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Centroidal Angular Momentum-Aware Planning for
Legged Locomotion Integrating 3D-DCM and
Swing-Leg Trajectory Optimization

Robert Schuller/®, George Mesesan

Abstract—In humanoid motion planning, centroidal angular
momentum (CAM) is often neglected or simplified due to the
complexity arising from its nonlinear and non-holonomic nature.
As a result, unmodeled CAM effects can compromise center of
pressure (CoP) tracking and, consequently, reduce robustness
during motion execution. To address this, we propose an online
iterative algorithm that computes the induced CAM and updates
the corresponding center of mass (CoM) trajectory accordingly.
Since leg motion is the primary source of angular momentum
in legged locomotion, the proposed framework also optimizes
the swing-leg trajectories to generate the desired CAM while
respecting kinematic hardware limits. This results in CAM-
consistent whole-body motions that enable stable yet faster
locomotion with reduced demand for maximum joint velocities.
We demonstrate the effectiveness of our approach through
experiments and simulations with the humanoid robot TORO
in several locomotion scenarios, including balancing, walking,
and running.

Index Terms—Whole-body meotion planning and control, hu-
manoid and bipedal locomotion

I. INTRODUCTION

IPEDAL locomotion is challenging due to the inher-

ently unstable, nonlinear dynamics and underactuation of
the systems involved. Consequently, many motion generation
approaches focus on the center of mass (CoM) dynamics
and employ simplified models, such as the linear inverted
pendulum (LIP) [1f]. Based on these models, numerous gait
planning strategies have been developed, among which the
zero moment point (ZMP) method [2] is particularly notable.
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Fig. 1. Snapshots of the humanoid robot TORO performing dynamic loco-
motion tasks, including walking at 0.51 m/s, turning, walking on challenging
terrain, curved walking, and dynamic balancing. The following quantities are
shown: CoP (p), eCMP (e), DCM (&), CoM (), rate of change of CAM (l..),
and external force vector (f).

In the context of running, the approaches proposed in [3]], [4]]
are well-established.

In humanoid motion planning, the influence of the centroidal
angular momentum (CAM) is often neglected. This is mainly
due to the complexity introduced by its nonlinear and non-
holonomic nature. As a result, CAM is typically regarded
as a byproduct of the whole-body trajectory rather than be-
ing explicitly planned. However, biomechanical studies have
emphasized the significance of angular momentum in both
walking [5] and running [6].

If not explicitly considered during planning, the unmodeled
effects of the angular momentum can lead to several draw-
backs. As pointed out in [7], the CAM resulting from the
multi-body dynamics can lead to a substantial deflection of the
center of pressure (CoP) during walking and running. The CoP
refers to the point within the support area where the resultant
ground reaction force vector acts [2]. If this point reaches the
edge of the support area, the feet may tilt, potentially causing
the robot to fall.

Despite the relevance of CAM, its integration into online
motion planning remains an open research challenge. Some
approaches try to extend the LIP model to more accurately ap-
proximate the CAM [8]], [9]]. More recently, in [[10], the authors
reformulated the LIP model in terms of angular momentum.
In [[11], the CAM is approximated using a simplified three-
mass model, which is incorporated into the CoM planning.
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However, these approximations do not fully capture the entire
complexity of the humanoid’s CAM [7]. Other methods focus
on the optimization of the leg trajectories to compensate the
CAM during walking [|12] or to ensure a reduced base motion
during running [[13].

A further branch of research employs trajectory optimiza-
tion techniques to account for the CAM during motion gener-
ation. In [14], the authors incorporate the full robot dynamics
to optimize trajectories that satisfy both contact and dynamic
constraints. However, these approaches often entail high com-
putational costs and are prone to local minima. Alternative
solutions only use the centroidal dynamics combined with
full kinematics to capture the essential dynamic behavior
while reducing complexity, without modeling the entire robot’s
dynamics [[15]], [[16].

More recently, reinforcement learning-based methods have
demonstrated the ability to generate robust walking and run-
ning motions [17]], [[18]]. Although these methods do not explic-
itly model angular momentum as a physical quantity, extensive
training enables them to learn complex behaviors; however, the
resulting end-to-end learned policies lack interpretability.

