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ABSTRACT
We present a novel, model-free, and data-drivenmethodology for controlling complex dynamical systems into previously unseen target

states, including those with significantly different and complex dynamics. Leveraging a parameter-aware realization of next-generation

reservoir computing (NGRC), our approach accurately predicts system behavior in unobserved parameter regimes, enabling control

over transitions to arbitrary target states utilizing a new prediction evaluation and selection scheme. Crucially, this includes states with

dynamics that differ fundamentally from known regimes, such as shifts from periodic to intermittent or chaotic behavior. Themethod’s

parameter awareness facilitates nonstationary control with which control scenarios are generated and evaluated on the basis of pre-

defined control objective. In addition to proving the method for transient-free control to extrapolated chaotic target states over transi-

tion times, we demonstrate the method’s effectiveness on a nonlinear power system model. Our method successfully navigates

transitions even in scenarios where system collapse is observed frequently while ensuring fast transitions and avoiding prolonged

transient behavior. By extending the applicability of machine learning-based control mechanisms to previously inaccessible target

dynamics, the methodology opens the door to new control applications while maintaining exceptional efficiency.

1 | Introduction

Controlling dynamical systems is a fundamental challenge in
engineering and science, crucial for maintaining stability, opti-
mizing performance, and enabling adaptability across a broad
spectrum of applications. From aerospace engineering, where
precise control of aircraft and spacecraft is vital [1, 2], to indus-
trial automation, where maintaining efficiency and safety in
manufacturing processes is essential [3], the ability to effectively
control dynamical systems is driving significant advancements
among different fields [4–8]. In biomedical engineering, control-
ling physiological systems and biomedical devices improved
patient care [9–11]. In the realm of energy systems, it enabled
the efficient operation of power grids and the integration and
optimization of renewable energy sources [12, 13]. However, the
increasing integration of distributed renewable energy sources
poses challenges to the robustness of power grids. Consequently,

it is imperative to develop new control strategies tailored for future
micro grids to ensure stability and reliability [14]. Traditionally, con-
trol methods such as proportional-integral-derivative (PID) control-
lers, state-space control, and model predictive control have been
employed to manage these systems. While effective in many cases,
these approaches often rely on accurate mathematical models and
can struggle with the complexities inherent in nonlinear, high-
dimensional, and time-varying systems [15–17]. In recent years,
the advent of machine learning introduced powerful new tools
for predicting and controlling dynamical systems. Techniques such
as deep learning, neural ordinary differential equations, and rein-
forcement learning showed promise in modeling complex systems
and developing control strategies [18–20]. However, these methods
often require extensive computational resources and can be difficult
to interpret and implement. Reservoir computing (RC) emerges as a
promising candidate in this landscape, offering a simpler yet
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effective approach for handling the temporal dependencies and
nonlinearities of dynamical systems. RC leverages a fixed, high-
dimensional dynamical system, the reservoir, to process temporal
data. The key advantage of RC lies in its separation of dynamic
processing, managed by the reservoir, from the training process,
which optimizes only the readout layer. This significantly
reduces the computing costs and makes it orders of magnitude
more efficient than comparable algorithms [21, 22]. Recent
advancements in RC led to the development of various reservoir
architectures, enhancing their predictive capabilities and compu-
tational efficiency. Traditional RC employs a randomly generated
network at its core [23], providing robust performance in learn-
ing and predicting temporal patterns. Minimal RC simplifies
this approach significantly by using a block-diagonal matrix
structure, which lowers computational complexity and mini-
mizes training data requirements [24]. Additionally, the next-
generation reservoir computing (NGRC) architecture, originating
from nonlinear vector autoregression (NVAR), utilizes a deter-
ministic library of unique monomials derived from the input data
and time shifts of it [25]. Studies comparing these architectures
demonstrated their effectiveness across various applications. For
instance, the prediction performance of these architectures on
chaotic systems showed that minimal RC and NGRC outper-
forms traditional methods in scenarios with limited data avail-
ability, providing more accurate and reliable predictions [24].
Further research showed that NGRC can achieve comparable
predictive performance to the already data-efficient traditional
RC architectures while requiring only a fraction of the
training data, i.e. about 10 to 100 times less [25–27]. These inno-
vations make RC as a framework more flexible and effective,
especially in scenarios with limited data and strong nonlinearity,
opening up its use in various fields and problems. One field is the
control of dynamical systems [28–30]. In [28], traditional RC is
used to control dynamical systems into arbitrary periodic, inter-
mittent or chaotic target states without requiring knowledge of
the underlying governing equations. To achieve effective control,
the reservoir computer must accurately capture the statistical
behavior of the target dynamics. Subsequently, a control force—
derived from the RC’s prediction and the current system state—is
applied to control the system toward the desired target state. In
[27], the performance of this approach was compared with one
using NGRC at its core. Although both methods perform simi-
larly in reproducing the statistical climate of the target states dur-
ing control, NGRC outperformed the RC approach by requiring
roughly ten times less training data. In this work, we now make
use of the extrapolative capabilities of parameter-aware NGRC by
learning a dynamical digital twin of the dynamical systems ana-
lyzed from few parametrized data sets [31]. We introduce a gen-
eral prediction evaluation and selection scheme to generate
control strategies that fulfill a predefined control objective, with
which the dynamical systems are controlled in extrapolated and
previously unseen target states. Thereby, we demonstrate the use
of the introduced control methodology in critical control scenar-
ios, where previous control approaches would lead to transient
behavior or even system collapse.

