
 

Contents lists available at ScienceDirect

Computers and Structures

journal homepage: www.elsevier.com/locate/cas  

A framework for simulation-based transfer path analysis using dynamic 

substructuring and component mode synthesis

Said El Kadmiri Pedraza 

a, b,∗ iD, Hans Peter Monner 

a, b , Stephan Algermissen 

a

a Institute of Lightweight Systems, German Aerospace Center (DLR), Lilienthalplatz 7, 38108, Braunschweig, Germany 

b Otto Von Guericke University Magdeburg, Universitätsplatz 2, 39106, Magdeburg, Germany

H I G H L I G H T S

• Development of a general framework to implement simulation-based Transfer Path Analysis using Component Mode Synthesis.

• Introduction of a new dual fixed-interface CMS method: Fixed Dual Craig-Bampton (FDCBM).

• Distinction of two TPA families: displacement-based (primal) and force- based (dual), and implementation of multilevel TPA.

• Free-interface CMS methods are inaccurate and computationally expensive in the studied example.

• The FDCBM competes with Craig-Bampton in accuracy and efficiency, and it emerges as the best candidate for force-based TPA.
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A B S T R A C T

This paper presents a simulation-based framework for Transfer Path Analysis (TPA) using Dynamic Substructuring 

(DS) and Component Mode Synthesis (CMS) in the context of Finite Element Analysis. A new CMS method is 

introduced, which combines fixed-interface and constraint modes within a dual assembly formulation, referred 

to as the Fixed-dual Craig-Bampton Method.

The framework enables the application of DS and CMS techniques for Multilevel TPA, offering a structured 

approach to trace vibration transmission through hierarchical vibrating sublevels. Two families of TPA are defined 

and investigated: displacement-based (primal) and force-based (dual). A detailed structural example is provided 

to benchmark several CMS methods and to evaluate the trade-offs between computational efficiency and accuracy 

in numerical TPA.

The results highlight the advantages of Multilevel TPA in isolating critical substructures. The benchmark 

analysis establishes the Craig-Bampton Method (primal) and the novel Fixed-dual Craig-Bampton Method (dual) 

as the most suitable CMS approaches for numerical TPA. Finally, displacement-based and force-based TPA results 

are compared. Both approaches exhibit different contribution results, leading to different interpretations of the 

Transfer Path Analysis.

1 . Introduction

Dynamic Substructuring (DS) and Transfer Path Analysis (TPA) 

are closely related methodologies in structural dynamics. DS provides 

a means to divide a structural domain into subdomains, enforcing 

compatibility in terms of displacements and equilibrium in terms of 

forces [2]. On the other hand, TPA is focused on the determination 

of path contributions, and it also involves substructuring the prob­ 

lem. Transfer Path Analysis is primarily used in experimental testing 

to determine the main paths in existing assemblies (classical-TPA) or in 

models where the source of vibration is characterized (component-based 

TPA) [22].

These traditional TPA approaches consist of: 1) obtaining the charac­ 

teristics of the receiver component using Frequency Response Functions 

(FRFs), normally represented as the admittances of the system, either 

measured in experimental testing or in numerical analyses, 2) obtain­ 

ing the interface forces between the source component, generally in 

frequency domain, and 3) estimating the path contributions given the 

admittances and the interface forces. This procedure is also known as 

Frequency-Based Substructuring (FBS) [4].
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Nomenclature

∗ , 𝑏 ∗𝑏𝑏 Pertaining to interface DOF

∗ , 𝑖 ∗𝑖𝑖 Pertaining to internal DOF 

∗𝑗 Pertaining to prescribed interface DOF

∗𝑘 Pertaining to retained interface DOF

∗(𝑃 ) Pertaining to the passive assembly

∗(𝑠) Pertaining to the substructure

𝑨𝑏𝑏 Equilibrium matrix applied to interface DOF

AP Active-passive assembly

𝑩 Constraint matrix

𝑩𝑏,𝑗 Selection matrix of prescribed DOF

𝑩𝑏,𝑘 Selection matrix of retained DOF 

𝑩𝑏𝑏 Interface DOF selection matrix 

𝑩𝑒𝑞 Equilibrium matrix applied to assembly DOF 

𝑩𝑖𝑖 Internal DOF selection matrix 

CBM Craig-Bampton Method 

CCBM Condensed Craig-Bampton Method 

CDCBM Condensed dual Craig-Bampton Method 

CMS Component Mode Synthesis 

𝑫 Damping matrix 

DCBM Dual Craig-Bampton Method 

DOF Degree of freedom 

DS Dynamic Substructuring 

𝒇 Assembly force block-vector

f-TPA Force-based TPA

FDCBM Fixed dual Craig-Bampton Method

FRF Frequency Response Function

𝚽 Component modes

𝚽𝒊 Internal component modes 

𝚿𝑖𝑏 Constraint modes 

𝒈 Assembly interface force block-vector 

𝑮 𝑟 

Residual flexibility matrix 

𝑲 Stiffness matrix 

𝑳 Localization matrix 

𝝀 Vector of Lagrange Multipliers 

𝑴 Mass matrix 

MNM MacNeal’s Method 

𝛀2 

 Component eigenvalues 

𝑷 𝑖 

Passive assembly at 𝑖-th TPA level 

RM Rubin Method 

TPA Transfer Path Analysis 

u-TPA Displacement-based TPA 

𝒖 Assembly displacement block-vector

𝒖𝑏 Vector of coupled interface DOF 

𝒖 𝑏,0 

Vector of uncoupled interface DOF 

𝒖 𝑚 Modal participation vector 

𝒖 𝑚,𝑖 Internal modal participation vector 

𝒖 𝑝 

𝒀 , 𝒁
Prescription vector

Admittance, impedance

The Dynamic Substructuring formulation treated in the context of 

this paper is focused on analysing Finite Element Models. The DS ap­ 

proach and the Component Mode Synthesis (CMS) reductions have been 

extensively studied by many authors, and the work presented in this pa­ 

per is based on the work by Allen, Rixen, de Klerk, and Gruber [2,6,9], 

as well as two recent formulations presented by the authors of this paper 

[7]. In the book [2], a compilation of the most relevant CMS methods 

was presented: namely the Craig-Bampton, Rubin, MacNeal and Dual 

Craig-Bampton methods. A previous two reviews, on which the book is 

based, correspond to [9], which compares different CMS methods and 

analyzes them from the point of view of sparsity patterns, and [6], which 

establishes a general framework for Dynamic Substructuring. In [7], 

the authors of this paper developed two CMS methods: the Condensed 

Craig-Bampton and the Condensed Dual-Craig Bampton. However, 

these works only tackle the substructuring problem to assemble in­ 

dependent subdomains, and they are not focused on performing TPA 

(Table 1).

As the authors of this paper are concerned, no structured method­ 

ology that links CMS with TPA exists, since the two formulations are 

essentially different in nature: CMS uses the impedances (or dynamic 

stiffnesses) of the components, while TPA requires the admittances (in­ 

verses of the impedances) to work. Furthermore, the CMS impedances 

are given by mass, damping and stiffness FEM matrices that are fre­ 

quency independent, allowing for both time-domain and frequency-

domain analyses, whereas the traditional TPA approach requires single 

Frequency Response Functions. This lack of connection between the 

methodologies has already been underlined by van der Seijs [22], even 

though early works done by Rubin [19] suggested a link between them. 

However, some works include TPA and simulation models that integrate 

DS or CMS in the analysis:

• In [15], the work presents an experimentally based CMS method for 

predicting the forced response of coupled substructures by combin­ 

ing test-derived models and uncoupled responses, enabling hybrid 

experimental–numerical analysis in the frequency domain.

• In [24], the study applies CMS for model order reduction in a 

multi-body simulation framework to analyze structure-borne sound 

transmission and transfer path behavior in a rail bogie system.

• In [1], the work presents a numerical TPA approach combining 

DS and flexible multibody simulation, where structure-borne noise 

paths are evaluated using the Wave Based Method (WBM) to assess 

excitation-response relationships in a 4-cylinder engine.

• In [11], the study combines FBS and blocked-force TPA to enable 

parametric NVH optimization, demonstrating a hybrid modeling 

approach for an electric compressor assembly with virtual coupling.

• In [16], the author applies simulation-based adaptations of classical 

and component-based TPA methods to elastic multi-body models, en­ 

abling efficient NVH analysis and weak spot detection in complex 

systems through accurate post-processing of numerical drivetrain 

simulations.

• In [13], excitation forces at the mounts are obtained from an FE 

model of the real powertrain, while the vehicle body–cavity FRFs 

are measured experimentally using vibro-acoustic reciprocity.

• The work in [8] explicitly frames the intersection of TPA and FBS, 

proposing a control-based hybrid substructuring approach to TPA.

• In [10], a transfer path model of a two-stage serial isolation system 

is developed combining FBS and DS.

• In [12], DS and FBS are again merged, where TPA is cast into a 

DS framework by using FRFs and virtual infinite-stiffness springs to 

numerically remove individual paths and evaluate their road-noise 

contribution without classical/operational TPA testing.

• In [23], TPA is performed through FBS by using elastic Multibody 

Simulation to compute path forces and FRFs, which are combined 

with experimental TPA sound-radiation FRFs to identify and opti­ 

mize critical transfer paths.

These examples illustrate how DS and CMS, combined with FE and 

multibody models, are used within TPA, while the actual contribution 

analysis is consistently based on Frequency Based Substructuring relying 

on FRFs. Moreover, most studies focus on hybrid TPA, i.e., integrating 
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Table 1 

Comparison between traditional (classical and component-based) TPA and the new DS/CMS-based 

TPA workflows.

Traditional TPA DS/CMS-based TPA

General workflow: 

• Properties of Passive (P) and Active (A) 

components using Frequency Response 

Functions (FRFs)

• Operational Forces: ∙
( )

Classical TPA: Contact 
(𝑃 )

 

 
forces in AP 𝑔 Component-based𝑗  ∙  TPA: 

( )

Blocked-forces in 𝑔𝑒𝑞A 𝑗

• Estimation of j-th path contribution: ∙
(

Classical TPA: 𝑢 

𝑃 ) 

𝑗 = ( ) ( )
 𝑌 𝑔 𝑃

𝑗 
𝑃

𝑗  ∙ Component-
(𝑃 )

based TPA: 𝑢  

𝑗 = (
 𝑌 

𝐴𝑃 )
𝑗 𝑔𝑒𝑞𝑗

 

General workflow: 

• Properties of Passive and Active components 

using Finite Element Model (FEM) matrices 

(mass, stiffness, damping)

• Operational Forces: Contact forces AP 𝑔(𝑃 )𝑗
• Estimation of j-th path contribution: Solution 

of DS problem

( ) ( ) ( ) ( ) ( ) ( ) ( )𝑀  

 

𝑃 𝑢̈ 

𝑃  

𝑗 𝑗 + 𝐷 𝑃 𝑢̇ 

𝑃  

𝑗 + 𝐾  

 𝑗  

𝑃 𝑃
𝑗 𝑢𝑗 = 𝑔 𝑃

𝑗

Key features: 

• Use of admittances 𝑌 (𝜔) = 𝑍 

−1 (𝜔)
• Frequency-Based Substructuring (FBS)

• Experimental or hybrid experimental-

simulation set-ups.

• Limited to small sets of FRFs and interfaces

Key features: 

• Use of FEM mass, damping, and stiffness 

matrices

• Dynamic Substructuring and Component 

Mode Synthesis

• Time-domain and frequency-domain

• Fully simulation-based methodology

Fig. 1. Primal and dual assembly coupling. In the primal assembly, a com­ 

mon set of displacement DOF is established. In the dual assembly, the interface 

forces are part of the unknowns. The first approach integrates compatibility and 

equilibrium, and in the second compatibility is imposed explicitly.

numerical and experimental analyses. In contrast, the approach in this 

article is fully numerical and implemented entirely within FE models.

Integrating TPA within the framework of DS and CMS enables the for­ 

mulation of new methodological strategies. The application of the primal 

assembly (see Fig. 1) in TPA leads to a formulation where interface dis­ 

placements are imposed. This differentiation leads to the classification 

of two TPA families: displacement-based TPA (primal), and force-based 

TPA (dual).

The new TPA representation makes it easier to perform complex anal­ 

yses, since the procedure can be carried out systematically in a numerical 

scheme. Within this framework, the hierarchical extension of TPA, re­ 

ferred to as multilevel TPA [21], is introduced at the context of DS to 

analyze paths in different active-passive levels.