The aforementioned approaches address different aspects of
CAM in motion planning, depending on the specific scenario
and locomotion mode, e.g., walking or running. In contrast, we
propose a holistic framework that enables dynamic locomotion
by generating CAM-consistent whole-body trajectories for
generic locomotion scenarios, including balancing, walking,
and running, while accounting for the full centroidal dynamics
without simplifications. Since leg motion is the primary source
of angular momentum in humanoid locomotion, we jointly
optimize leg trajectories together with the resulting CAM and
CoM trajectory. The proposed method enhances robustness
through explicit CoP tracking and produces kinematically
feasible swing leg trajectories, which are especially critical
for highly dynamic locomotion operating close to hardware
limits.

We build our method on the 3D divergent component
of motion (3D-DCM) framework [19], which enables effi-
cient closed-form computation of CoM trajectories [20]]. The
framework has been successfully applied to various scenarios,
including stair climbing [21]], running, and jumping [22]. The
integration of CAM into the CoM trajectory generation can be
naturally achieved through adjusting the enhanced centroidal
moment pivot (eCMP), a point that encodes the direction
and magnitude of external forces acting on the CoM (more
details in Section [l). The deviation of the eCMP from the
CoP directly corresponds to the induced rate of change of the
CAM. Notably, our proposed approach introduces a paradigm
shift within the 3D-DCM framework: instead of specifying a
desired eCMP trajectory as input, we can directly define a
desired CoP trajectory for generating the CoM trajectory.

The main contributions of this work are: (1) an online
iterative algorithm for computing eCMP offsets based on the
induced rate of change of CAM, enabling CoP tracking across
generic locomotion scenarios; and (2) a quadratic optimization
method integrated into (1) that generates swing leg trajectories
satisfying kinematic constraints while achieving a desired
CAM objective.

II. FUNDAMENTALS

This section derives the dynamic model of the robot and
presents the fundamentals of the 3D-DCM framework [19]].

A. Modeling

For a humanoid robot with n torque-controlled joints and
corresponding joint velocities ¢ € R™, we denote & € R3
and w; € R? as the CoM velocity and angular base velocity.
All velocities are stacked into the generalized velocity vector
gl = (&7, w]',¢g7)T. The total number of degrees of freedom
(DoF) of the system is 7 = n + 6.

For locomotion purposes, we introduce an operational task
space including the 6-DoF task for tracking the CoM position
and base orientation, and the end effector velocities of the
stance leg &, € R® and the swing leg &, € RS in Cartesian
space. The remaining n; DoF, mainly the joints in the upper
body, are defined in joint space ¢y € R"/, yielding the final
task space velocity vector &~ , = (&7, wl, &1, &1, Q?)T.
The generalized task space velocities are described by the
Jacobian J € RUS+ms)x7 g9

:i:task = J‘jc (1)

In addition, we denote the CAM as l. € R3, which is
obtained by

lc = Alqc = AZJ#a‘:task = Ali’taska (2)

where A; € R3*™ denotes the rotational part of the centroidal
momentum matrix (CMM) [23]], J# € R™*(18+7¢) j5 a gen-
eralized damped pseudoinverse of J, and A; := A;J# is
defined as the task space-transformed CMM.

B. 3D-Divergent Component of Motion (3D-DCM)

The core idea of the 3D-DCM is to reformulate the second-
order CoM dynamics into a stable and an unstable compo-
nent [19]. The state variable associated with the unstable part
is the DCM, € € R3, defined as a linear combination of the
CoM position and velocity, i.e, & := x+bd. Here, b = \/Az/g
is the DCM time constant, Az > 0 is a free motion parameter,
and g is the gravitational constant. By introducing the virtual
repellent point (VRP), v € R3, which encodes the direction
and magnitude of the total force applied at the CoM, the
unstable first-order dynamics of the DCM is formulated as

é= (). G
Finally, the stable first-order CoM dynamics results from
reordering the DCM definition as
=38, @
The eCMP, e € R3, is a further point in the 3D-DCM
framework, as shown in Fig. |1} It encodes the external forces
acting on the CoM and therefore naturally serves as a planning
entry point since it relates to the force f € R? that the robot
generates in interaction with the environment, given as

f=j@—e). 5)
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Fig. 2. Overview of the proposed planning and control architecture. For clarity and brevity, not all system states are displayed, while the contribution of this

work is highlighted in blue.

