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Abstract
Quantum algorithms have the potential to solve combinatorial optimization
problems faster than classical algorithms. A particular example for combinatorial
optimization problems are scheduling problems. This work provides summarizes
quantum or quantum-inspired algorithms for scheduling problems, providing an
overview of 20 years of research. We categorize the approaches by problem type and
algorithm type. A condensation of the reviewed literature to the main ideas and
details about the considered problem size, solvers and evaluation metrics enables a
quick comparison with and placement into the current state of research for future
works. We further critically assess the comparability of the reviewed literature and
present crucial metrics for future comparison.
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1 Introduction
Scheduling problems are immensely important for production, healthcare, traffic, logis-
tics, distributed systems, and many other application areas Abdalkareem et al. [1], Ikeda
et al. [95], Pinedo [165]. There are many variants of scheduling problems in the literature,
such as job shop scheduling problems Xiong et al. [224], open shop scheduling problems
Anand et al. [9], flow shop scheduling problems Reza Hejazi and Saghafian [174], and flexi-
ble versions where more than one machine is available for at least one operation Chaudhry
and Khan [41], Xie et al. [223]. See Allahverdi [7] for an excellent reference on scheduling
problems and their classification.

Standard job shop scheduling problems consider a collection of jobs, consisting of op-
erations, and a collection of machines. The operations within a job must be executed in
a given order. A job is done once its last operation is done. Each machine is designed to
handle one of the operations and can only execute one operation at a time. The goal is to
find a schedule of the operations onto the machines such that some metrics are optimized,
typically, one aims at minimizing the makespan, i.e., the time until the last job is finished.
For such problems, Garey et al. [80] showed that finding a schedule that minimizes the
makespan is NP-hard.
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Quantum computing aims at exploiting properties of quantum mechanics in order to
achieve advantages over classical computing on particular problem classes. Instead of op-
erating with classical bits that are either in the state 0 or 1, quantum computers work
with quantum bits, in short qubits, which can be in superposition of both states. A mea-
surement leads to a manifestation of either state with a certain probability. Therefore, a
collection of N qubits can be in a superposition of 2N binary states. Based on this prin-
ciple, there is a potential that quantum computers can solve some large-scale problems
faster than classical computers. In this sense, quantum computing could have many appli-
cation areas, such as electric power systems Zhou et al. [242], smart grids Ullah et al. [209],
chemistry Motta and Rice [141], nuclear fusion Joseph et al. [100], or finance Herman et al.
[92]. However, there are still many open problems, such as decoherence, scalability, or er-
ror correction.

Due to the complexity of scheduling problems and the potential to solve complex prob-
lems faster, quantum computers could be a promising tool to solve scheduling problems.
This survey provides a quick overview of the currently existing quantum or quantum-
classical hybrid methods for solving scheduling problems, which may form the basis for
improvements and comparison, and is primarily addressed to researchers from industry
and academia. It contains papers that only consider small-scale problems that are solved
with a quantum algorithm as a proof of concept but also papers that provide hybrid solvers
that allow for solving large-scale problems, from which some even mimick the size of real-
world problems. As related work, an overview of quantum optimization algorithms in op-
eration research is given in Klug [111], including a collection of selected papers on schedul-
ing problems. A selection of quantum algorithms for scheduling problems are included in
the review paper Pooja and Sood [168]. Chen et al. [45] provide a literature overview on
quantum approaches in supply chain management, including production scheduling. An
overview of quantum algorithms in medicine, finance and logistics is provided by Ciacco
et al. [40], in which Sect. 5 is devoted to scheduling problems.

We distinguish between formalizations of the scheduling problems as a quadratic un-
constrained binary optimization (QUBO) problem, the encoding via evolutionary algo-
rithms (EAs), which form the majority of the strategies, and a small section with other ap-
proaches, which include formalizations as a constrained quadratic model (CQM). QUBO
problems are often solved via quantum annealing. See Yarkoni et al. [233] for an overview
of quantum annealing in industrial applications, including scheduling problems. As the
name suggests, QUBO problems are unconstrained. Hence, the constraints are trans-
formed into penalty terms that are added to the objective function. Consequently, a QUBO
solution cannot be expected to satisfy the corresponding hard constraints. CQMs, in con-
trast to QUBO problems, allow for hard constraints (e.g., D-Wave [61]).

This paper is organized as follows: Sect. 2 provides an overview of different types of
scheduling problems and typical constraints that need to be satisfied. Sect. 3 starts with a
very short introduction into quantum computing. Then, we present how scheduling prob-
lems can be expressed as Ising models, and compiles basic aspects of quantum-inspired
evolutionary algorithms (QIEAs). In Sects. 4, 5, and 6, the works from the literature con-
cerning formulations of scheduling problems as quadratic optimization problems, the ap-
plication of QIEAs, or other types of formalizations and algorithms are reviewed in a
chronological order, respectively. For each work, the problem type, constraints, objectives,
proposed solvers (optionally, the used commercial hardware), and problems sizes in the
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experiments are listed. Usually, additional information about the proposed algorithm, the
comparison with classical or other quantum algorithms, and the evaluation metrics are
provided. Sect. 7 reviews some quantum hardware requirements and resulting challenges
for large-scale optimization problems. Sect. 8 critically discusses the methodology and
makes recommendations for future work.

2 Scheduling problems
Scheduling problems are closely connected to sequencing problems and to assignment
problems, and essentially is a combination of both Pinto and Grossmann [163]. In se-
quencing problems, the goal is to find the optimal sequence of n jobs, while disregarding
any distribution of the jobs onto different machines or the determination of time points
when a job should start. In the special case of single-machine scheduling problems, se-
quencing and scheduling problems are identical when the time points are defined implic-
itly. In that sense the whole production starts at some time t0 and one job starts directly
after the previous job has been finished. Assignment problems consider the distribution of
n objects onto m slots, where n ≥ m. In contrast to scheduling problems, which, for multi-
machine scheduling, also include the allocation of jobs onto different machines, any type
of ordering of the objects is not considered, making assignment problems also weaker
optimization problems than scheduling problems.

2.1 Types of scheduling problems
A job shop scheduling problem (JSSP; Xiong et al. [224]) considers n jobs, J1,. . . ,Jn, and m
machines, M1,. . . ,Mm. The individual jobs Ji are composed by Ki operations O(1)

i ,. . . ,O(Ki)
i ,

which have to be executed in a certain order. The job Ji is not finished until the last opera-
tion corresponding to this job is finished. In the standard JSSP, there is only one machine
on which an operation O(k) can be executed. A softer version of the JSSP is the flexible JSSP
(FJSSP; Chaudhry and Khan [41], Xie et al. [223]), which potentially allows for an operation
to be executed on more than one machine. In this case, there is a set ℳ(k) ⊂ {M1, . . . , Mm}
of machines on which operation O(k) can be executed. The sets of machines that can han-
dle a specific operation are fixed in advance.

Another relaxation of the JSSP is the Open Shop Scheduling Problem (OSSP; Anand et al.
[9]), where the order of the operations corresponding to the jobs is arbitrary, but each
operation can only be executed on one machine, i.e., |ℳ(k)| = 1 for all k. The flexible OSSP
(FOSSP) allows for operations to be executed on potentially more than one machine, i.e.,
|ℳ(k)| ≥ 1 for all k.

A more restricted variant of the JSSP is the flow shop scheduling problem (FSSP; Reza He-
jazi and Saghafian [174]). Here, each job Ji is composed of Ki = m operations, and where
the j-th operation can only be executed on the j-th machine. A particular type of FSSP is
the no-wait FSSP (NW-FSSP), where the processing of the next operation of a job on the
next machine must be started immediately after the current operation has been processed
on the current machine. Consequently, there should be no waiting time of a job between
the machines, which may cause that the whole processing sequence for one job must be
delayed in order to meet this constraint. These no-wait constraints may arise due to the
necessity to keep temperature or material properties constant Allahverdi [8].

Workflow scheduling problems (WSPs; Wu et al. [219]) generalize job scheduling prob-
lems. In this case each operation requires a given amount of resources/workers in order
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to start. Job scheduling problems can be interpreted as the special case where one worker
or one machine, is sufficient.

The problems above were all multi-stage job scheduling problems, indicating that
each job is composed of more than one operation. In single-stage job scheduling prob-
lems, each job corresponds to exactly one operation.

Single-machine scheduling problems (SMSP; see Allahverdi [7]) consider the special case
of a single-stage job scheduling problem where only one machine is available. An unrelated
machines scheduling problem (UMSP; Durasevic and Jakobovic [52], Pfund et al. [162])
considers multiple machines and allows for individual processing times of each job and
each machine, which means, a job can take different processing times if executed on dif-
ferent machines. A more restricted version is the identical-machines scheduling problem
(IMSP), where the processing time only depends on the operation.

The scheduling problems above assume that all parameters are known in advance, which
is often not satisfied in practice. If there are non-deterministic parameters, for example,
the processing time, one faces an uncertain scheduling problem. In the case that one can at
least assume a probability distribution for the uncertain parameters, the problem is called
a stochastic scheduling problem Gu et al. [75].

The different types of scheduling problems are characterized by their assumptions and
constraints, not by their objective, for which there may be different alternatives. The ob-
jective that can be encountered most frequently in the literature is the minimization of
the makespan, which is given by the finishing time of the last job. Early and late delivery
costs occur when a job is finished before or after its due time. Production costs can ap-
pear in manifold ways, e.g., by having a fixed amount of costs assigned to the execution of
a particular job on a particular machine Amaro et al. [13]. In specialized scheduling prob-
lems such as nurse scheduling or timetabling, the objective is often just feasibility, that is
finding a schedule which satisfies all constraints.

2.2 Typical constraints
Typical constraints that are implied by a scheduling problem include:

Assignment constraints (A): An operation can only be executed on designated ma-
chines,

Duration constraints (D): The time between the starting time of two operations on the
same machine must be at least the timespan the machine requires for the first of the two
operations,

Preemption constraints (E): An operation that has started on a machine must not be
interrupted,

Finishing constraints (F): If a deadline is given, all jobs must be finished before this
deadline,

Imambiguity constraints (I): An operation must have a unique starting point in the
schedule,

Machine constraints (M): A time slot in a machine can be occupied by at most one
operation at a time. This constraint seems to be superfluous due to D, however, in many
works, time slots for the machines are considered, leading to the constraint that each time
slot must be occupied only once in each machine, which is represented by M. Moreover, M
can represent the general condition, not bound to job scheduling problems, that an object
can only execute one task at a given time step,
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Precedence constraints (P): Operations corresponding to one job need to be executed
in the correct order. For single-stage scheduling problems, such constraints indicate that
the jobs must follow a specified order or that at least some job are to be prioritized,

Resource constraints (R): In WSPs, a job can only start if sufficiently many workers are
available. Note that R generalizes M in the sense that M is the special case of R if only one
worker is used,

Shutdown constraints (S): Machines cannot be interrupted until the last operation
scheduled on them is finished, i.e., there must be no waiting time between the finishing
time of one operation and the starting time of the next operation. S is not covered by the
special case of D that the difference between the starting points of two consecutive oper-
ations is exactly the timespan for the first operation as S also indicates that there must not
be an interruption during the execution of an operation.

The constraints I are given in each of the reviewed references, either explicitly, or at least
by construction due to the extraction of a schedule from the qubit state. Therefore, when
listing the constraint sets that have been considered in each of the papers we review in the
following two sections, we omit the constraint set I in the constraint lists. Constraint set
E is also found in each corresponding paper. Therefore, we also exclude it from the list.

Constraints S, which indicate that an interruption within or between the execution of
operations us forbidden, must not be confused with preemption constraints E, that only
forbid that a machine is interrupted during an operation.

2.3 Benchmark data sets
There are several data sets onto which many of the scheduling algorithms reviewed in
this paper are applied. The Kacem data (Kacem et al. [109]) includes five data sets, usually
referred to as Kacem1 to Kacem5. The largest, Kacem5, has 15 jobs, 10 machines and a
total number of 56 operations, up to 4 per job. The Brandimarte data (Brandimarte [30])
includes 10 data sets, referred to as MK01 to MK10. The largest, MK15, has 30 jobs, 15
machines and up to 12 operations per job. The Dauzère-Pérès data (Dauzère-Pérès and
Paulli [56]) consists of 18 data sets, referred to as LA01 to LA18. The largest ones, La13
to LA18, have 20 jobs, 10 machines and up to 25 operations per job. The Taillard data
(Taillard [200]) includes data sets for FSSPs with up to 500 jobs and 20 machines, JSSPs
with up to 100 jobs and 20 machines, and OSSPs with up to 20 jobs and 20 machines. The
Carlier data (Carlier [37]) includes 8 data sets for FSSPs, referred to as car1 to car8, where
the largest has 8 jobs and 9 machines/operations. The abz data (Adams et al. [3]) consists
of 5 data sets, referred to as abz5 to abz9, where the largest, abz9, has 20 jobs, 15 machines
and 15 operations per job.

3 Quantum computing
In this section, we provide a brief introduction into quantum computing. We further
present two models for solving scheduling problems with quantum and quantum-inspired
algorithms.

3.1 Quantum states
A classical bit is the simplest unit of computation which can either take the value 0 or 1
deterministically. In contrast to that, a quantum bit or qubit state

|ψ⟩ = α |0⟩ + β |1⟩
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can be in a superposition of the computational basis states |0⟩ and |1⟩ with complex-valued
coefficients α and β . These coefficients represent the weight of each basis state in the
superposition as well as the relative phase and satisfy the normalization constraint |α|2 +
|β|2 = 1. Therefore, for a measurement in the computational basis, they correspond to the
probabilities of obtaining the basis states {|0⟩ , |1⟩}. More precisely, we measure |0⟩ with
probability |α|2 and |1⟩ with probability |β|2.

In order to form a qubit bitstring out of single qubits we utilize the tensor product ⊗.
For example, the tensor product of two qubit states |ψ1⟩ = α1 |0⟩+β1 |1⟩ and |ψ2⟩ = α2 |0⟩+
β2 |1⟩ leads to the two-qubit state

|ψ1⟩ ⊗ |ψ2⟩ = α1α2|00⟩ + α1β2|01⟩ + β1α2|10⟩ + β1β2|11⟩.
Here, we omitted the tensor product on the right-hand-side and combined both com-

putational basis states into one. As a result, |00⟩ corresponds to |0⟩⊗|0⟩, |01⟩ corresponds
to |0⟩ ⊗ |1⟩ and so forth. Two-qubit states which can be repesented in terms of a tensor
product of two single-qubit states are called product states. However, not every two-qubit
state can be expressed as a tensor product of two single-qubit states as the state

|ψ3⟩ =
1√
2
|00⟩ +

1√
2
|11⟩

shows. The zero amplitudes for the states |01⟩ and |10⟩ only vanish if, for instance the two
qubits have zero amplitude for the state |0⟩, or similarly for each being in |1⟩. This how-
ever, is conflicting to the overall form of the state |ψ3⟩, where the amplitudes for |00⟩ and
|11⟩ are non-zero. Hence, the two qubits cannot be represented by a tensor product state.
In this case, the states are called entangled. This state in particular is called a Bell state
and is maximally entangled, meaning that there is a maximum of correlation between the
two qubit systems. Entanglement is a purely quantum property and together with the su-
perposition, it is the main reason why quantum computing could provide advantages over
classical computing, as entangled qubits contain correlations that the individual qubits
cannot represent. These definitions and properties can be extended to any N-qubit sys-
tem. In this case, a composite N-qubit state is not entangled if it can be written as a tensor
product of N single qubit states.

3.2 Quantum gates
In order to exploit a possible quantum advantage, one has to create and maintain the su-
perposition and entanglement of qubits, during the computation of a quantum algorithm.
For this purpose, we utilize specific unitary operators, also called gates, that can be applied
to quantum states. In the following, we consider some examples of single and two qubit
quantum gates in order to provide a first illustration of quantum algorithms. For a more
in depth discussion, we refer to Nielsen and Chuang [144].

To visualize the effect of a quantum gate on a quantum state, we perform a change in the
representation of the states and operators. In general, quantum states are denoted using
the Dirac notation |·⟩, as presented above. However, it is also possible to identify the basis
states of the two-dimensional system with two-dimensional basis vectors of the vector
space ℂ

2. In this case, a popular choice is

|0⟩ =̂

(︄
1
0

)︄

and

|1⟩ =̂

(︄
0
1

)︄
.
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Consequently, we are able to rewrite any single-qubit state |ψ⟩ as a vector

|ψ⟩ =̂

(︄
α

β

)︄

and any two-qubit state as the vector

|ψ12⟩ =̂

⎛
⎜⎜⎜⎝

α

β

γ

δ

⎞
⎟⎟⎟⎠

where α, β , γ and δ denote the complex-valued coefficients of the basis states |00⟩, |01⟩,
|10⟩, and |11⟩. In principle one can map any N-qubit state to a 2N -dimensional vector.

In this regard, the unitary operators then correspond to a unitary matrix. For example,
the Z-gate is characterized by the matrix

Z =

(︄
1 0
0 –1

)︄
.

From this notation, one can clearly see that the computational basis states |0⟩ and |1⟩ are
eigenstates of the Z-gate with eigenvalues ±1. Hence, when applied on an arbitrary qubit
state, it yields a phase factor, which is global in terms of a single basis state and relative
when considering a superposition of basis states. Other important operations are the X-
gate, represented by

X =

(︄
0 1
1 0

)︄
,

which is a qubit flip and the Hadamard-gate, represented by

H =
1√
2

(︄
1 1
1 –1

)︄
,

which creates an equally weighted superposition of states |0⟩ and |1⟩, when applied on the
latter. Next to the single qubit gates, there exist also multi-qubit gates, which act on mul-
tiple qubits simultaneously. The most popular one is the controlled NOT-gate (CNOT-
gate)

CNOT =

⎛
⎜⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎞
⎟⎟⎟⎠,

which, applied on two qubits, flips the state of the second qubit if the state of the first
qubit (which hence serves as “control qubit”) is in state |1⟩ and does nothing other-
wise.

3.3 Creation of entanglement
One way to create entanglement between two qubits is to employ a combination of
Hadamard and CNOT-gate, as displayed in Fig. 1. For this purpose, we prepare two qubits
in the state

|00⟩ =̂

⎛
⎜⎜⎜⎝

1
0
0
0

⎞
⎟⎟⎟⎠ .

Then, we apply a Hadamard gate on the first qubit to create an equally weighted superpo-
sition of basis states, while doing nothing with the second qubit. Subsequently, we arrive
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Figure 1 Quantum circuit for creating a Bell state.
First two qubits are prepared in the state |0⟩. Then,
we apply a Hadamard-gate on the first qubit to
create an equally weighted superposition of the two
basis states. Finally, we apply a CNOT-gate with the
first qubit as control qubit and the second one as
target qubit

at

(H ⊗ I)

⎛
⎜⎜⎜⎝

1
0
0
0

⎞
⎟⎟⎟⎠ =

1√
2

⎛
⎜⎜⎜⎝

1 0 1 0
0 1 0 1
1 0 –1 0
0 1 0 –1

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

1
0
0
0

⎞
⎟⎟⎟⎠ =

1√
2

⎛
⎜⎜⎜⎝

1
0
1
0

⎞
⎟⎟⎟⎠.

Here

I =

(︄
1 0
0 1

)︄
.

denotes the two-dimensional identity matrix. Next, we take the first qubit as a control
qubit and apply a CNOT-gate on both qubits. This leads us to our final vector

CNOT(H ⊗ I)

⎛
⎜⎜⎜⎝

1
0
0
0

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

1
0
1
0

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

1
0
0
1

⎞
⎟⎟⎟⎠ ,

which corresponds an entangled state and in particular a Bell state. In this case, the mea-
surement of one system in its computational basis automatically reveals the state of the
second system and the two-qubit state collapses into a product state of two computational
basis states. Hence, the composite state looses its entanglement, after a measurement in
the computational basis.

3.4 Quantum computing for scheduling problems
The main aim for this section is show how a scheduling problem can be formalized in
a such way that a quantum algorithm can be applied. For this purpose, we discuss two
popular approaches. The first approach is the identification of the scheduling problem
with a particular discrete optimization problem onto which quantum algorithms can be
applied. In the second approach, we consider the generation of a problem-specific fitness
function, which is used for an evolutionary algorithm. In any case, the individuals are
represented by qubits rather than bits.

3.4.1 Quantum formalizations for discrete optimization problems
It has been observed in Rieffel et al. [178] that some types of scheduling problems can
be identified with graph coloring problems such as vertex coloring problems where in a
graph, a color from a finite set of colors is assigned to each vertex such that no adjacent
vertices have the same color. In this case, the constraint that a machine cannot handle
more than one job simultaneously is equivalent to the constraint that two vertices that
are connected by an edge must not have the same color. Graph coloring problems, among
many other combinatorial optimization problems, can be formulated via Ising models,
which has been shown in Lucas [128].

In the following, we explain why the formulation as Ising model enables the applica-
tion of quantum algorithms and briefly describe common quantum algorithms to solve
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Ising models. Then, we conclude with a discussion on how a scheduling problem can be
expressed by such an Ising model.

