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Abstract—Deep-unfolded networks (DUNs) have set new performance
benchmarks in fields such as compressed sensing, image restoration, and
wireless communications. DUNs are built from conventional iterative
algorithms, where an iteration is transformed into a layer/block of
a network with learnable parameters. Despite their huge success, the
reasons behind their superior performance over their iterative counter-
parts are not fully understood. This paper focuses on enhancing the
explainability of DUNs by investigating potential reasons behind their
superior performance over traditional iterative methods. We concentrate
on the Learnt Iterative Shrinkage-Thresholding Algorithm (LISTA), a
foundational contribution that achieves sparse recovery with significantly
fewer layers than its iterative counterpart, ISTA. Our findings reveal that
the learnt matrices in LISTA always have Gaussian distributed entries
regardless of whether the sensing matrix is random Gaussian, Bernoulli,
exponential, or uniform. The findings also show that the singular values of
the learnt matrices exceed unity, despite which, the reconstruction scheme
is stable. We conjecture that the activation function may have a role to
play in ensuring stability. We also present an unbiasing technique that
substantially improves the sparse recovery performance by reestimating
the amplitudes based on the converged support.

Index Terms—deep-unfolded networks, sparse signal recovery, iterative
shrinkage-thresholding algorithm (ISTA), learnt ISTA (LISTA).

I. INTRODUCTION

Sparse signal recovery addresses the challenge of reconstructing
a sparse vector ¢ € R™ from its lower-dimensional projection y =
Ax + w, where A € R™*™ (m < n) is the sensing matrix and w
denotes additive measurement noise [1]-[3]. This under-determined
problem, foundational to compressed sensing, relies on sparsity for
signals reconstruction [4], [S]. Advancements in convex optimization
have greatly enabled sparse recovery methods [6]-[11]. Applications
are numerous, spanning medical imaging [12], [13], signal/image
processing [14], optical-coherence tomography [15], [16], snapshot
imaging [17], compressed image recovery [18], magnetic resonance
imaging [19], seismic imaging [20]-[23], unlimited sampling [24],
radar imaging [25]-[28], and single-pixel cameras [29].

An unconstrained optimization objective for solving the sparse
recovery problem, where the signal is sparse in canonical basis, is
given as

.1 2
minimize L | Az~ yl3 + A ], m

where A\ balances data fidelity with sparsity. Efficient solutions to
this problem include proximal gradient methods like the iterative
shrinkage thresholding algorithm (ISTA) [7], its accelerated version
FISTA [30], and approximate message passing (AMP) [31]. Other
notable algorithms for various optimization tasks include the Dantzig
selector [32], orthogonal matching pursuit [33], CoOSAMP [34], and
LASSO [6]. The ||z||1 penalty in these methods encourages sparsity
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but is known to introduce bias in the amplitude estimates [1], [30].
Non-convex penalties like minimax-concave penalty (MCP) [35] and
smoothly clipped absolute deviation (SCAD) penalty [36] have shown
higher accuracy in support and amplitude estimates [35]-[43].

Deep Unfolded Networks (DUNSs) integrate iterative algorithms
with deep learning, turning iterations into learnable layers to improve
efficiency and accuracy [43]-[52]. ISTA is frequently employed to
solve the sparse recovery problem (1) using a proximal gradient
method, starting with the initialization 2@ = ATy, a step-size
parameter 7 = 1/||A||3, and a threshold parameter \. The update
rule is as follows:

20D T (ww AT (Awm _ y)) , 2)

where 7, is the shrinkage function given by

Tox(x) = sgn(x) - max(|z| — nAl,0). 3)

which is applied element-wise. Null vector is denoted by O and the
vector of all ones by 1.

LISTA is an unfolded version of ISTA with In. layers, incorpo-
rating weights S and W. The activation function 7:](1)/\(1) serves
as the proximal operator for the sparsity-promoting ¢; penalty, with
learnable parameters {)\<l), 77(”}. The update step is given below

20D — g Wy,
k k
2R = 7:](’6)“%) (z< )).