In contrast to the eCMP, the VRP also accounts for gravita-
tional forces. As a result, the two points are separated by a
vertical offset, given by v = e + (0, 0, Az)7T.

The CoP, denoted by p € R3, is constrained to lie within
the contact area as follows [2]:

1

Z(_Tya Tm)Ta (6)
where 7 € R? is the contact torque, resulting from the CoM
force and rate of change of CAM, i.e., T =x X f + ic. Note
that all quantities are expressed in the contact frame, whose
origin is located within the contact area. Combined with (5]
and (€), the CoP can be related to the eCMP through the
following expression [7]:

Pzy =

b2

7(l.c,y> _ic,x)T . (7)

€.
€y = Pzy + = (wxy - pzy) + mr
z z

Aeyy

III. OVERVIEW

An overview of the proposed planning and control archi-
tecture is presented in Fig. [2] A footstep planner generates a
sequence of desired footsteps and motion parameters, such as
step timings. Based on these inputs, a desired CoP trajectory
p(t) € R3 is specified. Typically, the CoP transitions from
one footstep to the next. In addition, we design a desired
CAM 14(t) € R? trajectory. For walking and running, as also
observed in biomechanical studies [5], the CAM is typically
regulated to zero, while for highly-dynamic tasks such as a
backflip, a non-constant CAM is required.

Finally, an initial task-space trajectory, @usk,0(t) € R™, is
generated, including the initial swing-foot trajectories. These
are constructed using piecewise fifth-order polynomials for
each Cartesian coordinate, except for the vertical motion,
which is modeled by two fifth-order polynomials. Similarly,
the base reference trajectory is generated using piecewise
fifth-order polynomials. Additionally, the free joints are com-
manded to maintain a constant posture [24].

An iterative algorithm takes these quantities as inputs and is
executed asynchronously to optimize the swing leg waypoints
and compute eCMP offsets. The resulting eCMP waypoint
sequence is then used to compute the reference CoM trajectory
in real-time, and the swing and stance leg trajectories are
derived from the optimized waypoints. Subsequently, the base
and the upper body reference trajectories are adjusted by
the motion optimizer to realize the reference CAM [25].

The resulting whole-body reference trajectory is tracked by
a passivity-based whole-body controller [24], which generates
corresponding joint torque commands.

IV. ECMP WAYPOINT PLACEMENT

As presented in [22], the DCM and CoM trajectories can
be obtained in matrix form by piecewise interpolation over a
sequence of waypoints, using the analytical solutions of (3]
and (@) as interpolation functions. All n,, eCMP waypoints
are collected in the matrix E = [ey, ...,e,,]T € R"»*3, the
corresponding DCM waypoints in E € R™ >3, and the CoM
waypoints in X € R™»*3, The timings associated with the
waypoints are collected in t = (0,2, ...,t,,)7 € R™ with
the properties 0 < t3 < ... <t,,, where ¢,  represents the
total time of the motion sequence.

First, we sample CoP waypoints P € R™=*3 from the
desired CoP trajectory given as

P(i) =pt)", fori=1..n, andt = t(i), 8)

where P(i) refers the i-th waypoint in the waypoint matrix P
and (%) selects the i-th time instance in the waypoint timings
vector ¢ (see Algorithm [T} line [3).

Next, we derive the eCMP waypoints. As shown in (7)),
the horizontal eCMP and CoP positions are separated by an
offset that depends on the induced rate of change of CAM.
We reformulate using waypoint notation as follows:

Exy:ny+AEwya EZ:P27 (9)

where the horizontal eCMP offsets AE,, € R™» X2 are
computed element-wise for ¢ = 1...n,, as

AE,,(i)T = f(((’)) (X oy (i)" = Py (i)")
szz 0 11: T {10

Here, X, and FE, represent the vertical components of the
CoM and eCMP waypoints, respectively. Since they depend
only on the vertical elements, they can be computed directly.
The horizontal CoM position X ,,, and the induced horizontal
rate of change of angular momentum Lc’xy € R™*2 are
computed iteratively at the waypoint timings. In the initial
iteration, we assume AE,, = 0, x2 (see line . Note that
the first term in is zero when the eCMP lies in the plane
of the contact, i.e., E,(i) = 0.
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The DCM and CoM waypoint matrices are computed from
the eCMP waypoints using the following expressions, respec-
tively:

E=CzE+czs, X=CxE+cx. an

The matrices Cz,Cx,c=,cx can be computed in closed
form, and depend on the waypoint timings £, the DCM con-
stant b, the final DCM position, the initial CoM position, and,
in the case of running, the gravity vector. Detailed formulations
of these matrices can be found in [20], [22].