The force-based traditional TPA methodologies are focused on 

analysing forces at the interfaces between the components. From the 

DS approach, this involves the computation of interface forces, which 

requires a dual formulation. The problem with the dual methods is that 

they require solving for larger systems of equations than primal methods, 

since they also include interface forces as unknowns, which represent 

a larger number of degrees of freedom (DOF). For this purpose, CMS 

reduces the computational needs.

However, the authors of this paper have shown in a recent work [7] 

that the CMS methods aimed at tackling the dual problem (Dual Craig-

Bampton [18] and Condensed dual Craig-Bampton [7]) are not accurate 

enough to assemble the models. There is a need for a solid dual CMS 

method for the development of a CMS-TPA methodology.

This paper addresses the previous research frontiers by:

• Establishing a common framework to apply TPA from a Finite 

Element modeling perspective. It formalizes how primal and dual 

assemblies in Dynamic Substructuring, as well as fixed-interface and 

free-interface CMS methods, can be efficiently applied to study TPA 

using FE-based numerical models.

• Introducing a new dual CMS method based on the concepts of fixed-

interface and constraint modes. It aims to provide a reliable CMS 

method to compute interface forces.

• Integrating the new TPA methodology into the Multilevel TPA 

paradigm.

• Analyzing the differences between displacement-based TPA, based 

on primal methods, and force-based TPA, based in dual methods. 

And it introduces the following advances over the existing literature:

• A systematic and fully numerical TPA methodology that operates di­

rectly on simulation models without computing and evaluating FRFs, 

providing a new interpretation of the TPA paradigm — traditionally 

tied to Frequency Based Substructuring, with admittances — now 

consistently embedded within standard FE analyses.

• A dual CMS formulation specifically designed to overcome the 

accuracy limitations reported for previous dual CMS approaches.

The novel TPA methodology is validated with an analytical multi 

mass-spring system. All the methodologies introduced in the paper are 

demonstrated through a numerical example. This example is used to es­ 

tablish which CMS method is more appropriate for the TPA problem, as 

well as to study the advantages of using Multilevel TPA, and to high­ 

light the variability of contribution results when using a primal method 

(displacement-based TPA) and a dual method (force-based TPA).

2 . The transfer path problem

Transfer Path Analysis aims to identify and quantify the transmis­ 

sion of forces and vibrations between interconnected substructures. 

While traditional TPA primarily relies on experimental measurements 

and Frequency Response Functions, a Dynamic Substructuring perspec­ 

tive offers a computationally efficient approach to model and analyze 

transfer paths within numerical simulations.

Consider a coupled dynamic system composed of two subsystems, A 

(active) and P (passive), which are interconnected at a shared interface 

(see Fig. 2). The dynamic behavior of this assembly can be described 
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Fig. 2. Representation of the transfer path problem in the context of dynamic 

substructuring. the system is decomposed into an active and a passive part. The 

subsystem A is substituted in subsystem P by the interface forces and interface 

displacements generated at the active-passive interface.

in terms of internal degrees of freedom within each subsystem and in­ 

terface DOFs, where forces and displacements are transmitted. In this 

framework:

• The operational excitation occurs in subsystem A.

• The transmission path is characterized by the interface forces or 

displacements in the shared interface.

• The response at subsystem P results from the interface forces and 

imposed displacements originating in the assembly AP.

Through this approach, transfer path contributions can be systemati­ 

cally analyzed using different CMS techniques as dynamic substructuring 

reduction methods. The interface forces can be reconstructed using 

dual assembly formulations, whereas interface displacements can be ob­ 

tained through primal methods. The methodology described in this work 

establishes a Numerical Transfer Path Analysis, allowing for:

• The application of reduced-order substructuring techniques to effi­

ciently compute transfer paths.

• A force-based interpretation using dual assembly methods, directly 

linking interface forces to receiver responses.

• A displacement-based interpretation using primal assembly methods, 

prescribing interface displacements to the receiver responses.

3 . Multilevel TPA

Multilevel Transfer Path Analysis extends conventional TPA by sys­ 

tematically evaluating the contribution of components across multiple 

hierarchical subsystem levels, forming a “chain” of interconnected sub­ 

systems [21]. This approach is particularly useful in complex structures 

where vibrations propagate through multiple intermediate components 

before reaching the target response location. 

The fundamental principle of Multilevel TPA is the decomposition 

of a global dynamic system into successive subsystem levels. Each sub­ 

system is characterized by a subset of components, a set of external 

interfaces and a set of internal interfaces.

Fig. 3 depicts the general workflow of Multilevel TPA in the context 

of DS. In the first level, the load is applied to the active component A, 

and the interface forces or interface displacements are computed across 

the entire assembly. The interface DOF are used as input to the following 

level. This process is performed from the Level 0 (active-passive assembly 

AP) to the Level n, which is physically the ultimate receiver. By cascading 

the interface forces and displacements across different levels, the mul­ 

tilevel transmission paths are obtained, linking the original excitation 

source to the final target response. This process can generate a diverse 

network of transfer paths, as it is depicted in Fig. 4.

Multilevel TPA offers a systematic workflow for assessing noise and 

vibration propagation, enabling the identification of contributions from 

individual components across multiple hierarchical levels. However, 

compared to the traditional one-level TPA approach, the number of 

potential transfer paths increases exponentially, making exhaustive 

analysis computationally demanding. For this, reduction techniques in 

Dynamic Substructuring significantly enhance computational efficiency, 

allowing the evaluation of a large number of transfer paths that would 

otherwise be impractical.

4 . Dynamic substructuring for numerical Transfer Path Analysis

This section introduces different Dynamic Substructuring and 

Component Mode Synthesis methods and the derivation of them from 

a common framework. A summary of these methods can be observed 

in Table 2. In this section, the work done by Allen, Rixen, de Klerk 

and Gruber [2,6,9] in compiling the different CMS methods is pre­ 

sented, shaped for the application to Numerical Transfer Path Analysis. 

A new method is also introduced in this section, in the framework of 

fixed-interface methods for dual assembly: a Fixed-Dual Craig-Bampton.

Consider a Finite Element Model of a global domain that is de­ 

composed into 𝑁  non-overlapping substructures. In this partitioning, 

each node is associated with a single substructure, except for those lo­ 

cated at the interface boundaries, which are shared between adjacent 

substructures.

The linear or linearized equation of motion for an undamped sub­ 

structure is formulated as:

𝑀 

(𝑠) 𝑢̈ 

(𝑠) + 𝐾 

(𝑠) 𝑢 

(𝑠) = 𝑓 

(𝑠) + 𝑔 

(𝑠) (1)

where the superscript (𝑠) designates a specific substructure. The parame

ters 𝑀 

(𝑠)  and 𝐾 

(𝑠)  represent the mass and stiffness matrices, respectively, 
( )while 𝑢 

𝑠   denotes the displacement vector (degrees of freedom, DOF) of 
( )the substructure. The equation is excited by the external force vector 𝑓 

𝑠  

and the interface force vector 𝑔 

(𝑠) , the latter arising from interactions 

between adjacent substructures.

­ 

By assembling all 𝑁 

(𝑃 )  substructures contained in assembly 𝑃 , the 

equations of motion can be expressed in a block-diagonal form as:

𝑀 

(𝑃 ) 𝑢̈ 

(𝑃 ) + 𝐾 

(𝑃 ) 𝑢 

(𝑃 ) = 𝑓 

(𝑃 ) + 𝑔 

(𝑃 ) (2)

( 𝑀  

 

𝑃 ) (where  and 𝐾 

𝑃 )  are the uncoupled global mass and stiffness matri

ces, 𝑢 

(𝑃 ) ( ) ( ) is the global uncoupled displacement vector, and 𝑓 𝑃  

  and 𝑔 

𝑃  

are the global external and interface force vectors, respectively. The for

mat of these matrices can be found in [

­ 

­ 

6] or [9]. For simplicity, the 

super-index 𝑃  indicating that it corresponds to the assembly 𝑃  will be 

avoided from now on.

The assembly process enforces two essential conditions: (1) compat­ 

ibility of interface degrees-of-freedom (DOF) at the interface and (2) 

equilibrium of interface forces. The compatibility condition is formu­ 

lated using a constraint matrix 𝐵, which ensures continuity of DOF at 

adjacent interfaces by selecting the corresponding interface DOF pairs 

for each subdomain and establishing opposite signs for each side of the 

connected substructures [2]:

𝐵𝑢 = 0 (3)

Similarly, the equilibrium condition is expressed through the localiza­ 

tion matrix 𝐿. This localization matrix enforces 𝑔 to be zero within the 

internal subset, and sets equilibrium at the connecting interfaces:

𝐿 

𝑇 𝑔 = 0 (4)

The localization matrix 𝐿 is constructed using selection matrices that dif­ 

ferentiate between internal and interface DOF within each substructure, 

along with the interface compatibility matrix:

𝐿 = 

[ 

𝐵 

𝑇
𝑖𝑖 𝐵 

𝑇
𝑏𝑏𝐴 

𝑇 

𝑏𝑏
] 

=
[

𝐵𝑇
𝑖𝑖 𝐵 

𝑇
𝑒𝑞

] 

(5)

where 𝐵  

 

 and 𝐵  are selection matrices for internal and interface nodes 𝑖𝑖 𝑏𝑏
of each substructure, respectively. The interface selection matrix 𝐵𝑏𝑏 

 

 dif­ 

fers from the constraint matrix 𝐵 in the feature of only selecting interface 

DOF, maintaining the original signs at both sides and not establishing 

any connection condition between the substructures. The matrix 𝐴𝑏𝑏 

 

establishes a common set of interface displacements applied to the un­ 

coupled interface DOF set 𝑢 𝑏,0  𝑒𝑞 

 

, while 𝐵
 

enforces this condition in the 
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Fig. 3. Representation of the multilevel transfer path problem in the context of dynamic substructuring. The system is systematically decomposed into active and 

passive parts throughout different levels. In every level, the interface forces or displacements from the previous level are studied as external excitations.

Fig. 4. Multilevel TPA network. From assembly AP to receiver system 𝑃 𝑛 

.

global set 𝑢, and it is equivalent to |𝐵|. It can be demonstrated that the 

matrix 𝐴 𝑏𝑏 

 is obtained as:

𝐴 𝑏𝑏 

= (𝐵 𝑏𝑏𝐵 

𝑇
𝑏𝑏) 

−1
(6)

It is important to note that this procedure is specifically tailored for 

conformal meshes, but it can be extended to non-conformal meshes with 

some modifications of the connection matrices 𝐵 .𝑏𝑏 

 

, 𝐴 𝑏𝑏 

, 𝐵, 𝐵 𝑒𝑞 

The equation of motion (2), the compatibility condition (3) and the 

equilibrium condition (4) can be written in a single equation system, 

which constitutes the dynamic substructuring statement. 

⎧

⎪

⎨

⎪

⎩

𝑀𝑢̈ + 𝐾𝑢 = 𝑓 + 𝑔, equation of motion

𝐵𝑢 = 0, compatibility

𝐿 

𝑇 𝑔 = 0, equilibrium

(7)

From here, two routes can be derived: a primal route, which reduces 

the DS problem to the displacement DOF, and a dual route, which 

solves all displacement DOF together with the interface forces between 

components. In this paper, these two routes will be studied separately 

and further transformations to reduce the size of the systems will be 

performed.

4.1 . Primal assembly

In this subsection, the primal assembly approach is addressed and 

adapted to apply Numerical Transfer Path Analysis. Further transfor­ 

mations are performed using fixed and free-interface Component Mode 

Synthesis (CMS) methods, together with a modal reduction of the primal 

assembly.