LISTA is effectively a recurrent neural network with learnable
network weights S, W, and the nonlinearity 7:7(@ A(k) - The network
weights are typically shared between the layers. The network has a
finite number of layers (L), and the output from the last layer (:c<L ))
is considered as the reconstructed signal. The network is trained on
squared error (quadratic loss) ||&'X) — a*||3 [44]. Observations from
[44] have shown that the number of iterations required for accurately
reconstructing the sparse signal ™ has reduced from several hundred
iterations in the case of ISTA to about a dozen iterations/layers in the
case of LISTA. Moreover, the reconstruction accuracy has improved
with LISTA, although it requires more extensive training [44].

“

A. Contributions

This paper focuses on the Learnt Iterative Shrinkage-Thresholding
Algorithm (LISTA), exploring its improved efficiency and effective-
ness over traditional ISTA. We analyze the singular value distribution
of the learnt matrices in LISTA vs. ISTA. We also show that the
distributions of the learnt weights is Gaussian regardless of the distri-
bution of the entries of the sensing matrix. We also perform unbiasing
by recomputing the amplitudes using least-squares regression on the
estimated support.
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Fig. 1: Reconstruction performance measured by RSNR (dB) for
LISTA and ISTA models across various dataset sizes. RSNR improves
with larger datasets for LISTA.

LISTA ISTA

Fig. 2: Comparative visualization of learnt S weights from LISTA
and conventional ISTA.

II. EXPERIMENTAL SETUP

The support of the ground-truth sparse signal * € R™ is selected
from a uniform distribution, and the amplitudes from a normal distri-
bution. The sparsity factor denoted by p is defined as p = [|* |0 /n.
The sensing matrix A € R™*" has iid. normally distributed
elements, with n = 100 and m = 70. The measurement vector
y € R™ is obtained as y = Ax* + o z, where z ~ N(0,1) and
o is the desired standard deviation. Sparse recovery performance is
measured by the reconstruction signal-to-noise ratio (RSNR), defined

* 12
as RSNR = 101log,, =",

[ERH
sparse vector. RSNR is averaged over 1,000 test samples. LISTA has
15 layers, with 17,030 learnable parameters, trained for 100 epochs
using the Adam optimizer (learning rate 10~*, halved at epochs 50
and 75) with mean-square error (MSE) loss and 100,000 training
samples. o is chosen to set the measurement SNR at 40 dB, and
sparsity factor p is set to 0.1.

We varied the training dataset size and recorded the network
performance. Since ISTA is an iterative method, it does not require
training data, and its performance remains constant across dataset
sizes. As shown in Figure 1, LISTA needs a large dataset for training,
around 100,000 training samples to outperform ISTA.

dB, where & is the estimated

III. A CLOSER LOOK AT THE LEARNT PARAMETERS

This section analyzes the learnt network weights of LISTA and
compares them with those from ISTA, along with ablation studies
highlighting key properties.

The updates for ISTA and LISTA can be expressed as zF D) =
T 2 (Sa:(k) + Wy), where S=I1—7ATA and W = AT

(@ (b)

Fig. 3: Comparison of learnt S matrices from LISTA: (a) original and
(b) sign-inverted. The inversion reveals a diagonal dominance trend
similar to ISTA, suggesting improved regularization and stability.
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Fig. 4: Singular values of learnt S matrices from LISTA and ISTA.

in the case of ISTA, whereas they are learnt in the case of LISTA.
Figure 2 compares the S matrices. ISTA shows diagonal dominance,
as expected from its S = I—nA T A structure and LISTA stands out
by reversing diagonal dominance with negative diagonal values.

Figure 3 shows the original and sign-inverted S matrices in LISTA.
Sign inversion, taking the negative of the values for the purpose
of display, shows that the learning process suppresses the diagonal
dominance in the learnt S matrix.