Based on (@), @), and their time derivatives, we derive
expressions for the CoM velocity and acceleration at the
waypoints as follows:

1, ..
L= X), K=o
with AZ =1, (0, 0, Az) € R™*3 (see line [L0).

X = X -E-AZ), (12)

V. SWING LEG TRAJECTORY OPTIMIZATION

As the next step, we optimize the swing leg trajectory with
two objectives: to ensure that it satisfies the robot’s kinematic
constraints and to realize a desired CAM trajectory.

A. Swing Leg Trajectory Formulation

We define the swing leg trajectory in Cartesian space as
a function of time and optimized waypoints. We start by
establishing ns, > 2 waypoints, which are connected by
5th-order polynomials to ensure C? continuity The time
intervals between the waypoints T;,Vi € {1...(ns, — 1)},
with total swing time T, :Z?:S‘l“ 1TZ, are fixed to
maintain a quadratic optimization problem. Each way-
point contains position, velocity, and acceleration values for
each spatial dimension (translational and rotational), i.e
W, € R3*6 Vi € {1...ngy, }. Here,

w=[wl wl . wl _w’ ] e (13)

contains the ng,, waypoints. The swing leg trajectory for each
spatial dimension is computed as follows:

Ty (t, W) =P.(L)W, @5 (t, W) = V. (£)W,

To(t, W) =A. ()W  with ¢ € [0, Tsy].
The matrices P.(t), V.(t), A.(t) € RP3%w are computed
based on the polynomial coefficients of the Sth-order poly-
nomials connecting the waypoints, as well as the constraints
resulting from C? continuity at the waypoints themselves. Fur-
ther details on the computation of the polynomial coefficient
matrices can be found in [7]], [26].

R3nsw X 6

(14)

B. Waypoint-Based Inverse Kinematic Computation

To evaluate the CAM and joint velocities induced by the
swing leg trajectory, the corresponding centroidal momentum
matrices and Jacobians are required. These are obtained by
computing the inverse kinematics (IK) at discrete waypoints
along the swing phase, based on the known task-space tra-
jectory. We solve the IK problem at the eCMP waypoint
timings ¢, enabling the use of the resulting CMMs to also
compute the eCMP offsets, as we will discuss in Section

Algorithm 1 Iterative Algorithm for Swing Leg Waypoint and
eCMP Offset Computation

Input: t, p(t)’ lg(t)’ lf:i(t)’ mtask,O(t)7 itask,O(t);
:itask,o(t) .
Output: £, W, L_, L,
: for ¢ < 1 to n,, do
t <+ t(i)
P(i) + p(!
Xtaek( ) < Tiask O(t) Xtask( ) — mtaﬁk O(t)’
Xtask( ) — a:task O t) .
s LAG) « 1), L) « i4(t)
6: end for
7. AE,, + 0, .2, E< P
8
9

BN

: repeat

: AEp,«ev — AE
0: (X, X,X) ¢« (1) and
11: (XtaskuXtaskaXtask) — update(X X X)
12: for i < 1 to_n,, do

13 (AiG), Aii), T(G), J(3))

= computeIKw1thCMM(Xmék( ), Xtaék( ))
14: end for
15: W > Swing Leg Optimization

16: (Xsw,gr'_s?u,Xsw) 18)

17: (Xtask Xtask7Xtask:) <_update()(sw’)(57117)(5“’)
18 L.+ (

19: AE +

20: E+ (9

21: until |AE — AEp,,|j2 <€
22: L. <— ,L,.+0,,, L.« 0,,

> eCMP Offset Computation

First, we evaluate the initial task space trajectory and swing
leg trajectory at the corresponding timings (see Algorithm [I]

line [),
Xtask(i) = wtask70(t)a Xtask:@) = itu,sk:,O(t)7
Xiash (1) = &rask.0(t), fori=1..n, andt=t(i).