An Ising model Lucas [128] is given by a Hamiltonian of the form

ĤI = –
N∑︂

i=1

hiŝi +
∑︂∑︂
i≠j=1,...,N

Ji,j ŝiŝj,

where the Ji,j and hi are real numbers that represent the strength of the interactions be-
tween two spins and the strength of the external field, respectively. The eigenstates of the
spin operators ŝi correspond to the computational basis states |0⟩ and |1⟩ with eigenvalues
±1.

There is a close correspondence between Ising models and a particular class of dis-
crete optimization problems, namely QUBO (quadratic unconstrained binary optimiza-
tion) problems. A QUBO is an optimization problem formulated in terms of binary vari-
ables xi such that a quadratic objective function

f (x1, . . . , xN ) = –
N∑︂

i=1

pixi +
∑︂∑︂
i≠j=1,...,N

Q̃ijxixj

is to be minimized. Since, xi ∈ {0, 1}, one can always find coefficients Qii such that the
objective function can be expressed by the more convenient notation

f (x1, . . . , xN ) =
N∑︂

i=1

N∑︂
j=1

Qijxixj.

As the name suggests, there are no hard constraints. If constraints need to be respected,
it can only happen via additional penalty terms. For example, an equality constraint set of

the form
∑︁N

i=1 aixi = b is expressed as
(︂

b –
∑︁N

i=1 aixi

)︂2
. Usually, inequality constraints can

be reduced to equality constraints by introducing slack variables (Boyd and Vandenberghe
[36]). However, there are some recent approaches that directly integrate inequality con-
straints, e.g., Bottarelli et al. [33], Vyskočil et al. [213], Yonaga et al. [230]. Once a QUBO
problem is formulated, one can transform it into an Ising model by substituting the binary
variables xi ∈ {0, 1} by spin variables si = 2xi – 1 ∈ {–1, 1}. Consequently, one can directly
encode the problem into an Ising Hamiltonian ĤI , paving the path for the application of
quantum annealing (QA) techniques. General mapping, navigation and scheduling prob-
lems and their formulation as a QUBO problem has been considered in Rieffel et al. [179].

Although QA techniques have not shown a quantum advantage yet, they are often fa-
vored as they are able to run on currently noise hardware. In a nutshell, they are based on
the adiabatic evolution of a state in a time-dependent system. In this process the system
Hamiltonian

Ĥtot = a(t)Ĥ0 + b(t)ĤI

is slowly varied so that the initially prepared quantum state remains in the ground state
of the system at all times. More precisely, QA starts with some external field Hamiltonian
Ĥ0 of which a ground state can be prepared easily. The external field, described by a(t),
decays while the Ising Hamiltonian is slowly enforced to the system, indicated by b(t).
Consequently, the system evolves according to the convex combination of Ĥ0 and ĤI . The
functions a(t) and b(t) are monotonic such that a(0) = 1, b(0) = 0, a(T) = 0, and b(T) = 1,
for the annealing time T . By the adiabatic theorem (e.g., Morita and Nishimori [138]), if
the conditions are met and if the mixed Hamiltonian evolves sufficiently slowly towards
the Ising Hamiltonian, the system will always stay in the ground state. Hence, it starts with
the ground state of Ĥ0 and ends with the desired ground state of ĤI . Next to QA, other
algorithms such as a variational quantum eigensolver (VQE) or the quantum approximate
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optimization algorithm (QAOA; Farhi et al. [69]), have also been applied to Hamiltonians
corresponding to scheduling problems, as the remainder of this paper will show.

Coming back to scheduling problems, although they can be identified as graph color-
ing problem and be formulated as QUBO problems, there can be domain-specific side
conditions that do not allow for quadratic binary terms, making a QUBO formulation
impossible. An alternative class of optimization problems are mixed-integer linear pro-
grams (MILPs). Although they require that the constraints can the objective function can
be linearized, they have the advantage that the time, among other variables, can directly be
represented as a real-valued variable. More precisely, one would usually use real-valued
variables in order to express starting times of operations, resulting in both discrete and
real-valued decision variables. As for a QUBO formulation, once the integration of con-
crete time points are necessary, one could express the integer and real variables using a
binary expansion, which has been mentioned in Zhang et al. [235], but the standard strat-
egy is to use a time-index QUBO formalization. Here, the time enters as index, so that in a
job shop scheduling problem, a binary variable xo,m,t may indicate whether some operation
o starts at time t on machine m. Clearly, this strategy, although very popular in the litera-
ture, has two pitfalls. One is the sheer amount of binary variables, which linearly increases
with the time horizon. The other one is the necessity to find an upper bound T for the
time. This has, for example, been done in the literature by applying a classical algorithm
first Zielewski et al. [234] and to extract T as the maximum makespan observed. Given
the large number of binary variables that form a QUBO problem, one could ask whether
there is a way to reduce the number of qubits in order to encode them. Prior works on a
qubit-efficient encoding of QUBO problems exist, e.g., Tan et al. [205], who propose to
divide the QUBO problem into sub-problems. This strategy would, in the best case, en-
able to encode a QUBO of N variables with log2(N) qubits and some ancilla qubits, but
for the expense that certain correlations can no longer be expressed in this case. Never-
theless, correlations can be expressed by other means, and their strategy has already been
applied. However, Perelshtein et al. [166] point out that it remains unclear how to train
the corresponding circuits efficiently. Therefore, one can consider qubit-efficient QUBO
encoding as an open and active research topic.

Sect. 4 also includes references where a constrained quadratic model (CQM) formula-
tion is used. Although these are related to QUBO problems, and Koniorczyk et al. [110]
point out that the CQM solver works by identifying smaller QUBO-sub-problems which
are solved by QA. In order to boost the speed of the classical parts of the solver, the math-
ematical formulation differs from a QUBO formulation. Therefore, we collect them in a
separate subsection. Binary quadratic models (BQMs) cover both QUBO problems and
Ising models according to the D-Wave documentation.1 Therefore, BQM formulations
are just QUBO problems that we allocate into the QUBO subsection.

3.4.2 Quantum version of evolutionary algorithms
Quantum versions of evolutionary algorithms (EAs) go essentially back to Narayanan and
Shmatikov [147], who describe a quantum-inspired genetic algorithm. As for the termi-
nology, quantum-inspired algorithms are no pure quantum algorithm, which is explained

1https://test-projecttemplate-dimod.readthedocs.io/en/latest/reference/bqm/binary_quadratic_model.html.

https://test-projecttemplate-dimod.readthedocs.io/en/latest/reference/bqm/binary_quadratic_model.html
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in Narayanan and Shmatikov [147] with the drawback that classical procedures are re-
quired in order to assess the candidate solutions. More precisely, the current qubit popu-
lation must be measured in order to derive a fitness measure. Another early work where
a quantum-inspired evolutionary algorithm (QIEA) has been proposed and tested is the
work of Han and Kim [89].

A common feature of such algorithms is that one generates a number of individuals,
which are iteratively modified, so that at the end, they can be considered as solution can-
didates. The collection of all individuals is called the population. As for quantum evolu-
tionary algorithms, the individuals are encoded by qubits, more precisely, at time step t,
each individual i is represented by an m-qubit vector qi(t). In the first papers on the appli-
cation of such algorithms for scheduling problems, such as Wang et al. [221], FSSPs have
been considered, only requiring a permutation of the jobs. Therefore, one can define an
individual by

qi(t) =

(︄
αi11(t) . . .αi1m(t) . . . αim1(t) . . .αimm(t)
βi11(t) . . .βi1m(t) . . . βim1(t) . . .βimm(t)

)︄
, (1)

where the vertical lines just emphasize the partition into m genes. The whole population
at time step t is denoted by Q(t) = {q1(t), . . . , qN (t)}. In order to let the quantum individuals
evolve, the evolutionary procedures are composed by suitable gates. For example, muta-
tion indicates that for a specific qubit, the two amplitudes are exchanged, which can be
realized with a X-gate (e.g., Saad et al. [184]). The updating step for the whole individ-
uals in each generation is done via rotation and Hadamard gates. In order to targetedly
update the individuals, the quality of the represented solution must be evaluated. This is
done via a fitness function. However, the fitness value can only be evaluated by measuring
each individual. This step is not directly possible on a quantum computer, as the measure-
ment would let the superposition of states collapse to an eigenstate of the measurement
operation. Of course, one could consider cloning Q(t) and measuring the copy. However,
according to the No-Cloning theorem, stating that independent and identical copies of
arbitrary unknown quantum states are impossible, it would be impossible to copy Q(t) for
a measurement (cf. Sofge [190]).

In order to find the fittest individuals and avoiding the measurement of the qubit pop-
ulation in each iteration, Udrescu et al. [210] proposed the utilization of Grover’s Search
Grover [84]. To this end, they do not only use a quantum register for the individuals, but
also a fitness register. Such a register has already been proposed by Rylander et al. [177]. It
is however not clear how one would design the fitness operator from Udrescu et al. [210],
which computes the fitness values of the quantum population, in practice. Sofge [190] at
least put into question whether the selection and extraction of the fittest individual found
by Grover’s Search would not let the superposition collapse. According to Lahoz-Beltra
[119], the problem how to compute the fitness values from the quantum population with-
out letting the superposition collapse remains an open problem.

When applying a QIEA to a job shop scheduling problem, a crucial question is the rep-
resentation of the solution, the actual schedule. This problem has already been solved in
Bean [14], who propose a random key representation. The idea is to first convert the qubit
string that represents an individual into a binary string. Using the representation from
Eq. (1), for a randomly selected threshold η ∈ [0, 1], one generates a vector of length m2.
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In each entry j, this vector has the value I(|(qi(t))1,j|2 > η). Therefore, each gene repre-
sents a number in {0, 1, . . . , 2m – 1} in binary encoding, implying an ordering of the m jobs.
For example, if m = 3, a measurement could lead to the realization (001|110|011), repre-
senting (1|6|3). Here, the substrings of the binary string that correspond to the individual
jobs are converted into decimal numbers, whose order represents the order of the jobs. In
this example, one executes the first job first, then the third, and finally the second. As this
technique covers only problems where the assignment of operations to machines is not
necessary, such as FSSPs, Gu et al. [75] proposed an extension that can also handle gen-
eral JSSPs. In general, for n jobs, m machines, and the maximum number K of operations
per job, let an individual qi(t) be composed by at most Km(⌊log2(n)⌋ + 1) qubits. Using an
analogous binarization strategy, a string of Km job IDs in {1, . . . , n} is formed. Each job ID
i must appear Ki times, where each occurence represents one operation of the job. The fi-
nal schedule that decides which operation of which job is executed in which order and on
which machine however requires additional information about the machine onto which
operations can be executed and their execution time. Merging this information with the
job ID sequence, Gu et al. [75] can generate the final schedule.

In this review paper, we decided that we include all papers where QIEAs have been
proposed for scheduling problems, even though the proposed QIEAs are emulated on
classical computers. A possible reason for not using quantum hardware could be the fact
that the quantum hardware was not yet available or that preparing the qubit population
again in each generation, due to the collapse after the measurement, could have been ex-
pensive when using commercially available quantum computers. In fact, many quantum
algorithms that we included in the review so far are hybrid algorithms. For instance, hybrid
CQM solvers or algorithms such as QAOA where the optimal parameters are found using
classical optimization, necessiting the combination of both classical and quantum com-
puting. Clearly, preparing the qubit individuals again in each iteration of a QIEA would be
impractical. However, decomposition methods for QUBO problems such as Bender’s de-
composition (Benders [15]) that already entered scheduling problems, also alternatingly
apply a quantum solver and a classical solver, necessiting to prepare the quantum problem
anew according to the solution of the classical solver in each iteration. Although some pa-
pers call the proposed QIEA “hybrid”, we omit this term, since in fact all QIEAs are hybrid
in this light.

In the early literature, such as Han and Kim [88], it is argued that the probabilistic na-
ture of the population already allows for more diversity than a classical population and
thus maybe making genetic operators obsolete. Nonetheless, many of the more recent
works incorporate such evolution operators. In contrast to the application of quantum al-
gorithms that require a problem-related Hamiltonian as in the previous section, here, the
main effort is to suitably encode the qubit population and to find a problem-related fitness
function.

4 Quadratic problem formulations of scheduling problems
We first provide a graphical overview of the references where a scheduling problem was
formulated as a QUBO problem or a CQM and solved via a quantum or hybrid quantum-
classical approach. More details about the respective references are given later in the cited
sections.

In Fig. 2, the references from Sects. 4.1.1 and 4.2 where single-stage job scheduling
problems are formulated as QUBO problems or CQMs are compiled. Fig. 3 contains



Werner and Ullinger EPJ Quantum Technology           (2026) 13:31 Page 13 of 67

Figure 2 Overview of single-stage scheduling problems that are formulated as a QUBO problem or as a CQM.
The horizontal axis refers to the size of the problem, quantified as n×m, for the number n of jobs and the
numberm of machines. The vertical axis denotes the number of qubits used. The location of the node, with
respect to its center, is determined by the largest combination of problem size and number of qubits
presented in the corresponding reference. The vectors in the nodes show the largest problem instances
addressed in the respective paper, denoted by (n,m). A rectangle refers to an UMSP, a circle to an IMSP, an
ellipse to an SMSP, and a diamond to a fixed-interval scheduling problem. References where the number of
qubits was not clearly reported are depicted below the horizontal axis

the references that formulate a multi-stage job scheduling problem as a QUBO problem,
see Sect. 4.1.2. Fig. 4 depicts all references where a railway or flight scheduling problem
(Sect. 4.1.3), a shift scheduling problem (Sect. 4.1.4), or some other type of scheduling
problem (Sect. 4.1.5) has been formulated as a QUBO problem.

4.1 QUBO formulations
4.1.1 Single-stage job scheduling problems
Zielewski et al. [234]: Type: UMSP, Constraints: D, P, Objective: Makespan, Solver: QA
(2000Q), Size: Up to 9 jobs and machines; up to 1214 qubits.

They study the performance of QA in dependence of the embedding size of the QUBO,
empirically showing that the success probability decreases with the size. They also con-
sider pausing the annealing, which can improve the performance, but which is itself sus-
ceptible to the embedding format.

Amaro et al. [13]: Type: IMSP, Constraints: A, M, P, S, Objective: Early delivery costs,
late delivery costs, production costs, Solver: VQE, Filtering VQE, VarQITE, QAOA, Size:
Up to 20 jobs and 2 machines (23 qubits).

They consider an IMSP in a steel factory. In their formulation, the time interval is dis-
cretized into time slots, so that M and S enforce that is job is assigned to exactly one time
slot and that a series of jobs executed on a machine is assigned to consecutive time slots.
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Figure 3 Overview of multi-stage job scheduling problems that are formulated as a QUBO problem or CQM.
The horizontal axis refers to the size of the problem, quantified as n×m× K , for the number n of jobs, the
numberm of machines and the (in some references, average) number K of operations per job. For WSPs, the
size is n×m, wherem is again the number of machines and where n is the number of tasks. The vertical axis
denotes the number of qubits used. The location of the node, with respect to its center, is determined by the
largest combination of problem size and number of qubits presented in the corresponding reference. The
vectors in the nodes show the largest problem instances addressed in the respective paper, denoted by
(n,m,K ). A rectangle refers to a JSSP, a circle to an FSSP, an ellipse to an FJSSP, and a diamond to a WSP.
References where the number of qubits was not clearly reported are depicted below the horizontal axis.
References where a Digital Annealer was used, which emulates a quantum algorithm using bits, are depicted
on top and are marked with a star

Bożejko et al. [21, 28]: Type: SMSP, Constraints: D, S, Objective: Sum of tardiness costs,
Solver: Hybrid, Size: Up to 8 jobs; up to 96 qubits.

They combine QA and a branch-and-bound-algorithm (cf. Potts and Van Wassenhove
[172]). In the corresponding tree, in each lower node, one additional task position is fixed.
In this sense, the SMSP corresponds to the task to find the path in the tree with minimal
objective. By computing upper and lower bounds for the objective in each node in the
tree, the branch-and-bound strategy is to always select the node with the smallest lower
bound or smallest upper bound. These bounds are computed using QA, by formulating
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Figure 4 Overview of other types of scheduling problems that are formulated as a QUBO problem or CQM.
The horizontal axis refers to the size of the problem, quantified as the number of trains times the number of
stations for railway scheduling problems, as the number of aircrafts or gates times the number of flights for
gate/flight scheduling problems, as the number of passengers, facilities and time slots in passenger
scheduling problems, and as the number of persons times the number of shifts for shift scheduling problems.
The vectors in the nodes show the largest problem instances (e.g., (number of trains, number of stations))
addressed in the respective paper. For some other types of scheduling problems, only a number n of tasks or
variables is given, therefore, only one number appears. The vertical axis denotes the number of qubits used.
The location of the node, with respect to its center, is determined by the largest combination of problem size
and number of qubits presented in the corresponding reference. A rectangle refers to a railway scheduling
problem, a circle to a flight/gate/passenger scheduling problem, an ellipse to a shift scheduling problem, and
a diamond to another type of scheduling problem. References where the number of qubits was not clearly
reported are depicted below the horizontal axis. References where a Digital Annealer was used, which
emulates a quantum algorithm using bits, are depicted on top and are marked with a star

the corresponding optimization problem as a QUBO problem, which are solved using the
hybrid CQM solver.

Bożejko et al. [27]: Type: SMSP, Constraints: D, S, Objective: Sum of tardiness costs,
Solver: Hybrid, Size: Up to 8 jobs; up to 56 qubits.

Here, another divide-and-conquer method (see Bożejko et al. [21]) is proposed, where
one considers k-subsets of the task set, and applies QA in order to find the order of exe-
cution of these k jobs. The problem is formalized as a BQM.

2The number of binary variables in the QUBO formulation is nm +mn(n – 1)/2, which would be 13,950 for the (30, 30)-
instances, and even 25,250 for the (100, 5)-instances. The exact number of qubits used is however not reported.
3They consider a scheduling problem for automated storage and retrieval, therefore, there are only transport jobs but no
machines considered.
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Bajracharya and Shakya [31]: Type: UMSP, Constraints: D, F, P, Objective: Makespan,
Solver: QA (Leap), Size: Up to 30 jobs and 30 machines.

They consider an application in task scheduling for cloud computing. A comparison
with PSO reveals that QA considerably outperforms PSO in terms of total runtime, while
the QA solution also has a better quality than the PSO solution, which they explain with
the dependence of the PSO on the position and velocity of the particles.

Botelho and Salehi [32]: Fixed interval scheduling problem, Constraints: A, M, Objec-
tive: Sum of weights of assigned jobs, Solver: QA (Advantage, Advantage2), Size: Up to
591 jobs and 12 machines, 1056 binary variables (up to 3020 qubits).

They consider a fixed interval scheduling problem, where the task is to assign jobs to
machines where the jobs are accompanied with both weights as well as fixed starting and
ending times and where the total weight of the selected jobs should be maximized. They
consider an application in music arrangement with the goal to reduce a piece of music con-
taining the total number of tracks to m tracks. This technique should reduce the number
of required instruments while maintaining the main features of the song. First, melodic
phrases of the song must be identified, which can be done using an iterative algorithm
given in Botelho and Salehi [32, App. B], which also assigns a weight to each phrase, which
quantify how much a phrase contributes to the characteristics of the song. Here, the num-
ber n of phrases is identified with the number of jobs and the number m is identified with
the number of machines. They compare the performance of QA with simulated anneal-
ing (SA) and a hybrid annealer in terms of the achieved information entropy (which is
computed from the weights) w.r.t. the annealing time. The classical and hybrid annealer
always provide feasible solutions on a smaller problem instance with 41 phrases and 4
tracks, while having around 16% infeasible solutions on a larger problem instance with
591 phrases and 12 tracks. In three out of 12 QA configurations on the smaller instance,
constraints are violated, while QA does not provide any feasible solution on the larger
problem instance.

Orts et al. [154]: Type: UMSP, Constraints: D, P, switching delay, Objective: Makespan,
Solver: QA (Leap), Size: Up to 7 jobs, 250 repetitions of each job, and 15 machines (at least
850 qubits).

The switching delay penalty occurs when the task a machine executes is changed. In
their experiments, they test the impact of the problem size and the algorithm parameters,
but do not compare their algorithm against a competitor.

Pokharel et al. [164]: Type: SMSP, Constraints: M, Objective: Feasibility, Solver: QA,
Size: Up to 40 jobs; up to around 350 qubits.

They use the equivalence of scheduling problems and graph coloring problems, which
are formalized as a QUBO problem. They generate artificial scheduling problems by gen-
erating families of Erdös-Renyi-graphs (cf. Erdős and Rényi [65]), and compare the per-
formance of four QA hardwares, namely D-Wave Two, 2X, 2000Q and Advantage. They
evaluate the time-to-solution TTS, which is given by the expected annealing time un-
til a solution with 99% success probability has been found, which is given by TTS =
t ln(1 – 0.99)/ ln(1 – p), for the success rate p, given by the relative fraction of ground state

4They use a quantum simulator.
5They implement their procedure in Qiskit.
6Number of binary variables.
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solutions among all anneals, and the annealing time t for a single annealing repetition.
Advantage outperformed the other algorithms in terms of TTS, and enjoyed the largest
improvement when optimizing the ferromagnetic coupling.

