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Abstract—We study the remote monitoring of two-state
Markov sources over a shared wireless channel with destructive
collisions. System performance is measured in terms of state
estimation entropy (SEE) and state estimation error probability
(SEEP), which quantify the receiver’s uncertainty and decision
error regarding the source state, respectively. We consider two
transmission policies: a random strategy, where nodes access the
channel independently of their state, and a reactive strategy,
where transmissions occur only upon state changes.

Our main contribution is a simple and explicit analytical
characterization of the long-term average SEE and SEEP under
both policies using a renewal–reward framework, alternative to
the density evolution approach introduced in [1]. For random
transmission, both metrics admit closed-form representations as
expectations over the geometric steady-state age-of-information
distribution. For reactive transmission, we show that estimation
uncertainty and error accumulate exclusively through collision
events, and derive their long-term averages via a collision-indexed
Markov reward recursion.

Index Terms—State estimation entropy, random access net-
works, Markov sources, renewal–reward theory, slotted-ALOHA

I. INTRODUCTION

The remote monitoring of stochastic processes through
shared wireless channels is a key application in Internet of
Things (IoT) and cyber–physical systems. Typical deploy-
ments involve a large number of low-complexity, battery-
powered devices that observe an underlying physical process
and transmit updates to a common receiver. The need for a
reliable estimation of the sensed phenomenon, combined with
the strict energy constraints of the devices and the unreliable
nature of the communication channel, makes the efficient use
of communication resources particularly challenging [2], [3].

In large-scale monitoring systems, grant-based multiple ac-
cess mechanisms are often impractical due to the coordination
signaling overhead, and random access protocols such as
ALOHA and its variants are widely adopted in practical
systems [4]–[6]. While attractive from an implementation
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standpoint, these schemes suffer from interference, which fun-
damentally limits the information conveyable to the receiver.
A central challenge in remote monitoring systems is then
to quantify how well the receiver can track the state of a
monitored process. The age of information (AoI), defined as
the time elapsed since the last received update, has emerged as
a widely adopted metric for characterizing freshness [7], [8].
While AoI has proven effective for system design and admits
elegant analytical characterizations [9]–[11], it is inherently
oblivious to the content of updates and the dynamics of the
underlying source. In particular, AoI grows at a constant rate
even when the monitored process is slowly varying or stays
constant for long periods of time, and does not account for the
receiver’s ability to predict future states based on knowledge
of the source model. These limitations become especially
pronounced when monitoring sources with memory.

Motivated by this, content-aware metrics have been pro-
posed to better capture the relevance and informativeness of
received updates in applications where the source model is
known or can be estimated. Among them, State Estimation
Entropy (SEE) quantifies the residual uncertainty about the
current state of a source at the receiver, taking into account
the entire observation history and the source model [1], [12].
Closely related metrics include the state estimation error
probability (SEEP), as well as more recent semantic-aware
measures such as the Age of Missed Alarm and the Age
of False Alarm, which account for the asymmetric costs of
different estimation errors [13].

Several recent works have investigated such metrics in net-
worked monitoring systems. In scheduled multi-user settings,
optimal sampling and scheduling policies have been proposed
to minimize entropy-based uncertainty measures [14], whereas
[1], [15] studied the monitoring of multiple two-state Markov
sources over a slotted ALOHA channel. These works revealed
a fundamental trade-off between AoI and SEE and showed that
reactive strategies, where nodes transmit only upon detecting
a state change, can substantially reduce estimation uncertainty
compared to state-independent transmissions. In turn, [16],
[17] highlighted how sampling policies can reduce estimation
errors for Markov sources, while [18] studied the impact of
packet loss and delay in networked estimation problems.