Afterwards, we update the task space vector with the computed
CoM trajectory from (TI)) and (12)

(Xtask;Xtask7Xtask:) — update(X,X,X% (16)

where the function “update” replaces the CoM waypoints
with the newly computed ones (see line [11).

5)

Based on the task space vector, we evaluate the inverse
kinematics at the waypoints for ¢ = 1...n,,

(Ai(0), Ay, T (i), J (i)
= computeIKWlthCMM(Xtask( )s Xtask( ))

The function “computeIKwithCMM” numerically computes
the joint-space configuration from the given task-space vec-
tor and outputs the CMM transformed into task space, the
Jacobian, and their time derivatives from the final forward
kinematics step (see lines [I2}{I4). This computation can be
performed using any rigid-body dynamics algorithm.

a7

In the next step, we also evaluate the swing leg trajectory
in at the n,, eCMP waypoint timings

Xo(i) = P.()W, X4 (i) = V. ()W,

. 18
Xsw(i) = A ()W, fori=1..n, and t = t(4). (18)
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As the last component before formulating the optimization,
we define the CAM as a function of the swing leg trajectory.
We introduce L, € R™*3 and L. € R™=*3 as matrices con-
taining the CAM and its rate of change, respectively, sampled
at the waypoint timings ¢. Based on (2)), we obtain

Lo(i) = A (1) Xtask (1) = Ap g0 (1) X (i) + Loy (1), (19)

where we split the task space vector and the CMM into the
swing leg task and the remaining tasks of the task vector by
using a selection matrix S € R™*™ containing ones and zeros,
such that A; 87 = [A; o0, A1), SXiask = [XsTu,,Xg]T,
and STS = I;.5. The known CAM contributions from
all tasks, except the swing leg tasks, are summarized in
L., (i) = A;,(i)X,(i). The rate of change of CAM is
obtained as the time derivative of (I9):

Lo(i) = Ay gy (1) X g (i) + Ay gy (1) X (i) + Lo ().
(20)

C. Swing Leg Waypoint Optimization

We solve a quadratic program (QP) in which the swing-
leg waypoints W serve as optimization variables. The time
horizon of the optimization is chosen as the duration of a
single swing phase, 7%, from the contact detachment to the
contact reattachment of the same leg. One objective of the
QP is to realize a desired CAM trajectory. Accordingly, the
trajectory 1%(t) presented in Section is sampled at the
waypoint timings ¢ to_yield the matrices L¢ € R"»*3 and
L € R >3 (see line [3).

The following cost function for the swing leg waypoint
optimization is introduced:

N

mvéfnz (1Le() = LE@)loy + [1e(i) — L) l.

+||Xsw(2)||Q3 + HXS'LU(i)HQ4)7

where L. and I./c are linear functions of W as derived in
-. The first two tasks in aim to realize Lg and l'lg,
while the second and third tasks regulate the swing leg velocity
and acceleration, with individual task weightings @; > 0,
7 = 1...4. The first and last waypoints in W are fixed as they
correspond to the desired start and end poses of the swing leg.
The optimization is solved subject to the following constraints:

1) Cartesian Space Constraints: The Cartesian limits are
particularly important for the vertical translation to ensure a
minimum clearance during the swing phase:

Xmin() < X, (1) < XM (4), (22)

Here, X™"(;) and X% (i) € R'*5 denote the lower and
upper limits, respectively.

2) Joint Space Constraints: The joint velocities and accel-
erations are obtained from the pseudoinverse of the Jacobian
and the task space vector in (I)) and its time derivative:

qmm < Jﬁ)(Z)X‘;w(l) 4 Jf(Z)XX(Z) < g, (23)

The pseudoinverse of the Jacobian is partitioned as
S, J# 8T = [JZ,, J¥] where S, € R"*™ is a joint selection

matrix used to enforce joint-space constraints only on the
selected n, joints. The joint velocity lower and upper limits

2y

are represented by ¢™", and g™ € R"4, respectively. The
joint acceleration constraints are realized corresponding to the
time derivative of (23).