In the primal assembly approach, the compatibility condition is a pri­ 

ori satisfied by using a common set of interface displacements. For that, 

an initial transformation from the global 𝑢 to internal 𝑢 𝑖 

 and uncoupled 

interface 𝑢 𝑏,0 

 displacement vectors is needed:

𝑢 = 

[ 

𝐵 

𝑇
𝑖𝑖 𝐵 

𝑇
𝑏𝑏
] 𝑢 𝑖

𝑢 𝑏,0

 

= 𝑇 0
𝑢 𝑖
𝑢 𝑏,0

 

(8)

[ ] [ ]

Table 2

Dynamic Substructuring and Component Mode Synthesis methods studied in this paper.
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with 𝐵 𝑖𝑖 and 𝐵 𝑏𝑏 the same matrices as in the equilibrium Eq. (4). A fur­ 

ther transformation can be done to establish the unique set of interface 

displacements 𝑢 𝑏 

:

[

𝑢 𝑖
𝑢 𝑏,0

] 

= 

[

𝐼 0
0 𝐴 

𝑇
𝑏𝑏

] [

𝑢 𝑖
𝑢 𝑏

] 

= 𝑇 1

[

𝑢 𝑖
𝑢 𝑏

] 

(9)

with 𝐴 𝑏𝑏 

 defined as in (4). Notice that the localization matrix 𝐿 is the 

product of 𝑇 0 and 𝑇 1. This unique set of interface displacements auto­

matically satisfies the compatibility condition (3), resulting in 𝐿 as the 

nullspace of 𝐵. 

𝐵𝑢 = 𝐵𝐿 

[

𝑢 𝑖
𝑢 𝑏

] 

= 0, ∀ 

[

𝑢 𝑖
𝑢 𝑏

] 

≠ 0 (10)

The set of interface displacements 𝑢 𝑏 

 can be divided into retained (𝑢 𝑏,𝑘 

) 

and prescribed (𝑢 𝑏,𝑗 

). To better understand this separation, consider that 

the assembly contains active-passive and passive-passive interfaces. The 

active-passive interfaces connect the assembly P with the assembly A, in 

what was formed as the assembly AP (see Fig. 2). The passive-passive 

interfaces lie within the passive assembly P, and connect the different 

substructures contained.

The active-passive interface DOF are referred to here as the prescribed 

DOF (𝑢 𝑏,𝑗 

), and the passive-passive are referred to as retained (𝑢 𝑏,𝑘 

). The 

following transformation allows one to work in a more structured way 

with the prescribed interface conditions at the active-passive interfaces

[

𝑢 𝑖
𝑢 𝑏

] 

= 

[

𝐼 0 0
0 𝐵 𝑏,𝑘 𝐵 𝑏,𝑗

]

⎡ 

⎢ 

⎢ 

⎣

𝑢 𝑖
𝑢 𝑏,𝑘
𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

= 𝑇 2

⎡ 

⎢ 

⎢ 

⎣

𝑢 𝑖
𝑢 𝑏,𝑘
𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

(11)

with 𝐵 𝑏,𝑘 and 𝐵 𝑏,𝑗  matrices that select the retained and prescribed in­ 

terface DOF from the global interface displacement set 𝑢 𝑏 

. The primal 

subspace projection can be obtained using the previous transformations 

as:

𝑢 = 𝑇 0 

𝑇 1 

𝑇 2

⎡ 

⎢ 

⎢ 

⎣

𝑢 𝑖
𝑢 𝑏,𝑘
𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

= 𝑇 𝑝𝑟

⎡ 

⎢ 

⎢ 

⎣

𝑢 𝑖
𝑢 𝑏,𝑘
𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

(12)

The equation of motion (2) of N substructures can be projected onto 

the subspace associated to 𝑢 𝑖 

,𝑢 𝑏,𝑘 

 and 𝑢 𝑏,𝑗 

, as defined by 𝑇 𝑝𝑟 of Eq. (12). 

This equation already satisfies the compatibility and equilibrium condi­ 

tions, which means that it is equivalent to the dynamic substructuring 

statement (7):

𝑀 𝑝𝑟

⎡

⎢

⎢

⎣

𝑢̈ 𝑖
𝑢̈ 𝑏,𝑘
𝑢̈ 𝑏,𝑗

⎤

⎥

⎥

⎦

+ 𝐾 𝑝𝑟

⎡

⎢

⎢

⎣

𝑢 𝑖 

𝑢𝑏,𝑘
𝑢 𝑏,𝑗

⎤

⎥

⎥

⎦

= 𝑇 

𝑇
𝑝𝑟𝑓 (13)

With the primal mass and stiffness matrices obtained as: 

𝑀 𝑝𝑟 =

⎡

⎢

⎢

⎢

⎣

𝑀 𝑖𝑖 

𝑀 𝑖𝑘 

𝑀 𝑖𝑗
𝑀𝑘𝑖 

𝑀 𝑘𝑘 

𝑀 𝑘𝑗
𝑀 𝑗𝑖 𝑀 𝑗𝑘 𝑀 𝑗𝑗

⎤

⎥

⎥

⎥

⎦

= 𝑇 

𝑇
𝑝𝑟𝑀𝑇 𝑝𝑟 

, 𝐾 𝑝𝑟 =

⎡

⎢

⎢ 

⎢ 

⎣

𝐾 𝑖𝑖 

𝐾 𝑖𝑘 

𝐾 𝑖𝑗
𝐾𝑘𝑖 

𝐾 𝑘𝑘 𝐾 𝑘𝑗
𝐾 𝑗𝑖 𝐾 𝑗𝑘 𝐾 𝑗𝑗

⎤ 

⎥ 

⎥ 

⎥ 

⎦

= 𝑇 

𝑇
𝑝𝑟𝐾𝑇 𝑝𝑟

(14)

The equation of motion in primal assembly (13) is in physical repre­ 

sentation, expanding all the degrees-of-freedom of the entire assembly. 

Solving it requires high demand for computational resources, and it is 

sometimes referred to as the direct solution or full solution.

4.1.1 . Modes of primal assembly

Solving the equation of motion in primal assembly (13) can be com­ 

putationally expensive. To avoid this, a common approach is to reduce 

the system of equations by using a truncated set of the first modes of 

Fig. 5. Free-interface and fixed-interface modal reduction strategies. Free-

interface methods use the modes of the entire set of DOF of each component 

and a static correction at connected interfaces. Fixed-interface methods, instead 

use the modes of the internal DOF and connects the components by constraint 

modes.

the assembly [3]. To achieve this, the Eq. (13) needs to be solved as an 

eigenvalue problem. 

𝐾 𝑝𝑟 

𝜑 𝑝𝑟 

= 𝜔 

2 𝑀 𝑝𝑟 

𝜑 𝑝𝑟 (15)

With 𝜔 and 𝜑 𝑝𝑟 the pair of natural frequency and mode shape in free-

vibration. The displacements can be approximated using a truncated set 

of mode shapes Φ 𝑝𝑟:

⎡ 

⎢ 

⎢ 

⎣

𝑢 𝑖
𝑢 𝑏,𝑘
𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

≃
⎡ 

⎢ 

⎢ 

⎣

Φ 𝑝𝑟,𝑖
Φ 𝑝𝑟,𝑘
Φ 𝑝𝑟,𝑗

⎤ 

⎥ 

⎥ 

⎦

𝑢 𝑚 

= Φ 𝑝𝑟𝑢 𝑚 

(16)

with the subindices i, k, j corresponding to the internal, retained interface 

and prescribed interface sets. For Numerical Transfer Path Analysis, the 

subset 𝑢 𝑏,𝑗  is prescribed, which means that the transformation (16) can 

be modified to keep 𝑢 𝑏,𝑗 

 as an additional unknown:

⎡ 

⎢ 

⎢ 

⎣

𝑢 𝑖
𝑢 𝑏,𝑘
𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

≃
⎡ 

⎢ 

⎢ 

⎣

Φ 𝑝𝑟,𝑖 0
Φ 𝑝𝑟,𝑘 0
0 𝐼

⎤ 

⎥ 

⎥ 

⎦

[

𝑢 𝑚
𝑢 𝑏,𝑗

] 

= 𝑇 3

[

𝑢 𝑚
𝑢 𝑏,𝑗

] 

(17)

The modal subspace projection of the primal assembly can be obtained 

using the following transformation matrix:

𝑢 ≃ 𝑇 𝑝𝑟 

𝑇 3

[

𝑢 𝑚
𝑢 𝑏,𝑗

] 

= 𝑇 𝑝𝑟,𝑚

[

𝑢 𝑖
𝑢 𝑏,𝑗

] 

(18)

And the primal assembly equation of motion (13) can be transformed 

onto the truncated modal basis:

𝑀 𝑝𝑟,𝑚

[

𝑢̈ 𝑚
𝑢̈ 𝑏,𝑗

] 

+ 𝐾 𝑝𝑟,𝑚

[

𝑢 𝑚
𝑢 𝑏,𝑗

]

= 𝑇 

𝑇
𝑝𝑟,𝑚𝑓 (19)

4.1.2 . Primal fixed-interface Component Mode Synthesis methods

The concept of Component Mode Synthesis is inherited from 

Dynamic Substructuring. The key idea behind CMS is to assemble sub­ 

structures by using a reduced representation of them, typically given by 

their first eigenmodes. This results onto the projection of the equation of 

motion in a reduced subspace that generally contains a smaller number 

of DOF.

Fixed-interface CMS refers to methods that use internal (fixed-

interface) modes and constraint modes (see Fig. 5). As the author 

acknowledges, there are two main methods: Craig-Bampton [5] and 

Condensed Craig-Bampton Method [7].

Craig-Bampton method. The Craig-Bampton Method (CBM) [5] approx­ 

imates the internal displacements by internal modes Φ 𝑖 

 and constraint 

modes Ψ 𝑖𝑏 

. The following equation adapts the CBM to the representation 
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of retained and prescribed interface sets:

⎡ 

⎢ 

⎢ 

⎣

𝑢 𝑖
𝑢 𝑏,𝑘
𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

≈ 

⎡ 

⎢ 

⎢ 

⎣

Φ 𝑖 

Ψ 𝑖𝑏,𝑘 

Ψ 𝑖𝑏,𝑗
0 𝐼 0 

0 0 𝐼

⎤ 

⎥ 

⎥ 

⎦

⎡

⎢ 

⎢ 

⎣

𝑢 𝑚,𝑖 

𝑢 𝑏,𝑘
𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

= 𝑇 4

⎡ 

⎢ 

⎢ 

⎣

𝑢 𝑖
𝑢 𝑏,𝑘
𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

(20)

where the internal modes Φ 𝑖 can be obtained by solving the internal 

eigenvalue problem of each substructure s and selecting a truncated set 

of modes

𝐾 

(𝑠)
𝑖𝑖 𝜑 

(𝑠)
𝑖 = 𝜔 

2 𝑀 

(𝑠) 

𝑖𝑖 𝜑(𝑠)
𝑖 (21)

and 𝐾 

(𝑠)
𝑖𝑖 

, 𝑀 

(𝑠)
𝑖𝑖  are the entries corresponding to the internal DOF of 

substructure s as expressed in (14). By definition, 𝐾𝑖𝑖 

 

 and 𝑀𝑖𝑖 

 

 are block-

diagonal matrices containing the internal terms of all N structures. The 

internal mode matrix Φ 

 

 is also a block-diagonal matrix containing the 𝑖
truncated set of internal modes of each substructure. The constraint 

modes Ψ𝑖𝑏,𝑘 ,Ψ 𝑖𝑏,𝑗 

 associated to the retained and prescribed interface DOF 

are obtained by solving the first line of the equation of motion in pri

mal assembly (13) in static condition when it is only excited by interface 

displacements 𝑢 

 

, 𝑢 

 

. This means that the second order terms of the dif𝑏,𝑘 𝑏,𝑗
ferential equation 𝑢̈ 

 

, 𝑢̈ 

 

, 𝑢̈ 

 

 and the external force 𝑖 𝑏,𝑘 𝑏,𝑗 𝑓  are zero, resulting 

in the following definition:

­ 

­ 

Ψ 𝑖𝑏,𝑘 = −𝐾 

−1 

𝑖𝑖 𝐾 𝑖𝑘 

, Ψ 𝑖𝑏,𝑗 = −𝐾 

−1
𝑖𝑖 𝐾 𝑖𝑗 (22)

With 𝐾 𝑖𝑘 and 𝐾 𝑖𝑗  being the components of the primally assembled stiff­ 

ness matrix (14) that correspond to the retained and prescribed DOF, 

respectively. The computation of constraint modes involves the inver­ 

sion of each component internal stiffness matrix. These matrices are 

generally invertible, because the DOF of the interfaces are suppressed, 

equivalently to fixing them. Even when the stiffness matrices are sparse, 

their inverses can turn into dense matrices, which can increase the 

memory allocation [7].