Sun et al. [186]: Type: IMSP, Constraints: A, M, P, S, Objective: Early delivery costs,
late delivery costs, production costs, Solver: VQE, Size: 5 jobs, 2 machines; 5 qubits.

They apply differentiable quantum architecture search from Zhang et al. [238] in order
to automatically design quantum circuits.

Windmann [216]: Type: IMSP, Constraints: P, Objective: Costs, Solver: QAOA, Size:
Up to 20 jobs; up to 433 qubits.

They consider a job-scheduling problem in the context of an automated storage and
retrieval system.

Bożejko et al. [35]: Type: SMSP, Constraints: Only I, Objective: Total weighted tardi-
ness, Solver: Local neighborhood search, Size: Up to 20 jobs.

They formulate the problem as a QUBO problem and represent the neighborhood
search as a CQM and a BQM, which are solved using the LeapHybridCQMSampler. A
comparison of the solution quality reveals that for larger problem instances, the hybrid
approach yields sub-optimal solutions.

4.1.2 Multi-stage job scheduling problems
Venturelli et al. [212]: Type: JSSP, Constraints: A, D, P, Objective: Makespan, Solver: QA
(Two), Size: Up to 8 jobs, 8 machines, 1 operation; up to 400 qubits.

For comparison, the problems are solved via classical branching algorithms, which out-
perform the QA solver in terms of computational time.

Tomasiewicz et al. [207]: Type: WSP, Constraints: D, F Objective: Overall costs,
Solver: QA (2000Q), Size: Up to 3 tasks and 6 machines; up to 429 qubits.

The QA solutions are evaluated by computing the global optimum with a classical solver
and checking whether the quantum solutions attained this optimum. For 8 binary vari-
ables, all solutions were feasible and the global optimum was attained, for 15 binary vari-
ables, the global optimum was not found and only around 3% of the quantum solutions
were feasible, while the QA completely fails on the problem with 18 variables in the sense
that the global optimum was not found, however, it was also not found by Gurobi.

Denkena et al. [57]: Type: FJSSP, Constraints: A, D, P, Objective: Makespan, Solver:
Fujitsu Digital Annealer, Size: Up to 20 jobs and 15 machines and 15 operations (MK10).

They mention pit-falls when discretizing time-related variables like makespan and exe-
cution times, such as inaccuracies due to rounding ratios, and suggest to split the problem
into sub-problems once the size becomes large. For the splitting, an iterative procedure is
suggested, where one starts with an initial schedule by removing some operations, check-
ing which jobs are, due to the omission of necessary operations, unfinished, and computes
a schedule for these jobs, which is merged with the current one, until all jobs are finished.
They compare the achieved makespans on several benchmark FJSSPs from the literature,
where classical algorithms have been used. More precisely, they collect references where
these problems have been solved, so that the achieves makespans are available. Then,
they consider the median of the achieved makespans for each problem and the optimal
makespan on these problems from the literature, and compare them with the achieved
makespan of their digital annealer. On 6 out of 10 problems, the quantum solution was
better than the median, and on 2 problems (MK03, MK08), the optimal makespan from
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the literature was attained. When comparing the pure annealing time with the computa-
tion times of the classical algorithms, the former was lower than 30 seconds, which is often
considerably faster than the computation times reported from the literature when apply-
ing classical algorithms. As for the number of bits (not qubits because the Fujitsu Digital
Annealer works with bits), they prune the binary variables according to logical restrictions
such as the fact that not every machine can handle each operation, and set the number of
time steps so that the number of binary variables does not exceed the maximum available
number of 8192 bits, however, it is not reported whether this limit is attained.

Plewa et al. [169]: Type: WSP, Constraints: A, F, Objective: Overall costs, Solver:
QAOA, VQE, Size: Up to 4 tasks; up to 15 qubits.

They study the performance of QAOA and VQE for different encoding schemes for the
discrete variables, namely, one-hot encoding, binary encoding, and domain-wall encod-
ing.

Shimada et al. [194]: Type: Extended JSSP, Constraints: A, F, M, interval constraints,
worker constraints, Objective: Makespan, Solver: Fujitsu Digital Annealer, Size: Up to
80 jobs, 12 workers, 13 machines, 81 time slots.

The standard JSSP is extended by the inclusion of workers that work at the machines.
The constraints M include here the necessity to assign a worker to a machine who is capa-
ble to operate it. The resulting worker constraints are of the form that each worker can only
work at one machine simultaneously, while the interval constraints indicate that the ma-
chines and workers must work within pre-scribed intervals. They point out that makespan
minimization via QUBO formalization is difficult, and therefore propose a decomposition
method, decomposing the JSSP with makespan objective into a master problem and a sub-
problem, which are solved alternatingly. The main problem with makespan minimization
via QUBO is that makespan is not a binary variable, hence a time-indexed formulation
is required, where the makespan is either guessed by a pseudo-makespan, penalizing the
situation that a job is finished after this threshold, or it is represented by a dummy job,
penalizing all jobs that are finished later than the dummy job. Alternatively, one com-
putes the total sum of all ending times, approximating the makespan and leading to a
minimization of all ending times. All strategies however only approximate the makespan.
The decomposition now considers a makespan estimation problem as master problem,
and the constraint satisfaction problem with the estimated makespan as subproblem. If
the constraints are satisfied, the makespan is reduced and the sub-problem is tried to be
solved again. The sub-problem is formulated as a QUBO problem here. They compare the
performance of their approach with that of the Digital Annealer on the standard QUBO
formalization with makespan approximation and with Gurobi, applied to a mixed-integer
program (MIP) formalization of the JSSP. It turns out that their approach achieves lower
makespans than with makespan approximation. For the larger example, the optimal solu-
tion was not attained using the Digital Annealer, in contrast to the application of Gurobi.
However, the computation time (end-to-end, beginning after the input data were read)
was much lower for their decomposition approach than for the Gurobi and the makespan
approximation methods. They explain the long computation time of Gurobi by the inter-
nal data preparation, in particular, representing the constraints. The number of bits they
use is not precisely stated, but they mention that the Digital Annealer can emulate up to
1 million bits.
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Carugno et al. [39]: Type: JSSP, Constraints: A, D, P, Objective: Makespan, Solver:
QA, reverse annealing (RA) (Advantage, 2000Q), Size: Up to 26 jobs, 26 machines, 26
operations per job; up to 4400 qubits.

They compare the quantum solvers with classical solvers, which are the steepest de-
scent gradient solver, Tabu Search, and SA. On the realistic problems, SA performs best,
followed by RA, in terms of best solution energy. QA on D-Wave Advantage outperforms
QA on D-Wave 2000Q, which they explain by the better qubit connectivity of Advantage.

Geitz et al. [79]: Type: Extended JSSP, Constraints: D, F, P, transportation constraints,
Objective: Makespan, Solver: Leap Hybrid v2, Fujitsu Digital Annealer, Size: Up to 4 jobs,
4 machines, 24 operations, and 2 vehicles; up to around 2800 qubits.

They consider an extended job shop scheduling problem where workpieces are trans-
ported by autonomous ground vehicles in a factory and formulate it as a QUBO problem.
Several transportation constraints arise, e.g., that there must be enough time for the trans-
port to the next machine, that the task must be finished before the object is transported,
or that the next production step can only start after the transportation is finished. They
compare the performance of the quantum solvers with that of Tabu Search and constraint-
based optimization (applied to the original problem, not the QUBO problem). The best
results, both in terms of computation time and makespan, are achieved with constraint-
based optimization.

Pakhomchik et al. [173]: Type: WSP, Constraints: P, R, Objective: Makespan, Solver:
QuEnc solver (Terra Quantum), QA (D-Wave HSS), Hybrid QuEnc, Size: Up to 15 jobs;
up to 2206 qubits.

They consider an application in quality control. Due to the problem size, they decom-
pose the QUBO problem into smaller sub-problems, corresponding to the hierarchical
structure of the tests performed by the quality control. This is represented by a tree, im-
plying the conditions that children nodes can only start after the jobs corresponding to
parent nodes are completed. They point out the disadvantage that this method may pro-
duce sub-optimal solutions. Their proposed hybrid QuEnc is the application of QuEnc
to the sub-problems into which their algorithm decomposes the original QUBO prob-
lem. They compare the performance with several classical algorithms, which are a greedy
algorithm, SA, and CPLEX (both applied to the QUBO problem and to the original con-
strained linear program). On smaller problems, CPLEX lead to the best results in terms
of the normalized cost function, while for larger problems, due to a restriction in compu-
tational time, CPLEX does not find the optimal solution, in contrast to the Hybrid QuEnc
algorithm, while the pure quantum algorithms are not convincing.

Shinjo et al. [189]: Type: FSSP, Constraints: D, P, changeover, Objective: Sum of total
completion times, changeover number, Solver: Fujitsu Digital Annealer, Size: 10 jobs, 5
machines/operations.

They consider changeover, which indicates that machines must be modified when
changing the particular task, e.g., for a coloring task, the machine may must be cleaned
and filled with a different color. They propose a QUBO model based on a Petri net repre-
sentation (e.g., Murata [142]) of the problem. Since a Petri net is colored and timed, they
first need to unfold the net and then convert it into a QUBO problem.

Zhang et al. [235]: Type: FSSP, Constraints: A, D, P, Objective: Makespan, Solver: Hy-
brid, Size: Up to 50 jobs and 50 machines/operations (Taillard).
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They first formulate the FSSP as a disjunctive QUBO problem and as a time-indexed
QUBO problem. They point out that in the literature, one often can only solve very small
QUBO problems where the classical approaches outperform the quantum approaches.
Therefore, a local neighborhood search strategy is proposed, where multiple one-machine
problems and a single multi-machine problem are solved alternatingly. More precisely, the
one-machine problems are rank-based, i.e., one has binary search variables xj,q, which are
1 if job j has rank q on the machine. The objective of such a problem is given by

n/2∑︂
q=1

n∑︂
j=1

xj,qPosj(n – q)dmax +
n∑︂

q=1

n∑︂
j=1

(Ej – Tj)(n – q),

where n is the number of jobs, Posj the precedence position of the operation j in the job
(i.e., if job i has the operations O(1)

i , . . . , O(Ki)
i , then PosKi = Ki), dmax is the maximum time

an operation requires, Ej the earliest starting time for operation j, and where Tj is the tail,
i.e., the time from the end of the operation to some end point. The number n/2 in the first
sum is tunable. The first term therefore encourages the Posj to be small and the rank q to
be small or large simultaneously, i.e., early operations in a job should be executed early
(as starting an early operation late would be prone to a larger makespan as all remaining
operations of this job need still to be executed). The second term encourages that q and
(Ej – Tj) are small or large simultaneously, i.e., if a job can only start late (Ej large and
therefore Ej – Tj small), the rank of the operations should be small in order to start the
job soon after Ej, since a delay could again lead to a larger makespan. The solutions, i.e.,
the ranks of the jobs on each machine, enter the multi-machine problem as constraints.
The multi-machine problem itself is formulated as constraint-programming problem. If
the single-machine problem solutions let some job j1 be ranked before j2 (with a specified
margin which enters as parameter that essentially defines the size of the neighborhood),
this should also be respected for the solution of the multi-machine problem. The alter-
nate solution of both types of problems make the overall approach of Zhang et al. [235]
hybrid, where the constraint-programming problem is solved classically, using Gurobi and
the IBM ILOG CP Optimizer. The single-machine QUBO problems are solved using the
Fujitsu Digital Annealer. Their approach can compete even with standard constraint pro-
gramming on large instances sizes both in terms of total computation time and mean rel-
ative error to the optimum objective.

Aggoune and Deleplanque [4]: Type: JSSP, Constraints: A, D, P, Objective: Makespan,
Solver: QA, Size: 4 jobs, 4 operations, 4 machines.

They solve the problem via a D-Wave hybrid solver.
Baioletti et al. [26]: Type: FOSSP, Constraints: D, F, Objective: Makespan, Solver:

QAOA, Size: No experiments.
They restrict themselves to the problem formulation and QAOA concretization, but do

not perform experiments.
Kurowski et al. [113]: Type: JSSP, Constraints: A, D, P, Objective: Makespan, Solver:

QAOA, Size: 3 jobs, 3 machines, 2 operations; < 100 qubits.
They solved the problem in a quantum simulator.
Schworm et al. [196]: Type: Dynamic JSSP, Constraints: M, P, S, Objective: Makespan,

Solver: Hybrid BQM solver, Size: Up to 20 jobs, 10 machines, 10 operations (MK08).
They consider a dynamic JSSP, where machines can break down and where new jobs

can arrive. They argue that solving static JSSP problems is not suitable in order to react
to such dynamic settings. They propose to randomly introduce machine unavailabilities
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or new jobs and to re-formulate the BQM, as which the problem is formulated, according
to the new situation each time a monitoring system detects changes in the environment.
As competitor, they use a solver composed by Tabu search and SA, i.e., without the QA
component of the hybrid BQM solver. The hybrid BQM solver slightly outperforms the
classical solver in terms of makespan, while there is no clear trend in terms of total com-
putation time (the sum of CPU, QPU, and transmission times).

Aggoune and Deleplanque [5]: Type: JSSP, Constraints: D, M, P, unavailability con-
straints, Objective: Makespan, Solver: QA (Advantage), Size: 3 jobs, 4 machines, 7 oper-
ations; 208 qubits.

They introduce unavailability periods, which are represented by virtual jobs that block
the machine during the respective time interval.

Bourreau et al. [16]: Type: Indirect JSSP, Constraints: A, M, P, Objective: Makespan,
Solver: QAOA, Size: 4 jobs, 4 operations, 4 machines.

The considered problem is called indirect JSSP, which indicates that an indirect repre-
sentation of the solution based on the Bierwirth vector. Such a vector, going back to Bier-
wirth [20], describes a permutation, which can be mapped into a directed acyclic graph,
depicting the schedule. The parameters for QAOA are computed using a GA. The algo-
rithm is implemented in Qiskit.

Farhani et al. [71]: FSSP, Constraints: D, Objective: Makespan, Solver: QA (Leap),
Size: Up to 50 jobs, 20 machines and 20 operations (Taillard).

They formulate the problem as a QUBO problem where the decision variables include
waiting times of jobs, idle times of machines and the position of the jobs in the job se-
quence. In addition, they propose an approximate formulation as traveling salesman prob-
lem (TSP). In the TSP, the jobs represent the cities. The makespan is replaced by the sum
of the distances between all visited cities. They use different approaches in order to ap-
proximate these distances in terms of the individual processing times, proposed by Goh
et al. [74]. The approximate TSP is also translated into a QUBO problem.

Schmid et al. [182]: Type: JSSP, FJSSP, Constraints: A, D, P, Objective: Makespan,
Solver: Filtering VQE, Size: Random; expected values are up to 4 operations, 4 jobs, 4
machines; up to around 650 qubits (JSSP) resp. around 250 qubits (FJSSP).

They propose an encoding scheme which allows for a reduction of the number of re-
quired bit-strings of a factor of at least N/ log2(N), for a problem with N jobs and N oper-
ations. They point out that the time-indexed representation of the problem scales badly.
Their idea is to not use a quantum representation of the cost function. Their approach is
based on encoding the constraints directly with the representation of the problem. This
is done via an operation sequencing list, which contains elements (Oπ (j), Mπ (j),j), where π

is a permutation of the operations Oj and where Mj,i are the machines on which job j can
be executed. They show how to compute makespan from such a list and argue that the
sequencing list already implicitly contains some constraints, such as that there must not
be idle times of the machines. In other words, by only computing an ordering of the jobs
and the assignment to the respective machines, one gets rids of time-related constraints
and variables. The only constraint family that can still be violated is P. Therefore, they sug-
gest to encode the number of valid schedules, which for the total number N of operations
and sets Jk of jobs, where each Jk contains some operations, is given by m := N !/(

∏︁
k |Jk|!),

using ⌈log2(m)⌉ qubits, which allows to discard invalid schedules by mapping schedules
to inversion vectors. They further discuss how to reduce the number of required qubits
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for a time-indexed formulation, since, due to the constraints P, an operation cannot start
until its predecessors are finished, allowing to delete time indices and, therefore, qubits.

Toma et al. [208]: Type: Distributed FJSSP, Constraints: A, D, Objective: Makespan,
Solver: QA (AdvantageSystem4.1 Annealer), Size: Up to 2 jobs/machines/operations (up
to 250 binary variables); up to 4067 qubits.

The distributed FJSSP indicates that machines are located at different places. Therefore,
transportation time and costs between jobs need to be included. They consider an appli-
cation from the wool industry. The QA solutions are compared with the SA solutions. The
best solutions, quantified by low-energy states of the corresponding Hamiltonian, from SA
are at least equal to those of the QA solutions, and often considerably better. The compu-
tation time (where the QPU time for QA and the CPU time for SA are compared) is better
for SA than for QA for problems with up to 300 variables, and worse for larger problems.

Wei et al. [215]: Type: WSP, Constraints: M, R, Objective: Transmission, training, ag-
gregation and transmission cost, Solver: Hybrid, Size: Up to 9 servers, 2 models, 3 workers
per model.

They consider federated learning and aim at optimizing the assignment of the individ-
ual models to the parameter servers. As the learning rate also needs to be adjusted, the
formulated problem is a mixed-integer non-linear problem (MINLP). First, they linearize
the problem by introducing auxiliary variables representing products of the original vari-
ables. Then, the Benders decomposition (Benders [15]) is applied, resulting in a contin-
uous dual subproblem and a master problem. The master problem involved only binary
variables, except for the real-valued pricing variable, which is approximated by binary vari-
ables. Therefore, the master problem can be converted into a QUBO problem, which is
solved using QA. They compare the performance of this hybrid approach with a pure
classical approach where classical solvers are applied for both the subproblem and the
Master problem. Both approaches lead to similar values of the master problem. The com-
putational time, measured as the accessing time of the QPU and CPU solver, respectively,
without any overhead time (e.g., transmission time of parameters) is, in average, lower for
the hybrid algorithm.

Baioletti et al. [17]: Type: FSSP, Constraints: P, Objective: Makespan, Solver: VQE,
Size: Up to 7 jobs and 5 machines/operations (up to 13 qubits).

They use Lehmer’s coding (Lehmer [120]) in order to represent an FSSP solution with n
jobs with 𝒪(n ln(n)) qubits. On most problem instances, the VQE procedure achieved the
optimal makespan. On some the larger instances however, the optimal solution is never
achieved.

Bożejko et al. [34]: Type: FSSP, Constraints: A, D, Objective: Total delay costs, Solver:
QA (Leap, Advantage), Size: Up to 30 jobs, 2 machines and 2 operations.

They integrate the scheduling problem into a LLM framework where an AI prepares the
problem, selects suitable solvers, and returns the solution. A comparison between Leap
and Advantage shows that the larger instances are not embeddable into Advantage, and
that the computation time is much larger for the Advantage embedding than for the Leap
CQM solver. A comparison between the Leap CQM solver, SA and Tabu Search reveals
that, for smaller instances, the classical algorithms require less computation time, while
the CQM solver and Tabu Search achieve the same solution quality and that of SA is worse.
For larger instances, the CQM solver beats Tabu Search and SA in computation time, for
the price of a solution quality lying between that of Tabu Search and SA.
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Farhani et al. [67]: Type: FSSP, Constraints: A, M, Objective: Makespan, Solver: QA
(Leap, InfinityQ), Size: Up to 50 jobs, 20 machines and 20 operations (Taillard).

They compare different QUBO problem formulations, that arise from software that
automatically converts the original hard-constrained optimization problems into QUBO
problems, and manually designed QUBO problems. As for the latter, they consider a stan-
dard version where the decision variables xjm indicate whether job j is assigned to machine
m, as well as an approximation of the FSSP as traveling salesman problem. They experi-
mentally derive that the manually designed QUBO problems lead to better solutions in
terms of makespan, but require more computation time for the solver than the automati-
cally generated QUBO problems.

Fu et al. [70]: Type: FJSSP, Constraints: A, D, M, Objective: Makespan, Solver: Coher-
ent Ising Machine, Size: Up to 3 jobs, 5 machines, 9 operations, up to 126 qubits.

The largest considered problem would initially require 1200 qubits, but they prune
qubits which, due to the constraints, are already enforced to be zero, resulting in 126
qubits. They compare the performance of Gurobi, SA, applied to the MIP formulation, and
tabu search, applied to the QUBO problem, with their approach. The quantum approach
significantly outperforms the competitor methods in terms of computational time, while
all methods result in the same makespan.

Tirado-Domínguez et al. [202]: Type: WSP, Constraints: D, F, M, Objective: Feasibility,
Solver: Modified QAOA (AER), Size: 3 tasks.

