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ABSTRACT

Image restoration involves solving an optimization problem where
the objective function is the sum of a data-fidelity term and a regu-
larization functional that incorporates a desired image prior. Solving
the optimization problem using proximal methods results in itera-
tive algorithms that require computing a gradient step correspond-
ing to the data-fidelity loss and a proximal update corresponding to
enforcing the image prior. In this paper, we develop a novel formu-
lation for image restoration considering a generalized data-fidelity
loss and a convex regularization function that enforces a desired im-
age prior, and we solve the problem using proximal gradient method.
The choice of the data-fidelity loss is such that the adjoint operator
is reminiscent of Wiener filtering when the forward operator is a
convolutional operator (for instance, a shift-invariant blur kernel).
The proposed gradient update ensures that the iterates remain in the
solution-space of the linear measurement constraints. We further
propose the plug-and-play counterpart of the restoration technique,
which allows one to leverage off-the-shelf data-driven denoisers in
place of the proximal operator. Experimental validations carried out
on BSD500, Brodatz, Urban100, and DIV2K datasets show that the
proposed technique gives rise to superior image reconstruction qual-
ity compared with the state-of-the-art techniques, with the perfor-
mance measured in terms of peak signal-to-noise ratio (PSNR) and
structural similarity index metric (SSIM), with comparable compu-
tational complexity.

Index Terms— Image restoration, inverse problems, proximal
methods, plug-and-play methods, incoherent adjoint operators.

1. INTRODUCTION

Inverse problems are pivotal in contemporary image processing
and computational imaging, with wide-ranging applications encom-
passing denoising, deconvolution, super-resolution, and compressed
sensing [1,2]. The goal is to recover/restore the ground-truth image
(vectorized) x* € R™ from noisy, linear measurements

y=Hx"+weR", m<n, (1)

where H € R™*" is the forward operator of the measurement pro-
cess, and w € R™ denotes additive noise. Image restoration can be
posed as an optimization problem of the type

o1
minimize o |IHx — y||§ + Ag(x), P1)
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Ground-truth Measurement (12.60, 0.12)

BP-FNE-DnCNN
(19.63, 0.79)

FNE-DnCNN
(18.54, 0.73)

Fig. 1. Recovery from square blurred measurements using the pro-
posed technique compared with the benchmark techniques. The
numbers indicate (PSNR (in dB), SSIM).

where A > 0 is the regularization parameter and g : R" — R is
the regularization functional that enforces the desired image prior.
The solutions to the minimization problem in (P;) are typically iter-
ative, i.e., the goal is to design a sequence of iterates {xy }ren that
converges to a limit point as close to x* as possible. The archetypal
choice for the image prior g is the ¢1-norm of the wavelet trans-
form of x that exploits sparsity in the detail coefficients of natural
images [1-3]. Correspondingly, the proximal gradient (ISTA) up-
dates [4,5] xi, — Xi41 are given via wavelet thresholding [3] as
follows:

Xpp1 = U T {‘I’(Xk —nH" (Hx, — Y))} ,

where U denotes the 2D dyadic wavelet transform, ¥ denotes
the left-inverse of W, and 7,x(x) denotes the soft-thresholding or
shrinkage-thresholding operator. The operator (\I/‘L'KM\I/) is the
proximal operator of X || Ux||,. A generic form of the update equa-
tion, where g in (P1) is a proper, closed and convex function, is
given below:

Xpt1 = prox, ,(xx — nH' (Hx; —y)), 2)

where prox, , denotes the proximal operator [4] of g and > 0 de-
notes the step-size parameter in the gradient update. The form given

ICASSP 2024

Authorized licensed use limited to: Deutsches Zentrum fuer Luft- und Raumfahrt. Downloaded on April 09,2026 at 11:53:08 UTC from IEEE Xplore. Restrictions apply.