Figure 4 shows the singular value distributions of the S matrices.
In the case of ISTA, the singular values are below 1, indicating
stability in iterations. By contrast, some of the dominant singular
values of the learnt S matrix in LISTA are greater than 1, which
indicates potential instability with iterations. Despite this, LISTA
achieves stable convergence in practice, primarily due to the non-
expansive property of the shrinkage-thresholding function (cf. Eq. 3).

Figure 5 illustrates the learnt threshold values in LISTA for
networks with 15 and 100 layers. As the network depth increases, we
observe a decreasing trend in threshold values, indicating a saturation
effect in deeper architectures. This behavior suggests that LISTA
adapts its thresholding strategy based on network depth, potentially
optimizing the trade-off between signal amplification and stability.
The relatively high threshold values learnt by LISTA, particularly in
the first few layers, help maintain stability.

We examined the role of the shrinkage-threshold activation func-
tion in LISTA’s stability by examining the squared > norm of the
reconstructed signal & across 15, 100, 500, and 1000 layers while
fixing the S and W matrices, which are obtained from training a
15-layer LISTA. With the activation function, ||£||3 remains nearly
constant, indicating stability (cf. Figure 6). On the other hand,
removing the activation function leads to an exponential increase
in the norm, clearly indicating instability as the number of layers
increases (cf. Figure 7).

We examine how these matrices evolve during training. The
initialization of S matrix is inspired from ISTA and does not have
Gaussian distributed entries. However, upon training, the distribution
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Fig. 5: ¢; threshold values in LISTA across layers. The threshold

decreases as the number of layers increase, demonstrating a saturation
effect in deeper networks.
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Fig. 6: Stability of LISTA (activation included) for different choices
of layers. It shows the squared ¢> norm ||&||3 for 15, 100, 500,
and 1000 layers, indicating stability, and reflecting robustness with
shrinkage-threshold activation.

settles to a Gaussian (cf. Figure 9). Figure 10 shows how the
distribution of the entries of W evolves during training. While the
distribution remains Gaussian, the variance increases with epochs.

We next analyze the effect of the choice of the sensing matrix
on the distributions of the entries of the learnt S and W matrices.
Figure 8 reveals that the entries are nearly Gaussian distributed with
the S matrix having a narrower distribution than W across all choices
of the sensing matrix. The empirical convergence of the distribution to
a Gaussian regardless of the choice of the distribution of the sensing
matrix is rather interesting. While Gaussian matrices (rectangular)
serve as good sensing matrices in view of their restricted isometry
property, it is intriguing that the learnt S matrix, which is square, is
also Gaussian distributed. Random Gaussian matrices are known to
have full rank with probability one [53]. It is also quite likely that
the Central Limit Theorem [54] may be at play.

Based on the preceding observations, we consider the potential
advantages of a Gaussian initialization for S and W matrices for
LISTA. Figure 11 compares the reconstruction accuracy with ISTA
initialization and random Gaussian initialization. While Gaussian
initialization initially yields a higher reconstruction loss, it leads
to faster convergence than ISTA-based initialization. This trend is
consistent across both training and validation losses, indicating that
Gaussian initialization improves training efficiency. This trend was
found to be consistent for various initializations as confirmed by the
error bars in Figure 11.

IV. UNBIASING THE AMPLITUDE ESTIMATES

The shrinkage-thresholding function introduces bias in the recon-
structions [35]. The bias occurs because ¢; regularization tends to
shrink even the large-valued coefficients, leading to underestimation
of amplitudes. To address this issue, we propose an unbiasing
approach that refines the amplitude estimates obtained from a DUN
or its iterative counterpart.
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Fig. 7: Impact of removing the shrinkage-threshold activation in
LISTA. The plots track the squared £> norm ||Z||3 without activation
across 15, 100, 500, and 1000 layers, demonstrating significant
increases in the norm, especially for higher number of layers, which
suggests instability.
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Fig. 8: Histograms of the entries of the learnt matrices in LISTA
and corresponding Gaussian fits, demonstrating close adherence to a
Gaussian distribution.

The crucial problem in sparse signal recovery is support estimation.
Given the support, the problem of amplitude recovery is relatively
simpler because it can be performed using least-squares regression.
We make use of this observation to refine and unbias the amplitudes
estimated by LISTA or ISTA.