They argue that the QAOA ansatz requires a complete computation of the Ising Hamil-
tonian. Therefore, they decompose the Hamiltonian into a sum of two Hamiltonians,
where one corresponds to the objective function and a subset of constraints while the sec-
ond one corresponds to the remaining constraints, allowing for distinct parameter sets
for both Hamiltonians. They compare the performance of their QAOA variant with that
of standard QAOA and another QAOA variant, and conclude that it shows intermediate
performance concerning normalized energy (standard QAOA being worst), while being
comparable with standard QAOA in terms of execution time.

Slysz et al. [185]: Type: JSSP, Constraints: A, D, M, P, Objective: Makespan, Solver:
Binary Bosonic Solver (ORCA PT-1), Size: 5 jobs, 2 machines and 6 operations (up to 30
binary variables).

They solve the problem using photonic quantum computing. For the larger problem
instance with 30 binary variables, the solver finds feasible solutions, but not the optimal
solution.

4.1.3 Railway/flight scheduling problems
Domino et al. [53]: Type: Railway scheduling, Constraints: D, M, rolling stock circulation,
Objective: Sum of secondary delays, Solver: QA (2000Q), Size: 3 trains, 3 stations; 198
qubits.

They consider railway dispatching for single-track railway lines. The constraints D and
M represent the conditions that the entrance and exit time of a train in a station must
respect a minimal passing time through the station, and that a rail or a station can only be
occupied by one or a fixed number of trains at the same time, respectively. On a smaller
problem instance with 48 qubits, the optimal solution was achieved in many parameter
settings concerning annealing time and coupling strength. However, one out of four cases
for the larger problem instance was not embeddable in the topology of the 2000Q annealer,
and the solutions in the other three cases were always infeasible.



Werner and Ullinger EPJ Quantum Technology           (2026) 13:31 Page 24 of 67

Domino et al. [54]: Type: Railway scheduling, Constraints: D, M, safety, minimal stop-
ping time, rolling stock circulation (cf. Domino et al. [53]), Objective: Weighted sum of
delays relative to maximum acceptable delay, Solver: QA (Advantage), hybrid BQM solver,
Size: Up to 5 trains and 5 stations; up to 1419 qubits.

They propose a higher-order binary optimization (HOBO) problem formulation. How-
ever, as QA cannot be applied to a HOBO problem, they eventually recast the problem as
a QUBO problem by introducing auxiliary variables representing terms of cubic degree or
higher. While the hybrid BQM solver solution comes close to the optimal solution in terms
of energy on the larger problem instance, QA provides clearly sub-optimal solutions.

Mohammadbagherpoor et al. [134]: Type: Airline gate-scheduling, Constraints: M,
unique assignment, Objective: Total walking distance of the passengers between the gates,
Solver: VQE, Size: Up to 5 flights and 5 gates; up to 25 qubits.

They point out that further possible restrictions can be gate closing constraints or alley-
way constraints so that planes at close gates should not depart with a small time gap.

Mori [139]: Type: Flight scheduling, Constraints: Assignment constraints, delay con-
straints, swap constraints, pairing constraints, Objective: Total operational costs, Solver:
LeapHybridSampler, Size: 2160 variables.

The assignment constraints indicate that exactly one aircraft must execute a given flight.
The delay penalties discourage that the delay for a given flight affects other flights, while
the swap penalties consider an already given original partial schedule and penalize that
a different than originally planned aircraft is assigned to a flight. The pairing constraints
consider that two flights are assigned to the same aircraft without the end point of the one
and the starting point of the other flight coinciding. In their experiments, they compare
the performance of the quantum algorithm with a classical particle swarm optimization
(PSO) and CPLEX, but only in terms of execution times for some selected flights, were
the quantum algorithm has a tendency to provide better solutions.

Xu et al. [222]: Type: Train timetabling, Constraints: Allowed number of stops for each
train and station, stopping time constraints, flow balancing constraints, delay constraints,
safety constraints, maintenance gap constraint, Objective: Total travel time costs, total
departure delay, number of stops, Solver: Coherent Ising Machine, Size: Up to 100 trains,
20 stations.

The flow balancing constraints prescribe that the selected arc between origin and des-
tination must be unique, continuous and interruption-free. Among others, QUBO prob-
lem formulations are considered. The safety constraints indicate a minimum time inter-
val between the departure of one and the arrival of the next train in a station, as well as a
minimum time interval between two trains running on the same arc. They compare the
quantum algorithm with SA, concluding that the optimal solution is only attained for the
problem with 15 trains for both algorithms, while for larger problem instances, the algo-
rithms end up in a sub-optimal solution. For each problem instance, the computation time
of the algorithms is very similar and the solution quality is also comparable.

Kedziera et al. [108]: Type: Railway scheduling, Constraints: Continuity, capacity, de-
mand, crew, Objective: Operational costs, number of deployed units, Solver: QA (Ad-
vantage), VeloxQ, Size: Up to 78 trips, 6 depots and 5 unit types.

They consider scheduling the daily rolling stock circulation on a railway. The continu-
ity constraints balance the incoming and outcoming units for each node. The crew con-
straints respect driver availability. They compare the performance of QA and the VeloxQ
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solver with the classical SCIP solver, applied on an ILP formulation of the problem. The
classical solver outperformed the quantum approaches in terms of solution quality, and
achieves lower computation time than QA.

Ou et al. [153]: Type: Cruise passenger itinerary scheduling, Constraints: D, M, R, start
and end point, Objective: Total travel distance, Solver: DA (Compal Quantix), Size: Up
to 16 passengers, 12 time slots, 27 facilities.

In the passenger scheduling problem, the constraints M indicate that there are manda-
tory facilities that must be visited. The constraints R indicate that each passenger can
chose only a limited number of facilities and that in each facility, there can only be a lim-
ited number of passengers simultaneously. The start and end point constraints enforce
that each passenger’s schedule starts at the starting facility and ends at the chosen final
facility. They compare the DA with a greedy algorithm, being aware that the greedy al-
gorithm is prone to only find a local optimum. Across all instances, the solution of DA
is better, but DA requires a significantly higher computation time by several magnitudes.
This time however is nearly constant across the problem instances, while the greedy algo-
rithm requires more time on larger instances.

4.1.4 Shift scheduling problems
Ikeda et al. [95]: Type: Nurse scheduling problem, Constraints: Allowed number of
breaks, time between two days of duty, number of nurses per shift, Objective: Feasibility,
Solver: QA, reverse annealing (RA) (2000Q), Size: Up to 4 nurses and 14 shifts.

This is a particular scheduling problem which is unrelated to job scheduling problems,
hence it invokes the specific constraints listed above.

Das et al. [63]: Type: Nurse scheduling problem, physician scheduling problem, com-
bined nurse-physician scheduling problem, Constraints: Maximum number of shifts per
person and time unit, maximum number of persons per shift, maximum number of con-
secutive shifts per person, day off, Objective: Feasibility, Solver: Leap v2, QA, RA (2000Q)
Size: Up to 6 nurses, 2 physicians and 20 shifts; up to 160 binary variables.

They compare the results of the quantum approach with those of simulated annealing
(SA) in terms of the achieved energy. RA outperforms QA, while the performance of SA
is often between the performances of RA and QA.

Hamada et al. [90, 91]: Type: Shift scheduling problem, Constraints: Desired work-
load constraints, group assignment constraints, Objective: Feasibility, Solver: QA (Ad-
vantage), Size: Up to 6 workers and 21 shifts.

They consider shift scheduling in call centers and compare the performance of QA
with simulated QA (SQA), satisfiability modulo theory (SMT), Tabu search, SA, and the
SCIP solver for MIPs. The solutions are compared in terms of energy and of the time-
to-solution, which, for the execution time τ of one run, the probability r1 of obtaining
a feasible solution in a single annealing process, and for rm = 1 – (1 – r1)m, is defined as
τ⌈ ln(1–rm)

ln(1–r1) ⌉. QA achieves the smallest time-to-solution, but the energy range is large. The
lowest energy range is achieved by SA, being comparable with SQA and Tabu Search in
terms of mean energy.

Larsson and Kanerot [121]: Type: Physician scheduling problem, Constraints: Demand,
availability, preferences, fairness, breaks, number of shifts per week, Objective: Feasibil-
ity, Solver: QAOA (IBM Quantum, AER), Size: Up to 15 physicians (up to 98 binary vari-
ables).
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The problem formulation encourages several constraints such as fairness, indicating that
each physician should have the same number of shifts, or breaks, indicating that the cumu-
lated number of shifts should be kept low. Compared with Gurobi, the quantum approach
shows often a worse performance, while requiring dramatically more computation time
(at least 2946 seconds, while Gurobi only required 0.1 seconds).

4.1.5 Other scheduling problems
Stollenwerk and Basermann [181]: Type: Satellite scheduling problem, Constraints: M,
charge and memory constraints, Objective: Downlink, Solver: QA (2X), Size: Up to 10
binary variables (not clearly reported).

The satellites can either charge, downlink, or experiment. Charging is only possible
when being exposed to sunlight, downlinking only when being near the ground station.
The charge and memory constraints enforce the charge and the memory to be inside a
given interval, respectively.

Tran et al. [203]: Type: Vertex coloring, task scheduling, airport runaway scheduling,
Constraints: M, unique assignment; potentially P and separation constraints, Objective:
Feasibility/makespan, Solver: QA (2X), Size: Up to 50 binary variables; up to 981 qubits.

They propose a hybrid quantum-classical guided tree search approach for job schedul-
ing. The idea is to apply QA in different regions of the input space and to use the output
for a tree-based search algorithm, while the problem is formulated as a QUBO problem.
They consider three different scheduling problems, namely, vertex coloring (into which
scheduling can be transformed, see Rieffel et al. [178]), task scheduling for a Mars Lander,
and airport runaway scheduling. The unique assignment constraint, which corresponds to
all three examples, enforces that each task must be assigned exactly to one resource. For
the mars lander and airport runaway scheduling problem, constraints P become active.
For the airport runaway problem, a separation between the departures must be respected
as additional constraint. The objective for the airport runaway scheduling problem is to
minimize the sum of the departure times, while for the other two problems, the objective
is to find a feasible solution.

Bittner and Groppe [18, 19], Groppe and Groppe [73]: Type: Transaction schedul-
ing, Constraints: D, blocking constraints, Objective: Weighted sum of execution times,
Solver: QA (2000Q) (Bittner and Groppe [18, 19], Grover’s search (Groppe and Groppe
[73]), Size: Up to 5 transactions and 2 machines; up to around 1600 qubits.

They consider transaction scheduling in databases, which differs from job scheduling
problems due to additional blocking constraints in the sense that certain transactions
block other transactions during their execution.

Yu and Nabil [231]: Type: Charging scheduling problem of electric buses, Constraints:
M, S, state of charge (SoC) constraints, Objective: Electricity costs, Solver: QA (2000Q),
Size: Up to 320 qubits.7

They apply the Hubbard-Stratonovich transformation to a QUBO problem. This idea
goes back to Ohzeki [152], who point out that the 2000Q solver from D-wave embeds the
problem into a chimera graph, which is sparsely covered by artificial spins. Since the em-
beddable size of the chimera graph was low at this time, not allowing for fully-connected

7The 320 qubits are required in order to embed the transformed problem with 3 buses, 2 loading stations, and 48 time steps
on the 16 × 16 chimera graph of the 2000Q annealer. They point out that the original QUBO would not be embeddable,
and that it would require 2499 qubits on an 24× 24 chimera graph.
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Ising models. Therefore, they propose to apply the Hubbard-Stratonovich transformation
from statistical mechanics, which translates the quadratic term in the Ising model to a
linear term, and providing a dual Hamiltonian. In Yu and Nabil [231], this technique al-
lows to include a penalty term of fourth order into the objective. The application of the
transformation reduces the order of such a term to two. The constraints M and S are to
be understood in the sense that a loading station can only charge one bus simultaneously
and that the charging process must not be interrupted, respectively. The SoC constraints
pre-scribe that the SoC must lie in a given interval for each bus. Experiments confirm that
using the Hubbard-Stratonovich transform, larger problems can be solved, which would
not be embeddable on the given hardware. They compare the results of the two solvers
and derive that the time to a success rate of 99% is considerably lower for QA than for SA,
while the energy of the dual Hamiltonian is generally larger for QA than for SA. They also
derive experimentally that the number of iterations can be substantially reduced when us-
ing adaptive moment estimation (ADAM) instead of a fixed learning rate when updating
the Lagrange multipliers of the dual Hamiltonian.

Leib et al. [127]: Type: Transport robot scheduling problem, Constraints: M, trans-
portation constraints, no-delay constraints, time interval constraints, Objective: Sum of
completion times, Solver: QA (AdvanceSystem4.1), Fujitsu digital annealer, Fujitsu digital
annealer hybrid framework, Size: Up to 22,692 binary variables.

The constraints M not only indicate that a machine can only handle one sample simul-
taneously, but that also the transport robot can only carry one sample at the same time.
The transportation constraints prescribe that the robot must pick up the sample from the
rack or a machine, carry it to another machine or the rack and to drop it. The no-delay
constraints indicate that a machine must immediately start the operation once the sam-
ple has been dropped, and the time interval constraints necessitate that a sample must
be re-operated again after a certain time interval. The competing Gurobi solver is applied
to a MIP-formulation of the problem, both in a sequence and a time-index formulation.
The classical solvers outperform the quantum approaches at least in the quality of the
solutions or in the running time. The running time has to be understood as end-to-end
running time, i.e., from the submission of the problem to the solver until the return of the
solution. The large instances with more than 10,000 variables are only solved using Gurobi
and the Fujitsu Digital Annealer, hence they are not represented by qubits. The quantum
solvers were used for instances with up to 8080 (binary) variables.

Pérez Armas et al. [155]: Type: Resource-constrained project scheduling, Constraints:
D, P, R, Objective: Makespan, Solver: QA, RQA (Advantage 6.3), Size: Up to 6 tasks and
2 resources.

They review 12 different MILP formulations of such a problem from the literature and
analyze the complexity of the corresponding QUBO problem formulation, measured in
the number of qubits. Here, the qubits represent target variables and slack variables. The
authors consider the most efficient QUBO formulation for their experiments. They com-
pare the performance of the quantum algorithms with Random Sampling, SA, Gurobi,
Coin-CBC, and GLPK. They conclude that QA and RQA is superior than CBC and GLPK
in terms of time-to-target (i.e., the runtime required in order to obtain a solution whose
energy is lower than some specified energy threshold) and solution energy. Although in-
ferior to Gurobi on high energy quantiles, it outperforms Gurobi on low energy quantiles.
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Jayaraman et al. [98]: Type: Task scheduling in cloud computing, Constraints: None,
Objective: Energy consumption or makespan, Solver: QAOA, VQE, Size: Not clearly re-
ported.

They apply QAOA in order to find task-to-machine assignments, while VQE optimizes
the parameters of the ansatz. In a comparison with a GA, an ant colony optimization al-
gorithm and a PSO, the QAOA-VQE approach it best in terms of objective values, con-
vergence speed, resource utilization and solution accuracy, however, the instance size is
not clearly reported.

Müller et al. [135]: Type: Energy unit scheduling, Constraints: Demand, loading capac-
ity, Solver: QA (Advantage), Size: Up tp 50 binary variables (up to 1837 qubits).

They first formulate the problem as standard QUBO problem where inequality con-
straints, arising from loading capacity bounds, are represented via equality constraints
with slack variables. Alternatively, they use an unbalanced penalization approach where,
for a constraint of the form ax ≤ b, the indicator function I(ax > b) is approximated with a
smooth function, which is added to the objective. Due to this representation, the number
of variables and therefore qubits is significantly reduced. They experimentally show that
the unbalanced penalization approach leads to better solutions and a higher probability
of finding the optimal solution, on average.

Nayak et al. [146]: Type: Transaction scheduling, Constraints: D, P, Objective: Maxi-
mum processing time, Solver: QAOA, Size: Up to 5 transactions and 3 machines (up to
68 binary variables).

They propose to enhance the QAOA solver with a locking mechanism, where several
transactions are already fixed, resulting in a reduced QUBO problem.

4.2 Constrained quadratic model formulation
4.2.1 Single-stage job scheduling problems
Bożejko et al. [29]: Type: SMSP, Constraints: D, S, Objective: Sum of tardiness costs,
Solver: Hybrid, Size: Up to 1000 jobs.

They propose a similar branch-and-bound strategy as Bożejko et al. [21], but the prob-
lem to find the bounds is directly formalized as a CQM. The experiments made in Bożejko
et al. [29] compare the performance of their branch-and-bound strategy with that of a clas-
sical branch-and-bound strategy and with the optimal bounds determined by Gurobi. It
turns out that both the total computation time and the QPU time are nearly constant over
the problems when using the hybrid branch-and-bound algorithm, while growing expo-
nentially when applying the classical algorithms. The relative error of the bounds com-
puted by the proposed strategy and Gurobi is nearly 6% in one problem instance, while in
other problem instances, the optimal solution has been retrieved. There is no clear ten-
dency that the relative error grows with the problem size.

4.2.2 Multi-stage job scheduling problems
Bożejko et al. [23]: Type: Two-machine scheduling problem, Constraints: P, S, D, Objec-
tive: Gain for competing tasks in time, Solver: Hybrid, Size: No experiments.

They propose a similar branch-and-bound strategy as Bożejko et al. [21] did for the
SMSP. They focus on calculating the lower bounds for the objective. This problem is for-
mulated as a CQM, while calculating the upper bounds is considered as a constrained
linear program which is solved using QA.
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Schworm et al. [197]: Type: FJSSP, Constraints: A, D, P, Objective: Makespan, Solver:
Leap hybrid solvers, Size: Up to 30 jobs, 20 operations, 15 machines.

They provide BQM, CQM and discrete quadratic model (DQM) formulations of the
problem and apply the corresponding Leap hybrid solvers. The hybrid CQM solver does
not find a solution on problems with 8 jobs, 8 operations and 8 machines or larger due to
exceeding the maximum allowed number of variables. The iterative classical hybrid solver
significantly outperforms all other solvers in the computation time, while the achieved
makespans are comparable with those of the other solvers.

Śmierzchalski et al. [191]: Type: JSSP, Constraints: D, M, P, minimal headway, deadlock,
Objective: Weighted sum of completion times, Solver: QA, hybrid BQM solver, hybrid
CQM solver, Size: Up to 21 vehicles and 7 zones; up to 1302 (sum of binary and integer)
variables.

They consider the problem to schedule a fleet of automated vehicles in a factory, which is
identified as JSSP in the sense that the vehicles represent the jobs and the locations where
conflicts can happen represent the machines. Constraints D, M, and P are understood in
the sense that there is a minimal passing time for the vehicles to subsequent zones and
within the zones, that at most one vehicle can be located in a zone at a time, and that
vehicles cannot overtake, respectively. They compare the performance of QA, the hybrid
BQM and the hybrid CQM solver with CPLEX. The only competitive quantum solver is
the hybrid CQM solver, as the relative number of infeasible solutions of BQM and QA is
high. For small problem instances, CQM which achieves similar objective values as the
CPLEX solver, while requiring more computational time. The total computation time re-
mains nearly constant throughout all experiments, while for CPLEX, it becomes eventu-
ally much larger than for the hybrid CQM solver. However, for larger problem instances,
the solutions of CQM have worse objective values than those of CPLEX.

Krellner et al. [104]: Type: JSSP, Constraints: A, D, I, P, Objective: Makespan, Solver:
Hybrid, Size: Up to 22 jobs, 2 machines, 2 operations.

They include the delivery of the jobs from one machine to another in their formulation
and formalize the problem as MILP as well as a CQM, including quadratic constraints.
They first experimentally derive that the Leap Hybrid solver leads to better results when
using the MILP formulation than the CQM formulation. Then, they compare the perfor-
mance of Gurobi and the Leap Hybrid solver on the MILP model. On the MILP model,
it turns out that Gurobi considerably outperforms the hybrid solver in terms of solution
quality and that the gap increases with increasing runtime. They interpret this finding in
the sense that Gurobi improves the solution with increasing runtime, which the hybrid
solver does not necessarily. They also compute the time to solution, which is, on average,
up to 27 times larger for the hybrid solver than for Gurobi. On the CQM model, the hy-
brid solver outperforms Gurobi (which does not solve the CQM directly but linearizes the
quadratic constraints) on the majority of instances in terms of solution quality.

Kroczek et al. [116]: Type: WSP, Constraints: D, F, Objective: Overall costs, Solver:
Hybrid, Size: Up to 32,715 binary variables.

They formulate the problem as a CQM and apply D-Wave’s hybrid CQM solver. For
selected problem instances, they report an increase in the achieved objective value of 1.2%
up to 15.8% compared to the Gurobi solution, where the highest gap is achieved on the
second-largest problem instance and the lowest gap on the largest problem instance.
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4.2.3 Other scheduling problems
Glos et al. [81]: Type: Vehicle test scheduling problem, Constraints: M, group constraints,
capacity constraints, Objective: Feasibility, Solver: Hybrid CQM solver, Size: 911 binary
variables.

