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Abstract

This study proposes a step adaptation framework for running through spring-mass trajectories and deadbeat control gain libraries.
It includes four main parts: (1) Automatic spring-mass trajectory library generation; (2) Deadbeat control gain library generation
through an actively controlled template model that resembles the whole-body dynamics well; (3) Trajectory selection policy de-
velopment for step adaptation; (4) Mapping spring-mass trajectories to a humanoid model through a whole-body control (WBC)
framework also accounting for closed-kinematic chain systems, self collisions, and reactive limb swinging. We show the inclu-
siveness and the robustness of the proposed framework through various challenging and agile behaviors such as running through
randomly generated stepping stones, jumping over random obstacles, performing slalom motions, changing the running direction
suddenly with a random leg, and rejecting significant disturbances and uncertainties through the MuJoCo physics simulator. We
also perform additional simulations under a comprehensive set of uncertainties and noise to better justify the proposed method’s
robustness against real-world challenges, such as signal noises, imprecision, modeling errors, and delays. All the aforementioned
behaviors are performed with a single library and the same set of WBC control parameters without additional tuning. The spring-

mass and the deadbeat control gain library are automatically computed in 4.5 seconds in total for 315 different trajectories.

Keywords: Humanoid and Bipedal Locomotion, Whole-Body Motion Planning and Control, Legged Locomotion

1. Introduction

The spring-mass model, also known as the spring-loaded
inverted pendulum (SLIP), was first introduced to model the
steady-state running of animals and humans [1], in which run-
ning is defined as the center-of-mass (CoM) bouncing on a
springy leg through single-leg support and flight phases. Com-
prehensive experimental and dimensionless mathematical anal-
yses revealed that the ground reaction force pattern of steady-
state running of humans and animals, ranging from insects to
horses, can be modeled through the spring-mass model, sur-
prisingly, with almost the same relative (dimensionless) leg
stiffness (~10) [2, 3]. It is also revealed that ground reaction
force patterns for human walking are also closely related to the
spring-mass model [4]. Even though the spring-mass model is a
simplification, it can generate nearly every walking and running
gait observed in people and animals [5].

While a simple spring-mass model from a biomechanics per-
spective, SLIP exhibits many control challenges as it is a hybrid
system with nonlinear stance dynamics [6]. Seyfarth et al. [7]
studied the stability characteristics of planar spring-mass dy-
namics, and they discovered a J-shaped dependency in the ad-
justment of the angle of attack to leg stiffness. Similar findings
triggered the development of apex-to-apex deadbeat controllers
to find out how the leg states (e.g., angle, stiffness, damping)
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should be modified to maintain stability and convergence dur-
ing the next stance phase [6, 8, 9]. The first successful realiza-
tion of the spring-mass model appeared in Raibert’s hoppers,
runners, and walkers [10]. ATRIAS is another bipedal robot
that is carefully designed to match the spring-mass dynamics
and was the first machine to demonstrate humanlike walking-
gait dynamics [11]. Mapping a 3D spring-mass (SLIP) model
to a full-scale robotic human model was first studied in [12]
and later on [13]. It’s achieved via obtaining the desired center
of mass (CoM) trajectories through the spring-mass model and
then commanding them to a robotic human model through a
whole-body controller (WBC) while keeping the torso upright
and employing proper leg and arm swinging. However, both
[12] and [13] lack step adaptation and focus only on velocity
control. Furthermore, as the spring-mass model does not ac-
count for articulated body dynamics, mapping such center of
mass trajectories to a full-scale humanoid robot requires care-
ful tuning of limb-swing trajectories to ensure that the artic-
ulated body and angular momentum effects are properly han-
dled at the whole-body control level. A different center of mass
trajectory may require a different limb-swing behavior due to
changes in the force profiles, velocities, stance time, and flight
time, preventing the utilization of various CoM trajectories for
step adaptation purposes through the same limb-swing control.
In this study, we address both the step adaptation and reactive
limb-swing trajectory generation problems, enabling navigation
through random environments through switching between var-
ious CoM trajectories without any trajectory-specific tuning.
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The framework’s agility and disturbance rejection make it suit-
able for outdoor challenges, such as search-and-rescue or in-
dustrial inspection in unstructured environments.

The literature on dynamic humanoid running is largely lack-
ing in step adaptation and appears more limited compared
to studies on walking. Furthermore, different from walking,
where there is always contact with the ground, running is
more demanding in terms of power outputs, peak forces, im-
pacts, state estimation, and contact conditions as the robotic
system alternates between the stance and flight phases on a
single leg, requiring exceptional hardware that is also precise
and impact-resistant. Consequently, most of the full-scale hu-
manoid running literature appears in simulation environments
[14, 15, 16, 17, 18, 19, 20], and the experimental verifications
are usually limited to velocity-based running with insignificant
flight phases and without step adaptation [21, 22, 23, 24]. The
recent machine learning literature reveals that reinforcement
learning-based methods for running are mostly based on imi-
tation learning, which requires a strong reference from human
running [25, 26, 23]. As imitation is a mapping from human
data, the generalization of running behaviors for random step
adaptation has not yet been demonstrated.

Dynamic humanoid running with step adaptation and distur-
bance rejection capabilities without prior environmental knowl-
edge is an understudied topic that has not been thoroughly ad-
dressed in the literature. The combination of the nonlinear and
hybrid nature of running dynamics with foothold constraints
presents a challenging problem that requires special care. This
problem is easier and has already been addressed in the case of
walking [27]. Walking dynamics is more flexible, stable, and
easier to solve, and also allows static walking to preserve stabil-
ity through balancing, as there is always at least one leg on the
ground. There are two running frameworks appearing with step
adaptation capability: BID [28] and DCM-based running [29].
Different from the spring-mass model, where the dynamics are
nonlinear and not closed-form solvable, both methods provide
closed-form solvable linear running dynamics with a trade-off
of preselection requirement of some stability- and feasibility-
critical parameters, including but not limited to: stance time,
flight time, and touchdown height, along with the desired foot
placement point. Furthermore, improper stance time selection
results in leg overextension as the CoM moves far away from
the foot placement point during the stance phase. Similarly, the
touchdown height selection also affects stability and may result
in violating the friction constraint. Hence, the feasibility and
stability in both studies depend on manual parameter selections,
requiring a trial-and-error process for different environments,
running velocities, and types. BID-based planning includes
a disturbance rejection controller, whereas DCM-based plan-
ning does not. The proposed step adaptation framework, on the
other hand, is tuning-free and only requires selection for the de-
sired range for running velocity, apex height, and leg stiffness.
Compared to [28]’s 2016 BID and [29]’s 2023 DCM running,
our work eliminates manual parameter tuning for stance/flight
times and determines the stability critical parameters inherently,
also considering feasibility, stability, disturbances, errors, and
desired foot placement points. As a result, the proposed step

Mid-stance

Figure 1: (A) Running through randomly generated stepping stones; (B) Jump-
ing over randomly generated obstacles; (C) Sudden direction change with the
inner leg; (D) Running through unobserved height differences; (E) Rejecting a
forward push disturbance with a wide step; (F) Snapshots of Unitree G1 run-
ning. Multiple robots are presented to show the generalizability of the proposed
framework. The supplemental video collects all and more.

adaptation framework with reactive limb-swing capabilities en-
ables real-time adaptation to random stepping stones without
prior environmental information.