in Eq. (2) encompasses a wide range of image priors [6,7], including
those that promote sparsity [5, 8]. Fast counterparts of Eq. (2) can
be obtained using Nesterov’s momentum [9—-11] and pre-conditioned
gradient methods [12,13]. Venkatkrishnan et al. [14] interpreted the
proximal operation as equivalent to denoising, and introduced the
plug-and-play (PnP) framework [15], which allows one to incorpo-
rate a more powerful denoiser Dy : R™ — R" instead of the prox-
imal operator, where 6 denotes the parameters of the denoiser. The
denoiser may be model-based [16, 17] or data-driven/deep-learning-
based [18]. The corresponding iterates take the form:

Xg+1 = Do {Xk —nH' (Hxj — y)} . 3)

These iterates do not necessarily correspond to an optimization prob-
lem of the form given in (P1), and are not always provably conver-
gent making them susceptible to adversarial attacks [19, 20]. Re-
cently, several works have proposed provably-convergent PnP meth-
ods for solving linear inverse problems [21-24]. The denoiser Dy in
[24] relies on DnCNN [18], with the added constraint that it should
be firmly nonexpansive (FNE) during training. The resulting FNE—
DnCNN ensures that the iterates in Eq. (3) converge to a fixed-point,
which is characterized via monotone inclusion [24].

1.1. Contributions of This Paper

Although a lot of research has gone into the choice of g consider-
ing various priors and the associated reconstruction algorithms, the
choice of the data-fidelity term has remained relatively untouched.
To start with, we utilize a generalized data-fidelity loss with a convex
regularization functional (with the objective function being semi-
smooth). The generalized loss is the back-projection loss [25-27].
The choice of the data-fidelity loss is such that the adjoint oper-
ator is reminiscent of Wiener filtering when the forward operator
is a convolutional operator (for instance, a shift-invariant blur ker-
nel). Hence, we refer to the PGM algorithm as BP-PGM. We then
consider the plug-and-play counterpart using Pesquet et al.’s FNE—
DnCNN as the denoiser [24], and the resulting technique is dubbed
“BP-FNE-DnCNN”. We show that the iterates of BP-PGM converge
to the minimizer with the same rate as ISTA, and that the iterates of
BP-FNE-DnCNN converge to a fixed-point. The proposed technique
applied to image deconvolution improves the reconstruction perfor-
mance in terms of PSNR and SSIM (Section 3), compared with the
existing state-of-the-art techniques. To give a flavor of the results
to come, Fig. 1 shows the image restoration performance on an im-
age taken from the Urban100 dataset [28] using BP-FNE-DnCNN
vis-a-vis the benchmark techniques. BP-FNE-DnCNN has the best
performance in terms of PSNR and SSIM, and has fewer visual arti-
facts.

2. PROBLEM FORMULATION

The starting point is the model considered in Eq. (1) where the for-
ward linear operator H has full row-rank. As opposed to (P1), con-
sider the optimization with the ¢2-based data-fidelity term replaced
by the generalized ¢ loss counterpart resulting in the objective func-
tion

1
minimize - |[Hx — y||3 +Ag(x), (P2)
xcR™ 2
N———
f(x)
where B = (HHT)’% is a positive-definite matrix, and ¢ is a

proper, closed, and convex regularization function that enforces a

Algorithm 1: BP-FNE-DNCNN for image restoration
Input: Measurements y, forward operator H, step-size

n €]0,2[,e >0
1 Initialization: xo = Hly
2 for k = 1,2,... until convergence do

3 | Xkt = Do(xi, — nHI(Hxi —y))
Output: x5 1

desired image prior. This loss is the back-projection loss [25-27]
and has shown improvements over the least-squares loss in applica-
tions such as deblurring, super-resolution, and compressed sensing.
The gradient of the data-fidelity loss is given by

Vf(x)=H (HH')"'(Hx - y), @
which is B-Lipschitz, with 3 = |[H" (HH")"H||, = 1.ie.,
Vx,x € R", [[Vf(x) = VI(X)ll, < Blx =%,

Therefore, the objective function is semi-smooth, i.e., it is the sum of
a B-smooth, data-fidelity loss, and a convex regularization function
g that is not necessarily differentiable. Thence, (P2) can be solved
using PGM, and the iterates x; — X1 are given by