2 | Results

We evaluated the proposed control method on two dynamical
systems with distinct objectives and application contexts. First,

we control the Lorenz system from an initially periodic orbit
to an extrapolated weakly chaotic state, imposing the require-
ment that no chaotic transients arise during the parameter tran-
sition, a phenomenon that is frequently observed in simulations
of this parameter change but is consistently suppressed by our
approach across a wide range of transition times. Second, we
apply the controller to a power system model whose dynamics
is governed by reactive power demand and are prone to rich
chaos and even voltage collapse. Starting in a periodic regime,
we execute an instantaneous parameter change to an extrapo-
lated periodic window located just before the collapse threshold,
achieving fast transitions to the target state while reliably
preventing both collapse and the prolonged chaotic transients
typically observed in simulations. In both studies, we train a
parameter-aware NGRC on few parameterized data sets, allow-
ing it to serve as a dynamical digital twin that efficiently gener-
ates nonstationary candidate trajectories toward extrapolated
targets, which are evaluated and selected if they satisfy a desired
control objective to become the control strategy. For the Lorenz
system and its weakly chaotic target state, we utilize a running
correlation dimension metric for the evaluation scheme. For the
power system model and its initial periodic state and periodic
target state, we evaluate the control scenarios generated by mea-
suring the spectral entropy over time with the objective of mini-
mizing the transition duration.

2.1 | Lorenz System

We test the method on the Lorenz system by varying the param-
eter ρ in the vicinity of ρ= 100. For ρ> 100, the system exhibits
periodic behavior. As ρdecreases below 100, it undergoes period-
doubling bifurcations and transitions to weakly chaotic dynam-
ics. The bifurcation behavior is colored red in Figure 1A and has
previously been analyzed for the prediction of unseen states
using traditional RC [32]. We use parameter-aware NGRC
[31] to learn the Lorenz system using four periodic and stationary
training data samples with parameters ρtrain = 100.0, 100.1, 100.2,
and 100.3. After successful training, the method can extrapolate
and interpolate the behavior of the system in the unseen param-
eter regions of ρ, as shown in Figure 1B. For each parameter, a
total data length of 5.000 time steps is sufficient to train the
NGRC. We use the trained NGRC as the basis for the control
approach and leverage its dynamical similarity to the actual
dynamical system to generate scenarios for the control strategy.
First, we test for the simple case of stationary target states as a
control objective, inter- and extrapolated by our parameter-aware
approach. A control force is applied, defined as the product of a
control parameter K and the difference between the current state
of the system at ρtest and the predicted state of the target dynam-
ics at ρpred. The control force directs the system’s dynamics at
each time step to converge with the predicted dynamics. For
example, the dynamic at ρtest = 100.7 can be controlled to align
with any ρ value within the range of the analyzed bifurcation
diagram, as shown in Figure 1C.

Subsequently, we test the control approach for nonstationary
dynamics. As shown in Figure 2A, abrupt changes in ρ (e.g. from
100.5 to 99.5) can lead to transient behavior in the system dynam-
ics post-transition [33], whereas the gradual parameter change in
Figure 2B results in a smooth transition. This behavior is further
analyzed in the right plot of Figure 3, where we analyze how the
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system simulations behave when they transition from a periodic
orbit at ρstart = 100.5 to a weakly chaotic regime at ρtarget = 99.5.

Here, the transitions are performed with linearly changing ρ val-
ues. Depending on the transition time and the location of the
trajectory when the parameter transition starts, transient behav-
ior might occur. We capture the transient behavior with a run-
ning correlation dimension (rcd) [34, 35] approach (detailed in
Methods), by defining that if the rcd becomes larger during
the transition than that of the weakly chaotic target state, tran-
sient behavior occurred. For each analyzed transition time, we
apply this measure on 100 randomly initialized Lorenz systems
to define a probability of how likely it is for the transition time
that the system exhibiting transient dynamics. Now, we leverage

this measure to generate control strategies for each transition
time to avoid transients in the system during the parameter
change. Therefore, we employ the parameter-aware NGRC to
predict from different initial conditions non-stationary control
scenarios, inducing transitional periods from ρstart through inter-
mediate ρ values to the extrapolated target state at ρtarget, and

select those scenarios, where the rcd stays below the extrapolated
maximum of the weakly chaotic target state during the transition
as the control strategy. With this approach we are able to reduce
the transient probability for all analyzed transition periods quan-
titatively to zero, shown in Figure 3D. In Figure 3A the initial
system dynamic of the Lorenz system at ρstart is shown, together
with a controlled trajectories for an abrupt transition (Figure 3B)

FIGURE 2 | Nonstationary transition duration influences system behavior. The orange line (A,B) shows the nonstationary parameter transition over

time, while the red lines represent the corresponding system dynamics from simulations. In A, an abrupt parameter transition causes transient behavior

after the transition, which is measured by the increased running correlation dimension (A, green). In B, a slow parameter transition leads to a smooth

progression toward the target dynamics.