1.1. Contribution

e The spring-mass model is a velocity-based running model,
i.e., the error is defined in terms of velocity and jump-
ing height, and is constructed around periodic trajectories.
Hence, achieving step adaptation to run through random
stepping stones is the main contribution of this paper. The
step adaptation is achieved through switching between dif-
ferent trajectories contained in an automatically generated
trajectory library, which takes ~4.5 seconds to generate
for 315 different trajectories. We first develop the neces-
sary conditions for convergence between periodic trajecto-
ries and analyze the minimum number of steps required for
planning. Then, develop a trajectory selection policy that
switches between adequate trajectories depending on the
foot placement point requirements, considering stability,
kinematic and dynamic feasibility, and the convergence
conditions. The proposed method is carefree, and the sta-
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Figure 2: Overview of the proposed framework. Three main steps include (1) 3D SLIP periodic trajectory search, (2) apex-to-apex Jacobian estimations through
an actively controlled system that resembles the whole-body dynamics well, and (3) online control that combines trajectory selection policies and the whole-body

controller with a reactive limb swing task.

bility critical parameters, such as stance time, flight time,
and touchdown angle, are determined inherently.

e The CoM trajectories, that are obtained from reduced
or template models, are realized on full-scale humanoid
robots through whole-body controllers as a CoM trajectory
tracking task combined with other tasks such as torso ori-
entation, leg swing, and arm swing control through hand-
crafted limb swing trajectories [12, 13, 28, 29]. However,
in the case of frequent trajectory switching and distur-
bances, where the force profiles, stance time, flight time,
and foot placement conditions vary, a different limb-swing
behavior is required to maintain postural stability. We ad-
dress this problem through a reactive limb swing control
task that utilizes dynamic coupling between the links and
the base frame orientation, thereby enhancing disturbance
rejection capabilities. We utilize the redundant leg and
arm joints and control their states depending on the base
frame orientation error, such that the postural stability is
preserved while the robot follows the given CoM trajec-
tories and foot placement point commands. The exten-
sive set of behaviors proposed in this study (also shown in
Fig. 1 and the supplemental video) is realized using a sin-
gle library and the same whole-body controller, without
any additional parameter or trajectory tuning.

e This work combines a diverse set of dynamic behaviors
in a single framework. These behaviors include running
through previously unknown, randomly generated step-
ping stones, jumping over suddenly appearing obstacles,
sudden turns and slalom motions, and disturbance rejec-
tion, including force disturbances, unobserved height dif-
ferences, and edge stepping. To further justify the pro-
posed method’s robustness against real-world challenges,
we also simulate its operation under a comprehensive and
significant set of uncertainties and noise, including signal

noise, modeling errors, imprecision, and delays.

1.2. Content

The flow of the paper is summarized in Fig. 2. The paper
starts with a summary of the spring-mass dynamics and pe-
riodic trajectory optimization formulation. Then, it proceeds
with trajectory library generation, observations on trajectory
characteristics, and calculation of stepping distances. The de-
velopment continues with the computation of deadbeat control
gain through an actively controlled spring-mass model for sta-
bilization, disturbance rejection, and trajectory switching pur-
poses. The third part is related to the development of the step
adaptation policy. We first analyze how many steps to look
ahead to guarantee convergence in the spring-mass dynamics
level. We then propose two sets of algorithms to jump over
obstacles and run through stepping stones considering feasibil-
ity, stability, and convergence conditions. The fourth part in-
cludes conventional inverse-dynamics whole-body control for-
mulations with two add-ons: a task formulation for reactive
limb swing and self-collision avoidance. Then, we discuss
computation times and simulation results for an extensive range
of behaviors, including noise and uncertainty analysis. Lastly,
a conclusion section relates the paper’s objective to its method-
ology and results, and summarizes the outcomes.

2. 3D Spring-Mass Trajectory Library

This section involves constructing a nonlinear least-squares
problem to solve for periodic spring-mass trajectories. Then,
this structure is used to generate a trajectory library that com-
bines different types of running in terms of apex height, veloc-
ity, stiffness, and lateral leg angle. This section corresponds
to the first block of Fig. 2 and discusses mapping spring-mass
trajectories to foot placement point information.
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_____
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Figure 3: 3D SLIP model representation. Parameter y;, separates the robot’s
center of mass and hip positions. The virtual leg has a length of /;, and connects
the hip to the foot. The touchdown angle is determined by 6; and 6,. As the
virtual leg is offset by yy, if 0> is zero, the foot is in the hip sagittal (parasagittal)
plane. Otherwise, the lateral foot placement point is wider or narrower than the
virtual hip point yj,.

2.1. Background: 3D Spring-Mass Dynamics

Defining p. € R? to be the position of CoM, the stance dy-
namics of the point foot 3D spring-mass model (see Fig. 3) is

mpe = k(ro = [|FIDF + mg, )

where m, k, rp, and g are the total mass, spring constant, leg
rest length, and gravitational vector. Additionally, r = p. — py
represents the leg vector, i.e., a vector from the foot point to
the point mass (see Fig. 3) and 7 is its unit vector. Through the
same notation with [12] and [13], the virtual hip point is located
at p;, and it helps to decompose leg angles 8, and 6, into more
intuitive quantities. During the flight phase, the foot point p; is
a function of p,, leg angles, hip distance, and leg length,

0 sin @ cos 6,
Py =Dpc+|oyp|+ 1 osinf, , ()
0 —cos 6 cos 6,

where o is a sign multiplier and changes between +1 and —1
depending on which leg is the stance leg. At the moment of
touchdown, py is fixed on the ground and sets an initial condi-
tion for the stance phase dynamics (1). A touchdown and liftoff
condition separate the stance and flight phase dynamics such
that the overall dynamics X is given by

k R
be=—(ro=IriDF + g
m

be=8

. Iri<n g

lIrll > ro

Figure 4: An illustration for foot placement distance between two consecutive
steps on a constant height flat surface.

2.2. Background: Apex-to-apex Periodic Trajectory Search

Studies in [30] and [31] showed that for a constant energy
level of a planar point-mass model, there exists a unique re-
lationship between system parameters. For example, for a spe-
cific spring constant, running height, and running velocity, there
exists a unique touchdown angle that results in a periodic limit
cycle. Consequently, if 6; is the touchdown angle of a planar
point-mass model, this parameter is a function of running height
h, spring constant k, and running velocity v,, i.e., 6,(h, k, v,).
Selecting @ = [6;,6:]" and v = [v,,v,]", one can rewrite the
touchdown angle function as 6(h, k, v).

For an apex state definition of x = [v,, v, h]T a mapping
function from one apex state to the next one can be defined as
P : (xj,0,k) — xj.1. Accordingly, for a selection of h, k, and
v, the periodic trajectory search problem can be formulated as a
nonlinear least-squares problem,

min [lx; — Ex I, “

where E = diag(1, -1, 1) is placed for sign changes due to the
leg switching between two subsequent apex states. Similarly,
since it is not intuitive to pick a proper value for v,, for a selec-
tion of A, k, vy, and 6,, the nonlinear least-squares problem can
be reformulated:
min [|x; — Ex ]| 5)
01,y

2.3. Construction and Interpretation of Trajectory Library

A combination of different types of running can be stored in
a trajectory library, allowing the robot to switch between dif-
ferent trajectories and adapt to changing environmental condi-
tions. Then, to achieve step adaptation, the trajectory infor-
mation must be transformed into a more useful form, namely,
stepping distances. The distance between two consecutive foot
placement points can be formulated as

07 = (pcLo — PfLo) +0tight + (P£TD — PeTD)s (6)
| — | ———
rLo —rtp

where ()rp and (-)Lo represent parameters at the moment of
touchdown and lift-off, respectively. Additionally, dgign repre-
sents the CoM displacement during the flight phase (see Fig. 4).
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Figure 5: An example trajectory library for undisturbed periodic flat-surface
running with constant 6, (top) and its projection onto the stepping distance
(6f.x»91,y) plane as shown in Fig. 4 (bottom). In the library, the running velocity
vy, leg stiffness &, and apex height /izpex vary. Each tone of blue is a collection
of a constant apex height, and darker colors represent higher values. The green
line is an example set of trajectories with constant stiffness and varying forward
velocity. Similarly, the red line is an example set of trajectories with constant
forward velocity but varying leg stiffness. Lastly, the black arrow represents the
direction of increasing leg stiffness for each constant apex height surface.