Xk 41 = prox, (xx — nH' (HH") ' (Hx; —y)), )
Xk — 77HT (ka - y))7

= prox,, g(

where H' denotes the Moore-Penrose pseudoinverse of H, and 0 <
n < 2 denotes the step-size. For instance, when H is a convolu-
tional operator, H' is its convolutional inverse. At each iteration,
the residue Hix;, — y is projected onto the range-space of H'. For
generic H, the gradient update with = 1 lies in the solution space
{x € R"s.t.y = Hx} as verified below:

H (xk —H(Hx, — y)) — Hx, - HH'(Hx, — y)
=Hx; —Hx; +y=Yy.

When the forward operator does not have full row-rank, we consider
the regularized version of the norm in (P2) with B = (HHT +

EI)’%, where € > 0. Within the PGM framework, the iterates take
the form

X1 = Prox,  (Xx — nH (HH' + ) ' (Hxy —y)),
= prox,, (xx — nHi (Hxr —y)). (6)

When ¢ take the value of o of the input noise, then the above update
matches the Wiener filter. In this paper, we choose ¢ based on the
performance of the proposed method on a validation dataset. This
makes our method different from Wiener filter.

This update resembles gradient-preconditioned updates [12,13]:

Xj+1 = Prox, (xx — 77U]:1HT (Hx, —y)),

where U, ! denotes the preconditioner at iteration k. The key dif-
ference is our BP-PGM method takes following form:

Xk41 = prox,, (xx —nH' Uy (Hxy — y)),

where the placement of U ! is different from preconditioned gradi-
ent method.
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2.1. BP-FNE-DnCNN

We integrate BP-PGM and the plug-and-play framework employing
FNE-DnCNN as the denoiser [24]. Since the formulation comprises
the back-projection loss with FNE-DnCNN as the denoiser, we refer
to our technique as BP-FNE-DnCNN. Replacing the proximal op-
erator prox,,, in Eq.(6) with a more powerful off-the-shelf denoiser
Dy results in iterates of the form

X1 = Do(xy, — nHI (Hxy, — y)). @)

If the denoiser is firmly nonexpansive, convergence of the iterates in
Eq. (7) can guaranteed, as we shall show in Proposition 2, along the
lines of [24]. Akin to [24], we use the DnCNN denoiser [18], whose
schematic is shown in Fig. 2. The first layer is a convolutional layer
with 64 filters of size 3 x 3 X ¢, where ¢ denotes the number of
channels in the input image. The layers 2 to D — 1 are convolutional
layers with 64 filters of size 3 X 3 x 64 with batch normalization.
The last layer is a convolutional layer with c filters of size 3 x 3 x 64.
The nonlinear activation in all the layers is the leaky rectified linear
unit: LeakyReLU(z) = max{ax,z}, with & = 0.01. Since the
network is designed to predict the residue, a skip connection from
the input to the last layer is required to give the denoised image. The
parameters 6 of the network are the filter weights in all the D con-
volutional layers.

Training the denoiser: The denoiser can be trained as outlined
in [24]. Let {x;}L, be the training set of ground-truth images.
Noisy measurements {z;}~ ; are constructed as z; = x; + Wi,
where w; ~ A(0, *T) denotes additive white Gaussian noise with
standard deviation o. The denoiser training problem is posed as

N
miniénizez Do (z:) —xl|3 + pmax{ |2V Dg(%:)|[3,1 — 5},

=1

where 1,6 > 0 are hyperparameters, and X; = px;+(1—p)Do(z:),
where p ~ U0, 1]. The loss function is a sum of the two terms: con-
sistency between the input and the output, and the gradient penalty
that promotes the network to be firmly nonexpansive. The network
is trained using the Adam optimizer [29].

2.2. Objective Convergence of BP-FNE-DnCNN

The proposed technique is a convergent method for image restora-
tion. We show that the iterates of BP-PGM given in Eq. (6) converge
in the objective function. Note that this subsumes the convergence
of the iterates in Eq. (5) by setting € = 0.

