crop height estimation based on
interferometry are discussed in [77]. An approach for rice
height estimation combining polarimetric, interferometric, and
temporal information is discussed in [78]. Moving to the
cryosphere, snow water equivalent estimation using differential
interferometry and polarimetry is presented in [79]. Another
approach for snow water equivalent estimation uses differential
interferometry and squint angle diversity [80]. A model for

sea ice topography using polarimetric-interferometric data is
discussed in [19].

Tensor formulation streamlines physical modeling by requir-
ing independent models for each data dimension rather than a
single complex model. This simplifies adaptation to a different
domain, as only some model components need adjustment.
Furthermore, adding a new data dimension only requires
adding a model for that dimension.

C. Feature Extraction

Polarimetric data offers a rich information space with sev-
eral model-free [20] and model-based [21], [81] polarimetric
decompositions available. The proposed method can be seen
as a novel model-based decomposition that operates on the
expanded tensor observation space and uses more complex
physical models compared to [21] to characterize the targets.

We see a potential to use the proposed model-based tensor
decomposition as a feature extractor. As discussed in Sec-
tion IV, the estimated features are less prone to inversion
ambiguities (compared to features extracted from a single
matrix) and are expected to be more robust. Furthermore,
the extracted features compactly describe the input data; thus,
the decomposition can be seen as a dimensionality reduction
method.

The extracted parameters physically characterize the targets
and can be provided as features to existing methods for
image classification [82], [83], semantic segmentation [84],
[85], superpixel segmentation [86], or target recognition [87],
[88]. Depending on the domain (e.g., cryosphere, forests, and
ocean), it is useful to integrate appropriate physical models
into the decomposition to provide more meaningful features.

Considering change detection applications [66], [67], the
proposed method accounts for the temporal dimension and
provides temporal factors (or derived properties, such as com-
ponent powers in Section V-C) that directly capture changes in
specific parameters over time. In addition, the decomposition
separates the signal from the ground and vegetation, allowing
for the detection of specific changes (e.g., on the ground,
ignoring the vegetation). Here, existing change detection tech-
niques can be applied to the model-based components, similar
to the approach in [16].

VII. CONCLUSION

Motivated by the increasing availability of multidimensional
SAR data over the recent years, this work combines tensor
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decompositions and physical models into a novel framework
for geophysical parameter estimation. The proposed method
takes advantage of the expanded observation space and jointly
uses information from several data dimensions. For each data
dimension and model parameter, the method allows setting
different assumptions and defining whether the parameter
is constant or can have different values along the dimen-
sion. With more observables, more model parameters can be
inverted, enabling the use of more detailed models to cover
a larger range of scenarios. This is especially important in
agricultural areas, where different crop types and phenological
stages strongly influence the scattering. Here, we approximate
the signal by a sum of model components for the ground, the
vegetation, and the dihedral interactions between them.

This work demonstrates a combination of polarimetry with
the spatial and/or temporal dimensions, focusing on high-
resolution soil moisture estimation under vegetation. Model
inversion is formulated as a constrained optimization problem
and relies on gradient-based numerical minimization. While
computationally expensive, this inversion strategy brings flex-
ibility with respect to the choice of constraints and data
dimensions. The gradients are computed with automatic dif-
ferentiation, allowing quick experimentation, e.g., setting new
constraints or exchanging model components with any differ-
entiable function.

Experimental results from two high-resolution airborne
F-SAR campaigns demonstrate three main results. First, the
joint inversion of several data dimensions effectively reduces
inversion ambiguities. Considering individual data dimensions,
the temporal dimension offers more variability and is more
effective for ambiguity reduction compared to the spatial
dimension. Second, the polarimetric, spatial, and temporal
dimensions can be combined to retrieve soil moisture under
several crop types, including maize, quinoa, alfalfa, and sun-
flowers. For some other crop types, including wheat, the
model only shows sensitivity to great changes in moisture,
allowing for the detection of irrigation. Third, the proposed
method allows for the estimation of crop-specific volume
scattering signatures when in situ soil moisture measurements
are available. The method effectively separates the ground and
volume scattering and shows a correlation of maize height with
the volume and dihedral component powers.

Overall, model-based tensor decompositions open new ways
to analyze multidimensional data, allow for extending existing
methods with new data dimensions, and can be used in
different application domains where physical SAR models
are available. The proposed approach has the potential to
enable improved geophysical parameter retrieval algorithms
and suggest adjustments to the existing models to better fit
the observed data.
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