As aresult, a library 7~ € {R', S, S} with n trajectories forms
the following table:

Vx,apex 01 Vy,apex

0y hapex K Ofx Ofy

where 0;, hypex, k and vy gpex are selected/desired parameters; 6
and v, ,pcx are result of periodic trajectory search problem (5);
Ofx and Oy, are result of (6). Note that 67, and 6y, change
as the flight time, surface height, leg length, and touchdown
angle change. The deadbeat controller, which is proposed in the
following sections, may also modify the touchdown angle and
leg length for disturbance rejection purposes. Hence, ¢, and
0,y should be recalculated at touchdown and liftoff moments.

The foot placement estimation strategy differs in the touch-
down and liftoff moments. On the other hand, in the case of an
undisturbed periodic running, both estimations output the same
result. Assume 67, and 67, are the periodic longitudinal and lat-
eral leg angle of the i" trajectory. As a result of the symmetric-

ity of periodic SLIP trajectories, 6110 = —6;, and 610 = 6,.

055 050 045 040 9350 °° B1x
ty
0.60
12 14

Figure 6: Extended trajectory library over Fig. 5 with varying lateral leg angle
6. Blue, orange, and yellow represent increasing 6, in the same order.

Hence, substitution of (2) into (6) leads to

0 sin (—9;."1 ) cos 0;2
07 = Ogight + 2 |oyn| + 2l osind;, NG
0 —Cos (—Gil) cos 9;*2
rLo—rtp

Accounting for possible height changes, define total flight time
Ifight = tise + fran and the foot height w.rt. ground at the
apex state proapex = h* — [, cos 6] cos ;. As a result, fje =
V2P fzapex/g- Similarly, for a height difference 6, between the
consecutive steps, fr = /2(Pfzapex — 0-)/¢ such that the fall

time is longer or shorter depending on ¢,. Consequently,

Vi 0
Oftight = fight [Vy | +] 0. ()
ol |s.

Note that in case of remaining error at the liftoff moment, the
system is not periodic anymore, and the symmetricity does not
hold. At the liftoff moment, (p.Lo — pfLo) can be calculated
through the system states. Leg vector for the next touchdown
(Pf1D — P D), On the other hand, should be calculated account-
ing for the deadbeat controlled leg states.

2.3.1. Visualization of an Example Trajectory Library
Visualization of an example periodic trajectory library for a
constant lateral leg angle 6, is shown in Fig. 5. In the library, the
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parameter variations are as follows: v, = {0,0.1,...,2}m/s, h =
{0.90,0.925,0.95,0.975, 1}m, k = {6000,8000, 10000}N/m.
The parameter ranges are determined considering the hardware
limits and kinematics of Kangaroo. The figure shows that run-
ning with a constant apex height forms a surface relative to the
remaining parameters: running velocity and stiffness. As the
flight time is closely related to the apex height, for the same
running velocity, the stepping distance increases proportionally
with the apex height. Furthermore, as decreased leg stiffness re-
sults in more inclined touchdown and lift-off angles, foot place-
ment distance increases as the stiffness decreases for the same
running velocity. Each set of points (6,07, vx) is unique in
3D space, and their projection onto the stepping distance plane
may overlap. The variation of 6, introduces additional depth
in 3D space and new points on the d7,6y, plane (see Fig. 6).
The most observable characteristic of points with different lat-
eral leg angles is the overall shift in the 6y, axis, i.e., the lateral
displacement 0, increases or decreases proportionally with 6.
All behaviors shown in this work are generated using the same
library shown in Fig. 5.

3. Deadbeat Control of Active Spring-Mass Model

Running is a combination of two consecutive phases: the sin-
gle support stance and the flight phase. As the floating base dy-
namics is driven by the ground reaction forces [32, 33, 34, 35],
they play a vital role in locomotion. During the stance phase,
the robotic system drives its joints and the ground reaction
forces such that the CoM and limbs track the desired trajec-
tories. The flight phase is fully ballistic and can be consid-
ered as a posture preparation for the following stance phase. As
legged robots are not fixed but have floating base systems, the
set of feasible ground reaction forces is strictly constrained by
foothold, friction, and positive vertical force constraints to pre-
vent leg tilting, sliding, and leg separation, respectively. Since
the foot region limits the set of feasible ground reaction forces
(see Fig. 7) and the foot location is kept constant during the
stance phase, the relative foot placement point is crucial and
determines an initial condition for the stance phase dynamics.
The foot should be placed at a point such that the resultant fea-
sible polyhedral cone collects the set of ground reaction forces
that are needed to converge to the desired trajectory or to reject
disturbances.

This section aims to obtain deadbeat control gains through a
model that resembles the full-order whole-body controlled sys-
tem’s CoM dynamics well in terms of control force feasibil-
ity. For this purpose, instead of conventional point-foot passive
3D spring-mass dynamics where the leg stiffness is varied for
compression and decompression phases for control purposes,
this study employs an actively controlled CoM model with a
plane foot to estimate each trajectory’s apex-to-apex Jacobians
and deadbeat control gains. The proposed template model in-
herits the active control mechanism, friction constraints, and
the feasible polyhedral force cone conditions. Consequently,
the estimated gains are more relatable to whole-body controlled
humanoid models in terms of force and behavioral feasibility.
The deadbeat control gain matrix K € R>3 relates the flight

Figure 7: Left: The error definition of the control system where the blue SLIP
represents the desired undisturbed periodic state evolution and the red is the
actively controlled system. Right: A detailed sketch of the actively controlled
template model with a foot. If the desired total control force f; is outside the
feasible polyhedral cone, it is projected to the closest feasible solution.

phase state errors to the leg angle and length offsets such that
the feasible set of ground reaction forces results in eliminating
errors or converging into a new trajectory during the next stance
phase. The proposed model assumes that the centroidal angu-
lar momentum and additional limb controls are handled at the
whole-body control level, which will be discussed in detail in
the following sections.

3.1. Point Mass Model and Control Force

Let
mp. =mg + f’ (9)

be the stance dynamics for point mass dynamics where {f €
F3 | F2 c R} is the set of feasible leg forces. Starting from
the initial condition where both systems have the same touch-
down point and integrating the undisturbed periodic SLIP dy-
namics, one can get the desired position, velocity, and accelera-
tion evolution of the CoM dynamics (see Fig. 7). The difference
between the actual and desired trajectories forms the error def-
inition e = p. 4 — p.. In the case of f = f,;, where,

fd = mp(,»,d —-—mg+ KDé + er, (10)
the closed-loop dynamics is exponentially stable:
mé+KDé+er:0. (11)

In the case the desired control force is not within the feasible
set, i.e., fy ¢ 7, the control force must be projected onto the

; : = [ppe  ppe P o
closest feasible solution. Let V = [vp/, Vo Vpys vpm] €

R¥>* represents the combination of all corner unit vectors from
foot corners to the CoM. A linear combination of the corner
vectors represents all feasible forces within the foot region.
Consequently, for a set of scalar multipliers @ € R*, the overall
control force formulation with the feasibility constraints takes
the following form:

min ||fa = Vel 12)

Such that:
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a >0, (12a)
(Ve (Ve
Va. " . (12)

The positive ground reaction force and friction cone constraints
are handled by (12a) and (12b), respectively. If the minimiza-
tion problem (12) converges to zero, then f,; is already within
the polyhedral limits, e.g., f = Va = f,;. Otherwise, f = Va is
the closest projection. In the case of projection, the exponential
stability is disturbed and convergence is not guaranteed any-
more. As the polyhedral cone moves and rotates as py changes
(see Fig. 7), a step adaptation must be performed to keep fy
inside the feasible set 7> to achieve stability and convergence.