They formulate the optimization problem for scheduling tests for vehicles as a CQM and
compare the performance of the CQM solver with Gurobi and CBC. In the given problem,
the number of vehicles to be tested decreases over time, making later iterations cheaper.
The average runtime is up to 2 magnitudes lower for Gurobi than for CBC and the CQM
solver, where the runtime for CBC is larger than for CQM in early iterations, but lower
in later iterations (less vehicles). The solution quality is comparable. For a problem where
not one vehicle but a bunch of five vehicles has to be scheduled, the CQM solver was faster
than Gurobi (around one magnitude), but the solution quality was worse, while CBC did
not find a solution in the allowed time.

Koniorczyk et al. [110]: Type: Railway scheduling problem, Constraints: D, M, P, dwell
time, safety, rolling stock circulation, Objective: Weighted sum of secondary delays,
Solver: Hybrid CQM solver, Size: Up to 39 trains and 5 stations; up to around 1650 vari-
ables.

The constraints D and M have to be understood in the sense that there must be enough
time to reach the next assigned station, and that single tracks, station tracks, and intersec-
tion areas can be occupied by at most one train at the same time, respectively. On synthetic
experiments with up to around 1650 variables, CQM required more computational time
than CPLEX in order to find optimal solutions. In the most challenging scenario, CQM
could not find optimal, but only feasible solutions. When limiting the computational time
of CPLEX to the time CQM required to find these feasible solutions, CPLEX also only
found sub-optimal solutions of comparable quality to that of the CQM solutions. In real-
istic examples with up to 817 variables, the hybrid CQM solver only provides sub-optimal
solutions for the larger instances, where the total computation time is comparable, while
requiring much more time than CPLEX on the smaller instances with up to 711 variables.

Schworm et al. [198]: Type: Energy supply scheduling problem, Constraints: Capac-
ity constraints, demand constraints, storage constraints, Objective: Energy costs, Solver:
Hybrid CQM solver, Size: Up to 120 time steps.

They apply the hybrid CQM solver to the formulated problem for different use cases,
but do not compare it against a competitor.

5 Evolutionary algorithms for scheduling problems
We first provide a graphical overview of the references where a scheduling problem was
solved using a quantum-inspired genetic algorithm. More details about the respective ref-
erences are given later in the cited sections.

In Fig. 5, Fig. 6, Fig. 7 and Fig. 8, the references from Sect. 5.1 and 5.2 where standard
single-stage job scheduling problems and multi-stage job scheduling problems are con-
sidered, respectively.

8The iteration number of 226 is an average.
9The number 446 does refer to masks, not to operations. In the graphic, the node location is computed by considering the
number of machines to be 56+446.
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Figure 5 Overview of scheduling problems that are solved via a quantum genetic algorithm. The x-axis refers
to the size of the problem, quantified as n×m× O, where O is the number of operations per job. The y-axis
denotes the size of the algorithm, quantified as the population size times the number of generations. The
largest combination (problem size, algorithm size) in the reference is always given by the mid-point of the
node or the tip of the arrow, respectively. The vectors in the nodes show the largest problem instances
addressed in the respective paper. A semicolon separates the problem size from the algorithm size. In some
algorithms, there was no fixed number of generations but another stopping criterion such as convergence or
a time limit. If no average or maximum generation number could be extracted, the references are depicted
below the x-axis, and the number behind the semicolon denotes the population size. A rectangle refers to a
JSSP, an ellipse to an FJSSP

5.1 Single-stage job scheduling problems
Niu et al. [149]: Type: Hybrid UMSP, Constraints: D, Objective: Total completion time,
Solver: Quantum-inspired immune algorithm (QIIA), Size: Up to 40 jobs and 10 stages.

In a hybrid UMSP,10 the factory consists of different stages and on at least one stage,
there is more than one machine. Each job can be processed on any machine at each stage.
Each individual consists of an S × n-qubit matrix, where S is the number of stages and
n the number of jobs. Each individual is converted into a job permutation. Their QIIA
is compared with a classical immune algorithm (IA) and a QIGA as in Narayanan and
Shmatikov [147]. QIIA outperforms its competitors on all problem instances. On selected
problem instances, QIIA converges faster in terms of generations, but the computational
times are not reported.

Fang [68]: Type: UMSP, Constraints: A, M, Objective: Makespan, total earliness, total
tardiness, Solver: QIIA, Size: 15 jobs, 4 machines.

10They call the problem a hybrid FSSP, but the jobs do not seem to consist of operations, therefore, we categorize this paper
as well as Niu et al. [150] as SMSP paper.
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Figure 6 Overview of scheduling problems that are solved via a quantum genetic algorithm. The x-axis refers
to the size of the problem, quantified as n×m× O, where O is the number of operations per job. The y-axis
denotes the size of the algorithm, quantified as the population size times the number of generations. The
largest combination (problem size, algorithm size) in the reference is always given by the mid-point of the
node or the tip of the arrow, respectively. The vectors in the nodes show the largest problem instances
addressed in the respective paper. A semicolon separates the problem size from the algorithm size. In some
algorithms, there was no fixed number of generations but another stopping criterion such as convergence or
a time limit. If no average or maximum generation number could be extracted, the references are depicted
below the x-axis, and the number behind the semicolon denotes the population size. An ellipse to an FSSP, a
rectangle to a single-stage scheduling problem

They consider an application in the context of textile industry. They compare their algo-
rithm with a classical one and the QIGA-PGA from Li and Wang [129] (see Sect. 5.2) and
achieve a better performance than both competitors in terms of objective and coverage.

Niu et al. [150]: Type: Hybrid UMSP, Constraints: M, Objective: Total completion time,
Solver: QIGA, Size: Up to 50 jobs and 5 stages.

The individuals are converted to a job permutation at each stage, as in Niu et al. [149].
A comparison with a standard GA and a QIGA in the spirit of Narayanan and Shmatikov
[147] reveals that the proposed algorithm outperforms its competitors in terms of average
and best total completion time.
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Yao et al. [232]: Type: UMSP, Constraints: D, blocking, Objective: Makespan, total car-
bon emissions, Solver: QIEA, Size: Up to 100 jobs and 40 machines.

The blocking constraints indicate that a finished job cannot leave the respective machine
before the machine that executes the subsequent job is available. They compare their algo-
rithm with classical GAs in terms of the number and the ratio of non-dominated solutions,
stopping all three algorithms after the same running time. It turns out that their algorithm
leads to better solutions in almost all problem instances.

5.2 Multi-stage job scheduling problems
Wang et al. [220, 221]: Type: FSSP, Constraints: D, Objective: Makespan, Solver:
Quantum-inspired genetic algorithm (QIGA), Size: Up to 14 jobs and 4 machines/op-
erations.

In Wang et al. [220], the QIGA is enhanced with permutation GA (PGA), which is also
run and needs to be completed until the next iteration starts.

Li and Wang [129]: Type: FSSP, Constraints: M, Objective: Makespan, mean weighted
completion time, maximum tardiness, mean weighted tardiness, maximum earliness,
mean weighted earliness, maximum flow time, mean weighted flow time, number of tardy
jobs, Solver: QIGA-PGA, Size: Up to 20 jobs and 10 machines/operations

They consider multiple objectives, which are formed into a single objective function
using a randomly weighted sum. The idea is to let QIGA and PGA run in parallel, but to
let the initial population in each iteration for PGA be composed by the union of the best
half of the PGA solutions from the previous iterations and the population from QIGA from
the previous iteration. They compare the performance of QIGA-PGA with pure PGA and
pure QIGA. The results indicate that QIGA-PGA slightly outperforms PGA in terms of
computation time and makespan, and considerably outperforms QIGA. QIGA-PGA is
also competitive w.r.t. the other components of the objective function.

Gu et al. [77]: Type: FSSP, Constraints: D, E, F, Objective: Earliness, tardiness, Solver:
QIGA, Size: Up to 100 jobs and 10 machines.

They apply QIGA and GA to the problem instances. Both algorithms lead to comparable
objective values and makespans.

Gu et al. [78]: Type: Stochastic FSSP with breakdown, Constraints: D, S, Objective:
Expected makespan, Solver: QIEA, Size: Up to 50 jobs and 10 machines/operations.

They consider random processing times and random machine breakdown, leading to
unavailabilities of machines. Moreover, the processing time of a job in a machine as well
as the repair time in the case of a breakdown are stochastic.

Gu et al. [75]: Type: Stochastic JSSP, Constraints: A, D, P, Objective: Expected
makespan, Solver: Co-evolutionary QIGA, Size: Up to 10 jobs/machines/operations.

In their co-evolutionary algorithm, multiple populations are considered simultaneously.
They propose three different competetive evolution schemes. A comparison with a GA
and QIGA from Wang et al. [221] reveals that their algorithm often provides better ex-
pected makespans on the larger problems than the competetors, but for the price of often
requiring much more computation time.

Zheng and Yamashiro [244, 245]: Type: FSSP, Constraints: M, Objective: Total flow-
time, Solver: Quantum-inspired swarm evolutionary algorithm, Size: Up to 100 jobs and
20 machines/operations (Taillard).
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Figure 7 Overview of task scheduling problems that are solved via a quantum genetic algorithm. The x-axis
refers to the size of the problem, quantified as the number of tasks times the number of processing nodes.
The y-axis denotes the size of the algorithm, quantified as the population size times the number of
generations. The largest combination (problem size, algorithm size) in the reference is always given by the
mid-point of the node. The vectors in the nodes show the largest problem instances addressed in the
respective paper. A semicolon separates the problem size from the algorithm size. In some algorithms, there
was no fixed number of generations but another stopping criterion such as convergence or a time limit. If no
average or maximum generation number could be extracted, the references are depicted below the x-axis,
and the number behind the semicolon denotes the population size. If no population size but a generation
number can be extracted, a · is depicted after the semicolon. A rectangle refers to a task scheduling problem,
an ellipse to a railway scheduling problem, a circle to a maritime scheduling problem, a diamond to another
type of scheduling problem

Their quantum-inspired swarm evolutionary algorithm makes PSO accessible to a pop-
ulation represented by qubits. They compare their algorithm with heuristic and classical
evolutionary algorithms, resulting in an equal or better performance of their algorithm
concerning total flowtime on all problem instances.
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Figure 8 Overview of other scheduling problems that are solved via a quantum genetic algorithm. The x-axis
refers to the size of the problems. The y-axis denotes the size of the algorithm, quantified as the population
size times the number of generations. The largest combination (problem size, algorithm size) in the reference
is always given by the mid-point of the node. The vectors in the nodes show the largest problem instances
addressed in the respective paper. A semicolon separates the problem size from the algorithm size. In some
algorithms, there was no fixed number of generations but another stopping criterion such as convergence or
a time limit. If no average or maximum generation number could be extracted, the references are depicted
below the x-axis, and the number behind the semicolon denotes the population size. If no population size
but a generation number can be extracted, a · is depicted after the semicolon. An ellipse refers to a railway
scheduling problem, a circle to a maritime scheduling problem, a diamond to another type of scheduling
problem

Zheng and Yamashiro [246]: Type: FSSP, Constraints: M, Objective: Makespan, total
flowtime, maximum lateness, Solver: Quantum-inspired differential evolutionary algo-
rithm, Size: Up to 500 jobs and 20 machines/operations (Taillard).

They show how to execute differential evolution on the quantum population. Moreover,
they propose a variable neighborhood search (VNS) in order to enhance the local search.
They compare their algorithm and different VNS strategies with a plethora of other classi-
cal and hybrid evolutionary algorithms. Concerning the attained objective, their algorithm
often provides the best results.

Zheng and Yamashiro [247]: Type: NW-FSSP, Constraints: M, S, Objective: Makespan,
Solver: QIEA, Size: Up to 75 jobs and 20 machines/operations (rec37, rec39, rec41).
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They compare their algorithm with classical evolutionary algorithms, local search
strategies, and the QIEA from Zheng and Yamashiro [246]. In terms of a relative error
measure w.r.t. the optimal makespan, their algorithm outperforms most of the classical
algorithms, and is competitive to the QIEA from Zheng and Yamashiro [246].

Jiang and Wan [101]: Type: Parallel FSSP, Constraints: M, P, S, Objective: Makespan,
Solver: QIEA, Size: Up to 40 jobs, 6 machines/operations, 5 flow shops.

In the parallel FSSP, there are multiple flow shops, so that one has to additionally decide
in which flow shop a job should be done. They compare the performance of their algorithm
with a genetic algorithm, concluding that the quantum algorithm slightly outperforms
the GA in terms of optimal values, computation time and the relative number of optimal
solutions found, in nearly all five problems considered.

Wu and Li [217]: Type: JSSP, Constraints: A, M, P, Objective: Makespan, Solver: QIEA,
Size: 6 jobs/machines/operations.

They propose an elitist strategy, which ensures that the best candidates are not modified
in the next iteration. Their QIEA is applied to the problem, but no comparison with other
algorithms is made.

Latif et al. [132]: Type: FSSP, Constraints: M, Objective: Makespan, Solver: QIGA-
EDA, Size: Up to 20 jobs and 20 machines/operations (Taillard).

They combine two types of evolutionary algorithms: QIGA and estimation of distribu-
tion (EDA). The main idea is to let both algorithms run in parallel and to compare the
best candidate solutions of each algorithm after each iteration. If there are solutions from
EDA among these best candidates, they are integrated into the QIGA population. Their
algorithm outperforms QIGA, standard GA, and standard EDA in terms of fitness value
and average percentage deviation from the observed best solution.

Latif et al. [133]: Type: FSSP, Constraints: M, Objective: Makespan, Solver: QIGA,
Size: Up to 75 jobs and 20 machines/operations (rec37, rec39, rec41).

They essentially combine the QIGA from Han and Kim [88] with VNS. The performance
is compared with other evolutionary algorithms, with and without VNS. All algorithms
with VNS generally outperform algorithms without VNS in terms of makespan, while re-
quiring much more computation time. Among the algorithms with VNS, the proposed
QIGA turns out to be competitive.

Davarzani and Akbarzadeh-T [48]: Type: FJSSP, Constraints: M, Objective: Makespan,
total workload of most loaded machine, total workload of machines, Solver: QIIA, Size:
Up to 20 jobs, 15 machines/operations (MK10).

A comparison with classical evolutionary algorithms reveals a better performance of the
proposed QIIA in terms of the objective.

Xue et al. [228]: Type: FJSSP, Constraints: M, Objective: Makespan, total workload of
most loaded machine, total workload of machines, Solver: QIIA, Size: Up to 15 jobs, 10
machines, up to 56 operations in total (Kacem5).

In their QIIA, the antibody is encoded by an integer sequence, representing the ordering
of the operations. The proposed QIIA outperforms classical evolutionary algorithms in
terms of the objective.

Deng et al. [62]: Type: NW-FSSP, Constraints: D, S, Objective: Makespan, Solver: Co-
evolutionary QIGA, Size: Up to 500 jobs and 20 machines/operations (Taillard).
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They compare the performance of their algorithm with classical algorithms. Each al-
gorithm is stopped after a pre-determined CPU time. Their algorithm achieves the best
performance in terms of average relative deviation from the best known solution.

Gu et al. [76]: Type: FSSP, Constraints: D, pickup and delivery constraints, Objective:
Makespan, Solver: Mutualism QIGA, Size: Up to 100 jobs and 5 machines/operations
(Taillard).

The problem is first formulated as MIP. In their setting, they consider the pickup of the
unprocessed jobs to the machines and the delivery of the finished jobs to the costumers,
implying additional constraints such as that the delivery time cannot be earlier than the
finishing time or that space constraints within the delivery trucks must be satisfied. They
include the pickup of the materials and the delivery of the finished goods in their problem.
They apply a mutualism QIGA, which allows to adjust the size of the population dynam-
ically in contrast to QIGA. The proposed algorithm is compared with QIGA from Wang
et al. [221] and a classical mutualism GA. It turns out that the proposed algorithm achieves
lower makespans than the competitors, in particular in the larger problem instances, while
requiring more computation time.

Singh et al. [188]: Type: FJSSP, Constraints: M, P, unavailability, Objective: Makespan,
relative makespan difference, expected total tardiness, expected flowtime, Solver: QIPSO,
Size: Up to 20 jobs, 10 machines, 25 operations (LA18).

They consider random machine breakdowns, so that unavailability slots occur, resulting
from breakdown time and repair time. Experiments reveal that the realized makespan is
improved in nearly all test instances, compared with that achieved by a classical PSO.

Singh and Mahapatra [187]: Type: FJSSP, Constraints: D, P, Objective: Makespan,
Solver: QIPSO, Size: Up to 20 jobs and 10 machines, 25 operations (LA18).

They compare the performance of their QIPSO with several classical evolutionary al-
gorithms in terms of the relative deviation of the makespans between QIPSO and each
of the competitors. Their algorithm achieves better makespans in most of the problem
instances.

Zhao et al. [241]: Type: NW-FSSP, Constraints: D, setup times, release times, Objec-
tive: Makespan, Solver: QIEA, Size: Up to 100 jobs and 20 machines/operations.

They consider sequence-independent setup times and release dates, indicating that each
machine requires a setup time that depends on the job that should be executed on the
machine, and that a machine that has been set up for a particular job stays idle until this job
has been released. They propose two local search methods. One is an interchange search
where always two entries of the current job permutation are swapped in order to find an
improved permutation. The other is an insert search where always one entry of the current
permutation is inserted iteratively into each position of this permutation. They compare
their algorithm with a classical genetic algorithm, a QIEA, and a heuristic method from
the literature. All algorithms get the same runtime limit. Their algorithm shows superior
behavior in terms of relative improvement over the average makespan.

Wu et al. [218]: Type: FJSSP, Constraints: A, M, P, Objective: Makespan, Solver: QIEA,
Size: Up to 20 jobs, 10 machines, 25 operations (LA18).

As Wu and Li [217], they propose an elitist strategy. Moreover, they enhance the al-
gorithm with a local search. Their algorithm turns out to be competitive in terms of
makespan, computation time, and success rate that have been obtained with classical EAs
from the literature.
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Kaipu et al. [114], Sun and Xu [199]:11 Type: FJSSP, Constraints: A, P, Objective:
Makespan, Solver: QIGA, Size: 8 jobs, 8 machines, 5 operations.

They propose to iteratively adjust the rotation angle, which is required to update the
individuals (cf. Sect. 3.4.2), using a stochastic cloud model, which is a Gaussian distribu-
tion. The goal is to create realizations from this Gaussian distribution and to process these
numbers in order to sample a rotation angle. The goal is to decrease the amplitude of the
rotation angle for individuals with a high fitness, while increasing it for those with small
fitness. Their algorithm achieves slightly better makespans than a standard QIGA in the
spirit of Narayanan and Shmatikov [147].

Zhang and Hu [237]: Type: FJSSP, Constraints: D, F, P, Objective: Makespan, Solver:
QIPSO, Size: Up to 20 jobs, 15 machines, 15 operations (MK10).

A comparison with two classical and a heuristic algorithm shows that their algorithm
often retrieved the best known solutions.

Zhu et al. [240]: Type: NW-FSSP, Constraints: M, Objective: Makespan, Solver:
Quantum-inspired cuckoo co-search, Size: Up to 100 jobs and 20 machines/operations
(Taillard).

They propose an encoding of the population via Bloch coordinates, i.e., the qubits are
described by the corresponding coordinates on the Bloch sphere. More precisely, each
gene corresponds to one job, whose order is determined by the amplitude of the repre-
senting qubits. They prove convergence of the proposed algorithm. In terms of the relative
deviation to the currently known best solution, their algorithm outperforms classical evo-
lutionary algorithms and a simpler variant of their algorithm, a quantum-inspired cuckoo
search.

Chen et al. [47]: Type: FSSP, Constraints: D, batch constraints, capacity, Objective:
Makespan, Solver: Quantum-inspired ant colony optimization, Size: Up to 300 jobs, 2
machines/operations.

They consider the situation that the jobs are gathered in different batches and that those
batches are delivered to the machines, resulting in capacity constraints in the sense how
many jobs can be stored, and in batch-related constraints, for example that the finishing
time of a batch equals the finishing time of the last job of the batch. Constraint set D there-
fore refers to the processing time of both the individual jobs and the batches. In particular,
their proposed always considers two ant populations, where one population is evaluated
on data where the jobs are sorted in an ascending order according to their size, the other
on descending ordered data. They compare their algorithm with a hybrid discrete differ-
ential evolution and a batch-based hybrid ant colony optimization algorithm. While their
algorithm beats the former competitor in terms of the achieved makespan and often in
the running time, it clearly beats the second competitor in terms of running time, while
achieving slightly better makespans.

Xin et al. [226]: Type: FJSSP, Constraints: D, P, Objective: Expected makespan, ex-
pected maintenance cost, Solver: QIGA, Size: Up to 22 jobs with 3 operations, 7 ma-
chines.

They consider machine-specific failure rates and the option to do preventive mainte-
nance if there is currently no machine failure and maintenance after a failure. In their

11The papers are almost identical, just the authors are different.
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QIGA, they consider binary variables which indicate whether a certain operation of a cer-
tain job is scheduled in a particular position of a certain machine.