Specifically relevant to this paper is the work in [1], where
the authors model the interaction between the source dynamics



and the channel outcomes through hidden Markov models and
evaluate the SEE numerically by means of quantized density
evolution, which tracks the distribution of the a posteriori
log-likelihood ratio across time. While accurate, the iterative
nature of the analysis falls short in highlighting some impor-
tant structural properties that govern the long-term behavior
of the system. Taking the lead from this observation, we
elaborate further on remote monitoring over slotted ALOHA
channels, leveraging the renewal structure inherent to random
access systems to derive closed-form expressions for the long-
term average SEE and the SEEP. Under random transmission,
we show that uncertainty growth is entirely driven by the
time elapsed since the last successful reception, leading to a
simple expectation over the geometric age distribution for both
performance metrics. Under reactive transmission, we reveal a
markedly different behavior: estimation uncertainty and, corre-
spondingly, the SEEP accumulate exclusively through collision
events, while idle slots preserve the receiver’s knowledge of
the source state. This structure leads naturally to a collision-
indexed Markov–reward formulation, which captures both
entropy-based and error-based performance metrics within
a unified framework. Monte Carlo simulations validate the
analysis and illustrate how reactive strategies can substantially
mitigate the SEE by selectively suppressing unnecessary trans-
missions.

II. SYSTEM MODEL AND PRELIMINARIES

We consider a wireless uplink system with M statistically
independent sources (nodes), each with an associated transmit-
ter, and communicating with a common receiver over a shared
channel. Time is slotted and perfectly synchronized across
nodes. Each source evolves as a two-state, time-homogeneous
Markov chain with symmetric transition probabilities q01 =
q10 = q. Given the symmetry of the problem, we address
the state estimation at the receiver for an arbitrary reference
source, denoting its state at time n by Xn.

Nodes transmit update packets over the shared channel
following slotted ALOHA [19]. Accordingly, at every slot
each node accesses the channel independently, and packets
carry the current state of the transmitting source. We adopt a
collision channel model. If exactly one packet is transmitted
in a slot, the receiver identifies the transmitting node and
decodes its state. Instead, concurrent transmissions result in
a destructive collision from which no packet is recovered.
The receiver detects collisions but cannot determine which
or how many nodes were involved. No feedback is provided
by the receiver, and retransmissions are not considered. The
channel output in slot n is denoted with Yn ∈ {S, I,C},
where S denotes successful reception of the reference source;
I indicates that the reference source did not transmit (idle slot
or single transmission from another source); and C denotes a
collision. The sequence of observations up to time n is written
as Y n := [Y0, . . . , Yn].

For our study, we focus on two transmission strategies:
• Random transmission: each source transmits in every slot

with probability α ∈ (0, 1), independently of its state.

The reference source is thus successfully decoded when
it is the sole transmitter, i.e., with probability

ω = α(1− α)M−1. (1)

In the following, we set α = 1/M , which maximizes
the throughput of slotted ALOHA and ensures that the
random transmission policy operates at its optimal point
for the considered metrics [1].

• Reactive transmission: a node transmits if and only if
its state changes, so that channel outcomes are directly
linked to the underlying source dynamics. Leaning on
the independence of the processes, the probability that
the reference source is successfully decoded, i.e., that it
toggles while all other sources remain silent, is given by

ω = q(1− q)M−1. (2)

A. State Estimation Entropy

The receiver keeps track of the observed sequence of
channel outputs Y n. Accordingly, its uncertainty about Xn

given the specific realization yn is quantified by

Hn := H(Xn | Y n = yn). (3)

Clearly, the successful reception of a packet by the reference
source reveals its state exactly and yields Hn = 0. The sub-
sequent evolution of Hn depends on the adopted transmission
policy. Our performance metric is the state estimation entropy

H∞ = lim
N→∞

1

N

N−1∑
n=0

Hn, (4)

which coincides with the steady-state expectation of Hn under
the hypothesis of ergodic sources [1].

B. State Estimation Rule

Based on the observation history, the receiver computes
the posterior distribution P (Xn=x | yn). The maximum a
posteriori (MAP) state estimate X̂n is

X̂n = arg max
x∈{0,1}

P (Xn = x | yn) (5)

and the corresponding instantaneous SEEP is

Pe,n = P
(
X̂n ̸= Xn | Y n = yn

)
. (6)

C. Renewal–Reward Framework

We recall a standard result from renewal theory that will be
used to characterize long-term averages.