3.2. Apex to Apex Deadbeat Control Gain Estimation

Selecting the apex state as the Poincaré section, a dis-
crete mapping from one apex to the next one for the ac-
tively controlled point mass dynamics (9) can be defined as
Potive © (xj,u;) — Xxji1, where x; = [y, Vy, AT is apex ve-
locities and height; u; = [0, 65, [,]7 is leg angles and virtual
leg length (see Fig. 3). Assuming (x*,u*) results in a periodic
trajectory and defining Ax = x — x* and Au = u — u”, the first-
order Taylor Series approximation leads to

Xl = Pactive(xz +Ax,u” + Au)

x (13)
~ Ex + JAx + J,Au,
where J, = 0Pyiive/0x € R¥3 and J, = 0Pyeiive/Ou € R¥3
are Jacobians of the return map evaluated at (x*,u*) and E =
diag(1, -1, 1) is placed for sign changes due to the leg switch-
ing. Deviations from periodic apex states can be rejected by
changing the leg states for the next touchdown:

J.Au = —J Ax. (14)
One can solve (14) and obtain a gain matrix K € R that
offsets the periodic leg states depending on error:
u=u"+K(x-x"), (15)

|

Ax

where K = —J ;' J,. A deadbeat control gain library K collects
gains for each trajectory such that K = {Ky, ..., K,}.

4. Step Adaptation

The spring-mass model is a velocity-based running model,
constructed around periodic trajectories, and is stabilized
through control of leg angle and length at touchdown. Conse-
quently, if no step adaptation is necessary, the method does not
require any environmental information beyond touchdown de-
tection, which is necessary for switching from the flight phase
to the stance phase. On the other hand, running through discrete
surfaces, such as stepping stones or obstacles, the foot place-
ment regions are constrained and step adaptation is necessary.
As step adaptation requires frequent switching between multi-
ple trajectories, an adequate analysis and trajectory switching
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Figure 8: An illustration for multiple-step running with the spring-mass model.
The desired stepping configuration is shown in red.

procedure must be developed. This section develops a trajec-
tory selection policy to run over random stepping stones and
jump over obstacles. We employ the trajectory and deadbeat
control gain libraries and select a trajectory that satisfies con-
vergence, feasibility, and step location conditions.

4.1. Required Minimum Number of Steps to Plan

The exponential stability (11) at point-mass dynamics level
is guaranteed only if the desired control action f; (10) remains
within the feasible set #3. When the feasibility projection in
(12) is observed, it can be seen that the polyhedral limits, hence
the feasibility conditions, are determined by the relative foot
placement point with respect to the CoM location. The dead-
beat control action in (15) modifies the periodic foot placement
point considering the state errors such that the desired control
action f; (10) remains close enough to the feasible set 7 al-
lowing convergence during the stance phase.

Recall the hybrid dynamics for the point-mass model,

g+ fim, rll<ro

3 p‘ -
Dc=8,
and let (-){tp,Lo} represent the states at the moment of touch-
down and liftoff and p;l‘ , be the desired foot placement point

; (16)
lirll = ro

for the n™ step (see Fig. 8). As stability is closely related to
the CoM position and velocity with respect to the foot place-
ment point, foot placement on p must be done with proper
center of mass states to preserve the stability and continue to
run. Consequently, we target stepping on p; , Wwith any peri-
odic trajectory (x*, u*). To determine the minimum number of
steps required for guaranteed convergence, we perform a con-
trollability analysis of the point-mass dynamics and deadbeat
control actions through back-integration (see Fig. 8).

Assume foot placement on p’; , at the n™ step with any peri-
odic (x*, u*) configuration. The center of mass position at the
touchdown is an inverse kinematics function of leg states (2),

1nvk1n(pfd, u” a7

Pc ™D

where p* represent configuration states being on the periodic
trajectory. The liftoff states of (n — 1)™ are related to the touch-
down states of n'™ through the back-integration of ballistic dy-
namics. Due to the passive dynamics, the states remain on the
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periodic manifold:

n—1lx  n—lxy _ . 71,% - 71,%
(Peros Poro) = integration (Zfights Peps P.rp)-
[r=TD">LO""]

(18)

The touchdown configuration of step (n — 1) can be obtained by
back-integration through the stance dynamics:
n—1 n—1%  .n—1x

-1 . .
(PC,TD, PZVTD) = integration (Zsance, P.io: Pro>
[=LO"'>TD" ]

SO P ). (19)

The stance phase of step (n — 1) in (19) is the first phase with
the active control force. Consequently, the touchdown states
(pi’TlD, PZ,}IIJ) are not necessarily periodic and convergence to
the desired periodic trajectory must be completed during this

phase. However, p}’l is already predetermined by the landing

configuration of the previous flight phase. As p*~! is related
to the feasibility constraints imposed on the control force (12),
convergence without deadbeat control (15) is possible if f;’l()
remain close enough to the feasible subset 7>, but not guaran-
teed. Consequently, starting to plan from LO”~? and initiating
step TD”~V with the deadbeat controlled leg states,

n—1 Sn—2

_ . . . ) -2
p f.controlled — dekln( Integration (zﬂlght’ Pc,Lo, PC,LO P
[=LO">>TD" ']

u* + KAx) (20)

results in guaranteed convergence to any periodic trajectory that
would land on p’} 4 on the second step.

4.2. Jumping Over Randomly Appearing Obstacles

Let some random obstacles appear in front of the robot im-
mediately after touchdown, so that the robot must jump over
them and continue running, maintaining its stability. Let d;,,
be the height of the obstacle and the end of the obstacle is d14.x
away from the back of the foot (see Fig. 9). As the obstacle ap-
pears immediately after touchdown, planning begins from (19),
targeting stepping on any r; that lies behind the object. As p?‘l
is predetermined by the previous flight phase, convergence to
any trajectory is not guaranteed but still possible for some, de-
pending on the overlap between the desired forces f;;(-) and
the feasibility set 7 for i trajectory. Let x1p and utp be the
actual spring-mass states of the system at the touchdown mo-
ment. Recalling from (15), if the touchdown leg states are close
enough to the deadbeat controlled leg states for i trajectory,

utp = u; + Ki(xrp — xj), (21)

Figure 9: The CoM model jumping over randomly generated obstacles.

Algorithm 1 Jumping over obstacles: the touchdown policy.

1. Eliminate all trajectories whose leg clearance at the apex height is
less than 6,,4.. Recalling (2), the elimination condition follows:

6]d,2 < Pezapex,i — lh Ccos 91.1‘ Cos 62,i~

2. Calculate foot displacements using (6) for the case of full conver-
gence and store them in a library A = [61T 6 .. .]T.

3. Reduce the displacement library A with
51(1,)( < Ax-
4. Pick a trajectory with the highest possibility of convergence:

ml_in lrp — @7 + Ki(xtp — x7))I.

convergence is possible in the given stance phase. The trajec-
tory selection policy employs (21) and comprises two comple-
mentary parts: touchdown (see Alg. 1) and liftoff (see Alg. 2).
Both algorithms output the same trajectory when no disturbance
is present. On the other hand, repetitive re-selection is done for
re-planning purposes to address disturbances and uncertainties.
The touchdown algorithm, Alg. 1, first gathers all trajectories
that satisfy the jumping conditions and picks the one with the
highest convergence possibility with respect to (21). The liftoff
algorithm, Alg. 2, updates the selection in the case of distur-
bance, uncertainty, or incomplete convergence conditions. The
algorithm seeks a trajectory that satisfies the landing conditions
and maintains stability after landing. As multiple trajectories
may satisfy conditions in Alg. 2, one with the closest apex states
is chosen for minimal convergence effort.