Once the QP is solved, we can compute the new swing leg
trajectory X g, Xsw, Xsw based on 1) and W, and update
the task space vector with the new waypoints for the swing

leg, accordingly (see lines [I3] to [T7).

VI. ITERATIVE ALGORITHM

The proposed Algorithm [I] takes as input the waypoint
timings, the desired CoP and CAM trajectory, and the initial
task-space reference trajectory and outputs CAM-adjusted
eCMP waypoints, optimized swing leg waypoints, and a CAM
reference.

Once the task-space trajectory is updated, the rate of change
of the CAM is computed (line @]), from which the eCMP
offsets are derived (line [I9). The eCMP waypoints are then
obtained accordingly (line 20).

After executing lines [B21] we obtain a task-space trajectory
with updated CoM and swing-leg waypoints. However, the
CMMs and Jacobians required to compute the swing-leg
waypoints and eCMP offsets are derived from the previous
iteration’s task-space trajectory. Each update of the CoM and
swing-leg waypoints alters the robot configuration, leading to
corresponding changes in the CMMs and Jacobians. Therefore,
we repeat lines until the Euclidean norm of the difference
between successive eCMP offsets becomes smaller than a
predefined threshold ¢ > 0. Based on @]), this condition
corresponds to the convergence of the CoP to its desired value.

As the final step, the reference CAM L_ and its rate of
change Lc are computed (line . Note that tracking the
desired CAM is only a weighted task in (2I); therefore,
the resulting reference CAM may deviate from the desired
one. Following biomechanical insights from [5]], the vertical
reference CAM and its rate of change are set to zero. The final
trajectory is obtained by 3rd-order interpolation between the
waypoints in L, using I'/c waypoints to ensure C'! continuity.
As illustrated in Fig. 2| the motion optimizer computes the
base and upper-body motions necessary to track the reference
CAM, resulting in arm-swinging motions during both walking
and running.

Note that, depending on the locomotion scenario, either
the swing leg optimization or the eCMP offset computation
can be independently deactivated by disabling lines [34I7]
or lines [I81200 respectively. For example, during dynamic
balancing motions, the swing leg optimization is not required.

Fig. [3] illustrates the eCMP offsets in the z-direction. In
this example, Algorithm [I]is executed three times. Iteration #0
represents the initial trajectory described in Section with
all eCMP offsets set to zero, corresponding to a constant CAM
assumption. The eCMP trajectory is generated by linearly
interpolating between the respective waypoints. It can be
observed that the eCMP offsets are updated in each iteration
based on the computed rate of change of the CAM. The
magnitude of the eCMP offset updates diminishes with each
successive iteration.

Fig. |4 presents the resulting CoP error for each iteration.
Note that the CoP error is obtained from a multi-body dy-
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0 0.2 0.4 0.6 0.8 0o 1 2 3

time [s] iteration number

Fig. 4. The left-hand plot presents the CoP error corresponding to Fig. E|
in x-direction, defined as perr(t) = Py @ (t) — Poy(t). Here, pey(t) is
the horizontal component of the desired CoP trajectory, and p3** () is the
measured CoP according to (Iﬂ) The right-hand plot gresents the average CoP

error for each iteration computed as err; = T:w 0 2 [Perr(t)|dt.
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Fig. 5. Rate of change of CAM about the y-axis computed from the

multi-body dynamics (blue). The waypoints in L. , are indicated by filled
orange circles. The trajectory obtained by linearly interpolating between these
waypoints is shown in orange. The difference between the original and
interpolated trajectories is plotted as the error in black.

namics simulation, used solely for validation and not required
by the algorithm itself. Additionally, the average CoP error
across iterations is presented. It can be seen that the CoP error
converges towards zero as the number of iterations increases.

Fig. E] illustrates, as an example for iteration #0, the rate of
change of CAM about the y-axis computed from the multi-
body dynamics. The corresponding sampled values of I'/cyy at
the waypoint timings are also shown. Additionally, the error
defined as the difference between the original trajectory and
its approximation obtained by linearly interpolating between
the waypoints in l.lw is presented. It can be observed that
the approximation closely reproduces the original trajectory,
owing to the sufficient density of waypoints. This justifies the
dense sampling of the original CoP trajectory, which ensures
an accurate approximation of the rate of change of CAM.