Ning et al. [148]: Type: FJSSP, Constraints: D, Objective: Makespan, carbon emissions,
total costs, Solver: Quantum-inspired bacterial foraging optimization, Size: Up to 15 jobs,
10 machines, up to 56 operations in total (Kacem5).

They model the position and state of the individuals by a wave function, letting it evolve
using Schrödinger’s equation, so that individual motion equations can be realized using
Monte Carlo simulation. They consider an application in a manufacturing process and also
take the carbon emissions of the machines into account. As a machine also produces emis-
sions when being idle, one can interpret the carbon emission objective as a soft counter-
part of the hard shutdown constraints S from other scheduling problems. Their algorithm
slightly outperforms a quantum particle swarm optimization algorithm and considerably
outperforms classical bacterial foraging algorithms in their experiments in terms of the
objectives.

Zhang et al. [236]: Type: FJSSP, Constraints: D, P, R, Objective: Makespan, Solver:
QIGA, Size: Up to 15 jobs and 10 machines, 56 operations in total (Kacem5).

They consider a dual-resource constrained FJSSP. Here, one has a set of equipment and a
set of workers, with the condition that for each job, only one worker can execute it simulta-
neously and that the equipment can also only be used by one worker simultaneously. They
apply a niche initialization of the population where individuals from different categories
are spawned in order to maintain diversity. In addition to that, they utilize an adaptive
rotation angle adjustment based on the relative difference of the fitness of the current and
the fitness of the best individual. They compare their algorithm with a standard QIGA in
the spirit of Narayanan and Shmatikov [147], a GA and a PSO. Their algorithm achieves
slightly better makespans and converges quicker w.r.t. the number of generations.

Ripon and Singh [176]: Type: JSSP, Constraints: D, P, Objective: Makespan, Solver:
QIGA, Size: Up to 20 jobs, 15 machines, 15 operations (abz9).

In their experiments, their QIGA achieves a better performance in terms of makespan
than a classical GA.

Xu et al. [225, 229]: Type: FJSSP, Constraints: A, D, E, M, P, Objective: Makespan,
Solver: QIPSO, Size: Xu et al. [229]: Up to 20 jobs, 10 machines, 25 operations (LA18),
Xu et al. [225]: Up to 15 jobs, 10 machines, up to 56 operations in total (Kacem5).

The problem is first formulated as MILP. They propose a chaotic encoding scheme in
order to simplify the representation of a solution. The real-valued position of a particle is
initialized using Monte Carlo random simulation. Each particle represents an operation.
As for the correspondence of the particle positions and the actual scheduling tasks, they
propose an encoding scheme in the sense that the integer part of the position represents
the priority of the corresponding operation. The machine selection is based on this prior-
ity, i.e., operations with a higher priority a scheduled to the machines that can finish these
operations more quickly. After machine selection, the fractional part of particle positions
for individuals which are operated on the same machine defines in which order they are
processed. Here, the operations are processed on this machine w.r.t. the descending or-
der of the corresponding fractional parts, i.e., the operation with the highest fractional
part is processed first on this machine. Xu et al. [225] argue that the standard encoding
scheme has disadvantages such as sensitivity to the encoding parameters and large compu-
tational overhead due to requiring one dimension that represents the operations and one
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that represents the machine assignments. Xu et al. [229] compare their algorithm with the
QIPSO from Singh and Mahapatra [187], another QIPSO from the literature, a heuristic
method and two classical EAs, on the Kacem (Kacem1 to Kacem5), Brandimarte (MK01
to MK10), Dauzère-Pérès (L01 to LA18) data and a data set from the industry. Their algo-
rithm achieves better makespans and deviations from the best known makespan in most
of the problem instances. Moreover, their algorithm converges quicker w.r.t. the number
of iterations. They claim that is also requires less computing time than the competitors
in most of the problems, but the running times are not reported. In Xu et al. [225], they
compare the proposed encoding scheme with different parameters with the standard en-
coding scheme on the Kacem (Kacem1 to Kacem5), Brandimarte (MK01 to MK10) data
and two data sets from the industry, confirming quicker convergence, better makespan
values and a lower runtime when using a chaotic encoding scheme compared to using the
standard encoding scheme.

Xu et al. [227]: Type: FJSSP, Constraints: D, E, M, P, Objective: Makespan, Solver:
QIPSO, Size: Up to 20 jobs, 10 machines, 25 operations (LA18).

They use the chaotic encoding scheme proposed in Xu et al. [229] in order to represent
the schedule. Their algorithm differs from that in Xu et al. [229] by including adaptive
crossover and mutation probabilities, depending on the fitness value, and a Gaussian dis-
tribution used for the Monte Carlo random simulation. They compare their algorithm
with a classical PSO, a classical GA, a quantum-inspired PSO and the algorithm from Xu
et al. [229]. All algorithms run with the same number of individuals and generations. On
the Kacem data (Kacem1 to Kacem5), the Dauzère-Pérès data (LA01 to LA18) and some
industry data sets, the proposed QIPSO achieves the best results. On the Brandimarte
data (MK01 to MK10), it often achieves the best results, except for MK04, where the GA
is slightly better.

Chen et al. [38]: Type: FJSSP, Constraints: A, D, M, P, arrival time, Objective: Resource
utilization, makespan, Solver: GA with QA, Size: Up to 1650 jobs, 56 machines and 446
masks.

They consider photolithography scheduling in thin-film transistor-liquid crystal display
and semiconductor manufacturing. In the photolithography stage of this procedure, sev-
eral tasks such as photo engraving and cleaning have to be processed on the respective
machines with the correct photomask. Therefore, in this problem, one not only has to
assign operations to machines but also masks to machines and to operations. The arrival
time constraints indicate that the operation and the mask is ready at the given time step.
In their algorithm, the individuals are represented by bits, not by qubits. Each individ-
ual consists of 3 chromosomes, which encode the jobs, machines and masks by integers,
respectively. The job and the mask chromosome are combined into a job-mask chromo-
some, representing the available masks for each job, where one tries to match the earliest
jobs with the masks with the highest priority. In the next step, masks are assigned to the
machines. The quantum part of the algorithm is located only in the mutation step, where
QA is applied in order to compute a transfer matrix according to which the current in-
dividuals are updated. This is done by defining a Hamiltonian which aims at maximizing
the difference in the fitness values of the current best and worst individual, encouraging
diversity of the population and avoiding to be stuck in local optima. They compare their
algorithm with classical GA and a baseline solution from practice. In nearly all scenarios



Werner and Ullinger EPJ Quantum Technology           (2026) 13:31 Page 41 of 67

and metrics (execution time, mask-move time, resource utilization), the results from their
GA is significantly better than the competing solutions.

5.3 Task scheduling problems
Mo et al. [143]: Type: Task scheduling on computational grids, Constraints: R, Objective:
Makespan, Solver: QIGA, Size: Up to 150 tasks and 7 nodes.

Each gene corresponds to a computational resource, and each individual is composed
of as many genes as there are tasks. They compare their QIGA with a GA and the min-
min-algorithm. Their QIGA achieves a lower or equal number of discarded tasks and, in
most cases, a lower makespan than its competitors.

Prakash and Vidyarthi [171]: Type: Task scheduling on computational grids, Con-
straints: D, Objective: Makespan, Solver: QIGA, Size: Up to 106 tasks and 1000 nodes,
up to 4000 million instructions per task.

The genes correspond to the nodes, their values represents the task. They compare their
QIGA with a GA. In particular for large-scale experiments, the makespan achieved by
QIGA is nearly always lower than that of GA, and QIGA leads to a quicker makespan con-
vergence in terms of generations. They explain this observation by the large search space,
which is easier to explore by QIGA than by GA due to higher diversity of the population.

Boutekkouk and Oubadi [25]: Type: Task scheduling on distributed systems, Con-
straints: F, Objective: Response time, number of tasks missing their deadlines, Solver:
QIGA, Size: 20 tasks, 4 nodes.

They distinguish between periodic and aperiodic tasks, and assume that the periodic
ones are synchronous in the sense that their arrival time is identical. For those tasks, they
further consider soft constraints in the form of average case execution times, and hard con-
straints in the form of worst-case execution times which need to be satisfied. They assume
that aperiodic tasks always correspond to soft constraints and that the arrival of such tasks
is Poisson distributed. They consider the chromosomes as qubit matrices, where each cell
corresponds to one pair consisting of a processor and a task.

Gandhi et al. [72]: Type: Task scheduling on distributed systems, Constraints: D, P,
Objective: Makespan, Solver: QIGA, Size: Up to 21 tasks and 11 nodes.

In a task scheduling problem on distributed systems, the goal is to schedule computing
tasks onto different computers. In this particular situation, there can be communication
costs between tasks that have been sent to different computers. Moreover, some tasks may
need the result from other tasks, implying precedence constraints. A comparison with
two classical evolutionary algorithms reveals that the proposed QIGA achieves the best
makespans.

Konar et al. [105]: Type: Task scheduling on distributed systems, Constraints: D, F,
Objective: Deadline satisfaction, earliest deadline first, shortest computation time first,
Solver: QGIA, Size: Up to 600 tasks, up to 20 nodes.

Each gene corresponds to a processor node, and its value represents the task. Their algo-
rithm is compared with standard GA and hybrid PSO in terms of the fraction of scheduled
jobs and the running time. The QIGA shows superior behavior in nearly all problem in-
stances, which they explain by a better diversity of the QIGA population.

Singh and Raza [192]: Type: JSSP, Constraints: D, P, Objective: Job turnaround time,
Solver: QIGA, Quantum-inspired binary gravitational search (QIBGS), Size: Up to 1000
tasks and 100 nodes, and 4000 million instructions per task.
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They consider job application in the computational mobile grid. The idea is to harness
available computational power of mobile devices, so that computational tasks should be
scheduled across those mobile devices. Here, the execution time and precedence con-
straints among sub-tasks of such jobs have to be respected, leading to the constraints D
and P. A comparison with a proposed QIGA reveals that the achieved turnaround time
decreases often faster w.r.t. the number of iterations for the QIBGS algorithm than for
QIGA.

Alam and Raza [12]: Type: Task scheduling on distributed systems, Constraints: D, P,
Objective: Load imbalance, load balancing cost, Solver: QIGA, Size: Up to 10 tasks, up
to 100 million instructions per task, 10 nodes.

In their QIGA, each individual in the population is a qubit string where each gene repre-
sents a processor node. As each gene corresponds to a module of a task, all such modules
are scheduled to the processor nodes during decoding. The performance of their QIGA
is compared with that of three classical evolutionary algorithms in terms of the hypervol-
ume difference w.r.t. the achieved Pareto fronts and the Pareto fronts themselves. QIGA
shows a better performance.

Mishra et al. [140]: Type: Task scheduling in cloud computing, Constraints: D, P, Ob-
jective: Resource utilization, makespan, load balancing, energy consumption, Solver:
Quantum-inspired binary chaotic salp swarm optimization, Size: Up to 3000 tasks and
300 nodes, up to 15,000 million instructions.

Each salp is given by a qubit matrix whose dimension equals the number of tasks and
machines, so each qubit can collapse into one of the binary states indicating that the re-
spective task is either scheduled on the corresponding machine or not. They compare
their algorithm with classical EAs. The proposed algorithm shows superior behavior on
nearly all problem instances in the four metrics of which the objective is composed and
the response time, which they explain with the higher diversity of the population in their
algorithm. All algorithms have been executed until a limit of 0.5 seconds for a fair com-
parison.

Thakur et al. [201]: Type: Task scheduling on distributed systems, Constraints: D, P,
Objective: Makespan, load balancing, resource utilization, Solver: QIBGSA, Size: Up to
800 tasks, 200 million instructions per task, 6 processing nodes.

In their algorithm, each gene corresponds to a task, and the qubits of this gene encode
the processing node. They compare their algorithm with the QIGA from Alam and Raza
[12] and classical EAs. In terms of all three objectives, their algorithm often performs
slightly better.

Belmahdi et al. [24]: Type: Task scheduling in cloud computing, Constraints: P, R, Ob-
jective: Makespan, Solver: QIGA, Size: Up to 250 tasks, 25 nodes, 1000 million instruc-
tions per task.

The genes correspond to the tasks, and their value represents the node. They compare
their algorithm with simple first come first serve and with a GA. Their algorithm always
achieves the best makespan, which they explain with a higher diversity of the QIGA pop-
ulation.

Hussain et al. [93]: Type: Task scheduling in hybrid clouds, Constraints: F, P, Objective:
Makespan, energy consumption, Solver: QIGA, Size: Up to 481 tasks and 2 clouds.

In their encoding, the genes are given by quantum matrices where the columns repre-
sent the tasks and the rows the machines, so each cell corresponds to exactly one partic-
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ular machine-task-pair. A comparison with classical EAs reveals superior Pareto fronts of
makespan and energy consumption over those achieved by its competitors, which they
explain with a higher diversity of the QIGA population.

Misra and Kuila [136]: Type: Task scheduling in cloud computing, Constraints: D, Ob-
jective: Makespan, energy consumption, Solver: QIGA, Size: Up to 5000 tasks and 1250
nodes.

Each gene corresponds to a task, its value represents the task. In a comparison with
several EAs and the min-min-algorithm, their algorithm outperforms the competitors in
terms of energy consumption and produces comparable results in terms of makespan for
medium-sized problems, while achieving better makespans on large-scale problems.

Su et al. [195]: Type: Task scheduling on distributed systems, Constraints: D, F, Ob-
jective: Earliest deadline first, shortest computation time first, Solver: Quantm-inspired
simplified swarm optimization, Size: Up to 600 tasks, 20 nodes.

Each gene represents a processor node and the value the task. They compare their al-
gorithm with classical GA, a hybrid PSO and the QIGA from Konar et al. [105] in terms
of computation time and the fraction of scheduled jobs. Their algorithm slightly outper-
forms the QIGA on all problem instances, and as the QIGA already outperformed GA and
PSO in Konar et al. [105], also the classical competitors.

Jain and Sharma [99]: Type: Task scheduling in cloud computing, Constraints: D,
F, budget, Objective: Makespan, profit, service level agreement violation rate, Solver:
Quantum-inspired salp swarm grey wolf optimization, Size: Up to 5000 tasks and 300
nodes.

As for the constraints F that correspond to deadline violations, they can be stated as ei-
ther hard or soft constraints, where the latter allows for certain delays. In their algorithm,
the population is composed by salps, where each salp is an allocation of each task to a
machine, accompanied by checking whether the allocation would violate a hard deadline
constraint, which results in a rejection of a considered task. A quarter of the salps are
initialized randomly, while the remaining salps are initialized from a given wave function
and updated using the Monte Carlo method. In order to prevent the population from be-
ing stuck in a local optimum due to the leading salp that attracts the population in salp
swarm optimization, they propose an alternative updating scheme inspired from grey wolf
optimization, where the alpha and beta salp (i.e., the one with the best and second-best
fitness value) are selected. Then, one half of the salps update their position only according
to the alpha, the other half according to both the alpha and the beta salp. They compare
their algorithm with classical EAs in terms of several quality metrics such as makespan,
profit, or resource utilization. The quantum salp swarm optimization without the grey
wolf optimization nearly always outperforms the classical competitors, while the com-
bined algorithm always outperforms its competitors, often even considerably.

Li et al. [124]: Type: Task scheduling on distributed systems, Constraints: R, Objective:
Earliest completion time, Solver: QIGA, Size: Up to 80 tasks, 4 nodes.

Each gene corresponds to a task, and their values represent the processor. They compare
the performance of their algorithm with a GA and to ant colony optimization algorithms
in terms of makespan and speedup (ratio of computing costs on the distributed system and
those on a single processor). It turns out that their algorithm outperforms the competitors
in both metrics, which they explain with a higher diversity of the QIGA population. As
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for the computational time, they point out that their algorithm is cumbersome due to
handling many binary matrices in the encoding and decoding steps.

Galavani et al. [85]: Type: Task scheduling in mobile edge computing, Constraints: F, R,
Objective: Weighted sum of execution time, energy consumption and resource utilization,
Solver: QIGA, Size: Up to 50 servers and 200 users.

Each individual consists of mn qubits, where qubit qij indicates whether task i is assigned
to node j. They compare the QIGA with a heuristic algorithm, a quantum-inspired differ-
ential evolution algorithm and a quantum PSO algorithm. The QIGA solutions achieve the
lowest energy consumption and makespan, while achieving highest resource utilization.
In contrast to all other methods, only the QIGA solutions always respect the deadlines.

Acharya et al. [11]: Type: Task scheduling in multi-processor computing, Constraints:
D, Objective: Makespan, resource utilization, Solver: Quantum-inspired binary chaotic
salp swarm optimization (Mishra et al. [140]), Size: Up to 5 tasks and 25 nodes.

They compare different classical evolutionary algorithms and the quantum-inspired bi-
nary chaotic salp swarm optimization in terms of makespan. The performance of the
quantum-inspired algorithm is comparable to that of the competitors.

Hussain et al. [94]: Type: Workflow scheduling in hybrid clouds, Constraints: D, F, P, R,
Objective: Makespan, total execution cost, Solver: QIGA, Size: Up to 30 tasks and 100
nodes.

Each qubit indicates whether the corresponding task is assigned to the corresponding
node. They compare their QIGA with a PSO, a whale optimization algorithm and two
GAs, all purely classical. The achieved makespans of QIGA are often the best or at least
among the best results, compared to those of the other four algorithms. When minimizing
the cost subject to a makespan constraint, the QIGA solutions always lead to the lowest
costs. The authors argue that QIGA can, due to qubit representation and rotation and
mutation operators, achieve better population diversity and thus can better explore the
search space.

Acharya et al. [10]: Type: Task scheduling in cloud computing, Constraints: D, Ob-
jective: Makespan, resource utilization, Solver: Quantum-inspired binary chaotic salp
swarm optimization (Mishra et al. [140]), Size: Up to 1000 tasks and 300 nodes.

The quantum algorithm is compared with different classical evolutionary algorithms.
In terms of the objective, load imbalance and response time, the quantum algorithm pro-
vides better solutions than three classical competitors, but is constantly outperformed by
a whale optimization algorithm proposed in Acharya et al. [10], which they explain by the
interplay of local and global search, enabling a better exploration of the search space.

Jain et al. [96]: Type: Task scheduling in cloud computing, Constraints: D, F, budget,
Objective: Makespan, profit, service level agreement violation rate, task rejection rate,
Solver: Quantum-inspired firefly algorithm, hybrid, Size: Up to 1052 tasks and 250 nodes.

They propose a quantum-inspired firefly algorithm and a hybrid algorithm where a
heuristic first rejects infeasible tasks, and the quantum-inspired firefly algorithm is ap-
plied afterwards. The hybrid algorithm showed the best performance among a classical
PSO, a classical SSA, the algorithm from Jain and Sharma [99] and the pure quantum-
inspired firefly algorithm, in terms of makespan.

Lilhore et al. [117]: Type: Task scheduling in cloud computing, Constraints: D, Objec-
tive: Energy consumption, makespan, resource utilization, Solver: Hybrid, Size: Up to 1.2
million jobs and 12,500 nodes.
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They propose a method where a QIEA is used in order to schedule tasks on virtual ma-
chines, minimizing energy consumption, resource utilization and makespan. The solution
is further enhanced with a hybrid deep reinforcement learning (RL) algorithm that pre-
dicts the actual workload of the machines, and triggers a task migration from overloaded
to underloaded machines. Finally, a multi-objective optimization algorithm further en-
courages finding a Pareto-optimal solution. They argue that the QIEA part allows for effi-
cient search space exploration, which is confirmed by experiments where they apply their
method with and without the QIEA part. The complete method outperforms classical
competitors in terms of the individual objectives.

Mahjoub et al. [137]: Type: Task scheduling in cloud computing, Constraints: D, F, M,
R, Objective: Makespan, resource utilization, load imbalance, throughput, energy con-
sumption, efficiency, Solver: Hybrid, Size: Up to 1000 tasks with up to 900,000 million
instructions, 50 nodes and 5 data centers.

Their algorithm is based on the arithmetic optimization algorithm (AOA, Abualigah
et al. [6]), which starts with a randomly initialized population. In the exploration phase,
the current individuals are, based on the current best solution, updated with a randomly
chosen procedure. With a certain probability that increases with the number of iterations,
the exploration phase ends and an exploitation phase starts. In order to increase the diver-
sity of the population, Mahjoub et al. [137] combine this scheme with a Gaussian quan-
tum mutation operator. In addition, they use Q-learning (Watkins and Dayan [214]), a
reinforcement learning (RL) technique, in order to learn a policy that decides in each it-
eration whether an exploration or exploitation phase should be done. Their algorithm is
compared with AOA, Q-learning, a grey wolf optimizer, a whale optimizer and the sine-
cosine algorithm. For all individual objective components, their algorithm achieves better
results than the competitor algorithms, sometimes even statistically significant at 5% level.

Naik et al. [145]: Type: Task scheduling in edge computing, Constraints: D, P, R, Ob-
jective: Makespan, resource utilization, energy consumption, Solver: QIPSO, Size: Up to
2000 tasks and 5 nodes.