The Craig-Bampton transformation can be obtained from the primal 

assembly transformation as a concatenation of 𝑇 𝑝𝑟 

 with 𝑇 4:

𝑢 ≃ 𝑇 𝑝𝑟 

𝑇 4

⎡ 

⎢ 

⎢ 

⎣

𝑢𝑚,𝑖 

𝑢 𝑏,𝑘
𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

= 𝑇 𝐶𝐵

⎡ 

⎢ 

⎢ 

⎣

𝑢𝑚,𝑖 

𝑢 𝑏,𝑘
𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

(23)

where 𝑢 𝑚,𝑖 

 is the vector of modal internal participation factors associated 

to each component. Transformation of the equation of motion (2) onto 

the Craig-Bampton reduction basis results:

𝑀 𝐶𝐵

⎡ 

⎢ 

⎢ 

⎣

𝑢̈ 𝑚,𝑖
𝑢̈ 𝑏,𝑘
𝑢̈ 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

+ 𝐾 𝐶𝐵

⎡ 

⎢ 

⎢ 

⎣

𝑢 𝑚,𝑖
𝑢 𝑏,𝑘
𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

= 𝑇 

𝑇
𝐶𝐵𝑓 (24)

The equation of motion, as in the primal assembly, enforces equi­ 

librium of forces at the interfaces. It is a reduced system of equations 

because the number of DOF is reduced respect to the primal assembly.

Condensed Craig-Bampton method. A further reduction of the Craig-

Bampton Method can be performed to obtain the Condensed Craig-

Bampton Method (CCBM) [7]. For this, take the second line of the 

equation of motion in primal assembly (13) and substitute 𝑢 𝑖 

 with the ap­ 

proximation given by internal and constraint modes (20) along with the 

assumption that there is no external force being applied at the interface: 

𝑀 𝑘𝑖 

Φ 𝑖 

𝑢̈ 𝑚,𝑖 

+ (𝑀 𝑘𝑖 

Ψ 𝑖𝑏,𝑘 

+ 𝑀 𝑘𝑘 

)𝑢̈ 𝑏,𝑘 

+ (𝑀 𝑘𝑖 

Ψ 𝑖𝑏,𝑗 

+ 𝑀 𝑘𝑗 

)𝑢̈ 𝑏,𝑗

+ 𝐾 𝑘𝑖 

Φ 𝑖 

𝑢 𝑚,𝑖 

+ (𝐾 𝑘𝑖 

Ψ 𝑖𝑏,𝑘 

+ 𝐾 𝑘𝑘 

)𝑢 𝑏,𝑘 

+ (𝐾 𝑘𝑖 

Ψ 𝑖𝑏,𝑗 

+ 𝐾 𝑘𝑗 )𝑢 𝑏,𝑗 

≃ 0

(25)

In this equation, the following inertial terms can be neglected: 

𝑀 𝑘𝑖 

Φ 𝑖 

𝑢̈ 𝑚,𝑖 

≈ 0, (𝑀 𝑘𝑖 

Ψ 𝑖𝑏,𝑘 

+𝑀 𝑘𝑘 

)𝑢̈ 𝑏,𝑘 

≈ 0, (𝑀 𝑘𝑖 

Ψ 𝑖𝑏,𝑗 

+𝑀 𝑘𝑗 )𝑢̈ 𝑏,𝑗 

≈ 0 (26)

The second line of the primal equation of motion with internal and con­ 

straint modes (25) can be simplified and the retained interface DOF 𝑢 𝑏,𝑘

can be expressed in terms of 𝑢 𝑚,𝑖 

 and 𝑢 𝑏,𝑗 

: 

𝑢 𝑏,𝑘 

≃ −(𝐾 𝑘𝑖 

Ψ 𝑖𝑏,𝑘 

+ 𝐾 𝑘𝑘) 

−1 [ 

𝐾 𝑘𝑖 

Φ 𝑖 

𝐾 𝑘𝑖 

Ψ 𝑖𝑏,𝑗 

+ 𝐾 𝑘𝑗
]

[

𝑢𝑚,𝑖 

𝑢 𝑏,𝑗

] 

= 

[ 

Π 𝑘𝑚 

Π 𝑘𝑗
] 

[

𝑢 𝑚,𝑖
𝑢 𝑏,𝑗

]

(27)

With this approximation, the DOF of the Craig-Bampton method can 

be expressed only as a linear combination of 𝑢 

 

 and 𝑚,𝑖 𝑢 𝑏,𝑗 

, reducing the 

system by the number of DOF of the retained interface DOF 𝑢 𝑏,𝑘 

. 

⎡ 

⎢ 

⎢ 

⎣

𝑢 𝑚,𝑖
𝑢 𝑏,𝑘
𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

≃
⎡ 

⎢ 

⎢ 

⎣

𝐼 0
Π 𝑘𝑚 Π 𝑘𝑗
0 𝐼

⎤ 

⎥ 

⎥ 

⎦

[

𝑢 𝑚,𝑖
𝑢 𝑏,𝑗

] 

= 𝑇 5

[

𝑢 𝑚,𝑖
𝑢 𝑏,𝑗

] 

(28)

The Condensed Craig-Bampton transformation can be obtained from the 

global assembly as:

𝑢 ≃ 𝑇 𝐶𝐵 

𝑇 5

[

𝑢 𝑚,𝑖
𝑢 𝑏,𝑗

] 

= 𝑇 𝐶𝐶𝐵

[

𝑢 𝑚,𝑖
𝑢 𝑏,𝑗

] 

(29)

and transforming the equation of motion onto the Condensed Craig-

Bampton reduction basis:

𝑀 𝐶𝐶𝐵

[

𝑢̈𝑚,𝑖 

𝑢̈ 𝑏,𝑗

] 

+ 𝐾 𝐶𝐶𝐵

[

𝑢 𝑚,𝑖
𝑢 𝑏,𝑗

]

= 𝑇 

𝑇
𝐶𝐶𝐵𝑓 (30)

Results in a reduced equation of motion, derived from the Craig-

Bampton equation of motion (24) by condensing the retained interface 

displacements 𝑢 𝑏,𝑘. 

4.1.3 . Free-interface primal Component Mode Synthesis methods

Free-interface methods are another subcategory of CMS. In these 

types of methods, the substructures are approximated by a truncated 

set of their modes and connected to each other by attachment modes. 

Unlike fixed-interface methods, these do not require an initial separation 

of the components DOF into internal and interface. In this subsection we 

study these methods in a primal assembly formulation, which requires 

a slightly different approach than fixed-interface methods.

Rubin’s method. The Rubin Method [20] approximates the displace­

ment of each component s using a truncated set of modes. These modes 

contain all displacement DOF, not only the internal ones as in the 

Craig-Bampton Method (20). 

𝑢 ≃ 

[ 

Φ 𝐺 𝑟 

𝐵 

𝑇
𝑏𝑏
] 

[

𝑢 𝑚
𝑔 𝑏

] 

= 𝑇 6

[

𝑢 𝑚
𝑔 𝑏

] 

(31)

With 𝑔 𝑏 being the interface subset of the interface force vector 𝑔 in the 

equation of motion (2), Φ the block diagonal matrix containing the trun­ 

cated set of modes of all N substructures, 𝐺 𝑟 the block-diagonal matrix 

containing the residual flexibility matrices of each component, 𝐵 𝑏𝑏 

 the 

matrix that selects the interface DOF from the global set (as defined in 

(8)), and 𝑢 𝑚 

 the block-vector of modal participation factors related to all 

components.

The residual flexibility matrix 𝐺 𝑟 can be obtained by subtracting the 

retained modes from the flexibility matrix 𝐾 

−1 : 

𝐺 𝑟 = 𝐾 

−1 − ΦΩ 

−2 Φ 

𝑇 (32)

with 𝐾 

−1  a block-diagonal matrix containing the inverses of each com­ 

ponent stiffness matrix (also referred to as component flexibilities) and 

Ω 

−2  the diagonal matrix containing the inverses of the first eigenvalues 

of each component. If the stiffness matrix 𝐾 is singular due to insuffi­ 

cient boundary conditions to restrict its rigid body motion, then 𝐾 

−1  is 

computed using a procedure that enforces invertibility while eliminating 

the rigid body modes as explained in [3].
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The Eq. (31) can be multiplied by 𝐵 𝑏𝑏 on the left to obtain the un­ 

coupled interface displacements. The transformation to get the modal 

participation factors and the uncoupled interface displacements results 

in: 

𝑢 𝑏,0 

= 𝐵 𝑏𝑏 

𝑢 ≃ 

[ 

𝐵𝑏𝑏 

Φ 𝐵 𝑏𝑏 

𝐺 𝑟𝐵 

𝑇
𝑏𝑏
] 

[

𝑢 𝑚
𝑔 𝑏

]

=
[

Φ𝑏 

𝐺 𝑟,𝑏𝑏
] 

[

𝑢 𝑚
𝑔 𝑏 

] 

(33)

From the previous transformation, the interface forces 𝑔  can be ex𝑏
pressed in terms of 𝑢 

 

 and 𝑢 0 by inverting the interface residual 𝑚 𝑏,
flexibility matrix 𝐺 

 

. The modal participation factors  𝑟,𝑏𝑏 𝑢 𝑚 

and the 

interface forces 𝑔𝑏  can be obtained as: 

­ 

[

𝑢 𝑚
𝑔 𝑏

] 

= 

[

𝐼 0
−𝐺 

−1
𝑟,𝑏𝑏Φ 𝑏 𝐺 

−1
𝑟,𝑏𝑏

] 

[

𝑢 𝑚
𝑢 𝑏,0

] 

=
[

𝐼 0
−𝐾𝑟,𝑏𝑏 

Φ 𝑏 

𝐾 𝑟,𝑏𝑏

] [

𝑢 𝑚
𝑢 𝑏,0

] 

= 𝑇 7

[

𝑢 𝑚
𝑢 𝑏,0

]

(34) 

Up to this point, neither equilibrium nor compatibility have been 

established yet. In the primal assembly, a common set of interface dis­ 

placements 𝑢 𝑏 is used, which establishes compatibility and equilibrium 

at the same time. The Rubin Method is thus primally assembled similarly 

as done in Eq. (9). 

[

𝑢 𝑚
𝑢 𝑏,0

] 

= 

[

𝐼 0
0 𝐴 

𝑇
𝑏𝑏

] [

𝑢 𝑚
𝑢 𝑏

] 

= 𝑇 8

[

𝑢 𝑚
𝑢 𝑏 

] 

(35)

Finally, the division of 𝑢 𝑏 

 in retained and prescribed interface terms can 

be done similarly as in Eq. (11):

[

𝑢 𝑚
𝑢 𝑏

] 

= 

[

𝐼 0 0
0 𝐵 𝑏,𝑘 

𝐵 𝑏,𝑗

]

⎡

⎢

⎢ 

⎣ 

𝑢 𝑚
𝑢 𝑏,𝑘 

𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

= 𝑇 9

⎡

⎢

⎢ 

⎣ 

𝑢 𝑚
𝑢𝑏,𝑘 

𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

(36)

The Rubin transformation can be thus obtained by concatenation of the 

previous transformations:

𝑢 ≃ 𝑇 6 

𝑇 7 

𝑇 8 

𝑇 9

⎡

⎢

⎢ 

⎣ 

𝑢 𝑚
𝑢 𝑏,𝑘 

𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

= 𝑇 𝑅

⎡ 

⎢ 

⎢ 

⎣

𝑢 𝑚
𝑢 𝑏,𝑘
𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

(37)

And as done in previous methods, the equation of motion is projected 

onto the Rubin reduction basis:

𝑀 𝑅

⎡ 

⎢ 

⎢ 

⎣

𝑢̈ 𝑚
𝑢̈ 𝑏,𝑘
𝑢̈ 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

+ 𝐾 𝑅

⎡

⎢

⎢ 

⎣ 

𝑢 𝑚
𝑢 𝑏,𝑘 

𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

= 𝑇 

𝑇
𝑅 𝑓 (38)

Where the matrices 𝑀  and 𝑅 𝐾𝑅  are obtained as:

𝑀 𝑅 =
⎡

⎢ 

⎢ 

⎣

𝑀 𝑚𝑚 𝑀 𝑚𝑘 𝑀 𝑚𝑗
𝑀 𝑘𝑚 𝑀 𝑘𝑘 𝑀 𝑘𝑗
𝑀 𝑗𝑚 𝑀 𝑗𝑘 𝑀 𝑗𝑗

⎤ 

⎥

⎥ 

⎦

= 𝑇 

𝑇
𝑅𝑀𝑇 𝑅, 𝐾 𝑅 =

⎡ 

⎢

⎢ 

⎣

𝐾 𝑚𝑚 𝐾 𝑚𝑘 𝐾 𝑚𝑗
𝐾 𝑘𝑚 𝐾 𝑘𝑘 𝐾 𝑘𝑗
𝐾 𝑗𝑚 𝐾 𝑗𝑘 𝐾 𝑗𝑗

⎤ 

⎥ 

⎥ 

⎦

= 𝑇 

𝑇
𝑅𝐾𝑇 𝑅

(39)

Similarly to the Craig-Bampton equation of motion (24), both equilib­ 

rium and compatibility conditions are inherently satisfied. It is a reduced 

system of equations because the number of DOF is reduced with respect 

to the primal assembly.