FIGURE 1 | Controlling dynamics into unseen states. (A) Segments of the Lorenz bifurcation diagram (red). Four training samples and their bifur-

cation parameters are used for training (light green). (B) Predicted bifurcation diagram for unseen parameter regions using the trained model.

(C) Controlled bifurcation diagram demonstrates the ability of the control mechanism to control system states into arbitrary and unseen target states

using the model’s predictions.
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and its rcd (Figure 3C). The weakly chaotic state is visible in
changes in amplitudes of the oscillations after the parameter
change.We evaluate the quality of the controlled dynamics by com-
paring the statistical climate of the actual system at ρtarget to that of

the 100 controlled systems for each transition period. Therefore, we
measure the spatial complexity as well as the temporal complexity
for each controlled system by calculating its correlation dimension
[35] and its largest Lyapunov exponent [36], respectively. For the
actual system and each controlled system, the measurements were
carried out over 25.000 time steps and are displayed in Figure 4.
The correlation dimension of the actual system is cd= 1.1378,
reproduced with an average correlation dimension of cd= 1.1382
across all controlled systems. Similarly, the largest Lyapunov expo-
nent of the actual system is ly= 0.0735, while the average largest
Lyapunov exponent across all controlled systems is ly= 0.0628.
Both metrics, particularly the correlation dimension, show that
the statistical climate of the actual system is effectively reproduced
following each transition period, despite the parameter-aware
NGRC being trained exclusively on periodic trajectories and is
extrapolating the emerging chaotic system behavior. With that
the method enables smooth control into unseen target states pre-
venting adverse transient behavior during transitions.

2.2 | Power System Model

In this section, we apply the control mechanism on a generic
power systemmodel introduced by Dobson et al. [37] that models
the system collapse in small power systems (see Methods). We
take the reactive power demand Q1 as the bifurcation parameter
and train the parameter-aware NGRC with 7 differently param-
etrized datasets in Q1 (Figure 5A). With that we can interpolate
and extrapolate the system behavior in unseen parameter
regimes and find a periodic window in the vicinity of a system
collapse (Figure 5D). We take the associated parameter

Qwindow
1 = 2.989788 as the target regime Qtarget

1 to where we want

to control the system to from a periodic state at Qinital
1 = 2.98940,

far from the control target with rich chaotic behaviors between the
parameter range. By analyzing this parameter change through an
instantaneous parameter change, using nonstationary simulations
with the Runge–Kutta 4 method and 250 different initial condi-
tions, we observe that 35% of the trajectories result in a system
collapse (Figure 5B), even though the parameterization has not
yet reached the critical values typically associated with a system
collapse event. Since the system exhibits rich chaotic behaviors
between the initial and target parameterizations, 37% of the

FIGURE 3 | Control method facilitates smooth transitions to unseen target states. The Lorenz system is controlled from a periodic initial state at

ρstart = 100.5 to a weakly chaotic state at ρtarget = 99.5, using linearly decreasing parameterizations over various transition durations, shown in (D). The

control method enables a smooth, transient-free transition to the target state (D, blue). In contrast, simulations with the same parameter transitions

(D, red) show that shorter transition durations often cause transients. For each transition time step, 100 differently initialized system were tested.

(A) illustrates one of those initial periodic trajectory at ρstart (A, red). (B,C) show the controlled dynamics to the weakly chaotic target state with

an instantaneous parameter change (B, blue) and its running correlation dimension (C, green).

FIGURE 4 | Statistical climate of controlled target states. Evaluation of the statistical climate of the 100 controlled Lorenz systems at ρtarget = 99.5

given each transition period shown in Figure 3. In (A), the correlation dimension is measured and in the (B) the largest Lyapunov exponent.
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simulations show trajectories that transition into the periodic tar-
get regime with prolonged transient behavior (slow transition).
These transitions are characterized by transient periods lasting
longer than 12.5 seconds. The remaining 28% of simulations
exhibit fast transitions with transient periods shorter or equal
12.5 seconds (Figure 5C). To quantify the system behavior, we cal-
culated the spectral entropy (see Methods) of the trajectories,
which remains constant for periodic dynamics. Since the target
dynamic is also periodic, we measure the transient periods as
the time required for the spectral entropy to reach a constant value
again, adjusted by the overlap used in the STFT domain. The spec-
tral entropy for different system behaviors is shown in Figure 5B,E
in green and the associated detected transient regions in orange.
We apply the control method to control the power system model
from the initial periodic regime at Qinital