In their quantum-inspired PSO, each individual consists of n⌈log2(m)⌉ qubits, where the
second factor results from the binary representation of the node number. Each individual
therefore indicates for each task-node pair whether the task is assigned to the respective
node. The performance of the proposed QIPSO is compared to classical algorithms, a
quantum-inspired differential evolution algorithm, and the quantum-inspired cuckoo co-
search algorithm from Zhu et al. [240]. The proposed method often achieves the best
results.

5.4 Railway/maritime scheduling problems
Ji et al. [102]: Type: Lock scheduling, Constraints: A, restrictions concerning starting
times of lockage operations and their minimal duration, Objective: Waiting time, water
consumption, Solver: Hybrid, Size: 120 ships, five chambers.

They propose a hybrid algorithm for a co-scheduling problem of cascaded locks with
multiple chambers. This problem is decomposed into an inner and outer problem, which
consider the ship placement and lockage numbers, respectively, and the inner scheduling
problem. This scheduling problem is solved using a hybrid algorithm that combines binary
gravitational search with modified moth-flame optimization. The constraint set A has to
be understood in the sense that the direction in which the lock transfers next must match
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with the desired direction of the ship. The direction is represented by an agent of the
quantum-inspired gravitational binary search algorithm, while the starting times of the
locking operations are represented by a moth of the modified MFO algorithm. In their
experiments, two of the five chambers can only transfer ships into one direction, which
enforces additional directional constraints apart from the usual constraint that ships can
be transferred in only one direction simultaneously in each lock.

Ji et al. [103]: Type: Lock scheduling, Constraints: A, D, P, S, mooring constraints, lock-
age starting times, minimal lockage duration, Objective: Delay time of ships, time spent
at the quay, Solver: Hybrid, Size: Up to 100 ships and 10 berths.

They consider lock and quay co-scheduling. They first formulate the problem as MILP.
The constraints A, P, D, S have to be understood in the sense that a ship can be assigned
to only one lock, that some ships must be prioritized over other ships, that a certain dis-
tance must be satisfied for two ships and that there must not be empty lockages, respec-
tively. However, the lock scheduling and the berth problem are solved classically. Only the
main problem, which is to select the modes for the ships, which are the lock mode (enter
the lock) or the transshipment mode (transfer the loading to another ship at the quay),
is solved via the quantum algorithm, which is a fuzzy-controlled QIBGSA. The idea is to
adjust the neighborhood of the individuals with which they interact by gravity by a fuzzi-
fied diversity measure, i.e., instead of using the true values of a diversity measure of the
population, a jittered value is used.

Pereira et al. [158, 159, 161]: Type: Oil crude scheduling, Constraints: Capacity, task
uniqueness, idle times, crude flow, Objectives: Downtime of a distillation unit, number
of switchovers, the downtime of the pipelines, the volume of oil crude that was not off-
loaded during a certain time window, Solver: Quantum-inspired grammar-based linear
genetic programming algorithm, Size: Up to one docking point, four terminal tanks, four
refinery tanks, four ships, one subsea pipeline, one standard pipeline, two distillation units,
and 480 hours of scheduling horizon.

The capacity constraints refer to the maximum volume of the terminal tanks, the task
uniqueness constraints indicate that either a tank receives ship offload or it delivers oil
into the pipeline. The idle times are necessary in order to remove water impurities or sed-
iments from refinery tanks, and the crude flow constraints define the necessary transfer
time given the maximum transfer rate. As for the encoding of a schedule, they first de-
fine several functions, such as transferring a proportion of the load of a particular ship
compartment to a particular tank, or transferring crude from a terminal tank to a refinery
tank. Each quantum individual therefore consists of a predefined number of genes, which
encode the instructions that form the schedule. More precisely, a tree-type structure is
given, where the top level corresponds to the functions. Then, for each individual func-
tion, the arguments have to be defined, e.g., the tank number or the ship compartment
number. In the quantum genes, therefore, there is not only a probability distribution on
the functions on the top level but also a probability distribution for each argument in the
deeper level. Measurement then manifests concrete functions and arguments, which fi-
nally define a schedule, onto which the fitness function can be evaluated. Therefore, in
their algorithm, the term “grammar-based” indicates that the functions and arguments
are properly represented so that the underlying tasks can be executed. Pereira et al. [159]
consider different scenarios in order to test their algorithm, but do not compare it with
other algorithms. In Pereira et al. [161], a non-dominated sorting strategy is proposed,



Werner and Ullinger EPJ Quantum Technology           (2026) 13:31 Page 47 of 67

where individuals are only compared according to their fitness value if they both satisfy all
constraints. Otherwise, the individual which violates less constraints is ranked higher. In
Pereira et al. [158], the algorithm from Pereira et al. [159] is modified in order to enable a
decomposition strategy of a multi-objective problem into single-objective sub-problems.
For each sub-problem, there is a sub-population of individuals that are primarily designed
in order to solve the respective sub-problem, from which one is considered as a centroid.
After measurement, the fitness functions of the centroid individual and its neighboring
individuals are compared, and the best one serves as the centroid in the next iteration.
They compare this algorithm with those from Pereira et al. [161] and Pereira et al. [159],
and conclude that it beats them in terms of ratio of acceptable solutions, and diversity,
measured by the hypervolume and the number of different solutions found on the Pareto
front.

Jing et al. [97]: Type: Railway scheduling, Constraints: M, demand, Objective: System
revenue, Solver: Quantum-inspired immune clonal algorithm, Size: Up to 9 stations and
24 time steps.

Initially, they have a dynamic scheduling problem, indicating that supply and demand
fluctuate over time. They propose to integrate a timeline, which partitions the dynamic
scheduling problem into a series of static scheduling problems, where the individual static
problems consider the traffic flows and demands in the respective time interval. The con-
straint M implies that the traffic capacity of the zones and the lines cannot be exceeded,
while the demand constraints indicate that the demand of empty wagons and specific
wagon types is satisfied. The system revenue is given by the aggregated benefits that cars
of a certain type arrive at a certain station, reduced by the costs of the cars. In their algo-
rithm, each antibody in the population consists of as much genes as the product of time
steps, starting points and destinations of empty wagons, respectively, and wagon types,
so that each gene represents a binary variable indicating whether an empty wagon of a
certain type is scheduled from a certain place to a certain destination at a certain time.

Zhao et al. [239]: Type: Ship lift and lock problem, Constraints: A, D, P, S, lockage start-
ing and finishing times, ship placement constraints, maximum costs, Objective: Maxi-
mize utilization, minimize tardiness or elapsed time, Solver: Hybrid, Size: Up to 95 ships.

They consider a ship lift and ship lock problem at the Three Gorges Dam. They decom-
pose the problem into an assignment problem of the ships to either the ship lift or the
locks and a scheduling problem. While the second problem is solved classically, they pro-
pose a hybrid algorithm for the first problem, where a quantum-inspired binary PSO and
QIBGSA are applied. It turns out that QIBGSA provides the best results for this problem.

5.5 Other scheduling problems
Li and Song [126]: Type: Project scheduling problem, Constraints: D, P, R, Objective:
Makespan, Solver: QIGA, Size: Up to 122 activities.

They compare their algorithm with another (not clearly specified) QGA from the lit-
erature, and conclude that their algorithm performs better in terms of average deviation
from the best known solution.

Lei et al. [123]: Type: Robot scheduling problem, Constraints: D, processing time in-
terval, recurrence, Objective: Throughput rate, Solver: QIEA, Size: Up to 22 machines.

In a robot scheduling problem, the goal is to find a schedule for a robot that transports
goods across different machines in a factory. The constraint D has to be understood in the
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sense that there must be enough time for the robot to reach the next machine within the
pre-scribed time. The recurrence constraint indicates that the robot must eventually re-
turn to the starting point at the end of a cycle. They compare their algorithm with CPLEX
and Yan’s algorithm. With increasing problem size, the improvement in comparison with
Yan’s algorithm increases, while the computation time is often higher. As for the compar-
ison with CPLEX, the proposed algorithm leads to inferior solutions on larger instances,
but the computation time is considerably lower.

Liu et al. [131]: Type: Integrated process planning and scheduling problem, Con-
straints: A, D, P, Objective: Makespan, Solver: QIEA, Size: Up to 18 jobs, 15 machines,
and 300 operations.

The individuals consist of two bit strings and one qubit string. One bit string represents
the total number of jobs and machines in the problem instance, the other one represents
the machines on which each of the operations is performed. The qubit string is converted
into decimal job numbers for decoding and then represents the job permutation. In the
evolution, one-way crossover is applied to the bit strings and mutation to the qubit strings.
In terms of best achieved makespan, their algorithm outperforms its competitors, which
are four classical EAs, except for the two largest problem instances.

Saad et al. [183, 184]: Type: Project scheduling problem, Constraints: D, P, R, Objective:
Makespan, Solver: Quantum-inspired differential evolution algorithm (Saad et al. [183]),
QIGA (Saad et al. [184]), Size: Up to 122 activities.

The goal is to solve a resource-constrained project scheduling problem, where one has
a set of activities, accompanied with required resources and duration times. The two pro-
posed algorithms show a similar performance in terms of the average relative deviation
from the best known solution from the literature, and the performance of both lies in the
performance ranges of some classical competitors.

Tayarani-Najaran [206]: Type: (Nurse) timetabling problem, Constraints: Assignment,
capacity, interruption, soft constraints, Objective: Feasibility, Solver: QIEA, Size: Up to
132 teachers, up to 102 classes; up to 120 nurses and 8 weeks planning horizon.

The assignment constraints are standard constraints such that a teacher can hold only
one lecture at the same time or that a room can only be occupied by one class at the same
time. Capacity constraints indicate the number of lectures a teacher has to give and a class
has to attend, while interruption constraints prescribe that free time slots for a class can
only be in the last time slot of a day. Soft constraints correspond to teacher-individual
wishes. In their QIEA, each binary variable indicates whether a particular teacher holds
a lecture on a certain subject, attained by a certain class, on a given period of a given
day. Therefore, each individual must consist of sufficiently many qubits in order to repre-
sent all combinations. Due to the difficulty to satisfy all constraints, they consider a repair
method that essentially randomly picks some subject, teacher, period and day, and checks
whether the teacher is available. If yes, one randomly picks a class and checks whether
the class is available. If not, the binary variable that indicates that this class should at-
tend the chosen lecture with the chosen combination of teacher, period and day is set to
zero. Moreover, they propose two novel operators, namely the reinitialization operator
which reinitializes the population after convergence in order to achieve diversity, and the
diversity-preserving operator, which re-initializes individuals which are searching around
the same local optimum. In total, they have proposed three QIEAs, where the one with
the reinitialization operator and the one with the diversity-preserving operator count as
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Figure 9 Overview of scheduling problems that are solved neither directly via a QUBO/CQM solver nor a
QIGA. The horizontal axis refers to the size of the problem. The vectors in the nodes show the largest problem
instances addressed in the respective paper. The vertical axis denotes the number of qubits used. The location
of the node, with respect to its center, is determined by the largest combination of problem size and number
of qubits presented in the corresponding reference. A rectangle refers to a single-stage job scheduling
problem, a circle to a multi-stage job scheduling problem, an ellipse to a shift scheduling/timetabling
problem, and a diamond to another type of scheduling problem. References where the number of qubits was
not clearly reported are depicted below the horizontal axis

individual algorithms in the experiments. On school timetabling problems, one of their
algorithms achieves the best solutions, in terms of a cost function where the constraints
are replaced by penalty terms, on nearly each problem instance. They also evaluate the
Friedman rank, which shows that their three algorithms are superior than the compet-
ing classical EAs. On the nurse scheduling problems, one of their algorithms attains the
best solution in many instances. The Friedman rank indicates their algorithm with the
diversity-preserving operator may be best or at least second best, only inferior to a branch-
and-bound algorithm.

6 Other quantum approaches for scheduling problems
This section compiles all works that neither directly use a quadratic problem formalization
nor an evolutionary algorithm. See Fig. 9 for an overview.

121776 continuous and 270 binary variables.
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Choi et al. [44]: Type: Wireless scheduling problem, Constraints: Mutual exclusivity
constraints, Objective: Sum of realized weights, Solver: QAOA, Size: 10 links.

The wireless scheduling problem considers the flow of information along wireless chan-
nels. They formulate it as a maximum weight independent set problem, where the weight
is the backlog in a channel. First, they construct a conflict graph where a vertex repre-
sents the situation that the corresponding links suffer from interference, which implies
that both channels cannot be selected simultaneously. They compare the performance of
QAOA with different iteration numbers with greedy search and random search. In terms
of the normalized realized weights, QAOA outperforms the classical competitors, where
the performance increases with growing alternations number.

Svensson et al. [180], Vikstål et al. [211]: Type: Tail assignment problem, Constraints:
M, Objective: Feasibility, Solver: QAOA, Size: Up to 25 routes and 278 flights (Vikstål
et al. [211]).

Vikstål et al. [211] consider the tail assignment problem, which is a scheduling prob-
lem where aircrafts have to be assigned to a set of flights. Normally, the objective is to
minimize the overall costs. Here, they consider only a simplified version where costs are
ignored and the goal is to only find a feasible solution, which can be identified with an
exact cover problem. Svensson et al. [180] extend their result by first applying a branch-
and-price strategy, whose corresponding relaxed master problem can be either an exact
cover problem or a set partitioning problem.

Pires et al. [160]: Type: School timetabling problem, Constraints: Assignment con-
straints, equipment constraints, Objective: No lectures at the last period of the day, more
than one lecture a day, no more than two consecutive lectures, Solver: QAOA, Size: 3
teachers, 2 classes, 3 rooms (42 qubits).

The assignment constraints indicate that a teacher cannot hold more than one lecture
simultaneously, that a class cannot have more than one lecture simultaneously and that
there cannot be more than one lecture simultaneously in a room. The equipment con-
straints indicate that some lectures require special equipment, which may not be available
in each room. They propose a two-stage approach, where QAOA is first applied to the
graph coloring problem representing the hard constraints. If a feasible solution has been
found, QAOA is applied again in order to maximize the satisfaction of the soft constraints.

Prüfer et al. [170]: Type: Shift scheduling problem, Constraints: M, S, workload con-
straints, partial schedule constraint, fairness constraints, unavailability constraints, Ob-
jective: Feasibility, Solver: Grover’s Search, Size: Up to 4 operators and 2 positions (up to
29 qubits).

The fairness constraints indicate that all workers should work a comparable amount
of days, while the partial schedule constraints refer to an already available partial on-call
schedule. They apply Grover’s Search by letting the Grover oracle count the number of
violations in a schedule, trying to find schedules with minimal number of violations.

Dalyac et al. [51]: Type: UMSP / Interval scheduling problem, Constraints: D, S, Objec-
tive: Weighted average completion time, balancedness, Solver: QAOA, Size: Up to 250
jobs.

They consider smart-charging problems, i.e., scheduling electric vehicles to load sta-
tions, which can be identified with an UMSP. They reformulate the problem as weighted
Max-k-Cut problem. The other problem considers load tasks that are represented as inter-
vals, and each load task corresponds to a given group. This problem is an interval schedul-
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ing problem, which is reformulated as maximum independent set problem. The balanced-
ness objective of the latter problem indicates that no group should be over-represented
among the selected tasks. For the UMSP, they derive that QAOA performs better than
random search in terms of the approximation ratio.

Ossorio-Castillo and Pena-Brage [151]: Type: Refinery scheduling problem, Con-
straints: D, M, R, transfer rate constraints, demand constraints, transfer constraints, ca-
pability constraints, Objective: Total costs, Solver: Hybrid, Size: Up to 1776 continuous
and 270 binary variables.

In their scheduling problem, there is a fleet of vessels and a set of storage and charge
tanks and distillation units. The volume of the storage tank can differ within a certain in-
terval, similarly, the crude transferred from a ship to a storage tank, from the storage tank
to the charge tank and from the charge tank to the distillation unit. The scheduling prob-
lem is tailored to T discrete time units ahead. The constraints D have to be understood
in the sense that the unloading time must be long enough to guarantee that the initial
material can be completely transferred if the transfer rate is maximal. The constraints M
indicate that material from one charging tank can be transferred to at most one distillation
unit and that for each distillation unit, material is transferred from exactly one charging
tank. The constraints R indicate that unloading can be completed only after the ship has
arrived, respectively. They formulate the problem as a MILP and apply the Dantzig-Wolfe
decomposition (Dantzig and Wolfe [60]). This allows for iteratively solving a linear con-
tinuous master problem, a linear continuous sub-problem and a binary sub-problem. The
latter is solved using QA, while the continuous problems are solved classically.

Rao and Sodhi [175]: Type: FJSSP, Constraints: D, P, S, Objective: Tardiness, Solver:
Leap hybrid solver, Size: Up to 15 machines, 15 jobs, 15 operations.

They consider dispatch rules, which induce an ordering of the remaining operations
required by the machine, e.g., by selecting the job with the largest processing time first.
They argue that dispatch rules immediately react to changes in the environment and allow
for rescheduling. Therefore, they aim at developing a quantum formulation of a FJSSP
combined with dispatch rules. The idea is to consider a set of dispatch rules and to assign
exactly one rule to each machine, i.e., the goal is to find an optimal assignment of rules to
machines.

Dominguez et al. [59]: Type: JSSP / Nurse scheduling problem, Constraints: D, M, P /
balancing constraints, constraints regarding workload and consecutive shifts, Objective:
Makespan / number of overall shifts, Solver: None, Size: No experiments.

They apply different encoding schemes, including that from Sawaya et al. [193], to dif-
ferent optimization problems.

Sawaya et al. [193]: Type: SMSP, Constraints: M, Objective: Weighted lateness, Solver:
None, Size: Up to 16 tasks.

They propose a discrete quantum intermediate representation (DQIR) for combinato-
rial optimization problems in order to facilitate the interpretation and allow for a more
efficient implementation. They propose such an encoding for single machine schedul-
ing among other problems. The goal of their work is not to apply quantum algorithms,
but to study the necessary resources, in particular the circuit depths, for different en-
coding schemes. They mainly focus on the encoding of matrix exponentials of the form
exp(–iβH), for a Hamiltonian H and β ∈ℝ, as their implementation is vital for algorithms
such as QAOA.
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Dalal et al. [55]: Type: FSSP, Constraints: A, D, P, Objective: Makespan, Solver: DCQO,
hDCQO, Size: 2 jobs, 3 machines/operations, up to 16 qubits.

They consider scheduling a robot in a laboratory. As for the quantum algorithms, they
use the digitized counterdiabatic quantum optimization (DCQO) algorithm proposed by
Hegade et al. [86] and the hybrid DCQO (hDCQO) algorithm proposed by Cadavid et al.
[43]. In addition, digitized QA and standard QAOA are applied. The QUBO problem is
decomposed into sub-QUBO problems that require at most 16 qubits to be represented.
The DCQO an hDCQO achieve success probabilities (the probability to find an exact so-
lution) of around 1%, surpassing that of the digitized QA and QAOA, respectively.

Pérez Armas et al. [156]: Type: IMSP, Constraints: D, M, Objective: Makespan, Solver:
Hybrid, Size: Up to 20 jobs and 6 machines (up to 3969 physical qubits).

The problem is formulated as MILP and decomposed via a Dantzig-Wolfe decompo-
sition. The subproblem is formulated as a QUBO problem. Due to its complexity, they
further divide the subproblem into a selection and a sequencing problem, so that only the
sequencing problem is solved via QA. They compare the hybrid method with two com-
petitor methods, where the sequencing problem is solved via SA and a commercial clas-
sical solver, respectively. The proposed method achieves, in average, the best solutions
concerning makespan, while the computation time is often lower than a pure classical
decomposition method, but significantly higher than the method where the sequencing
problem is solved via SA.

Binkowski et al. [22]: Type: OSSP, Constraints: D, M, Objective: Total execution costs,
Solver: Constraint-preserving QAOA (IBM Q System One), Size: 1 machine, 3 jobs.

Based on the constraint set, they apply the constraint graph model and prove that for
OSSPs, one can find feasibility-preserving mappings. They show how, given a feasible ini-
tial state, one can express such mappings with a suitable mixer Hamiltonian. In a noiseless
simulation, their approach achieves a better approximation ratio than soft-constrained
QAOA implementations. On real hardware however, the noisy background dominates.

Christeson et al. [46]: Type: Resource scheduling problem, Constraints: Several limit
constraints, Objective: Total operation cost, Solver: Hybrid, Size: Up to 1000 units (3000
binary variables).