4.3. Running Through Randomly Generated Stepping Stones

Let the following two stepping stones are separated by
01y € R® and 8,y € R3 (see Fig. 10). Furthermore, let

o, = [1/2 w/2]T be a relaxation such that the foot does not
have to be on the center but is still inside the stepping region.
Due to strict foothold constraints, planning starts from (20),
corresponding to step (n — 2), so that landing step (n — 1) with
the deadbeat controlled leg states results in guaranteed conver-
gence to the desired trajectory to land on p}’ 4 Steps (n — 2),
(n — 1), and (n) represent the current foot location, one-ahead
stepping stone, and two-ahead stepping stone, respectively.

The selection policy is triggered at each touchdown and
liftoff, resulting in repetitive re-selections to address distur-
bances and uncertainties. The touchdown and liftoff selection
policies are shown in Alg. 3 and Alg. 4 and are extensions of
Alg. 1 and Alg. 2, respectively. The touchdown selection pol-
icy targets stepping on the next stepping stone. The liftoff selec-
tion policy targets stepping anywhere on the one-ahead stepping
stone with the deadbeat controlled leg states, such that converg-
ing onto the suitable trajectory results in stepping on the two-
ahead stepping stone with a periodic trajectory.
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Algorithm 2 Jumping over obstacles: the liftoff policy.

Algorithm 4 Random stepping stones: the liftoff policy.

1. Estimate the apex state X,ex of the free-flying ballistic dynamics.
For arise time ;. = v,/g definition, the apex height is simply:

2
trise .

hapex = Pcom,z T Velrise — OSg

2. Recall (15) and calculate the deadbeat-controlled new set of leg
states for guaranteed convergence to any trajectory:

Uinew = uT + Ki(xapex - xr)
3. Eliminate all kinematically infeasible trajectories:

lh,min < lh.new,i < lh,max’
gl,min < Hl,ncw,i < Hl,max,

02,min < 02,new,i < 62.maxv

4. FEliminate all trajectories whose leg clearance at the apex height is
less than d;,. Recalling (2), the elimination condition follows:

6111,2 < pc,z,apex,i - lh,new,i cos gl,new,i Ccos 02,new,i-

5. Calculate the possible foot placement points (6) with the new leg
states u; new and store them: A = [6IT 62T .. ,]T,

6. Reduce the displacement library A with

6ld,x < Ax.

7. Pick a trajectory with minimal convergence effort:

miin ”xapex - x;”

Figure 10: The CoM model navigating over stepping stones. The red crosses
represent possible random foot placement points due to the relaxation condi-
tions, which require an update on &4 for the next step.

Algorithm 3 Random stepping stones: the touchdown policy.

1. Apply Alg. 1 for the next step with the following two modifications:

e In step 2, take account of surface-level differences and calculate
the flight time (fgigne = frise + fran) accordingly.

o In step 3, the reduction condition changes:

Orax —Wi/2 < Ay < Orax +w1/2,
6ld,y - 11/2 < Ay < 61(1'), +ll/2-

4.4. Changing the Running Direction
Changing the heading angle combines two tasks: rotating
the inertia/body and changing the CoM velocity. This section

1. Apply Algorithm 2 to find all trajectories that end up stepping on
the one-ahead stepping stone with the following modifications:

o In step 5, take account of surface-level differences and calculate
the flight time (fgign; = tise + fran) accordingly.

o In step 6, the reduction condition changes:

Oldx = Wi1/2 <Ay < S1ax +w1/2,
6149, - 11/2 < Ay < 6ld,y + 11/2

o Skip step 7.
2. Eliminate all trajectories whose leg clearance at the apex height is
less than 65,;.

3. As aresult of the relaxation conditions, each trajectory has a dif-
ferent foot placement point on the first stepping stone (see Fig. 10).
Update 6,4, and 6,4, for each remaining trajectory:

62d,x,i = 62(1,)( - (6[,)( - 62d,x)s
O2dy,i = 02ay + (0iy — O2ay)-
4. Calculate foot displacements using (6) for the case of full conver-

gence, also considering the height differences and flight times accord-
ingly, and reconstruct the displacement library A.

5. Further reduce the displacement library A for the following two
relaxed conditions:

O2dxi = W2 2 < Ayi < O2qxi + W2 /2,
O2dyi — /2 < Ayi < aayi + /2.

6. Pick a trajectory with minimal convergence effort:

Inl_in ”xapex - xr”

assumes body rotations are handled at the whole-body control
level and focuses on CoM control. During running, rotating the
body while failing to change the CoM velocity direction causes
the robot to roll and fall to the sides (Fig. 1C shows the body
lean and the tendency to roll side when a sudden turn is applied
while running). Therefore, step adaptation is required for the
next step through the deadbeat controller.

Define R, € R¥3 to be a rotation matrix from the world
frame °F to the new frame 'F aligned with the new desired

y ,/'/
<, : P
OfLX ‘ox;*,’ 7N +
5 XA
6fy' f)\?\/f(

Figure 11: Foot placement illustration when the robot changes the running di-
rection suddenly at the second step. During the stance phase, the system aims
to converge to the desired trajectory. During the flight phase, the deadbeat
controller reacts to the remaining errors by shifting the foot placement point
towards the bottom right of the nominal.
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running direction (see Fig. 11). The reference CoM trajectories,
Pcds> Pea, and p. 4 are then transformed into the new frame, i.e.,
'"pea = RiOpcq. Similarly, the error definition for the deadbeat
controller (15) is transformed back to the world frame such that
Ax =R]'x — x*.

4.5. Scalability of the Policy

The trajectory selection algorithms involve combinations of
scalar and 3D vector-matrix algebra operations for each trajec-
tory. Hence, the computation time is linearly proportional to
the number of trajectories in the library. We measure 20us to
compute the most expensive algorithm, Alg. 4, for the exam-
ple library used in this study, which contains 315 trajectories
(see Fig. 5). Consequently, the number of trajectories can reach
more than ten thousand satisfying the real-time constraint.

5. Implementation on Humanoid Robots

Humanoid robots are high-degree-of-freedom complex float-
ing base systems. They include multiple subsystems, such as
legs, arms, head, and other joints on the torso and pelvis. Con-
trol of humanoid robots includes a set of task definitions cov-
ering the whole-body dynamics, such as swinging the legs and
arms, keeping the torso upright, and following a CoM trajec-
tory. The task formulations can be based on different con-
trollers, such as inverse dynamics control as in this paper, or
passivity-based control [36, 37, 38]. Then, the tasks are com-
bined in a QP problem and solved all together to find a solution
that satisfies all the tasks the best [39, 40, 41]. Task prioritiza-
tion can be handled either strictly by projecting lower-priority
tasks into the null space of high-priority tasks [39, 40, 42] or
softly with simple weight adjustments, as in this paper. De-
tailed WBC formulations with strict and soft prioritization are
provided in [43] and [44], respectively.

This section combines the conventional inverse dynamics
whole-body control formulation with two add-ons for collision
avoidance and reactive limb swing control. The new task defini-
tions introduce adaptiveness to the WBC formulation, enabling
it to handle multiple CoM trajectories without requiring addi-
tional tuning of gains and limb-swing trajectories. The reactive
limb swing control is relevant and important in the case of fre-
quent trajectory switching at the CoM level, resulting in a wide
variation of stance and flight phase characteristics. The col-
lision detection and avoidance prevent reactive limb swinging
from resulting in self-collision and can be implemented to pre-
vent possible arm-to-body and leg-to-leg collisions.