1 to the extrapolated peri-

odic window in the vicinity of the system collapse at Qtarget
1 , under

the objective to avoid system collapse and prolonged transient
transitions observed for the nonstationary simulations. Therefore,
we predict the nonstationary dynamics of the parameter switch
from varying initial conditions with the trained NGRC until we
find a trajectory that fulfills the control objective. This trajectory
is than used to define the control forces applied to each of the 250
previous initial systems, remaining at Qinital

1 to control them into

the target regime at Qtarget
1 . In Figure 5E one of the controlled volt-

age dynamics with the spectral entropy measure and the detected
transient region is displayed. In Figure 5F, we measured for each
of the 250 previous initial systems the transient durations when
controlled from their initial parameterization to the target param-
eterization and find that the control method ensures quantitatively

the objective fast transitions, even for initial power system dynam-
ics which would exhibit a system collapse or prolonged transit
dynamics. To qualitatively evaluate the controlled dynamics at
the target state, we compare their frequency spectrum with that of

the actual voltage dynamics at Qtarget
1 and define the spectral error

as the mean absolute error between the two spectra. In Figure 6A,
the spectral error is plotted for different control parameters K
ranging from 0.25 to 40. For small control parameters, this error
decreases until a minimum at Kmin = 4.25 is reached and then
slightly increases until the control method breaks down for control
parameters equal or larger than 40, where the dynamics exhibiting a
system collapse. The frequency spectrum of the controlled dynamics
forKmin and the ground truth is plotted in Figure 6B, confirming that
the NGRC controller is not only able to extrapolate the dynamics and
the associated unseen frequencies accurately but also enables the
accurate control to these states.

2.2.1 | Power System Model with Noise

We test the performance of the control method for different levels
of additional noise. In this setup, the time series of the power
system has additional gaussian noise with standard deviation
σ added to the system at each time step the system is evolving.
We test the control objective of fast transitioning from Qinitial

1 to

Qtarget
1 for different σ with the identical controller of the previous

results. Only this time the controller processes noisy data
ũðtÞ=uðtÞ+ μðtÞ with μðtÞ � N ð0, σ2Þ to calculate the control
force, which is applied directly onto the (noise free) power sys-
tem. We measure the transient duration of the actual controlled

FIGURE 5 | Control method applied to power system control. (A) illustrates the voltage behavior of the power system model for several reactive

power demands Q1. The NGRC is trained on seven training data samples (shown in light green), to accurately interpolate and extrapolate the system

behavior in unseen parameter regions of Q1 (shown in D). We test the methods control capabilities by applying an instantaneous parameter switch from

an unseen initial regime to an unseen target regime, both of which are periodic (A cyan). From simulating this switch, three different behaviors occur (B)

with their probability for 250 different initial condition shown in (C). The control method applied to the initial system dynamic ensures fast transitions to

the target dynamic while completely avoid prolonged chaotic transients and system collapses (shown in E,F).
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power system with the spectral entropy. In Figure 7, we test this
setup for different control parameters K and σ ranging from 0.002
to 0.05, with 250 initial systems per configuration. While in the
noise free case, a well chosen control parameter might lead to a
slightly reduced spectral error, it becomes increasingly important
in the noise case in both the quantitative as well as qualitative
metrics. Figure 7A shows the fast transition probabilities. The
control objective of fast transitioning to the target dynamic is
ensured up to σ = 0.014 in a small range of control parameters

in the neighborhood of K = 10 (see Figure 8C). For higher noise
levels, the fast transition probability drops across all control
parameters while the probability of a system collapse generally
rises or becomes certain for small and high control parameters in
the analyzed range for increasing noise levels. For the noise and
control parameter configurations which follow the control objec-
tive of ensuring fast transitions, we calculate the spectral error of
the frequency spectrum of the controlled target states and the
frequency spectrum of the noise free simulated target dynamics

FIGURE 7 | Control with additive noise. The upper plots show the system behavior of the controlled dynamics given different control parameters

and noise levels. For each configuration, we show the probability with which the 250 controlled dynamics exhibiting the objective fast transition to the

target dynamic (A) and a system collapse (B). (C) shows the spectral error between the fast transitioned controlled target dynamics and the target

dynamic without noise. (D) shows the corresponding error for frequencies below 2Hz, where the frequencies of the target dynamics are. The results

highlight that on the one hand the control method can accurately control the initial dynamics to the target dynamics, even in high noise regimes with a

sufficiently high and not higher control parameter K. On the other hand choosing an high K leads to additional noise (mainly high frequency) by the

control method itself.