Proposition 1 (Convergence of BP-PGM). Let 0 < n < 2/p,

let F(x) = f(x) + Ag(x) denote the objective function, and let

x* € arg m]iRn F(x) denote the set of minimizers. The minimizing
xER™

sequence {Xy, }ren in Eq. (6) satisfies the condition

* (|2
Fxi) — F(x") < w,w@ €N.

The proof follows from [10]. The iterates have a rate of conver-
gence identical to that of ISTA [10]. Next, we show that the iterates
of BP-FNE-DnCNN given in Eq. (3) converge to a fixed-point char-
acterized by monotone inclusion.

Proposition 2 (Fixed-point convergence of BP-FNE-DnCNN). Let
0 < n < 2/B. Suppose Dq is a firmly nonexpansive operator, and
let A= (D, —1d). Assume S, = {x : (Vf + %A)(x) = 0}

64 64 64 64 c
. 7
—_—
CONV, CONV, BN CONYV,
(ReLU (ReLU {ReLU

Fig. 2. Architecture of the denoiser: all layers are convolutional with
LeakyReLU activation; layers 2 to D — 1 have batch normalization.
The first D — 1 layers have 64 filters each, and the last layer has ¢
filters, where c is the number of channels in the input image.

Ground-truth

Measurement (16.32, 0.30)

FNE-DnCNN
(21.14, 0.80)

BP-FNE-DnCNN
(22.30, 0.84)

!t\\\‘ \

Fig. 3. Recovery from square blurred measurements using the pro-
posed technique compared with the benchmark technique. The num-
bers indicate (PSNR (in dB), SSIM).

is nonempty. Then, the sequence {Xk}keN in Eq. (7) converges to
xeSs,, e,

1
0 Vf(x)+ EA()“()
The proof follows [24]. The iterates of BP-FNE-DnCNN con-

verge to the zeros of (V f + %A), which implies fixed-point conver-
gence of the sequence in Eq. (7) [5].

3. EXPERIMENTAL RESULTS

We demonstrate the proposed image restoration technique for image
deconvolution problems. Measurements of a ground-truth image x*
(vectorized) are obtained as

y=hx*xx"+w,

where h is a convolutional kernel, and w denotes additive white
Gaussian noise. We evaluate the performance of the proposed
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Table 1. Performance of the proposed technique and benchmarks evaluated using PSNR1 (in dB) and SSIM? on DIV2K, Urban100, BSD500,

and Brodatz datasets. The best scores are shown in bold, and the second best scores are shown underlined.