MacNeal’s method. The MacNeal’s Method [17] is a simplification of 

the Rubin Method, in which the interface inertias are neglected. This 

process of condensation is similar to that presented in the Condensed 

Craig-Bampton Method. Consider the retained interface terms (second 

line) of the equation of motion of the Rubin method (38): 

𝑀 𝑘𝑚 

𝑢̈ 𝑚 

+ 𝑀 𝑘𝑘 

𝑢̈ 𝑏,𝑘 

+ 𝑀 𝑘𝑗 

𝑢̈ 𝑏,𝑗 

+ 𝐾 𝑘𝑚 

𝑢 𝑚 

+ 𝐾 𝑘𝑘 

𝑢 𝑏,𝑘 

+ 𝐾 𝑘𝑗 

𝑢 𝑏,𝑗 

= 𝑓 𝑏,𝑘 (40) 

Assuming that no external forces are being applied, and that the inertial 

terms are neglegible respect to the stiffness terms: 

𝑀 𝑘𝑚𝑢̈ 𝑚 

≈ 0, 𝑀 𝑘𝑘𝑢̈ 𝑏,𝑘 

≈ 0, 𝑀 𝑘𝑗 

𝑢̈ 𝑏,𝑗 

≈ 0, 𝑓 𝑏,𝑘 

= 0 (41) 

The vector of retained interface displacements 𝑢 𝑏,𝑘 

 can be expressed as 

a combination of 𝑢  𝑚 

and 𝑢 𝑏,𝑗 

, in a similar manner as it was done in the 

Condensed Craig-Bampton Method (27): 

𝑢 𝑏,𝑘 ≃ −𝐾 

−1
𝑘𝑘

[

𝐾𝑘𝑚 

𝐾 𝑘𝑗
] 

[

𝑢 𝑚
𝑢 𝑏,𝑗

]

=
[

Π𝑘𝑚 

Π 𝑘𝑗 

]

[

𝑢 𝑚 

𝑢𝑏,𝑗

] 

(42)

With this approximation, the Rubin’s DOF can be expressed by a reduced 

set of DOF: 

⎡ 

⎢ 

⎢ 

⎣ 

𝑢 𝑚
𝑢 𝑏,𝑘
𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

≃
⎡ 

⎢ 

⎢ 

⎣

𝐼 0
Π 𝑘𝑚 Π 𝑘𝑗
0 𝐼

⎤ 

⎥ 

⎥ 

⎦

[

𝑢 𝑚
𝑢 𝑏,𝑗

] 

= 𝑇 10

[

𝑢 𝑚 

𝑢𝑏,𝑗

] 

(43)

The MacNeal’s transformation can be thus obtained by application of 

transformation 𝑇 10 to the Rubin transformation matrix: 

𝑢 ≃ 𝑇 𝑅 

𝑇 10

[

𝑢 𝑚
𝑢 𝑏,𝑗

] 

= 𝑇 𝑀𝑁 

[

𝑢 𝑚
𝑢 𝑏,𝑗

] 

(44)

The equation of motion is projected onto the MacNeal’s reduction basis:

𝑀 𝑀𝑁

[

𝑢̈ 𝑚 

𝑢̈ 𝑏,𝑗

] 

+ 𝐾 𝑀𝑁

[

𝑢 𝑚
𝑢 𝑏,𝑗

]

= 𝑇 

𝑇
𝑀𝑁𝑓 (45)

This equation of motion condenses out the retained interface DOF, thus 

reducing the size of the equation of motion with respect to the Rubin’s 

method.

4.2 . Dual assembly

The dual assembly approach in Dynamic Substructuring refers to 

a formulation where the system is assembled in a manner such that 

the interface forces are kept as unknowns. Unlike the primal approach, 

which intrinsically imposes displacement continuity at substructure 

interfaces, the dual approach intrinsically imposes force equilibrium 

across interfaces. This approach involves choosing interface forces of 

the type 

𝑔 = −𝐵 

𝑇 𝜆 (46) 

that impose the interface forces to be defined by a unique set of force 

intensities, which are defined by 𝜆. This set of interface intensities can 

be interpreted as the Lagrange multipliers (LM) [2]. This definition of 

the interface forces automatically satisfies the equilibrium condition (4), 

since it was shown in Eq. (10) that 𝐿 is the nullspace of 𝐵, which means 

that 𝐵 

𝑇  is the nullspace of 𝐿 

𝑇 . 

By inserting the transformation (46), the dynamic substructuring 

statement (7) can be simplified by suppressing the equilibrium equation, 

which is inherently satisfied. In block-diagonal format, the system of 

equations results: 
[

𝑀 0
0 0

] [ 

𝑢̈
̈ 𝜆 

] 

+ 

[

𝐾 𝐵 

𝑇

𝐵 0

] [

𝑢
𝜆

] 

= 

[

𝑓
0

] 

(47)

This system of equations is equivalent to the primal assembly (13), since 

no simplification is done. Analogously as explained in Section 4.1, the 

LM can be split in retained and prescribed, as 𝜆 𝑘 

 and 𝜆 𝑗 

, respectively. This 

differentiation is equivalent as in the primal assembly: the retained DOF 

correspond to interfaces that lay within the passive assembly, whereas 

the prescribed DOF are related to the active-passive interfaces. This sep­ 

aration is also done by using the matrices 𝐵 𝑏,𝑘 

 and 𝐵 𝑏,𝑗 

 as defined in Eq. 

(11). 

[

𝑢
𝜆

] 

= 

[

𝐼 0 0
0 𝐵 𝑏,𝑘 

𝐵 𝑏,𝑗

]

⎡ 

⎢ 

⎢ 

⎣

𝑢 

𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎦

= 𝑇 𝑑

⎡ 

⎢ 

⎢ 

⎣

𝑢 

𝜆 𝑘
𝜆 𝑗 

⎤ 

⎥ 

⎥ 

⎦ 

(48)

The dual assembly equation of motion (47) can be thus projected using 

𝑇 𝑑  to separate the retained and prescribed terms: 

𝑀 𝑑

⎡ 

⎢ 

⎢ 

⎣

𝑢̈ 

̈ 𝜆 𝑘
̈ 𝜆 𝑗 

⎤ 

⎥ 

⎥ 

⎦

+ 𝐾 𝑑

⎡ 

⎢ 

⎢ 

⎣

𝑢 

𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎦

= 𝑇 

𝑇
𝑑

[

𝑓
0

] 

(49)

The equation of motion in dual assembly is in the same physical condi­ 

tion as the primal assembly Eq. (13). Solving it requires high demand 
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for computational resources, and it is sometimes referred to as the direct 

solution or full solution.

4.2.1 . Dual free-interface Component Mode Synthesis methods

Component Mode Synthesis can also be applied in the dual as­ 

sembly context. In this subsection, free-interface CMS methods will be 

introduced first, since they are present in the bibliography. The main 

CMS method in dual representation is the Dual Craig-Bampton Method 

[18]. A less expensive method was introduced in the Condensed Dual-

Craig Bampton Method [7], which incorporates the simplifications from 

MacNeal’s method into the Dual Craig-Bampton Method. 

Dual Craig-Bampton method (DCBM). The DCBM [18] is a CMS method 

that uses free-interface modes and attachment modes. It contains the 

same ingredients as the Rubin Method. The displacements are approx­ 

imated as in Eq. (31). In this case, instead of representing 𝑔 in terms 

of 𝑔 𝑏, it is done by the Lagrange multipliers, resulting in the following 

transformation: 

⎡ 

⎢ 

⎢ 

⎣

𝑢 

𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎦

≃
⎡

⎢ 

⎢ 

⎣

Φ −𝐺 𝑟 

𝐵 

𝑇 𝐵 𝑏,𝑘 

−𝐺 𝑟 

𝐵 

𝑇 𝐵 𝑏,𝑗
0 𝐼 0 

0 0 𝐼

⎤ 

⎥ 

⎥ 

⎦

⎡ 

⎢ 

⎢ 

⎣ 

𝑢 𝑚
𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎦

= 𝑇 11

⎡ 

⎢ 

⎢ 

⎣

𝑢 𝑚
𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎦

(50)

The DCBM transformation can be thus obtained by concatenation of the 

previous transformation to the dual transformation (48):

[

𝑢
𝜆

] 

≃ 𝑇 𝑑 

𝑇 11

⎡ 

⎢ 

⎢ 

⎣

𝑢 𝑚
𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎦

= 𝑇 𝐷𝐶𝐵

⎡ 

⎢ 

⎢ 

⎣

𝑢 𝑚
𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎦ 

(51)

The dual equation of motion can be projected in the DCBM subspace, as 

done in previous methods:

𝑀 𝐷𝐶𝐵

⎡ 

⎢ 

⎢ 

⎣

𝑢̈ 𝑚
̈ 𝜆 𝑘
̈ 𝜆 𝑗 

⎤ 

⎥ 

⎥ 

⎦

+ 𝐾 𝐷𝐶𝐵

⎡

⎢ 

⎢ 

⎣

𝑢 𝑚
𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎦

= 𝑇 

𝑇
𝐷𝐶𝐵

[

𝑓
0 

] 

(52)

Where the matrices 𝑀 𝐷𝐶𝐵  and 𝐾 𝐷𝐶𝐵  are obtained as:

𝑀 𝐷𝐶𝐵 =
⎡ 

⎢ 

⎢ 

⎣

𝑀 𝑚𝑚 𝑀 𝑚𝑘 𝑀 𝑚𝑗
𝑀 𝑘𝑚 𝑀 𝑘𝑘 𝑀 𝑘𝑗
𝑀 𝑗𝑚 𝑀 𝑗𝑘 𝑀 𝑗𝑗

⎤ 

⎥ 

⎥ 

⎦ 

= 𝑇 

𝑇
𝐷𝐶𝐵𝑀𝑇 𝐷𝐶𝐵 ,

𝐾 𝐷𝐶𝐵 =
⎡ 

⎢ 

⎢ 

⎣

𝐾𝑚𝑚 

𝐾 𝑚𝑘 𝐾 𝑚𝑗
𝐾 𝑘𝑚 𝐾 𝑘𝑘 𝐾 𝑘𝑗
𝐾 𝑗𝑚 

𝐾 𝑗𝑘 

𝐾 𝑗𝑗

⎤ 

⎥ 

⎥ 

⎦

= 𝑇 

𝑇
𝐷𝐶𝐵𝐾𝑇 𝐷𝐶𝐵 (53)

Condensed dual Craig-Bampton method (CDCBM). This method is pre­ 

sented by the authors of this paper in [7]. It starts from the DCBM but 

with the application of the simplifications of MacNeal’s method (41) 

in the dual approach, which involve that the terms of the equation of 

motion of the DCBM (52) can be simplified as: 

𝑀 𝑘𝑚𝑢̈ 𝑚 

≈ 0, 𝑀 𝑘𝑘𝜆̈ 𝑘 ≈ 0, 𝑀 𝑘𝑗 𝜆̈ 𝑗 ≈ 0, 𝑓 𝑏,𝑘 = 0 (54) 

These approximations lead to 𝜆 

 

 to be expressed as a combination of 𝑘 𝑢 𝑚
and 𝜆𝑗  

: 

𝜆 𝑘 ≃ −𝐾 

−1
𝑘𝑘

[

𝐾𝑘𝑚 

𝐾 𝑘𝑗
] 

[

𝑢 𝑚
𝜆 𝑗

] 

= 

[ 

Ψ 𝑘𝑚 

Ψ 𝑘𝑗 

] 

[

𝑢 𝑚
𝜆 𝑗 

] 

(55)

With this approximation, the DCBM DOF can be expressed by a reduced 

set: 

⎡ 

⎢ 

⎢ 

⎣

𝑢 𝑚
𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎦

≃
⎡

⎢

⎢ 

⎣ 

𝐼 0
Ψ𝑘𝑚 

Ψ 𝑘𝑗
0 𝐼

⎤ 

⎥ 

⎥ 

⎦

[

𝑢 𝑚
𝜆 𝑗

] 

= 𝑇 12

[

𝑢 𝑚
𝜆 𝑗

] 

(56)

The CDCBM transformation can be thus obtained by application of 

transformation 𝑇 12 in combination with the 𝑇 𝐷𝐶𝐵 : 

[

𝑢 

𝜆 

] 

≃ 𝑇 𝐷𝐶𝐵 

𝑇 12

[

𝑢 𝑚
𝜆 𝑗

] 

= 𝑇 𝐶𝐷𝐶𝐵

[

𝑢𝑚
𝜆 𝑗

] 

(57)

The equation of motion is projected onto the CDCBM reduction basis:

𝑀 𝐶𝐷𝐶𝐵

[

𝑢̈ 𝑚
̈ 𝜆 𝑗 

] 

+ 𝐾 𝐶𝐷𝐶𝐵

[

𝑢 𝑚
𝜆 𝑗

]

= 𝑇 

𝑇
𝐶𝐷𝐶𝐵

[

𝑓
0

] 

(58)

This equation of motion condenses out the retained interface DOF, as 

done in MacNeal’s method, thus reducing the size of the equation of 

motion with respect to the DCBM. 