We execute the iterative algorithm online in an event-
based manner within the asynchronous module, each time new
footsteps are added to the motion plan or an existing plan is
modified. Typically, during walking, a motion plan consisting
of four forward steps is transmitted to the synchronous module,
which subsequently evaluates the received waypoints and
generates the corresponding time trajectory.

The computational cost per iteration primarily arises from
computing the inverse kinematics and the CMM at n,, way-
points, followed by solving a QP with 3(ns,—2) X 6 opti-
mization parameters. Explicit timing measurements, presented
in Section [VII, demonstrate that the proposed method is highly
efficient and well-suited for integration with an online footstep
planner, enabling real-time adaptation to arbitrary step plans.

VII. EXPERIMENTS

The proposed approach was evaluated in multiple locomo-
tion scenarios using the humanoid robot TORO [27], which
has 25 torque-controlled joints, a height of 1.74 m, and a
weight of 79.2 kg. The whole-body controller [24] and the
synchronous module of the motion planner run at a rate
of 1 kHz. Recordings of the corresponding simulations and
experiments are provided in the supplementary video.

A. Experimental Comparison With the Baseline Framework

In the first scenario, the proposed method is compared
against a standard 3D-DCM framework baseline with a con-
stant CAM assumption [[19]], [21], [22], corresponding to
iteration #0 in Section In this case, all eCMP offsets are
set to zero, and default Sth-order polynomials are employed
for the swing leg trajectory, as discussed in Section [[Il The
robot performs straight-line walking with a stride length of
0.3 m, a single support time of 0.7 s, and a double support
time of 0.2 s.

The first two plots in Fig. [f] show the reference eCMP
trajectory and the measured CoP position in the z- and y-
directions for both the baseline and the proposed method
during a single-support phase on the right foot. It can be
observed that the baseline eCMP trajectory is obtained by
linearly interpolating between two waypoints (green filled
circles) at the beginning and end of the single-support phase,
resulting in a constant eCMP position. In contrast, the eCMP
trajectory in the proposed approach is generated by linearly
interpolating between 20 waypoints spaced at 35 ms intervals.

The measured CoP is computed based on the contact
wrench (6), with all quantities expressed relative to the center
of the foot. Based on the foot dimensions, the maximum
allowable CoP deviation is +0.08 m in the z-direction and
40.04 m in the y-direction, as indicated by the horizontal
dashed lines. Using the baseline method, the CoP can be seen
to deviate significantly from its desired position at the center
of the foot, nearly reaching the edge in the z-direction at
t = 0.46 s. In such a case, the foot could tilt, potentially
causing the robot to lose balance.

In contrast, the measured CoP error obtained with the
proposed method is substantially reduced. As shown in Fig. 4]
under ideal conditions without external disturbances, the CoP
error can be reduced to almost zero using our approach.
In real-world scenarios, however, several factors affect CoP
tracking performance, including model uncertainties causing
slight variations in CAM, velocity tracking errors, and external
forces acting on the robot. Nevertheless, as seen in the right
plot of Fig. [] our method reduces the average CoP error
from (4.33, 1.97) cm to (2.55, 1.03) cm, corresponding to
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Fig. 6. Baseline comparison for flat-footed straight walking. The first two plots show the reference eCMP trajectories and the measured CoP for the baseline
and proposed methods in the x- and y-directions, respectively. The right-hand plot presents the CoP error, computed as in Fig. EL along with the minimum

and maximum errors. The dotted lines for each respective axis indicate the limits of CoP deviation.

| —eCMP — DCM —— CoM —— CoP —— Swing Leg

Baseline Trajectories

Fig. 7. 3D-DCM quantities and swing leg trajectories for walking with a
toe-off phase. The corresponding waypoints are indicated by dots in their
respective colors; for clarity, only a subset is shown. The baseline trajectories,
generated using the standard 3D-DCM framework, are shown in the top row,
while the proposed trajectories are shown in the bottom row. The gray areas
indicate the footsteps.

reductions of 41% and 48%, respectively. More importantly,
the maximum CoP deviation is significantly reduced, thereby
increasing the safety margin relative to the foot edges.