FIGURE 6 | Accuracy of the controlled and extrapolated target dynamics. To quantify the accuracy the controlled dynamics in the extrapolated

target state, we calculate the mean absolute error of the frequency spectra (Spectral Error) of the simulated and controlled dynamics at the target

parametrization. (A) shows the spectral error of the 250 controlled trajectories as box plots for different control parameters. (B) shows the mean fre-

quency spectrum of 250 controlled trajectories for the control parameter associated with the smallest spectral error and the target spectrum from

simulation.
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in Figure 7C. The results show that higher additive noise, which
influences the power system though the controller, leads to
higher spectral errors. This effect increases with higher control
parameters. A comparison of the controlled voltage dynamics in
Figures 8 and 9, featuring different noise levels (σ = 0.012 and
σ = 0.014) and control parameter values (K = 30 and K = 10), pro-
vides a clear visualization of the noise amplification properties of
a higher control parameter. The frequency spectra of the dynam-
ics provide the insight that large parts of the observed additional
noise is located in the higher frequencies domains above 2Hz.
These domains represent the frequency ranges associated with
the system’s time step size, Δt= 0.05, with f = 1=Δt= 20, as
the control force is applied at each time step, introducing noise
to the system. The spectral errors of the control parameters for

different noise levels below 2Hz are displayed in Figure 7D. The
results show that in the lower frequency domain the amplifica-
tion effect of the control parameter nearly vanishes and that the
power system is accurately controlled to the frequencies domains
of the true target dynamics when applied with noisy input data.
To quantify the controller induced noise to the power system, we
calculate the signal to control noise ratio (ScNR) of the controlled
voltage dynamics at the target state. We set the voltage of the
control dynamic from NGRC as the signal and the differences
between the signal and the voltage dynamic of the controlled
power system as the control noise. For K = 10 and σ = 0.014
the ScNR ≈ 14.02, which means the power of the signal

Psignal = 1014.02=10Pnosie is approximately 25 times larger than the
control noise power. For K = 30 and σ = 0.012, the ScNR ≈ 5.32,

FIGURE 8 | Control with additive noise. The upper plots show the voltage dynamics of the power system model with additive gaussian noise

σ = 0.014 and its frequency spectrum. The NGRC controller processes the noisy input data and produces a force with control parameter K = 10

and the differences between its predictions and the noisy input data to control the power system to the target state while maintaining the fast transition

period objective (lower plots).

FIGURE 9 | Control with additive noise σ = 0.012. The upper plots show the voltage dynamics of the power system model with additive gaussian

noise σ = 0.012 and its frequency spectrum.While the noise is slightly smaller than in Figure 8, the increased control parameter amplifies the noise in the

controlled power system.
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which shows an approximately 3.4 times larger signal power. In
Figure 10B, we compare the additive noise levels σ with the stan-
dard deviation of the control noise σc. We find that for small con-
trol parameters up to K = 20, the induced control noises to the
power system σc is smaller than the additive noise levels. For
σ = 0.014 with K = 10, the induced σc is approximately 50%
smaller. We observe a linear relationships between σ in the mea-

sured dynamics ũðtÞ and the control noise σc under different con-
trol parameters K . The control force F̃ðtÞ=KðũðtÞ− vðtÞÞ
decomposes into F̃ðtÞ=FðtÞ+Fn, where Fn =KμðtÞ. When syn-
chronization occurs, FðtÞ vanishes, leaving only Fn. Looking at
the standard deviation of Fn and integrating over the time step
size Δt following Equation (5), yields σc =KΔtσ, which matches
the observed slopes for Δt= 0.05. These results show that for
K > 1=Δt the control noise is amplified, while for smaller control
parameters the control noise is damped.

2.3 | Discussion

In this work, we introduce a model-free and data-driven machine
learning methodology to control dynamical systems in previously
unseen target states, with a prediction evaluation and selection
scheme enabling complex control strategies. Using parameter-
aware NGRC, we demonstrate the ability to utilize its extrapola-
tion capabilities to efficiently generate control scenarios that are
selected when a predefined control objective is met. We show
that this way transient behavior can be suppressed across transi-
tion times in a nonstationary control application. Furthermore,
we demonstrate that the method can navigate transitions even in
scenarios where system collapse is observed frequently while
ensuring fast transitions and avoiding prolonged transient behav-
ior. These scenarios are validated for additive noise on the
dynamics of the power system. NGRCs stand out for their excep-
tional data efficiency. Our experiments confirm this by requiring
more than an order of magnitude less training data than results
reported for learning the Lorenz system using traditional reser-
voir computers [32]. This makes the approach particularly suit-
able for scenarios where data are scarce or expensive to collect.
Despite this efficiency, NGRCs require careful hyperparameter
optimization to avoid stability issues during prediction. This sen-
sitivity is greater than in other RC approaches mainly because of
these following three factors in combination: the lack of inherent