Initially, we estimate the support set S, which includes the indices
where the sparse signal is non-zero, using the final reconstruction
& obtained by methods such as ISTA and LISTA. Next, we select
the columns of the sensing matrix A corresponding to S to form
a submatrix As. Unbiased amplitude estimates are then calculated
through least-squares regression by computing the Moore-Penrose
pseudo-inverse of As and multiplying it by the measurement vector
y. The refined, unbiased estimate of the sparse signal, &, is defined
as:

@u,s = Ajgy:

where ATS denotes the pseudo-inverse of As. The entries of &, not
in S are set to zero. By doing so, we mitigate the bias introduced by
shrinkage-thresholding and improve the accuracy of the reconstructed
signal. This method is particularly effective in cases where the initial
support estimate is accurate, allowing the least-squares step to refine
the amplitude estimates, with a modest overhead of computing the
pseudo-inverse.
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Fig. 9: Evolution of the entries of the S matrix over training epochs.
The weights are nearly Gaussian distributed. The sample mean and
sample variance are also indicated.

TABLE I: Effect of unbiasing on sparse recovery performance for
different measurement SNRs. Prefix U- denotes unbiased variant. The
performance is measured in terms of reconstruction SNR (RSNR).
Values represent mean RSNR =+ standard deviation.

Technique 250 dB 50 dB 40 dB 30 dB

ISTA 445 £ 43 435 +43 378 £27 282%25
LISTA 304 £ 23 305 +£23 301 £23 264 +£30
U-ISTA 2383 £ 555 543 +£38 411 +63 322+37
U-LISTA 1157 £523 514 +£77 440+42 326 +4.1

We evaluate the effect of amplitude unbiasing on ISTA and
LISTA. The unbiased variant is prefixed with ‘U-". With the sparsity
parameter set to p = 0.1, we tested noise levels of 250 dB
(practically noiseless scenario), 50 dB, 40 dB and 30 dB. The
observed findings are tabulated in Table I. Our findings highlight
consistent improvement in reconstruction quality with the unbiasing
technique across all methods and noise levels. Notably, at lower noise
levels (250 dB and 50 dB), they significantly outperform their biased
counterparts. This observation underscores the potential for simpler
models, equipped with unbiasing techniques, to achieve superior
reconstruction fidelity over more complex models. The unbiasing
technique relies on accurate support estimation. Better the accuracy of
support estimation, better the performance of the unbiasing technique.

V. CONCLUSIONS

We explored the transition from the Iterative Shrinkage-
Thresholding Algorithm (ISTA) to its data-driven counterpart, LISTA,
detailing the distinctions between the two methods by analyzing the
distributions of weights and singular values. Notably, the singular
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Fig. 10: Evolution of the distribution of the entries of W over training
epochs. The Gaussian distribution is an accurate fit to the distribution
of the learnt weights.
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Fig. 11: Comparison of ISTA and Gaussian weight initialization
for LISTA. Solid lines represent training loss, dotted lines show
validation loss, averaged over 25 random seeds.

values of LISTA’s learnt matrices exceed one. However, the potential
instability appears to be mitigated by the higher threshold values
of the nonlinearity, suggesting a balancing effect that could explain
LISTA’s enhanced performance over ISTA. The transition of S and
W matrices over the course of training, and convergence to a
Gaussian distribution inspired a new initialization scheme for LISTA
based on random weights from Gaussian distribution, which resulted
in faster convergence over the conventional initialization based on
ISTA. We also proposed an unbiasing technique to further improve
the reconstruction accuracy obtained from ISTA and LISTA. The
unbiased variants outperformed their biased counterparts significantly.
The unbiasing technique is applicable to other sparse recovery
techniques as well. One could deploy the two key contributions of
this paper — Gaussian weight distribution and unbiasing technique
— to other inverse problems in computational imaging such as
deconvolution, compressed image recovery, super-resolution, etc.,
where deep-unfolded networks have a crucial role to play.
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