Theorem 1 (Renewal–Reward Theorem [20, Chp. 3]). Let
{Tk}k≥1 be a renewal process with renewal epochs Tk =∑k

i=1 ∆i, where {∆i}i≥1 are i.i.d. nonnegative inter-renewal
times with E[∆i] < ∞. Let {Ri}i≥1 be a sequence of
random rewards such that the pairs {(∆i, Ri)}i≥1 are i.i.d.
and E[|R1|] < ∞. Define the cumulative reward process

R(t) =

N(t)∑
i=1

Ri, (7)



where N(t) = max{k : Tk ≤ t}. Then

lim
t→∞

R(t)

t
=

E[R1]

E[∆1]
, a.s. and in mean. (8)

In our system, a renewal occurs whenever a successful
transmission reveals the source state, starting a new estimation
cycle. The inter-renewal time ∆i is the random number of
slots between two successes and Ri denotes the cumulative
estimation uncertainty accrued during that cycle.

III. STATE ESTIMATION UNDER RANDOM TRANSMISSION

Under random transmission, only successful receptions (S)
convey information about the reference source. The receiver’s
estimation of the reference source state evolves solely through
Markov prediction between successive updates, which occur
independently across slots with probability ω, defined in (1).

Let Tk denote the k-th successful decoding time. The inter-
arrival times ∆k = Tk − Tk−1 are i.i.d. geometric random
variables with parameter ω, inducing a renewal structure.
At Tk, the receiver learns XTk

exactly and HTk
= 0. For

n ∈ [Tk, Tk+1), let us define the quantity a = n − Tk. Since
observations in this interval are uninformative, the receiver’s
belief is obtained by a-step Markov prediction from XTk

, and
hence Hn depends only on a. Note that a corresponds to the
age of information between consecutive receptions.

Define λ ≜ 1−2q ∈ [0, 1). After a slots without update, the
probability that the source remains in the last decoded state is

P(Xn = XTk
| yn) = P(XTk+a = XTk

| XTk
) =

1 + λa

2
,

(9)
which yields the instantaneous SEE at age a,

HTk+a = h2

(
1 + λa

2

)
, (10)

where h2(p) denotes the binary entropy function.
Thus, within each renewal cycle the entropy can be seen

as a deterministic “reward” trajectory, starting with HTk
= 0

and converging to 1 bit as a → ∞. The cumulative entropy
accrued during the k-th renewal cycle is therefore given by

∆k−1∑
a=0

HTk+a.

By the renewal–reward theorem, the long-term average state
estimation entropy is given by

H∞ =

E

[
∆k−1∑
a=0

HTk+a

]
E[∆k]

. (11)

Using the geometric distribution of ∆k, we have

E

[
∆k−1∑
a=0

HTk+a

]
=

∞∑
a=0

P(∆k > a)HTk+a

=

∞∑
a=0

(1− ω)a HTk+a. (12)

Substituting into (11) and recalling (10) yields

H∞ = ω

∞∑
a=0

(1− ω)ah2

(
1 + λa

2

)
. (13)

Under random transmission, for n = Tk + a with a ≥ 0,
the posterior distribution P(Xn = · | Y n) depends only on
the age term a. As a result, the instantaneous SEEP depends
only on a and is given by

Pe(a) =
1− λa

2
. (14)

As in the entropy analysis, the sequence {Tk} induces a
renewal structure, and the SEEP within each renewal cycle
follows a deterministic trajectory indexed by the age a, starting
from Pe(0) = 0 and converging to 1/2 as a → ∞. The long-
term average SEEP is obtained by averaging this trajectory
over the stationary age distribution, which is geometric with
parameter ω. By the renewal–reward theorem, the asymptotic
SEEP is therefore

Pe,∞ = ω

∞∑
a=0

(1− ω)a
1− λa

2
. (15)

IV. STATE ESTIMATION UNDER REACTIVE TRANSMISSION

We now analyze the SEE under the reactive transmission
policy. Unlike the random case, channel observations are cou-
pled to the source dynamics and can convey information about
its state even without a successful decoding. In particular,
Yn = I indicates that the reference source did not transmit and
therefore did not change state, whereas collision (C) indicates
that at least two nodes toggled; since the reference source may
or may not be among them, some uncertainty remains.