For the baseline method, the walking parameters in this
scenario are already at the maximum achievable velocity for
flat-footed walking, as the CoP reaches almost the edge of
the foot. At higher velocities, the rate of change of CAM
increases, causing larger CoP deviation and potential tilting
of the robot’s feet. Consequently, higher walking speeds for
flat-footed motion can only be achieved using our proposed
method. Corresponding experiments are provided in the ac-
companying video.

B. Rapid Walking

In the next scenario, the robot performs straight-line walking
with a toe-off phase. The stride length is increased to 0.92 m,
with a single support time of 0.7 s and a double support time
of 0.2 s. A total of n,, = 30 eCMP waypoints are used
for each step, which consists of a double and consecutive
single support phase. The reference trajectories for both the
baseline and the proposed method are shown in Fig. [7} These
walking parameters yield a speed of 0.51 m/s, representing a
38% improvement over the previous speed record of 0.37 m/s
for the humanoid robot TORO [24]. This improvement is
made possible by optimizing the swing leg trajectories to fully
exploit the hardware capabilities, combined with the eCMP
offset computation for enhanced CoP tracking.

—-©- — baseline —A—— proposed |
0.06 T T T T

1.2 1.4 1.6 1.8 2 2.2
z [m]

Fig. 8. The swing leg trajectory of the right foot in the xz-plane is shown. The
blue dashed line represents the trajectory generated by the baseline approach,
while the solid blue line illustrates the optimized trajectory obtained through
waypoint optimization. The first and last waypoints remain fixed (solid blue
circles), while the remaining waypoints (open markers) are included in the
optimization.

The optimized swing leg trajectory is shown in Fig. [§]
We found that five waypoints (ns, = 5) provide sufficient
expressiveness for the scenarios considered. As shown in
Fig. [0] the corresponding joint velocities remain within their
limits, in contrast to the trajectory resulting from the baseline
approach.

The proposed method involves computing the IK and the
CMM at 30 waypoints, as well as solving the swing leg QP.
The algorithm takes a total of 6.87 ms to optimize a trajectory
of 0.9 s duration, including two iterations of Algorithm |I|, on
a desktop computer equipped with an Intel 17-11700K CPU.

C. Further Locomotion Scenarios

The proposed method is not limited to straight-line walking
but can be applied to a wide range of locomotion scenarios.
We conducted several additional experiments and simulations,
including highly dynamic balancing motions, curved walking,
flat-footed, turning in place, and walking on rough terrain (see
Fig. [T). Footage of these experiments is provided in the ac-
companying video. As observed in comparison with [[7]], [21],
[24]], these experiments would either be infeasible or could
only be executed at reduced velocities without the proposed
method, demonstrating the generality and effectiveness of our
approach.

Finally, we applied the proposed method to running sce-
narios in simulation. In addition to improved CoP tracking
and kinematically feasible swing leg trajectories, the CAM-
aware swing leg optimization also reduces undesired upper-
body motion by regulating the overall rate of change of CAM
to zero (see Fig. [I0). The angular momentum generated by
the legs compensates for each other, with the CAM induced
by the right leg counteracting that of the left leg, particularly
during the flight phase.
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Fig. 9. Joint velocities of the leg joints in pitch configuration, primarily

associated with swing leg motion, are shown for one double and single support
phase. Velocities for both the baseline and proposed methods are displayed,
along with the joint velocity limits.
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Fig. 10. Pitch motion of the base for both the baseline and proposed

trajectories during running. The gray regions indicate the flight phases.

VIII. CONCLUSION

In this work, we propose an online iterative algorithm that
adjusts the center of mass trajectory based on the current rate
of change of centroidal angular momentum to improve center
of pressure tracking. Our method builds on the 3D-DCM
framework, which provides a natural foundation for angu-
lar momentum planning through the eCMP. Additionally,
an optimized swing leg trajectory ensures that the resulting
motions fully exploit the robot’s hardware capabilities, thereby
maximizing locomotion speed.

Using this approach, we increased the robot’s maximum
walking speed by 38% compared to its previous record. We
demonstrate improved execution speed across multiple scenar-
ios, including balancing, straight walking, turning, and walking
on uneven terrain. In running scenarios, undesired upper-body
motions are substantially reduced by minimizing the angular
momentum induced by the swing legs. In future work, we will
further investigate the effect of angular momentum-optimized
trajectories on running performance.
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