5.1. Floating Base System Dynamics

Let g be a set of configuration variables and v = (v, v;) be
the generalized velocity where v, = (vp, wp) € RS is the linear
and angular velocity of the floating base and v; € R" is the gen-
eralized velocity of the joints. The well-known robotic system
dynamics results in

; 0 T T
M@y + C(g. vy +74(q) = | | +J(@ e+ Tp(@) fp, (22)

where M is inertia matrix; C is Coriolis matrix; 7, is gravity
vector; T is joint torques; J. is contact Jacobians; f, is con-
tact forces; J, is closed chain constraint Jacobians; f, is closed
chain constraint forces. In the case of closed kinematic link-
ages, the passive joints are constrained to move together with
their corresponding actively driven counterparts through holo-
nomic constraints [45, 46].

5.2. Task Formulation via Inverse Dynamics Control (IDC)

For a given task Jacobian J;, the task space velocity yields

xi=Jw. (23)
The time derivative of (23) yields the task acceleration,
ii=Jv+Jdw. (24)
Setting ¥; = ¥; 4, where
Xia = Xirer + Kpi(Xirer — %) + Kpi(Xier — Xi) (25)

and {Kp;, Kp;} are positive definite gain matrices, the closed-
loop error dynamics results in being exponentially stable,

é,' + KD,iéi + Kgiei =0. (26)
5.3. Collision Detection and Avoidance
Let E : R? — R be a general ellipsoid function,
_ Dx Py Pz
E(p)—a—2+ﬁ+cz—l, 27

where {a, b, c} € R are radius of each axes. Consequently,
E={peR’ | E(p)=0}

collects all the points on the ellipsoidal surface. Assume a task
T is placed at point pr and a vector vgr = pr — pg defines
a vector from the ellipsoidal’s center to the task. Let n be the
surface normal. In the case E(vgr) < 0 and x;n < 0, im-
plying, the task is inside the ellipsoid and its velocity towards

A i
o

TSN =l
= L

Figure 12: An illustration of a task control reaching the ellipsoidal boundary.
The task velocity x7 is projected on the tangent space to prevent collision.
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inside, respectively, the task velocity must be projected to pre-
vent collision (see Fig. 12). Projection onto the nullspace of the
ellipsoid’s surface normal results in movement in the tangential
direction. The allowed velocity X7, is simply

X74 = X7 — proj,(%r), (28)

where

dE

n=— .

dq p=pr
The resultant task velocity is introduced as a high-priority task
in WBC formulation. In case E(vgr) > 0 or E(vgr) < 0 but
x;n > 0 no action is necessary as the task is either outside of
the region, or inside of the region but moving towards outside.

5.4. Reactive Limb Swing Control

Another important aspect of humanoid robot locomotion is
torso and limb swing control during running. As the 3D spring-
mass dynamics covers only the CoM control and the foot place-
ment point, the remaining limb swing and posture control must
be handled at the WBC level. Independent of the CoM stability,
preserving the postural stability, e.g., keeping the body upright,
is crucial for the continuity of the motion. As this study com-
bines varying running behaviors, in terms of trajectories, stance
time, and flight time, the limb-swing and torso control must be
generic and suitable for all.

5.4.1. Orientational Dynamics and Dynamic Coupling
The centroidal momentum is related to the generalized ve-
locities through

hg = Ag(q)v, (29)

where Ag € R®®*0 is the centroidal momentum matrix
(CMM) [33, 34] and n; is the number of joints. The CMM
is composed of linear and angular parts,

G= (30)

Al c R3><(n,+6)
Ak c R3X(n-f+6) .

Furthermore, the centroidal angular momentum matrix
(CAMM) A can also be decomposed into

Ay = [Av eR¥™ A,eR™ A€ R3X"f], (31)
where A,, A, and A; represent body translational, body ro-
tational, and joint velocity portions, respectively. Among the
submatrices of the CAMM, A,, is invertible and A, is always a
zero matrix for all configurations V¢q [47]. The centroidal angu-
lar momentum is then equal to

ko =[As A [“’f’] .

v; (32)

Reorganizing (32) results in the base frame orientation dynam-
ics showing the coupling between the joint velocities and base
frame rotational velocity,

wp = A (kg — Av)). (33)

11

Furthermore, the rate of centroidal angular momentum,

kG = Z ((Pcontact,i — Pcom) X fcontacl,i) > (34)

i=1

is related to the interaction forces at the contact points [32, 34].
During the flight phase, where the contact forces are zero, the
centroidal angular momentum is conserved, kg = 0. Conse-
quently, the base orientation cannot be controlled explicitly, but
is a function of the constant angular momentum and joint ve-
locities (33). During the stance phase, however, the problem of
orientation control is easier as it can be controlled explicitly by
the ground reaction forces (34).

5.4.2. Control Action

The stance phase includes multiple tasks: tracking the given
CoM trajectory originating from the spring-mass model, keep-
ing the stance foot fixed on the ground, keeping the torso up-
right, swinging the other foot forward to prepare for the next
step, and swinging the arms. Among the stance phase tasks,
arm swing is a redundant task that can be utilized in a reac-
tive manner to support postural stability. The flight phase, on
the other hand, is more redundant and harder to control than the
stance phase, as no foot is fixed on the ground. The only control
target originating from the spring-mass model is placing the up-
coming stance foot at a certain location with respect to the CoM
and waiting for touchdown. The remaining joints, which are the
swing leg and arms, must be controlled for the postural stability
to prevent any excessive roll due to the conservation of angular
momentum (34) and coupled body velocity dynamics (33).

Let n, and n, be the number of essential and redundant joints
such that n; = n, + n,. Furthermore, let

Jy Iz 053 03y, 034,
Jo| _ |03 Ixs Osxn, O3x, 35)
Je 0m><3 0m><3 Inpxny Ongxn,
Jr 0n,><3 0n,><3 0n,-><ne In,AXn,

collect all joint-level Jacobians for body translational, body ro-
tational, essential joints, and redundant joints, respectively. The
design objective is controlling the base frame orientation task
related to J,, in the nullspace of J, = [J,; J.], such that only
redundant joints are utilized. Let

NI:I_jtJt (36)
be the nullspace projection of J; where J, is dynamically con-
sistent pseudo-inverse of J, [41]. The new task Jacobian for
base orientation control becomes

Jw,p = Jth~ (37)

Defining a WBC task (24) through J,, , and minimizing for the
desired acceleration (25) written in terms of actual base orien-
tational position and velocity errors results in a control through
the ground reaction forces (if available) and redundant joints.
Note that the proposed task formulation for base orientation
control is not a task prioritization but rather a joint isolation, as
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they are written at the joint level. The formulation allows only
a certain set of joints to be utilized for body orientation control,
regardless of other tasks. In case multiple task formulations
share common joints, they are still affected by each other and
prioritized by weight matrices. A task written with J,, , for the
base orientation control results in inherently determined redun-
dant joint control for the stance and flight phases.

5.5. Whole Body Control Formulation

The desired CoM and limb trajectories are mapped to a hu-
manoid robot through an optimization-based whole-body con-
troller. Selecting the parameters to optimize for as {V; 7; fc; f}},
the combination of all task controllers (25) into a quadratic
problem constitutes the cost function of the problem:

min Rig — X)W 4 - ¥ 38
min, Z( 4= E) Wiy - £) (38)
Such that:

My+Cv v = |2 e IS+ T (38a)
Jov+Je4=0, (38b)

Mz Hfz
ful £ ==, |fi| <—=, and f, >0 VI, (38¢)
Jov+dpg =0, (384)
Tmin <T< Tmax (386)

where (38b) and (38c) are stationary foot and friction con-
straints. As the cost function (38) is constituted by a combina-
tion of different tasks and their corresponding weight matrices
Wi, the tasks with higher weights are prioritized.