Let Tk denote the time of the k-th successful decoding of
the reference source. We focus on slots within the renewal
cycle, i.e., Tk ≤ n < Tk+1, and define the collision counter

Jn ≜
n∑

ℓ=Tk+1

1{Yℓ = C}. (16)

The collision count defines a Markov chain within each
renewal cycle. Within a cycle, idle slots leave the entropy
unchanged, collision slots increase the collision count j, and
the cycle terminates at the next successful decoding. Fig. 1
depicts the embedded Markov chain of the collision count
within a cycle: I yields a self-loop, C moves to j + 1, and
S terminates the cycle and resets to j = 0. Since I implies no
toggle of the reference source’s state, the posterior depends
on the observation history only through the collision count
Jn. Accordingly, we define the belief after j collisions as

bj ≜ P(Xn = XTk
| Jn = j) , j ≥ 0, (17)

with initial condition b0 = 1. Define the corresponding
collision-indexed entropy level

Hj ≜ h2(bj). (18)
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Fig. 1. Embedded Markov chain of the collision count j within a renewal
cycle under reactive transmission.

Within the renewal cycle (Tk ≤ n < Tk+1), the time-indexed
entropy satisfies Hn = HJn . Let

ϕ ≜ P(reference toggled | Yn = C) (19)

denote the conditional probability that the reference source
was among the colliding transmitters in a collision slot.

Let K ∼ Binomial(M, q) be the number of transmitting
nodes. Conditioning on the collision event {K ≥ 2}, we have

ϕ =
q
(
1− (1− q)M−1

)
1− (1− q)M −Mq(1− q)M−1

. (20)

For a given bj , if the reference did not change state, then
{Xn = XTk

}, while if it toggles state {Xn = XTk
}, XTk

being the complementary state. Therefore:

bj+1 = (1− ϕ) bj + ϕ (1− bj) = ϕ+ (1− 2ϕ) bj , (21)

which yields the closed form

bj =
1

2
+

1

2
(1− 2ϕ)j , (22)

converging to 1
2 as j → ∞. Substituting into (18) we have

Hj = h2

(
1

2
+

1

2
(1− 2ϕ)j

)
. (23)

Cycle Structure and Average SEE: As in Sec. III, the
times {Tk} are regeneration points. Define the slot-outcome
probabilities for the reference source as

ps ≜ P(Yn = S) = q(1− q)M−1, (24)

pc ≜ P(Yn = C) = 1− (1− q)M −Mq(1− q)M−1, (25)

pi ≜ P(Yn = I) = 1− ps − pc. (26)

Let Rj be the expected total entropy accumulated from the
current slot until the end of the cycle, conditioned on a given
collision count j. Grouping the I slots before the next non-I
outcome yields the recursion

Rj = ps · 0 + pi
(
Hj +Rj

)
+ pc

(
Hj+1 +Rj+1

)
. (27)

Rearranging (27) for Rj gives

Rj =
piHj + pcHj+1

ps + pc
+

pc
ps + pc

Rj+1. (28)

Setting

η ≜
pc

ps + pc
, βj ≜

piHj + pcHj+1

ps + pc
,

(28) becomes Rj = βj + ηRj+1. Iterating we obtain

R0 = β0+ηR1 = β0+ηβ1+η2R2 = · · · =
N−1∑
j=0

ηjβj+ηNRN .

Since Hj ≤ 1 for all j, the sequence {Rj} is bounded, and
ηNRN → 0 as N → ∞. Hence

R0 =

∞∑
j=0

ηjβj . (29)

Splitting βj and re-indexing the second sum we have

R0 =
1

ps + pc

pi

∞∑
j=0

ηjHj + pc

∞∑
j=0

ηjHj+1


=

1

ps + pc

(
pi +

pc
η

) ∞∑
j=0

ηjHj , (30)

where we used H0 = 0. Substituting pc/η = ps + pc and
pi + ps + pc = 1 yields

R0 =
1

ps + pc

∞∑
j=0

ηjHj . (31)

The cycle length is geometrically distributed with parameter
ps, so E[∆] = 1/ps. By the renewal–reward theorem we have

H∞ = (1− η)

∞∑
j=0

ηjHj . (32)

Within a renewal cycle, the posterior depends on the ob-
servation history only through the collision count Jn. Hence,
conditioned on Jn = j, the MAP error probability depends
solely on the belief bj , and is given by

P (j)
e = P

(
X̂n ̸= Xn | Jn = j

)
= 1−max{bj , 1− bj}. (33)

The belief admits the closed form in (22), yielding

P (j)
e =

1

2

(
1− |1− 2ϕ| j

)
, (34)

which increases monotonically with the number of collisions
and converges to 1/2, corresponding to complete uncertainty.