Method Gaussian Blur Motion Blur Square Blur CPU/GPU
DIV2K Time (sec)
TV-ADMM [6] 15.97 + 2.14, 0.3150 + 0.1485 16.31 +2.13, 0.3195 + 0.1498 15.91 + 2.14,0.3124 £ 0.1483 9.74 1+ 0.46/ -
PnP-BM3D 21.69 £ 2.62,0.5267 £ 0.1529 23.36 £ 2.62,0.6410 & 0.1186 23.33 £2.72,0.6252 £ 0.1279 45.30 £4.10/ -
BP-BM3D [26] 21.92 + 2.64, 0.5380 £ 0.1504 24.34 £ 2.71,0.6859 £ 0.1044 24.03 £ 2.73,0.6650 £ 0.1139 45.82£4.09/ -
PnP-NLM [21] 22.48 £ 2.52, 0.5340 £ 0.1143 24.14 £ 1.47, 0.5799 £ 0.0574 21.25 £ 0.94, 0.4363 £+ 0.0712 98.57 + 8.86/ -
FNE-DnCNN [24] 22.80 £ 2.77, 0.5906 + 0.1455 26.91 £ 2.95, 0.7927 £ 0.0806 26.73 £ 2.88, 0.7855 £ 0.0871 -/12.34 £ 0.76
BP-FNE-DnCNN (Ours) 23.25 £2.74,0.6142 + 0.1340 27.14 +2.90,0.8039 £ 0.0734 27.10 + 2.83,0.8024 + 0.0757 | -/13.60 +0.94
Urban100 Time (sec)
TV-ADMM [6] 14.26 £ 1.96, 0.1992 £ 0.1073 14.47 £+ 2.00, 0.2005 £ 0.1073 14.22 +1.96,0.1995 + 0.1067 4.18+0.72/-
PnP-BM3D 18.34 £ 2.90, 0.3526 + 0.1240 1971 4 2.86, 0.4848 + 0.0984 19.68 & 2.90,0.4699 + 0.1002 26.83+£0.95/-
BP-BM3D [26] 18.50 £ 2.91,0.3631 &+ 0.1230 20.46 + 2.84,0.5395 + 0.0897 20.30 + 2.90,0.5241 £ 0.0908 26.77 £ 0.82/-
PnP-NLM [21] 19.02 £ 2.82,0.3875 4+ 0.0998 21.32 £+ 2.09,0.5555 £+ 0.0713 19.83 4+ 1.51,0.4824 + 0.0947 46.03 £ 5.05/ -
FNE-DnCNN [24] 19.17 £ 2.96, 0.4239 + 0.1266 22.64 £ 2.72,0.6861 + 0.0869 22.85 + 2.78,0.6984 £ 0.0855 -/6.70 £0.63
BP-FNE-DnCNN (Ours) 19.58 +2.90,0.4580 £ 0.1180  23.02 +2.64,0.7124 +£ 0.0800 23.49 + 2.62,0.7387 £+ 0.0753 -/7.31£0.68
BSD500 Time (sec)
TV-ADMM [6] 17.24 £ 2.43,0.3486 + 0.1456 17.64 £ 2.46,0.3535 + 0.1469 17.19 4+ 2.44,0.3444 + 0.1444 12.16 £ 0.09/-
PnP-BM3D 22.82 + 3.62,0.5121 £ 0.1552 23.92 + 3.05,0.5950 £ 0.1356 23.86 + 3.07,0.5845 £ 0.1388 49.73 £2.19/ -
BP-BM3D [26] 22.80 + 3.05,0.5226 £+ 0.1537 24.62 + 3.12,0.6330 & 0.1262 24.37 + 3.06,0.6160 £ 0.1274 50.39 +£2.02/-
PnP-NLM [21] 23.05 £ 2.80, 0.5046 £ 0.1201 23.54 £ 2.50,0.5032 £ 0.0579 21.16 £ 2.67,0.3785 £ 0.0852 132.75 + 2.57/ -
FNE-DnCNN [24] 23.51 £ 3.17,0.5575 £+ 0.1528 26.43 + 3.40,0.7145 £+ 0.1159 26.45 + 3.27,0.7136 £ 0.1136 -/15.07 £0.94
BP-FNE-DnCNN (Ours) 23.79 +£3.12,0.5711 + 0.1448 26.58 + 3.33,0.7271 £+ 0.1062 26.71+3.19,0.7328 £ 0.1125 -/16.14 £ 1.07
Brodatz Time (sec)
TV-ADMM [6] 16.70 £+ 4.62,0.1760 + 0.1636 16.81 £+ 4.67,0.1762 4+ 0.1640 16.66 +4.62,0.1725 + 0.1607 7.28+0.07/-
PnP-BM3D 20.11 £ 5.76, 0.4048 £ 0.2294 21.80 £ 5.70,0.5240 £+ 0.1721 21.58 + 5.84,0.4860 £ 0.1960 26.93+£3.20/-
BP-BM3D [26] 20.30 £ 5.81,0.4128 £ 0.2275 22.70 £5.78,0.5712 £ 0.1551 22.27 £ 5.81,0.5251 £ 0.1787 26.27+£3.30/-
PnP-NLM [21] 20.85 + 5.59,0.4366 + 0.1987 22.52 + 3.70,0.5507 £ 0.0786 20.30 + 2.62,0.4362 £+ 0.0761 86.94 £+ 3.58/ -
FNE-DnCNN [24] 20.76 £ 5.97,0.4293 £+ 0.2262 24.28 + 5.69,0.6295 £+ 0.1421 23.88 + 5.88,0.5834 £ 0.1651 -/13.49 £ 0.92
BP-FNE-DnCNN (Ours) 21.19+£5.77,0.4527 £ 0.2162  24.56 £ 5.41,0.6572 + 0.1212 24.33 +5.43,0.6252 £+ 0.1326 -/15.98 £0.05