boundedness can cause instability, the feature vector dimension
scales combinatorially with time delays andmonomial order, and
higher dimensionality often fails to improve performance. Once a
suitable configuration is achieved, however, the parameter-aware
NGRC can generate stable nonstationary predictions and be used
as a controller over transients to unseen parameter regions.
Recent work demonstrated that NGRC-based control of dynam-
ical systems is feasible on platforms such as FPGAs [29].
Our method extends this work through parameter awareness,
enabling complex control strategies and arbitrary target states
beyond the learned parameter range while maintaining equiva-
lent computational requirements within a single trained NGRC
architecture. This efficiency, combined with low training data
requirements, makes the approach especially suited for edge
applications where real-time adaptability is key. Future work will
focus on the sensitivity issue by refining the reservoir and its opti-
mization algorithm to further progress its adaptability while
maintaining high data efficiency with architectural simplicity.
By addressing these challenges, the proposed methodology shows
promise as an innovative tool for controlling dynamical systems
in complex scenarios and edge environments, opening pathways
to applications where traditional methods fall short.

3 | Methods

3.1 | Next-Generation Reservoir Computing

NGRC is a machine learning framework that enhances tradi-
tional RC by leveraging deterministic structures derived from
NVAR. Instead of utilizing a randomly weighted internal net-
work, NGRC constructs its feature vectors through a library of
unique monomials of time-shifted input variables from the input
data. This process involves concatenating k past time series data
points, each separated by s time steps, to form a linear time-delay
state vector. The final feature vector ri is created by generating
unique monomials of orders O from this state vector, introducing
nonlinearity into the model [25]. In this way, given a time series
of dimensions d X, a matrix of feature vectors RðX, k, s,OÞ=
ðr1, r2, : : : , rnÞ can be generated. Training is simplified by opti-
mizing only the output layer Wout that maps the feature vectors
onto the difference between the current point and the next point
in time using ridge regression, such that

FIGURE 10 | Noise induced through control. (A) displays the mean signal to noise ratios for the 250 fast transitioning controlled dynamics at the

target dynamic with their standard deviation for different control parameters K and additive noise levels σ. (B) shows the control noise on the controlled

target dynamics originating from the control method itself for different additive noise levels and control parameters.
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xi+ 1 = xi +Woutri+ 1 (1)

To parameterize the NGRC feature vector, the approach intro-
duced in [31] is followed, where the parameter θ multiplied
by a scaling factor γ is added to each element of the feature vec-
tor, resulting in r0i = ri + γθ. Furthermore, r0i is expanded by
including its own powers up to order Ostates to generate the
parameterized feature vector r̃i. To employ this architecture
for multiple stationary dynamics during training, the concept
of multifunctionality is leveraged [38]. Therefore, for each time
series Xm and its parameter θm, the parametrized feature vectors
R̃m = ðr̃m,1, r̃m,2, : : : , r̃m,nÞ are generated along with their corre-
sponding training targets Ym. To optimize the output layer with
this setup, the parameterized feature matrices R̃m and the train-
ing target matrices Ym are concatenated into single matrices R̃M

and YM , respectively. This allows the output layer Wout to be
learned via ridge regression by solving the optimization

Wout =YMR̃
T
M R̃MR̃

T
M + βI

� �− 1 (2)

where I is the identity matrix and β is the regularization param-
eter. If the training is successful, the structure allows the param-
eter θ to change during the prediction, so that the prediction is
performed under θi

xi+ 1 = xi +Woutr̃i+ 1 θi+ 1ð Þ (3)

In this way, both stationary and non-stationary dynamics can be
predicted, even for parameter ranges that were not seen during
training.

3.2 | Control

Control theory refers to the study and application of methods for
influencing the behavior of dynamical systems such that a
desired target state is achieved. In the context of chaotic systems,
these approaches are able to stabilize unstable periodic orbits by
applying small perturbations through external forces. Traditional
methods, such as OGY control [39] and delayed feedback control
[40], typically rely on phase space techniques, which require
detailed knowledge of the system’s underlying equations or
extensive datasets. These approaches are typically limited to
steering systems toward simple dynamical target states. Although
various extensions have been proposed [41], including methods
to ”chaotify” periodic or synchronized dynamics [42], the ability
to reach arbitrary dynamical target states has only recently been
demonstrated [28]. In further research [27], this novel approach
was used to compare traditional RC with NGRC in terms of data
requirements for effective control. NGRC demonstrated superior
performance, requiring ten times less training data while achiev-
ing comparable control capabilities.