They consider the unit commitment problem in power system management, aiming
at optimally scheduling power generating units such that economic, environmental and
physical constraints are satisfied. They formulate the problem as a QUBO problem and
apply a Benders decomposition (Benders [15]), where the online/offline status, startup
and shutdown of the units is determined by solving the Master problem, while the power
generation is determined in the subproblem. The Master problem is solved using the Lea-
pHybridCQMSolver on D-Wave Advantage. The solution time for the hybrid algorithm
quickly becomes significantly lower than for SA and a genetic algorithm, while in compari-
son with an MINLP solver, the hybrid solver has comparable computation time for smaller
systems, but lower computation time for systems with more than 400 units. In addition,
they use the MINLP solution as baseline, w.r.t. to which the optimality gap, in terms of
the relative absolute difference of the objective values, is computed. It turns out that the
hybrid solution achieves a much lower gap than SA and the genetic algorithm, which is
largest on problem instances with 40 units, where the gap is around 2%. The optimality
gap decreases with increasing problem size.
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Cuong et al. [42]: Type: Task scheduling in container terminals, Constraints: A, D, ar-
rival time, Objective: Makespan, Solver: RL-assisted QAOA, Size: Up to 15 jobs and 7
machines.

They consider job scheduling in container terminals. First, they formulate the problem
as a QUBO problem. In their RL-assisted QAOA, the QAOA-parameters are considered as
the actions that the RL-policy can determine. For a given parameter, QAOA is applied and
the current state is measured. The observation is evaluated by the reward function (here,
the expected energy of the QUBO Hamiltonian), so that the RL agent can learn to opti-
mize the parameter selection. A comparison with a classical GA shows that the proposed
algorithm achieves, in average, lower makespans. They also consider a dynamic setting
with stochastic processing times. In this setting, their algorithm achieves, in average, the
lowest makespans compared to heuristic methods, GA and RL.

Dai et al. [58]: Type: Task scheduling in cloud computing, Constraints: D, Objective:
Fraction of non-delayed tasks, actual response time, Solver: Quantum RL (TensorFlow
Quantum), Size: 8000 jobs.

They formulate the problem as Markov decision process where for each job j, the cor-
responding state vector contains the differences between the idle time of each machine
and the arrival time of job j, as well as the type of job j. A transition of such a state is
the mapping onto another state after scheduling job j to some machine. The reward after
scheduling job j is given by exp(Rj/Wj) if the job is completed before the expected response
time and zero otherwise, where Rj is the actual response time and Wj the waiting time. In
their Quantum RL algorithm, they approximate the Q-function via a quantum neural net-
work instead of a classical neural network, using the temporal difference criterion. The
experiments reveal that their Quantum RL approach significantly outperforms classical
approaches in terms of average response time and success rate. The performance is simi-
lar to a deep Q-network and the QIGA from Hussain et al. [93] for low and medium arrival
rates of tasks, but significantly better for high arrival rates. In the experimental settings
however, they make transparent that the convergence time of their algorithm is signifi-
cantly higher than that of the deep Q-network. In their experiments, they use an idealized
QPU with near-perfect gate fidelity.

Grange et al. [83]: Type: FSSP, Constraints: D, F, release date, Objective: Makespan,
Solver: Hybrid, Size: No experiments.

They propose a hybrid variant of a dynamic programming across the subset (DPAS)
scheme. In the classical part, the optimal total completion time for a subset of ⌊n/4⌋ of the
jobs, in dependence of the starting time t of the first job in this collection, is computed.
This subset is enlarged in the sense that by applying Quantum Minimum Finding (Durr
and Hoyer [50]), one finds first the optimal total completion time for a subset of ⌊n/2⌋ jobs,
in dependence of t, and eventually of all jobs, starting at time 0. For the application on job
scheduling problems, they propose a composed variant of this algorithm due to the fact
that the optimal schedule for one subset of jobs is necessary in order to define the earliest
possible starting times for the other jobs. The release date constraints indicate that a job
cannot be processed before its release date.

Hsu and Ding [87]: Type: User scheduling in broadband systems, Constraints: Number
of antennas, Objective: Achievable sum rate, Solver: VQA, Size: 16 antennas, 15 users, 4
subband (30 qubits).



Werner and Ullinger EPJ Quantum Technology           (2026) 13:31 Page 54 of 67

In their VQA, they use a parametrized linear entanglement ansatz, where they combine
an RYY and an RZX gate in order to create entanglement, instead of a CNOT gate. As for
the parameter optimization, they first use a Bayesian optimization approach in order to
identify candidate solutions, which are refined via iterative local optimization. In compar-
ison with several classical algorithms, their algorithm shows superior and near-optimal
performance in terms of the solution quality.

Long et al. [130]: Type: Task scheduling in container terminals, Constraints: D, P, work-
load balance, Objective: Makespan, Solver: RL-enhanced QAOA, Size: 734 containers
(up to 21 qubits).

They consider quay crane scheduling and vehicle routing. They formulate the schedul-
ing problem as a QUBO problem and apply QAOA. As post-processing step, they ap-
ply classical optimization algorithms in order to remove infeasible or undesired solutions
from the solution space, which may result from imperfect encoding. They only represent
the quay crane movements as qubits, therefore, they manage to have such a few num-
ber of qubits. As for the vehicle routing problem, based on the solution of the scheduling
problem, they apply a proximal policy optimization algorithm in order to find suitable
trajectories.

Lopez-Ruiz et al. [125]: Type: JSSP, Constraints: A, D, P, Objective: Early and late de-
livery costs, switching costs, Solver: Iterative QAOA (IonQ Forte), Size: Up to 20 jobs and
3 machines (up to 97 qubits).

The switching costs are associated with changing production groups on the same ma-
chine. In their QAOA variant, they only use the measurement outcomes from the previous
run in order to update the initial state. The number of QAOA layers and the parameter
schedule are kept fixed. As for the experiments, they conclude that instances with 20 jobs
and 3 machines would require 1300 binary variables. Therefore, they freeze many vari-
ables from a previously obtained optimal solution and only solve the sub-instance with
their approach. Their method outperforms the LR-QAOA, which requires deeper circuits,
however, it is outperformed by Gurobi.

Paul and Chakraborty [157]: Type: Blockchain transaction scheduling, Constraints: D,
Objective: Transaction load, Solver: Hybrid QAOA, Size: No experiments.

They propose a hybrid QAOA where the scheduling problem is first decomposed into
local scheduling problems. Each of these problems is tackled by one QAOA algorithm,
whose numbers of layers are adjusted. Then, the problem is again decomposed into lo-
cal scheduling problems. This procedure runs until convergence. The individual QAOA
solvers for the local problems are interpreted as nodes in a network, and interact in order
to respect constraints which involve other local schedules. This is realized by letting the
individual algorithms optimize the global cost function and by delivering the cost gradient
to the neighboring nodes.

7 Quantum hardware requirements
In this paper, we have reviewed only quantum and quantum-inspired algorithms, that can
already be applied on noisy intermediate-scale quantum (NISQ) hardware. As the name
suggests, these quantum computers operate with noisy, often called physical, qubits and
low gate fidelities. According to Preskill [167], as a rule of thumb which “might be too
pessimistic”, a circuit of depth d requires a gate fidelity of at least 1 – 1/d. In order to
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have the potential to outperform classical algorithms, Ezratty [66] claims that NISQ de-
cives require gate fidelities of around 99.99% with hundreds of qubits, whereas for fault-
tolerant quantum computing, gate fidelities around 99.9% would suffice, for the price that
the computational overhead would require millions of qubits. The reason for this is that
fault-tolerant quantum computers are equipped with error correction techniques, where
several physical qubits encode a single logical qubit. This enables us to apply different
algorithms and in particular algorithms such as Grover’s Search algorithm Grover [84],
which outperform their classical counterpart. However, these limiting factors of current
quantum hardware prevent the application of quantum algorithms to industry-relevant
problems such as large-scale scheduling problems. Depending on the type of quantum
hardware, these factors may play a different role. For instance, with ion-trap qubits, it is
possible to achieve high fidelities but it is difficult to realize sufficiently many qubits, and
they are around 1000 times slower than superconducting qubits (e.g., Ezratty [66], Preskill
[167]).

Another limiting factor is the qubit connectivity, as a low connectivity necessitates ad-
ditional SWAP gates that increase the circuit depth. The influence of the circuit depth on
its fidelity can be observed for example in Kotil et al. [112]. Here, the authors apply QAOA
on a real superconducting quantum computer to solve a multi-objective MaxCut problem.
For this, they run the algorithm with up to 6 layers and measure the fidelity of the whole
circuit, whose depth is up to 97 gates. They derive that the circuit fidelity is 13.63% for 3
layers with a circuit depth of 49, and drops to 3.71% for 6 layers.

Due to the current limitations, Leymann and Barzen [118] argue that hybrid algorithms
with classical parts and shallow quantum parts are suitable for current NISQ devices. Ac-
cording to Lau et al. [122], in the NISQ era, quantum algorithms may only be part of some
larger algorithm, which may indicate hybrid algorithms with quantum and classical sub-
routines.

In some works, quantum supremacy has been claimed, e.g., Arute et al. [2] using super-
conducting qubits and Zhong et al. [243] using photons. However, they have considered
“custom-built” problems which are not of practical interest according to Lau et al. [122].
This problem is also reflected in the argumentation of Preskill [167], where the author em-
phasizes the commercial perspective that, even if quantum supremacy could be reached, it
should hold on a “useful” task. In general, one has to be very cautious when claiming quan-
tum supremacy as it may only be a temporary observation. See for example Tindall et al.
[204], where a classical tensor network approach has been proposed which outperformed
a recent quantum approach from Kim et al. [107] who use superconducting qubits.

As for scheduling problems, only a few of the reviewed papers have explicitly addressed
hardware limitation problems. In QAOA applications, Vikstål et al. [211] show that the
success probability of QAOA decreases with an increasing number of layers when the
gates have imperfect fidelity. In order to optimize the circuit depth, Paul and Chakraborty
[157], for instance, use an adaptive layer QAOA, that dynamically adjusts the number
of layers, while Pires et al. [160] reduce the number of ancilla qubits to reduce the cir-
cuit depth of their QAOA implementation. Another approach by Sawaya et al. [193] is
based on DQIR, which enables the optimization of the encoding in the sense that it trade-
offs the qubit number with the circuit depth, which is applicable to discrete optimization
problems, including JSSP. In addition to that, they consider QAOA circuits, where they
assume all-to-all connectivity, and find that it is unclear how to optimize the mixers, since



Werner and Ullinger EPJ Quantum Technology           (2026) 13:31 Page 56 of 67

the ones corresponding to deeper circuits may themselves be more efficient. Prüfer et al.
[170] simulate a quantum gate error which should mimick that from an IBM hardware de-
vice, resulting in a decrease of the success probability of Grover’s search so that the final
state is no longer distinsguishable from a uniform distribution on the solution space.

According to Dalal et al. [55], the required circuit depth for industry-relevant problems
exceeds the coherence time of a NISQ processor, which is even engraved by imperfect
quantum gate operations. Therefore, they propose circuit-compression techniques using
digitized counterdiabatic protocols, using digitized counterdiabatic quantum optimiza-
tion (DCQO) techniques. They further implement a user-defined threshold on the angles
associated with the one- or two-qubit rotation gates. If a rotaton angle of the respective
gate application in the circuit is smaller than the threshold, the gate is not applied as the
change is the state is negligable. Furthermore, they use hardware specific transpilation
techniques to rewrite RYZ and RZY rotation gates in terms of native gates applicable for
superconducting circuits as well as trapped-ion hardware. With this, they further reduce
the circuit depth and apply their method on IonQ’s trapped ions and on IBMQ’s super-
conducting circuits. Their results confirm a higher success probability and approximation
ratio than DQA and QAOA with an equal circuit depth. As for the impact of noise, they
investigate the performance of DCQO on a 16-qubit subproblem of the JSSP, revealing
that in a noisy simulation, the exact solution probability is reduced to around a quarter of
the success probability in an ideal simulator. However, the exact solution probability on
the Aria-2 hardware of IonQ is comparable to that in the ideal simultion, thanks to an all-
to-all qubit connectivity and a high two-qubit gate fidelity. As for the hDCQO, it achieves
a higher exact solution probability on Aria-2 than QAOA on an ideal simulator. It is con-
cluded that, due to the exponential decrease of the success probability with respect to the
number of qubits, the standard DCQO becomes infeasible for Ising problems with more
than 20 qubits. As further improvements, they mention a better bit-to-qubit encoding.

From an industry perspective, Erdmann et al. [64] mention that assignment and schedul-
ing problems have up to around 150,000 variables. One the one hand, they state that the
D-Wave hybrid solver can handle such problems, and, in some cases, even provide so-
lutions quicker than a classical solver. On the other hand, classical solvers outperform
quantum solvers in terms of solution quality for some problem types. In addition to that,
they point out that due to the hybridity of the solver, it remains unclear how much per-
formance gain has been achieved from the quantum subroutine. For a train rescheduling
and rerouting problem, they apply a Benders decomposition of the MILP and achieve suf-
ficient scalability. However, problems of this kind require a solution within a few seconds,
which has not been achieved due to the overhead resulting from embedding, pre- and
postprocessing steps. A gate-based solver for the binary problem was much slower than a
classical solver. However, although QA was fast, the solution quality was sub-optimal. For
a job shop scheduling problem, they report that a classical solver, applied to a time-indexed
MILP formulation, outperformed the hybrid solver, which was applied to a corresponding
QUBO problem. In addition, the solution quality of the hybrid solver was considerably
lower than that of the classical solver, and the hybrid solver also required a longer run-
time. Challenges arising from other industry-relevant problems considered are continu-
ous decision variables and slack variables arising from the QUBO problem formulation
of the actual MILP, in particular, inequality constraints. When incorporating inequality
constraints, Müller et al. [135] point out that even their proposed representation method



Werner and Ullinger EPJ Quantum Technology           (2026) 13:31 Page 57 of 67

called unbalanced penalization does not allow for scalability. Therefore, they suggest to
focus more on hybrid approaches.

Dalal et al. [55] mention that for their JSSP setting, a non-trivial problem would require
at least 360 qubits. However, Long et al. [130], who use up to 21 qubits in their experi-
ments, state that quantum supremacy may be expected when using at least 1000 qubits
and Bożejko et al. [34] argue that the practical use of quantum computing is currently not
given due to the limited number of available qubits.

In summary, one can conclude that the current quantum hardware may already match
some problem-specific requirements that could lead to industry-relevant applications.
However, for many problems, the combination of gate fidelities, coherence times and avail-
able number of qubits are often not sufficient. In order to minimize this problem, various
techniques to optimize the circuit depth and number of used qubits have been proposed.
Considering the current state of the hardware, it seems reasonable to consider hybrid ap-
proaches with quantum and classical subroutines for industry-relevant problems, such as
large-scale scheduling problems, and to assess whether they are applicable to such prob-
lems or even superior to pure classical algorithms.

8 Discussion and conclusion
In this work, we provided an overview of the current state of the literature concerning
the application of quantum algorithms for solving scheduling problems. It turned out that
the quantum-inspired evolutionary algorithms have been by far the first approaches for
scheduling problems, going back to the mid 2000’s. They also form the largest fraction of
works in this review. The mathematically rigorous formulation of a scheduling problem
as a quadratic unconstrained binary optimization problem can be translated into an Ising
Hamiltonian and allows for the application of quantum annealing or other quantum op-
timization techniques. Those works emerged in the mid 2010’s, but most of them were
proposed in the past 6 years.

Although many works can be understood as proof of concept, some also consider large-
scale problems that are encountered in the industry or other real-world applications.
Showing that a quantum algorithm in principle works and provides good solutions for
a scheduling problem is clearly a large step forward. However, a major drawback of many
works is that the proposed quantum algorithms are either not compared with classical
algorithms, or that the comparison is only made in terms of the solution quality or, for
evolutionary algorithms, the number of generations.

Showing that, even on large problems, quantum algorithms achieve comparable perfor-
mance within a comparable time, is clearly interesting for research. However, in industry,
one would not deviate from classical solvers unless quantum solvers can beat their clas-
sical counterparts in terms of solution quality or computation time. So, given the often
very good solution quality of classical solvers, the greater goal is to show that quantum
algorithms achieve to output solutions of comparable quality in shorter time than classi-
cal solvers. This aspect has not been respected satisfactorily in many works, as one either
does only compare the solution quality or the time, apart from the fact that some works
even only report pure QPU times, not the total time. It has been pointed out in Shimada
et al. [194] that for a fair comparison, it is necessary to measure the total time at least from
the point where the input data files are read, as the data preparation time also needs to be
accounted for.



Werner and Ullinger EPJ Quantum Technology           (2026) 13:31 Page 58 of 67

In addition to that, not all works have used the commercially available quantum solvers
but simulated ones on classical hardware, such as a Digital Annealer, or even own imple-
mentations, in particular for QIEAs. For such works, one has to put into question whether
they would achieve a comparable performance on quantum hardware.

Some works, especially those proposing a QIEA, compared the performance of their
algorithm with that of classical EAs. For a fair comparison, they fix the same upper bound
on the computational time for all algorithms. This can be put into question when it comes
to using quantum algorithms in industry, as achieving slightly better solutions within the
same time may be less interesting than achieving solutions of comparable quality in (much)
shorter time. From a research perspective, one should ask why an improvement in solution
quality is possible in the first place, as classical algorithms often already lead to excellent
solutions. This may be partly explained by the fact that when the competitors are EAs such
algorithms tend to be hard to tune. Therefore, future work should consider additional
comparisons between QIEAs and classical MILP or QUBO solvers, as well as quantum
solvers for QUBO problems with classical EAs.

Another crucial aspect is the question how to set the hyperparameters. In the literature,
one can observe that in some works, different hyperparameter settings for the proposed
quantum algorithm are compared beforehand, and the best are then used for a comparison
with a classical algorithm. In other works, hyperparameters are just fixed or default con-
figurations are used. It is desirable that either the costs for finding good hyperparameters
are respected when comparing quantum and classical algorithms, or some kind of hyper-
parameter robustness in the sense that the quantum algorithm achieves similar behavior
for different hyperparameter configurations has to be established.

For future work, the following aspects should be accounted for:
• honest reporting of the total computation time, including qubit preparation,

hyperparameter optimization and actual QPU time,
• usage of real quantum hardware for the quantum algorithm in order to include

realistic noise into the experiments,
• comparison of the solution quality in terms of the achieved objective function,
• comparison of different quantum algorithms (e.g., a quantum QUBO problem solver

and a QIEA) with a classical EA and a classical MILP or QUBO problem solver,
• comparison with scheduling policies.
The last aspect refers to a very serious competitor of quantum algorithms, which is also

applicable to scheduling problems and which has not been considered in nearly all the re-
viewed works: Artificial Intelligence (AI). In particular, reinforcement learning has been
applied in order to learn a policy for scheduling problems, see Gu et al. [82], Kayhan and
Yildiz [115], Zhang and Zhu [248] for an overview. Of course, for algorithms for static
optimization problems (where a fixed time horizon is used), the problem must be formu-
lated for the given time horizon, solved, and formulated anew for the next time horizon.
In contrast, an AI algorithm learns a policy that is operational after training. Therefore,
those approaches cannot be directly compared. One should however compare the per-
formance of such a policy on a given scheduling problem in terms of the quality of the
selected schedule with the solution of an optimization algorithm on the same problem.
If the policy can compete, it most likely beats the static variant in terms of the required
computation time for training and schedule selection over a long horizon. In this case,
a fair comparison would require quantum reinforcement learning algorithms Dong et al.
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[49] for scheduling problems. See Kim et al. [106] for a recent work on quantum reinforce-
ment learning for scheduling aerial vehicles. An interesting line of research has recently
emerged, where hybrid algorithms with a quantum part and an AI part have been pro-
posed, see for example Cuong et al. [42]. Here, QAOA parameters are learned via a deep
RL policy. Another example is Mahjoub et al. [137], where an RL part decides whether to
explore or to exploit and where a quantum part enhances diversity.

Nevertheless, one should not expect that pure quantum algorithms will be used to tackle
large industry problems on their own in the near future. Instead, hybrid algorithms where
a nasty sub-problem such as a combinatorial problem is solved by a quantum algorithm,
while other aspects of the problem are solved classically could be utilized. This outlook
encourages to pursue decomposition strategies of large-scale optimization problems and
further research on more qubit-efficient encoding schemes.
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23. Bożejko W, Klempous R, Uchroński M, Wodecki M. Solving two-machine flow shop scheduling problem with total

weighted number of on-time tasks maximization criterion on D-Wave quantum computer. In: 2023 IEEE 23rd
international symposium on computational intelligence and informatics (CINTI). New York: IEEE Press; 2023. p.
000037–000040.

24. Belmahdi R, Mechta D, Harous S, Bentaleb A. SQGA: quantum genetic algorithm-based workflow scheduling in
fog-cloud computing. In: 2022 international wireless communications and mobile computing (IWCMC). New York:
IEEE Press; 2022. p. 131–6.

25. Boutekkouk F, Oubadi S. Real time tasks scheduling optimization using quantum inspired genetic algorithms. In:
Artificial intelligence perspectives in intelligent systems: proceedings of the 5th computer science on-line
conference 2016 (CSOC2016). vol. 1. Berlin: Springer; 2016. p. 69–80.

26. Baioletti M, Oddi A, Rasconi R. Solving scheduling problems with quantum computing: a study on flexible open
shop. In: Proceedings of the companion conference on genetic and evolutionary computation. 2023. p. 2175–8.
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