4.2.2 . Fixed dual Craig-Bampton method (FDCBM) 

This section introduces a new dual CMS method. It is strictly derived 

from the Craig-Bampton method. Unlike the DCBM, this new method 

uses a Craig-Bampton transformation, meaning that it utilizes internal 

modes and constraint modes. For that, it is necessary to divide the dis­ 

placement vector into internal and interface uncoupled DOF as in Eq. 

(8). The transformation of the dual DOF from the dual assembly (48) is: 

⎡ 

⎢ 

⎢ 

⎣

𝑢 

𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎦

=
⎡ 

⎢ 

⎢ 

⎣

𝐵 

𝑇
𝑖𝑖 𝐵 

𝑇
𝑏𝑏 0 0 

0 0 𝐼 0 

0 0 0 𝐼

⎤ 

⎥ 

⎥ 

⎦

⎡ 

⎢ 

⎢ 

⎢ 

⎢ 

⎣

𝑢 𝑖 

𝑢 𝑏,0
𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎥ 

⎥ 

⎦

= 𝑇 13

⎡

⎢

⎢ 

⎢ 

⎢ 

⎣ 

𝑢 𝑖
𝑢 𝑏,0
𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎥ 

⎥ 

⎦

(59)

Introducing the CBM transformation, the internal displacements can be 

approximated by internal modes and constraint modes: 

⎡ 

⎢ 

⎢ 

⎢ 

⎢ 

⎣ 

𝑢 𝑖 

𝑢 𝑏,0
𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎥ 

⎥ 

⎦

≃

⎡ 

⎢ 

⎢ 

⎢ 

⎢ 

⎣

Φ 𝑖 

Ψ 𝑖𝑏,0 0 0 

0 𝐼 0 0 

0 0 𝐼 0 

0 0 0 𝐼

⎤ 

⎥ 

⎥ 

⎥ 

⎥ 

⎦

⎡ 

⎢ 

⎢ 

⎢ 

⎢ 

⎣

𝑢 𝑚,𝑖
𝑢 𝑏,0
𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎥ 

⎥ 

⎦

= 𝑇 14

⎡

⎢ 

⎢ 

⎢ 

⎢ 

⎣

𝑢𝑚,𝑖 

𝑢 𝑏,0
𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎥ 

⎥ 

⎦

(60)

where Ψ𝑖𝑏, 0 is obtained as: 

Ψ 𝑖𝑏,0 = −𝐾 

−1 

𝑖𝑖 𝐾 𝑖𝑏,0 

, 𝐾 𝑖𝑏,0 

= 𝐵 𝑖𝑖 

𝐾𝐵 𝑏𝑏 (61) 

In the Craig-Bampton method, 𝐾 𝑖𝑏 implicitly includes the compatibility 

condition, whereas in this method compatibility is enforced using the 

compatibility equation explicitly. Otherwise, the interface forces cannot 

be accessed because of the intrinsic satisfaction of the equilibrium con­ 

dition inherent to the primal assembly. The FDCBM transformation can 

be thus obtained by concatenation of the previous transformations to 

the dual transformation (48):

[

𝑢
𝜆

] 

≃ 𝑇 𝑑 

𝑇 13 

𝑇 14

⎡ 

⎢ 

⎢ 

⎢ 

⎢ 

⎣

𝑢 𝑚,𝑖
𝑢 𝑏,0
𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎥ 

⎥ 

⎦ 

= 𝑇 𝐹 𝐷𝐶𝐵

⎡

⎢ 

⎢ 

⎢ 

⎢ 

⎣

𝑢𝑚,𝑖 

𝑢 𝑏,0
𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎥ 

⎥ 

⎦

(62)

The dual equation of motion can be projected in the FDCBM subspace:

𝑀 𝐹 𝐷𝐶𝐵

⎡ 

⎢ 

⎢ 

⎢ 

⎢ 

⎣

𝑢̈ 𝑚,𝑖
𝑢̈ 𝑏,0
̈ 𝜆 𝑘
̈ 𝜆 𝑗 

⎤ 

⎥ 

⎥ 

⎥ 

⎥ 

⎦

+ 𝐾 𝐹 𝐷𝐶𝐵

⎡

⎢ 

⎢ 

⎢ 

⎢ 

⎣

𝑢𝑚,𝑖 

𝑢 𝑏,0
𝜆 𝑘
𝜆 𝑗

⎤ 

⎥ 

⎥ 

⎥ 

⎥ 

⎦

= 𝑇 

𝑇
𝐹 𝐷𝐶𝐵

[

𝑓
0

] 

(63)

This new approach offers some advantages over the Craig-Bampton 

Method and the Dual Craig-Bampton Method:

• The Craig-Bampton Method does not explicitly provide interface 

forces, whereas the Fixed Dual Craig-Bampton Method enables their 

direct computation. This is advantageous for enforcing force-based 

Numerical Transfer Path Analysis. 

• The Dual Craig-Bampton Method introduces modal reduction and 

correction terms that modify interface displacements, leading to 

an incomplete enforcement of the compatibility condition. In con­ 

trast, FDCBM preserves interface displacement degrees of freedom 

in their physical representation, ensuring full compatibility between 

subdomains.
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Fig. 6. Force-based and displacement-based transfer path analysis paradigm.

5 . Imposing prescribed conditions

In the previous sections, the primal and dual methods were de­ 

rived by distinguishing between the interface degrees of freedom that 

are retained 𝑢 𝑏,𝑘 

, 𝜆 𝑘 

 and those that are prescribed 𝑢 𝑏,𝑗 , 𝜆 𝑗 . This classifi­

cation is essential for applying Transfer Path Analysis using Dynamic 

Substructuring, as it determines whether force-based or displacement-

based boundary conditions are imposed.

Two families of TPA can be analyzed from this perspective, as seen 

in Fig. 6:

• Force-based TPA (f-TPA). Dual methods impose interface forces at 

the active-passive interfaces. For each active-passive interface con­ 

tained in 𝜆 𝑗 

, a prescribed load 𝜆 𝑝 is established. The remaining 

active-passive interfaces contain no boundary conditions.

• Displacement-based TPA (u-TPA). Primal methods impose inter­

face displacements at the prescribed active-passive interfaces. The 

non-prescribed active-passive interfaces are fixed. This condition is 

a fixed-interface condition.

In both families, the prescribed subset of interface DOF needs to be 

explicitly enforced in the equation of motion. To implement these condi­ 

tions within the DS approach, the mass and stiffness (and given the case, 

the damping) matrices in the equation of motion need to be modified.

To achieve that in the displacement-based TPA framework, take the 

primal equation of motion of subsystem 𝑃 𝑖 

(13), as an example for the 

procedure, and impose the prescribed displacement condition as:

⎡ 

⎢ 

⎢ 

⎣

𝑀 𝑖𝑖 𝑀 𝑖𝑘 𝑀 𝑖𝑗
𝑀 𝑘𝑖 𝑀 𝑘𝑘 𝑀 𝑘𝑗
0 0 0

⎤ 

⎥ 

⎥ 

⎦

⎡ 

⎢ 

⎢ 

⎣

𝑢̈ 𝑖
𝑢̈ 𝑏,𝑘
𝑢̈ 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

+
⎡ 

⎢ 

⎢ 

⎣

𝐾 𝑖𝑖 𝐾 𝑖𝑘 𝐾 𝑖𝑗
𝐾 𝑘𝑖 𝐾 𝑘𝑘 𝐾 𝑘𝑗
0 0 𝐼

⎤ 

⎥ 

⎥ 

⎦

⎡ 

⎢ 

⎢ 

⎣

𝑢 𝑖
𝑢 𝑏,𝑘
𝑢 𝑏,𝑗

⎤ 

⎥ 

⎥ 

⎦

=
⎡ 

⎢ 

⎢ 

⎣

0
0
𝑢𝑝

⎤ 

⎥ 

⎥ 

⎦

(64)

with 𝑢 

 

 the prescribed displacement vector. Here, the terms of the mass 𝑝
and stiffness matrices 𝑀𝑝𝑟  

 

, 𝐾𝑝𝑟 

 corresponding to the prescribed DOF are 

converted to zero, and 𝐾 

 

 is replaced with the identity matrix to enforce 𝑗𝑗
the equality 𝑢   

 

= 𝑢 . The exact same procedure can be applied to all 𝑏,𝑗 𝑝
the Dynamic Substructuring and Component Mode Synthesis methods 

presented in the previous sections and shown in Table 2. In the case of 

dual methods, the imposed equality is 𝜆 𝑗 = 𝜆 𝑝 

. 

The vector 𝑢 𝑝 is populated by zeros at the non-prescribed active-

passive interfaces, and non-zeros at the prescribed part. These non-zero 

terms correspond to the active-passive displacement DOF obtained from 

the analysis of the assembly AP. In the case of primal methods, this 

means that the non-prescribed active-passive interfaces are fixed. When 

dual methods are used, for the prescribing vector 𝜆 𝑝 

 the same rule 

applies, and it has the physical meaning of removing any boundary con­ 

ditions at non-prescribed active-passive interfaces. The Fig. 6 illustrates 

this differentiation.

The solution of the prescribed system of Eq. (64) and its equivalent 

formulations for other methods determines the displacement field and 

interface degrees of freedom at the studied interface j within the pas­ 

sive level 𝑃 𝑖 

. This hierarchical process, illustrated in Fig. 7, enables a 

structured evaluation of the response propagation through successive 

subsystem levels.

At each hierarchical level, the total response is obtained by summing 

the contributions from all transfer paths. The aggregated response at 

level 𝑃 𝑖 

 must be equivalent to the response of the subset 𝑃 𝑖 within the 

original assembly AP at the initial level: 

𝑢(𝑃 𝑖)
𝑇 

= 

𝑛 paths
∑ 

𝑗=1
𝑢 

(𝑃 𝑖)
𝑗 → 𝑢 

(𝑃 𝑖)
𝐴𝑃 (65)

(𝑃
where 𝑢  

 

𝑖) represents the total displacement field at the i-th level of 𝑇
(𝑃 )

the passive subsystem 𝑃 , 𝑢  

 

𝑖  denotes the displacement field of 𝑖 𝑗 𝑃𝑖  

 re­ 

(𝑃 )
sulting from the imposed condition at interface j, and 𝑢  

 

𝑖  corresponds 𝐴𝑃
to the response of the original assembly AP within the subset 𝑃 . The 𝑖
arrow indicates that the first term should tend to the second, which 

in the physical representation (primal and dual methods) is achieved, 

but when Component Mode Synthesis is applied some uncertainties may 

accumulate throughout the TPA levels.

6 . Validation

In this section, the novel simulation-based Transfer Path Analysis 

methodology is validated by comparing its transfer-path contributions 

against those obtained from an analytical mass–spring model, inspired 

by the validation example found in [14]. The system is partitioned into 

TPA sublevels, as illustrated in Fig. 8(a), where the six connection in­ 

terfaces are also indicated. The novel TPA formulation is applied using 

the dual assembly, which enables the explicit computation of interface 

forces and their imposition at each sublevel.