In this article, we build on the control mechanism introduced in
[27, 28] to guide dynamical systems into previously unseen target
states. This general framework is not restricted to the next-
generation reservoir computer employed here and can also be
implemented with alternative methods, such as the minimal res-
ervoir computer, traditional RC techniques, or other suitable
machine learning techniques. The core idea is to train the
machine learning method to predict the desired dynamics of the
system, represented as the state XðρiÞ at a given system

parameter ρi. In particular, the dynamics of the desired state
XðρiÞ does not need to be recorded prior to training. Instead,
the system can leverage the ability to predict unseen states, as
explained in the previous Section, and be trained using the avail-
able data. If the system instead evolves to a different state Y—due
to external influences or changes in its bifurcation parameters
ρj—an external force FðtÞ is applied to guide the dynamics back
to the desired state XðρiÞ. Without this intervention, the system
would persist in state Y, following its natural trajectory uðtÞ.
To compute the appropriate control force FðtÞ, it is necessary to
predict how the trajectory of the system uðtÞ would evolve if it
were in the desired state XðρiÞ. This hypothetical trajectory is
defined as vðtÞ. Assuming that the reservoir computer has been
trained effectively, it can accurately forecast the future trajectory
vðtÞ as if the system were in state XðρiÞ. By comparing this pre-
dicted trajectory with the actual state evolution of the system Y,
the control force is calculated based on the difference between
the actual and hypothetical trajectories:

F tð Þ=K u tð Þ− v tð Þð Þ (4)

where K is a control parameter. This control force depends only
on the observed actual system coordinates and the predicted
coordinates, which requires no knowledge of the system’s under-
lying equations. This feature makes the approach highly versatile
and applicable to real-world problems where precise mathemati-
cal models are unavailable. For a thorough analysis, we demon-
strate this control strategy on mathematical example systems
simulated using its known equations instead of observing a real
system. In this case, the control force is incorporated by adding it

to the system’s differential equations ḟ . The updated equations
are then solved at each time step, incorporating the control force
into the system’s evolution

u t+Δtð Þ=
Z

t+Δt

t
ḟ u t̃ð Þð Þ+F t̃ð Þ

� �
dt̃ (5)

To ensure a smooth transition in Lorenz application to the sys-
tem’s target state without transients occurring, a prediction of the
target state must be selected that does not exhibit transient
behavior. Multiple prediction realizations are generated for a
given target state and their correlation dimension is calculated.
If the correlation dimension of a prediction is below the rcd
threshold value, where rcd< 1.21 which represents the highest
correlation dimension of the stationary target dynamics, it is con-
sidered free from transients and can be used for control.
Depending on the RC method used, various strategies can gen-
erate multiple prediction realizations for a given target state. In
this approach, we varied the initial conditions slightly and
selected the transient-free prediction that starts closest to the sys-
tem’s current coordinates when applying the control force. For the
power system application with noise, the control method is iden-
tical, except for uðtÞ→ ũðtÞ=uðtÞ+ μðtÞ with μðtÞ � N ð0, σ2Þ.
The resulting control force is applied to the dynamical system
directly, as well.

3.3 | Lorenz System

We selected the Lorenz system [43] as an example to demonstrate
the functionality of the control mechanisms. In the range of
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bifurcation parameters analyzed of ρ, the Lorenz system exhibits
periodic behavior for ρ> 100, undergoes period doubling for
ρ< 100, and transitions to chaotic behavior. The system of equa-

tions ḟ ðxðt, ρÞÞ is given by

ẋ = σ y− xð Þ, ẏ= x ρ− zð Þ− y, ż= xy− βz (6)

where the parameters are set to σ = 10 and β= 8
3. These equations

are solved for the simulation results using the fourth-order
Runge–Kutta method with a time-step size of Δt= 0.005. The
results were obtained using an NGRC architecture with param-
eters k= 2, s= 47, O= ½1, 2, 3�, Ostates = 3 and γ = 0.18. In addition,
a bias feature of 1 was included in the parameterized feature vec-
tor. During the control, the control parameter was set to K = 50
across all transition periods.

3.4 | Generic Power System Model

The model is defined by a system of four ordinary differential
equations:

δ̇m =ω (7)

Mω̇= − dmω+Pm −EmYm sin δm − δð ÞV (8)

Kqw δ̇= −Kqv2V 2 −KqvV +Q δm, δ,Vð Þ−Q0 −Q1 (9)

TKqwKpvV̇ = KpwKqv2V
2 + KpwKqv −KqwKpv

� �
V

+Kqw P δm, δ,Vð Þ−P0 −P1½ �
−Kpw Q δm, δ,Vð Þ−Q0 −Q1½ �

(10)

The real power demand P and reactive power demand Q are
defined as

Pðδm,δ,VÞ= −E0
0Y

0
0V sin δ+EmYmV sin ðδm−δÞ

Qðδm,δ,VÞ= −E0
0Y

0
0V cos δ− ðY 0

0+YmÞV2+EmYmV cos ðδm−δÞ

In this formulation, the real-power demand P and reactive-power
demand Q drive the differential equations governing the load
voltage V and the motor angle δ. The term δm denotes the angle
separation of the rotor between the two generators, while ω rep-
resents the speed of the generator rotor. For a comprehensive
technical discussion, see Dobson et al. [37]. The parameters
are selected according to the conventions used in previous RC
models [31, 44].