6. Simulations

The simulation results include flat surface running with ve-
locity changes, sudden turns, and running through stepping
stones. To further justify the proposed method’s robustness
against real-world challenges, we also simulate its operation
under a comprehensive and significant set of signal noise, im-
precision, and delays. The supplemental video includes all and
more, including responses to force disturbances, unobserved
height differences, edge stepping, and slalom running. Note
that, although this paper presents diverse and highly dynamic
behaviors (see Figs. 1 and 14), all behaviors were obtained us-
ing the same parameter set without requiring additional tuning,
thanks to the reactive limb-swing formulation.

We use MuJoCo Physics Simulator [48] for simulation;
Pinocchio [49] for rigid body dynamics and kinematics calcula-
tions; ProxQP to solve the QP problems in (38) and (12); Ceres
Solver [50] to solve the nonlinear least-squares problems for
periodic trajectory optimization (5). We set the friction coeffi-
cient 4 = 0.6, considering concrete terrains. Execution times
for control and library calculations are provided in Table 1.

In addition to reactive limb swing control, we introduce a
low-weight zero position and velocity task for redundant joints
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to enhance numerical stability. The limb-swing task overrides
the low-weight zero configuration task, causing the redundant
limbs to swing inherently to maintain the torso’s upright posi-
tion, as shown in Fig. 14. Kangaroo uses backward leg swing
for angular momentum compensation (no arms), while Unitree
G1 employs both leg and arm swing — validating the frame-
work’s adaptability to kinematic variability. The backward leg
swing is more significant for Kangaroo as it does not have any
arms to compensate for angular momentum. Nevertheless, even
without arms, the control system manages to handle long flight
phases as shown in Fig. 14. The reactive control also signifi-
cantly enhances disturbance rejection capabilities at the whole-
body control level.

6.1. Response to Sudden Velocity Command Changes

One of the key factors in navigating a random environment
is the system’s ability to rapidly switch trajectories. We plot the
system’s response to suddenly changing velocity commands in
Fig. 15A. The figure illustrates that when commanded at the
liftoff moment, the robot transitions from stationary jogging to
a Im/s running velocity in a single step. The robot then acceler-
ates to 2m/ s, decelerates back to 1m/s, and comes to a sudden
stop. During the flight phase, in the event of an error or a trajec-
tory change command, the deadbeat controller adjusts the leg
angle and length parameters to ensure that the required ground
reaction forces necessary to converge on a new trajectory or
reject disturbances are feasible. The figure also compares the
system’s response to a sudden deceleration of 2 — 1m/s with-
out deadbeat control. It shows that without any leg adjustment,
the stance phase active control system cannot converge to the
desired trajectory in a single step due to feasibility limitations.
This is most important for running with precise foot placement
point control and shows the significance of mapping SLIP in-
put parameters with the deadbeat control gains in the step adap-
tation policy. Without deadbeat control, the response against
disturbances and sudden velocity/direction commands usually
ended up with failures in our simulations.

6.2. Response to Sudden Direction Command Changes

The deadbeat control implicitly inherits sudden and contin-
uous direction change capabilities at the CoM trajectory gen-
eration level. The remaining inertial and posture control is
achieved at the WBC level, also with the help of reactive limb-
swing capabilities. The supplemental video shows that the

Table 1: Execution times where 7" and # represent the sampling time and num-
ber of repetitions. CPU: AMD Ryzen 7 5800X, Interface: C++.

Offline T #  time
SLIP Library (5) 107 315 1.2s
J.ofactive SLIP (13) 107 315 1.6s
J. of active SLIP (13) 107> 315 1.6s
Online time
Trajectory Selection
with 315 Trajectories 20 ps
WBC Formulation 35 us
WBC Solution Avg. 125 us
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selection policy library Pu—| simulator
S 64
zg%bg;: —>o—} Environment Direction: R,_.|  wBC
FIighti {810 820}
{ur, x7', K}
1 Liftoff _/» Trajectory Deadbeat Py
selection policy library X0 —»|  cCONtrol
° i
{M; C, g; J: J, xcom! ).(com! }

{q. q}

{q. q}

Step adaptation SLIP control

Note: running on a fat surface requires no step adaptation or foot placement

point selection. Instead, any desired trajectory i can be selected so that the

robot runs at the desired velocity.

Figure 13: Overall control system diagram for the proposed method. Note that the activated parts differ for the stance and flight phases.

Figure 14: Top: Unitree G1 running at 1m/s. Middle: Kangaroo running through randomly generated stepping stones which are 60 to 100, 35 to 45, and +10
centimeters apart from each other in the longitudinal, lateral, and vertical directions, respectively. Bottom: Jumping over randomly generated obstacles that appear
40 centimeters ahead. The objects’ width and height vary between 5 to 30 and 10 to 15 centimeters, respectively. The remaining behaviors are shown in Fig. 1.

robot can rotate 10° per step and follow a sinusoidal (slalom)
trajectory with 2m/s running velocity. We show the system’s re-
sponse to sudden /4 radian direction change commands while
running at 1m/s forward velocity, both with the inner and outer
legs. At the touchdown, the spring-mass trajectories and the
body rotation commands of the torso and foot are transformed
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first by 7/4 radian for turning with the outer leg and then by
—m/4 radian back for turning with the inner leg (see Fig. 15B).
As the outer leg is already on the right side during the left turn,
the feasible ground reaction forces match the required ones,
and the system approaches the desired velocity states in a sin-
gle stance. The second turn, on the other hand, is a right turn



CoO~NOOOWNPE

OO OUUUIUUUUIVIOULDAADNDMARADNDRAWWWWWWWWWONNNNNNNNNNRERRRRRRRE
ORWMWNPRPOOONONPRONROOONOURWNROOONONRARONROOONOUIAWONRPOO®ONOUDAWNRO

—— Kangaroo ---- SLIP w/o deadbeat

J
1 1 1 1 ]

0 1000

2000

3000

v, (m/s)

4000

5000

6000 7000 8000

Eo05
<
0 1000 2000 3000 4000 5000 6000 7000 8000
(a)
Sudden 45° left turn Sudden 45° right turn
<&— ith the outer (right) leg with the inner (right) leg =1
1.0 ! i |
— 1 i 1
2 1\ i ! l
3 | i i
N | i i
Ly i I I I I I : 1 i 1 |
0 1000 2000 3000 4000 5000 6000 E 7000 i 8000 9000
1 H i
1.0 ' 1 \ 1
— : : : :
@ 05 % ' ! :
. | | : :
S ol 3
-05 [lomm e o ' I I I 1 EEPTTYE I |
0 1000 2000 3000 4000 5000 6000 7000 8000 9000

6000
Time (ms)

(c)

12000

Figure 15: Response of Kangaroo to (A) sudden velocity command changes, (B) sudden direction changes by /4 both with the inner and outer leg, (C) running
through randomly generated stepping stones. Zero SLIP values indicate the flight phases.

with the right leg. The robot’s current posture and foot place-
ment point do not allow it to converge to the desired states as
much, and significant magnitude errors remain, especially in
lateral velocity. The robot rolls over to the side and falls without
any step adjustment in the next stance. The deadbeat controller
places the foot wider than its periodic placement point such that
the remaining lateral velocity is rejected. As a high-magnitude
sudden turn also requires significant whole-body coordination
to rotate the body, our simulations without reactive-limb swing
control resulted in postural instability.
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6.3. Response to Randomly Generated Stepping Stones

The combination of highly maneuverable velocity control,
reactive limb swing control, and the step adaptation policy
with convergence considerations enables the robot to run over
randomly generated stepping stones, knowing only two steps
ahead. The range of the randomness are {0.6, 1.0}m in longi-
tudinal, {0.35,0.45}m in lateral, and {—0.1, 0.1}m in vertical di-
rections. The absolute distance between the two consecutive
stepping stones is usually longer than the leg length, and due to
randomness, each simulation run generates a different environ-
ment. The response to randomly generated stepping stones is
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shown in Fig. 15C. The figure illustrates the capability of mak-
ing frequent trajectory changes at each step.