technique with the benchmarks using the peak signal-to-noise ratio
(PSNR) and structural similarity index metric (SSIM) as objective
metrics, over the following datasets: BSD500 [30], DIV2K [31,32],
and Urban100 [28]. We run Algorithm 1 with fixed step-size pa-
rameter 7 = 1.99 and ¢ = 0.05 for a maximum of 300 itera-
tions. We use the following convergent techniques as benchmarks:
total-variation minimization using ADMM (TV-ADMM) [6], PnP-
BM3D, BP-BM3D [26], PnP-NLM [21] and FNE-DnCNN [24]
with parameters set to provide the best performance.

Training details: The network is trained similar to [24]. We
train the denoiser Dy on 50,000 images from the validation set of
ImageNet [33]. The architecture is fixed to have D = 20 convolu-
tional layers. The measurements are corrupted with white Gaussian
noise of standard deviation drawn uniformly at random over [0, 0.1].
The network is trained using the Adam optimizer with learning rate
10~ for 200 epochs with & = 107> and § = 1072

Inferences: Table 1 shows the comparison in performance
evaluated using PSNR and SSIM between the proposed method
BP-FNE-DnCNN and the benchmarks. The proposed technique
outperforms the benchmarks over all the datasets and over all the
blur kernels under consideration. TV-ADMM converges the fastest,
however, to a suboptimal reconstruction. PnP-BM3D method has
improved performance over TV-ADMM, while the time taken is sig-
nificantly higher. BP-BM3D method takes similar amount of time
for reconstruction, while improving the performance by a margin.
The PnP-NLM technique uses the non-local means image denoiser
(NLM [16]) as a denoiser in the plug-and-play framework. PnP-
NLM has a comparable performance to FNE-DnCNN, although it
does not require training. However, PnP-NLM is computationally
intensive. FNE-DnCNN and the proposed BP-FNE-DnCNN have
similar run-times, however, BP-FNE-DnCNN has a superior perfor-

mance in terms of PSNR and SSIM. Figs. 1 and 3 show examples
of image reconstruction using FNE-DnCNN and BP-FNE-DnCNN
obtained over the Urban100 dataset. The proposed method has su-
perior quality reconstruction over the benchmark. The zoomed-in
portion of the pictures in the red bounding box shows the difference
in reconstruction quality between the benchmark and the proposed
technique. BP-FNE-DnCNN is able to reconstruct the straight-
line patterns from blurred images better than FNE-DnCNN. The
improvement in performance is attributed to the fact that the gradi-
ent step in the proposed technique updates the reconstruction to a
point that is closer to the solution-space of the linear measurement
constraint.

4. CONCLUSIONS

We introduced a formulation for image restoration where the objec-
tive is the sum of a back-projection loss for data-fidelity and a reg-
ularization functional. The objective function is semi-smooth and
can be solved using the proximal gradient method. We then incorpo-
rated this formulation within a plug-and-play framework where the
denoiser is a learnt deep convolutional neural network, specifically a
firmly nonexpansive DnCNN, thereby rendering the iterations prov-
ably convergent. Experimental results show that the proposed tech-
nique outperforms the state-of-the-art in terms of PSNR and SSIM.
A careful qualitative analysis of the reconstructed images shows that
proposed technique is able to reconstruct fine details from the blurred
measurement unlike the benchmark techniques. The proposed tech-
nique can be used for solving inverse problems in computational
imaging applications such as lensless imaging [34], diffuser-based
imaging [35], coded-aperture imaging [36], etc.
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