The corresponding Finite Element model is shown in Fig. 8(b), where 

the division of the system into five substructures for the dynamic-

substructuring framework is depicted. Each substructure consists of a 

shell plate representing a lumped mass and several shell-element strips 

representing the springs. The plate material is assigned an artificially 

high Young’s modulus to enforce near-rigid behavior, while the spring 

strips use a low-density material so that their mass is negligible. The 

spring constants of the analytical model are reproduced numerically 

by selecting a rectangular section of area 𝐴 = 1 mm 

2  and assigning a 

Young’s modulus of 𝐸 = 2 GPa to the spring strips. Similarly, the phys­ 

ical masses of the rigid plates are matched by enforcing a density of 

𝜌 = 7850 kg∕m 

3 . All rotational and translational degrees of freedom are 

fixed, except in the global 𝑋 direction, ensuring that the system behaves 

as a one-dimensional mass–spring chain.

The analytical TPA begins by constructing the global stiffness and 

mass matrices of the full assembly and solving the harmonic equilibrium 

equation

−𝜔 

2 𝑀 

(𝐴𝑃 )
𝑎𝑛 𝑢 

(𝐴𝑃 )
𝑎𝑛 + 𝐾 

(𝐴𝑃 )
𝑎𝑛 𝑢 

(𝐴𝑃 )
𝑎𝑛 = 𝑓 

(𝐴𝑃 )
𝑎𝑛 , (66)

(
where 𝑀 𝐴𝑃 ) 

 𝑎𝑛 = diag(𝑚 1 

, 𝑚 2 

,… ( ) ( ), 𝑚 , 𝑓 𝐴𝑃  𝐴𝑃
 

𝑇
5) , and 

 

 is 𝑎𝑛 = [𝑓 1 0, 0, 0] 𝐾 

 

, 0, 𝑎𝑛
given by

𝐾 

(𝐴𝑃 )
𝑎𝑛 =

⎡

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎣

𝑘 12 

+ 𝑘 13 

−𝑘 12 

−𝑘 13 

0 0
−𝑘 12 

𝑘 12 + 𝑘 23 

+ 𝑘 24 −𝑘 23 −𝑘 24 0 

−𝑘 13 −𝑘 23 𝑘 13 

+ 𝑘 23 

+ 𝑘 35 0 −𝑘 35
0 −𝑘 24 

0 𝑘 24 

+ 𝑘 45 

−𝑘 45
0 0 −𝑘 35 

−𝑘 45 

𝑘 35 

+ 𝑘 45

⎤ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎦ 

.

(67)

At subsequent TPA sublevels, the displacements obtained at level 𝐴𝑃 

are used to compute the effective interface forces. At sublevel 𝑃2 , for 
instance, interfaces 2, 3, and 4 become active, associated respectively 
with the elastic forces induced by springs 𝑘 13 

, 𝑘 24 

, and 𝑘 23 

. The interface 
forces are therefore

𝑔(𝑃 2 

)
2 = 𝑘 13(𝑥

(𝐴𝑃 ) 

1 −𝑥 

(𝐴𝑃 )
3 ), 𝑔(𝑃 2 

)
3 = 𝑘 24(𝑥

(𝐴𝑃 ) 

2 −𝑥 

(𝐴𝑃 )
4 ), 𝑔(𝑃 2 

) 

4 = 𝑘 23(𝑥
(𝐴𝑃 ) 

2 −𝑥 

(𝐴𝑃 ) 

3 ).

(68)

Each of these forces is applied independently to the corresponding 

reduced sublevel system, which is solved through

−𝜔 

2𝑀 

(𝑃 2)
𝑎𝑛 𝑢 

(𝑃 2)
𝑖 + 𝐾 

(𝑃 2)
𝑎𝑛 𝑢 

(𝑃 2)
𝑖 = 𝑔(𝑃 2 

)
𝑖 , (69)

where the subscript 𝑖 identifies the individual path contribution under 

evaluation.
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Fig. 7. Multilevel transfer path analysis workflow. At each level, every active-passive interface set contains different contact interfaces, which are the different transfer 

paths between active and passive components.

A comparison between the analytical contributions and those com­ 

puted using the FE-based novel TPA methodology with a dual approach 

is presented in Fig. 9. Results for sublevels 𝑃 2 

 and 𝑃 3 are shown in 

Fig. 9(a) and (b), respectively. The behavior of both models is almost 

identical. This agreement is quantified in Fig. 9(c), which displays the 

absolute relative error between analytical and FE-based contributions. 

The errors remain below 0.1%, demonstrating that the novel TPA formu­ 

lation accurately reproduces the analytical transfer-path contributions.

7 . Example

To demonstrate the applicability and performance of the presented 

framework, a numerical example based on a simplified two-story build­ 

ing structure is presented, as shown in Fig. 10. The model is subdivided 

into multiple substructures (see Fig. 11), discretized using linear shell 

elements. The division of the domain by substructures allows group­ 

ing them into the different TPA levels, as presented in Table 3. The 

material used in this example is isotropic concrete, with density 𝜌 = 

2392 kg/m 

3 , Young’s Modulus E = 19.36 GPa and Poisson’s Ratio 𝜈 = 

0.1414. The thickness of the Finite Element shells is 𝑡 wall 

= 0.5 m, 𝑡 floor 

=
0.6 m, 𝑡 ceil 

= 0.4 m, corresponding to the substructures as described in 

Fig. 10.

A low-frequency excitation is applied at the assembly level 𝐴𝑃 , con­ 

sidered the level zero of the multilevel TPA framework. The load is 

introduced specifically in subdomain 𝑠 1 

, as illustrated in Fig. 10. At 

each subsequent TPA level, different interfaces are analyzed as trans­ 

mission paths. In level 𝐴𝑃 , all subdomains are assembled together. At 

level 𝑃 1 

, the interface displacements (or forces) resulting from the exci­ 

tation in 𝐴𝑃  are analyzed through paths 1, 2, 3, and 4, which constitute 

the active-passive interfaces. The interface displacements (or forces) ob­ 

tained at this level serve as inputs for level 𝑃 2 

, where the transmission 

is studied across interfaces 5 and 6. Finally, in level 𝑃 3 

, the propagation 

continues through interfaces 5, 7, and 8, completing the hierarchical 

evaluation of the transfer paths.
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Fig. 8. Analytical and FE model of the mass-spring system.

Fig. 9. Analytical vs TPA-CMS contribution results on the validation model.
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Fig. 10. Example used for transfer path analysis using dynamic substructuring. The different TPA levels are highlighted in green (𝐴𝑃 ), blue (𝑃 

 

), red  1 (𝑃2  

) and yellow 

(𝑃 3).

Fig. 11. Finite element model and subdivision of the domain.

Table 3 

Levels of the multilevel transfer path analysis. Each level contains a set 

of subdomains defined in the dynamic substructuring decomposition. 

The studied interfaces act as external loads to the level.

Level Domains Studied interfaces

AP 𝑠1 , 𝑠2 , 𝑠3  

, 𝑠4  

, 𝑠 5 

, 𝑠 6 –

𝑃 1 𝑠2 , 𝑠3 , 𝑠4  

, 𝑠5  

, 𝑠 6 1, 2, 3, 4

𝑃 2 𝑠5 , 𝑠6 5, 6

𝑃 3 𝑠 6 5, 7, 8

The objective of this example is to trace the different transmission 

paths from the source location (𝑠) to the receiver (𝑟), and to identify 

which paths contribute most significantly to the overall dynamic re­ 

sponse. The analysis is structured in two main parts. The first part 

focuses on evaluating the accuracy and computational efficiency of CMS 

methods for Numerical TPA. Each method is assessed by comparing its 

results with those obtained from the full physical model. This part also 

investigates how errors propagate through the multilevel hierarchy of 

the Transfer Path Analysis, offering insight into how inaccuracies may 

accumulate with each additional TPA level. Additionally, the computa­ 

tional performance of each CMS method is analyzed in terms of CPU time 

and memory (RAM) consumption, allowing for a balanced evaluation of 

accuracy versus resource requirements.

The second part explores Transfer Path Analysis using two distinct 

formulations: displacement-based TPA (u-TPA), which is implemented 

using a primal CMS method, and force-based TPA (f-TPA), conducted 

through a dual CMS method. These approaches are compared to exhibit 

the different contribution results offered by the two methodologies.

7.1 . Evaluation of CMS accuracy and efficiency

The methods listed in Table 2 are evaluated in this analysis. All ap­ 

proaches are subjected to the same external load, applied at the source 

location (𝑠), and their results are compared against the reference solu­ 

tion obtained using the primal assembly method at level zero (𝐴𝑃 ). The 

comparison is based on the relative error at the receiver location (𝑟), 
computed using the vector norm as:

𝑒 𝑟,method,rel, 𝑃 𝑖
=

|

|

|

𝑢 𝑟,method, 𝑃 𝑖 

− 𝑢 𝑟,primal, 𝐴𝑃
|

|

|

|

|

|

𝑢 𝑟,primal, 𝐴𝑃
|

|

|

(70)

For the modal method, the first 100 modes are retained at each TPA 

sublevel. In the CMS-based approaches, 20 component modes are used 

in the fixed-interface methods, while 30 modes are employed for the 

free-interface methods. The mode count for each case is selected based 

on the highest frequency analyzed (100 Hz), ensuring that the last re­ 

tained mode corresponds to an eigenfrequency of at least twice this value 

(200 Hz), providing sufficient resolution across the frequency range of 

interest.

Fig. 12 uses colored tags to categorize the various methods: physical 

methods are shown in green, the modal method in yellow, fixed-interface 

CMS methods in blue, and free-interface CMS methods in red. As ex­ 

pected, the physical methods (primal and dual) yield very low relative 

errors across the different TPA levels, with deviations attributed to nu­ 

merical solver inaccuracies. In contrast, the modal method results in 

errors exceeding 100%, rendering it unsuitable for this analysis. A sim­ 

ilar trend is observed for the free-interface CMS methods, which also 

produce errors above 100% in the frequency range under study. Among 

the reduced-order approaches, only fixed-interface methods prove to be 

reliable. Notably, CBM and FDCBM yield nearly identical error levels, in­ 

dicating that they are functionally equivalent in this context. The CCBM, 

while computationally efficient, generally shows higher errors compared 

to the other fixed-interface methods, and its errors propagate throughout 

different TPA levels. It is also observed that all reduced-order methods, 

including the fixed-interface approaches, exhibit a decline in accuracy as 

the excitation frequency increases, which is consistent with the typical 

limitations of modal truncation.

Fig. 13 presents a comparative analysis of the CPU time, RAM usage, 

and Median Absolute Relative Error (MARE) for the different methods. 

The colormap in the figure visually encodes the MARE values, which are 

calculated as follows:

MARE = median(𝑒 𝑟,method,rel,𝑃 3 

) (71)

Here, 𝑒 𝑟,method,rel,𝑃 3
 represents the relative error of each method at the fi­ 

nal TPA level 𝑃 3, evaluated at the receiver location, as previously defined 

in Eq. (70). The median is computed across the entire studied frequency 

range.

The comparison of methods reveals that CMS techniques and the 

modal method generally require less CPU time than the full primal and 
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Fig. 12. Propagation of errors within the multilevel TPA example. Errors relative to the primal method at assembly AP level.

Fig. 13. Comparative of CPU time, RAM usage and median relative error for the different studied methods. The variables are relative to the primal assembly. The 

different CMS methods are grouped by type, and the condensed methods are connected to their non-condensed counterparts.

dual assemblies. Among the evaluated approaches, free-interface meth­ 

ods (MNM, RM, DCBM, and CDCBM) exhibit both high RAM consump­ 

tion and high relative error, making them unsuitable for performing 

accurate numerical TPA.

In contrast, fixed-interface methods (CBM, FDCBM, and CCBM) 

demonstrate better performance, with lower relative errors and more 

moderate RAM usage, although RAM demand may still pose limitations 

in large-scale applications. Notably, condensed methods (CCBM, MNM, 

and CDCBM) offer a reduction in CPU time compared to their non-

condensed counterparts, while maintaining similar RAM requirements.

The FDCBM method requires similar memory as CBM but at the cost 

of increased CPU time, whereas CCBM provides a favorable trade-off 

between accuracy and computational efficiency. Regarding the modal 

method, although it shows the lowest CPU and RAM usage overall, its 

high error renders it inappropriate for TPA.

It is important to note that these results are specific to the case study 

presented and may vary depending on the system characteristics and 

model complexity. However, some general trends can be identified. Free-

interface methods tend to consume more RAM and CPU time due to the 

need to invert larger stiffness matrices, which are typically less efficient 

to handle compared to those in fixed-interface methods.