E0
0 =

E0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1+C2Y − 2

0 − 2CY − 1
0 cos θ0

p
Y 0

0 =Y 0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1+C2Y − 2

0 − 2CY − 1
0 cos θ0

q

θ00 = θ0 + tan− 1

�
CY − 1

0 sin θ0
1−CY − 1

0 cos θ0

�
(11)

The parameter values are

Kpw = 0.4 Kpv = 0.3 Kqw = − 0.03 Kqv = − 2.8 Kqv2 = 2.1
T = 8.5 P0 = 0.6 P1 = 0 Y 0 = 3.33 Ym = 5
Pm = 1 dm = 0.05 θ0 = 0 Em = 1.05 M = 0.01464
C= 3.5 E0 = 1 Q0 = 1.3

The parameter Q1 acts as the bifurcation parameter, representing
the reactive power demand of the system. The bifurcation dia-
gram is produced by integrating the governing equations with
a fourth-order Runge–Kutta (RK4) scheme. Each simulation
begins from the initial state

x0 = δm,0,ω0, δ0,V0

� �
T = 0.17, 0.05, 0.05, 0.83ð ÞT

and is advanced for 20 000 time steps with a fixed step size
of Δt= 0.05. The bifurcation parameter is incremented by
ΔQ1 = 2× 10− 6 in the analysis of the bifurcation diagrams. The
training data are obtained for the following values of the bifur-
cation parameter:

Q1∈ 2.98947,2.98952,2.98957,2.98962,2.98967,2.98972,2.98977f g

The hyperparameters of the trained NGRC are k= 2, s= 63,
O= ½1, 2�, Ostates = 2 with an additional bias term, and γ = 0.292.

For the nonstationary predictions of the instantaneous parameter
change, we hold Qinitial

1 for 250 s constant and then switch to

Qtarget
1 for additional 500 s.

3.5 | Prediction Evaluation and Selection Scheme

Control scenarios are predicted with Eq. (3). The vector θ speci-
fies the desired nonstationary dynamics, and its length sets the
length of the prediction of the NGRC. For each element in θ, the
NGRC predicts the next point in time under the current θi.
Varying the NGRC warm-up phase yields distinct nonstationary
trajectories. Each trajectory is evaluated against a predefined
objective for example, the running correlation dimension of
the trajectory must remain below a threshold or exhibiting short
transition periods measured by the spectral entropy over time. A
trajectory that meets the objective is adopted as the control strat-
egy. In the applications discussed, we start from θinitial for some
time to control the system from its initial state to the initial state
of the prediction before the parameter change is forced.

3.6 | Running Window Correlation Dimension

To determine whether the system undergoes a smooth transition
during the non-stationary process, we employ a running corre-
lation dimension approach computed over a defined window
length. This technique captures the dynamic spatial complexity
of the system over time. For periodic dynamics, the running cor-
relation dimension values remain close to 1, whereas they exceed
1 when the dynamics exhibit chaotic behavior. In the case of the
chaotic target dynamics of the example Lorenz system with
ρ= 99.5, this value remains below 1.21. During nonstationary
simulation, prediction, and control, we detect a nonsmooth
transition if the running correlation dimension surpasses 1.21,
indicating possible transients, while a smooth transition is con-
sidered if it remains below this threshold. For each windowed
trajectory, the correlation dimension ν quantifies the fractal
dimensionality of the trajectory’s phase space [45]

C rð Þ = 1
W2

P
W
i, j= 1 θ r −ð jxi − xjjÞ (12)

where θ is the Heaviside function. The states are considered close
to each other if their distance is less than the threshold distance r.
The dimension ν is determined from the scaling relation
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C rð Þ ∝ rν (13)

We compute ν using the Grassberger–Procaccia algorithm [35]
and use a window length of W = 500 time steps for the
Lorenz system.

3.7 | Spectral Entropy Measure

The spectral entropy metric is used to detect intermittent epi-
sodes in the nonstationary power-system model, capturing the
transition from one periodic regime to another. We evaluate
the short-time Fourier transform [46] (STFT) calculated with a
window of nperseg = 2000 samples and an overlap of noverlap = 1950
samples, i.e. 97. 5%. Only components in the 0.1�2 Hz band are
retained for subsequent processing, as this range is known to
carry the dynamics of interest in the system analyzed.

Frames whose center times violate nperseg at the start and end of
the analyzed time series are discarded. For every remaining STFT
frame l, the band-limited power spectrum Pkl = jZxxðf k, tlÞj2 is
normalized to the unit mass and its Shannon entropy [47] is eval-
uated.

Hl = −
X
k

Pkl ln Pkl (14)

yields the trace of entropy Hl against the center time tl. A first-
order difference, ΔHl =Hl −Hl−1 is used as a discrete approxi-
mation of the temporal derivative. The onset of an intermittent
episode is flagged at the earliest time index for which ΔHl

exceeds a fixed rise threshold ΔHrise = + 0.01. The episode is con-
sidered to end with the first subsequent index where ΔHl falls
below the corresponding fall threshold ΔHfall = − 0.01. The dura-
tion of the detected intermittent period is adjusted to match the
number of segments used in the analysis.
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