Long-term average SEEP: Using the same arguments
adopted for the entropy analysis, the asymptotic SEEP is

Pe,∞ =

∞∑
j=0

P(J = j)P (j)
e , (35)

which reduces to a geometric law with parameter 1− η

Pe,∞ = (1− η)

∞∑
j=0

ηjP (j)
e . (36)
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Fig. 2. Average state estimation entropy versus number of nodes M . Lines
denote analytical results, whereas markers show Monte Carlo simulations.

V. SIMULATION RESULTS AND DISCUSSION

We validate the analytical results on the average SEE
derived in Secs. III and IV via Monte Carlo simulations, and
compare random and reactive transmission policies under dif-
ferent channel loads. The SEE is estimated by time-averaging
the instantaneous conditional entropy H(Xn | Y n) over long
horizons. We investigate how the average SEE scales with the
number of contending nodes M . Results are shown for two
values, q = 0.1 and q = 0.01, corresponding to moderately
fast and slow source dynamics, respectively.

Fig. 2 shows the average SEE as a function of M under
both transmission strategies. The plots confirm the correctness
of the derived expressions. As expected, the SEE increases
with the number of nodes due to stronger channel contention,
which reduces the frequency of informative observations at
the receiver. For both access policies, slower source dynamics
(q0 = 0.01) lead to a lower SEE, since state transitions are
rarer and missed updates are less detrimental.

A clear performance gap can be observed between the two
strategies. Reactive transmission yields a lower SEE under low
and moderate channel loads, but a crossover occurs as M in-
creases, after which random transmission becomes preferable.
This behavior is due to the fact that, under reactive access,
successful updates occur with probability ps = q(1− q)M−1,
which decays exponentially with M , whereas under random
access the update rate can be sustained by tuning the access
probability. In the extreme case M = 2, reactive transmission
enables perfect tracking of the reference source, resulting in
zero SEE. It is worth noting that the crossover occurs when
the SEE is already close to one for both policies, i.e., when
the receiver has almost no information about the source. This
corresponds to a heavily overloaded regime where reliable
monitoring is no longer feasible, so the performance difference
is of limited practical relevance. The SEEP (Fig. 3) exhibits
a similar behavior. Reactive transmission outperforms random
access at low and moderate loads, since even collisions and
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Fig. 3. Average state estimation error probability versus number of nodes
M . Lines represent analytical results, while markers show Monte Carlo
simulations.

idle slots convey information. As M increases, a crossover
appears, and random transmission becomes preferable.

The crossover occurs earlier for faster dynamics (q = 0.1),
while it is shifted to larger M for slower sources (q = 0.01).
In the high-load regime, the SEEP under reactive transmission
approaches 1/2 more rapidly due to the vanishing success
probability, whereas random transmission maintains a lower
error probability by sustaining a higher effective update rate.

VI. CONCLUSIONS

We studied remote monitoring of two-state Markov sources
over a slotted ALOHA channel and provided an explicit
analytical characterization of the long-term average SEE and
SEEP under both random and reactive transmission policies.
In contrast to density evolution approaches, the analysis is
based on the renewal structure induced by successful updates.
It yields closed-form expressions that clarify how source
dynamics and channel randomness affect these metrics.

For random transmission, both metrics reduce to simple
expectations over the geometric steady-state age distribution.
For reactive transmission, we characterize a different struc-
ture: estimation uncertainty and error accumulate exclusively
through collision events. This leads to a collision-indexed
Markov–reward recursion that captures both SEE and SEEP
within a unified framework. The analysis shows that reactive
transmission outperforms at low and moderate loads, while a
crossover occurs at high load due to the vanishing probability
of successful updates, which is confirmed by simulations.

Future work includes extending the analysis to more general
source models such as time-inhomogeneous Markov pro-
cesses, as well as investigating hybrid transmission strategies
that combine random and reactive access mechanisms.
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