Another important consideration is the number of component modes 

required in each method. Fixed-interface methods offer an additional 

advantage over free-interface methods in this regard. Due to the bound­ 

ary constraints imposed at the interfaces, the natural frequencies of 

fixed-interface substructures are shifted to higher values. As a result, 

a smaller number of modes is typically sufficient to accurately repre­ 

sent the system dynamics within the frequency range of interest. In 

contrast, free-interface methods lack such constraints, leading to lower 

natural frequencies and requiring a greater number of modes to achieve 

comparable accuracy, further increasing the computational cost.

Additionally, all CMS methods generally demand more memory 

than the full primal and dual assemblies, as the inversion of sparse 

stiffness matrices leads to dense representations [7]. When selecting 

an appropriate method, it is essential to evaluate the trade-offs be­ 

tween computational cost (RAM and CPU) and solution accuracy. For 

instance, the CCBM provides very fast preliminary results when mem­ 

ory is not a limiting factor. The CBM offers more accurate results at 

slightly higher computational cost. The FDCBM is particularly useful 

when interface force estimation is required. However, for complete 

and most accurate results, the full primal or dual assemblies should be 

employed.

7.2 . Evaluation of displacement- and force-based transfer path analyses

In Section 5, two complementary approaches for TPA were in­ 

troduced: displacement-based TPA (u-TPA), which relies on imposing 

interface displacements, and force-based TPA (f-TPA), which is based 

on prescribing interface forces. These approaches align naturally with 

the primal and dual formulations of Dynamic Substructuring.

As shown in Section 7.1, the non-condensed fixed-interface CMS 

methods, CBM for the primal formulation, and the FDCBM for the dual 

formulation, demonstrated a favorable balance between accuracy and 

computational efficiency. Given their reliability, these two methods are 

selected for the evaluation of transfer paths in the numerical example.

This section serves two primary purposes. First, it aims to demon­ 

strate the feasibility of conducting multilevel TPA using the Dynamic 

Substructuring framework. Second, it compares the contribution results 

offered by a displacement-based TPA formulation with the traditional 

force-based. For u-TPA, the Craig-Bampton method is used, whereas 

for f-TPA the novel Fixed Dual Craig-Bampton method is implemented 

(Fig. 14).
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Fig. 14. Description of TPA at level 𝑃1  

 when prescribing the displacements (left) 

and forces (right) in interface 4. The displacement-based TPA approach fixes the 

remaining active-passive interfaces (1, 2, 3) when the interface displacements 

are prescribed in (4). In the force-based approach, the retained interfaces are 

fully free, when the force is imposed at the prescribed interface.

Table 4 

Comparison of the different path contributions using one-

level TPA at 35 Hz. The displacement-based TPA shows 

that the paths 3, 5 and 8 are the main paths, whereas 

force-based TPA shows that 4, 6 and 7 are the main ones. 

Each contribution is relative to the total accumulated 

constructive contributions.

Level Path u-TPA (%) f-TPA (%)

P1 3 100 20.38

4 −19.96 79.62

P2 5 100 −65.16

6 −3.08 100

P3 5 18.99 −31.96

7 7.02 84.75

8 73.99 15.25

7.2.1 . One-level TPA vs multilevel TPA

The TPA problem can be approached using either a direct one-level 

strategy, where displacements or forces obtained from the global level 

𝐴𝑃  are applied directly to a sublevel 𝑃 𝑖 

, or through the multilevel 

methodology, as described in Section 3. Each approach provides dif­ 

ferent types of insight: the one-level TPA reveals the direct influence of 

individual transfer paths from the assembly to each TPA level, while the 

multilevel TPA captures the cumulative and interactive contributions 

across intermediate levels.

Both methodologies have been applied in this analysis. To facilitate 

interpretation, a specific frequency (35 Hz) is first selected for detailed 

comparison. The results obtained from the one-level and multilevel 

TPA are summarized in Tables 4 and 5, respectively. Additionally, both 

displacement-based and force-based formulations are evaluated within 

each approach.

To assess the influence of individual paths on the overall system re­ 

sponse, it is useful to use the concepts of constructive and destructive 

contributions. Constructive contributions refer to those that increase the 

magnitude of the total displacement vector, thus aligning in phase and 

direction. On the other hand, destructive contributions reduce the vector 

magnitude, indicating phase opposition or partial cancellation between 

paths.

In the one-level analysis (see Table 4), the u-TPA results indicate that 

the dominant contributors at each level are 3, 5 and 8 for 𝑃 1 

, 𝑃 2 

, and 𝑃 3, 

respectively. Conversely, the f-TPA results suggest that 4, 6 and 7 are 

the most significant contributors in the same divisions. These results are 

consistent with the findings of the multilevel analysis (see Table 5). In 

the multilevel u-TPA, the multilevel path 3–5–8 emerges as the most 

influential at level 𝑃 3 

, while the multilevel f-TPA identifies 4–6–7 as the 

dominant multilevel path.

Both approaches lead to different interpretations: the u-TPA for­ 

mulation highlights path 3–5–8 as the key contributor, while f-TPA 

Table 5 

Comparison of the different path contributions using mul­ 

tilevel TPA at 35 Hz. The displacement-based TPA shows 

that the multilevel path 3-5-8 is the main path, whereas 

the force-based TPA shows that the multilevel path 4-6-7 

is the main one.

Level Through Path u-TPA (%) f-TPA (%)

P1 – 3 100 20.38

4 −19.96 79.62

P2 3 3-5 99.74 5.20

3-6 0.26 1.54

P3 4 4-5 −18.31 −66.96

4-6 −1.65 93.27

3-5 3-5-5 18.59 13.46

3-5-7 11.49 −6.25

3-5-8 68.38 −2.48

3-6 3-6-5 0.00 0.00

3-6-7 0.51 0.07

3-6-8 −0.22 1.33

4-5 4-5-5 −3.59 −27.49

4-5-7 −3.71 −9.78

4-5-8 −10.78 −23.84

4-6 4-6-5 0.00 0.00

4-6-7 −2.75 53.41

4-6-8 1.02 31.72

emphasizes path 4–6–7. The multilevel approach provides better insight 

into how the vibration is transmitted across different assembly levels.

At the selected frequency, the u-TPA method identifies substructure 

𝑠 3 

, located between interfaces 3 and 5, as the primary contributor to the 

overall response. In contrast, the f-TPA approach points to substructure 

𝑠 4 

, which lies between interfaces 4 and 6, as the most critical region. 

However, this observation is frequency-dependent; at other frequencies, 

different paths dominate the transmission behavior.

In Fig. 15(a) and (b), this phenomenon is observed, where the differ­ 

ent contributions vary at distinct excitation frequencies. It is also evident 

from the different interpretations given by the two methods, u-TPA and 

f-TPA, as to which are the dominant paths at each excitation frequency.

In the present framework, force-based TPA uses interface forces at 

the active–passive interfaces as the prescribed quantities. This corre­ 

sponds directly to force-driven (classical, component-based) TPA, where 

interface forces act as the primary source and are propagated through 

the dynamic admittances of the passive side. Such force-driven schemes 

are regarded as the physically most consistent formulations [22], pro­ 

viding detailed information on source strength, interface loads and 

structural resonances, and they are therefore the preferred option for 

accuracy and physical interpretability.

By contrast, displacement-based TPA uses interface displacements 

prescribed as boundary conditions at selected active–passive interfaces, 

which is conceptually in line with the transmissibility-based families 

[22], where path contributions are derived without explicit force recon­ 

struction. According to [22], transmissibility-based methods generally 

offer easier and faster test setups and are very effective for rank­ 

ing dominant paths, but they may be less accurate than force-driven 

methods.

In this context, u-TPA can be viewed as the analogue of 

transmissibility-based approaches, whereas f-TPA matches the force-

driven TPA interpretations. A main drawback of the u-TPA interpreta­ 

tion in the simulation scheme is that the non-prescribed active interfaces 

must be fixed, which makes a direct comparison with experimental 
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Fig. 15. Cumulative plot of constructive and destructive contributions using u-TPA and f-TPA at sublevel 𝑃 3 

 for the frequency range of 20–60 Hz in a multilevel 

approach. The contributions are relative to the total accumulated constructive contributions.

transmissibility TPA very impractical: for each interface under analy­ 

sis, all remaining active interfaces would have to be constrained, adding 

substantial complexity to the workflow.

8 . Conclusions

This work introduces a simulation-based framework for Transfer 

Path Analysis using Dynamic Substructuring and Component Mode 

Synthesis. Several CMS methods have been studied and adapted to per­ 

form TPA, including Craig-Bampton, Rubin’s, MacNeal’s and the Dual 

Craig-Bampton. A novel CMS method, the Fixed-dual Craig-Bampton 

Method, is presented by combining fixed-interface and constraint modes 

in a dual assembly formulation. This method, along with the broader 

framework, facilitates the implementation of Multilevel TPA, enabling 

the sequential analysis of vibration transmission across hierarchical 

structural levels.

The simulation-based TPA methodology was validated by comparing 

contribution results from a non-reduced dual assembly with the analyt­ 

ical path contributions of a one-dimensional multi–mass–spring system. 

The agreement was excellent, with discrepancies typically below 0.1%.

Using a structural example of the Finite Element model of a two 

story building, the studied CMS methods were benchmarked to assess the 

balance between computational efficiency and numerical accuracy. The 

benchmark results confirm the fixed-interface methods, Craig-Bampton 

and the novel Fixed-dual Craig-Bampton as the most suitable CMS strate­ 

gies for numerical TPA, alongside the non-reduced primal and dual 

approaches.

However, these results are strongly case-dependent and cannot be 

regarded as generally valid for all problems, especially as complex­ 

ity increases. This application should therefore be seen as a first step 

to explore the trade-off between computational efficiency and accu­ 

racy of CMS methods for TPA; more in-depth studies are needed, 

varying model parameters such as the domain type (e.g., replac­ 

ing shells with solid elements or acoustic cavities), the component 

mesh density and interface-node ratio, and the boundary conditions 

applied to the components (e.g., with or without full rigid-body con­ 

straint), among other variables. In parallel, additional metrics should 

be introduced to assess when CMS methods are more efficient than 

their non-reduced counterparts. For example, a break-even point in 

terms of the number of harmonic-analysis iterations, the reduction 

in computation time per iteration, or condensed indicators that com­ 

bine CPU time and RAM usage to quantify the accuracy–efficiency 

balance.

The Transfer Path Analysis was conducted in one-level and in multi­ 

level procedures and the results were compared. The study demonstrated 

the effectiveness of multilevel TPA in identifying critical transmission 

paths and substructures, adding a better understanding of the vibration 

transmission throughout the assembly.

Finally, two distinct families of TPA were explored: displacement-

based (primal) and force-based (dual). The displacement-based TPA 

formulation, analogous to transmissibility TPA schemes, conducted us­ 

ing the Craig-Bampton reduction, offers a different interpretation of the 

contribution results in comparison to the force-based TPA, relatable to 

classical TPA, represented by the Fixed Dual Craig-Bampton method.

This distinction in contribution results, arising from the two differ­ 

ent types of prescribed loading conditions, naturally raises the question 

of which interpretation offers better guidance for reducing vibration 

transmission. The force-based TPA procedure, represented by the dual 

approach and the novel Fixed Dual Craig–Bampton method, is con­ 

sistent with classical and component-based TPA, thereby highlighting 

the relevance of the newly developed CMS formulation and facilitating 

experimental validation of the simulation results.

In contrast, the u-TPA methodology corresponds to transmissibility-

based TPA, but its requirement to fix all non-prescribed active interfaces 

for each interface under study severely limits its experimental validation 

and makes it considerably less practical than the f-TPA counterpart.

To conclude, the main limitations of the TPA methodology presented 

in this work are: (1) in its current form it is restricted to purely struc­ 

tural analyses (although an extension to a vibro-acoustic framework for 

simultaneous structure-borne and airborne noise tracing is under de­ 

velopment); (2) by adopting a force-based TPA formulation, the dual 

methods using Lagrange multipliers are constrained to conforming and 

paired meshes and are generally less efficient than their primal coun­ 

terparts; (3) multilevel TPA can become cumbersome and difficult to 

manage when many interfaces are involved; and (4) some CMS meth­ 

ods can be incompatible with interface conditions (damping, external 

forces), which might make them impractical in specific engineering 

problems.
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