6.4. Ground Reaction Forces

Observing the system’s ground reaction force evolution is an-
other way to examine the match between the whole body and
spring-mass dynamics. As shown in Fig. 16, the ground re-
action profiles of the humanoid running resemble those of a
spring-mass dynamics system. As the desired running velocity
changes, the active controller breaks the periodicity to converge
into the desired trajectory. Once converged, the ground reaction
forces follow almost the exact pattern of the conventional 3D
spring-mass model.

= 200 , —— Left foot — Right foot
= 0 /\/\ N AN S
W ! VoV vV l\/
& —200 - 01 (m/s) 10 (m/s) !
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Figure 16: Ground reaction forces of Kangaroo while running at different paces.

6.5. Response to Noise and Uncertainty

To better justify the proposed method’s robustness against
real-world challenges, such as disturbances, signal noises, im-
precision, and delays, we perform an additional verification.
The supplemental video already includes the system’s response
to force disturbances, undetected height changes, and corner-
stepping conditions. Here, we take into account unideal actua-
tion characteristics, delays, modeling errors, and sensor noise.
The new system diagram, incorporating noise and uncertainty,
is shown in Fig. 17. The applied noise and uncertainties are ran-
dom and generated in run-time through “std::random_device”
and “std::mt19937” in C++.

We again examine running at different velocities and during
transitions under the influence of the newly introduced real-
world conditions. Note that the overall control system, in terms
of the whole-body control, trajectories, and control gains, has
been kept the same, and no additional tuning has been done.
The system’s response is provided in Fig. 18. Compared to
the ideal behaviors shown in Fig. 15, Fig. 18 exhibits a nois-
ier behavior, which is more pronounced in the running direc-
tion, vy. The actual periodic running velocity varies between
the consecutive steps, and transitioning performance decays un-
der the given conditions. Nevertheless, longitudinal velocity
RMSE = 0.085m/s, lateral velocity RMSE = 0.021m/s, con-
firming stability under disturbances. Furthermore, state-based
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Figure 17: A diagram regarding the applied noise. The generalized velocity
readings (body frame and joint velocities), motor torque commands, and mass
distribution are subject to signal noise, delay, and uncertainty.

phase transitioning of the spring-mass model enhances the dis-
turbance rejection performance as the flight and stance times
are not precise under disturbances and uncertainties.

7. Discussion

Two main outcomes of this paper are step adaptation through
the spring-mass model and reactive limb swing control.

7.1. Step Adaptation

The original spring-mass model is a velocity-based
biomimetic running model constructed around periodic trajec-
tories [1, 12, 13]. Although it exhibits highly dynamic behav-
iors over a compelling set of continuous ground reaction force
patterns, step adaptation has not yet been achieved on a hu-
manoid model. We demonstrate that, while retaining the advan-
tages of the periodic spring-mass running model, our method
can induce sudden changes in velocity (see Figures 15A-16)
and reject disturbances including physical perturbations, model
and sensing imprecisions, and varying surface conditions (see
Figures 1,17, and 18). The rapid trajectory switching capability
is employed by the step adaptation policy (see Algorithms 1-
4), enabling step adaptation in random environments (see Fig-
ures 14-15C). Although requiring a trajectory library, the li-
brary generation is entirely automatic and tuning-free, taking
only a few seconds to calculate for hundreds of trajectories. It
is scalable up to thousands of trajectories while still satisfying
real-time constraints (see Table 1).

7.2. Reactive Limb Swing Control

The spring-mass model falls short in capturing multibody
and angular momentum effects when controlling a full-scale hu-
manoid robot [12, 13, 47]. As it only covers the CoM control
and the foot placement point, the remaining limb swing and
posture control are not considered in planning and must be han-
dled separately. The limb swing is important both for angular
momentum control and preparation for the next step. In cases
of frequent trajectory switching and disturbances, where force
profiles, stance time, flight time, and foot placement conditions
vary, a different limb-swing behavior is required to maintain
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postural stability. We address this problem through a reactive
limb-swing task, eliminating the need for trajectory-specific
tuning. We demonstrate that the reactive limb swing task uti-
lizes a backward leg swing for angular momentum compensa-
tion in the case of the Kangaroo (without arms) and employs
both leg and arm swing in the case of the Unitree G1, thereby
validating the framework’s adaptability to kinematic variability.
Along with tuning-free CoM trajectory switching capabilities,
the limb swing task also enhances disturbance rejection perfor-
mance at the whole-body control level, as it is related to overall
postural stabilization while tracking the given CoM trajectory.

8. Conclusion

This study develops an overall control framework for highly
maneuverable robots to navigate through random environments.
First, a carefree 3D spring-mass trajectory library is generated
by varying the running velocity, apex height, and leg stiffness.
Then, an apex-to-apex deadbeat control gain library, which ma-
nipulates leg angles and length parameters for disturbance re-
jection or trajectory switching purposes, is obtained through a
model that resembles the full-order model’s constrained and ac-
tively controlled CoM dynamics well. The total offline library
calculation process takes around 4.5 seconds for 315 trajecto-
ries and can even be done a few seconds before running the
robot. Then, we develop a step adaptation policy that enables
the robot to run in random environments. We show that running
through random stepping stones and jumping over obstacles is
possible with at least two-step and one-step planning, respec-
tively. Furthermore, the step adaptation is performed consid-
ering the kinematic and dynamic feasibility, as well as conver-
gence conditions. The online step-adaptation policy can handle
thousands of trajectories while still satisfying the real-time con-
ditions. Mapping the spring-mass trajectories to a full-size hu-
manoid robot model is achieved through a conventional whole-
body control with additional reactive-limb swing control for-
mulation. The reactive limb swing enables the preservation of
postural whole-body stability under a wide variety of different
spring-mass trajectories and enhances the disturbance rejection
performance. We show the inclusiveness and the robustness of
the proposed framework through various challenging and agile
behaviors, such as running through randomly generated step-
ping stones, jumping over random obstacles, performing highly
dynamic slalom motions, changing the running direction sud-
denly with a random leg, and rejecting significant disturbances
and uncertainties through the MuJoCo physics simulator. To
further justify robustness against real-world challenges, we pro-
vide additional simulations with unideal actuation characteris-
tics, delays, modeling errors, and sensor noise. All the afore-
mentioned behaviors are performed using a single library and
the same set of whole-body control parameters, without requir-
ing additional tuning.

9. Supplemental Media

The presented and additional results are provided in the sup-
plemental video with the following content:
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e The actively controlled template model runs through ran-
domly generated stepping stones.

o Starting from stationary jogging, Unitree G1 accelerates to
1m/s and comes back to stop.

e Starting from stationary jogging, Kangaroo first acceler-
ates to 1m/s, then to 2m/s, and comes back to stop.

e Kangaroo runs at 2m/s velocity and performs slalom
movement with 10 degree rotation per step. Then it per-
forms sudden +7/4 radian turns with random legs.

e Kangaroo runs at 1m/s velocity and jumps over randomly
generated objects.

e Kangaroo runs through randomly generated stepping
stones.

e Force disturbance rejection performance in all directions
while running at 1m/s velocity.

e Running through unobserved ground height differences
and edge stepping.
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Figure 18: Kangaroo’s center of mass velocities (left) and estimated ground reaction forces (right) under the influence of noise described in Fig. 17.
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